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SPHERICAL NILPOTENT ORBITS
AND THE KOSTANT-SEKIGUCHI CORRESPONDENCE

DONALD R. KING

Abstract. Let G be a connected, linear semisimple Lie group with Lie algebra
g, and let KC → Aut(pC ) be the complexified isotropy representation at the
identity coset of the corresponding symmetric space. The Kostant-Sekiguchi
correspondence is a bijection between the nilpotent KC -orbits in pC and the
nilpotent G-orbits in g. We show that this correspondence associates each
spherical nilpotent KC -orbit to a nilpotent G-orbit that is multiplicity free as
a Hamiltonian K-space. The converse also holds.

1. Introduction

Let L be a complex, connected reductive Lie group, and let X be an algebraic
variety on which L acts. X is a spherical variety for L if there is a Borel subgroup
B = B(L) of L that has a dense orbit in X . The spherical varieties for L have a
number of special properties from the standpoint of the representation theory of L.
For example, each irreducible finite-dimensional representation of L occurs at most
once in the semisimple L-module R[X ], the ring of regular functions on X . R[X ]
is said to be multiplicity free as an L-module.

Some of the most important spherical varieties for reductive groups consist of
nilpotent elements that are associated to related symmetric spaces. To describe
these varieties we must introduce some additional notation. Assume that g is a real
semisimple Lie algebra with Cartan decomposition g = k ⊕ p. θ is the associated
Cartan involution. Let g

C
, k

C
and p

C
denote the complexifications of g, k and

p respectively. θ extends to a complex linear involution on g
C

. Let σ denote
conjugation on g

C
relative to the real form g. G is a connected, linear semisimple

Lie group with Lie algebra g. G
C

is the complexification of G. K and K
C

are the
connected subgroups of G

C
with the Lie algebras k and k

C
, respectively.

G
C

has finitely many nilpotent orbits in g
C

. Since the pioneering work of Dynkin
in the 1940s, these orbits have been studied intensively by many researchers. If GC

is simple, the spherical nilpotent orbits in g
C

have been determined by Panyushev
[10] and McGovern [7]. Spherical orbits have become significant in the study of
the completely prime primitive ideals in the enveloping algebra of g

C
. For example,

McGovern has shown how to associate Dixmier algebras to spherical nilpotent orbits
(and their covers) [7]. The Dixmier algebra associated to a spherical orbit has a nice
structure owing to the fact that the coordinate ring of the orbit is multiplicity-free.
K

C
has finitely many nilpotent orbits in p

C
. These orbits have also been studied

by many authors, notably Kostant and Rallis in their fundamental paper [6]. A
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minimal nonzero nilpotent orbit of K
C

in p
C

is spherical for K
C

. If g is the split
real form of E8, the 64-dimensional nilpotent K

C
-orbit in p

C
is another example

of a spherical orbit. In each of these examples, the “orbit method” (as defined in
[14]) attaches very interesting unitary representations to the universal cover of G.
See [15] and [1]. These works illustrate the value of a deeper understanding of the
spherical nilpotent orbits of K

C
in p

C
.

The Kostant-Sekiguchi correspondence associates to each nilpotent K
C

-orbit O,
a unique nilpotent G-orbit Ω = ΩO in g. (One feature of this correspondence is
that both O and its image Ω are contained in the same G

C
-orbit in g

C
.) Because

sphericality is so special, it is natural to explore the properties of the image of a
spherical nilpotent orbit under the Kostant-Sekiguchi correspondence. The answer
is very neat and precise. It is given by Theorem 6.4.

Theorem. O is spherical for K
C

if and only if ΩO is multiplicity free as a Hamil-
tonian K-space.

The multiplicity-free spaces obtained from Theorem 6.4 are sometimes closely
related to other more well-known examples such as those studied by Guillemin
and Sternberg in [3]. For example, if g = sl(2n, C), then the Kostant-Sekiguchi
correspondence identifies each nilpotent K

C
-orbit O with itself, that is, O = ΩO.

