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UNIFORM AND LIPSCHITZ HOMOTOPY CLASSES OF MAPS

SOL SCHWARTZMAN

Abstract. If X is a compact connected polyhedron, we associate with each
uniform homotopy class of uniformly continuous mappings from the real line
R into X an element of H1(X,U/U0), where U is the space of uniformly con-
tinuous functions from R to R and U0 is the subspace of bounded uniformly
continuous functions. This map from uniform homotopy classes of functions
to H1(X,U/U0) is surjective. If X is the n-dimensional torus, it is bijective,
while if X is a compact orientable surface of genus > 1, it is not injective.

In higher dimensions we have to consider smooth Lipschitz homotopy classes
of smooth Lipschitz maps from suitable Riemannian manifolds P to compact
smooth manifolds X. With each such Lipschitz homotopy class we associate
an element of Hn(X,B+/B+

0 ), where n is the dimension of P, B is the space

of bounded continuous functions from the positive real axis to R, and B+
0 is

the set of all f ∈ B+ such that limt→∞ f(t) = 0.

1. Introduction

In what followsX will denote a compact connected polyhedron, R will be the real
line equipped with its usual metric and I will denote the closed unit interval. We will
put the metric ρ on R× I by defining ρ((t1, s1), (t2, s2)) to equal |t1− t2|+ |s1−s2.|
Because there is a unique uniformity on X , the statement that a function from R
to X or a function from R × I to X is uniformly continuous has an unambiguous
meaning.

Definition. If f1 and f2 are two uniformly continuous functions from R to X , we
will say that f1 and f2 are uniformly homotopic provided there exists a uniformly
continuous map H from R× I to X such that

H(t, 0) = f1(t) and H(t, 1) = f2(t).

It is clear that the relation of being uniformly homotopic is an equivalence relation
on the collection of uniformly continuous functions from R to X.

Now we will denote the additive group of uniformly continuous functions from R
to R by U and we will denote the subgroup of U consisting of bounded uniformly
continuous functions by U0.

We are going to associate with each uniform homotopy class of functions from R
to X an element of H1(X,U/U0) and we will prove that this map from uniform ho-
motopy classes of functions to H1(X,U/U0) is surjective. If X is the n-dimensional
torus, we will see that this map is bijective. On the other hand, if X is a compact
orientable surface of genus greater than one, the map is not injective.
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For any uniformly continuous function from R to X we will refer to the element
of H1(X,U/U0) associated with f̃ as the uniform homology class of f.

We can identify H1(X,U/U0) with Hom(H1(X,Z), U/U0).
Recalling that H1(X,Z) is a finitely generated free abelian group, let e1, · · · , ek

be an integral basis for H1(X,Z) and for 1 ≤ i ≤ k, let ei be the element of
Hom(H1(X,Z), U/U0) such that ei(ej) = δji ᾱ, where ᾱ is the equivalence class in
U/U0 associated with the identity map α of R onto itself. Now suppose that f is a
Bohr almost periodic function from R to X. We will show that there exist constants
λ1, · · · , λk such that the uniform homology class associated with f equals∑

λiei.

Next we want to develop a connection with homology analogous to that above for
homotopy classes of maps from a higher-dimensional space P into a compact space
X. In order to make progress, it turns out that we must assume that P is a certain
special kind of oriented Riemannian manifold and that X is a compact smooth
manifold. We will only consider smooth maps (and smooth homotopy classes of
smooth maps) that satisfy a Lipschitz condition. (Note that if ρ1 and ρ2 are the
distance functions on X associated with two different Riemannian metrics, there
exist positive constants k and k′ such that for all

(x, y) ∈ X ×X, kρ1(x, y) ≤ ρ2(x, y) ≤ k′ρ1(x, y).

Consequently, once we have specified a Riemannian metric on P , the statement
that a map f from P to X satisfies a Lipschitz condition has an unambiguous
meaning. If we put the usual Riemannian metric on the unit interval I and then
the product Riemannian metric on P × I, the same is true for maps from P × I to
X.

