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HILBERT TRANSFORMS AND MAXIMAL FUNCTIONS
ALONG VARIABLE FLAT CURVES

JONATHAN M. BENNETT

ABSTRACT. We study certain Hilbert transforms and maximal functions along
variable flat curves in the plane. We obtain their L?(R?) boundedness by
considering the oscillatory singular integrals which arise from an application
of a partial Fourier transform.

1. INTRODUCTION

This paper is devoted to the study of the Hilbert transform H given by
dt
1) Mo o) = po. [ for =t - P 0)F

t
and the maximal function M given by

(2) Mf(x1,22) = sup — / flzr —t, 20 — P(xy)~(¢))dt|,

r>o0 h

for P areal-valued polynomial, and v : R — R satisfying certain growth conditions.
What is of prime interest to us is that these conditions will not exclude those «y that
vanish to infinite order at the origin. For example, v may behave like exp(—t~2)
for small ¢.

Theorem 1. Let P: R — R be a polynomial, and let v € C3(R) be either odd or
even, convex on (0,00), and satisfy

(1) 7(0) =+(0) =0,

(ii) A(t) =ty"(t)/~'(t) is decreasing and bounded below on (0,00).
Then the Hilbert transform H is bounded on L*(R?) with a bound that can be taken
to be independent of the coefficients of P.

Theorem 2. If P and ~ satisfy the conditions of Theorem [ then the mazimal
function M is bounded on L?(R?) with a bound that can be taken to be independent
of the coefficients of P.

Most of the work that has been done in this area, with regard to flat curves, has
been in the translation—-invariant setting; see, for example, [6] and [2]. Seeger [L0]
and Carbery and Pérez [3] have obtained results for translation—invariant families
of flat curves that do, however, take one out of the realm of translation—invariant
operators. Another approach to the study of non—translation-invariant operators
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has been to view them as translation invariant on some Lie group. In particular,
Carbery, Wainger and Wright considered certain translation—invariant operators on
the Heisenberg group; see [4]. When P(x;) = z1, Theorems [[land [Z are contained
in the work of Carbery, Wainger and Wright [b], which was motivated by their
previous work on the Heisenberg group. Recent work of Kim [7], again on the
Heisenberg group, implies some sharp results on L? in this case. The operators ()
and (@) that we consider can, in principle, be interpreted in a similar way, although
we do not explicitly appeal to any translation—invariant structure here.

An amusing feature of the proof of Theorems[] and[? is that if we did not look for
independence of the coefficients, we would be unable to conclude that the operators
were bounded. This is because our proof goes by induction, and the independence
claim in the inductive hypothesis is crucial. A similar phenomenon arose in work
of Ricci and Stein [9].

We would like to thank A. Carbery for his helpful thoughts and advice during
the development of this work, as part of the author’s Ph.D. thesis [1].

PRELIMINARIES

We begin by recalling some simple properties of the curves ~.
Lemma 3. 7/ is doubling; i.e., there exists C < oo for which

(3) Y(Ct) > 24'(t) for all t > 0.
Proof. If Ao = infy~o A(t) and C = 6%0, then

Ct Ct Ct ’)//(8)
7 (Ct) = / 7" (s)ds > / 7" (s)ds > )\0/ Tds > XY (t) log C = 2v'(t),
0 t t
for all ¢t > 0. O

Lemma 4. If g(s,t) = %, then

0
—g§0 for s,t >0, s #t.
ds

Proof.

_ G (V"(S) B 7’(9)>
v(s) =) \¥(s) ' (0))’
for some 6 between s and ¢, by the Generalised Mean Value Theorem. Since Zy—’,’ is

decreasing, % <0. |

s —

Lemma 5. There exists ¢ > 0 for which

(4) Y(s) = (t) = c(s — t)y(s)
and
(5) 7' (s) =7 (t) > (s — )7 (s),

foralll1 <t<s<2.
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Proof. We will prove ([@)); (#) is similar. We may suppose that ~/(t) > %'y’(s) since,
on the other hand,

V(s) = () = 37(s) = 3(s — )7'(s),

for1<t<s<2.
If 7/(t) > 37/(s), then

T

Y (s) — /(1) = / (@) = / @) g > 205ty () > 2 (s — )y (s),
for1<t<s<2. O

In what follows we shall need the following well-known lemma, which is a con-
sequence of the Mean Value Theorem.

Lemma 6. If P is a real monic polynomial of one variable, and of degree n, then
there is a constant C' which depends only on n for which

1
{z e R: |[P(x)] < 6} < Co7,
for all § > 0.

Lemma 7. Suppose that T is an LP(R™) bounded operator for some 1 < p < oo,
and has integral kernel K(x,y). If ¢ € C°(R™), then the operator Ty with integral

kernel K (z,y)p(xz — y) is bounded on LP(R™), and ||Ty|lp—p < Hq3||1||T||p_p.