The orbit O corresponding to the partition 2n (i.e., all parts of the partition have
size 2) is spherical for SL(2n, C) and is diffeomorphic to a dense open set of
the cotangent bundle of the compact symmetric space SU(2n)/S(U(n) × U(n)).
Guillemin and Sternberg showed that this cotangent bundle is multiplicity free for
K = SU(2n).

2. Kostant-Sekiguchi correspondence

An ordered triple {Z1, Z2, Z3} of elements in g
C

(or g) is said to be an sl(2)-triple
if the following commutation relations are satisfied:

[Z1, Z2] = 2Z2, [Z1, Z3] = −2Z3, and [Z2, Z3] = Z1.

Two sl(2)-triples {Z1, Z2, Z3} and {Z ′1, Z ′2, Z ′3} are said to be conjugate under a
subgroup W of G

C
if there exists an element w ∈ W such that Zi = w · Z ′i for

i = 1, 2, 3. (“·” denotes the adjoint action.)

Definition 2.1. Let N [g], N [g
C

], and N [p
C

] denote the set of nilpotent elements
of g, g

C
, and p

C
respectively. N [g]/G, N [g

C
]/G

C
, and N [p

C
]/K

C
will denote

the orbits (conjugacy classes) in N [g], N [g
C

], and N [p
C

] under G, G
C

, and K
C

respectively.

Using the Jacobson-Morosov Theorem, one can prove

Theorem 2.2. There is a bijection between each of the following sets:
(1) G conjugacy classes of sl(2)-triples of g;
(2) N [g]/G.

The sl(2)-triple {Z1, Z2, Z3} is said to be normal if Z1 ∈ k
C

, and Z2, Z3 ∈ p
C

.
Normal sl(2)-triples are at the heart of the Kostant-Rallis description of N [p

C
]

/K
C

, which gives an analog of Theorem 2.2.

Theorem 2.3. There is a bijection between each of the following sets:
(1) K

C
conjugacy classes of normal sl(2)-triples of g

C
;

(2) N [pC ]/KC.
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In order to define the Kostant-Sekiguchi correspondence, we need to define two
notable classes of sl(2)-triples.

Definition 2.4 (Kostant-Sekiguchi triples). An sl(2)-triple {H, E, F} in g is said
to be a KS-triple in g if θ(E) = −F , and hence θ(H) = −H . A normal sl(2)-triple
{x, e, f} in g

C
is said to be a KS-triple in g

C
if f = σ(e).

Sekiguchi established the following connection between KS-triples and sl(2)-
triples.

Theorem 2.5 ([12]). (1) Every sl(2)-triple {H ′, E′, F ′} in g is conjugate under G
to a KS-triple in g. Two KS-triples are conjugate under G to the same sl(2)-triple
in g if and only if the KS-triples are conjugate under K.

(2) Every normal sl(2)-triple {x′, e′, f ′} in g
C

is conjugate under K
C

to a KS-
triple in g

C
. Two KS-triples are conjugate under K

C
to the same normal sl(2)-triple

in g
C

if and only if the KS-triples are conjugate under K.

Definition 2.6. Let KS(g) denote the set of KS-triples in g and KS(g
C

) denote
the set of KS-triples in g

C
. KS(g)/K and KS(g

C
)/K will denote the set of K

conjugacy classes in KS(g) and KS(g
C

) respectively.

Combining Theorems 2.3, 2.2 and 2.5, we have:

Theorem 2.7. There are bijections:

N [g]/G←→ KS(g)/K(2.1)

and

N [p
C

]/K
C
←→ KS(g

C
)/K.(2.2)

The Kostant-Sekiguchi correspondence is a consequence of Theorem 2.7 and the
following observation.

Proposition 2.8. There is a bijection:

KS(g)/K ←→ KS(g
C

)/K

defined as follows: {H, E, F} ∈ KS(g) is mapped to the {x, e, f} ∈ KS(g
C

),
where

x = i(E − F ), e =
E + F + iH

2
, f =

E + F − iH
2

.(2.3)

The inverse map sends {x, e, f} ∈ KS(g
C

) to {H, E, F} ∈ KS(g), where

H = −i(e− f), E =
e+ f − ix

2
, F =

e+ f + ix

2
.(2.4)

The maps just defined are clearly K-equivariant.

