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ABSTRACT. In this article, we consider a complex-valued and a measure-valued
measure on C[0,t], the space of all real-valued continuous functions on [0, t].
Using these concepts, we establish the measure-valued Feynman-Kac formula
and we prove that this formula satisfies a Volterra integral equation. The work
here is patterned to some extent on earlier works by Kluvanek in 1983 and by
Lapidus in 1987, but the present setting requires a number of new concepts
and results.

1. INTRODUCTION

In 1923, Wiener showed that one can define a reasonable measure on the space
(10, t] of all continuous functions on a closed interval [0, {] that vanish at the origin
0, the so-called Wiener space [20]. Since then, the theory of this measure was inves-
tigated extensively and applied to various subjects by many mathematicians and
many mathematical physicists. In 1968, Cameron and Storvick presented the defi-
nitions and theories for the operator-valued function space integral on Cy|0,t] [2].
In 1986, Johnson and Lapidus obtained a perturbation expansion for the operator-
valued function space integral under quite general conditions. Further, in 1987,
Lapidus showed that for an exponential functional, the result in their paper satisfies
a Volterra integral equation [9], [12], [13], [I4], thereby establishing in this context
the Feynman-Kac formula with a (complex-valued) measure. In 1983, Kluvanek in-
troduced a measure p, on the space Cy[0,¢] of all continuous functions on a closed
interval by a method similar to the Wiener case and introduced an operator-valued
measure M; on Cy[0, ] associated with a measure p, [10]. Moreover, he found an
operator-valued Feynman-Kac formula with respect to an operator-valued measure
M, and proved that his results satisfy a Volterra integral equation.

In this article, we introduce a complex-valued analogue of Wiener measure w,, on
(0, t], associated with a complex-valued measure ¢ on R. Indeed, if ¢ is the Dirac
measure dp at the origin in R, w, is the concrete Wiener measure. Using these
concepts and the concepts of the conditional Wiener integral [21], we derive the
measure-valued measure V,, on C[0,¢] and establish the measure-valued Feynman-
Kac formula. Moreover, we prove that our results—the measure-valued Feynman-
Kac formula—satisfy a Volterra integral equation.
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This article consists of six sections. In section 2, we introduce some notation,
some definitions and some basic facts which are needed to understand the contents
of the subsequent sections. In section 3, we define a complex-valued analogue of
Wiener measure w, on C[0,¢], associated with a complex Borel measure ¢ on R
and investigate the basic properties and some examples of it. In section 4, using the
concepts of the conditional Wiener integral [21]), we define a measure-valued measure
V., on C[0,1], associated with a measure w, and investigate its basic properties. In
section 5, we establish the Feynman-Kac formula with respect to V. In the last
section, we prove that our result in section 5 satisfies a suitable Volterra integral
equation.

2. PRELIMINARIES

In this section, we introduce some notation, definitions and facts which are
needed to understand the subsequent sections.

(A) Let R be the real number system and let C be the complex number system.
For a natural number n, let R™ be the n-times product space of R. Let B(R) be
the set of all Borel measurable subsets of R and let m, be the Lebesgue measure

on the measurable space (R, B(R)). Let oy =1, ag = —1, g = i and oy =
(B) For a positive real number ¢, let C[0, t] be the space of all real-valued contin—
uous functions on a closed bounded interval [0, ¢] with the supremum norm || - |-

By the Stone-Weierstrass theorem,
(2.1) (C[0,¢], ] - llso) is a real separable Banach space.

Let M(R) be the space of all finite complex-valued countably additive measures
on (R, B(R)). For p in R, let §, be the Dirac measure concentrated at p with total
mass one. For p in M(R) and for E in B(R), the total variation |u|(E) on E is
defined by

(2:2) ul(E) = supz (B

where the supremum is taken over all finite sequences (F;) of disjoint sets in B(R).
Then |u| is in M(R) and, by the Jordan decomposition theorem [7, (19.13) The-
orem, p. 307], there are unique nonnegative measures p; (j = 1,2,3,4) in M(R)
such that

4
(2.3) p=>_ ajuy .
j=1

By [3, Theorem 4.1.7, p. 128] (M(R),]| - |[(R)) is a complex Banach space. Let
RM(R) be the space of all finite complex-valued measures p on (R, B(R)) that are
absolutely continuous with respect to my, that is, the Radon-Nikodym derivative
dl” L exists.

(C) Let (X, B, i) be a measure space. For a positive real number p, let £P(X, 1)
be the space of complex-valued p-measurable functions f on X such that | f|P is |p|-
integrable. Let £>°(X, 1) be the space of complex-valued p-measurable functions
f on X that are |ul|-essentially bounded. The elements of £P(X, p) and L>2(X, )
are equivalence classes of functions in £P(X, ) and £ (X, ), respectively, with f;
and fa said to be equivalent if they are equal |ul|-a.e. Since RM(R) is isomorphic
to L' (R, mz), RM(R) is a Banach space and the dual space RM(R)* of RM(R) is
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isomorphic to L*(R, my,). For 2* in RM(R)*, there is a function 6 in L>(R,mp)
such that «*(u) = [; 0(s) du(s) for p in RM(R).

Let B be a complex Banach space and let B* be the dual space of B. For a
B-valued countably additive measure v on (X, B) and for E in B, the semivariation
| v | (E) of v on E is given by

(2.4) | v (E) =sup{lz*v|(E) | * is in B* and || =™ ||p+< 1}

where |z*v|(E) is the total variation on E of the complex-valued measure z*v.

(D) Let B be a complex Banach space and let (X, B, 1) be a complex measure
space. A function f: X — B is called p-measurable if there exists a sequence (f,)
of B-valued simple functions with

(2.5) lim || fo— flle=0 |ula.c.
n—oo

A function f is called pu-weakly measurable if x* f is u-measurable for each x* in
B*, the dual space of B. By Pettis’ measurability theorem [4, Theorem 2, p. 42],

06 f is p-measurable if and only if f is |u|-essentially,
(2:6) separably valued and f is u-weakly measurable.

We say that f is u-Bochner integrable if there exists a sequence (f,) of B-valued
simple functions such that (f,,) converges to f in the norm sense in B for |u|-a.e.

and lim. Jx I f@) = fu(@) I8 dlp|(t) = 0. In this case, (Bo) — [y f(t) du(t) is
defined by

(2.7) (Bo)~ [ 1(0) dutt) =t [ £u(®) autt
X n—ooJx
where the limit means the limit in the norm sense. By [4] Theorem 2, p. 45],
(2.8) f is p-Bochner integrable if and only if / Il £(#) |l d|u|(t) is finite.
X

By [23], Corollary 2, p. 134],

if U is a bounded linear operator on B into a Banach
space By and f is a B-valued p-Bochner integrable function,

(2.9) then U f is a By-valued p-Bochner integrable function, and
w0~ [ Wnw aut) = v (B0~ [ 10 duty)
Theorem 2.1. Let (X, B, i) be a complex measure space and let f : X — M(R) be

a p1-Bochner integrable function. Then for E in B(R), [f(¢)](E) is a complex-valued
p-integrable function of t and

(2.10) [(Bo>— [ s du(tﬂ (&)= [ 110)E) dut)

Proof. For B in B and for m in M(R) we let f(t) = xp(t)m where xp(t) is a
characteristic function associated with B. Then, for E in B(R), trivially, [f(¢)](E) =
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xB(t)m(E) is p-integrable in ¢ and

(w0~ [ 10 autv] )
"

B)m](E)
— u(B)m(E)

- /X FONE) du(t);

so this theorem holds whenever f(t) = xg(t)m and B is in B. By the basic prop-
erties of the Bochner integral and the Lebesgue integral, clearly this theorem holds
whenever f is a simple function. Now, we assume that f is p-Bochner integrable.
Then there is a sequence (f,) of simple functions such that nlLII;O|fn(t) —f@®OIR) =

0 |p|-a.e. t and ILm Jx [fn(t) = F(&)|(R) d|u|(t) = 0. Let E be in B(R). Since

[fn(t)](E) is simple for all natural numbers n and |[f,(t)](E) —[f(&)](E)| < |fn(t) —
FOIR) — 0 as n — 4oo, |ul-a.e. t, [f(t)](F) is a Complex valued p-measurable

function. By (2.8), [y [[FOI(E)] dlul(t) < [ [F(I(R) dlul(t) < +0; so [F(1)](E)
is |p|-integrable. By [7, (19.16) Theorem, p. 311], [f( )](E) is p-integrable. More-

. HBO /f du] E) - /[f(t)](E)dM(t)‘
. nli“oloHB” / Ja(?) £)~ [ e du(t)‘

) dut }
(2.12) < A ‘ /X [fn®](E) dp(t) — /X [F(D)(E) du(t)‘

< Jlim | OIE) = FOIE] dlpl)

n—oo

(2.11)

< lim Ifn( ) = FOI(R) d|ul(t)

n—oo
= 0.