Proof. By writing ¢ as the inverse Fourier transform of ;ﬁ\, we have

Tof(@) = [ 36) [ e IR () )y

[ deemer [ K (nye e sy)dyds

R

| ST fe(a)ds,

where fe(y) = 2™V f(y). Since ||fel, = || fll, for all £ € R™, the conclusion of
Lemma[7 follows by Minkowski’s inequality for integrals. (|

Before we begin the proof of Theorem [ we need to introduce the notion of the
“Minkowski content” of a subset of R2. If 0 < d < 2, a set £ C R? is said to have
d—dimensional Minkowski content bounded above by C' if

|Bs| < Co,
for § <1, where
Es5 = {x € R? : dist(x, E) < 6}.

Example. Suppose ¢ : R — R is a monotone function and I' = {(z, ¢(z)) : © € R}.
If O is the interior of the unit square in R?, then the 1-dimensional Minkowski
content of the set I' N[ is bounded above by 9. In what follows, our conclusions
concerning Minkowski content arise in this way.
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2. THE PROOF OF THEOREM [l

The proof of Theorem [ will proceed by induction on the degree of the polyno-
mial.

By an application of a partial Fourier transform[] the L2 (R?) boundedness of
H, given by (), is equivalent to the L?(R) boundedness of the oscillatory singular
integrals

00 iP(x)y(z—y)

(6) Tf(z) = po. / T p )y

—0o0 r—=y
uniformly in the coefficients of P. We will, however, show that these oscillatory
singular integrals are uniformly bounded on LP(R) for 1 < p < oo.

The inductive hypothesis. Suppose T, given by (@), is bounded on LP(R) for
all polynomials P of degree less than n, with a bound that is independent of the
coefficients of P, for 1 < p < 0.

The case n = 0. When n = 0, the class of operators is reduced to

0 idy(z—y)
Tf(x) = / T by,

—o Ty
for A € R. By the use of a partial Fourier transform, uniform (in ) L?(R) bound-
edness of T is a consequence of the LP(R?) boundedness of the corresponding H,
which is given by
° dt
Hiw) = [ ot =)
—00
The proof of this can be found in [6].

. Let P be a polynomial of degree n. Firstly, we shall observe that it is enough to
consider P monic, and +y satisfying (1) = 1. Suppose s is the coefficient of z™ in
P, and that w satisfies sw™y(w) = 1. Now,

) eiP(w;c)'y(w(x—y)) 0 eiﬁ(m)’?(ﬁc—y)
Tf(wz) = / — f(wy)dy = / ——— f(wy)dy,
—00 xr — y — 00 T — y

where P(z) = y(w)P(wz) and 5(z) = y(wz)/v(w). We now simply observe that P
is monic, 7 satisfies the conditions of Theorem [[] and 5(1) = 1. Since the L?(R)
operator norm of T is equal to that of

_ o giP(@)i(a—y)
Tf(ff):/ xi_yf(y)dy,

our claim follows. In what follows P will be monic, and v will be “normalised” in
the sense that v(1) = 1.
We now decompose

T=T"+Y T,

k>0
where
etP(@)y(z—y)
TW f(x) = / —f(y)dy
lz—yl<t T Y

1See Phong and Stein [8] for background and discussion.
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and

etP(@)v(z—y)
Tyf(x) = / T pyay.
k< |p—y|<2ktt LY

THE LOCAL PART T

Since the integral defining T is restricted to |z —y| < 1, it suffices to consider
T™ acting on functions supported in balls of radius 1. Suppose f € LP(R)is such a
function, and has centre b. Let Qp(x) = P(z) — (x — b)™. Since @ is a polynomial
of degree less than n, by the inductive hypothesis,

o0 LiQp(z)v(z—y)
Sbf(m):/ Tf(y)dy

is bounded on LP(R) with bound independent of b and the coefficients of P. Let
¢ € C(R) be such that ¢(t) =1 when |t| < 1. By Lemmal[]]

00 LiQp(w)v(r—y)
Shef @)= | —ola — 1) f(w)dy

is also bounded on LP(R) with bound independent of b and the coefficients of P.
We now define the operator S} by

Qb (@)v(z—y)

Séf(ﬂ?) = /;c—y§1 Tf(y)dy-

On observing that

|Sb.0f (x) = Spf(@)] < |o] * |f|(2),

we conclude that S} is bounded on LP(R) with bound independent of b and the
coeflicients of P.
Now,

etP@)y(z—y) _ ,iQu(z)v(z—y)

TM f(2) — Spf ()] = ‘/l f(y)dy

z—y|<1 r—y

<l|x-— b|”/
|z—y|<1

n d
<2 /qu |f (y)|dy

(since 7 is convex, v(0) = 0, and (1) = 1)
=2"Af(z),

=)y

where A is the averaging operator given by

A@ = [ W

Since A is trivially bounded on LP(R), T™) is bounded on LP(R) for 1 < p < oo,
with a bound that is independent of the coefficients of P.
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THE GLOBAL PART

Define the operator Tk by
Tpf(x) = Te(F(27%)) (2 ),

ie.,

61‘2"’“7(2’“)15,6(1)%(177;)

e AL

where P (z) = 27" P(2%z), and 3 (z) = v(2Fz)/7(2%). We should remark that
this type of rescaling preserves the operator norm.
Since 7y is either even or odd, we need only consider

012" 7 (2%) Py () 9k (2—y)

Trf(z) = /1<xy<2 pr—" f(y)dy.