Definition 2.9. The triples {H, E, F} and {x, e, f} in equations (2.3) and (2.4)
are said to be associated.

Remark 2.10. Let {H, E, F} ∈ KS(g) and {x, e, f} ∈ KS(g
C

). If these triples
are associated, then the nilpotents E, F, e, f are in the same G

C
conjugacy class

in gC .
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We define a bijection S between N [g]/G and N [p
C

]/K
C

as follows.
Let Ω be a conjugacy class in N [g]/G. Let {H, E, F} = {HΩ, EΩ, FΩ} be a

representative of the conjugacy class in KS(g) that is associated to Ω by Theorem
2.7. Then

S(Ω) def= K
C
· E + F + iH

2
.(2.5)

S−1 : N [p
C

]/K
C
→ N [g]/G is given as follows. Let O be a conjugacy class in

N [p
C

]/K
C

. Let {x, e, f} = {xO, eO, fO} be a representative of the conjugacy
class in KS(g

C
) that is associated to O by Theorem 2.7. Then

S−1(O) def= G · −ix+ e+ f

2
.(2.6)

We obtain our main result.

Theorem 2.11 (The Kostant-Sekiguchi Correspondence [12]). The mapping S :
N [g]/G −→ N [p

C
]/K

C
, given by Ω 7→ S(Ω) def= OΩ (see (2.5)) is a bijection whose

inverse is given by (2.6).

Definition 2.12. The pair (Ω, O) in N [g]/G × N [p
C

]/K
C

is said to be a KS
(Kostant-Sekiguchi) pair if O = S(Ω) where S is the Kostant-Sekiguchi bijection
of Theorem 2.11. We will often write ΩO in place of S−1(O) and OΩ in place of
S(Ω).

3. Complexity and nilpotent orbits

Most of the results in this section are due to Panyushev. We require some
additional notation.

Definition 3.1. Let u = k + ip. Then u is a compact real form of g
C

. τ = σ ◦ θ is
the conjugation on g

C
with respect to u. Let U be the connected subgroup of G

C

with Lie algebra u.

Definition 3.2. Let B denote the Killing form of gC and Bg denote the restriction
of B to g. Set 〈z, w〉 = −Bg

C
(z, τ(w)). Then 〈·, ·〉 is a U-invariant, positive

definite Hermitian inner product on gC . If z ∈ gC , set ‖z‖2 = 〈z, z〉 = −B(z, τ(z)).
Note that if z, w ∈ g, then 〈z, w〉 = −Bg(w, θ(w)).

If M is a real (respectively, complex) manifold, then dimM denotes its real
(respectively, complex) dimension. If M is complex, we write dimRM or dimRMR

for the dimension of the underlying real manifold.
Our first goal is to develop some necessary and sufficient conditions for O to be

KC spherical. We assume that O = K
C
·e where e belongs to a KS-triple {x, e, f}.

If j is an integer, g
C

(j), k
C

(j) and p
C

(j) will denote the j-eigenspace of ad(x) in
g

C
, k

C
and p

C
respectively. Let u denote the sum of the positive eigenspaces of

ad(x) on gC . Set

Z = u ∩ kC/(u ∩ kC)e.(3.1)

Definition 3.3. Let m be the orthogonal complement (relative to 〈·, ·〉) of
kC

{x, e, f} inside kC

x.
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Recall from [9] the notion of a stabilizer in general position (s.g.p.) for the action
of an algebraic group on an irreducible variety, where m is a K{x, e, f}C -module. Let

S be a s.g.p. for the action of K{x, e, f}C on m.(3.2)

That is, S is the stabilizer in K{x, e, f}
C

of a point whose orbit under K{x, e, f}
C

has
maximal dimension. Such a point lies in an open subset of m such that the stabilizers
of any two points in this subset are conjugate under K{x, e, f}C . Since K{x, e, f}C is
reductive, a generic K{x, e, f}C -orbit on m is closed, so that S is reductive. Also,

dimK
{x, e, f}
C − dim S = max dimz∈m K

{x, e, f}
C

· z.(3.3)

