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SETS OF UNIQUENESS FOR SPHERICALLY CONVERGENT
MULTIPLE TRIGONOMETRIC SERIES

J. MARSHALL ASH AND GANG WANG

ABSTRACT. A subset E of the d-dimensional torus T is called a set of unique-
ness, or U-set, if every multiple trigonometric series spherically converging to 0
outside E vanishes identically. We show that all countable sets are U-sets and
also that HY sets are U-sets for every J. In particular, C x T%~ !, where C is
the Cantor set, is an H' set and hence a U-set. We will say that F is a U4-set
if every multiple trigonometric series spherically Abel summable to 0 outside
E and having certain growth restrictions on its coefficients vanishes identically.
The above-mentioned results hold also for U4 sets. In addition, every U 4-set
has measure 0, and a countable union of closed U 4-sets is a U 4-set.

1. INTRODUCTION AND MAIN RESULTS

A subset E of the d-dimensional torus T% is called a set of uniqueness, or U-set,
if whenever a multiple trigonometric series,

3" aeeite),

spherically converges to 0 outside F, that is, whenever the series satisfies

: i(g,m) _ d
P}gnoo ;Rafe 0 for all z € T\ E,

then the series vanishes identically, namely,
ag =0 for all ¢ € Z¢.

There is a rich one-dimensional theory of sets of uniqueness, even though there is
no simple classification of sets of uniqueness. See the book of Kechris and Louveau
[KT]] for a good overview of this subject. Much of the best early work is summarized
in chapter IX of Zygmund’s Trigonometric Series, [Z1].

Some of the results appearing in Trigonometric Series have been extended to
dimension 2 by Victor Shapiro, [Sh],[Sh3]. Here is a typical uniqueness theorem
that is implicit in the work of Shapiro.

Theorem 1 (Shapiro). If d = 2 and Eage“g””) = 0 spherically at every point of
the complement of a countable set E C T2, and if the coefficients satisfy

a5—>0
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so that, in particular,

(1.1) Y. lal=o(R),

R-1<[¢|<R

then the series vanishes identically.

Shapiro’s work was done in the period 1957-1972. Because of work of Cooke [C],
Zygmund [Z], and Connes [Cd| in the 1970s and recent work of Bourgain [B], [AW],
it is now possible to prove all of Shapiro’s theorems in all dimensions without the
necessity of making assumption (IIl), or any other a priori assumptions about the
coefficients. In other words, the above theorem may now be strengthened to this.

Theorem 2. Every countable subset of T¢ is a U-set.

There exists an uncountable U-set once Theorem 2] holds. In fact, this is im-
mediate from the axiom of choice, which implies that there exists an uncountable
set that does not contain any perfect subset. Such a set must be a U-set because
the set of points where a trigonometric series does not converge to 0 is a Borel set,
and so, if it does not contain a perfect set, must be countable; by Theorem [ this
implies that the series vanishes identically. See reference [AW?2] for details.

The following theorem gives constructive examples of uncountable perfect U-sets.
Its proof avoids using the axiom of choice.

Theorem 3. Every H” subset of T is a U-set.

The definition of an H” set will be given in Section ] below. For example, if C
is the Cantor set produced by partitioning T! into 3 subintervals of equal length
and proceeding recursively, then C' x T4~ ! is an example of an H' set. One of the
motivations for proving this theorem is that H” sets form a tower of ever “bigger”
sets as J increases. In fact, when d = 1, Pyatetski-Shapiro has proved that for
each J = 2,3, ..., there are sets H” that are not countable unions of sets H’~1,
[PS],[PST].

Remark 1. The definition of an HY set used here is essentially the one given by
Victor Shapiro. Robert Kaufman has pointed out to us that various extensions
of Pyatetski-Shapiro’s definition of H” on T' can be made to T?. We have not
pursued any other extensions, because the goal of this paper is simply to produce a
constructive example of a perfect U-set. By using Shapiro’s definition, we are able
to achieve this by combining the ideas in his paper [Sh3] with the methods of our
earlier paper [AWT].

There is a large body of one-dimensional results concerning sets of uniqueness.
Nevertheless, we will restrict ourselves mainly to the issues raised in Theorems
and B above. A partial result about whether a countable union of closed U-sets is
still a U-set will be given in Theorem[§ in the next section. We end the introduction
with the following remark. It is a natural question to ask if there exists a U-set that
has positive measure. This is impossible if d = 1. To see this, let £ C T be a set of
positive Lebesgue measure that is a U-set. Find a closed set F' C E, |F| > 0. Then,
by the principle of localization, the Fourier series of the characteristic function of F'
converges to 0 at each point of F¢; the complement of F, and so also at each point
of E¢ since E¢ C F°. Thus F is not a U-set. However, if d > 2, the principle of
localization does not hold; so we do not know if a set of positive measure can be a
U-set. This leads to the following conjecture.
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Conjecture 1. If d > 2, then no set of positive measure can be a U -set.

In the next section, we will introduce a related concept called sets of Abel unique-
ness and use it to prove our main theorems.

2. SETS oF ABEL UNIQUENESS AND THE PROOFS OF THE MAIN THEOREMS

The main goal of this work is the establishment of Theorems 2 and Bl We
find that Shapiro’s path of establishing a theory of uniqueness for spherical Abel
summability is useful when studying sets of uniqueness here. Our approach is to
first study sets of uniqueness for spherical Abel summability with an additional
condition. Then use the results obtained there to help us prove Theorems[2 and Bl

Historically, the major tool for studying sets of uniqueness is formal multiplica-
tion. When d = 1, formal multiplication by a smooth function preserves conver-
gence. In higher dimensions, we only know that formal multiplication by a smooth
function transforms convergence to Bochner-Riesz summability of a certain order.
Since Bochner-Riesz summability of any order implies Abel summability, this is
why we study spherical uniqueness questions under Abel summation and consider
sets of Abel uniqueness.

