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FOURIER EXPANSION OF EISENSTEIN SERIES ON THE
HILBERT MODULAR GROUP AND HILBERT CLASS FIELDS

CLAUS MAZANTI SORENSEN

ABSTRACT. In this paper we consider the Eisenstein series for the Hilbert mod-
ular group of a general number field. We compute the Fourier expansion at
each cusp explicitly. The Fourier coefficients are given in terms of completed
partial Hecke L-series, and from their functional equations, we get the func-
tional equation for the Eisenstein vector. That is, we identify the scattering
matrix. When we compute the determinant of the scattering matrix in the
principal case, the Dedekind &-function of the Hilbert class field shows up. A
proof in the imaginary quadratic case was given in Efrat and Sarnak, and for
totally real fields with class number one a proof was given in Efrat.

1. INTRODUCTION

Let us consider the group G = SL(2,R). It acts transitively on the upper half-
plane
X=Hy={z=z+iyecC:y >0}
by linear fractional transformations. Thus for a g € G and a z € X, we have
az+b

a b
gz_cz—l—d Whereg—<c d)eG.

The stabilizer at the point z =i is SO(2), and hence there is a homeomorphism
Hy ~ SL(2,R)/SO(2).

We equip Hs with the Poincaré metric, so as to get a Riemannian manifold:

B dz? + dy?

= 7?;2 )

Then G acts by isometries. The associated G-invariant measure on Hs is given by
dxdy
Y2
The theory of automorphic forms emerged from the study of functions on Hs that

are invariant/automorphic under some discrete subgroup of G = SL(2,R). The
first such that comes to mind is the full elliptic modular group

I'=SL(2,Z) = {7— <CC‘ Z) ta,b,c,d € 7 and ad—bc—l}.

ds(z)?

dp(z) =
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The group I' is not too small to be of interest. Any fundamental domain has finite
measure. A concrete fundamental domain for I' is the famous
F={z€Hy: -1 <Re(z) < +3 and [z| > 1}.

By the Gauss-Bonnet theorem, p(F') = 7/3. As one can see, F' is not compact. It
has a geodesic ray that stretches out to co. This is called a cusp. The fact that
there is only one such cusp is, in fact, equivalent to the fundamental theorem of
arithmetic pertaining to unique factorization of integers. The space of automorphic
functions that we are interested in is

L?*(T'\ X) = square integrable I'automorphic functions.

From the metric ds(z) on Ha, we have a corresponding invariant Laplacian

0? 02
2=7 (5 5p).

It acts on a dense subspace of L?(I'\X) and admits a unique positive selfadjoint
extension L = —A. This differential operator has a continuous spectrum, and in
order to determine it completely one introduces the Eisenstein series

E(z,s)= Y. y(12),
YED\T
absolutely convergent for Re(s) > 1. This is not square integrable, but it defines a
T'-automorphic generalized eigenfunction for L:
LE(z,s) = s(1 — s)E(z,s).

Now, s(1 — s) is a nonnegative real number if and only if either s is real and
0 < s < 1orRe(s) =1/2. Therefore, we need to show that E(z, s) has meromorphic
continuation to this region. In our case, where I' = SL(2,7Z), this continuation is
accomplished by the Fourier expansion of E(z,s). Clearly, for each y > 0, the
Eisenstein series is invariant under z — x + 1 and hence has a Fourier expansion

E(z,5) =Y aiy; s)e’™"".
IEZ
Using LE(z, s) = s(1—5)E(z, s), we find that the a;(y; s) satisfy the Bessel equation
s(1—s
@' (y;s) = {47T212 - %} ar(y; ).

