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SETS OF UNIQUENESS FOR SPHERICALLY CONVERGENT
MULTIPLE TRIGONOMETRIC SERIES

J. MARSHALL ASH AND GANG WANG

Abstract. A subset E of the d-dimensional torus Td is called a set of unique-
ness, or U -set, if every multiple trigonometric series spherically converging to 0
outside E vanishes identically. We show that all countable sets are U -sets and
also that HJ sets are U -sets for every J . In particular, C × Td−1, where C is
the Cantor set, is an H1 set and hence a U -set. We will say that E is a UA-set
if every multiple trigonometric series spherically Abel summable to 0 outside
E and having certain growth restrictions on its coefficients vanishes identically.
The above-mentioned results hold also for UA sets. In addition, every UA-set
has measure 0, and a countable union of closed UA-sets is a UA-set.

1. Introduction and Main Results

A subset E of the d-dimensional torus Td is called a set of uniqueness, or U -set,
if whenever a multiple trigonometric series,∑

aξe
i〈ξ,x〉,

spherically converges to 0 outside E, that is, whenever the series satisfies

lim
R→∞

∑
|ξ|≤R

aξe
i〈ξ,x〉 = 0 for all x ∈ Td \ E,

then the series vanishes identically, namely,

aξ = 0 for all ξ ∈ Zd.
There is a rich one-dimensional theory of sets of uniqueness, even though there is
no simple classification of sets of uniqueness. See the book of Kechris and Louveau
[KL] for a good overview of this subject. Much of the best early work is summarized
in chapter IX of Zygmund’s Trigonometric Series, [Z1].

Some of the results appearing in Trigonometric Series have been extended to
dimension 2 by Victor Shapiro, [Sh],[Sh3]. Here is a typical uniqueness theorem
that is implicit in the work of Shapiro.

Theorem 1 (Shapiro). If d = 2 and
∑
aξe

i〈ξ,x〉 = 0 spherically at every point of
the complement of a countable set E ⊂ T2, and if the coefficients satisfy

aξ → 0

Received by the editors July 15, 1999 and, in revised form, April 24, 2000.
2000 Mathematics Subject Classification. Primary 05C38, 15A15; Secondary 05A15, 15A18.
Key words and phrases. Abel summation, Baire category, Fourier series, generalized Laplacian,

Green’s function, HJ sets, multiple trigonometric series, set of uniqueness, spherical convergence,
subharmonic function, uniqueness.

This paper is in final form and no version of it will be submitted for publication elsewhere.

c©2002 American Mathematical Society

4769



4770 J. MARSHALL ASH AND GANG WANG

so that, in particular, ∑
R−1≤|ξ|≤R

|aξ| = o (R) ,(1.1)

then the series vanishes identically.

Shapiro’s work was done in the period 1957–1972. Because of work of Cooke [C],
Zygmund [Z], and Connes [Co] in the 1970s and recent work of Bourgain [B], [AW],
it is now possible to prove all of Shapiro’s theorems in all dimensions without the
necessity of making assumption (1.1), or any other a priori assumptions about the
coefficients. In other words, the above theorem may now be strengthened to this.

Theorem 2. Every countable subset of Td is a U -set.

There exists an uncountable U -set once Theorem 2 holds. In fact, this is im-
mediate from the axiom of choice, which implies that there exists an uncountable
set that does not contain any perfect subset. Such a set must be a U -set because
the set of points where a trigonometric series does not converge to 0 is a Borel set,
and so, if it does not contain a perfect set, must be countable; by Theorem 2, this
implies that the series vanishes identically. See reference [AW2] for details.

The following theorem gives constructive examples of uncountable perfect U -sets.
Its proof avoids using the axiom of choice.

Theorem 3. Every HJ subset of Td is a U -set.

The definition of an HJ set will be given in Section 3 below. For example, if C
is the Cantor set produced by partitioning T1 into 3 subintervals of equal length
and proceeding recursively, then C × Td−1 is an example of an H1 set. One of the
motivations for proving this theorem is that HJ sets form a tower of ever “bigger”
sets as J increases. In fact, when d = 1, Pyatetski-Shapiro has proved that for
each J = 2, 3, ..., there are sets HJ that are not countable unions of sets HJ−1,
[PS],[PS1].

Remark 1. The definition of an HJ set used here is essentially the one given by
Victor Shapiro. Robert Kaufman has pointed out to us that various extensions
of Pyatetski-Shapiro’s definition of HJ on T1 can be made to Td. We have not
pursued any other extensions, because the goal of this paper is simply to produce a
constructive example of a perfect U -set. By using Shapiro’s definition, we are able
to achieve this by combining the ideas in his paper [Sh3] with the methods of our
earlier paper [AW1].

There is a large body of one-dimensional results concerning sets of uniqueness.
Nevertheless, we will restrict ourselves mainly to the issues raised in Theorems 2
and 3 above. A partial result about whether a countable union of closed U -sets is
still a U -set will be given in Theorem 8 in the next section. We end the introduction
with the following remark. It is a natural question to ask if there exists a U -set that
has positive measure. This is impossible if d = 1. To see this, let E ⊂ T1 be a set of
positive Lebesgue measure that is a U -set. Find a closed set F ⊂ E, |F | > 0. Then,
by the principle of localization, the Fourier series of the characteristic function of F
converges to 0 at each point of F c, the complement of F, and so also at each point
of Ec, since Ec ⊂ F c. Thus E is not a U -set. However, if d ≥ 2, the principle of
localization does not hold; so we do not know if a set of positive measure can be a
U -set. This leads to the following conjecture.
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Conjecture 1. If d ≥ 2, then no set of positive measure can be a U -set.

In the next section, we will introduce a related concept called sets of Abel unique-
ness and use it to prove our main theorems.

2. Sets of Abel Uniqueness and the Proofs of the Main Theorems

The main goal of this work is the establishment of Theorems 2 and 3. We
find that Shapiro’s path of establishing a theory of uniqueness for spherical Abel
summability is useful when studying sets of uniqueness here. Our approach is to
first study sets of uniqueness for spherical Abel summability with an additional
condition. Then use the results obtained there to help us prove Theorems 2 and 3.

Historically, the major tool for studying sets of uniqueness is formal multiplica-
tion. When d = 1, formal multiplication by a smooth function preserves conver-
gence. In higher dimensions, we only know that formal multiplication by a smooth
function transforms convergence to Bochner-Riesz summability of a certain order.
Since Bochner-Riesz summability of any order implies Abel summability, this is
why we study spherical uniqueness questions under Abel summation and consider
sets of Abel uniqueness.

To give a reasonable definition of a set of Abel uniqueness, we need to impose
certain conditions on the trigonometric series. When d = 1, considering the example
of δ′(x) = −

∑
ξ sin ξx, which is spherically Abel summable to 0 at every x ∈ T1,

shows that condition aξ = o (|ξ|) is necessary for the empty set to be a set of Abel
uniqueness. But, a more restrictive condition than aξ = o (|ξ|) is needed to avoid the
empty set being the only set of Abel uniqueness. Consider δ(x) = 1

2 +
∑∞
ξ=1 cos ξx.