To give a reasonable definition of a set of Abel uniqueness, we need to impose
certain conditions on the trigonometric series. When d = 1, considering the example
of §(z) = — > &sinéx, which is spherically Abel summable to 0 at every z € T!,
shows that condition as = o (|£]) is necessary for the empty set to be a set of Abel
uniqueness. But, a more restrictive condition than ag = o (|£|) is needed to avoid the
empty set being the only set of Abel uniqueness. Consider §(z) = £ + Zzil cosér.
Note that § is Abel summable to 0 except at the origin. Thus, we need a growth
rate condition such as

(2.1) ag=o0(1) as || — o0

in order to have any hope of including singletons as sets of Abel uniqueness. This
partially motivates the following definition.

Definition 1 (Set of Abel Uniqueness). A set E C T¢ is called a set of Abel
uniqueness, or a Ug-set, if every multiple trigonometric series with coefficients
satisfying

(2.2) Z |a§|2 =0(R?) as R — oo, and ag = 0(1) as [¢{| — oo
l¢l~R

and spherically Abel summable to 0 outside F is necessarily identically 0. (The
symbol |[¢| ~ R means that R/2 < |{| < R.)

In order to understand the origin of the condition
(2.3) Z lag|> = o (R?) as R — o,
I§l~R

which we shall call Bourgain’s condition, we begin with the following Cantor-
Lebesgue type theorem under spherical convergence.

Theorem 4 (Connes). Let O C T? be a ball or a subset that has full measure and
is of Baire second category relative to T¢. If Ag(x) = Z|§|=R a56i<5’””> and the
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sequence {Ag (x)} tends to 0 as R — oo at every point of O, then

(2.4) Z lag|* =0 (1) as R — oo.
€=k

Connes proved this theorem for dimension d in 1976 [Co]. Cooke [C] and
shortly thereafter Zygmund [Z] had completed the d = 2 case five years before
Connes’ work. For the history of the d = 1 case, variants of which go back
to Cantor, see [AKR]. Now, when a multiple trigonometric series > age’(&®)

=3, {E\gﬁ:k age“g””)} =120 { Az (x) }is spherically convergent at a point
x, the sequence {A VE (:c)} tends to 0 as k — oo. This leads immediately to the fol-
lowing corollary, which gives the coefficients’ growth rate condition for spherically
convergent multiple trigonometric series.

Corollary 1. Let O C T? be a ball or a subset that has full measure and is of Baire
second category relative to T®. If
lim Z age’“””>

R—o0
IEI<R

exists (as a finite number) at each point of O, then

Z |a5|2:0(1) as R — oo.
l¢|=R

Thus, both Bourgain’s condition (Z3]), which is nothing more than an averaging
of Connes’ condition (Z4)) over the O (R?) possible values of |¢| that lie between R/2
and R, and condition (2.]) are properties of series that converge on a substantial
part of T¢. So any uniqueness theorems proved for spherically Abel summable
series, subject either to side condition (2:2) or side condition (24]) will become
a theorem without side conditions when restricted to the case of actual spherical
convergence.

We make the choice of assuming (2.2)) rather than (2.4]) because both of the
components in (22) are natural assumptions in the sense that they are stable under
formal multiplication by a C*° function. In fact, Lemma in Section [l shows
that Bourgain’s condition (23]) is stable, while Lemma 1 of Berkovitz [Be] shows
that condition ZJJ) is also. But such stability seems to fail for Connes’ condition
).

This lack of stability seems to also happen with Shapiro’s condition (IT]), which
is what restricted his uniqueness theorems to the case d = 2. Notice that both
Shapiro’s condition (IT]) and Bourgain’s condition (Z3) follow from condition (1)
if d < 2; while if d > 3, there are no connections between the three conditions (1),

1), and (Z3).

Remark 2. In view of Corollary[l, we see that if F is a set of Abel uniqueness, then
FE is also a set of uniqueness provided that its complement either contains a ball or
has full measure and is of Baire second category relative to T<.

As we mentioned above, the failure of localization when d > 2 means that we
cannot immediately reject sets of positive measure from consideration as possible
sets of uniqueness. However, the situation is much simpler when we turn to the
same question in the Abel setting.

Theorem 5. If E C T is a Ua-set, then E has measure 0.
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Proof. Assume that |E| > 0. Since every positive measure set has a closed subset
of positive measure, we may assume that F is closed when thought of as a subset of

the torus, i.e., that E* = U[E + 2mu] is closed in R?. Note that the characteristic

N
function of E,xg, is in L? ('JI‘d) . Thus, the coefficients a¢ of the Fourier series of
Xk satisfy condition (2.2)) since

2 2
(2.5) > lagl® = lIxel® = |B| < oc.
¢
Because E* is closed, the Fourier series of x g is spherically Abel summable to 0 off
E by Theorem 2 of [Shl]. Thus a¢ = 0 for all £ since E is a Ua-set. Consequently,
|E| = 0, by equation (ZX)), which is a contradiction. O

It is already known that any singleton is a set of Abel uniqueness. In fact, the
following theorem appears as Theorem 1.8 in [AWT].

Theorem 6. Consider the multiple (d > 2) trigonometric series dezd aEel’(&,x)
where the coefficients ag¢ are arbitrary complex numbers. Let q be a point on T,
Suppose that

1. Z\E\~R|a§| =0 (R?) as R — oo,

2. f*(z) and f. (x) are finite for all x except possibly on set A = {q}, and

3. f*(z) and f. (z) are functions in L* (T?).