Suppose that X is a variety with K
C

-action and that Bk is a Borel subalgebra
of K

C
. The complex codimension of a generic Bk-orbit is called the complexity of

X , denoted cK
C

(X) or c(X) (when the reductive group K
C

is understood). It is
also the transcendence degree (over C) of the Bk invariant functions in the field of
rational functions (with complex coefficients) on X . Thus, X is spherical for K

C

if and only if c(X) = 0. If Uk is the nilpotent radical of Bk and Bk · z is a generic
Bk-orbit, then the codimension of Uk · z in Bk · z is called the rank of X . It is
denoted by rK

C
(X) or r(X). The rank of X is also the transcendence degree of

the Uk-invariants in the field of rational functions on X . Note that by results of
Panyushev, when X is spherical, the rank of X is equal to the rank of the lattice
of highest weights associated to the Bk semi-invariant rational functions on X .

Proposition 3.4.

cK
C

(K
C
· e) = cKx

C
(Kx

C
/K

C

{x, e, f}) + cS(Z).

That is, the complexity of K
C
· e is the sum of the complexity of Kx

C
/K

C

{x, e, f}

(w.r.t. Kx
C

) and the complexity of Z (w.r.t. S).

Proof. This is Theorem 1.2(a) of [10]. (See also Theorem 2.3(a) of [10].)

Corollary 3.5. O is spherical if and only if Kx
C
/K

C

{x, e, f} is spherical and a
Borel subgroup of S has an open orbit on Z.

Proof. This is Corollary 1.4 of [10].

We will also require the following proposition in the proof of our main result.

Proposition 3.6. If KC is a complex reductive algebraic group, V is a finite-
dimensional (complex) representation of K

C
, and V ∗ is the dual representation

of K
C

, then

trdeg C(V × V ∗)KC = trdeg C(V )Bk + trdeg C(V )Uk ,

where C(V × V ∗) denotes the field of rational functions on V × V ∗ = V ⊕ V ∗, K
C

acts on V × V ∗ via k · (v, λ) = (k · v, k · λ) (for v ∈ V, λ ∈ V ∗), and “trdeg”
denotes the transcendence degree over the field C.

Proof. This follows from Corollary 1.4.1 in [9].

The previous proposition is equivalent to

trdeg C(V × V ∗)KC = 2c(V ) + r(V ).(3.4)
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4. Compact group actions

In this section, we collect some useful facts about compact groups acting on
manifolds. Unless otherwise indicated, K is an arbitrary compact, connected Lie
group.

Lemma 4.1. Suppose that K → GL(W) is a representation of K on a finite-
dimensional real vector space W . Let V = W⊗RC = W+iW be a complexification
of W , and K

C
be a complexification of K such that K ⊂ K

C
, and the representation

of K on W extends to a representation of K
C

on V . Then the maximum complex
dimension of an orbit of K

C
on V is equal to the maximum real dimension of an

orbit of K on W .

Proof. Let d denote the largest dimension of a K
C

orbit in V . Let U be the set
of points v ∈ V with dimCKC

· v = d. Then U is a Zariski open subset of V
and so must have a nonempty intersection with the real locus W . Suppose that
w ∈ U ∩W . Then k

C

w = kw ⊕ ikw. Thus, dimC k
C

w = dimR kw. It follows that
dimCKC

· w = dimRK · w = d. It is easy to check that d is the largest dimension
of a K orbit in W .

Definition 4.2. If H is a complex reductive group or a compact group, rank H
denotes the dimension of a maximal torus of H .

Let M be a smooth, connected manifold. We refer the reader to [5] for the notion
of a Hamiltonian K-action on M and the notion of a Poisson K-action on M .

Definition 4.3. ([3]) M is said to be multiplicity-free if C∞(M)K , the K-invariant
smooth functions on M , is an abelian Lie algebra under the Poisson bracket.

Recall also the notion of a spherical K-space from [5].

Definition 4.4. For a symplectic manifold M with Poisson K-action, let r̃ denote
the (real) codimension of a maximal torus of Kz in a maximal torus of K, where
K · z is a K-orbit of maximal dimension in M . Then r̃ is called the rank of the
action of K on M . Note that the (real) codimension of K · z in M is greater than
or equal to r̃.

