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NONISOTROPIC STRONGLY SINGULAR
INTEGRAL OPERATORS

BASSAM SHAYYA

ABSTRACT. We consider a class of strongly singular integral operators which
include those studied by Wainger, and Fefferman and Stein, and extend the
results concerning the LP boundedness of these operators to the nonisotropic
setting. We also describe a geometric property of the underlying space which
helps us show that our results are sharp.

1. INTRODUCTION

Let 0 < a1 < ag, v = a1 + ag, and consider the one-parameter group {d:}:>0
of nonisotropic dilations on R? given by d; : (21, 22) — (t**x1,t%25). Following
Stein and Wainger [9], we define a function p : R? — [0,00) as follows. If z #
0, |6 1 x| as a function of ¢ is strictly decreasing and is therefore equal to 1 for
a unique value of ¢. Define p(z) to be this unique ¢. If z = 0, set p(z) = 0.
Then p is continuous, p(x + y) < C (p(x) + p(y)) for some C' > 0, and p(d:x) =
tp(z) for every ¢ > 0. This function p is often called a §;—homogeneous distance
function. The purpose of this paper is to study the L? boundedness of the singular
integral operator defined on the space C§°(R?) of infinitely differentiable functions
of compact support by

i/ p(w)?

(1) Tp(z) = lim

p(z —y)dy,
=0 J1>pw)ze PY)”

where a, 8 > 0. Using the generalized system of polar coordinates that one has in
this setting, it is easy to see that the function 1/p(y)® is integrable near the origin
if @ < v. So we assume « > v. Then a straightforward argument of integration by
parts shows us that the limit in (@) exists if 3 > o — v.

In the special case p(y) = |y| (a1 = a2 = 1), and in the setting of R™, it
was shown in Wainger [I0] that T extends to a bounded operator on LP(R™)
for [1/p —1/2] < ((n/2)B — a+n)/npB, and that T is not bounded on LP(R™)
if |1/p—1/2] > ((n/2)B — a+n) /nB. This was obtained by fully describing the
asymptotic behavior near oo of the Fourier transform of the kernel of T'. The
question of whether or not 7' remains bounded on LP(R™) when |1/p — 1/2| =
((n/2)B —a+mn)/nB (o > n) was answered positively in Fefferman and Stein [3]
using complex interpolation on Hardy spaces after proving the following theorem:
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Theorem A. Let L be an integrable function on R™ with L(z) = 0 for |x| > 1.
Assume there exists 6 € (0,1) such that

/ L(z —y) - L(x)| dz < B,
|x|>2|y|t ¢
for |yl <1, and

~ B

o< 2

2] gy
Then the transformation S(f) = L * f is bounded from H'(R™) to L'(R") with a
bound that depends on 8 and B but not on the L' norm of L.

The function defined by L.(z) = ei/‘”‘ﬁ/|m|” for e < |z| < 1, and Lc(z) =
0 otherwise, satisfies the hypothesis of Theorem [Al with ¢ = /(8 + 1) and B
independent of € (see [2], [3], and [10]). For further results in the radial case, we
refer the reader to [4], [5], and [6].

We are going to extend the above results to the nonisotropic setting. To extend
Theorem [A] we introduce another distance function ps which will better describe
the smoothness of the kernel of a nonisotropic strongly singular integral operator
and the decay of its Fourier transform. It will turn out that the balls associated
to p, and those associated to pg, are related by a geometric property which will
play an important role in studying the operator 7. Our main results on the LP
boundedness of T" are stated in the following theorem.

Theorem 1. Suppose > a —v > 0. For ¢ € C§°, define

et/ p(y)”

To(x) = lim ez — y)dy.
0 J1>p(y)>e p(y)™
Then:
(i) If « > v, then T extends to a bounded linear operator on LP(R?) for
‘1 1 < b—a+v .
p 2 26

If a = v, then T is bounded on LP(R?) for 1 < p < oo. On the other hand,
(i) if
1 1 —
11 Boatv
p 2 26
then T is not bounded on LP(R?).