Then ) ¢cza age’ "&) s the Fourier series of f*(x).
Here f*(z) denotes limsup Rf(x,t) +ilimsupZf(x,t), where
t\0 t\.0

flz,t) = Rf(z,t) + Zf(x,1t)

= 3 qeettenlele,

gezd

and f, (z) is defined similarly. We do not specify the spherical nature of the conver-
gence of the series defining f (x,t) here since the assumed condition [2.3)) implies
that the series converges absolutely and hence unconditionally. Note first that if set
A = (), then the theorem holds true. Note also that the theorem is false when d = 1
since the trigonometric series % + Z§>0 cos&x is Abel convergent to 0 everywhere
in T!\ {0}.

Apply this theorem to the special case where f* (z) = f. (x) = 0 for every z # ¢
to see that singletons are U 4-sets.

Corollary 2. Consider the multiple (d > 2) trigonometric series ) ¢cza aget&®)
where the coefficients a¢ are arbitrary complex numbers. Let g be a point on T,
Suppose that the series spherically converges everywhere except at q to an every-
where finite function f (x) € L (’]I‘d). Then dezd a,gei@’m> is the Fourier series of
f(z).

This follows immediately from Theorem 6, Remark 2] and the fact that spherical
convergence implies spherical Abel summability. Therefore, any singleton is also a
set of uniqueness. By considering formal multiplication of trigonometric series, we
will also show in Sections H] and [5], respectively, the following two theorems.

Theorem 7. For any dimension d and positive integer J, H” sets are Ua-sets.
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Theorem 8. Suppose that {Ey},~, is a sequence of Ua-sets, and for each k, E},

is closed in the sense that Ej = U[Ek + 2mu] is closed in R?. Then E = UEk is
1 k>1
a Ug-set.

In Section Bl we will show that, in general, the complement of an H”-set is dense
in T¢, hence has full measure and is of the second category in the sense of Baire.
Therefore, by Remark 2, we get Theorem Bl as a corollary of Theorem [. Theorem
[[and Theorem [ answer a question raised by Shapiro more than twenty years ago
[Sh3]. Combining Theorem [G and Theorem [8, we have the following corollary for
sets of Abel uniqueness:

Corollary 3. Any countable set is a U,-set.

Now simply apply Remark [2] to prove Theorem Pl We end this section with the
following remark.

Remark 3. An interesting alternative to our definition of U 4-set would be to require
only Bourgain’s condition (23)) but not condition (ZII). Tracking our proofs of
Theorem [, Theorem|[§, and Corollary Blshows that they would still hold. However,
Theorem [f] would not. In particular, the linear set {(0,y)}is easily shown to be an
H'-set, but the example S(z,y) = §(x) shows that this set would not be a U4-set.
So for the existence of uncountable U 4-sets we would have to rely upon the non-
constructive axiom of choice dependent argument given above after the statement
of Theorem 21

3. PRELIMINARIES

w w . . . .
Before we define H”7 sets, we summarize some basic properties of normal se
quences.

Definition 2. For any J > 1, we say that {ng}x>1 = {(ng, -+ ,n{)},, is a one-
dimensional normal sequence of degree of freedom .J if for every h = (hy,--- ,hy) €
77\ {0}, we have
(3.1) Hm |hing 4 -+ hynil| = lim [(h,ng)| = oo.

k—o0 k—o0

We omit the degree of freedom of a normal sequence if it is apparent.

Lemma 1. Let 0 = {nk}k21 = {(n}v, e ,ni)}l621 be a one-dimensional normal

sequence. There exists a subsequence o' = {n},},- | such that for every h € Z”7 \
{0}, {(h,my) sy is a set of distinct integers, except for a finite subset which depends
on h.

Proof. This is a straightforward diagonalization argument. Order Z7 \ {0} =
{h1,h2,---}. Let ni1 = n;. Having chosen ni1,---,n1,;-1, use BI) to find ny;
as the first ny such that [(h1,ng)| & {|(h1,n11)], -, [(h1,n1,;-1)|}. This way, we
get a subsequence {ni;} of {ny} such that {(h1,n1;)} are distinct integers for all
Jj=1

Now start with hs in place of h; and {n;} in place of {n;} and select a subse-
quence {ng;} of {n1;} so that {(ha, no;)} are distinct integers for all j > 1. Continue
inductively: having selected {n;_1 ;};>1 so that {(h;—1,m;_1,;)};>1 are a set of dis-
tinct integers, select {n;;};>1, a subsequence of {n;_1 ;},;>1 so that {(h;,n; ;) }j>1
are a set of distinct integers. Finally, consider the subsequence {n} = {nj;}.
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Given any h, € Z” \ {0}, there is an integer j, so that h, = h;,. Since every n;
for j > j, was selected from {n;,i}x>j,, the elements of {(h,,n’)};>;, are distinct
integers. Hence at most j, — 1 of these can agree with some number in the finite

set A = {(ho,n}) g";ll. Discard these and, if necessary, some of the elements of A.

All of the remaining elements of {(ho,n)};>1 are distinct. O
Definition 3. For any J > 1, say that

{nlkv"' 7ndk}k21 = {(n%ka an{kvn%kv"' 7ngk7"' 771311@7"' anjk)}kzl

is a d-dimensional normal sequence of degree of freedom J if each of the d sequences
{nik}tr>1, -, {nar}r>1 is a one-dimensional normal sequence of degree of freedom

J.