Since we are unable to bound the global part using the oscillation alone, we are
forced to define some “bad” sets Ej, on which we rely entirely on the size of the
kernels of the operators Tj. Let

B\
Ep=3xcR:|=2| (z)>0and
Py

Xo = tlgg)\(t).

where

We define the “good” part of the operator Ty, to be T, where
T f(x) = Xy (2)Tx f(2),
and the “bad” part to be
Ty f (z) = X, (@) Tk f(2).
Lemma 8. Let P be a monic polynomial, and «y be as in Theorem[, with v(1) = 1.
If, for >0,

etP(x)y(z—y)

R, f(x) = xpe () / T

1<z—y<2 =Yy
E= {meR: (%)/(m) > 0 and }1;((5)) > %}

then there is an € > 0 and a constant A, independent of the coefficients of P, for
which

where

[Rulla—2 < Ap™,
for all u > 0.

Lemma 9. For any a > 0,
DI
k>0

is convergent, with a bound which depends only on a and the degree of the polynomial
P.
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We first show how Lemmas [ and @ imply Theorem [Tl
By Lemma &]

[ TE |22 < A2y (2)) 7,
for all k > 0. Since T{ is trivially bounded on L' and L*°, uniformly in k, by
interpolation we have
D ITgllp—p < A (2%4(25) 7 < oo,
k>0 k>0

with bound independent of the coefficients of P. Here we have used the facts that
(1) = 1 and + is increasing.
By interpolating between the trivial estimates,

Tk 1l < |Elll 112

and

T} flloo < Cllf oo
we obtain
1
ITZlp-p < C|Ex|7,
and so by Lemma [@]
Z [T lp—p < o0,
k>0

with bound independent of the coefficients of P.
We now turn to the proofs of Lemmas B and [0

The proof of Lemma [8] We will use the fact that ||R,|2—2 = ||RZRM||§£22.

Let L,(z,y) be the kernel of R} R,; i.e.,

Ly(r.y) / e P(2)(v(z=2)=v(2—v)) J
T,y) = z.
. Y 1<z—z,z2—y<2;z€E° (Z - x)(z - y)

Let
Y(z,y,2) = P(2)(v(z —2) — (2 — y))
and
A:{(z,m)€R2:1§z—y§z—x§2; z € E°}.

It suffices to consider the kernel
L.(@.3) / it (@.y,2)
T,y) = —
g {z:(z,x)eA} (Z - J))(Z - y)
since L, =L, +LJ.
Since the L*® operator norm of R}, R, is bounded uniformly in p, it is enough,

by interpolation, to obtain appropriate decay estimates for its L' operator norm.
To this end we seek an estimate of the form

(7) sup / Lo (2, ) ldz < =,
Yy

dz,

for some € > 0.
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In what follows we will use the standard notation for partial derivatives where,
for a twice differentiable function f : R®™ — R, one writes f; for %, and f;; for
02 f ’
8:87;87:]' :
Let y € R be fixed.

Lemma 10. If 1;_,/((;)) < 0, and z is fized, then there exists at most one value of

x <y for which ¥3(x,y,z) =0, and at most one for which sy (x,y,z) = 0.
Proof.
Vs(x,y,2) = P(2)(7' (2 —2) =7'(2 = y)) + P'(2)(v(2 — 2) = (2 — )

and

1/131 (QC, Y, Z) = _P(Z)Py,,(z - LL') - P,(z)ﬁyl(z - IE),

i Y31(z,y,2) _ —P(Z)g ANz —x)
ox \ +'(z—1x) oz \ z—z )’
% is a monotone function of z,

and so has at most one zero. Hence 13 can have at most two zeros, one of which
must be x = y. [l

and so

which is of constant sign for fixed z. Hence

Lemma 11. For fized y, the zero sets of ¥3 and 31 in A have bounded one—
dimensional Minkowski content, with bound depending only on the degree of the
polynomial P. In particular, the bound does not depend on y.

Proof. Since z ¢ E, either

(i)
Ao
R

< or

‘P’(z)
P(2)

(i)
(Y <0

If (i), then by the Generalised Mean Value Theorem,

(8) P')y(z—z)—v(z—y) | _|P'()|FO) _|P(2)
PR (z—z)=7(z-y)| [P(E)[1"0) |P{E)
for some 0 € (1,2). Since A(f) > Ao, and 0 € (1,2), @) is less than
/

PE)l2 1
and consequently 13 has no nontrivial zero as a function of x.