Definition 4.5. M is said to be a spherical K-space of rank r̃ if the codimension
of a K-orbit of maximal dimension is equal to r̃.

Theorem 4.6. Let M be a smooth, connected manifold with Poisson K-action.
The following are equivalent:

(1) M is multiplicity free;
(2) M is a spherical K-space.

Proof. The equivalence of (1) and (2) is part of Theorem 3 in [5].

A nilpotent G-orbit Ω in g is a symplectic manifold under the Kostant-Kirillov
symplectic form. (See Lecture 2 in [14].) Ω is then a Hamiltonian G-space, hence a
fortiori, a Hamiltonian K where K is the maximal compact subgroup of G defined
in the introduction. The K-action on Ω is also Poisson.

Proposition 4.7. Let K be a compact, connected group acting on a complex vector
space V , let C[VR] denote the complex-valued polynomial functions on V and let
C(VR) denote the field of fractions of C[VR]. (We use the notation C[VR] rather
than C[V ], because the latter notation usually refers to the holomorphic polynomials
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on V , i.e., the affine coordinate ring of the affine variety V .) Then the transcen-
dence degree of C(VR) over C satisfies the equation:

trdeg C(VR)K = dimR V −max
v∈V

dim K · v.

Proof. See Remark 5.1 in [2].

Remark 4.8. (Notation as in the previous proposition) The representation of K on
V extends to a representation of K

C
on V . C[VR] and C[V × V ∗] (the regular

functions of V ×V ∗) are isomorphic as rings and as K-modules. (This is explained
in the proof of Proposition 5.1 in [2].) Thus, we have

C(VR)K = C(V × V ∗)K = C(V × V ∗)KC .

Corollary 4.9. (Notation as in Proposition (4.7) and equation (3.4)) The real
codimension of the largest K-orbit in V is equal to 2cK

C
(V ) + rK

C
(V ).

Proof. This follows from the previous remark and Propositions 4.7 and 3.6.

5. The geometry of nilpotent orbits

The main results in this section are due to Schmid and Vilonen [11]. Through-
out this section, (Ω, O) is a Kostant-Sekiguchi pair. {H, E, F} is a KS-triple
corresponding to Ω, so that Ω = G · E. {x, e, f} is a KS-triple corresponding to
O, so that O = K

C
· e. {H, E, F} and {x, e, f} are associated in the sense of

Definition 2.9.

Definition 5.1. The K-orbit, C(Ω) def= K · E is said to be the core of Ω. The
K-orbit, C(O) def= K · e is said to be the core of O.

Because of the bijections (2.1) and (2.2), the core of a nilpotent orbit in g or p
C

is well defined. (Definition 5.1 is equivalent to the definition of core given in [11].)
Every element E′ in C(Ω) is the nilpositive element of a unique KS-triple in g:
{[E′, −θ(E′)], E′, −θ(E′)}. Likewise every element e′ in C(O) is the nilpositive
element of a unique KS-triple in g

C
: {[e′, σ(e′)], e′, σ(e′)}. Thus, we have

Remark 5.2. There is a bijection between C(Ω) and the set of KS-triples whose
nilpositive elements lie in Ω, and there is a bijection between C(O) and the set of
KS-triples whose nilpositive elements lie in O.

Definition 5.3. If Ω (resp., O) is a nilpotent G orbit in g (resp., nilpotent K
C

orbit in p
C

), then T ∗C(Ω)(Ω) (resp., T ∗C(O)(O)) denotes the conormal bundle of C(Ω)
(resp., C(O)) inside the cotangent bundle T ∗(Ω) (resp., T ∗(O)).

Since E ∈ C(Ω), the tangent spaces to Ω and C(Ω) at E can be described as
follows: TE(Ω) ' g�gE ' [g, E] and TE(C(Ω)) ' k�kE ' [k, E]. Thus the fiber
of T ∗C(Ω)(Ω) at E is given by

T ∗C(Ω)(Ω)(E) ' [g, E]�[k, E].(5.1)

Note that the fiber T ∗C(Ω)(Ω)(E) is a KE-module. Likewise, since e ∈ C(O),

T ∗C(O)(O)(e) ' [k
C
, e]�[k, e].