By (2.7) and the continuity of the absolute value, we have Step (1). We proved
already that this theorem holds for M (R)-valued simple functions in (2.11); so Step
(2) is true. Step (3) results from the basic properties of the Lebesgue integral. By
the definition (2.2) of the total variation for a measure p on (R, B(R)), we obtain
Step (4). Step (5) follows from the assumptions for a sequence (f,,). Thus, we have

_fxf(t)d fx du() U

Remark 2.2. Consider a function H on [0, 1] x [0, 1] defined by H(z,y) = Xx[0,2](¥)-
Then H is (mr x my,)-integrable on [0, 1] x [0, 1]; so by the Fubini theorem, H(z,y)
is an mp-integrable function of x for all y and H (x, -) is in L*°([0, 1], mr) for all  in
[0,1]. But H(x,-) has no essentially separable range; so H(z,-) is not my-Bochner
integrable. Hence, in general, the equality (2.10) is not true in the theory of the
Bochner integral.

(E) Let B be a complex Banach space and let (Y,C,v) be a B-valued measure
space. Let g be a complex-valued || v ||-measurable function on Y, that is, there
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exists a sequence (g,) of complex-valued simple functions with lim |g, —g| = 0
n—oo

|| v |-a.e. We say that g is v-Bartle integrable if there exists a sequence (gn)
of simple functions such that (g,) converges to g | v |-a.e. and the sequence
([y gn(s)dv(s)) is Cauchy in the norm sense. In this case, (Ba) — [, g(s)dv(s) is
defined by

(2.13) (Ba) — /Yg(s) dv(s) = lim [ gn(s) dv(s)

n—oo Y
where the limit means the limit in the norm sense. By [5l Theorem 8, p. 323],

if f is a v-measurable function that is || v || -

essentially bounded, then f is v-Bartle integrable and

(Ba) / F)dv(s)|| < (vl —esssup |£()) | ]| (V) .

By [15, Theorem 2.4, p. 162],

(2.14)

g is v-Bartle integrable if and only if for each z* in

B*, g is z*v-integrable and for each E in C, there is an
(2.15)  element (Ba) —/ g(s) dv(s) in B such that z* [(Ba) - / g(s) du(s)]
E E

:/ g(s) dz*v(s) for ™ in B* .
E

By [5} Theorem 8, p. 324],

if U is a bounded linear operator from B into a Banach
space B; and ¢ is v-Bartle integrable, then g is Uv-Bartle in-
(2.16) tegrable. In this case,

0|0~ [ o66) dvte)] = B0~ [ ato) awnts).

By [B, Theorem 10, p. 328],

if (fy) is a sequence of v-Bartle integrable func-
tions that converges || v ||-a.e. to f and if g is a v-Bartle

(2.17) integrable function such that |f,(s)| < g(s) | v | -a.e. s for all

natural numbers n, then f is v-Bartle integrable and for F

in C, (Ba)-— / f(s) dv(s) = lim (Ba)— / fn(s) dv(s)
E n—oo E
(F) Let B be a complex Banach space. Let (X, B) and (Y, C) be two measurable
spaces and let B ® C be the o-algebra of sets in the space X x Y generated by the
family of rectangles E x F for all E in B and F in C. Let p be a complex-valued
measure on (X, B) and let v be a B-valued measure on (Y,C). For G in B®C, we
let

(2.18) (ux 1)(G) = (Ba)~ [ [ | xetu.o) du(u)} av(v) |
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By [10, Proposition 2, p. 169], using the dominated convergence theorem in [I1]
Theorem 2, p. 30], Kluvanek proved that p x v is a B-valued measure on B® C and
for G in B ® C, the following holds:

(1% )(G)
o19) = @~ [ | [ xetwo) dutw)] avto

— o)~ [ [B0)~ [ xetuw) avio)] auto)
Moreover, in [T} Proposition 3, p. 170], he showed that

(2.20) 2 (uwxv) = px(z*v)

for all * in B*.

When both measures p and v are complex-valued, a sufficient condition for
validity of the Fubini theorem is the integrability of the function with respect to
u X v. But, if v is a vector measure, then the integrability of the function with
respect to p X v is no longer a sufficient condition for the validity of the Fubini

theorem. Indeed, we can find a counterexample for this fact in [10, Example, p.
170].

Theorem 2.3. Let B be a separable complex Banach space, (X, B, ) a complex-
valued measure space and let (Y,C,v) be a B-valued measure space. Let f : X XY —
C be (B ® C)-measurable and (1 X v)-Bartle integrable. Then

(2.21) for || v -a.e. v, f(u,v) is a p-integrable function of u,

(2.22) / f(u,v) du(u) is v-Bartle integrable, and
X

(Ba) = [ o) dpxotun)

= o)~ [ | [ ) dutw)| dvto)

Moreover, if for |u|-a.e. u, f(u,v) is a v-Bartle integrable function of v and (Ba)—
[y f(u,v) dv(v) is p-Bochner integrable, then

(2.23)

(Ba) = [ o) dpx o)

(2.24) = (Bo) — /X {(Ba)— /Y F(u,0) dl/(v)} dp(u)

B0~ [ | [ f0) dutw) dvto)

Proof. In [10, Proposition 4, p. 171], one can find that the facts (2.21), (2.22) and
(2.23) hold. By the classical Fubini theorem, for z* in B*,

x* {(Ba)—/yf(u,v) du(v)} = /Yf(u,v) dx*v(v)
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is a |p|-measurable function of u. Since B is separable, by condition (2.6), (Ba) —
Jy f(u,v) dv(v) is a |p|-measurable function of u. For z* in B*,

x*%B@—iéxnyJﬂduxymmﬂ

—~
N2

¢ / Flu,0) i (u x 1)), 0)
XxY

—~
=

2 / flu,0) i x (570 (u,0)
XXY

/X { /Y £ () d(x*l/)(v)] ()
@ /Xa;* {(Ba)—/yf(u,v) du(v)] dp(u)

@xﬂ@@—é{w@—LﬂMWW@}mwﬂ.

Step (1) results from (2.15). Step (2) follows from (2.20). By the classical Fubini
theorem, we have Step (3). From (2.16), we obtain Step (4). By (2.9), we have
Step (5).

Using the Hahn-Banach theorem, one can show

(2.25)

—~
w
=

(Ba) —/ flu,v) du x v(u,v)
(2.26) o

= o) [ B~ [ s o) aute)
as desired. O

(G) Let ¢ be in M(R) and 7 be a complex-valued Borel measure on [0,t]. A
complex-valued Borel measurable function 6 on [0, t] xR is said to belong to L.co,1:
(or Lt ) if

p;00,1im

(2.27) 16 {li00,1m = / ] 16(s) llgsoo dlnl(s)
is finite where || 6(0,-) ||p;00 is inf{A > 0 | [¢|({{ in R | ]0(0,£)| > A}) = 0} and
I 8(s,°) llpso0 is Inf{A > 0 | mr({ in R | |6(s,§)| > A}) =0} for 0 < s <¢. If 6 is
bounded Borel measurable, then 6 is in Lg.co,1:9-

(H) For 0 in L*°(R, mr), we consider an operator My from RM(R) into itself
such that

(2.28) Mo ())(E) = /E 1 ey0(¢) dmy ()

dmL
for E in B(R) and for g in RM(R). Then

dMg(p1)
dmL

© = 2 (),

so My is well-defined. Since |Mp(p)|(R) < fR|d‘i’l‘L )] 10(&)] dmr(&) <|| 0 |loo
|| (R), Mp is a bounded linear operator.