If 2o € R2, and r > 0, we define a p-ball by B(xg,r) = {z € R?: p(z —z0) < r}.
A 1-atom is a function a € L°°(R?) supported in a p-ball B(zq,r) such that

(i) lal[ee <77, and

(ii) [ a(z)dx = 0.
Following Coifman and Weiss [I], we define H)(R?) as the set of all f € S’ that
can be represented in the form f = Eio W;a;, where each a; is a l-atom and
>oico il < co. Also, for f € H)(R?) we have [f ey = ind {370 [l = f =32 piai}.
Throughout this paper a constant is a positive real number that depends only on
«, B, a1, and ag. ¢ will always denote a constant which does not necessarily have
the same value every time it appears.
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3. THE LP INEQUALITY

We start this section by stating some further properties of the function p.

Proposition 1. (i) p(x) is infinitely differentiable in R? — 0. Also, for x # 0,

< Cp@) and | 22 ()

dp
() 3—$2

£
for some C > 0.
(i) If [o] > 1, then p(z)™ < |z] < pla)®.
(iii) If |z| < 1, then p(x)™ > |z| > p(x)®2.
(iv) If f € L*(R?) or f >0, then

< Cp(x)'~e

- flz)dz = /027T Q(0) [/000 (0, (cos b, sin 9))r”1dr] de

where Q) = a1 + (ag — ay)sin® 6.

Part (iv) describes the generalized polar coordinates mentioned above. For a
proof of Proposition [[] see [9].

For 3 > 0 we associate to p a function pg as follows. For ¢ > 0 and = € R,
define

Ye(x) =764 (y) = (t Py, 1 Pay),

and let pg be the distance function corresponding to the group {7:}+>0. The geo-
metric property, mentioned before, that relates pg—balls to p-balls will be described
in detail in the next section. For now let us note that

(2) p(x) < pp(z), if p(z) < 1.
We start by proving the following generalization of Theorem [Al

Theorem 2. Let Ky € L'(R?) with Ko(z) = 0 for p(z) > 1. Assume there exist
B >0 and a constant C' such that

/ Kol — y) — Ko(z)|dr < By
p(z)>Cps(y)

for p(y) <1, and
By
(1 + ps(8))°

Then the transformation To(f) = Ko * f is bounded from H/}ﬁ (R?%) to L*(R?) with
a bound that depends on 3, By and C but not on the L' norm of K.

|Koo)] <
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Proof. It suffices to show that || Ty(a)||r: < ¢ for each 1-atom a, with ¢ independent
of the L' norm of K and the choice of a. Let a be a 1-atom supported in a pg—ball
B = B(xq,r). Since Ty is translation invariant, we can take g = 0. Then Tp(a) is
supported in a pg—ball B(0,¢(1 + r)). By part (iv) of Proposition[I] the Lebesgue
measure |B(0,c(1 +7))| of B(0,c(1+ 7)) is < (1 +7)20+. So if r > 1,

[To(a)]| 1 o1+ 1) 2| To(a)| 2
e(1+7)7 2 Jall 2
(

1
Brv/2__ ~
c(l+7) T
c.

IAN N

IN

IN

Suppose 7 < 1 and consider the p-ball B* = B(0,Cr). Then

ITo(@) 2y = / / Ko(x — y)a(y)dy
R2—B*

L. | e =)= Kofe) atwy

dx

dx

< [laty |/ |Ko(z — ) — Ko(w)| dody
< / lay) Ko — ) — Ko(a)| dedy
p(z)>Cps(y)
< Bollallns
< ¢,
and
ITo@) 25y < 1B ITo(@)]2
< er|To@)2s
= e / B (6) 2a(6)2de
= o / Bo(©)Pa(e) e
pa(&)>1/r
+er / B (6)Pa(6)2de
pp(§)<1/r
< e [ e e P
pp(§)>1/r
+er |2 / pal€) P de
ps(§)<1/r
< o / a6 [2de
pa(§)>1/r
1/r
+cr”||a||%1/ 5 2Pt
0
1/r
< cr”+26||a||2L2+cr”/ s¥"lds
0

IA
o
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Hence || Ty(a)||r = ||To(a)||zr (=) + [|To(a)| L1 (r2e—p+) < c¢. This completes the
proof. O