Lemma 2. Let 0 = {nig, -+ ,Naxtr>1 be a d-dimensional normal sequence of de-
gree of freedom J. Then there is a subsequence o’ = {ny;,--- ,nl; }x>1 of o so that
for any j € Z4\ {0} and any c € {1,2,--- ,d} either
Je = (Jle=1)a415" " s J(e=1ya4) =0
or
. ) 1 ) J
{<.707nlck>}k21 = {J(c—l)JJrlnlck +ee +.7(071)J+Jnlck}k21
is a set of distinct integers, except for a finite subset that depends on j.

Proof. Apply Lemmalto {nix}x>1, producing {niy, b¢>1, the dot product of which
with any j € Z7 \ {0} has all but a finite number of terms distinct. Now note that
a subsequence of a normal sequence is normal, start with {nax,}s>1, and apply
Lemma [0 again. Then repeat this process another d — 2 times. The resultant
subsequence,

{(nlkgl. ) e 7ndk(1. )} b
g g £q>1

has the desired property. [l
Lemma 3. Let

o ={okhr=1 = {nues - s naedier = {00 0l nge ) e
be a sequence of elements of Z'% and for x = (x1,--- ,xq4) € T, let

c®x= {0k ®r}r>1
_ 1 J 1 J 1 J
- {(nlkmla s M XL, N2, 0t 3 Ngpd2, 0, NgpTd, - andkxd)}k21
= {xmum T2N2k, " - 7xdndk}k21~
If o is a d-dimensional normal sequence of degree of freedom J, then for almost

every x € T, 0 @ x is dense in T .

Proof. Tt suffices to show that there is a subsequence ¢’ of o, so that for all j €
747\ {0},

N
(3.2) Y emlisien
k=1
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for almost every x € T?. In fact, let E; be the set where condition (32 holds.
Then

(N El|=|1.
JEZII\{0}
By the multidimensional Weyl criterion ([KN|, page 48, Theorem 6.2), for every
xz € () Ej, 0/ ® x is uniformly distributed, hence o ® z is dense.

To prove B2), fix j = (1, ,ja) € Z% \ {0}, where j;,i =1,--- ,d is a vector
of length J. If j; # 0 for all 1 < i < d, let ¢ = d. Otherwise, since j # 0, there
exists 1 < ¢ < d such that by rearranging ji,- - - , jq if necessary, we have j; # 0 for
1<i<cand j; =0 for i > c. By Lemma [ there is an integer M depending on
j and a subsequence ¢’ = (n},;,---,n},) of o independent of j such that for each
1 <i<e {{ji,n}) te>nm s a set of distinct integers. Let a;, = (Ji, nly), 1 <i < c.
Then

<ja O—;c Y (E> = $1<j1, n/1k> + £E2<j2, n/2k> +oeeet xc<jcvn,ck>
= G1kT1 + A25T2 + - + GckTe.

Thus, (B2) follows if we can show that

N
(3.3) In(@e, - xe) = % Z e2rilarkmitFacee) _,
k=1
for almost every (z1,--«,TcyTet1, " ,Ld). Since Tet1,- -+ ,&q have no effect on
whether condition (33)) holds, it suffices to show that condition (B3) holds for
almost every (z1,---,z.) € T° Since a;x = (ji, n};,) are distinct when 1 < ¢ < ¢

and k > M, by orthogonality we get

1 N N 1 1

2 ] i i(aei— .

/ |fN| dr < — § / . /627r1(a1J a1k)ry |, 627”((1” ack)zdel . dQCC
=M k=M

Te J 0 0

N
j=1 k=1 j=1 k=M

1
=Nz (N-M+1)+NM-1)+(M-1)(N-M+1))

2M
< —.
- N

From this it follows that the function }, -, [ fn2 (21, - ,z.)|? is integrable over T¢,

hence finite for almost every x € T¢, so that in particular,
fnz(xla T axc) —0

for almost every = € T¢. Pick such an x. Given any integer N, find n so that
n? < N < (n+ 1)? and make the estimates

2 n? N
_ n_i 2mi(a1pT14-Fackxe) i 27mi(a1k T+ FackTe)
@) = |5 > " e
[ k=n2+41
1 N
<@l +|g 21
k=n2+1

< |fn2(2)] + O(N/2)
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to see that condition (B3] holds at x. O

Definition 4. Let J > 1. We say that a set £ C T? is a set of type H” if there
exists a d-dimensional normal sequence o = {0y }x>1 of degree of freedom J and a
nonempty domain D C T4 such that for all z € E, o, @ x ¢ D for all k > 1.

For example, the Cantor set is an H! set in d = 1 corresponding to o = {3*} and
D= 2?”, 47”) The following two lemmas summarize the properties of H” needed
in our paper.

Lemma 4. The closure of an H” set is also an H” set, has measure 0, and is
nowhere dense. Consequently, the complement of an H” set is of the second category
in the sense of Baire and has full measure.

Proof. Let E be the closure of an H” set E. From the definition and the fact that
the function fi(x) = o ®  mod 27 is continuous at x where fi(z) € D, we have
that E is also an H” set. By Lemma [, it is obvious that |E| = 0. Also, E, like
any closed measure 0 set, is nowhere dense and hence of the first category. Thus
the complement of E, and consequently the complement of E, is of the second
category. ([l

The next lemma can be proved by an argument given by Shapiro (pp. 140-142
of [Sh3]).

Lemma 5. Let H be an H” set. There exists a sequence of C®(R?) functions
{M(@)}r>1, of period 2 in each variable, having the following properties:
1. for each k > 1, there exists a set Dj; = J,[Dy + 2mp] open in R? such that
H* =, [H +2myu] C Dy and A\ vanishes on Dy;
2. for each k, the Fourier coefficients of Ak, {a’g}g, satisfy a’g = o(|¢|~ B4+ gs
|§] — oo;
3. there exists a finite constant C' such that Zg |a’g| <C forallk>1;
4. limy_, o0 a’g =0 for £ #£0;
5. limy_ o 0/5 =1.