When [ = 0, the space of solutions is spanned by y® and y'~*. Therefore, by looking
at the leading term of E(z, s), we find that for some ®(s),

ao(y; s) = y* + @(s)y'~*.
This ®(s) is called the scattering matrix/coefficient. When [ # 0, the Bessel equa-
tion has two independent solutions, one that increases asymptotically as e27I!¥
as y—oo, and one that decays as e 2"l as y—oo. Only the decaying solution

can appear in a;(y; s) by the polynomial growth of the Eisenstein series. This is
VUK s—1/2(27|l|y), where K4(y) is Macdonald’s Bessel function

1 [~ 1 1) .dt
k)= [eo{-per et

defined for y > 0 and all s € C. Therefore, when [ # 0 for some a;(s), we have
ai(y; s) = ai(8)VyKs—1/2(27[l]y).
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Using the integral representations of a;(y; s) as Fourier coeflicients, one can justify
the above, and find ®(s) and a;(s) explicitly. One gets

£(2s—1)
B(s) = 2
©= o)
where £(s) = 77%/%T'(s/2)((s) is the completed Riemann zeta function. It satisfies
the functional equation

§(1—s) =&(s)-
Therefore, ®(s) satisfies ®(s)®(1 — s) = 1. One also finds the expression for a;(s):

s—1/2

w(s) = AT o1
£(2s)
where o,(l) = 32, d* is the sum of divisor functions. Using that {(s) has ana-
lytic continuation, we can now use the Fourier expansion to continue E(z,s) to
a meromorphic function on the whole s-plane. Furthermore, using the easy facts
that K,(y) and |I|=*/204(l) are both invariant under s — —s, we find that E(z,s)
satisfies a functional equation

E(z,8) = ®(s)E(z,1 — s).

In this paper, we generalize the above to an arbitrary number field K. Let r; be
the number of real places and let 7y be the number of complex places. There is an
associated symmetric space
X = H3' x H3?,

on which G = SL(2,R)™ x SL(2,C)™ acts transitively. We consider SL(2,0) as
a discrete cofinite irreducible subgroup I' of isometries, by applying the complex
embeddings of K. This is the Hilbert modular group. The action of G extends to
an action on

P =P'(R)™ x P}(C)™
The cusps are, by definition, the parabolic fixpoints in P. One can easily check that
these are exactly the image of the natural map P*(K) — P. There are only finitely
many inequivalent cusps. In fact, there is a canonical bijection
IM\{cusps} ~ Cl,

denoted by k — C,. For each cusp k € P we have an FEisenstein series. To define
them we choose a matrix o € SL(2, K) C G such that coo = k and

o T 0= {(g ulil) cu€eO0* and b e aQ} ,

for some integral ideal a € C. Also, we fix an ordered basis for O*. Then for each
m € Z¥, where v = tk O*, we have a character

Xom : (]R*)m % ((C*)TQ N Sl
that is trivial on O*. Hence it defines a character on the group of principal ideals.

Now, for z € X, s € C, m € Z" and a Grdssencharakter y modulo m = O extending
Xm, the Eisenstein series E,(z,s,m X) is defined as

NKQ
Ex(z,8,m,x) = / Z Hym vz)°
~yel \I'i=1
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where s; = s;(s,m) are given explicitly from the basis for O*. The definition is
independent of the choice of 0. The Eisenstein series converges absolutely for Re(s)
sufficiently large. We want to study the asymptotics of E.(z,s,m,x) as z — &'
We do this by choosing a ¢’ as above and look at E.(c'z,s,m, x) as 2 — oo. Only
the dependence of y = (y1,...,yn) € R is important, since z = (21,... ,2,) €
R™ x C" is bounded within a fundamental domain. Thus we fix a y € R’}, and
look at E(0'z,s,m,x) as a function of z € R™ x C"2. Since Eisenstein series are
automorphic, we find that it is b’-periodic where b’ = a/~2. Hence it has a Fourier
expansion

’ 2 : Kok 2mi Tr lz
En(g Z757m7X) = al (y,s,m,x)e K/Q( )7
leb’*

where b = {l € K : Trg/q(lb") C Z} is the dual module and

Trg/g(x) = Z T; + Z 2Re(x;)

i<ry i>ry

for = (x1,... ,2,) € R™ x C". The Fourier coefficients are given by

U/Z, s,m, X)€727”TrK/@(lx)d(E,

’ 27"2
a”" (y,8,m,x) = ——————— B,
s x) NK/@<b')\/|D|/Fb, (

where Fys is a fundamental mesh for the lattice, D is the discriminant of K, and
dz is the usual Lebesgue measure on R™ x C™2. We use this notation, keeping in
mind that a?’”/ (y,s,m,x) depends on the choice of a scaling matrix ¢’. In this
paper we compute these. To state the results, we introduce some notation. Let us
recall the definition of the partial Hecke L-series L(s,x,C), where x : =S is a
Grossencharakter modulo m = O extending x,,, and C € Cl is an ideal class:

. _ x(a)
L(s,x,C) = ; P

integral

The series is absolutely convergent for Re(s) > 1, and uniformly in Re(s) > 1+ ¢
for every € > 0. Thus L(s, x,C) defines an analytic function for Re(s) > 1. We
define the completed partial L-series by

A(2s,x, C) = 22+t ton) (a) =4 | D° {H F(Si)} L(2s,x,C),
i=1

where s; = s;(s,m). It is shown in [5] that A(s, x,C) has a meromorphic continu-
ation to the whole complex plane, and a functional equation

A(S, X C) = X(D)A(l - S, X? C/)a

where CC’ = [0] is the class of the different 9. Recall that by definition, 9! = O*.
We put an order on the set of cusps and arrange the A(s, x, C-'C,/) in a matrix

A(Sa X) = {A(57X7 Cglcﬁ’)}'
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Then the constant term a'g’”/ (y,8,m,x) is the k’-th entry of the column vector

’ /NK/Q(a/)S
ag (y,s,m,x) = e" @) (TRRERE Th

x(a') ' - s
+ W@K (s;m,x)y; ™ - yr21 o,

where ®"' (s, m, x) is the &/-th column of
®(s,m, x) = A(2s,x)T"A(2s — 1, 0P,

where [P denotes the permutation matrix corresponding to inversion on Cl. For

nonzero | € b, the Fourier coefficient af’”’(y, s,m,x) is the x'-th entry of the
column vector

/ x(a') '
ai (y,s,m,x) = W@? (s,m, )V Y1 Y2 Ko 1/2(y, 1, m),

where
K’ —9dN (01)3—1/2 (l —1A(2 )—1 K ( Z)
a; (SamaX) K/Q Xm/2 ) Sy X O1-25(X51t)-

Here 0% (x, 1) is a column vector whose entries are analogous to the sum of divisor
functions, and K(y,l,m) is a product of Macdonald’s Bessel functions

Ks(y,l,m) = Ko, 2n[1D]y1) - K, (4|1 |y).

This gives us the analytic continuation of the Eisenstein series. In addition, from
the functional equation for partial L-series, we get that

G(Z, SamaX) = @(Samax)€(2:7 1- S, _m7>2)7

where €(z,s,m, x) is the Eisenstein vector with entries E(z,s,m,x). Therefore,
®(s,m, x) is the scattering matrix for the Hilbert modular group. If we conjugate
it by the character table of Cl, we get a permuted diagonal matrix. Then it is easy
to see that

A(2s,9) 7
where 1) varies over all Grossencharakters modulo m = O extending ., and sign(Cl)

denotes the sign of the inversion map on Cl. For m = 0 we use class field theory
and the Artin factorization formula to see that

det ®(s,m, x) = sign(Cl) H
¥

£H (28 — 1)
€u(2s)
where £ (s) is the Dedekind ¢-function of the Hilbert class field H. In particular,

det ®(1/2,0, x) = —sign(Cl).

det ®(s,0, x) = sign(Cl)

We also compute the trace of ®(s,0,x). It is given by

A2s— 1,9 ®x)
tr¢(87m7 X) = Z )
Fron A@sY@x)

where 1 varies over all real characters of Cl. For s = 1/2, we see that

tr®(1/2,0,x) = h[2] — 2,
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using the analytic properties of A(s,%) at s = 0, the orthogonality relations for
C1/CI? and the result of Hecke that [o] € CI?.

2. THE HILBERT MODULAR GROUP AND ITS CUSPS

Let us recall a few basic facts about hyperbolic 2-space Hy and hyperbolic 3-
space Hs. We always think of Hy as the upper half-plane of C. Points of Hy are
denoted by z = x + iy, and we equip Hs with the Poincaré metric

B dz? + dy?
y o
The group SL(2,R) acts transitively on Hs by linear fractional transformations,

and these are isometries. The isotropy group at i is SO(2), and we obtain a home-
omorphism

ds(z)?