(2.29)
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For s > 0, we let

’LL2

(2.30) P(E) = [E \/%exp{—%} dm ()

for E in B(R).
For s > 0, we consider an operator Ss from RM(R) into itself such that

[Ss(WI(E) = (ux Ps)(E)
. u—v)2
(2.31) — \/21% i [/Eexp{_%} dmL(u)} dp(v) .

Then %(L“)(f) = \/21? Jz exp{—(E;:)Q} du(v); so Ss is well-defined. It is not
hard to show that S, is a bounded linear operator and the operator norm || Ss || of
S, is less than or equal to one.

Let s1 and s2 be two positive real numbers. Then by the Chapman-Kolmogorov

equation in [8] Proposition 3.2.3, p. 37] and the classical Fubini theorem, we have

(2.32) Ss; 085, = Ssits, -

For s > 0, for ¢ in M(R), for a Borel measurable |p|-essentially bounded function
6 on (R, B(R)) and for E in B(R), we let

(v —v)°

239) el = = [ | [ oo {-“Z0 anuw) aow).
Then T(s, o, 6) is in RM(R) and

dTE;;i,@) (u) = \/%/Rg(v)exp{_%} dp(v) .

3. THE COMPLEX-VALUED ANALOGUE OF THE WIENER MEASURE w,

(2.34)

In this section, we will introduce a complex-valued analogue of the Wiener mea-
sure w, on C[0,t] and we will give some examples of it.

Let ¢ be a positive real number and n a nonnegative integer. For ¢ = (to,t1, -,
tn) With 0 =tg <t < - <t, <t let Jp: C[0,t] — R""! be a function with

(3.1) Jp(x) = (z(to), z(t1), - ,x(tn)) -
For B; (j =0,1,2,--- ,n) in B(R), the subset thl(H;L:O B;) of C[0,¢] is called an
interval. Let Z be the set of all intervals. For a nonnegative finite Borel measure ¢

on (R, B(R)), we let
(3.2)

me(J7 (T By)
=0=0

J

= / / W(n—’_l;t_;uOvulv"' aun) deL(ulv"' 7un) d@(UO)
Bo i=1Bj j=1
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where

- 1 1 )2
=)= st

=1 Tr(tj _tj—l) =1

By [18, Theorem 5.1, p. 144] and [I8, Theorem 2.1, p. 212], B(C|[0,t]), the set
of all Borel subsets in C[0,t], coincides with the smallest o-algebra generated by
7 and there exists a unique positive measure w, on (C[0,t], B(C[0,t])) such that
wy,(I) =my(I) for all Iin Z.

For ¢ in M(R) with the Jordan decomposition ¢ = Z?:l a;pj, let w, =
Z?:l ajw,;. We say that w, is the complex-valued analogue of the Wiener mea-
sure on (C[0,t], B(C[0,t])), associated with ¢. If ¢ is a Dirac measure dp at the
origin in R, then w,, is the classical Wiener measure.

By the change of variables formula, we can easily prove the following theorem.

Theorem 3.1 (The Wiener integration formula). If f : R"*! — C is a Borel mea-
surable function, then the following equality holds:

/ F(ato),x(ts), - 2(tn)) dwy(z)
clo,1)

*

(33) = / 1f(’LL0,U1,"' ,un)W(n+1;t_;u0,u1,-~' ;un)
R+

d(H mp X 80)((’“17“2, to aun)aUO)

Jj=1

where = means that if one side exists, then both sides exist and the two values are
equal.

Remark 3.2. Let ¢ be in M(R).
(1) It is not hard to show that w, has no atoms.

(2) wp (C[0,8]) = »(R).
(3 ) Let Ji : C[0,t] — C be a function with Ji(x) = z(t). Then for E in B(R),
(Jr

HE)) = [SHI(B).

Example 3.3. Let ¢ be in M(R).
((1)) Let I = {zin C[0,t] | (0) is in B} where B is in B(R). Then wy,(I) =
p(B).
(2) Suppose that f(u) = u is -integrable. Then for 0 < s <,

/. ) () = et

If ¢ = ¢p, then fC[O . z(s) dwy(x) = p; and if ¢ has a normal distribution with

We

mean « and variation o2, then fC[O,t] z(s) dwy(z) = a .

(3) Suppose that g(u) = u? is p-integrable. Then for 0 < s < ¢,

/[Ot]x(s) dwy(z) = /Ru do(u) + sp(R) .
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If ¢ = §,, then fC[O . z(s)? dw,(x) = p? + s and if ¢ has a normal distribution with
mean o and variance o2, then

/ 2(s)? dwy(z) = a®>+0*+5.
Cl0,4]

(4) Let F(p) be the Fourier transform of a measure ¢, that is, [F(¢)](§) =
Jg exp{ifu} do(u). Then for 0 < s <,

s¢

/C[OJ] exp{ifx(s)} dwy(r) = exp{— 5 }[j:(gp)](g)'

If ¢ = 0p, then fC[O . exp{ifx(s)} dw,(z) = exp{—%—l—z‘pf} and if ¢ has a normal
distribution with mean o and variance o then

/C[O,t] exp{ifx(s)} dw,(x) = exp {—% + iaf} .

Let 0 < s < ¢ be given and let Js : C[0,¢] — R be a function with Js(z) = z(s).
We assume that (@, ) converges to ¢ weakly. By a similar calculation as in this
example, since (F(p,)) converges to F(p) pointwise, (F(wy,, (J;1(+)))) converges
to F(wy(J;1(+))) pointwise; so by the continuity theorem in [I, Theorem 12-5A, p.
273], (wy, (J;1())) converges to w,(J; () weakly.

(5) We assume that k(u) = u? is p-integrable. For 0 < s1,s5 < t,

[ alsa)atss) doyla) = mingss,ssDe(®) + [ dotu).
co. R

If ¢ = 0p, then fC[o 9 z(s1)x(s2) dw,(x) = min{sy, sa} + p? and if p has a normal
distribution with mean « and variance o2, then

/ z(s1)x(s2) dw,(z) = min{sy, s2} +a® + 0% .
Cl0,4]

(6) For 0 < 81 < s9 < 83 < 84 <t and for o, 8 in R, using the change of variable
formula, we have
wo({x in C0,t] | 2(s2) — z(s1) < o and x(s4) — z(s3) < B})
= pR)wy({z in C[0,7] | z(s2) — z(s1) < a})
wy({z in C[0,t] | 2(s4) — z(s3) < B}).

Hence, if ¢ is a probability measure, then z(s2) — x(s1) and x(s4) — x(s3) are
independent.

Theorem 3.4. For ¢ in M(R), |w,| = w, on (C[0,t], B(C[0,])).

Proof. By [19, Theorem 6.12, p. 124], there exists a measurable function h such
that |h(u)] = 1 for all w in R and dp = hd|p|. For t = (to,t1, -~ ,t,) with
0=1to <t1,---,tp <tandfor B; (j=0,1,---,n) in B(R), by [I9] Theorem 6.13,
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p. 125] and (3.3),

(3.4)
wo (T (T B)
=0
= / W(n+1;{;u0au1a"' 7un)d(HmL)(u17"' ,Un) d(p(Uo)
R R™ j=1
= [ o) | [ W v ) d[[ma e un) | digl(uo)
R R™ jaie
and so
(3.5)

el ([T

Bj))
J
RTL

0
— /R[/ W(n+1;fguG,u17...,un) d(HmL)(ul,...7un) d|p| (uo)

= wip (] B) -

§=0
O

We consider a set A = {E in B(C[0,t]) | |wy|(E) = wjy(E)}. Then, by
the equality (3.5), we have Z C A. Since |wy| and w,| are both measures on
(C[o,t], B(C0,1])), by [18, Theorem 2.1, p. 212], |w,| = wy,| on B(C[0,t]).

4. THE MEASURE-VALUED MEASURE V,, ON (C[0, ], B(C[0,t]))

In this section, we introduce a measure-valued measure V,, on (C[0, t], B(C[0, t]))
from the concepts of an analogue of the Wiener measure w,, and investigate its basic
properties.

Let ¢ be in M(R) with the Jordan decomposition ¢ = Z?=1 a;p; and let
Ji : C[0,t] — R be a function defined by Ji(x) = x(t).

For a measure p in M(R), for B in B(C|0,t]) and for E in B(R), let

(4.1) P.(E) = Wu(Jt_l(E))
and
(4.2) Qpu(E) = wu(J7 (E)NB).