We will show that the relation of existence of a smooth Lipschitz homotopy
between smooth Lipschitz maps of P to X is an equivalence relation. We will then
associate with each smooth Lipschitz homotopy class of maps from P to X an
element of Hn(X,B+/B+

0 ).
Here n is the dimension of P,B+ is the vector space of continuous bounded real

valued functions on the positive real axis, and B+
0 is the subspace of functions in

B+ that approach zero as we go to infinity.
We note that while it is conceivable that every smooth manifold possesses a

smooth Riemannian metric satisfying the special condition that we are going to
impose on P , it does not seem to be known if this is the case or not.

2. The One-Dimensional Case

In what follows X will be a compact connected polyhedron. Let C(X) be the
multiplicative group of continuous complex-valued functions on X of absolute value
one and let R(X) be the subgroup of C(X) consisting of all functions that can be
written in the form exp(2πiγ(x)) where γ is a continuous real-valued function on
X .

It is well known that C(X)/R(X) can be identified with H1(X,Z).
Suppose that f is a uniformly continuous function from the real line R into X.

We are going to associate with f an element of Hom(C(X)/R(X), U/U0) and we
will show that this element depends only on the uniform homotopy class f to which
f belongs.
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Let φ be any element of C(X). Then there exists an h ∈ U such that

φ(f(t)) = exp(2πih(t)).

Since h is determined up to an additive constant, φ determines an element of U/U0.
If ψ(x) = exp(2πia(x))φ(x), then ψ(f(t)) = exp 2πi(a(f(t))+h(t)); so ψ determines
the same element of U/U0 as φ. Thus, given f we get a map of C(X)/R(X) into
U/U0 which is easily seen to be a homomorphism.

Suppose now that H(t, s) is a uniformly continuous function from R× I into X
such that H(t, 0) = f(t) and H(t, 1) = g(t). For any φ ∈ C(X), φ(H(t, s)) is uni-
formly continuous. Because R×I is contractible, there exists a continuous function
h(t, s) such that φ(H(t, s)) = exp 2πih(t, s). Since φ(H(t, s)) is uniformly continu-
ous, so is h(t, s). It follows that h(t, 1)− h(t, 0) is a bounded uniformly continuous
function. Therefore g determines the same element of Hom (C(X)/R(X), U/U0)
as f. Since C(X)/R(X) can be identified with H1(X,Z) and H1(X,Z) is finitely
generated, we can identify Hom (C(X)/R(X), U/U0) with H1(X,U/U0). Thus, as
promised, we have associated with each uniform homotopy class of uniformly con-
tinuous functions from R to X an element of H1(X,U/U0).

Since C(X)/R(X) is a finitely generated free abelian group, we can get a finite
set φ1, · · · , φk of elements of C(X) such that the corresponding equivalence classes
φ̄1, · · · , φ̄k form an integral basis for C(X)/R(X). Choosing a base point p ∈ X ,
we can select functions x1, · · · , xk from I to X such that

1. for each i, xi(0) = xi(1) = p;
2. if for each pair (i, j), φi(xj(t)) = exp(2πihi,j(t)), then

hi,j(1)− hi,j(0) = δi,j .

In other words, the closed curves on X determined by the xi(t) yield an integral
basis for Hom(C(X)/R(X), R) = H1(X,R) dual to φ̄1, · · · , φ̄k.

Now suppose λ ∈ Hom(C(X)/R(X), U/U0).
We want to construct a uniformly continuous function f from R to X such that

the element of Hom (C(X)/R(X), U/U0) determined by f is λ. We need only make
certain that this element applied to each φ̄i yields λ(φ̄i).

Choose u1, · · · , uk in U such that λ(φ̄i) = ūi, where ūi is the element of U/U0

determined by ui. For any real number α, let [α] denote the largest integer less than
or equal to α and let Ni,n = [ui(n)]− [ui(n− 1)].