We say that a multiple series Zg a¢ is Bochner-Riesz summable of order v > 0,
denoted by summable (B — R,~), to A if

Jim > ac(l - |g/RY) = A
|§I<R
It is easy to see that if > 7, a¢ is summable (B — R, ) to A, then }; a¢ is summable

(B—R,v+¢) to A for any € > 0, and Zg a¢ is also spherically Abel summable to
A.

For two multiple trigonometric series Si(z) =, algei“’@, k = 1,2, the formal
multiplication of Sj(x) and S2(x), S3(r) = S1(x)S2(x) is a multiple trigonometric
series given by S3(z) =, a?e“f’”, where ag’ =>_ a}ragfﬂ.

The following result given by Berkovitz (Theorem 2, Theorem 4, and Theorem 5
of [Be]) on formal multiplication of multiple trigonometric series is well known.

Lemma 6. a) Let S(x) be a multiple trigonometric series with coefficients ae =
o(|¢]7), v > —(d—1). Let S'(z) be a C>(T?) function of period 2 for each variable
and {ag}¢ be its Fourier coefficients. If S'(x) has the constant value C on D, where
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D is a domain in T¢, then T(x) — CS(z) is summable (B — R,y +d — 1) to 0
uniformly in D, where T(x) is the formal multz’plication of S(z) with S'(z).

b) Let S(z) = 3¢ age’&®) and S'(x) = docage ") e d-dimensional multiple
trigonometric series with coefficients o(|€|7),y > —(d—1). Fork = [v/2]+[d/2]+
1, suppose

F(z) = a0|x|2k/ck+ Z |€|2k ei{6:T)
€[#0
and
/
F'(z) = ¥ x| Jer + Z |€I2k Sellem),

|€17#0

where ¢ = cj.q = 2Fk! Hf;é (d+25) = AF¥|z|?* are uniformly spherically convergent
in a domain D C T¢. If F — F' = G, where G € C***4(D), and A*G = 0 in D,
then the series S — S’ is summable (B — R,v+d—1) to 0 uniformly on every closed
domain D' of D.

We need the following generalization of Lemma 2 of Shapiro [Sh3].

Lemma 7. Let B(wg,ho) C T¢ be an open ball. Suppose a multiple trigonometric
series Zg agei<57”> satisfies the following conditions:

1. the coefficients {a¢} satisfy condition 23) and a¢ = a_¢ for all &;

2. f*(z) =limsup, o+ D¢ aget&m =t s finite for all € B(xo, ho); similarly,

f«(x) is finite for all x € B(xo, ho); and

3. f*(x) = fu(x) =0 for almost all x € B(xo, ho).

Then, 3¢ ag H;l:l f;J e"&) is summable (B — R,t+d) to 0 for any lattice point
(t;) = (t1, -+ ,ta) € N uniformly in any closed ball By C B(wg,ho) where t =
ti+---+tq3>0.

But first, we prove the following

Lemma 8. Let B = B(zg, ho) C T¢ and D¢ age’&T) be the multiple trigonometric
series given as in Lemma[7. For s > 1, define
_ 2s ( 1) a’§ i(€,x)— €|t
Gi(x) = aolz|* fes + lim 52; N :

Then Gs(x) is spherically Abel convergent and is finite everywhere in B. Moreover,
for any ball By C By & B, there exists a sequence of functions {hs(x)}s>0 such
that hs(x) is harmonic in By for all s > 1, and for the functions G(z) given by

ZCD* D xhs_;) - )(x),

where

1
(Td(d — 2)
Gp, (z,y) is Green’s function associated to By and o4 is the surface area of the unit
ball in R, Gs(x) = GL(x) + hs(x) almost everywhere in By .

((I)*h)(x) = - 5 GB1 ((E,y)h(y) dya
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Proof. When s = 1, G1(x) = fa(z) +ap|x|*/(2d) and the lemma is true for Gi (z) =
ho(z) = 0 and some harmonic function hi(x) by Lemma 2.4 of [AW1]. Assume the
lemma holds true for 1 < s < 5. Since Gy, () is finite everywhere in B, using the
mean value theorem (as shown at the beginning of Section 2 of [AWT]), we have
that Gs,+1(x) is spherically Abel convergent and finite everywhere in B. By an
argument similar to (2.4) of [AWT], we have that Gs(z) is in L?(T¢) for s > 1.

Because h;(z) is harmonic in By fori = 1,- -+, s, we have that G} (z) € C*(B)
and
(3.4) AG;OH(x) = Gio () + hs, (z) for z € By

' = G, () for almost all x € B;.

Apply Lemma 2.4 of [AWT] to B, By, and to ., (El)%oaéei(g””), and use (B4) to
see that there exists a harmonic function, hg,11(2) such that Gy 11(2) =G} 41 (x) =
hso+1(z) almost everywhere in B;. This completes the proof. O

Proof of Lemma[7] Let s > d/4 + 1/2 and choose a ball By such that B; ; By C
B, ; B. Then EIEI £0 %6“5’” is absolutely and uniformly convergent since by

(m))

IR EED SR I

€140 n>1 |§]2~2m
1/2 1/2
sy Y we) (X
n>1 |€[2~2m |€[2~2m
S C2% /,UdZZ—(S—l/Q—d/4)n < 00.
n>1

Thus, G5(z) is continuous in B. Consequently, by Lemma R Gs(z) = G1(z)+hs(x)
for all x € By if s > d/4+1/2. So Gs(x) € C*°(Bz). Apply A to Gs(z) s times to
obtain

(3.5) A°Gs(z) =0 for x € B, if s > 1/2+d/4.