Then both P, and @p,, are measures on (R, B(R)). By Theorem 3.4, we have

4
(4.3) P, = Y o;P,
j=1

4
(44) QB,«p = ZanB,cpjv
j=1
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and
(4.5) Ps| = By

For j = 1,2,3,4, QB,,; is absolutely continuous with respect to P,,, and P, is
absolutely continuous with respect to |P,| = P,. Hence, for j = 1,2,3,4, by
the Radon—Nikodym theorem there exists a measurable function g ,, such that

0< 1/JB¢ < 1 and @p,y,( = ¥ ;) dP,(§) for E in B(R). By [19]
Theorem 6.12, p. 124], there is a rneasurable function h such that |h(£)| = 1 for all
¢ in R and dP<p = hdPg;s0dP, = h dP, where h is conjugate of h. Hence,

we can write

(46) Qs (B) = [ G50, P,(6)
for F in B(R) and for j = 1,2, 3,4. Thus,
(4.7) QB) = | ZaJwB £, (€) h() dP,(¢)

For B in B(CI0,t]), we let
4 ~ —
(4.8) VB, = ZO&j’lﬁB,gpj h .
=1

By Theorem 3.1, the Radon-Nikodym derivative 57:“; exists and

_w)?
(19) e = [ =ew{-C5 Y dow

so for F in B(R),

(4.10) QpB(E /[/ mw&p(f)exp{—%} dmL(f)} dp(u) .

For B in B(CI0,t]), we let

(4.11) [Ve(BI(E) = QBo(E)
for E in B(R).
Remark 4.1. Let ¢ be in M(R).
(1) From (4.2), for E in B(R), Qp,,(E) = 0, which implies that [V, (0)](E) =0
for E in B(R).
(2) P, = Qclo,4,e> and so, by (4.7), Yoo, = 1 Py-a.e. Hence, by (2.31),

we have
Ve (C0,DI(E) = [Si(P)I(E)
for E in B(R).
(3) Let ¢ be in M(R) with the Jordan decomposition ¢ = 34

j=1@j¢;- Then
from (4.4) and (4.11), we have V,, = Z?Zl a; Ve, .
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(4) By Theorem 3.1 and equation (4.11), we know that [Viap, 484, (B)](E) =
a[Vy, (B)I(E) + B[Ve, (B)|(E) for any «, 8 in C, for any ¢1, ¢2 in M(R), for B in
B(C0,t]) and for E in B(R). For B in B(C|0,t]), by (C) in section 2,

(4.12)
1Vo(B) |
L _Eow? m u
< oo [ [ ns@len {-E5 | @) msto)] deio
0cL>(R,mr)
< 4lol(®)

Hence, letting V(B) : M(R) — M(R) with [V (B)](¢) = V,(B), V(B) is a bounded
linear operator on M(R).

Theorem 4.2. For ¢ in M(R), V, is a measure-valued measure on (C|0,1],
B(C0,t])) in the total variation norm sense.

Proof. By Remark 4.1 (1), V,(0) is a zero measure and the finite additivity of
V., is clear. Hence, it suffices to show that V,, is countably additive in the total
variation norm sense. Suppose ¢ is a positive measure on (R, B(R)). In this case,
dP, = dP,. Let (B,) be a sequence of disjoint sets in B(C[0, t]) with B = U;il B;.
Then for E in B(R),

[ Fno(9) apate
E
= /_1 xB(z) dw,(z)
Ji(E)
@ 3 X W\ T
(4.13) = ;/JNE) X8, (x) dw, ()

® > / VB,,0(€) AP, (€)

—~
~—

@ /E ZlJBj,q;(e) AP, (€) .

Steps (1) and (3) follow from equality (4.10). Steps (2) and (4) result from the
monotone convergence theorem.
Since F' is an arbitrary Borel set in (4.13), by [22] Theorem 8.1, p. 76],

(€)= ZJB,W(&)

for P,-a.e. &.
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Since JBJ,¢ > 0 for all natural numbers j, by [16], Z;’il {EBJAP converges to 1’/;]3,@
in the L}(R, P,)-norm sense. Hence

iy S L Amteoee {5 o] o

e ~
= Z I ¥8;.0 llL1®,P,)
j=k

— 0

as k — +oo0.

Hence, V,, is a measure-valued measure in the total variation norm sense if ¢ is
a positive measure.

Now, let ¢ be in M(R) with the Jordan decomposition ¢ = Z?:l a;p; and let

(Bj) be a sequence of disjoint sets in B(C[0,t]) with B = U;’;l Bj. Then

> Ve(B))I(R)
j=k
1
> 3
(4.15) < Z Z I 1/)31,% L\(R,P, ))? Z I 1/)3”%#2 IL(r, P, )2
' j=k n=1 ne1
e} 4
S ZZ |wB71‘P77 ]RP)
j=kn=1
— 0
as k — +oo, as desired. 0

Theorem 4.3. Let ¢ be in M(R) and let B be in B(C[0,t]) with |w,|(B) = 0.
Then V,(B) is a zero measure on (R, B(R)).

Proof. Let ¢ = Z?zl a;jp; be the Jordan decomposition. Then w,, (B) = 0
for j = 1,2,3,4; so for j = 1,2,3,4, {/;B,%. =0 P,,-a.e., which implies that for
J=1,2,3,4,¢p, =0mg-a.e. Hence ¢p, =0, mp-a.e. By (4.10) and (4.11), for
E in B(R), [V,(B)|(E) =0, as desired. O

Theorem 4.4. Let ¢ be in M(R) and let t = (tg,t1,--- ,t,) be a vector in R"?
with 0 = tg < --- < t, =t. Let f: R" — C be a Borel measurable function
such that f(uo,ul, o u )W (n+ LT ug, - ) ds || X szl mp, -integrable. Let
F :C0,t] — C be a function with F(x) = (f o Jp)(z) = f(x(to), x(t1), - ,z(tn)).



WIENER MEASURE AND THE MEASURE-VALUED FEYNMAN-KAC FORMULA 4935

Then F' is V,,-Bartle integrable on C[0,t] and for E in B(R),

(E)

<B@—lmﬂﬂ@dwu>

(4.16) = /E /Rn_l(/Rf(uoaula"' 7un)W(n+1;t_;u07"' aun)
n—1
dip(uo)) d(J[ me)(ur, -+ sun—1) p dm(un).
J=1

Proof. Let f = xp where B is a Borel subset of R"*!. Then F(z) = (xp o J;)(z)
= XJrl(B)(x) is V,,-Bartle integrable and for E in B(R),

(E)

(Ba) — /C | @) ()

= [VL(J- (B)I(E)
= W«P(Jg_l(B) N Jt_l(E))

/E{/R ﬂ(/}RXB(uo,m,... cun)W(n + 1t ug, -+, uy)

dp(u) d([] me) ) ).

(4.17)

If f is a simple function, then by the basic properties of the Lebesgue integral
and the Bartle integral, it is not hard to show that F' is V_-Bartle integrable
and the equality (4.16) holds for f. We assume that ¢ is a positive measure in
M(R) and f is a nonnegative real-valued Borel measurable function on R"*! such
that f(ug, w1, ,un)W(n + L;Gug, -+ ,uy,) is |¢| x H;.lzl mp-integrable. Then
there is a sequence (f,,) of nonnegative real-valued simple functions such that
(fm(ug,u1,- - ,up)) is increasing for (ug,uy, -+ ,uy,) in R**1 (f,.) converges to f
for || x [[j_, mr-a.e. and

</}Rn+1 Fm(ug,ug, - un)Wi(n + 1;t ug, - - - L Up) d(p % HmL)(Uo, (ug, - un)))

Jj=1

converges to

/ f(uoaula' T ,un)W(n—l— 17t_;u07 ﬂun) d(Sﬁ X HmL)(UOa (ula' o 7un))
Rnt1

Jj=1
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Let N = {(ug,u1,- - ,up) in R**1 | either the limit lim f,,(uo,u1,- - ,u,) does
m— 00
not exist or the limit lim f,,(uo, w1, - ,u,) exists but is not equal to f(ug,u1,
m—0o0

- ,Up)}. Then N is |p] x H?:l mp-null. By Theorem 3.1, thl(N) is w,-null.
For a natural number m and for E in B(R), let

(4.18) Fo = fmo Jy

and

(4.19)

i) = [ 3] ([ oo W+ Lfin, ) o)

n—1

d(J] me)(ur, -+ sun—1) p dmp(un) .
j=1

Then (F),,) converges to F' w|,|-a.e.; so by Theorem 4.3, (F,) convergesto F' || Vi, ||-
a.e. By the monotone convergence theorem, for E in B(R), (um,(F)) converges;
here, we denote p(E) = limy,— 00 fim (E). By the Vitali-Hahn-Saks theorem, p is a
countably additive measure on B(R) and for E in B(R),

(4.20)

wE) = /E /]R"L*l(/]R flug,ur, -+ un )W (n+ 15 ug, uy, -+ up) d(ug))

n—1
d(H mp) (U1, - s Un—1) p dmp(uy) .