Because the ui are finite in number and uniformly continuous, the set of all
integers of the form Ni,n is bounded.

For each integer n, let An =
∑
|Ni,n| and divide the interval [n − 1, n] into An

equal subintervals. If N1,n is greater than or equal to zero, define f on the first
|N1,n| subintervals of [n−1, n] so that on each of these subintervals it is a translate
of x1(Ant), where t ranges over the interval [0, 1/An]. If N1,n is less than zero,
define f on each of these subintervals to be a translate of x1(An(1 − t)). Do the
same thing on the next |N2,n| subintervals using x2(t) and so on. In this way we
get a function from [n− 1, n] to X for each integer n, and thus we get a function f
sending all of R into X. Because {An} is a bounded sequence, f will be uniformly
continuous on R.

We can see that φi(f(t))) = exp 2πihi(t), where for n ≥ 1, hi(n) =
∑n

1 ([ui(k)]−
[ui(k − 1)]) = [ui(n)]− [ui(0)].

Thus for each i, ui(n)− hi(n) is a bounded function of the integer n for n ≥ 1.
It easily follows that this is a bounded function of n for all integers n.
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Because hi(t) and ui(t) are all uniformly continuous, we can find an integer r so
that if |t1− t2| < 1/r, then |hi(t1)−hi(t2)| and |ui(t1)−ui(t2)| are less than 1. For
any t,

|hi(t)− ui(t) ≤ |hi(t)− hi([t])|+ |hi([t])− ui([t])| + |ui([t])− ui(t)|.
It follows that |hi(t)− ui(t)| is less than 2r+ |hi([t])−ui([t])| so that |hi(t)− ui(t)|
is bounded. Therefore, the element of Hom(C(X)/R(X), U/U0) determined by f
is λ.

Thus our map from uniform homotopy classes of functions from R into X to the
corresponding uniform homology classes is surjective.

We next want to show that if X is the n-dimensional torus T n, our map into
uniform homology classes is not only surjective but injective. We will represent T n

as the set of all n-tuplets (z1, · · · , zn) of complex numbers of absolute value one.
We will denote by Π the map of Rn onto T n sending (x1, · · · , xn) to (z1, · · · , zn)
where zi = exp 2πixi.

Suppose that f and g are two uniformly continuous maps of R into T n. Then we
can find uniformly continuous maps (a1(t), · · · , an(t)) and (b1(t), · · · , bn(t)) of R
into Rn such that f(t) = (exp 2πia1(t), · · · , exp 2πian(t)) and g(t) = (exp 2πib1(t),
· · · , exp 2πibn(t)).

If f and g determine the same element of H1(Tn, U/U0), for each i we must have
that ai(t)− bi(t) is a bounded function. Let H be the map of R× I into T n defined
by

H(t, s) = ( exp(2πi(a1(t) + s(b1(t)− a1(t)))),

· · · , exp(2πi(an(t) + s(bn(t)− an(t))))).

Then H(t, s) is uniformly continuous and H(t, 0) = f(t) while H(t, 1) = g(t).
Therefore f and g belong to the same uniform homotopy class. Thus we have
shown that our map into uniform homology classes is injective.

Next we return to the situation in which X is an arbitrary compact connected
polyhedron. Suppose that f is a Bohr almost periodic function from R into X.
If φ ∈ C(X), then φ(f(t)) is a Bohr almost periodic function of absolute value
one. If we write such a function in the form exp 2πih(t), it is well known [1]
that there exists a constant λ and a Bohr almost periodic function a(t) such that
h(t) = λt+a(t).However, since a(t) is Bohr almost periodic, it is bounded. It follows
that if e1, · · · , ek are as described in the introduction (so that ei(ej) = δi,jᾱ), then
there exist constants λ1, · · · , λk such that the element of Hom(H1(X,Z), U/U0)
determined by f is λ1e1 + · · ·+ λkek.