Schmid and Vilonen discovered that there is a close relationship between Ω and
T ∗C(Ω)(Ω).
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Proposition 5.4 ([11]). Let Ω = G · E be a nilpotent orbit in g, and suppose
C(Ω) = K · E. Then, there is a K-equivariant diffeomorphism mapping Ω onto
T ∗C(Ω)(Ω).

Likewise, there is a similar relationship between O and T ∗C(O)(O).

Proposition 5.5 (Schmid-Vilonen). There is a K-equivariant diffeomorphism
mapping O onto T ∗C(O)(O).

Proof. We follow the proof of Proposition 5.4 in [11].
We need the following additional notation:

s = the real span of the triple {H, E, F},
l = kx

C
,

u = the direct sum of the positive eigenspaces of ad(x) on k
C
,

q = l⊕ u,

L = Kx
C
,

U = exp(u),

ue = u ∩ k
C

e.

Choose r to be the orthogonal complement relative to 〈·, ·〉 (Definition 3.2) of ue

inside u. Then r is invariant under Ke and Le.

Definition 5.6. With notation as above, set

VO(s) = (ikx ∩ (iks)⊥)⊕ r.

There are two key facts that must be established to prove the proposition:
(1) there is a K-equivariant diffeomorphism

O −→ K ×Ks VO(s),(5.2)

and
(2) there is a Ks-module isomorphism

VO(s) ' [kC , e]�[k, e].(5.3)

(The right-hand side of (5.3) is the fiber of T ∗C(O)(O) at e.)
Recall that Q = LU is a parabolic subgroup of K

C
. Moreover,Ke

C
= LeUe = Qe.

By hypothesis, e = σ(f), so that ke = kf and Ke = Kf . Since any two elements of
an sl(2)-triple determine the third, and {H, E, F} and {x, e, f} are related by
(2.3), we have le = ks

C
and Ke = Ks.

Since K
C

= KQ, we can write K
C

as the fiber product:

K
C
' K ×K∩L (LU) = K ×Kx (LU).(5.4)

Since r is invariant under Ke and Le, the diffeomorphism

r× ue → U, (X, Y ) 7→ exp(X) exp(Y )(5.5)

is equivariant for Ke and Le. Starting with (5.4) and taking advantage of (5.5), we
obtain

K
C
' K ×Kx (L ×Ls LsU)

' K ×Kx (L ×Ls (Ls × r× Ue)),(5.6)
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where Ls acts on the direct product Ls × r × Ue by left translation on the first
factor, the adjoint action on the second factor and conjugation on the last factor.
We can rearrange the factors in the last fiber product in (5.6) to obtain

K
C
' K ×Kx (L× r)×Ls (Ls × Ue)
' K ×Kx (L× r)×Ls Ke

C
(since Ke

C
= LeUe).

(5.7)

τ (Definition 3.1) is a Cartan involution of l. So l has Cartan decomposition
kx ⊕ ikx. The orthogonal complement of iks (relative to the inner product 〈·, ·〉)
inside ikx is equal to ikx ∩ (iks)⊥, where (iks)⊥ is the orthogonal complement of iks

in kC . This fact allows us to refine the usual diffeomorphism: L = Kx exp(ikx). It
follows from Theorem 5 of [8] that

L = Kx exp(ikx ∩ (iks)⊥) exp(iks),

where the left-hand side is a topological product. We now have

L ' (Kx)×Ks Ks exp(ikx ∩ (iks)⊥) exp(iks)

' (Kx)×Ks exp(ikx ∩ (iks)⊥)Ks exp(iks)

' (Kx)×Ks exp(ikx ∩ (iks)⊥)Ls.

(5.8)

Now substitute the final expression for L in (5.8) into the decomposition for K
C

in (5.7) and rearrange some of the factors to obtain

KC ' K ×Kx ((Kx)×Ks exp(ikx ∩ (iks)⊥)× r× Ls ×Ls Ls

' K ×Ks exp(ikx ∩ (iks)⊥)× r×Ke
C
.