Since for a natural number m, |fn,, — f| < 2|f], by the dominated convergence
theorem,

lim [um — p|(R)
m—0o0

S lim |fm(U0,U1,"' aun)_f(UO;ula"' 7un)|
m—00 Jpnt1

(4.21)

W(n+ ]-;t_;uovula"' aun) d(|50| X HmL)(uovulv"' aun)
j=1

= 0.
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Hence (i) converges to p in the total variation norm sense; so F' is V,-Bartle
integrable. Moreover, for E in B(R),

o)~ [ L () ()

m— 00

= lim [(Ba) - /C[OJ] Frn () dV@(x)} (E)

= lim {/ (/fm(UO;ula"' ,un)W(TL-f—].,t_;’LLo, ;un)
m—oeJE Rn—1 R

dﬁP(Uo)> d(f[ mr)(ur, ug, -+ ,Un1)} dmyp, (uy)
j=1

- [E{/Rn_l</]Rf(u0,u1,~~,un)W(n—Fl;Euow'wun)

d@(u0)> d(EmL)(ul,ug,--- ,un_l)} dmp (uy) .

(4.22)

Now, it remains to show that this theorem holds in the general case. Let ¢ in
M(R) with the Jordan decomposition ¢ = Z?:l ajp; and let f: R"™ — C be a
Borel measurable function such that f(ug, w1, -+, un)W(n + 15 ug, ug, - -+ ,uy) is
lo] x H?:l m-integrable. Then we can write f = E?:l o fj where f; is a nonneg-
ative Borel measurable function for j = 1,2,3,4. Then f;(uo,u1, - ,un)W(n +
L ug, g, - -+ 5 up) is @ X H;LZI my-integrable for j,k = 1,2,3,4, and we proved
the following fact already. Letting F; = f; o Jpfor j = 1,2,3,4, F} is V,,, -Bartle
integrable for j,k = 1,2,3,4; and for j,k = 1,2,3,4 and for E in B(R), we then
have

(E)

(Ba) - /C L) 4V @

(423) = / {/ </fj(U0,U1,"' ;un)W(n+1;t_;u07u17"' ,Un)
E Rn—1 R

d‘Pk(U'O)) d(ﬁ mr,)(ur, uz, - - ,Un—l)} dmp,(un) -
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By (3) in Remark 4.1 and the basic properties of the Lebesgue integral and the
Bartle integral, for E in B(R),

(4.24)

(Ba) / | ) V)| ()

4
= Y o |(Ba) - [ Ba) V(@) (B)
jk_l co.4
= Z OéjOék/ {/ (/f] Up, U1, - ,un)W(n—i—l,t_;uo, aun)
j,k=1 Rt

der (uo ) H mr)(u, -, Un—l)} dmp (un)

- /{/ (/fuo,u1, )W (n 4 1;Eug, -, up)
Rn—1
) HmL U, - ,un_l)} dmp, (uy)

as desired. O

5. A MEASURE-VALUED FEYNMAN-KAC FORMULA

In this section, we will achieve the measure-valued Feynman-Kac formula for the
integral with respect to a measure-valued measure V,, of a suitable functional.

Theorem 5.1. Let ¢ be in M(R), let n be a complez-valued Borel measure on [0, ]
and let 8 be in Ly.oo,1,y. Then

(5.1) 10(s, 2(s))| <l 0(s,-) llpio0
for |n] x w,-a.e. (s,x) in [0,t] x C[0,1].

Proof. We consider a propositional function P : [0,t] x R — {0,1} given by
P(s,v) = 1 if either 6(0,v) fails to be defined |p|-a.e. and 6(s,v) fails to be
defined mr-a.e. for 0 < s <t or 0(s,v) is defined but |0(s,v)| >|| (s, ")
and P(s,v) = 0 otherwise. Let N = {(s,v) in [0,¢] x R | P(s,v) = 1}, N; =
{(0,v) in [0,¢] x R | P(0,v) =1} and Ny = {(s,v) in [0,¢] x R | P(s,v) =1 and 0 <
s <t }. Then both N; and Ny are disjoint Borel subsets and N = Ny U Na. Let
H :[0,t] x C[0,t] — [0,t] x R be a function with H(s,x) = (s,2(s)). Then H is
continuous and 0(s, z(s)) = (fo H)(s, z) is Borel measurable with respect to (s, z).
Since [H~1(N)]© = [H—l(Nl)](O) and [H=1(N)]®) = [H=H(N,)]®) for 0 < s < t,
by Theorem 3.1, wi,([H1(N)]©) = [o|([N1]®) = 0 and w),|([H1(N)]®) =

Sy =g exp{— Y522} dlg|(ug)) dmp(u) = 0 for 0 < s < & that is,
wi ([HH(N)]®) =0 for all s in [0,t] where [A](®) is the s-cross section of A.
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By the Fubini theorem,
| X wip) (H™H(N))

= /[O co. ]XH 1(1\/)(5 x) d(|n] me)(s,x)
(5.2) X C[0,t

= [, el () dinles)
=0 ’,

as desired. O

Throughout this section, let n = p + v be a complex-valued Borel measure on
[0,¢] such that p is the continuous part of n and v = ZZ:O cpr, where 0 = 19 <
m<m<- <1, =tand ¢, (p =0,1,---,n) are complex numbers, let ¢ be
in M(R) and let 8 be in Ly,00,1;,. For nonnegative integers ¢ and ji,- -, j, with

qg=J1+jo+ -+ jn, let
(5.3)
AQ;leQ,"'Jn

= {(81,1,81,2: "+ 181,51, 82,15 s Sn—1,4,_1>Sn,15 7 5 Snj,) | T0 =0 <s1,1 <

c< 8y, < T <820 < KTl < Sp1 < coe < Sy, < T =t

For convenience, we let Mg .y = My for 0 < s <t and 79 = 800, 70 =t =
Sn,jn+1 a0d Ty = Sp41,0 = Sk,je+1 for k=1,2,--- ,n — 1. For nonnegative integers
My G0,y 5 Gn+1, 915"+ Jn Withm = go+q1++ -+ ¢n1 and gn1 = j1+Jj2+- - +in,
let K(m,n,q,7) : Dgpivijijorjn X Cl0,t] — C be a function with

K(m7naq7j)((81,1a U 757L7jn)5x)

lHeTza T’L HHO 81]7 31])

i=1j=1

(5.4)

and let D(m,n,q,j): A — R be a function with

Gn+13J1,J25" 2Jn

D(m,n,q,5)(s1,1, " Sn,j,)
= lH | 0(ri,-) [I2 oo‘| HH [ 0(si;»-)
i=0

i=1 j=1
Lemma 5.2. (1) |K(m7na qv])| S D(m, n, Qaj) |,LL| X ww‘—a.’e.,
) | fA‘l7z+l§jlv“‘ in D(mv n, %])(31,1; Tty sn,jn) d(Hi:l szl :u‘)(sl,lv H) sn,jn)
< (o 110073, ) 1800116 llgio0, 1)+ and
(3) D(m,n,q,35) is (I[;=, [1j=, 1) x Vi-Bartle integrable on N, .y - j, X
Clo,t].