For y # 0 define K(y) = ei/p(y)ﬁ/p(y)a, and set

_J Ky ife<ply) <1,
Kely) = { 0 otherwise
(0 < e <1). Now for f € LP(R?), 1 < p < oo, define T.f = K. x f. Then if
B>a—v>0and ¢ € C(R?), it follows that Tp(z) = lim._o Tep(x) for every
r € R2
Theorem 3. Suppose 3 >0 and 3> a—v >0. If|1/p—1/2| < (B—a+v)/(25)
(a>v)orl<p<oo (a=v), we have

ITefller < Apll v
for every f € LP. The constant A, is independent of e.

A standard limiting argument shows that part (i) of Theorem [lis an immediate
consequence of Theorem Bl Part (i) of Proposition [ tells us that

K
< ep(z) P72 and g—x;(x) < cp(z)~ o Paz,

0K,
N (x)
So, if @ = v, it can be easily checked that
/ |Kc(z —y) — Ke(x)| de < By,
p(z)>Cps(y)

uniformly in €. In the next theorem, we estimate the Fourier transform of K., and it
will turn out that if @ = v, then ’Ke(g)‘ < By (1+ ps(€))?. Theorem Ethen tells
us that T, is bounded from H,}ﬁ (R?) to L'(R?) with a bound that is independent

of €. So our next task is to estimate I/(i, and for this we need the following lemma
of van der Corput, which can be found in [8, pages 332-334].

< Ck)\_l/k

(3)

Proposition 2. Suppose ¢ is real-valued and smooth in (a,b), and that |¢¥) (x)| >
holds when:

A >0 for all z € (a,b). Then
b
/ @ dy
a
(i) k> 2, or

(ii) k =1 and ¢"(x) has at most one zero.
Also, ¢, = 5(2F) — 4.

Now if 0 < a < b, ¢ and ¢ are real-valued and smooth in (a,b), and |¢* (z)| >
A/z® (s > 0) (when k = 1 we also assume that ¢ (z) has at most one zero), then

/a " 0 (x)d = / " p(@)F (@),

where F(z) = [7e*®dt. By Proposition B, |F(z)| < cxA™ Y 2*/* for z € [a,b)],
and on integrating the above integral by parts it follows that

b b
/ ew(’”)w(x)da: < Ck)\_l/k [bs/k|¢(b)| +/ xs/klwl(mﬂdx] .

(4)

a a
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In particular, if s =0, then

b
(5) /awwww

a

< oA llw(b)l +/ Iw'(a?)ldxl :

Theorem 4. Suppose >0 and 3> a—v > 0. Then

K. 14+ |v
‘( w)(g)‘SB | |5*a+1/’
p() (L+ps(8))
—00 < v < +00. The constant B is independent of €.

Proof. If p’ is the distance function corresponding to the group {d;}s~0, where
Six = (tz1,192/%3y), then it is not hard to see that p(y) = p/(y)*/* and pg(y) =
péi/al (y)l/al for every y € R2. Therefore, we can assume a; = 1 (then v = 1+ ay >
2). If pg(§) is small, an easy argument of integration by parts shows that the
Fourier transform of K./p(.)® is bounded. So it suffices to prove the theorem for
large values of pg(€§). Furthermore, since p(x1,z2) = p(—x1,22) = p(—x1, —T2), it
is enough to look at & = (&1,&2) with &,& > 0. Write

(Z;:) (&) =1+ I,

where

K.(z)
I :/ _(a:) e dy
pa(@)<Cor(e) P(T)™

and

K.(z) |
I :/ i.)ezg'“’dx.
pa(@)>Cor(e) P(T)"

Co and A(€) are going to be chosen. For r > 0, set f(r) = £|6,£|. Then f'(r) > 0,
and it follows that the equation Sr—#~! = f(r) has a unique solution in (0, c).
Define A(§) to be this unique solution. An easy computation then shows that
A(1€) = (1/)A(€) for ¢ > 0, and that there exist constants C; and Cy such that
0 < Cp < A(§) < Oy whenever [§] = 1. So, writing § = v,, )¢’ with [§'] = 1, we
conclude that