(5.9)

Since O = K
C
/Ke

C
, this argument shows that there is a K-equivariant diffeomor-

phism

K ×Ks ((ikx ∩ (iks)⊥)⊕ r) −→ O,
given by [k, S + T ] 7→ k exp(S) exp(T ) · e.

(5.10)

This diffeomorphism is also R+-equivariant for the obvious R+-action on O and
the action

t � [k, S + T ] = [k, ((
ln(t)

2
x+ S) + T ]

onK ×Ks ((ikx∩(iks)⊥)⊕r). It remains to show that ((ikx∩(iks)⊥)⊕r) is isomorphic
as a Ks-module to [k

C
, e]�[k, e], the fiber of T ∗C(O)(O) at e. To do this, we establish

a subspace decomposition of [k
C
, e] analogous to the decomposition of [g, E] used

by Schmid and Vilonen.
Let Id denote the identity map on g

C
. Since σ is conjugation relative to the

real form g of gC , σ1 =
Id+ σ

2
and σ2 =

Id− σ
2

are the projections onto g and ig
respectively. We start from the decompositions:

kC = k
x
C
⊕ u⊕ σu,

k = kx ⊕ σ1(u),

kx = ks ⊕ (kx ∩ (ks)⊥).

(The subspaces in these decompositions are mutually orthogonal with respect to
the inner product 〈·, ·〉.)
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We have the vector space decompositions
[k

C
, e] = [kx

C
, e] + [u, e] + [σ(u), e]

= [kx
C
, e] + [r + ue, e] + [σ(r + ue), e]

= [kx
C
, e] + [r, e] + [σ(r), e] + [σ(ue), e].

(5.11)

Since [r, e] and [σ(r), e] are both subspaces of [σ1(r), e]+[σ2(r), e], and [σ1(ue), e] =
[σ(ue), e], we have

[k
C
, e] = [kx

C
, e] + [σ1(r), e] + [σ2(r), e] + [σ1(ue), e].(5.12)

Similarly, we have
[k, e] = [kx, e] + [σ1(r), e] + [σ1(ue), e]

= [ks ∩ (ks)⊥, e] + [σ1(r), e] + [σ1(ue), e].
(5.13)

It follows that [k
C
, e]�[k, e] ' [i(ks ∩ (ks)⊥), e] + [σ2(r), e] as Ks-modules. The

sum [i(ks∩ (ks)⊥), e]+ [σ2(r), e] is direct and isomorphic to VO(s) as a Ks-module.
This establishes (5.3), completing the proof of the proposition.

Remark 5.7. With notation as in Definitions 5.6, 3.3, and lines (3.1) and (3.2)
above,

dimR ikx ∩ (iks)⊥ = dimC m,

r ' Z as Ks-modules.

6. Proof of the main result

Our proof depends on an important theorem of Vergne [13]:

Theorem 6.1. If (Ω, O) is a Kostant-Sekiguchi pair, there is a K-equivariant
diffeomorphism VΩ : Ω→ O.

Since {x, e, f} is a KS-triple, K{x, e, f}
C

is stable under σ and θ. The same
holds for the subgroup S defined in (3.2). Therefore, there is a compact real form
SR of S that is contained in Ks.

Lemma 6.2. Let d0, d1, and d2 denote the maximum (real) dimension of a Ks-
orbit in the subspaces VO(s), ikx ∩ i(ks)⊥, and r respectively. Then

(1) d0 = d1 + d2,
(2) d2 = maxz∈r dim SR · z,
(3) maxe′∈O dimK · e′ = dimK − dimKs + d0.

Proof. (1) follows from the fact that we have a Ks-module decomposition: VO(s) =
ikx ∩ i(ks)⊥ ⊕ r. (3) is also clear.