(5.5)

;00

Proof. By Theorem 5.1, the statement (1) in this lemma is clear. Obviously,
D(m,n,q,7) is Borel measurable Letting

Ngpir ={(s1,82,-+ ,5g,1,) In [0,8]7F |0 =50 < 51 <52 <+ < 5q,,, <L},
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since A is Borel measurable and A gn C Dgns

In+1 An+13J1,""

(5.6)

n  Ji
/A D(ma n, Qaj)(sl,lﬂ t 7Sn7jn) d(H H M)(SLl? T 7Sn7jn)

An 41391 »dn i=175=1

n dn+1 dn+1
< (I 166, gi;oo)/ LT 16Gsi) lpoo dCTT 16D (s1i82, - 2 50,00)
i=0 =1

dn+1 =1
1 dn+1 n
= 0(s,-) lpoo dlpl(s O(7i, ) | o
p— [/[M 116(s,-) [lpi00 dlpal( )1 LH) |1 0(7i,-) 1%, ]
b

= (H ¢ | @;oo,l;u)q"H(H || 9(7'1‘7 )

!
An+1° =0

Fioo)

Hence, we proved statement (2) in this lemma. Since D(m,n,q,7)is [}, ;:1 | e
integrable, there is a sequence (gx) of simple functions such that (gi) converges to
Dlm,n,4,3) T, Ty ubace. and a sequence ([, gilsar - 5ns)
ATy TPy #)(511,++ +m,) 5 Cauchy. Then {gi) converses to D(m, n,q, )

T, ;:1 || x || Vi, ||-a.e. and for two natural numbers & and I,

}w@—A (0 — ge)(snns - su) AT % Vil

T i=1j=1
((81,1, 78n7jn)’ (E)
(5.7)
< 44i®) (1= 9611, m5)
Aqﬂ,+1;j1r“ sin
n  Ji
dITTIm .- asn,jn)' :

=1 j=1

So

((Ba) — /A ge(s1,15-+ s sng,) dl(] ] ﬂ#) X Vol((s1,0,7 5 8nj, ), )

An 413015 »dn i=1j=1

is Cauchy. Therefore, D(m,n,q,j) is ([T, 5:1 w) x V,-Bartle integrable. O

Lemma 5.3. 6(s,z(s)) is u x Vy,-Bartle integrable on [0,t] x C[0,1].

Proof. Since 6 is Borel measurable on [0,¢] x R, there is a sequence (1,,) of simple
functions on [0,¢] x R such that (i) converges to 8 |u| x mp-a.e. Let N =
{(s,u) in [0,¢] x R | either O(s,u) is not defined or (¢, (s,u)) does not converge to
0(s,u)} and let H : [0,t] x C[0,t] — [0,¢] X R be a function with H(s,z) = (s, z(s)).
Then H is continuous, and so the sequence (1,0 H) is a sequence of simple functions
such that (3, o H) converges to § o H on [0,t] x C[0,¢] \ H~'(N). Moreover, by
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the Fubini theorem and Theorem 4.4,
(5.8)
|l X wig|(HH(N))

/ X1 () (5 ) dowy ()]l (5)
[0,¢] Jc[o,4]

/.
/ Xy (2(8)) deoyg (@)l (5)
oo

(s)) dwg) (z)d|p|(s)
[0 1]

— / g (un)exp { = P25 g () o)l o)

f
I
7

$0 |p| X wj o (H™HN)) = 0. If [p| X wip(H 1 (N)) =0, then |u|-a.e. s, [H-Y(N)]®)
is w),|-null, then, by Theorem 4.3, for |ul-a.e. s, [H=Y(N)]®) is || Vi, ||-null, which
implies that for z* in RM*(R) with || 2* [< 1, [H~YN)]®) is |2*V,,|-null for
|p|-a.e. s. Thus, we have

| 1 Ve || (HTH(N))
— sup{Jo™ (1 x Vo) ((HY(N)) | 2 s in L=(R,mz) and | 2” [loe< 1}
(5.9) = sup{|p x (z*V,)|[(H*(N)) | * is in L°(R,my) and || z* [l< 1}
— sup{lul x [V, |(HY(V)) | o is in LR, my) and || 2* s 1}
=0.

So, the sequence (¢, o H) of simple functions on [0,t] x C[0,t] converges to § o H
| 1o x Vi, ||-a.e., which implies that 6(s,z(s)) is i x V,,-measurable. Now, by (4.12),

J 005, 2()] dla* (1 x V,)|(s.)
[0,¢]xC[0,1]
</[0txc[0t]'9< 2(s))| dlulx || Vs | (s.)
(5.10)
/C[Ot/(m”‘g ) e dlptl(s)d || Vs | (2)

= 110 llps00,1:ll Vi I (€10, 2])
< Al (R) [ 6 lls00,1:
< 400,

that is, 6(s,z(s)) is «*(u x V,,)-integrable. Now let F' : B(R) — C be a measure
given by

F(E) = /E/[O,t]/R/RH(&UJl)\/Wm exp{_(ul ;SUO)Q B (1;2(t—_u;))2}

dp(ug) dmp(u1) du(s) dmp(uz2)

for F in B(R). Then by the Tonelli theorem, we know that for F in B(R), |F(E)|
<[] 0 || 300,15, that is, F is well-defined. So F is in RM(R). For z* in RM*(R),
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there exists a function f in L*°(R,mr) such that z*(u) = [; f(§) d

(5.11)
a*(F)

W / f(us) dF (u2)

@ / flus) 2 (u3) dim. (u)

- /fu1 {/[Ot// 5 u1) (2m)?2 1(t—s) exp{ (UI;UO)

_ %}dﬂw)dmﬂul)dﬂ( )] dmi (uz)

YL ([ Lo g e { -

(Uz —up)?

- }dgo(uo)dm(ul))dm(uz)} du(s)

/Ot]/oﬂ s,x(s)) da* (Vox)du(s)

_/ 0(s,x(s)) d(u x £*V,)(s, )
[0,6]xC0,1]

@ / 0(s,2(s)) da*(uu x Vo) (s, )
[0,t] xC[0,¢]

Step (1) follows from (C) in section 2. By the Radon-Nikodym theorem, we have
Step (2). From the definition of a measure F', we obtain Step (3). Steps (4) and (6)
result from the Fubini theorem. By Theorem 4.4, §(s, z(s)) is V,,-Bartle integrable
|pu|-a.e. s. For z* in RM*(R), corresponding to f in L= (R, my) and for |ul-a.e. s,
by (2.15) and Theorem 4.4,

(5.12)
/ 0(s, 2(s)) da™V,,(x)
clo.

((Ba)—/oﬂf?( £(s)) V()

- ([ Lo e - 5 )

do(uo)dmy, (uq1)dmy, (u2)>

/ / / flu)bls,u) (27r)1(t—s) exp{ = ;SUO)Q - (Zz(t_—usl))Q}

dp(ug)dmy, (u1)dmpg (uz) .

So, we obtain Step (5). By (2.20), we know that Step (7) holds. Hence by [I5
Definition 2.1, p. 159], (s, z(s)) is u x V,,-Bartle integrable. O
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Theorem 5.4. (1) K(m,n,q,j) is ([T, §=1 1) X V,-Bartle integrable,

@) Jor Ty Ty lil-aee (o1, ssngn ), KOmm g ) (1, 5 8n)s ) s
V,-Bartle integrable, and

(3) (Ba)_fc[07t] K(man7qaj)((51717'” ’Snajﬂ,)7 ) ( ) is Hz 1 1M -Boch-
ner integrable.

Proof. By Lemma 5.3, the statement (1) in this theorem holds. From Lemma 5.2,
fOI' HZL:I H‘;’:l |/J/|-a.e. (81,1) e )Sn,jn))

Kmv”ﬂij S1,1,° " ySn,gn )y L
(5.13) [ K( )((s1,1 in ) @)

S D(ma n, qaj)(sl,la e 757L7jn)
holds for || Vi, [|-a.e. = and D(m,n,q,j) is finite; that is, for []; H;=1 | e
a.e. (51,1, +8n,), K(m,n,q,5) (51,1, , Snjn ), @) is || Vi, ||-essentially bounded
with respect to . Hence, from (2.14), for [T, [TJL, [ul-ae. (si1,+ 5 sn5.),
K(m,n,q,7)((s1,1," ", Sn,j,), *) is a V,-Bartle integrable function of x.
By the classical Fubini theorem, for z* in RM(R)*,

(Ba) - K(manv%j)((Sle"' 7Sn7jn)ax) dvﬁP(x)

(5.14) clo.]
= K(m,n,q,5)((s1,1, s snj, )s @) d(@"Vy)(2)
clo,4]