In case (i), if 13 has a nontrivial zero, say oy (z), as a function of z, then it is
defined implicitly by

P(2)[y(z = ay(2)) =7 (z =)l + P'(2)[7(2 — ay(2)) =v(z —y)| =0

0
AB)

or
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where g(s,t) = % Since 131 has at most one zero, and 13 has at most two
zeros (including = = y) as functions of z, then 31(ay(2),y, z) # 0. This implies,
by the Implicit Function Theorem, that c, is defined on an open set U, and is
differentiable. Differentiating (@) with respect to z on U, gives

<1 - %) %(z —ay(2),z —y) + %(z —ay(2),z—y) = — (%)@) > 0.

By Lemma [ % dg <0 and dg <0, and so d;‘y > 1. Hence {(z,2) € A:z = ay(2)}
has bounded one d1mens1onal Minkowski content.
We now turn to the zero set of 13;.

If 131 has a zero, say §,(z), as a function of z, then it is defined implicitly by
P(2)y"(z = By(2)) + P'(2)7'(z = By(2)) = 0

Clearly 3, does not depend on y; so we simply write 8, = 3. Since

V'(z=B8(z) _ _Pz)
V(2= B(2)) P(z)
and 2 is strictly decreasing, z — 5(z) changes monotonicity exactly when % does;
e., boundedly often. Hence {(z,2) € A : © = z — ((2)} has bounded one-
dimensional Minkowski content. By considering the shear ® : R? — R? given by
®(z,y) = (x,2 —y) (a global diffeomorphism with Jacobian determinant equal to
1), one can deduce that {(z,z) € A: 2 = (z)} also has bounded one-dimensional
Minkowski content.

At this point the following observation is appropriate. Slnce A is decreasing
2@ 7" (t)
v () v ()

Consequently L” : (0,00) — (0, 00) is surjective, and so [ is defined exactly on the

set {z cR: P((Z)) < 0} O

— 0 ast — oo.

and bounded below on (0, c0), — o0 ast — 0, and L

Let

and
F; = 0A.

Our aim in what follows is to establish some lower bounds for 13 on A. To do this,
we will divide A up into three pieces Ay, As, and Az, and make estimates of a
different type on each. For technical reasons we need to understand the nature of
some of the boundaries between these regions; these are given by

Fs={(z,z) e Arx=p4(2)}

and

Fo={(z,z) e A:x=p_(2)},
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where 84 and §_ are given by

1Y(z=B:(z)  P2)
27 (z=Bx(z) | Pl2)

and

=B __P()
V(2= f-(2)) P(z)
As for z—((z), z— (+(z) and z— f_(z) change monotonicity boundedly often, and
so Fg and Fy have bounded one-dimensional Minkowski content. As for 3 again,
B+ and [_ are defined exactly on {z eER: 1;_,/((;)) < 0}.
Let

9
F=|JF;.
j=1

By Lemma [Tl F' has one-dimensional Minkowski content bounded by a constant
depending only on n = deg(P), i.e., not on y or the coeflicients of P.

Decompose A\ F' into a union of Whitney cubes {B; m }1>0, men whose sides are
parallel to the axes, and for which diam(B;,,,,) = 27!, Since F has bounded one—
dimensional Minkowski content,

(10) #{B € {B;,} : diam(B) = 27"} < 2.

Next, we write

; dz
H‘ (x,y) = / e““b(x’y’Z)i - Ll,m(xay)v
. {z:(z,x)eA} (Z - J?)(Z - y) ;n:
where
; dz
(11) Ll, (,]’,‘7y) :/ e““/}(xayaz) .
" [2:(2.0)€Bun) -0)—y)
We now claim that it is enough for us to obtain an estimate of the form
2Ml
(12) Sup/|1Ll}m(x,y)|dx < CT,
Yy

for some M > 0 that is independent of /.
Assuming (I2), and the trivial estimate,

sup/ Ly (2, y)| dz < c27 %,
y
we obtain

sup [ 1Ll do < 3 sup [ [Lino)|do
y m Y

<CY min{27% 2™/}

lm

<Y min{27 2Dy (by (@)
l

< C,LL_ J\/Il+2 ,

as required. From here we will focus on finding an estimate of the form (I2)).
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Before we integrate by parts in ([l), we must establish some lower bounds for
13 in terms of dist((z, z), F).
Let

_ ) z—x) _ P(2) 17"(z — )
B = {(Z’@ ©8 _27’(2—96) = P(z) =73 V(2 — ) }

Since A is decreasing, {z : (z,x) € A,} is a line segment for each z € R and
1 < j <3 and, in fact,
P'(z)
P(z)

>0, or

Al—{(zvx)eA: <Oandx>6+(z)},

. P(2)
" P(z)

<0and z < ﬂ(z)},

Lemma 12. On Ay and Ao,

st PPER - ),
(13) W}&( » Y, )|Z {dist((z,a?),FﬂP/(Z)h(Z—m),

and on Az,

dist((z,2), F)?|P(2)['(z — @),

Ws(e.9, 2)] = e {dist((z,x),F)2|P'(Z)|’Y(Z ~a).