(6)

In generalized polar coordinates,

A—A%mm

CoX(€) e—ivinr 8 . .
ez/r ezf-é,(cos@,smG)dr do.
. ,r.o(—l/—i-l
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Writing e?/™ = %(ei/’"ﬁ)’rﬁ‘|r1 and integrating the inner integral by parts, it follows
that

2w | pCoA(E) )
L < c)\(f)ﬁ’a+”+c(1+|v|)/ / e vimrpfroty=lpi®o(r) gy  dg
0 €

27
+C|€1|/
0

2
+C|€2|/
0

where ®q(r) = 777 + 7€ cosf + 1" 1&sinf. Since & < pg(ﬁ)m‘l and [&| <
pp(€)PTv=1 it follows by (B) that we can find a constant Cj small enough that
|®)(r)| > B/2r 1 for r € (0, CoA(€)] (uniformly in 6). Applying (@) to each of the
integrals on the right-hand side of the above inequality, we get

(7) L] < e (L [o]) A©)P~*.

Estimating I> takes more work. As we did for 1, we start by expressing the integral
in polar coordinates:

1 —ivinr 2
I, = / eailﬂrl ez/rﬁ |:/ Q(H)ezéér(cos0,sm€)d9:| dr.
Cox(e) ™ 0

Now using the observation that £-d,(cos,sin ) = |6,&| cos(6 — h(r)), where h(r) =
arctan(r’=2&,/€1), we get

1 e—ivlnr y 5 2m Jo.e] )
I :/ —e'" {/ Q0 + h(r))etlorsieos dH] dr.
Corge) TV 0

Note that h'(r) < ¢/r. By the method of stationary phase (as stated in [8] page
334]),

CoA(§) ) )
/ e In TT57Q+VTZ¢9(T)dT do

CoA(§) ) )
/ e~ In rrﬁ—a+2u—2r1<b9 (r)dr do
€

27
/ Q(9+h(r))eilérf\cos0d9
0

_ Q(h(r)) i|6r€] Q(h(r)) —i]6.€] —3/2
= w1 We + WQWe + O(|($r£| )
(w1 =27 e /4 and we = /27 e”/‘l). The bounds occurring in the error term in

the above equation are independent of r because all derivatives of Q(8 + h(r)) with
respect to @ are bounded uniformly in 7. Let o (r) = e~ Q(h(r))/|6,£| "/ 2ro—vH
and ¢p(r) = r=" +6,£| cosf. Then

1 1
I =uw / P(r)e' o dr + wy / P(r)e = Mdr + B,
CoA(§) CoA(§)

with |E| < Cfcl())\(g) |6,.€|73/2r~2+=1dr. Now, using the definition of \(£), one can
easily see that

1 e
®) 0.8 = ¢

for CoA(§) < r < 1. Therefore,
9) B| < cA(€)2Fot,

r
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It remains to estimate
1
I3 :/ Y(r)eo " dr
CoA(€)
and
1 .
I :/ w(r)el‘z’“(r)dr.
CoA(§)

But first let us notice that (&) tells us that if CoA(§) < r < 1, then

NE)TTE
pir) < e

and
AE)=
!/
Wl <e+Pl) 2 20mm
Now ¢, (r) = —pr=#=t — f(r), and since f(r) > 0, it follows that |¢. (r)| >

c/ANE)PT for r € [CoA(€),3M(€)/2]. Also, for 3A(€)/2 <r <1,

|6 (0] = Br=2 71+ £(r) = £(r) = F(AE)) = BAO 7.
Thus |¢. (r)] > ¢/A(€)PT! on [CoA(€), 1], and (@) then tells us that

< e [ [ o]
CoA(§)