Suppose that f is periodic of period one, so that it determines a closed curve
in X and therefore an element of H1(X,R). If α1, · · · , αk is the integral basis of
H1(X,R) dual to e1, · · · , ek, then there exist integers n1, · · · , nk such that this
element of H1(X,R) equals n1α1 + · · · + nkαk. It is easy to see that the element
of Hom(C(X)/R(X), U/U0) determined by f is n1e1 + · · · + nkek. It follows that
if f and g are two continuous functions of period one from R to X , then f and
g determine the same element of Hom(H1(X,Z), U/U0) if and only if the closed
curves determined by f and g yield the same element of H1(X,R).

Now suppose that X is a compact Riemannian manifold of everywhere negative
sectional curvature. It is well known that each free homotopy class of closed curves
(other than that of a constant curve) on such a manifold contains exactly one closed
geodesic.
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Suppose that f and g are continuous functions of period one from R to X
yielding closed geodesics. It is shown in [7] that if these geodesics are distinct, then
f and g cannot be uniformly homotopic. Thus two nonconjugate elements of the
fundamental group of X give rise to distinct uniform homotopy classes of uniformly
continuous maps fromR to X. Since it is possible for two such elements to determine
the same element of H1(X,R), we see that our map to uniform homology classes
need not be injective. In particular, since every compact orientable surface of genus
greater than one admits a Riemannian metric of constant negative curvature, when
X is one of these surfaces, the map from uniform homotopy classes of maps to
uniform homology classes will not be injective.

Finally, we want to describe the connection between asymptotic cycles as consid-
ered in [6] and uniform homology classes. To begin we need to construct a canonical
homomorphism from U/U0 to B/B0, where B is the vector space of bounded con-
tinuous functions on R and B0 is the subspace of B consisting of those functions f
for which lim|t|→∞ f(t) = 0.

Suppose that u ∈ U. Since there exists an ε > 0 such that |t1 − t2| < ε implies
that |u(t1)− u(t2)| < 1, it follows that lim sup|t|→∞ |

u(t)
t | is finite.

If u(t)/t made sense when t = 0, we would associate with u the function u(t)/t.
To get around the difficulty at t = 0, we notice that if we take two bounded

open intervals O1 and O2 containing zero on R, then if v1 and v2 agree with u(t)/t
outside O1 and O2, respectively, then v1 − v2 must certainly approach zero at in-
finity. Thus we associate with u a unique element of B/B0. Moreover, if u ∈ U0,
the element of B/B0 we get is the zero element. Thus we get our desired homo-
morphism from U/U0 to B/B0. Composing elements of Hom(C(X)/R(X), U/U0)
with this homomorphism, we get a homomorphism from Hom(C(X)/R(X), U/U0)
to Hom(C(X)/R(X), B/B0).

Now suppose that f is a uniformly continuous function from R to X and let
λ be the element of Hom(C(X)/R(X), B/B0) associated with f. For each φ ∈
C(X)/R(X) choose a b ∈ B such that λ(φ̄) = b̄. We are going to assume that
the particular f that we are considering is such that for each φ, limt→∞ b(t) exists.
Clearly this limit depends only on φ since for b ∈ B0 we have limt→∞ b(t) =
0. Thus for an f of the type we are considering we get a map of C(X)/R(X)
into R by sending φ into limt→∞ b(t). Thus we associate with f an element of
Hom(C(X)/R(X), R), which we will denote by A(f).

If we have a continuous flow on X and p ∈ X, then in [6] we stated what it
meant for p to be quasi-regular and we associated with each quasi-regular point
p an element Ap of Hom(C(X)/R(X), R) which we called the asymptotic cycle
associated with p. A comparison of the definitions given in [6] with our present
discussion shows that Ap = A(f), where f(t) = tp.

3. The Higher-Dimensional Case

If M and X are smooth Riemannian manifolds and ρ and d, respectively, are the
associated distance functions on M and X, we will say that a smooth map from M
to X satisfies a Lipschitz condition provided there exists a constant K such that
for all (p1, p2) ∈M ×M , we have d(f(p1), f(p2)) ≤ Kρ(p1, p2).