Before we begin the proof of Lemma[I2, we remind the reader that
ay(z) < B(z) <y
and
B-(2) < B(2) < B1(2)
on As U As.

Proof. Considering A; :

If 1;(;)) > 0, then by Lemma B]

|z —yl|P(2)| (2 — ),
|z — yl|P'(2)|v(z — @),

which implies (I3) since |x — y| > dist((z, ), F'). We will use Lemma[Blin this way
several times in subsequent estimates.

W)?)(xvyazﬂ > C{
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If 1202 P& thep by the Generalised Mean Value Theorem,

57 (—a) = PL3)
P'(z)(y(z —2) —v(z —y)) ‘ _ ‘P'(Z) 7'(0)
P)(y(z—z)=v(z=y))| [ P(z)|7"(0)
(for some z —y < 0 < z — x)
P —2) _1
Felb=rit

since A is decreasing. (I3]) now follows on A;.
Considering A :

Us1(2,y,2) = =P(2)y"(z — ) = P'(2)7' (2 — ).

On Ay, ‘1;((22)) > 2'1//,/((;:;:)), and so
’ 1o _
(14) P'(2)y'(z — ) > 9.
Pl (=~ )

Consequently, 131 is of constant sign as a function of z on Ay, and so by ({4),

) > e d PRI (2~ ),
(15) [31(z,y, 2)| > {|PI(Z)|’7/(Z_$)7
on Ay. If o, (2) < B—(2), then by (IF),

O‘y(z)
Ws(e, 9, 2)| > ¢l P(2) / 7(z — s)ds

= c|P(2)|[7'(z — ) = 7'(z — ay(2))|

> d|P(z)l|lz — ay(2)[' (2 — @)

> dist((z,x), F)|P(z) |7 (z — z).
On the other hand, by ([I5),

|w3(l‘7y7 Z)

O‘y(z)
> (|P'(2)] / 7 (2 — s)ds

= c|P'(2)[]v(z — x) = v(z — oy (2))]
> CP'(2)llx — ay(2)|y(z — x)
> dist((z,z), F)|P'(2)|v(z — z).

If ay(z) > 6_(z), then

B—(z)
(2,9, 2)] = el P(2)| / 7!(z — )ds

=dP(2)|V(z = x) =+ (z = B-(2))]
> d|P(2)|lx = B- ()1 (2 — @)
> dist((z,z), F)|P(z)|7 (z — z)

and

[V3(z,y, 2)| > dist((z,z), F)|P'(2)|y(z — ).
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Considering Ag :
8% <w;,/1((zx,_y;j)> _ _p(2) a% </\(Zz_—xx)>
— P ()\'(z—x) A= —:v)) .

z—x (z —x)?

Y31 (2,Y,2)

Since A is decreasing, is a monotone function of z, and since 1 < z—z < 2,

V' (z—x)

9 (Va(z,y,2) 19"(z — )

Z (B hE N s ST T .
(16) Ox ( v(z — ) T 29(z—2x) 1P()]
On A3,
(17) [P(2)"(z =) ~ [P'(2) 17 (z — @),
and so

a w x?y) z

o o (2|2 e
Since % is monotone as a function of z, and (z, 3(z)) € Ag, (I8) implies

Y312 9. 2) | S e — B
’ V(o= > c|P'(z)||lz — B(2)],

)

which implies, by (I,

[P'(2)]|lz = B(2)| (2 — ),
[P (2)]|x = B(z)y"(z — ).

The estimates we make now will depend on the location of x relative to the zeros
of 3, i.e., ay(z) and y. Since ay(z) < B(z) <y we consider three cases:

() = < ay(2),

(i) oy(2) <z < B(2),

(i) = > B(=2).

Since v € C3(R), v31 € CY(R) as a function of x. Consequently, 13; is of
constant sign in each of the regions (i)—(iii). This observation allows us to make
the following estimates.