Note that δ is Abel summable to 0 except at the origin. Thus, we need a growth
rate condition such as

aξ = o (1) as |ξ| → ∞(2.1)

in order to have any hope of including singletons as sets of Abel uniqueness. This
partially motivates the following definition.

Definition 1 (Set of Abel Uniqueness). A set E ⊂ Td is called a set of Abel
uniqueness, or a UA-set, if every multiple trigonometric series with coefficients
satisfying ∑

|ξ|∼R
|aξ|2 = o

(
R2
)

as R→∞, and aξ = o (1) as |ξ| → ∞(2.2)

and spherically Abel summable to 0 outside E is necessarily identically 0. (The
symbol |ξ| ∼ R means that R/2 ≤ |ξ| < R.)

In order to understand the origin of the condition∑
|ξ|∼R

|aξ|2 = o
(
R2
)

as R→∞,(2.3)

which we shall call Bourgain’s condition, we begin with the following Cantor-
Lebesgue type theorem under spherical convergence.

Theorem 4 (Connes). Let O ⊂ Td be a ball or a subset that has full measure and
is of Baire second category relative to Td. If AR (x) =

∑
|ξ|=R aξe

i〈ξ,x〉 and the
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sequence {AR (x)} tends to 0 as R→∞ at every point of O, then∑
|ξ|=R

|aξ|2 = o (1) as R→∞.(2.4)

Connes proved this theorem for dimension d in 1976 [Co]. Cooke [C] and
shortly thereafter Zygmund [Z] had completed the d = 2 case five years before
Connes’ work. For the history of the d = 1 case, variants of which go back
to Cantor, see [AKR]. Now, when a multiple trigonometric series

∑
aξe

i〈ξ,x〉

=
∑∞

k=0

{∑
|ξ|2=k aξe

i〈ξ,x〉
}

=
∑∞

k=0

{
A√k (x)

}
is spherically convergent at a point

x, the sequence
{
A√k (x)

}
tends to 0 as k →∞. This leads immediately to the fol-

lowing corollary, which gives the coefficients’ growth rate condition for spherically
convergent multiple trigonometric series.

Corollary 1. Let O ⊂ Td be a ball or a subset that has full measure and is of Baire
second category relative to Td. If

lim
R→∞

∑
|ξ|≤R

aξe
i〈ξ,x〉

exists (as a finite number) at each point of O, then∑
|ξ|=R

|aξ|2 = o (1) as R→∞.

Thus, both Bourgain’s condition (2.3), which is nothing more than an averaging
of Connes’ condition (2.4) over the O

(
R2
)

possible values of |ξ| that lie between R/2
and R, and condition (2.1) are properties of series that converge on a substantial
part of Td. So any uniqueness theorems proved for spherically Abel summable
series, subject either to side condition (2.2) or side condition (2.4) will become
a theorem without side conditions when restricted to the case of actual spherical
convergence.

We make the choice of assuming (2.2) rather than (2.4) because both of the
components in (2.2) are natural assumptions in the sense that they are stable under
formal multiplication by a C∞ function. In fact, Lemma 10 in Section 3 shows
that Bourgain’s condition (2.3) is stable, while Lemma 1 of Berkovitz [Be] shows
that condition (2.1) is also. But such stability seems to fail for Connes’ condition
(2.4).

This lack of stability seems to also happen with Shapiro’s condition (1.1), which
is what restricted his uniqueness theorems to the case d = 2. Notice that both
Shapiro’s condition (1.1) and Bourgain’s condition (2.3) follow from condition (2.1)
if d ≤ 2; while if d ≥ 3, there are no connections between the three conditions (1.1),
(2.1), and (2.3).

Remark 2. In view of Corollary 1, we see that if E is a set of Abel uniqueness, then
E is also a set of uniqueness provided that its complement either contains a ball or
has full measure and is of Baire second category relative to Td.

As we mentioned above, the failure of localization when d ≥ 2 means that we
cannot immediately reject sets of positive measure from consideration as possible
sets of uniqueness. However, the situation is much simpler when we turn to the
same question in the Abel setting.

Theorem 5. If E ⊂ Td is a UA-set, then E has measure 0.
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Proof. Assume that |E| > 0. Since every positive measure set has a closed subset
of positive measure, we may assume that E is closed when thought of as a subset of
the torus, i.e., that E∗ =

⋃
µ

[E + 2πµ] is closed in Rd. Note that the characteristic

function of E,χE , is in L2
(
Td
)
. Thus, the coefficients aξ of the Fourier series of

χE satisfy condition (2.2) since∑
ξ

|aξ|2 = ‖χE‖2 = |E| <∞.(2.5)

Because E∗ is closed, the Fourier series of χE is spherically Abel summable to 0 off
E by Theorem 2 of [Sh1]. Thus aξ = 0 for all ξ since E is a UA-set. Consequently,
|E| = 0, by equation (2.5), which is a contradiction.

It is already known that any singleton is a set of Abel uniqueness. In fact, the
following theorem appears as Theorem 1.8 in [AW1].

Theorem 6. Consider the multiple (d ≥ 2) trigonometric series
∑

ξ∈Zd aξe
i〈ξ,x〉

where the coefficients aξ are arbitrary complex numbers. Let q be a point on Td.
Suppose that

1.
∑
|ξ|∼R |aξ|

2 = o
(
R2
)

as R→∞,
2. f∗ (x) and f∗ (x) are finite for all x except possibly on set A = {q}, and
3. f∗ (x) and f∗ (x) are functions in L1

(
Td
)
.

Then
∑
ξ∈Zd aξe

i〈ξ,x〉 is the Fourier series of f∗ (x) .

Here f∗(x) denotes lim sup
t↘0

Rf(x, t) + i lim sup
t↘0

If(x, t), where

f(x, t) = Rf(x, t) + If(x, t)

=
∑
ξ∈Zd

aξe
i〈ξ,x〉−|ξ|t,

and f∗ (x) is defined similarly. We do not specify the spherical nature of the conver-
gence of the series defining f (x, t) here since the assumed condition (2.3) implies
that the series converges absolutely and hence unconditionally. Note first that if set
A = ∅, then the theorem holds true. Note also that the theorem is false when d = 1
since the trigonometric series 1

2 +
∑

ξ>0 cos ξx is Abel convergent to 0 everywhere
in T1 \ {0} .

Apply this theorem to the special case where f∗ (x) = f∗ (x) = 0 for every x 6= q
to see that singletons are UA-sets.

Corollary 2. Consider the multiple (d ≥ 2) trigonometric series
∑

ξ∈Zd aξe
i〈ξ,x〉

where the coefficients aξ are arbitrary complex numbers. Let q be a point on Td.
Suppose that the series spherically converges everywhere except at q to an every-
where finite function f (x) ∈ L1

(
Td
)
. Then

∑
ξ∈Zd aξe

i〈ξ,x〉 is the Fourier series of
f (x) .