Hy =~ SL(2,R)/SO(2).
From the metric on Hy we obtain a measure that is invariant under the action of
SL(2,R). It is given by
dxdy
y?
Similarly, we always think of Hs as the upper half-space C x (0,00) inside the

quaternions. Points of H3 are denoted by z = = + jy, and we put the following
metric on Hs:

du(z) =

2 2
ds(z)? = d|x|+dy

Yy
The group SL(2,C) acts transitively on Hs by linear fractional transformations,
and these are isometries. The isotropy group at j is SU(2), and we obtain a home-
omorphism

Hs ~ SL(2,C)/SU(2).
As before, we obtain a measure du(z) on Hjs that is invariant under the action of
SL(2,C). It is given by
dxd
y3
where dx is the usual Lebesgue measure on C. In this paper, we consider the space
X = HJ' x H?.

Points of X are denoted by z = (z1,...,2,), where n = 11 + ro. As a product
of Riemannian manifolds, the space X has a metric ds(z)? and a corresponding
measure du(z). The group

dp(z) =

)

G =SL(2,R)™ x SL(2,C)™
acts transitively on X by isometries. The isotropy group at the point (i,...,7) is
the maximal compact subgroup SO(2)" xSU(2)"2, and we obtain a homeomorphism

between X and the quotient of G by this subgroup. Throughout this paper we fix
a number field K with r; real primes and o complex primes. Hence the degree is

d=(K:Q)=ry+2r.

The infinite primes are represented by a certain set of embeddings K — C that
we also fix. In addition, we put a total order on this set, such that the first r;
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embeddings represent the real primes and the remaining r5 embeddings represent
the complex primes. If a € K, we denote by a() the i’-th embedding of a. We may
list the embeddings representing the infinite primes:

aV, . o alm) gt o g

) 9

r1 real ro complex
where n is the number of infinite primes of K. We let O denote the ring of integers
in K. Using the embeddings, we may identify SL(2,O) with its image I' C G under
the injective homomorphism SL(2, K) < G defined by

a b a®  p® a®™  p®)
e d) 7 L g )l g ) -
The image I' C G is called the Hilbert modular group associated to the field K. One

can show that I" is a discrete, cofinite and irreducible subgroup of G. To explain
the notion of irreducibility, we recall the notion of commensurable groups:

Definition 2.1. Two subgroups I' C G and IV C G are said to be strictly com-
mensurable if the intersection I' NI has finite index in both T' and I. They are
said to be commensurable if IV is strictly commensurable to gI'g~! for some g € G.

Commensurability and strict commensurability define equivalence relations on
the set of subgroups of G. That I is irreducible then means that it is not commen-
surable to a direct product I'y x I'y, where I'y C G; and I's C G5 are discrete, G
and Gy are nontrivial and G = G; x G3. Conversely, in [7] it is shown that any
discrete cofinite irreducible subgroup of G is commensurable to a Hilbert modular
group when n > 1. There is a natural left action of G on

P =PY(R)™ x P}(C)".

The cusps of I" are, by definition, the parabolic fixpoints in PP. It is easy to see that
the set of cusps is exactly the image of the map P!(K) — P. The group I' acts on
the set of cusps, and in fact there are only finitely many inequivalent cusps. Indeed,
this number is equal to the ideal class number h.

Proposition 2.2. The number of inequivalent cusps for T is equal to h.

Proof. As we have noted, the set of cusps is the image of the map P*(K) — P. We
thus have a bijection

SL(2,0)\P*(K) ~ T'\{cusps}.
We are going to establish a bijection between SL(2,0)\P!(K) and the ideal class
group Cl: Each (a : b) € P}(K) is mapped to the class of the nonzero fractional
ideal aO + bO. It is easy to see that this map factors and gives a surjective map

SL(2,0)\P'(K) — CI.