In case (i), we may suppose that a,(z) > 8- (z) (or else (i) is vacuous), and so

W)?)l(xvyazﬂ > C{

O‘y(z)
IwwwwHZCW@H/ 1t — B(2) " (= — t)dt

ay(z)+z
el Y CA
> 0|P(:)] | EE _5(a)| ' (2 - 292 —y/( )
> 01p(a)] | SIEE o (o) | BEET (e )

2
= C'|P(2)llx — ay(2)]*Y (2 — @).
Similarly,
[¥s(@,y,2)| > CIP'(2)lle = ay(2) Py (2 — x).
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In case (ii), if ay(2) > B-(2), then

sz, 2| > PG [ 1= B (= — t)dt

ay(z

> CIP(2)|lz = B2 (z — 2) = 7'(2 — 0y (2))]
> CIP(2)|lx — B(2)l|lx — ay ()| (2 — ).
Similarly,
[¥3(z,y,2)| = C|P'(2)[Jx — B(2)|lz — ay(2)|7(2 — ).
If ay(z) < B-(%), we observe that 5_(z) < x < §(z), and

|%@w%ﬂ>CW@NL1)V—MQW%W%Mt

> CIP(z)||lz = B2V (2 — =) = 7' (2 — B-(2))|
> CIP(z)|lz — B(2)l|lz — B-(2)]Y (2 — 2).
Similarly,
[Ys(z,y,2)| = C|P'(2)l|x — B(2)||lz — B-(2)Iv (2 — ).
In case (iii), if y < G4+(z), then
aton ) = PG [ 1= B — 0
> CIP(2)|lx — B(2)|1Y'(z — 2) =7/ (= — y)l
> CIP(2)llz = B()llx =yl (2 — @)
Similarly,
[¥3(z,y,2)| = CIP'(2)|]x — B(2)||lz — ylv(z — ).

If y > (4 (z), then we observe that 3(z) <z < 4 (z) and argue as before.

Lemma 13. Let P be a real monic polynomial of degree n and of one real variable.
Let U be the union of the set of roots of P and of P’ over R. There exists C > 0,

depending only on n, such that if dist(xz,U) > €, then
|P(z)| > Ce™,
for all e > 0.

Proof. Let € > 0, and suppose z is chosen so that dist(z,U) > €. Let y, € U be
such that |z — y,| is minimal; so |x — y,| > e. Without loss of generality, we may
suppose that y, > x. We observe that P is monotone on [z,y,]. There are two

cases to consider.
Case 1: P(y,) =0
By Lemma [6]

(19) {z eR:|P(z)] < |P(2)[}| < ¢|P(x)

1
n
)

with constant ¢ independent of the coefficients of P. Since P is monotone on [z, y,],

([9) implies that
IP(2)] > o — gl > e,

as required.
Case 2: P(y,) #0
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Since y, € U, P'(y,) = 0. Let y, € U be such that y,, < z < y, and is maximal
inU.

If P(y.) =0, the argument in case 1 applies.

If P(y.) # 0, then since y!, was chosen maximally, P is single-signed on [y.,, y.].
Without loss of generality, we may suppose that |P(y,)| < |P(y,)|, and hence
|P(x)| > |P(z)—P(y.)|. An application of the argument in case 1 to the polynomial
Q(z) = P(z) — P(y:) completes the proof of Lemma [T3. O

Remark. By applying Lemma [[3] to the estimates in the statement of Lemma [[2]
we can conclude that on A,

diSt(('zv x)v F)n+2’y/(z - LL'),

(20) [vs(z,y,2)] > C {dist((z,xLF)”HV(Z — ).

We now show how Lemmas 12 and [3 finish the proof of Lemma Bl
Integrating by parts,

: d
{2:(2,2)€B1m} (z —x)(z —y)

1 1 1 0 ;
= — L (eird(zy:2) ) g,
L J{z:(z,2)EB m} 1/)3(% Y, Z) (Z - (E)(Z - y) 0z ( )

1 [ ettt (z,y,2) }
T B r G - 0C 9 emeony

_ i 9 ( 1 1 > (@ y2) g
it Sz w)eBny 072 \¥3(2,9,2) (2 —2)(2 —y)

and so, for y fixed,

1 1
]Ll,m z,Yy dx S _/ dal,m
LR N e e
(21)
+ l/ 2 ( ! L > dzdz
g, |0z \s(z,y,2) (z — 2)(z — y) ’
where doy ., is Lebesgue measure on 0Bj .
By (@0), the partially integrated term in (2]I) is bounded above by
1 1 C 1 Cc2m
(22) —/ ————|doim < — |0Bim| sy < ,
tJos,,, | ¥s(,y,2) I 2-(n+1) I
uniformly in y.
The remaining term in (2I)) is bounded above by
1 .
_/ w&i(xayvzg dzdz
H Bim ¢3($,y72’)
(23)
n 1 / 0 < 1 ) ded 1
— — | ————)|dzdz sup |——|.
1 Bim 0z (Z - LL')(Z - y) (z,2)EBi,m 1/)3(% Y, Z)

The second term in (23) is (by (20)) bounded above by c2m

TN
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The remaining term in (23] is, by the triangle inequality, bounded by
1 P "(s M
_/ PG —a) =" =y, .