If t = 0, apply part b) of Lemma[ to S(z) = 3_, age!&®) and §'(z) = 0. Since
lag| = o(€]) by @3), we may choose v = 1. For k = [v/2]+[d/2]+1>1/2+d/4,
F(z) = Gig(z) € C>®(B3). Thus, F(x) is absolutely and uniformly convergent,
and A¥F(z) = 0. By part b) of Lemma [6] we see that D¢ age’&®) is uniformly
summable (B — R, d) to 0 in By.

If t > 1, apply part b) of Lemma[fl again to S(z) = 3., ac Hle € eiter) and

S'(z) = 0. By (23), we have }ag TTL, €4 = O(l¢[*t1). Choose v = t + 1. For
k= [v/2] + [d/2] + 1> 1/2 + d/4,

ot ot
_ .t _ 2k
F@) =i (g One) = ol o

since

a—tGk(x) - a—ta0|x|2’“/ck Lt Z (=1)*ag ﬁggeug,x)
8t1$1---8tdl‘d 8t1$1"'8t‘1$d ) |€|2k 11 i .
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By 33), when s > 1/2+d/4,
ot
8t1x1 .. .8tdajd

So A*F = 0 since t > 1. Therefore, by part b) of Lemma [] D¢ ag H;l:l §;j eH&)
is uniformly summable (B — R,t +d) to 0 in B;. O

S

Gs(z) =0 for x € Bs.

Now we give an analogue of Lemma 4 of Shapiro [Sh2] concerning formal multi-
plication of multiple trigonometric series.

Lemma 9. Let Zg agei<5’z> be a multiple trigonometric series satisfying the con-
ditions in Lemma[7. Suppose that A(z) is a continuous periodic function of period
2 in each variable and that its Fourier coefficients satisfy ce = O(|€|~ B4+, Set
Ay =3 cagau—¢. Then,

ngr;o | z;R[A“ _ )\(xo)au]e“”’“)(l _ |M|2/R2)2d+1 -0
IS

Proof. Without loss of generality, assume 2o = 0. Changing «g to be ag — A(0) if
necessary, we may assume also that A\(0) = 0 and

(3.6) lim Y ag=0.

Thus, we need only to show that

D7 Au(R? = |u)* = o RI2).

[u|<R
Write
S AR = PP = 3TN Cacoy (R — [uf?) !
[u|<R [u|<R &
=D Y acau o(R?—|p?)*H!
|ul<R|€|>2R

+ YY) e (R — [

|u|<R R+2<[€|<2R

+ Y Y acop (R — |pu*) !

|u|<R R<|¢|<R+2

+ > Y aga (R — |uf*)H

[LISR|EISR
=A+B+C+D.

We show that each of A, B,C and D is o( R**+2). This will complete the proof.
A). Since |ag| = O(|¢|~®4+)), when |¢| > 2R, we have

D Y N

luI<R ln—€=[¢]—R
1
=0 Z |P[3d+a
|P|Z[¢|-R

= 0((j¢] - By~ T+,
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By @3), |ag| = o(|¢]). Thus,

Al < Y0 D lagllon—el (R — |uf*)***

|§1>2R [u|<R
D lagl R Y oy |
|§]>2R [pI<R
—0 R4d+2 Z |£| |£| ) (7d+4)
|€|>2R
0(R72d71).

So A = o( R*4+2),
B). Note

(R? = |pl*) = R? = |6 — |u — €] + 2{u — £,€).

So, for any k > 0,

(R? = |ul)* chk = &Py (e = Iu)"

(3.7) = S e (B2 — €Y |- EIQIH gk
JHi+t=k
< D djns B2 € |- Pl
Jj+n+s=k

where for (t;) = (t1,--- ,tq) €N t =t; +---+tgand u = (1, , pa). Thus,

IBl< Y lael D lougl (B — |uf)!

R+2<|¢|<2R [nI<R
=0 Do lad D IR —EPPEP D lapellp — €
R+2<|¢|<2R jt+s=2d+1 [n|<R
—0 R2d+2 Z (|£| o R)2d+1(|£| o R)7(3d+2)
R+2<[¢|<2R
= o),

since when R+ 2 < [£| < 2R,

S laugllp—¢***? =0 ( > |auf||ﬂ_§|4d+2)
lu—

lul|<R glzI¢El-R

= O(/l¢] - R|~BH).

So B = o(R**2).
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C). As in B),

Cl< D> lael D lonu—el(R? = |uf*)***

R<|€|<R+2 |nI<R
AVaE d
=0 Yooolad Do IR —IEPPEP Y el — €1
R<|¢|<R+2 j+s=2d+1 [n|<R

= O R2d+1 Z |a/£| 5
R—2<|€|<R+2

since

D lau-ellp =g =0 Y g7 | < oo

lu|<R €10

and R? — [¢]2 = O(R) if R < |¢] < R+ 2. Next use ([2.3) and the Cauchy-Schwarz
inequality to establish a bound that will be used again later:

1/2 1/2
5s) OITEY D ID IR I DO
' €<k 2" <R?|€[2~2n €<k
= o(R'/?).