I | §=1 p-measurable with respect to (s1,1,---,Sn,,). That is, (Ba) —

fC[O.t] K(m,n,q,5)((s1,1, ", Snjn)sx) dVy(z) is T, ;:1 pu-weakly measurable
with respect to (s1,1,- -+ ,8n,j,). Since RM(R) is separable, by (2.6),

(Ba) - K(m7naq7j)((81,1;"' ,Sn,jn)7$) dV¢(l‘)
C10,t]
is [T [T}L, p-measurable with respect to (s1,1,* , Sn,j,). By Lemma 5.2,
/ (Ba)_ K(mvnaQ7j)((sl,1;"' 7Sn7jn),$)
Dg,i15d1in C10,t]
n i
dITTI D10, sn4.)
(5.15) i
< —|<p| H 60(75,-) 1%.0)(] 1) i
< +00.
Hence, by (2.8), [0 K (m,n,q,5) (51,0, 5 snj ), ) dVip () s T, ;ﬁi:l L1
Bochner integrable. O

At this point, we establish one of our main theorems in this article. The proof
of the following theorem is patterned to some extent on earlier work by Johnson
and Lapidus in [9], but the present setting requires a number of new concepts and
results in the previous parts of this article.
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Theorem 5.5 (A measure-valued Feynman-Kac formula).
exp{f[o . 0(s,xz(s))dn(s)} is V,,-Bartle integrable on C|0,t] and for E in B(R),

(5.16)

(Ba) - /C[o 4 o {/[o,t] vt dn(S)} el

HZ:O Cgp
-y oy ety

ot gnp1=m Jittin=an41 Y Dant1iinin

(E)

(Lno Ln-10-+0 L)(T(s1.1,,00, 1 NIE) d[[ [ )15 2505.) -

i=1j=1

(Ba) - /c[o,t] o {/[o,t] o) dn(S)} ote)

< 4@l (R)[exp{] 0 [lpi00,1:9}] -
Here, for k =2,3,---,n

(5.18)
Ly = Mé(m)% o STk*Sk,Jk °© Me(sk,jk) o5

Moreover,

(R)

(5.17)

Sk jp—Skij—1 0" © MG(Sk,1) o SSk,l*Sk,o

and

(519) Ll - MO(Tl)’Il o STl_Slel o Me(sl’jl) o S O---0 Mg(

51,51 —S1,51 -1 s1,1) -

Proof. By Theorem 5.1, we have

ex 0(s,x(s)) dn(s

p{/[(),t] ( ()) 77( )}|

(5.20)
<ex 0(s,-) |00 dIn|(s
< p{/[o,t] [ 6(s,) |l Inl( )}

= exp{| ¢ ||<p;<>o71m}

for | Vo, |-a.e. .
Hence by (2.14), Lemma 5.3 and the Fubini theorem, exp{f0 0,1] ,x(s)) dn(s)}

is V,,-Bartle integrable on C[0,t]. Moreover, by (2.14) and (4.12), we have

(Ba) - /c[o,t] o {/[o,t] I tts) dn(S)} el

< 4p|(R) exp{| 0 ||go;oo,1;n}§

so, we obtain the inequality (5.17). Since for any nonnegative integer n,

(R)

(5.21)

(5.22) ‘( 0(s,2(s)) dn(s))"| < (I 0 llgi00,1:0)"

[0,¢]

for || Vi, [-a.e. z, by (2.17), f[Ot )) dn(s))™ is V,,-Bartle integrable.
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Now, we prove the equality (5.16). For E in B(R),

(5.23)
5o~ [ el [O loswta)) dn()} dvq;(x)} (E)
Y [wa- mi: ([ otoaton anto)) " av, o)) e
@ Wimi[ L () st o) v o] e
@ mi)%[(ga) /C » gc,,e(f,,,x(rp»

+/[07t]9(s,:c(s)) du(8)>m AV (x )]( )
25 2 gl [, e

m=0qo+-+gn+1=m 11j=0 45 j=0

( [ na(0) du(S))q @]
05 v gm][ o (T 00527 @)

m=0qo++qn+1=m j=0

(/ lqﬁ:@sﬂ’ 2(s5)) Hu 81,827-~,sqn+1)> dV<p(x)](E)
05 v By

m=0qo+-+gnt1=m Jittin=qn+1

o0 Lo .

0(10, (70)) qO{H H9 (81,5, 2(5,5)))0(8i,5,+1, T(8i5,41)) " }

i=1 j=1

413515

SRRV - S SR AN 2

m=0qo++gn+1=m Tt tin=dnt1 Dgpi15dn in

n Ji
—/ 6(70,z(70)) qO{HH (83,5, 2(51,4)))0(81,5,41, T(8i,5,41)) " }
clo. Pl

dVAx)] (E) d(H H (81,1, 8n4,)
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® ¥ [T <’ )~ 3 (@ns1tn)
- Z Z H" Z / (2m) *

m=0 go+-+-+gnr1=m +17=0 qJ' Jit At in=qnt1 Dgpi1iin - in

n Ji+1 n  Ji
,l
(T TT (505 = s0.5-1)) "2 // 0(0,u0,0)® (T [(TT 0(s:.5 i g))
i=1 j=1 Rint1+7 i=1 j=1

n Jerl )2

Um Ui, j—1
054,415 Ui j;+1)" )X E(Un, j, +1) €xp ——E >
Si,j — Sij—1

i=1 j=1
n ji+1 n
d(IT T me) (s sunjr1) de(uoo) d(]] HM J(s1,0,0 0 5 Sngat1)
i=1 j=1 i=1j=1

> H?:l C?‘j
© Z Z W Z / [(LpoLp_10---0Lq)

m=0 qo+++qnp1=m +J=1 4 Jittin=dnt1 Dapprsin,in
noJi
(T(s1,133 000, ) DIEYAT ] TT (510 5m50) -
i=1j=1
By the Taylor expansion, we have Step (1). Letting

n

fn(m) = Z % < 0.4 Q(Sax(s))dn(s)>

m=0

on C0,t] for any nonnegative integer n, (f,) converges to

exp{ 0(s,z(s)) dn(s)}
[0,¢]

for || V,, ||-a.e. = and exp{f[o . 0(s,x(s)) dn(s)} is V,,-Bartle integrable, by (2.17),
we obtain Step (2). Step (3) follows from the elementary computation of an integral.
From the multinomial expansion,

m!
(ao+ar+--+a)" = 1 o0 A
qo+-taqn=m 2077770

we have Step (4). Let Ag,., = {(s1, -+ ,5¢,,,) in [0, ]I+

| 0 < 51 < 853 < -+ < 5., <t} let P be the set of all permutations on
{1,2,--- ,gny1}, for o in P, let Ag, 1o = {(S0(1), """ So(gner)) 0 [0, 291 |
(51,7 1 8gnsq) 18in Ay}, and let N = {(s1,---,5q,,,) in [0,t]9+* | either for

some 1 < 4,5 < gpy1with ¢ # j,s; = s; or for some 1 <4 < gpq1,8;=00rs; =t }.
Then for 01 # 02 in P, Ny iio0 N Dgirion =0, for o in P, Ay, .o is Borel mea-
surable and [0, t]%+1 = N U (U, cp LDgnyi0)- Since pu has no atoms, by the Fubini
theorem, ([[7}" #)(N) = 0 and for o in P,

dn+1 dn+1

/ HQS“ H,U 51;"'78qn+1)

qn+1 o 4=1
qn+41 qn+1

/ H@S“ HM 517"'a3qn+1)'
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Hence, Step (5) is true. Let N* = {(s1,82,"" - ,8¢,.,) | 0 < 81 < 52 < -+ <

Sj1 <7 < Sji+1 < Sji42 < v < Sji4gs <7 < Sjitgatl <t <S4ty <

T, = t and for some k = 1,2,--- ,n and for some j = 1,2,--- ,¢nt1,76 = S}

Then for (ji,-+ ,jn) # (Gla+ +do)s Dansriscon 0 Baprigine gy, = Oy for all

Jiy g2,y dn With 1+ 4 Jn = quy1, Dgoiviir, g and N* are Borel measurable,
dn * *

(H'L:{l M)(N ) = 0 and A‘]'n«%»l = N U (Uj1+---+j,,L:q,,L+1

Ngnirijr,ojn)- Therefore, by the relabelling sj, 4.4, _, 41 = sg—1, fork =0,1,---,
nand [ = 0,1, -, jr, we deduce that Step (6) holds. By Theorem 2.1, Theorem
2.3 and Theorem 5.4, we obtain Step (7). For ¢ = 1,2,--- ,n, let u; j,41 = Uit1,0-

By the relabelling as follows: for £ = 0,1,---,n, Tx = Sk j,+1 = Sk+1,0 and by
Theorem 4.4, Step (8) holds. By the definitions of S, M and T in (H) of section 2,
we have Step (9). Thus, the proof of this theorem is finished. O

From Theorem 5.5, directly we deduce the following corollaries.