B

M I,m ?/J:s(xay,Z)Q
1 P! N Y
L[ PO e,
K Bim 7/13(5573/,2)
1! _ _ _
2] PR,
I By ¥3(z,y, 2)
=I1+1I+1II.
By Lemmas [2 and I3,
N Y S
O PRING-D -Gy,

wJB,,, P(2)22745/(z — x)?
41 "(a "i, _
S02 / 1 (v(z x)+7(z y)>dzdx
B

oS, IPEI\Y(z—2)2 (2 —y)?
(24)
C2<"+4>l/ a( 1 1 >dd
—_— = + zdx
T oop B 02 \V(z—2)  +(2—v)
C2(n+3)!
<—
7

uniformly in y.

Again by Lemmas [I2] and [I3]
/ I VI
neC [ POC A vC o,
B

w s, P(2)22- 4/ (z — 2)2
c24 / 0 < 1 >
< — | =— || dzdx
T Jpy,, 102 \P(2)
25 4
(25) _ 2 / O ( LN,
I B, 02 \ P(2)
(since P is monotone on B )
C2(n+3)!
<—
1
uniformly in y.
Similarly,
¢ [P"(2)|v(z =) —~(z —y)|
< Z
117 < p /B“” P(2)22 Tz = )2 dzdx
4
< Ci 2 ! dzdx
wo Jp,,, 102 \P'(2)
26 24
(26) < ¢ / 2 (/—) dzdzx
Iz B, 92\ P (2)

(since P’ is monotone on By, )

02(n+2)l

S JR—
W

?
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uniformly in .
Combining these estimates gives

02(n+3)l
sup / Lt ) € =

Y

which is (I2)) with M =n + 3.
This concludes the proof of Lemma [§.

Proof of Lemmal Suppose the roots of P are {v;}7; C R and {8; }j 1 {ﬂj
C C\R, where n/ = 5™ = a; + tb;. Now,

ﬁk(x) =17 (2 — 27’“”;‘)1_1?’:1(% —27F8))(x — 275 3)),
and so,
Pl(z) <+ 1 o 1 1
Pi(z) ; (z —2 Fuy) +j; @—27%5,) (@255,
m 1 n’ 1
~ L >”;Re( 7
- 1 " x—27kq
:;(x—szu)”;(x—way %)
and

j=1 j=1
. zm: v an/: (z —27%a;)% — (27%b;)?
2o P2 (a2 Fay)P 1 (2R
If x € Ej, then, by definition,
m TL
(x —27F ) — (27%b;)?
27 . 0
27) Z (x — 2~ ’“1/] Z (x —27Fa;)? + (27%b;)2)? =%
Jj=1 Jj=1
and
i xTr — 2 )\0
2 > —.
(28) (x —2— kl/j Zx—Z kaj) ( k)2 T 4
J:1 J=1

By the triangle inequality, (28] implies that

- x—2 Faj Ao
> -
Z|x—2 kz/|+ Z — 92— ka ( —kbj)Qf 4’

and by the equivalence of the I' and {2 norms on R™, the above implies

" x—2 ka,)?
2 J > 2
(29) Z (x — 2~ ’“1/] Z:: z—27ka;)? + (27%b;)%)? 2 X,

J=1

4887
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for some constant ¢ depending only on n. Combining (27) and (29), we obtain

a Z_kbj ° 2
2 I e e o

j=1
or, using the I norm,

|2~ kb |
(x —27Fa;)? + (27Fb;)?

(31) 2 C/>\0.

j=1

If x satisfies (31]), then
|27kbj| C’)\o
(x—27%a;)? + (27%b;)* =

for some 1 < j < n'. Hence,

(32)

E, C U Ejk,
j=1
where
(83)  Bjo={zeR: 27| <A7" and o - 27Ra| < A2 127 R0 M2

and so, for 0 < a < 1,

SIB* <Y DBl <D 1B~

k>0 k>0 \ j=1 j=1k>0

For o > 1, the above holds with a constant factor depending only on n’ and a.
Since Ejj, = 0 if |275b,] > Ay' and |Eji| < A2 |27Fb, V2 if [27Fb,] < A;
D 1B <O,
k>0
uniformly in j, for some constant C' depending on «. Consequently,
> IER|® < Cn/Age.
k>0

This completes the proof of Lemmal[d, and hence the inductive step, which leads to
Theorem

3. THE PROOF OF THEOREM
Let v € C2°(R) be such that v > 0 and [v =1. For k € Z, let

ve(z) = 27 Fv(2 k),
For f € L*(R?), let

2k+1

1

M f(z1,22) = 5 |
2

flzr —t,xe — P(x1)y(t))dt

and

Nif(z1,22)

~searm o Lo () (St ) o vt




HILBERT TRANSFORMS AND MAXIMAL FUNCTIONS 4889

For a polynomial P, which we may take to be monic, we make the majorisation

Mf(z) S sup (M f ()] < Gf(x) + Nf(x),

where N f(z) = supy, [Ny f(z)| and

1/2
Gf(z) = <ZI(Mk —Nk)f(x)l2> :

kEZ

For each z € R?,
Nf(x) S Ma(Mi(f))(=),

where M, and My are the Hardy-Littlewood maximal functions in the first and
second coordinate directions respectively. Hence N is bounded on L?(R?) uniformly
in the coefficients of P. Consequently, it suffices to show that G is bounded on
L?(R?) uniformly in the coefficients of P. This in turn would follow from the
boundedness of

L= ex(Mr—Np)
k

for e, € {—1,1}, uniformly in the choice of {ex} and the coefficients of P.
The uniform boundedness of the operator £ will be obtained by induction on
the degree of P.