This follows immediately from Theorem 6, Remark 2, and the fact that spherical
convergence implies spherical Abel summability. Therefore, any singleton is also a
set of uniqueness. By considering formal multiplication of trigonometric series, we
will also show in Sections 4 and 5, respectively, the following two theorems.

Theorem 7. For any dimension d and positive integer J , HJ sets are UA-sets.
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Theorem 8. Suppose that {Ek}k≥1 is a sequence of UA-sets, and for each k,Ek

is closed in the sense that E∗k =
⋃
µ

[Ek + 2πµ] is closed in Rd. Then E =
⋃
k≥1

Ek is

a UA-set.

In Section 3, we will show that, in general, the complement of an HJ -set is dense
in Td, hence has full measure and is of the second category in the sense of Baire.
Therefore, by Remark 2, we get Theorem 3 as a corollary of Theorem 7. Theorem
7 and Theorem 3 answer a question raised by Shapiro more than twenty years ago
[Sh3]. Combining Theorem 6 and Theorem 8, we have the following corollary for
sets of Abel uniqueness:

Corollary 3. Any countable set is a UA-set.

Now simply apply Remark 2 to prove Theorem 2. We end this section with the
following remark.

Remark 3. An interesting alternative to our definition of UA-set would be to require
only Bourgain’s condition (2.3) but not condition (2.1). Tracking our proofs of
Theorem 5, Theorem 8, and Corollary 3 shows that they would still hold. However,
Theorem 7 would not. In particular, the linear set {(0, y)}is easily shown to be an
H1-set, but the example S(x, y) = δ(x) shows that this set would not be a UA-set.
So for the existence of uncountable UA-sets we would have to rely upon the non-
constructive axiom of choice dependent argument given above after the statement
of Theorem 2.

3. Preliminaries

Before we define HJ sets, we summarize some basic properties of normal se-
quences.

Definition 2. For any J ≥ 1, we say that {nk}k≥1 =
{

(n1
k, · · · , nJk )

}
k≥1

is a one-
dimensional normal sequence of degree of freedom J if for every h = (h1, · · · , hJ) ∈
ZJ \ {0}, we have

lim
k→∞

∣∣h1n
1
k + · · ·+ hJn

J
k

∣∣ = lim
k→∞

|〈h, nk〉| =∞.(3.1)

We omit the degree of freedom of a normal sequence if it is apparent.

Lemma 1. Let σ = {nk}k≥1 =
{

(n1
k, · · · , nJk )

}
k≥1

be a one-dimensional normal
sequence. There exists a subsequence σ′ = {n′k}

∞
k=1 such that for every h ∈ ZJ \

{0}, {〈h, n′k〉}k≥1 is a set of distinct integers, except for a finite subset which depends
on h.

Proof. This is a straightforward diagonalization argument. Order ZJ \ {0} =
{h1, h2, · · · }. Let n11 = n1. Having chosen n11, · · · , n1,j−1, use (3.1) to find n1j

as the first nk such that |〈h1, nk〉| /∈ {|〈h1, n11〉| , · · · , |〈h1, n1,j−1〉|}. This way, we
get a subsequence {n1j} of {nk} such that {〈h1, n1j〉} are distinct integers for all
j ≥ 1.

Now start with h2 in place of h1 and {n1j} in place of {nk} and select a subse-
quence {n2j} of {n1j} so that {〈h2, n2j〉} are distinct integers for all j ≥ 1. Continue
inductively: having selected {ni−1,j}j≥1 so that {〈hi−1, ni−1,j〉}j≥1 are a set of dis-
tinct integers, select {nij}j≥1, a subsequence of {ni−1,j}j≥1 so that {〈hi, ni,j〉}j≥1

are a set of distinct integers. Finally, consider the subsequence {n′j} = {njj}.
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Given any ho ∈ ZJ \ {0}, there is an integer jo so that ho = hjo . Since every n′j
for j ≥ jo was selected from {njok}k≥jo , the elements of {〈ho, n′j〉}j≥jo are distinct
integers. Hence at most jo − 1 of these can agree with some number in the finite
set A = {〈ho, n′j〉}

jo−1
j=1 . Discard these and, if necessary, some of the elements of A.

All of the remaining elements of {〈ho, n′j〉}j≥1 are distinct.

Definition 3. For any J ≥ 1, say that

{n1k, · · · , ndk}k≥1 = {(n1
1k, · · · , nJ1k, n1

2k, · · · , nJ2k, · · · , n1
dk, · · · , nJdk)}k≥1

is a d-dimensional normal sequence of degree of freedom J if each of the d sequences
{n1k}k≥1, · · · , {ndk}k≥1 is a one-dimensional normal sequence of degree of freedom
J .

Lemma 2. Let σ = {n1k, · · · , ndk}k≥1 be a d-dimensional normal sequence of de-
gree of freedom J . Then there is a subsequence σ′ = {n′1k, · · · , n′dk}k≥1 of σ so that
for any j ∈ ZdJ \ {0} and any c ∈ {1, 2, · · · , d} either

jc = (j(c−1)J+1, · · · , j(c−1)J+J) = 0

or

{〈jc, n′ck〉}k≥1 = {j(c−1)J+1n
′1
ck + · · ·+ j(c−1)J+Jn

′J
ck}k≥1

is a set of distinct integers, except for a finite subset that depends on j.

Proof. Apply Lemma 1 to {n1k}k≥1, producing {n1k`}`≥1, the dot product of which
with any j ∈ ZJ \ {0} has all but a finite number of terms distinct. Now note that
a subsequence of a normal sequence is normal, start with {n2k`}`≥1, and apply
Lemma 1 again. Then repeat this process another d − 2 times. The resultant
subsequence, {

(n1k`1...`d

, · · · , ndk`1...`d
)
}
`d≥1

,

has the desired property.

Lemma 3. Let

σ = {σk}k≥1 = {n1k, · · · , ndk}k≥1 = {(n1
1k, · · · , nJ1k, · · · , n1

dk, · · · , nJdk)}k≥1

be a sequence of elements of ZJd and for x = (x1, · · · , xd) ∈ Td, let

σ ⊗ x = {σk ⊗ x}k≥1

= {(n1
1kx1, · · · , nJ1kx1, n

1
2kx2, · · · , nJ2kx2, · · · , n1

dkxd, · · · , nJdkxd)}k≥1

= {x1n1k, x2n2k, · · · , xdndk}k≥1.

If σ is a d-dimensional normal sequence of degree of freedom J , then for almost
every x ∈ Td, σ ⊗ x is dense in TdJ .

Proof. It suffices to show that there is a subsequence σ′ of σ, so that for all j ∈
ZdJ \ {0},

1
N

N∑
k=1

e2πi〈j,σ′k⊗x〉 → 0(3.2)
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for almost every x ∈ Td. In fact, let Ej be the set where condition (3.2) holds.
Then ∣∣∣∣∣∣

⋂
j∈ZdJ\{0}

Ej

∣∣∣∣∣∣ =
∣∣Td∣∣ .