To prove that this is injective, look at (a : b) € P}(K) and (a’ : V') € P}(K) with
a0 + b0 = a’O + b0 in Cl. We may assume that aO + b0 = a’O + 'O = a. Then
we can find ¢,d € a=! and ¢/, d’ € a~! such that

/ /

a c a ¢
o= (b d) € SL(2,K) and ¢’ = (b’ d’) € SL(2, K).
Now we have the following:

(a0 =d'(1,0)" = 'o7(a,b)7,
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and by multiplication, we see that o’c~! has entries in O and determinant 1. O

The proof gives us a canonical bijection I'\{cusps} ~ Cl mapping the class of
(a : b) € PY(K) to the ideal class of aO + bO. We will denote by C, the ideal
class associated to the cusp x. The following proposition says that we may move
an arbitrary cusp x to oo such that the isotropy groups I';, and ', are almost
conjugate. In many cases, this allows us to consider only the cusp oo.

Proposition 2.3. Let k € P be a cusp. Then there exists a 0 € SL(2,K) C G
such that coo = Kk and

o 1T,0 = {<g u91> cu€O0* and b€ a2} ,

for some integral ideal a € Cy. If & is another such matrixz and a is the correspond-
ing ideal, then & has the form

_ a *
g=0 0 a—l ’

where a is a generator of the principal ideal a='a.

Proof. Write k = (a : b) where a,b € O and put a = aO + bO. There exists
c¢,d € a~! such that

o= <Z fl) €SL(2,K).

Clearly coco = k. To prove the statement about o~ 'I'.o, consider first a v € T',.

Then
o tyo = u b
Yo = 0 u—l )
for some u € K* and V' € K. By looking at the trace, we conclude that u € O*:

ut+ul=tryeO=uu'cO=uecO*.

By computing the upper right entry of 0~ !v0, it is straightforward to verify that
b’ € a=2. Conversely, let u € O* and b’ € a~2. Again, by doing the multiplications,
it is straightforward to see that

fixes K, has entries in O and determinant 1. Thus

/
o ' To = {<g ub_l) cu €O and b € a_2} :

It is also clear that the ideal class of a is the class C associated to k. This proves
the existence. Now suppose & is another matrix with the desired properties and let
a be the corresponding ideal. Then

_ fa V
0g=0 0 afl )

for some a € K* and b’ € K. If we use this to express 6 'T',& as a conjugate of
o7l .0, we find that a=2a% C (a)?. Doing this the other way around, we find that
a~2a? D (a)?. By unique factorization, we have a~'a = (a). O
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Any such matrix o as in the proposition is called a scaling matrix for the cusp
k. The integral ideal a is uniquely determined by o. Indeed, it is easy to see that
a is the ideal generated by the last row of o~!'. We will denote the ideal a=2 by b.

3. EISENSTEIN SERIES

In this section we will introduce the Eisenstein series on I' essentially as in [1].
Let us begin by considering the cusp oco. For z € X, we should look at the series

n
> Ivivar,
YED\INi=1

for complex parameters s;. However, for this to be well-defined, the s; should satisfy
some condition. Let us explore this further. What we need is that each term should
depend only on the class of v in T',o\I'. This happens if and only if

JuM)2se .|y (™)]2on = 1,

for all w € O*. This is sufficient to check on some basis u1,... ,u, for O*, where
we have introduced the notation

v=1tkO* =r{+r9o—1=n—1.
We fix this basis for O* (and its ordering). Then the condition we need is that

log |u(11)| log |u§")| 51
1og|ul(,1)| 1og|ul(,n)| Sn

Hence, consider fixed s € C and m € Z¥. Then we want to solve the equation

log |u§1)| log |u§n)| 5 Timy
togut)| g lul? | o ] T | i
1 1 ds

There is a unique solution. Indeed, the matrix in the equation is invertible as
follows from

Lemma 3.1. Let A = {a;;} be an nxn matriz with real entries such that Z?:l aij

=0 for all i # n. Then det(A) does not change if the last row is replaced by any
row with the same coordinate sum.