The inductive hypothesis. Suppose £ is bounded on L?(R?) for all polynomials
of degree less than n uniformly in the choice of {€x} and the coefficients of P.

The case n = 0. In this case, the operator L is translation invariant and can be
handled using the Fourier transform. This is essentially done in [6].

. Let P be a real-valued polynomial of degree n, and let {e;} be an arbitrary
sequence of 1’s and —1’s. By taking the Fourier transform in the second variable,
it suffices to bound

(L)r = Z ek ((Mp)r — (Ne)a)
k
on L?(R) uniformly in A\, where
2k+1
(Misf@) =g [ NP0 (o - y)ay
2k

and

Niaf(z)=7D ()\'y(Qk)P(x)) v * f(x).

As in the proof of Theorem [I by rescaling it suffices to consider the case where
A = 1, P is monic, and (1) = 1. For ease of notation we set M) = (M),
Ni, = (Ng)1, and L = (L);.

We first turn to the local part,

Lige = Z€k(Mk - Nk)'
k<0
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It suffices to consider L), acting on functions supported in balls of radius 1. Let
f € L%(R) be supported in B(b; 1) for some b € R, and let Qy(z) = P(z) — (z —b)".
Let

{oc = Zek(MI/c - Nl,c)ﬂ

k<0
where
1 2k+1
M];f(l‘) _ 2_k /k esz(x)’Y(y)f(m _ y)dy
ok
and

Nif(@) =7 (v(2")Qu(2)) vk * f(2).

Since @y is a polynomial of degree less than n, by the inductive hypothesis, L
bounded on L?(R) uniformly in {e;}, b, and the coefficients of P. Now,

loc 18

|(Lioe = Ligo) f(2)] < | D en(My — Mj) f(2)| +

k<0

= [Lf(2)] + L1 (z)].

> en(Ne = Ni) f ()

k<0

Now,

2k+1

eiP@)(Y) _ ein(x)v(y)‘ \f(z —y)|dy

OE

k<0
2k+1

_sz/ [ = by W) (@ — y)ldy

k<0

2 ()
<kz<;) ~ (281 2k/ 77(2k+1)|f(x—y)|dy
< Mf(x) )y @)
k<0

< Mf(a),

where M is the Hardy-Littlewood maximal function. Since M is bounded on L?(R),
I is uniformly bounded on L?(R).

Now,
ITf(z)] <) |[P () =7 (v(2")Qu(@))] vk  f(2)]
k<0
< oz — by (2Y) / Jsv(s)|dslo * F ()]
SMf(x)d 2k
k<0
< Mf(2),

where again M is the Hardy—Littlewood maximal function. Hence L, is bounded
on L?(R) in the required uniform manner.
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We now turn to the global part,
Lgion = Z ex(My — Ny).
k>0

Clearly it suffices to bound
Mgop = > _ exMj,

k>0

and

(34) Nglob = Z Eka
k>0

separately on L?(R). By the triangle inequality,
1Mgiobllo—2 < Y | Mil2—2,
k>0

which can be controlled as in the proof of Theorem [1} This estimate represents the
majority of our analysis.

In order to control ([34) we will make some estimates on the kernel of Ny, which
is given by

Ni(z,y) = vi(z — y)D (v(2")P(x)) .

It is convenient to make the L? operator norm preserving rescaling Nk(x,y) =
2F N, (282, 2%y), so that

Ni(w,y) = vz — )0 (2" (2") Py (x)),
where as before ﬁk(m) = 27" P(2Fz). Since v € C°(R),

(35) INu(2,9)| S vlw —y) |27y (2% Py()|
and trivially,
(36) |Nio(2,y)| S vz —y).

Using Lemmal6, B5) and (B6) imply that

- 1
sup / | N, y)|de S (2%(25)) 74T
Y R

and trivially,

sup/\ﬁk(x,ywdys 1.
x R

Interpolating between the above two estimates gives

~ 1
[NE[l,—p < (2759 (2%) 292,
which, by the triangle inequality, implies the uniform L?*(R) boundedness of Ngjop.

This completes the proof of Theorem

Remarks. The LP theory for H and M, for p # 2, has not yet been established.
These operators may be “lifted” to operators acting on functions of many variables,
which have enough homogeneity for an associated Littlewood—Paley theory to be
developed; as in [5]. However, the techniques used in the proof of Theorem[ so far
appear to be insufficient to complete this scheme.
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10.
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