By the multidimensional Weyl criterion ([KN], page 48, Theorem 6.2), for every
x ∈

⋂
Ej , σ′ ⊗ x is uniformly distributed, hence σ ⊗ x is dense.

To prove (3.2), fix j = (j1, · · · , jd) ∈ ZdJ \ {0}, where ji, i = 1, · · · , d is a vector
of length J . If ji 6= 0 for all 1 ≤ i ≤ d, let c = d. Otherwise, since j 6= 0, there
exists 1 ≤ c < d such that by rearranging j1, · · · , jd if necessary, we have ji 6= 0 for
1 ≤ i ≤ c and ji = 0 for i > c. By Lemma 2, there is an integer M depending on
j and a subsequence σ′ = (n′1k, · · · , n′dk) of σ independent of j such that for each
1 ≤ i ≤ c, {〈ji, n′ik〉}k≥M is a set of distinct integers. Let aik = 〈ji, n′ik〉, 1 ≤ i ≤ c.
Then

〈j, σ′k ⊗ x〉 = x1〈j1, n′1k〉+ x2〈j2, n′2k〉+ · · ·+ xc〈jc, n′ck〉
= a1kx1 + a2kx2 + · · ·+ ackxc.

Thus, (3.2) follows if we can show that

fN (x1, · · · , xc) =
1
N

N∑
k=1

e2πi(a1kx1+···+ackxc) → 0(3.3)

for almost every (x1, · · · , xc, xc+1, · · · , xd). Since xc+1, · · · , xd have no effect on
whether condition (3.3) holds, it suffices to show that condition (3.3) holds for
almost every (x1, · · · , xc) ∈ Tc. Since aik = 〈ji, n′ik〉 are distinct when 1 ≤ i ≤ c
and k ≥M , by orthogonality we get∫
Tc

|fN |2 dx ≤
1
N2

N∑
j=M

N∑
k=M

1∫
0

· · ·
1∫

0

e2πi(a1j−a1k)x1 · · · e2πi(acj−ack)xcdx1 · · ·dxc

+
1
N2

N∑
j=1

M−1∑
k=1

1 +
1
N2

M−1∑
j=1

N∑
k=M

1

=
1
N2

((N −M + 1) +N(M − 1) + (M − 1)(N −M + 1))

≤ 2M
N

.

From this it follows that the function
∑
n≥1 |fn2(x1, · · · , xc)|2 is integrable over Tc,

hence finite for almost every x ∈ Tc, so that in particular,

fn2(x1, · · · , xc)→ 0

for almost every x ∈ Tc. Pick such an x. Given any integer N , find n so that
n2 < N ≤ (n+ 1)2 and make the estimates

|fN (x)| =

∣∣∣∣∣∣n
2

N

1
n2

n2∑
k=1

e2πi(a1kx1+···+ackxc) +
1
N

N∑
k=n2+1

e2πi(a1kx1+···+ackxc)

∣∣∣∣∣∣
≤ |fn2(x)|+

∣∣∣∣∣∣ 1
N

N∑
k=n2+1

1

∣∣∣∣∣∣
≤ |fn2(x)|+O(N−1/2)
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to see that condition (3.3) holds at x.

Definition 4. Let J ≥ 1. We say that a set E ⊂ Td is a set of type HJ if there
exists a d-dimensional normal sequence σ = {σk}k≥1 of degree of freedom J and a
nonempty domain D ⊂ TdJ such that for all x ∈ E, σk ⊗ x /∈ D for all k ≥ 1.

For example, the Cantor set is an H1 set in d = 1 corresponding to σ = {3k} and
D = (2π

3 ,
4π
3 ). The following two lemmas summarize the properties of HJ needed

in our paper.

Lemma 4. The closure of an HJ set is also an HJ set, has measure 0, and is
nowhere dense. Consequently, the complement of an HJ set is of the second category
in the sense of Baire and has full measure.

Proof. Let E be the closure of an HJ set E. From the definition and the fact that
the function fk(x) = σk ⊗ x mod 2π is continuous at x where fk(x) ∈ D, we have
that E is also an HJ set. By Lemma 3, it is obvious that |E| = 0. Also, E, like
any closed measure 0 set, is nowhere dense and hence of the first category. Thus
the complement of E, and consequently the complement of E, is of the second
category.

The next lemma can be proved by an argument given by Shapiro (pp. 140-142
of [Sh3]).

Lemma 5. Let H be an HJ set. There exists a sequence of C∞(Rd) functions
{λk(x)}k≥1, of period 2π in each variable, having the following properties:

1. for each k ≥ 1, there exists a set D∗k =
⋃
µ[Dk + 2πµ] open in Rd such that

H∗ =
⋃
µ[H + 2πµ] ⊂ D∗k and λk vanishes on D∗k;

2. for each k, the Fourier coefficients of λk, {αkξ}ξ, satisfy αkξ = o(|ξ|−(8d+4)) as
|ξ| → ∞;

3. there exists a finite constant C such that
∑

ξ |αkξ | ≤ C for all k ≥ 1;
4. limk→∞ αkξ = 0 for ξ 6= 0;
5. limk→∞ αk0 = 1.

We say that a multiple series
∑

ξ aξ is Bochner-Riesz summable of order γ ≥ 0,
denoted by summable (B −R, γ), to A if

lim
R→∞

∑
|ξ|≤R

aξ(1− |ξ|2/R2)γ = A.

It is easy to see that if
∑

ξ aξ is summable (B−R, γ) to A, then
∑

ξ aξ is summable
(B −R, γ + ε) to A for any ε ≥ 0, and

∑
ξ aξ is also spherically Abel summable to

A.
For two multiple trigonometric series Sk(x) =

∑
ξ a

k
ξe
i〈ξ,x〉, k = 1, 2, the formal

multiplication of S1(x) and S2(x), S3(x) = S1(x)S2(x) is a multiple trigonometric
series given by S3(x) =

∑
ξ a

3
ξe
i〈ξ,x〉, where a3

ξ =
∑

π a
1
πa

2
ξ−π.

The following result given by Berkovitz (Theorem 2′, Theorem 4, and Theorem 5
of [Be]) on formal multiplication of multiple trigonometric series is well known.

Lemma 6. a) Let S(x) be a multiple trigonometric series with coefficients aξ =
o(|ξ|γ), γ ≥ −(d−1). Let S′(x) be a C∞(Td) function of period 2π for each variable
and {a′ξ}ξ be its Fourier coefficients. If S′(x) has the constant value C on D, where
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D is a domain in Td, then T (x) − CS(x) is summable (B − R, γ + d − 1) to 0
uniformly in D, where T (x) is the formal multiplication of S(x) with S′(x).

b) Let S(x) =
∑

ξ aξe
i〈ξ,x〉 and S′(x) =

∑
ξ a
′
ξe
i〈ξ,x〉 be d-dimensional multiple

trigonometric series with coefficients o(|ξ|γ), γ > −(d−1). For k = dγ/2e+dd/2e+
1, suppose

F (x) = a0|x|2k/ck +
∑
|ξ|6=0

(−1)kaξ
|ξ|2k ei〈ξ,x〉

and

F ′(x) = a
′2k
0 |x|2k/ck +

∑
|ξ|6=0

(−1)ka′ξ
|ξ|2k ei〈ξ,x〉,

where ck = ck,d = 2kk!
∏k−1
j=0 (d+2j) = ∆k|x|2k are uniformly spherically convergent

in a domain D ⊂ Td. If F − F ′ = G, where G ∈ C2k+4(D), and ∆kG = 0 in D,
then the series S−S′ is summable (B−R, γ+d−1) to 0 uniformly on every closed
domain D′ of D.