(10) < e (L) A
For I3, we have
3X(€)/2 1
(11) I3 = / Y(r)ei®o " dr + / Y(r)e M dr = Iy + I.
CoA(é) 3X(€)/2
On [3A(£)/2,1],
oo(r) = —Br P+ f(r)
> —(2/3)MBAE) T + F(AE))
= —(2/3)7FBAE) T + BA(E) !
> O

and, as before, () tells us that
(12) [Is] < ¢ (14 Jol) A©)F7~+.
For CoA(&) < r < 3A(£)/2 we have
$o(r) = BB+ 1)r P72 4+ f'(r) = BB+ 1)r= 772 = ¢/A(€)7F2,

and applying (B) one more time, we get

|75

IN

. BA(©)/2
)= llw(A(é)ﬂ)l +/ [ ()] dr]

CoA(§)
(13) < e (T+o]) AP
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Combining (@), @), ([I0), (I2), and (I3), we have

—

Iﬂ; ¢ v B—a+v
(565 ) ©)] = 1+ 1 AP

and by (@),
K. e
( w)(é) < e (1+o]) ps(&)~7Fo.
p(.)
This completes the proof. O

We are now ready to prove Theorem [ We use interpolation of analytic families
of operators on parabolic Hardy spaces (see [I]).

Proof of Theorem[3 As we mentioned before, if « = v, then K, satisfies the hy-
pothesis of Theorem Blwith bounds independent of ¢, and it follows that T" extends
to a bounded linear operator on LP(R?) for 1 < p < co. Assume a > v. For
z=u+1iv € C, set

Ba=B-vei/p)’  if ¢ < <1
M) = PW e if e <ply) <1,
+() { 0 otherwise.

We consider the family {R,}o<u<1 of analytic operators defined on the domain of
simple functions by

R.f=M,xf.
Clearly, Rﬁngru =T..

If w =1, then Re[-f8z + 8 + v] = v, and M;, satisfies the hypothesis of
Theorem Rl with By = (1 + |v|)B; and Bj independent of €. Thus

(14) [Rrtivflloe < (U DAY fllaz s

and the constant A’ is independent of €. On the other hand, Theorem M tells us
that

|72(&)| < B+ o),
and it follows that
(15) [Rivfllz2 < (1+[0) A" £l 2
Now we interpolate between the inequalities in (I4) and (I3]) to conclude that
[Ruflle < Alu, p)[[ fllLr

whenever 0 < u < 1 and % = I*T“ + u. In particular,

ITefllr = [[Rozgre flle < Ap|l £l e

B

for % — % = B=2tv 1t follows that

28
ITefllr < ApllfllLv
B—a+tv

for 0 < ]—1) — % < 5 Finally, a duality argument shows the corresponding result
for 2 < p < 0.
This establishes Theorem Bl and consequently part (i) of Theorem [l [l
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4. THE SHARP RESULT

In the last section we showed that, if @« > v, T extends to a bounded linear
operator on LP for |1/p — 1/2| < (8 — a + v)/28. In this section we prove that
this result is sharp. This was the assertion of part (ii) of Theorem [[] and for
convenience, we restate it here as:

Theorem 5. Suppose T' extends to a bounded linear operator on LP, 1 < p < oo.
Then
(16) ‘1 _ l‘ < B-atv
p 2 26

At this point, outlining the argument that is going to be used in the proof of
Theorem Bl will help in understanding some of the details that will follow. We are
going to consider an appropriate ¢ € C§°(R?) supported in a small neighborhood U
of the origin. The goal is, of course, to find a lower bound for ||T¢||L». To achieve
this, we examine |Tp(z)| at those z’s such that /P’ does not oscillate rapidly
for y near x. For example, suppose that e’/ P®)” does not oscillate rapidly for y €
B(0,b)—B(0,a), where 0 < a < b <1 (B(0,a) and B(0,b) are p-balls). Forx € E C
B(0,b)—B(0,a)let U, = {y € R? : z—y € U} = support of ¢ translated by z. To
gain the best possible lower bound for |T'¢(z)|, U, should lie entirely in B(0,b) —
B(0,a). Moreover, to gain a satisfactory lower bound for || T¢||r», U, should cover
most of B(0,b) — B(0,a) as x varies in E. For all of this to occur, pg(y — ), rather
than p(y — x), should be small for y € U,. This geometric property is the subject
of the next lemma.