As noted in the introduction, if X is compact, then given the Riemannian metric
on M , the question of whether f satisfies a Lipschitz condition or not has the same
answer regardless of the particular Riemannian metric we place on X.
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Suppose P is a complete Riemannian manifold and X is compact. Put the usual
Riemannian metric on the closed unit interval I and put the product Riemannian
metric on P × I.

We will say that two smooth Lipschitz maps f1 and f2 from P to X are Lipschitz
homotopic provided there exist a smooth Lipschitz map H from P × I to X such
that

H(p, 0) = f1(p) and H(p, 1) = f2(p).

It is not immediately evident that the relation of being Lipschitz homotopic
between smooth Lipschitz maps is an equivalence relation, since when we string
together two Lipschitz homotopies (the first from f1 to f2 and the second from f2

to f3) it is not necessarily true that the resulting homotopy is smooth. However,
this difficulty is overcome by the following

Lemma. If H1(p, s) is a smooth Lipschitz homotopy from f1 to f2, then there exists
another such Lipschitz homotopy H2(p, s) from f1 to f2 such that for 0 ≤ s ≤ 1

3 ,
H2(p, s) = f1(p) and for 2

3 ≤ s ≤ 1, H2(p, s) = f2(p).

Proof. There exists a smooth increasing function γ from I to I such that for

0 ≤ r ≤ 1
3 , γ(r) = 0 and for 2

3 ≤ r ≤ 1, γ(r) = 1.

If we let H2(p, s) = H1(p, γ(s)), then H2(p, s) gives us the desired Lipschitz
homotopy.

For compact smooth manifolds X and suitable pairs (P, p) where p ∈ P , we are
going to associate with each Lipschitz homotopy class of maps from P to X an
element of Hn(X,B+/B+

0 ), where n is the dimension of P. Here B+ is the vector
space of bounded continuous real-valued functions on the positive real axis and B+

0

is the subspace consisting of all f ∈ B+ such that limt→∞ f(t) = 0.
Of course we have to say what constitutes a suitable pair (P, p). First of all, P will

be assumed to be a smooth complete oriented Riemannian manifold. For fixed p ∈
P , we will let Bp(r) denote the set of points q ∈ P such that ρ(p, q) ≤ r. If it were le-
gitimate, the condition we would like to impose on p is that limr→∞Ap(r)/VolBp(r)
= 0, where Ap(r) would be defined to be the (n − 1)-dimensional volume of the
boundary of Bp(r). Since the boundary of Bp(r) is not necessarily an (n − 1)-
dimensional manifold, we cannot really do this. However, in [3] it is proved that
for positive real numbers lying outside a certain countable set S,Bp(r) is what is
called a standard manifold in [8]. This does not mean that Bp(r) is a manifold
with boundary. However, it does imply that there exists a set Np(r) ⊆ Bp(r) of
(n− 1)-dimensional Hausdorff measure zero such that the complement of Np(r) is
a smooth manifold with boundary. Moreover, if ω is a smooth (n − 1)-form on P ,
then

∫
Bp
dω equals the integral of ω over the complement of Np(r) in the boundary

of Bp(r).
We will let Ap(r) (for r /∈ S) be the (n−1)-dimensional volume of the complement

of Np(r) in the boundary of Bp(r).

Definition. We will say that (P, p) is a Plante pair provided that for any sequence
{rn} of positive real numbers outside S, limr→∞Ap(rn)/VolBp(rn) = 0.

In this situation, we will call P a Plante manifold and we will refer to p as a
central point of P. It is plausible to conjecture that every point of a Plante manifold
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is a central point, but so far as the author knows it is not known if this is true or
not.

We note that a condition similar to that in our definition was imposed by Plante
in [4] in connection with leaves of a foliation.

Suppose next that f is a smooth map from the Riemannian manifold M to the
Riemannian manifold X such that d(f(p1), f(p2)) < Kρ(p1, p2) for all (p1, p2) ∈
M ×M.