We finally get C' = o R?4+2+4/2) = o(R44+2),
D) Since aE = O(|£|_(8d+4)), for any <tz> = <t17... 7td> c I\Id7 and [ 2 07 we
have

lim > apln— 7 ] = €)" = Cugey

d
R—
1

lnl<R i=

provided that 21 +¢1 4+ - tqg = 2l + ¢t < 4d + 2, where pu = (1, - , td). Therefore,

(3.9)
d d

D el =& [T — &) = Crpy — D el =& [ (i — )"

|nI<R i=1 |u|>R i=1
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In particular, Cy, oy = 0 by (B.8). So using (3.7) and (B), we have

D= Z Cj1,Crie) Z afot’ — €17y

jHl+t=2d+1 l¢|[<R  i=1
- Z Z 3.0, (t:) %H§ —[¢?) Z%{lu §|2lH
JH+t=2d+1|¢|<R ul>R
= > CiwyCuuy D asH§ — €%
JHl+t=2d+1, [¢)I<R =1
i<jo
+ Y GOy Y ac HE“ — [¢?)?
JHi+t=2d+1, l¢|<R  i=1
J>Jo
d
— Y Cinwy Y ag [T& (R =1EPY Y apeln— sPIH
JAl+t=2d+1 |EI<R  i=1 lu|>R
=FE+4+F-G

where jo is the largest integer smaller than or equal to 3d/2.
We estimate E first. Using (38]), we have

|E| S O(R2+d/2+2d+jo) — 0(R4d+2).

Next, if 2d4+ 1> j > jo+1 > 3d/2+1/2, then j + 1+ ¢ = 2d + 1 implies that
t+d§3d+1—j§3d/2+1/2<j. So by Lemma [7]

Zagf[gt’ — €)Y = o(R¥) = o(R**?).

€<R  i=1
This shows that F' = o(R***2). Finally, using (B.5),

GI< > S e R ER-EY DD opellp — g4

JHi+t=2d+1 [£|<R |u—€>R—I¢]
_ 0(R2+d/2+2d).
This completes the proof. O

The next lemma shows that if a multiple trigonometric series has rapidly decay-
ing coefficients, then formal multiplication by that series preserves the Bourgain

condition (23]).
Lemma 10. If {a¢}, satisfies ([2.3):
Y lagl = o(R?)
|€l~R
and if {ae}, satisfies
(3.10) | = O(€] =) as €] — oo,
then {Au}, = {> ¢ au—cae}, satisfies
Y AP =o(R?)

|ul~R
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as R — oo.

Proof. Set g = %. Note

Z |Au|2: Z Zau—ﬁaﬁ

lul~R lul~R| €
2
S22 aweqel £2) | > aucae
lul~R ||| <RP lul~R ||€]=RP
= 21+ 2IL

It follows from (23) that a¢z = o(|¢]). So a,—¢ = o(|¢| + R). Thus,

II=o0

2

Do > €+ R)lagl

lul~R ||§]=RP

=0 R2 Z R—Q(d—i—l)ﬁ

[pl~R

= o(R?)

since Z\g\z}%ﬁ || = O(R™(*D8) and Z|g|2RB I€]|ae| = O(R™).
To show that I = o(R?), it is enough to show that

I = Z

lul~R J0<|§|<RP

2

Z a,—cag| = o(R?).

Let 2! < R?% < 2", By the Cauchy-Schwarz inequality, we have

2

< > (DY Y Jap—ellacl

lul~R \k=1 |¢[2~2k

n

SDINDS

lul~R \ k=1

(3.11) o ¥

[u|~R

[u|l~R

n

o

1

1/2
> lauel > loel?
|€]2~2k |€]2~2k
1/2
Z 93kd/A+k]2 Z [
s jgjzan

n n

1 1
Z?k) ZQBkd/2 Z |a,175|2

k=1

k=1 l€|2~2n

=0 ZW Z Z |ayu—el®

k=1

[g]2~2F \|ul~R

1/2

2

2
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For R large, R® < R. So R/4 < |u— &| < 5R/4,if |u| ~ R, |¢] < R®, and R is
large. Thus by (Z3), for R large, and for each ¢ satisfying |¢] ~ 2%,

> apel* < > |au—¢|* = o(R?).

lul~R R/4<|u—¢€|<5/4R
Consequently, by (I1) we have

n

1
Hl=o RQZW Z 1

k=1 €[22k

This finishes the proof. O

4. PROOF OF THEOREM [7]

Let H be an H” set. Suppose that
(4.1) lim ) " aee’&m -l = o

t—0+
for z € T?\ H and that {a¢} satisfies condition (ZZ). Because of Lemma [, we
may assume that H is closed. Without loss of generality, we may also assume that
G = a_¢. Let {\;(z)}r>1 be the sequence of C*°(R?) functions given by Lemma[5
and ('ienote {a’g} to be their Fourier coefficients . Set A% = D¢ agaﬁig. Our next
goal is to show that

(4.2) tEI(T)l+ ZAﬁ€i<”’”>_|”|t =0 forall k> 1 and all z € T
o

Let zy € T¢. Then either 2y € H or zg € T¢ \ H. Consider the case zg € H
first. For all k& > 1, we have 9 € Dj. Thus, there exists hg > 0 such that
B = B(xzg, ho) € Dj. Consequently, Ap(z) = 0 for all + € B. Therefore, by part
a) of Lemma @] 3 Aﬁeiw’g’:> is summable (B — R, d) to 0 uniformly in B. Thus,
(E2) holds for x¢ and for all k > 1.

Next assume zg ¢ H. Since H* is closed, there exist hy > 0, such that for all
x € B = B(xo, ho), 1) holds. By Lemma [l we have ZH[Aﬁ — Ai(wo)ay,]et (o)
is summable (B — R,2d+ 1) to 0, and consequently, spherically Abel convergent to
0. Since (1)) holds for xg, (£2) holds for zo.