Lemma 1. Let 0 < e < a < b and 2¢1P < b® — a%' . Suppose
(a‘“ + e“1+ﬁ)1/al < p(z) < (b‘“ — e‘“*ﬁ)l/al
and pg(x —y) <e. Then a < p(y) <b.

Proof. Since pg(x—1y) < €, we have |y1 (z—y)| < 1. It follows that |01 (z —y)| < €7,
and since a/e > 1, we get

a\ e
¢ 2oy = |pra@—y| = (2)" @),

or

Ea1+ﬁ
(17) 61 (0 —y)| < —
Similarly,

Ea1+ﬁ
(18) o —y)| < T

1/a1

Now, since (a“l + 6“”‘6) < pz) < (b“l — e“”‘ﬁ) 1/(“, we have

(19) 1) 1 X 1)

<1<
(b“1_<“1+ﬁ)1/“1 -

(au.l +€a11+5)1/a1

The second inequality in (I9) tells us that

1<1d

1 xr e
e L TR

I+ SZar—
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Therefore,
€a1+ﬁ
(20) 6 x‘ > 1+
Similarly,
1
1>19 1 x| > 7 |01 x’,
(ba1_€a1+ﬁ)1/a1 1— 6;1 b
so that
€a1+ﬁ
(21) 5%4 <1-—

Now () and (20) tell us that

entf it
(hy}:é;m—é;(x—y)‘zl—i— - =1.
a a a a1 a1l
Also, by (I8) and 1)),
entp entp
%y‘z%(y—x)—i—é;m‘_ o 1- o =1
Hence a < p(y) < b. O

Next we construct subintervals Ij, of (0,1] such that e?/ P does not oscillate
rapidly when p(y)** € Ij.

Lemma 2. There exist two positive numbers Ay and By, with By < A(l)/ﬁ <1,
such that whenever 0 < € < By and 1 < k < Age™? (k an integer), the following
hold.

(i) dentP <

1 1 1
(2rk—m/3)*1/% — (2rk+n/3)01/8 and € < (2rk+m/3)1/7

(ii) Let
1 1
L= m+8 - La1+p
k [(27rk+7r/3)“1/5 T Gk —ay3yms €
and
1 1
T = _ La1+p aitp|
g [(27r(k+1)—7r/3)“1/5 S e ey PV A

Also, let k' be “the k” such that k' < Age P < k' +1. Then 2Aaa1/5e“1 < 7ma/B
and

k'—1
Lo U | | e Udi) | D[4y @/ Pen 7mmlf],
k=1

(iii) |Jxk| < C|Igs1| for some constant C that only depends on a; and 3.

Proof. Set
B
a1+pB
4o = Min ﬁ,(ialzﬁﬁ)
66(3m) 7

By = Min [(%)l/al(z‘lo)l/ﬁ7 ((Z)m/8 — (%)al/ﬁ)ﬁ} .

and

T
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a1+B

(i) Let f(z) = 2=/% (z > 0). Then f'(z) = —(a1/B)x~ # . For k> 1,

1 1
27k — 7 /3) /8 (2mk + w/3)a1/B

f@2nk —x/3)— f(2rk +7/3)
— (230 0)

271'(11 1
3ﬁ talg»ﬁ )

where 27k — 7/3 < t < 2wk + 7/3 < 3wk. Thus,

1 1 S 2maq 1
Gk = nf3y 77 Gkt 3 S

So for 1 < k < Age?, we have

1 1

4em P < - .
‘ 2k —7/3) /8 (2nk + 1/3)01/B

Also, since Ay < 1/(4n),

1
- AlP __ 11 1 .
= kY T (Am)YB VB T 2wk + m/3)1/B

(ii) By our choice of Ay and By, we have

(22) l/ar At /Be < 771/8 and Gy — € > T

The second inequality in (22)) tells us that 7-%/# € I, U [Ul,z:ll (I U Ji)]. Now

ok’ — g > Ak > K 4+ 1> Age P,

so that
1 1
A—(ll/ﬁ a1 > _ ar‘rﬂ.
0 ‘ (2nk! — mw/3)/B = (2nk! — 7w /3)01/B ¢

Thus,

k' —1

Lo U | | e Udi) | D[4y @/ Pemn 7mm /9],
k=1

(iii) Let a = 2wk + 7/3 and d = 27/3. Then
[ Ti| + [ Iis1] = fla) — fla+3d) = (=3d)f'(s1),
where a < s1 < a + 3d. On the other hand,

[Tii1| +2¢ ™7 = fla+2d) — f(a+3d) = (—d)f'(s2)
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with a + 2d < sy < a+ 3d < 2a < 2s1. Then

[Tiv1| + | k]

Hence

This completes the proof.