We are going to need the following

Lemma. If v is any homogeneous s-vector at the point q ∈M, then ‖f?v‖ ≤ Ks‖v‖.
(We need only consider the case ‖v‖ = 1.)

Proof. For s = 1 the proof is trivial. To prove the inequality for s > 1, we first
introduce smooth coordinates (x1, · · · , xn) about q in M such that (0, · · · , 0) cor-
responds to q and at (0, · · · , 0) the Riemannian metric gij equals δij . We also intro-
duce smooth coordinates (y1, · · · , ym) about f(q) such that (0, · · · , 0) corresponds
to f(q) and the Riemannian metric hij from X equals δij at (0, · · · , 0).

If v is a homogeneous s-vector, it can be represented as the exterior product of
s one-vectors that are mutually perpendicular; so v = λ1 ∧ · · · ∧ λs.

Then f?v = f?(λ1) ∧ · · · ∧ f?(λs).
We can assume that the coordinates (x1, · · · , xn) that we chose about q were such

that λ1, · · · , λs are the unit tangent vectors corresponding to the first s coordinates
x1, · · · , xs and that the coordinates we chose about f(q) were such that unit tangent
vectors corresponding to the first s coordinates y1, · · · , ys were such that the linear
space they span contains each of the vectors f?λi.

Let e1, · · · , es be the unit tangent vectors at f(q) in X corresponding to the
coordinates y1, · · · , ys.

Let f?λi =
∑
ajiej . Then ‖f?λ1 ∧ · · · ∧ f?λs‖ = | det(aji )|.

But a theorem of Hadamard [2, p. 1018] asserts that for any matrix (aij),

| det(aij)| ≤
s∏
i=1

(
s∑
j=1

|aij |2)
1
2 .

But in our present case, (
∑
|aij |2)

1
2 = ‖f?λj‖ ≤ K and so ‖f?v‖ ≤ Ks.

This proves our lemma.

Suppose next that (P, p) is a Plante pair, that X is a smooth compact Riemann-
ian manifold, and that f is a smooth Lipschitz map of P into X with Lipschitz
constant K. Let {ri} be a sequence of positive real numbers outside the set S de-
scribed previously such that lim ri =∞. Let N(ri) be the set of (n−1)-dimensional
Hausdorff measure zero that we previously introduced. By an abuse of notation,
we are going to denote the complement of Np(ri) in the boundary of Bp(ri) by
∂Bp(ri).

Lemma. If ω is a smooth (n− 1)-form on X, then

lim
i→∞

∫
Bp(ri)

d(f?ω)/V olBp(ri) = 0.

Proof. We know that ∫
Bp(ri)

d(f?ω) =
∫
∂Bp(ri)

f?ω.
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The oriented (n − 1)-dimensional manifold ∂Bp(ri) has on it an (n − 1)-form αi
whose integral over any region yields the (n−1)-dimensional volume of that region.
On ∂Bp(ri) there exists a continuous function hi such that on ∂Bp(ri), (Ji)?(f?ω) =
hiαi where Ji is the inclusion map of ∂Bp(ri) into P.

Let Vi be the field of n−1 vectors on ∂Bp(ri) dual to αi. Since the space of n−1
vectors at a point on ∂Bp(ri) is one-dimensional, Vi is unambiguously defined. We
know that

‖(f?((Ji)?Vi)‖ ≤ Kn−1‖(Ji)?Vi‖.
The interior product of f?ω with (Ji)?Vi equals the interior product of ω with

f?((Ji)?Vi). The absolute value of this is less than or equal to

Kn−1‖(Ji)?Vi‖ sup
X
‖ω‖.

Since X is compact, supX ‖ω‖ is finite. Moreover, ‖(Ji)?Vi‖ = 1. Thus there exists
a single constant C such that the interior product of hiαi with Vi is less than or
equal to C. But this just says that |hi| ≤ C for all i.