We need the following generalization of Lemma 2 of Shapiro [Sh3].

Lemma 7. Let B(x0, h0) ⊂ Td be an open ball. Suppose a multiple trigonometric
series

∑
ξ aξe

i〈ξ,x〉 satisfies the following conditions:

1. the coefficients {aξ} satisfy condition (2.3) and aξ = a−ξ for all ξ;
2. f∗(x) = lim supt→0+

∑
ξ aξe

i〈ξ,x〉−|ξ|t is finite for all x ∈ B(x0, h0); similarly,
f∗(x) is finite for all x ∈ B(x0, h0); and

3. f∗(x) = f∗(x) = 0 for almost all x ∈ B(x0, h0).

Then,
∑
ξ aξ

∏d
j=1 ξ

tj
j e

i〈ξ,x〉 is summable (B−R, t+ d) to 0 for any lattice point
〈ti〉 = 〈t1, · · · , td〉 ∈ Nd uniformly in any closed ball B1 ⊂ B(x0, h0) where t =
t1 + · · ·+ td ≥ 0.

But first, we prove the following

Lemma 8. Let B = B(x0, h0) ⊂ Td and
∑

ξ aξe
i〈ξ,x〉 be the multiple trigonometric

series given as in Lemma 7. For s ≥ 1, define

Gs(x) = a0|x|2s/cs + lim
t→0+

∑
|ξ|6=0

(−1)saξ
|ξ|2s ei〈ξ,x〉−|ξ|t.

Then Gs(x) is spherically Abel convergent and is finite everywhere in B. Moreover,
for any ball B1 ⊂ B1 $ B, there exists a sequence of functions {hs(x)}s≥0 such
that hs(x) is harmonic in B1 for all s ≥ 1, and for the functions G1

s(x) given by

G1
s(x) =

s∑
i=1

Φ ∗ (Φ ∗ · · · (Φ︸ ︷︷ ︸
i

∗hs−i) · · · )(x),

where

(Φ ∗ h)(x) = − 1
σd(d− 2)

∫
B1

GB1(x, y)h(y) dy,

GB1(x, y) is Green’s function associated to B1 and σd is the surface area of the unit
ball in Rd, Gs(x) = G1

s(x) + hs(x) almost everywhere in B1.
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Proof. When s = 1, G1(x) = f2(x)+a0|x|2/(2d) and the lemma is true for G1
1(x) =

h0(x) = 0 and some harmonic function h1(x) by Lemma 2.4 of [AW1]. Assume the
lemma holds true for 1 ≤ s ≤ s0. Since Gs0(x) is finite everywhere in B, using the
mean value theorem (as shown at the beginning of Section 2 of [AW1]), we have
that Gs0+1(x) is spherically Abel convergent and finite everywhere in B. By an
argument similar to (2.4) of [AW1], we have that Gs(x) is in L2(Td) for s ≥ 1.

Because hi(x) is harmonic inB1 for i = 1, · · · , s0, we have thatG1
s0(x) ∈ C∞(B1)

and

∆G1
s0+1(x) = G1

s0(x) + hs0(x) for x ∈ B1

= Gs0(x) for almost all x ∈ B1.
(3.4)

Apply Lemma 2.4 of [AW1] toB, B1, and to
∑
ξ 6=0

(−1)s0aξ
|ξ|2s0 ei〈ξ,x〉, and use (3.4) to

see that there exists a harmonic function, hs0+1(x) such that Gs0+1(x)−G1
s0+1(x) =

hs0+1(x) almost everywhere in B1. This completes the proof.

Proof of Lemma 7. Let s > d/4 + 1/2 and choose a ball B2 such that B1 $ B2 ⊂
B2 $ B. Then

∑
|ξ|6=0

aξ
|ξ|2s e

i〈ξ,x〉 is absolutely and uniformly convergent since by
(2.3), ∑

|ξ|6=0

|aξ|
|ξ|2s ≤ 2s

∑
n≥1

2−sn
∑
|ξ|2∼2n

|aξ|

≤ 2s
∑
n≥1

2−sn

 ∑
|ξ|2∼2n

|aξ|2
1/2 ∑

|ξ|2∼2n

1

1/2

≤ C2s
√
vd
∑
n≥1

2−(s−1/2−d/4)n <∞.

Thus, Gs(x) is continuous in B. Consequently, by Lemma 8, Gs(x) = G1
s(x)+hs(x)

for all x ∈ B2 if s > d/4 + 1/2. So Gs(x) ∈ C∞(B2). Apply ∆ to Gs(x) s times to
obtain

∆sGs(x) = 0 for x ∈ B2, if s > 1/2 + d/4.(3.5)

If t = 0, apply part b) of Lemma 6 to S(x) =
∑

ξ aξe
〈ξ,x〉 and S′(x) = 0. Since

|aξ| = o(|ξ|) by (2.3), we may choose γ = 1. For k = dγ/2e+ dd/2e+1 > 1/2+d/4,
F (x) = Gk(x) ∈ C∞(B2). Thus, F (x) is absolutely and uniformly convergent,
and ∆kF (x) = 0. By part b) of Lemma 6, we see that

∑
ξ aξe

i〈ξ,x〉 is uniformly
summable (B −R, d) to 0 in B1.

If t ≥ 1, apply part b) of Lemma 6 again to S(x) =
∑

ξ 6=0 aξ
∏d
i=1 ξ

ti
i e

i〈ξ,x〉 and

S′(x) = 0. By (2.3), we have
∣∣∣aξ∏d

i=1 ξ
ti
i

∣∣∣ = O(|ξ|t+1). Choose γ = t + 1. For
k = dγ/2e+ dd/2e+ 1 > 1/2 + d/4,

F (x) = i−t
(

∂t

∂t1x1 · · ·∂tdxd
Gk(x) − ∂t

∂t1x1 · · ·∂tdxd
a0|x|2k/ck

)
since

∂t

∂t1x1 · · ·∂tdxd
Gk(x) =

∂t

∂t1x1 · · · ∂tdxd
a0|x|2k/ck + it

∑
|ξ|6=0

(−1)kaξ
|ξ|2k

d∏
i=1

ξtii e
i〈ξ,x〉.
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By (3.5), when s > 1/2 + d/4,

∆s ∂t

∂t1x1 · · · ∂tdxd
Gs(x) = 0 for x ∈ B2.