Now apply Lemma [[Q. For each k, {AF} satisfies (2.3). Thus, (@2) and Theo-
rem [6]imply that

(4.3) Al =0
for all k > 1 and all p € Z%. We show that
(4.4) a, =0

for all pu € Z7.
Fix p. Condition (Z2) implies that az = o(1). So, for any £ > 0, there exists
& > 1 such that |a,| < e/C for all || > & /2 and | —&| > |£|/2 whenever |£] > &,
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where C' is the constant given in Lemma[E Then, (Z3]) and Lemma Bl imply that
k k
laganl <e+ > lau—ellafl.
1<[€1<€o

Let k — co. By Lemma [l we have |a,| < e. This proves the theorem.

5. PROOF OoF THEOREM []]

Before we prove Theorem Bl we need the following lemma, which gives a local
property of closed sets of Abel uniqueness.

Lemma 11. Let EE a,ge“g””) be a multiple trigonometric series satisfying condition

23). Let
flx,t) = Z agei<£,x>—|£|t.
3

Let B = B(zg,ho) C T¢. If E* = ULE + 27p] is a closed set of Abel uniqueness
and

5.1 li t)=0
(5.1) Jim (2, )
for all x € B\ E*, then
li ,t) =10
Jim f(z, )
for all x € B.
Proof. By periodicity, we may assume that B = B(0, hg), that 0 € E, and that we

need to show that lim;_ o+ f(0,¢#) = 0. Choose 0 < h3 < ha < hy < hg. There
exists a C°°(RY) function \(z), of period 27 in each variable, such that

1 in B0, ha),
/\(x){o in T¢\ B(0, hy).

Denote the Fourier coefficients of A(z) by ag and set A, =} a,—¢a¢. Since
E* is a closed set, for any 1 € B(0,h1) \ E*, there exists p; > 0 such that
B(x1,p1) C B(0,ho)\ E*. So lim;_,g+ f(z,t) = 0in B(z1, p1). Thus, by Lemma 0
li A — )\ i{u,z)=|ult —
Jim %:[ = Mz)ayle
for x € B(0,hy) \ E*. This combining with (5.1]) shows that
5.2 li A ettma)=lult — o
(52) Jim, Zl: e
for z € B(0,hy) \ E*. If z € T¢\ B(0,hq), then A\(z) = 0. Hence, by part a) of
Lemma [0,
5.3 li Apetro)=lult = o
(5:3) Ji, 2 A
for x € T4\ B(0, h1). By Lemma [0 and Lemma 1 of [Be], A, satisfies condition
(Z2). Thus (£2Z) and (53) imply that A, = 0 for all 4 € N? since E* is an Abel
set of uniqueness. However, on B(0, ha), A(xz) = 1. Thus by part a) of Lemmalg,
lim Z[A/‘ — ay)elmolnlt — g

t—0+



SETS OF UNIQUENESS 4787

for x € B(0, h3). Consequently, lim;_q+ f(0,¢t) = 0. O
We finally prove Theorem
Proof of Theorem [8 Suppose that
(5.4) lim Zage“&’@_lglt = lim f(z,t)=0
¢

t—0t t—0t

for € R?\ E* and the {a¢} satisfies condition (Z2Z). Without loss of generality,
assume that @¢ = a_¢. Our goal is to show that

(5.5) Z = {x € R? : limsup |f(z,t)| = 400} = 0.
t—0+

If (5H) holds, then f*(z) and f.(x) are everywhere finite. By Theorem Bl E* has
measure 0 since E}; has measure 0 for each k > 1. Thus, by (&.4), f.(z) = 0 almost
everywhere. So by Theorem[6, a¢ = 0 for all £. This will finish the proof.

To see (B.3]), assume that Z # (). Note for each 0 < r < ¢, there exists r < s < ¢
such that

zERY

sup | f(z,t) — fz, 1) <D lagllgle (£ — 7).
£

Because of this, each interval [1/(i + 1),1/i],i > 1, can be partitioned by a finite
number of points ¢; ; such that

sup  sup |f(x,t) — f(@,tip) < 1.
k :cE]Rd,
tE[ts ky1sti,n]

Splice these partitions together to produce a decreasing to 0 sequence {tx }r>1 with
t1 = 1 such that

sup  sup  [f(x,t) — f(z,tp)] < 1.

k>1  geRr?,
trey1<t<tp
Then
o0 [o ]
Z= U {=:f@t) >3}
j=1k=1

So Z is a G set.

Condition (5.4) implies that Z C E*. So Z = |J,(Z N E}). Apply the Baire
Category Theorem relative to the space Z to obtain kg > 0 and a ball B(zo, ho)
such that B(zo,ho) N Z C Ej, and B(zo, ho) N Z # 0. Thus,

(5.6) limsup [ f(z,t)| < oo for all x € B(xo, ho) \ Ej,-

t—0+
Since Ej, is closed, for any x1 € B(xo,ho) \ Ej,, there exists p; > 0 such that
B(z1,p1) C B(wo, ho) \ Ej,- Thus (&.6]) implies that

limsup |f(z,t)| < oo for all B(z1, p1).
t—0t

Since E* has measure 0, (5.4) implies that f.(z) = 0 almost everywhere in B(x1, p1).
Thus, Lemma 2.5 of [AW]] implies that

liI(I)l+ f(z,t) =0 for all x € B(z1, p1).
t—
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Thus,
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lim f(x,t) =0 for all z € B(xo, ho) \ £y,

t—0+

Now apply Lemma [[1} We have lim; o+ f(x,t) = 0 for all x € B(xg, ho). Thus,

B((Eo,
proof.

[AKR]

[AW]

[AW1]
[AW?2]
[Be]
(B]
[Co]
[C]

(KL]

[KN]

[PS]

[PS1]
[Sh]
[Shi]
[Sh2]
[Sh3]
2]

(21]

ho) N Z = 0, which contradicts B(zg,ho) N Z # @. This completes the
O
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