Therefore, |
∫
∂Bp(πi)

f?ω| is less than or equal to C times Ap(ri), where Ap(ri)
is the (n − 1)-dimensional volume of ∂Bp(ri). Since limAp(ri)/VolBp(ri) = 0, it
follows that

lim
i→∞

∫
Bp(ri)

d(f?ω)/VolBp(ri) = 0.

Lemma.

lim
r→∞

∫
Bp(r)

f?(dω)/VolBp(r) = 0.

Proof. We need only show that for an arbitrary sequence of real numbers {ri} such
that lim ri =∞, it is true that

lim
i→∞

∫
Bp(ri)

d(f?ω)/VolBp(ri) = 0.

However, since S is countable and both VolBp(r) and
∫
Bp(r) d(f?ω) depend con-

tinuously on r, whatever sequence {ri} we start with, we can get a sequence {r′i} of
numbers outside S such that the difference between

∫
Bp(ri)

d(f?ω)/VolBp(ri) and∫
Bp(r′i)

d(f?ω)/VolBp(r′i) approaches zero as i goes to infinity. Thus our lemma is
proved.

Next, in the situation considered above, let ν be a closed n-form on X. By an
argument similar to that given above, we can show that |

∫
Bp(r) f

?ν/VolBp(r)|
is less than or equal to Kn supX ‖v‖. Thus

∫
Bp(r)

f?ν/VolBp(r) belongs to the
space B+ of bounded continuous real-valued functions on the positive real axis.
By the previous lemma, if ν is a coboundary, this element of B+ belongs to the
subspace B+

0 consisting of functions in B+ that approach zero at infinity. Thus
given a smooth Lipschitz map from a Plante pair (P, p) into X , we get an element
of Hom(Hn(X), B+/B+

0 ), where here Hn(X) denotes the nth De Rham cohomology
group of X.

Since this can be identified with Hn(X,B+/B+
0 ), it just remains to show that

this element of Hom(Hn(X), B+/B+
0 ) depends only on the Lipschitz homotopy

class of f and not on f itself.
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Suppose that (P, p) is a Plante pair, X is a smooth compact Riemannian man-
ifold, and H is a smooth Lipschitz function from P × I to X. If f1(p) = H(p, 0)
and f2(p) = H(p, 1), we have to prove that the elements of Hom(Hn(X), B+/B+

0 )
determined by f1 and f2 are the same. (Here n of course is the dimension of P.)

By Stoke’s theorem, if ν is a closed smooth n-form on X, the difference be-
tween

∫
Bp(r)

f?1 (ν) and
∫
Bp(r)

f?2 (ν) equals the integral of H?(ν) over the Cartesian
product of ∂Bp(r) with I (provided r does not belong to the countable set S).

We need only show that the absolute value of this integral divided by Vol(Bp(r))
approaches zero as r goes to infinity to get the result we want. However, the
absolute value of this integral is less than or equal to Kn sup ‖ν‖ times the (n− 1)-
dimensional volume of ∂Bp(r), which we have denoted by Ap(r). By the definition
of a Plante pair,

lim
r→∞

Ap(r)/VolBp(r) = 0.

Thus we have finally associated with each Lipschitz homotopy class of maps from
P to X an element of H(X,B+/B+

0 ).
If we take P to be the real line with its usual Riemannian metric and p to be

0, (P, p) is a Plante pair. The present treatment associates with each Lipschitz
homotopy class of maps from this P to X an element of H1(X,B+/B+

0 ). However,
each Lipschitz homotopy class of maps from this P to X determines a uniform
homotopy class of maps from this P to X.

In our treatment of the one-dimensional case, we associated with such a uniform
homotopy class an element of H1(X,B/B0). The coefficient homomorphism from
B/B0 to B+/B+

0 induced by the homomorphism from B to B+ that assigns to each
f ∈ B the element of B+ whose value at any x is 1

2 (f(x) + f(−x)) induces a map
of H1(X,B/B0) to H1(X,B+/B+

0 ) sending our homology class into the correct
element of H1(X,B+/B+

0 ).
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