So ∆kF = 0 since t ≥ 1. Therefore, by part b) of Lemma 6,
∑

ξ aξ
∏d
j=1 ξ

tj
j e

i〈ξ,x〉

is uniformly summable (B −R, t+ d) to 0 in B1.

Now we give an analogue of Lemma 4 of Shapiro [Sh2] concerning formal multi-
plication of multiple trigonometric series.

Lemma 9. Let
∑

ξ aξe
i〈ξ,x〉 be a multiple trigonometric series satisfying the con-

ditions in Lemma 7. Suppose that λ(x) is a continuous periodic function of period
2π in each variable and that its Fourier coefficients satisfy αξ = O(|ξ|−(8d+4)). Set
Aµ =

∑
ξ aξαµ−ξ. Then,

lim
R→∞

∑
|µ|≤R

[Aµ − λ(x0)aµ]ei〈µ,x0〉(1 − |µ|2/R2)2d+1 = 0.

Proof. Without loss of generality, assume x0 = 0. Changing α0 to be α0 − λ(0) if
necessary, we may assume also that λ(0) = 0 and

lim
R→∞

∑
|ξ|≤R

αξ = 0.(3.6)

Thus, we need only to show that∑
|µ|≤R

Aµ(R2 − |µ|2)2d+1 = o(R4d+2).

Write ∑
|µ|≤R

Aµ(R2 − |µ|2)2d+1 =
∑
|µ|≤R

∑
ξ

aξαµ−ξ(R2 − |µ|2)2d+1

=
∑
|µ|≤R

∑
|ξ|≥2R

aξαµ−ξ(R2 − |µ|2)2d+1

+
∑
|µ|≤R

∑
R+2≤|ξ|<2R

aξαµ−ξ(R2 − |µ|2)2d+1

+
∑
|µ|≤R

∑
R<|ξ|<R+2

aξαµ−ξ(R2 − |µ|2)2d+1

+
∑
|µ|≤R

∑
|ξ|≤R

aξαµ−ξ(R2 − |µ|2)2d+1

= A+ B + C +D.

We show that each of A,B,C and D is o(R4d+2). This will complete the proof.
A). Since |αξ| = O(|ξ|−(8d+4)), when |ξ| ≥ 2R, we have∑

|µ|≤R
|αµ−ξ| ≤

∑
|µ−ξ|≥|ξ|−R

|αµ−ξ|

= O

 ∑
|P |≥|ξ|−R

1
|P |8d+4


= O((|ξ| −R)−(7d+4)).
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By (2.3), |aξ| = o(|ξ|). Thus,

|A| ≤
∑
|ξ|≥2R

∑
|µ|≤R

|aξ||αµ−ξ|(R2 − |µ|2)2d+1

≤
∑
|ξ|≥2R

|aξ|R4d+2
∑
|µ|≤R

|αµ−ξ|

= o

R4d+2
∑
|ξ|≥2R

|ξ|(|ξ| −R)−(7d+4)


= o(R−2d−1).

So A = o(R4d+2).
B). Note

(R2 − |µ|2) = R2 − |ξ|2 − |µ− ξ|2 + 2〈µ− ξ, ξ〉.

So, for any k ≥ 0,

(R2 − |µ|2)k =
k∑
j=0

cj,k(R2 − |ξ|2)j(|ξ|2 − |µ|2)k−j

=
∑

j+l+t=k

cj,l,〈ti〉(R
2 − |ξ|2)j |µ− ξ|2l

d∏
i=1

(µi − ξi)tiξtii

≤
∑

j+n+s=k

dj,n,s|R2 − |ξ|2|j |µ− ξ|2n+s|ξ|s,

(3.7)

where for 〈ti〉 = 〈t1, · · · , td〉 ∈ Nd, t = t1 + · · ·+ td and µ = (µ1, · · · , µd). Thus,

|B| ≤
∑

R+2≤|ξ|<2R

|aξ|
∑
|µ|≤R

|αµ−ξ|(R2 − |µ|2)2d+1

= O

 ∑
R+2≤|ξ|<2R

|aξ|
∑

j+s=2d+1

|R2 − |ξ|2|j |ξ|s
∑
|µ|≤R

|αµ−ξ||µ− ξ|4d+2


= o

R2d+2
∑

R+2≤|ξ|<2R

(|ξ| −R)2d+1(|ξ| −R)−(3d+2)


= o(R3d+1),

since when R+ 2 ≤ |ξ| < 2R,

∑
|µ|≤R

|αµ−ξ||µ− ξ|4d+2 = O

 ∑
|µ−ξ|≥|ξ|−R

|αµ−ξ||µ− ξ|4d+2


= O(||ξ| −R|−(3d+2)).

So B = o(R4d+2).
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C). As in B),

|C| ≤
∑

R<|ξ|<R+2

|aξ|
∑
|µ|≤R

|αµ−ξ|(R2 − |µ|2)2d+1

= O

 ∑
R<|ξ|<R+2

|aξ|
∑

j+s=2d+1

|R2 − |ξ|2|j |ξ|s
∑
|µ|≤R

|αµ−ξ||µ− ξ|4d+2


= O

R2d+1
∑

R−2≤|ξ|<R+2

|aξ|

 ,

since

∑
|µ|≤R

|αµ−ξ||µ− ξ|4d+2 = O

∑
|ξ|6=0

|ξ|−(4d+2)

 <∞

and R2 − |ξ|2 = O(R) if R < |ξ| < R + 2. Next use (2.3) and the Cauchy-Schwarz
inequality to establish a bound that will be used again later:

∑
|ξ|≤R

|aξ| ≤

 ∑
2n≤R2

∑
|ξ|2∼2n

|aξ|2
1/2∑

|ξ|≤R
1

1/2

= o(R1+d/2).

(3.8)

We finally get C = o(R2d+2+d/2) = o(R4d+2).
D). Since αξ = O(|ξ|−(8d+4)), for any 〈ti〉 = 〈t1, · · · , td〉 ∈ Nd, and l ≥ 0, we

have

lim
R→∞

∑
|µ|≤R

αµ−ξ|µ− ξ|2l
d∏
i=1

(µi − ξi)ti = Cl,〈ti〉

provided that 2l+ t1 + · · · td = 2l+ t ≤ 4d+ 2, where µ = (µ1, · · · , µd). Therefore,

∑
|µ|≤R

αµ−ξ|µ− ξ|2l
d∏
i=1

(µi − ξi)ti = Cl,〈ti〉 −
∑
|µ|>R

αµ−ξ|µ− ξ|2l
d∏
i=1

(µi − ξi)ti .