Now suppose that y ∈ ikx∩i(ks)⊥, z ∈ r and dimKs ·(y+z) = d0. Then we must
have dimKs · y = d1 and dimKs · z = d2. So we may assume that (Ks)y = SR.
But then (Ks)y+z = SzR. If we rewrite the equality d0 = d1 + d2 as

dimKs − dim (Ks)y+z = dimKs − dim (Ks)y + dimKs − dim (Ks)z,(6.1)

that is,

dimKs − dim SzR = dimKs − dim SR + dimKs − dim (Ks)z,

we conclude that

dim SR − dim SzR = dimKs − dim (Ks)z .(6.2)

This last equation establishes (2) of the lemma.
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Remark 6.3. Assume the notation of the proof of Lemma 6.2. If 1 denotes the
identity in K, let ê denote the equivalence class [1, y + z] in K ×Ks VO(s). One
can check that dimK · ê = d0 + dimK − dimKs and K ê = SzR.

Theorem 6.4. If (Ω, O) is a Kostant-Sekiguchi pair, the following are equivalent:
(1) O = K

C
· e is spherical as a K

C
-variety;

(2) Ω is multiplicity free as a K-Hamiltonian space.

Proof. By Theorem 4.6, establishing that Ω is multiplicity free as a K-Hamiltonian
space depends only on the K-orbit structure of Ω. By Theorem 6.1, we can study
the K-orbit structure of O instead.

We start with a formula for the dimension of O:

dimRO = dimK − dimKs + dimC m + dim r.(6.3)

This follows from (5.2) and the fact that dimC m = dimR ikx∩ i(ks)⊥ (Remark 5.7).
From Lemma 6.2, the maximum dimension of a K-orbit in O is given by

max dimz∈OK · z = dimK − dimKs + dimCK
s

C
− dimC S + d2.(6.4)

It follows from (6.3) and (6.4) that the codimension of a K-orbit of maximum
dimension is

dimC m− (dimCK
s

C
− dimC S) + dim r− d2.(6.5)

By Theorem 5 in [9],

dimC m− (dimCK
s

C
− dimC S) = rank Kx

C
− rank S + 2cKx

C
(kx

C
/Ks

C
)

= rank K − rank SR + 2cKx
C

(Kx
C
/Ks

C
).

(6.6)

By Lemma 6.2, dim r−d2, the codimension of a generic Ks-orbit in r, equals the
codimension of a generic SR orbit in r. Since r and Z are isomorphic asKs-modules,
and hence as SR-modules, Proposition 4.7 and Corollary 4.9 imply that:

dim r− d2 = trdeg C[r]SR = trdeg C[Z × Z∗]S = 2cS(Z) + rS(Z).(6.7)

We now combine (6.5), (6.6), (6.7), and the fact that rS(Z) = rank SR− rank SR
z

(z as in (6.1)) to conclude that the codimension of a K-orbit in O of maximal
dimension is given by

rank K − rank SR + 2cKx
C

(Kx
C
/Ks

C
) + 2cS(Z) + rank SR − rank SR

z

= rank K − rank SR
z + 2cKx

C
(Kx

C
/Ks

C
) + 2cS(Z).

(6.8)

We now complete the proof of the theorem:
(1) =⇒ (2). If O is spherical, then Corollary 3.5 and equation (6.8) imply that

cKx
C

(Kx
C
/Ks

C
) = 0 and cS(Z) = 0. Thus, the codimension of a K-orbit of maximal

dimension in O and hence in Ω is equal to rank K − rank SR
z. (See Remark 6.3.)

So by Theorem 4.6, Ω is multiplicity free.
(2) =⇒ (1). If Ω is multiplicity free, the codimension of a K-orbit of maximal

dimension in O is equal to rank K − rank SR
z . So equation (6.8) implies that

cKx
C

(Kx
C
/Ks

C
) = 0 and cS(Z) = 0. By Corollary 3.5, one concludes that O is

spherical.

Corollary 6.5. Suppose g is a complex semisimple Lie algebra and O is a nilpo-
tent G-orbit. Then O is spherical for G if and only if O is multiplicity-free as a
Hamiltonian K-space.
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Corollary 6.5 is an immediate consequence of Theorem 6.4 because the Kostant-
Sekiguchi correspondence maps O to itself. The corollary provides us with many
examples of noncompact multiplicity-free spaces because the spherical nilpotent
orbits of complex semisimple Lie algebras have been classified by Panyushev and
McGovern.
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