Corollary 5.6. In Theorem 5.5, we assume that n = p, an arbitrary continuous
measure on [0,t]. Then for E in B(R),

(5.24)
(Ba) - | exp{ O(s,2(5)) dn(S)} AV, ()| ()
C10,t] [0,]
= Z /A [(St—sm o MG(S"L) 0---085,_4 0 Me(sl))(T(Sl, 0, 9° = 1))]
m=0"Bm
(E) d(H ‘LL)(Sl, 82,1, Sm)
i=1

where Ny, = {(s1,82,  ,8m) M [0,t]" |0 <851 <Sa< <8y <1}

Corollary 5.7. In Theorem 5.5, we assume thatn =v =Y

p—0 CpOr,, a discrete
measure on [0,t] with finite support. Then for E in B(R),

(5.25)

(E)

(Ba) -

- [T—
Z Z pi,[(MG(Tn)q" 087, —ry_y 0208 © My(r)ar)

clodl exp {/[O’t] 9(87 x(s)) dn(s)} dv@(x)

n
m=0qo+--+gn=m H;D=0 dp

(T(T17 1) H(Oa )qo))](E) .
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Corollary 5.8. In Theorem 5.5, we assume that ¢,, = 0. Then for E in B(R),

(Ba) — / exp{ 0(s, 2(s)) dn(S)} V()| ()
clo.4] [0,¢]
-y oy Bed s
- n—1
(5.26) =0 qo+Fan=m LLp=0 9! j, 435, =q0 I Bunisr o in

[((St—sn,‘m o MO(S-,LJ") ©---0 Ss,,yl—rn_l) oLjp_10---0 Ll)

(T(s1.1, 0,600, ) ))(E) d[ [ )51, 5010

i=1j=1

6. A VOLTERRA INTEGRAL EQUATION FOR THE
MEASURE-VALUED FEYNMAN-KAC FORMULA

In this section, we prove that the equality (5.16) in Theorem 5.5, satisfies a
suitable Volterra integral equation (see [10], [12], [13], [14]).

Throughout this section, let 0=y <7 <--- <7, =t < t and let 1 be a Borel
measure on [O,f] such that 7 = p + v where p is the continuous part of 1 and

v= ZZ:O ¢p0r,; furthermore, let 6 be in Lf;;oqlm. Let

6.1)  u(t) = (Ba)— /C . eXp{ /[0 RCED dn(s)} av, (x)

for t <t <{.

The following theorem is the counterpart for the measure-valued measure V,, of
the integral equation for the Feynman-Kac formula with Lebesgue-Stieltjes mea-
sure, obtained by Lapidus in [12], [13], [14] and for the Feynman-Kac formula with
an operator-valued measure, obtained by Kluvanek in [10].

Theorem 6.1 (The measure-valued Feynman-Kac formula). For t <t < t, u(t')
satisfies a Volterra integral equation, that is,

62 ult) = Se-d(u(®) + (Bo) ~ [ (Syowo Mago)uls) du(s) .

(']

Proof. By Corollary 5.8, for t < s < t,

0o H;l: Cgp
u(s) = Z Z Hnio Z (Bo) — /A(S)

|
m=0qo+-+qnr1=m + =0 p Jittin+1=qn+1 An4+1501, " 2dnt1
(63) [SS—S7z+1,j”+1 o MG(S”+1J”+1) ©--+0 SSW,+1Y1—S”+1YO o Ln ©--+0 Ll]

n+1 Ji

(T(sl,la 2 9(07 ')qo)) d(H H M)(Sl,la to 78n+17jn+1)7

i=1 j=1



WIENER MEASURE AND THE MEASURE-VALUED FEYNMAN-KAC FORMULA 4949

(s) _ _ _ — .
where AQW,+1;j17"'7jn+l = {(8171, s ,Sn+1,j”+1) | 0= 50,0 =70 < S81,1 < - <815 <

T1 <821 < < Tp <Spp1,1 < 0 < Snplgny <8 }and for k=1,2,---,n, Ly is
given in Theorem 5.5. For t < s <, let

(6.4)
Y(S;QO7 o aqn-‘rl;jla T 7jn+1)

= (BO) - - [SS—S7L+1,j,,L+1 © M0(5n+1,jn+1) 0---0 SSn+1,1—Sn+1,o
dn+413J1: dn41
n+1 ji
oLpo---o0 Ll](T(Sl,la 2 9(07 ')qo)) d(H H M)(Sl,la t 7Sn+17jn+1) .
i=1 j=1
Fort <t <t,let
o0 n q,
| e
ul(tl) = Z ?Lily(tl;qoa"' aqnvo;ovoa"' aO)v

S Tgn=m [Tp—0 %'

e} n dp
n o Hp:OCp
wi-3 Y Had s
m=1qo+-+qny1=m + 1p=0 p.j1+"'+jw,=qﬂ,+1
Gn+1>1

Y(tl;q()a' o aQn7Qn+1§j1,' o ajn50)7

') n dp
/ Hp:()cp
wo-y y Dad oy
m=1qo++qny1=m +AP=0 4P i 445 i =gni1
qn4+12>1 Jn+12>1

Y(tl; qo, - aanrl;jla e 7jn+1)~

Since Y(t,, qo," " ,4qn; QnJrl;jlv T ajna 0) = St/ft(Y(t,; 4o, " ,qn, QRJrl;jl? T 7jn))7
by (2.32),

Se () + ur(t') + ua(t')
> ano Cgp
= Sp—+(Se(p) + Z Z # Z
(6.5) m=1qo+rani1=m 11p=0 0" 5,4 il g
Y(t'5q0, s Gns Gnt13 515 5 Gn))
= Sp_(u(t)) .
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On the other hand,

1 00 HZ: C;I)p
EDIDY Toar > (B

m=0 go+++qnt1=m +1p=0 p: Jittint1=qn+1

- (St/fs o MO(S))(Y(‘S’ qo, - 7Qn+1;j17 e ,jn+1)) dﬂ(s)

so 2y oy Ddoe

|
m=0 qo+++qnp1=m +1p=0 dp Jit o tin+1=qn+1

Y t/;QQ,"' y An+41 +17]17 a.jn-‘rl + 1)

L) n a0,
®) [l,—ocr
oy oy e s
m'=1qy+qi++a5, ,=m/ p=07p it i 1=
Y(t/7 q(l)7 o aq:H»l;ji) e 7j;1+1)
= ’U,3(f,/) .
Step (1) follows from (2.17). By an elementary calculation, we have Step (2).
If ¢ny1 > 1, then the condition “m = 0” has no meaning; so by making the
substitution j, = j;, (1 < k < n), juppr+1 = Jny, o = q, (1 < kE < n),
qny1+1=q),,; and m + 1 =m’, we obtain Step (3).
Hence, for t < t' <,

u(t) = (Sw(p) +ur(t) + ua(t')) + ua(t’)

= St/,t(u(t)) + (BO) - / (St/fs o MG(G))(U(S)) d/L(S) ’

(t,t']

as desired. O

(6.7)

Corollary 6.2. Under the assumptions in Corollary 5.6, for 0 < t' < t, u(t')
satisfies a Volterra integral equation, that is,

(6.8) u(t’) = Sp(p) + (Bo) —/ (Ser—s 0 My(s))(u(s)) du(s) -

(0]

Corollary 6.3. Under the assumptions in Corollary 5.7, for 0 < t' <1,

= ano Cgp
U t/ — 17)17 5/7 [e) M 7. )an [e) STn*Tn—l O -
(6.9) ) Ynz=:0q0+..;1n=m szqu![ o o)
° STz*Tl © MO(Tl)’Il](T(Tlv ©, 9(0a ,)qa)),
(6.10) u(t') = Sp—¢(u(t))
and
o1 (Bo) - /( (s © M) (u(5)) 49
. b

=0, a zero operator .
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