(3.9)
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In particular, C0,〈0〉 = 0 by (3.6). So using (3.7) and (3.9), we have

D =
∑

j+l+t=2d+1

Cj,l,〈ti〉Cl,〈ti〉
∑
|ξ|≤R

aξ

d∏
i=1

ξtii (R2 − |ξ|2)j

−
∑

j+l+t=2d+1

∑
|ξ|≤R

Cj,l,〈ti〉aξ

d∏
i=1

ξtii (R2−|ξ|2)j
∑
|µ|>R

αµ−ξ|µ−ξ|2l
d∏
i=1

(µi − ξi)ti

=
∑

j+l+t=2d+1,
j≤j0

Cj,l,〈ti〉Cl,〈ti〉
∑
|ξ|≤R

aξ

d∏
i=1

ξtii (R2 − |ξ|2)j

+
∑

j+l+t=2d+1,
j>j0

Cj,l,〈ti〉Cl,〈ti〉
∑
|ξ|≤R

aξ

d∏
i=1

ξtii (R2 − |ξ|2)j

−
∑

j+l+t=2d+1

Cj,l,〈ti〉
∑
|ξ|≤R

aξ

d∏
i=1

ξtii (R2−|ξ|2)j
∑
|µ|>R

αµ−ξ|µ− ξ|2l
d∏
i=1

(µi−ξi)ti

= E + F −G
where j0 is the largest integer smaller than or equal to 3d/2.

We estimate E first. Using (3.8), we have

|E| ≤ o(R2+d/2+2d+j0) = o(R4d+2).

Next, if 2d+ 1 ≥ j ≥ j0 + 1 ≥ 3d/2 + 1/2, then j + l + t = 2d+ 1 implies that
t+ d ≤ 3d+ 1− j ≤ 3d/2 + 1/2 ≤ j. So by Lemma 7,∑

|ξ|≤R
aξ

d∏
i=1

ξtii (R2 − |ξ|2)j = o(R2j) = o(R4d+2).

This shows that F = o(R4d+2). Finally, using (3.8),

|G| ≤
∑

j+l+t=2d+1

∑
|ξ|≤R

|aξ|Rt+j(R − |ξ|)j
∑

|µ−ξ|>R−|ξ|
|αµ−ξ||µ− ξ|4d+2

= o(R2+d/2+2d).

This completes the proof.

The next lemma shows that if a multiple trigonometric series has rapidly decay-
ing coefficients, then formal multiplication by that series preserves the Bourgain
condition (2.3).

Lemma 10. If {aξ}ξ satisfies (2.3):∑
|ξ|∼R

|aξ|2 = o(R2)

and if {αξ}ξ satisfies

|αξ| = O(|ξ|−(2d+1)) as |ξ| → ∞,(3.10)

then {Aµ}µ = {
∑
ξ aµ−ξαξ}µ satisfies∑

|µ|∼R
|Aµ|2 = o(R2)
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as R→∞.

Proof. Set β = d
2(d+1) . Note

∑
|µ|∼R

|Aµ|2 =
∑
|µ|∼R

∣∣∣∣∣∣
∑
ξ

aµ−ξαξ

∣∣∣∣∣∣
2

≤ 2
∑
|µ|∼R

∣∣∣∣∣∣
∑
|ξ|≤Rβ

aµ−ξαξ

∣∣∣∣∣∣
2

+ 2
∑
|µ|∼R

∣∣∣∣∣∣
∑
|ξ|≥Rβ

aµ−ξαξ

∣∣∣∣∣∣
2

= 2I + 2II.

It follows from (2.3) that aξ = o(|ξ|). So aµ−ξ = o(|ξ|+R). Thus,

II = o

 ∑
|µ|∼R

∣∣∣∣∣∣
∑
|ξ|≥Rβ

(|ξ|+R)|αξ|

∣∣∣∣∣∣
2


= o

R2
∑
|µ|∼R

R−2(d+1)β


= o(R2)

since
∑
|ξ|≥Rβ |αξ| = O(R−(d+1)β) and

∑
|ξ|≥Rβ |ξ||αξ| = O(R−dβ).

To show that I = o(R2), it is enough to show that

III =
∑
|µ|∼R

∣∣∣∣∣∣
∑

0<|ξ|≤Rβ
aµ−ξαξ

∣∣∣∣∣∣
2

= o(R2).

Let 2n−1 < R2β ≤ 2n. By the Cauchy-Schwarz inequality, we have

III ≤
∑
|µ|∼R

 n∑
k=1

∑
|ξ|2∼2k

|aµ−ξ||αξ|

2

≤
∑
|µ|∼R

 n∑
k=1

 ∑
|ξ|2∼2k

|aµ−ξ|2
1/2 ∑

|ξ|2∼2k

|αξ|2
1/2


2

= O

 ∑
|µ|∼R

 n∑
k=1

1
23kd/4+k/2

 ∑
|ξ|2∼2k

|aµ−ξ|2
1/2


2

= O

 ∑
|µ|∼R

(
n∑
k=1

1
2k

) n∑
k=1

1
23kd/2

∑
|ξ|2∼2k

|aµ−ξ|2


= O

 n∑
k=1

1
23kd/2

∑
|ξ|2∼2k

 ∑
|µ|∼R

|aµ−ξ|2
 .

(3.11)
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For R large, Rβ � R. So R/4 < |µ− ξ| < 5R/4, if |µ| ∼ R, |ξ| ≤ Rβ, and R is
large. Thus by (2.3), for R large, and for each ξ satisfying |ξ| ∼ 2k,∑

|µ|∼R
|aµ−ξ|2 ≤

∑
R/4<|µ−ξ|<5/4R

|aµ−ξ|2 = o(R2).

Consequently, by (3.11) we have

III = o

R2
n∑
k=1

1
23kd/2

∑
|ξ|2∼2k

1


= o

(
R2

n∑
k=1

2−kd
)

= o(R2).

This finishes the proof.

4. Proof of Theorem 7

Let H be an HJ set. Suppose that

lim
t→0+

∑
aξe

i〈ξ,x〉−|ξ|t = 0(4.1)

for x ∈ Td \ H and that {aξ} satisfies condition (2.2). Because of Lemma 4, we
may assume that H is closed. Without loss of generality, we may also assume that
aξ = a−ξ. Let {λk(x)}k≥1 be the sequence of C∞(Rd) functions given by Lemma 5
and denote {αkξ} to be their Fourier coefficients . Set Akµ =

∑
ξ aξα

k
µ−ξ. Our next

goal is to show that

lim
t→0+

∑
µ

Akµe
i〈µ,x〉−|µ|t = 0 for all k ≥ 1 and all x ∈ Td.(4.2)

Let x0 ∈ Td. Then either x0 ∈ H or x0 ∈ Td \ H . Consider the case x0 ∈ H
first. For all k ≥ 1, we have x0 ∈ D∗k. Thus, there exists h0 > 0 such that
B = B(x0, h0) ∈ D∗k. Consequently, λk(x) = 0 for all x ∈ B. Therefore, by part
a) of Lemma 6,

∑
µA

k
µe
i〈µ,x〉 is summable (B − R, d) to 0 uniformly in B. Thus,

(4.2) holds for x0 and for all k ≥ 1.
Next assume x0 /∈ H . Since H∗ is closed, there exist h0 > 0, such that for all

x ∈ B = B(x0, h0), (4.1) holds. By Lemma 9, we have
∑
µ[Akµ − λk(x0)aµ]ei〈µ,x0〉

is summable (B−R, 2d+ 1) to 0, and consequently, spherically Abel convergent to
0. Since (4.1) holds for x0, (4.2) holds for x0.