IA

IN

3da; , 1 @140

B s
3da1(£i 2%;é

B S92

a1+8 da1 1
3277 )—(—
)
32757 ) ([ Tjga| + 2¢m+9)

a1+B

60277 ) k41l

a1+8
B

|Jk] < Cllk41]-

4905

O

Proof of Theorem Al If o = v, the right-hand side of (8] is 1/2 and there is nothing
to prove. So we may assume « > v. Moreover, since T is translation invariant, it
is enough to prove the theorem for 1 < p < 2. Let Ag, Bo, Ik, Jk, k, k', and € be
as in Lemma 21 Fix ¢ € C§° such that 0 < ¢ <1, p(z) =1 for pg(z) < 1/2, and

p(x) =0 for pg(x) > 1. Define

Then

Pe(r) = o(71/eT).

(23) / |pe(@)Pda = Ape* "

for some A, > 0.

Suppose p(x)* € I, and pg(r — y) < e. Then Lemma [I], together with part (i)

of Lemma Pl tell us that

1

(2nk + 7w /3)1/8 s ply) s (2nk — w/3)1/B°

or

(24) 21k — /3 <

Now by @), p(z — y) < e. Also by part (i) of Lemma2, ¢ < p(z). Thus,

1
—— < 27wk +m/3.
p(y)? /

(25) p(y) < C(p(z —y) + p(z)) < (e + p(x)) < 2Cp(z).
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Choose € such that 0 < € < e. (24) and (Z3) tell us that if p(x)** € Ij, then

et/ p(w)? cos(1/p(y)?
[ ety = |[ U oy
12p)ze PY) 1>p(y)>e’ p(y)
1/ 1
> = pe(z —y)dy
2 Jos(a—yy<e PY)*
C
> — ee(r —y)dy
p(x)* /pﬁ(x—y)ée

= / Pe(y)dy

p(x)™
c
= Ayt
ploy
Hence, if p(z)™ € I,
i/p(y)? 1
e
To(x)| = lim / — o —y)dy| > ce?PTr—— |
| ( )| ¢—0 1>p(y)>€’ p(y)a ( ) p x)(y
Then
[redapas = Y [ reopds
L /(@) LEl
S dx

e P(28+0) / .
zk: px)mer, P(@)*P

Changing fp(z)ale 1, (1/p(x)°P) dz into polar coordinates, and making a simple
change of variables, we get

/ d—x > c/ L
p(z)e1ely p(x)oP — I r(ap—az)/ar’

Now, using the fact that |Jx| < C|Ix+1| (part (iii) of Lemma ), we have

dr
P p(26+v)
/|T<)OE(J/‘)| dl‘ 2 ce zk:/jk T(apfaz)/lll

il dr " dr
p(28+v) =
ce ; /Ik rop—anjar T ; /Jk (ap—az)/ax

Y

et | __dr__
I UlUE S (1,0 T3)] r(ap—az)/a

Using part (ii) of Lemma 2 we get

d
/ T ()P > o e @+) / -

A1/ P ean rlap—az)/a1

Y

7—a1/B

By the assumptions made on « and p at the beginning of the proof, ap—v+1 > 1.
Hence

/|Ts06(x)|”dx > P24 r—ap

Now, since T is bounded on LP,

A0 = lpc||hy = e[| Toe|f, = ce?@PHeror,
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Letting € — 0, it follows that
p(2B+v)+v—ap>26+v,

or
p(20 —a+v) > 20.
Therefore,
1 1 _f-atv
p 27 28
This completes the proof of the theorem. O
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