Now apply Lemma 10. For each k, {Akµ} satisfies (2.3). Thus, (4.2) and Theo-
rem 6 imply that

Akµ = 0(4.3)

for all k ≥ 1 and all µ ∈ Zd. We show that

aµ = 0(4.4)

for all µ ∈ Zd.
Fix µ. Condition (2.2) implies that aξ = o(1). So, for any ε > 0, there exists

ξ0 > 1 such that |aη| < ε/C for all |η| ≥ ξ0/2 and |µ− ξ| ≥ |ξ|/2 whenever |ξ| ≥ ξ0,
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where C is the constant given in Lemma 5. Then, (4.3) and Lemma 5 imply that

|αk0aµ| ≤ ε+
∑

1≤|ξ|≤ξ0

|aµ−ξ||αkξ |.

Let k →∞. By Lemma 5, we have |aµ| ≤ ε. This proves the theorem.

5. Proof of Theorem 8

Before we prove Theorem 8, we need the following lemma, which gives a local
property of closed sets of Abel uniqueness.

Lemma 11. Let
∑

ξ aξe
i〈ξ,x〉 be a multiple trigonometric series satisfying condition

(2.3). Let

f(x, t) =
∑
ξ

aξe
i〈ξ,x〉−|ξ|t.

Let B = B(x0, h0) ⊂ Td. If E∗ =
⋃
µ[E + 2πµ] is a closed set of Abel uniqueness

and

lim
t→0+

f(x, t) = 0(5.1)

for all x ∈ B \E∗, then

lim
t→0+

f(x, t) = 0

for all x ∈ B.

Proof. By periodicity, we may assume that B = B(0, h0), that 0 ∈ E, and that we
need to show that limt→0+ f(0, t) = 0. Choose 0 < h3 < h2 < h1 < h0. There
exists a C∞(Rd) function λ(x), of period 2π in each variable, such that

λ(x) =

{
1 in B(0, h2),
0 in Td \B(0, h1).

Denote the Fourier coefficients of λ(x) by αξ and set Aµ =
∑
µ aµ−ξαξ. Since

E∗ is a closed set, for any x1 ∈ B(0, h1) \ E∗, there exists ρ1 > 0 such that
B(x1, ρ1) ⊂ B(0, h0) \E∗. So limt→0+ f(x, t) = 0 in B(x1, ρ1). Thus, by Lemma 9,

lim
t→0+

∑
µ

[Aµ − λ(x)aµ]ei〈µ,x〉−|µ|t = 0

for x ∈ B(0, h1) \ E∗. This combining with (5.1) shows that

lim
t→0+

∑
µ

Aµe
i〈µ,x〉−|µ|t = 0(5.2)

for x ∈ B(0, h1) \ E∗. If x ∈ Td \ B(0, h1), then λ(x) = 0. Hence, by part a) of
Lemma 6,

lim
t→0+

∑
µ

Aµe
i〈µ,x〉−|µ|t = 0(5.3)

for x ∈ Td \ B(0, h1). By Lemma 10 and Lemma 1 of [Be], Aµ satisfies condition
(2.2). Thus (5.2) and (5.3) imply that Aµ = 0 for all µ ∈ Nd since E∗ is an Abel
set of uniqueness. However, on B(0, h2), λ(x) = 1. Thus by part a) of Lemma 6,

lim
t→0+

∑
µ

[Aµ − aµ]ei〈µ,x〉−|µ|t = 0
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for x ∈ B(0, h3). Consequently, limt→0+ f(0, t) = 0.

We finally prove Theorem 8.

Proof of Theorem 8. Suppose that

lim
t→0+

∑
ξ

aξe
i〈ξ,x〉−|ξ|t = lim

t→0+
f(x, t) = 0(5.4)

for x ∈ Rd \ E∗ and the {aξ} satisfies condition (2.2). Without loss of generality,
assume that aξ = a−ξ. Our goal is to show that

Z = {x ∈ Rd : lim sup
t→0+

|f(x, t)| = +∞} = ∅.(5.5)

If (5.5) holds, then f∗(x) and f∗(x) are everywhere finite. By Theorem 5, E∗ has
measure 0 since E∗k has measure 0 for each k ≥ 1. Thus, by (5.4), f∗(x) = 0 almost
everywhere. So by Theorem 6, aξ = 0 for all ξ. This will finish the proof.

To see (5.5), assume that Z 6= ∅. Note for each 0 < r < t, there exists r < s < t
such that

sup
x∈Rd

|f(x, t)− f(x, r)| ≤
∑
ξ

|aξ||ξ|e−|ξ|s(t− r).

Because of this, each interval [1/(i + 1), 1/i], i ≥ 1, can be partitioned by a finite
number of points ti,k such that

sup
k

sup
x∈Rd,

t∈[ti,k+1,ti,k]

|f(x, t)− f(x, ti,k)| ≤ 1.

Splice these partitions together to produce a decreasing to 0 sequence {tk}k≥1 with
t1 = 1 such that

sup
k≥1

sup
x∈Rd,

tk+1≤t≤tk

|f(x, t)− f(x, tk)| ≤ 1.

Then

Z =
∞⋂
j=1

∞⋃
k=1

{x : |f(x, tk)| > j} .

So Z is a Gδ set.
Condition (5.4) implies that Z ⊂ E∗. So Z =

⋃
k(Z ∩ E∗k). Apply the Baire

Category Theorem relative to the space Z to obtain k0 > 0 and a ball B(x0, h0)
such that B(x0, h0) ∩ Z ⊂ E∗k0

and B(x0, h0) ∩ Z 6= ∅. Thus,

lim sup
t→0+

|f(x, t)| <∞ for all x ∈ B(x0, h0) \ E∗k0
.(5.6)

Since E∗k0
is closed, for any x1 ∈ B(x0, h0) \ E∗k0

, there exists ρ1 > 0 such that
B(x1, ρ1) ⊂ B(x0, h0) \ E∗k0

. Thus (5.6) implies that

lim sup
t→0+

|f(x, t)| <∞ for all B(x1, ρ1).

SinceE∗ has measure 0, (5.4) implies that f∗(x) = 0 almost everywhere inB(x1, ρ1).
Thus, Lemma 2.5 of [AW1] implies that

lim
t→0+

f(x, t) = 0 for all x ∈ B(x1, ρ1).
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Thus,

lim
t→0+

f(x, t) = 0 for all x ∈ B(x0, h0) \ E∗k0
.

Now apply Lemma 11. We have limt→0+ f(x, t) = 0 for all x ∈ B(x0, h0). Thus,
B(x0, h0) ∩ Z = ∅, which contradicts B(x0, h0) ∩ Z 6= ∅. This completes the
proof.
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