Proof. Let B be the new matrix with the replaced row. We claim that det(B) =
det(A); so look at the difference:
det(4) — det(B) = 3 (—1)™ (a; — byj) det(Ang) = det(C),
j=1
where C is a matrix where all rows have coodinate sum 0. Thus the columns are
not independent and hence C' is singular. O

We can apply the lemma to the above matrix with the last ro columns multiplied
by 2. We replace the last row by (0,...,0,d). Then it is easy to see that the
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determinant of the above matrix is £27"2dR where R is the regulator of K. Thus
we may define real numbers e;; as follows:

@, .. (n)
o e 1y (sl toglud?)
emt o en 2/d log|1ul, | - log|u(n)|
The computation of e;, deserves an argument: Let v = (e1n,... ,enn)’ be the last
column. Clearly it is orthogonal to the vectors
= (log[u"],... . log|u{™ )7,
where ¢ = 1,... ,v. However, we have just seen that vi,...,v, are independent.
Clearly, Span{vi, ... ,v,} is contained in the complement of (1,...,2)”. Looking at
dimensions we see that Span{v1,...,v,} in fact is the complement of (1,...,2)T.
Thus v is a multiple of (1,...,2)T, and since (v,(1,...,1)T) = 1, we have v =

1/d(1,...,2)T. With this notation, the solution to the above equation is given by

v
si = si(s,m) = s+ mi{m,e;) =s+ Wiijeij
j=1

when i < r, where e; is the i'-th row of the left n x v block of {e;;}. When ¢ > r,
we must replace s by 2s. Thus the Eisenstein series should have parameters z € X,
s € C, m € Z" and be given as

Z ﬁyi('yz)s"', where s; = s;(s,m).

YET L \INi=1

When we consider an arbitrary cusp &, the Eisenstein series should be

n
Z Hyi(a_l'yz)s"', where s; = s;(s,m),

~yel\I'i=1

and o is a scaling matrix for x. This still makes sense as a series. However, the
series should not depend on the choice of o. If & is another scaling matrix for s,
we have seen that it has the form

- a *
0d=0 0 afl )

where a is a generator of the principal ideal a~'a. Then (formally at least)

Z Hyza ’YZ 29 Z Hyza ’)/Z

~ET,\Ti=1 NK/Q ~ET,\T i=1

where we have introduced the character ., : (R*)™ x (C*)"2 — C! by
n
X1,y an) = [ fasf 72mlmed
i=1

This is trivial on O*, and hence we may consider Y,, as a character on the group
of principal ideals P. We may extend this character (in h ways) to a character
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x : I — S'. This is a Grossencharakter modulo m = O. No matter what extension
we choose, we have the equality

D D I (LR SRR L D | PICES)

el N\ =1 el N\ =1

Thus we are led to the following definition of the Eisenstein series.

Definition 3.2. Let kK € P be a cusp. For z € X, s € C, m € Z" and a
Grossencharakter y modulo m = O extending x,,, the Eisenstein series Ej(z, s,
m,x) is defined as follows. Choose a scaling matrix o for x with ideal a, and put
s; = si(s,m). Then

Nk/q(a)
Ei(z,8,m,x —_— yi(o™ 'yz
<l )= @ Z\H 1

where 7 runs through a complete set of inequivalent coset representatives of T',;\T.

This definition is slightly different from the one in [I]. Note that E.(z,s,m,X)
depend on the ordered basis for O* that we have chosen. If we choose another
ordered basis uf,...,ul, and define y/,, and the Eisenstein series E/ (z,s,m,X) as
above, then it is easy to see that there exists A € GL,(Z) such that x}, = xam
and E!(z,s,m,x) = E.(z,s,Am,x) for any x extending x/,. It is also straight-
forward to verify that if k and &’ are equivalent cusps, then E./(z,s,m,x) =
E.(z,8,m,x). By the same arguments as in [[1], one can show that the Eisenstein
series E,(z,s,m,x) converges absolutely for Re(s) >> 0 uniformly on compact
subsets. The F(z, s, m,x) have meromorphic continuation to all s € C and they
satisfy a functional equation as follows: Choose a complete set of inequivalent cusps,
put an order on them and arrange them in a column vector

QE(Z, 87m7X) = {E,{(Z, S, m?X)}

Then one can show that there exists a matrix ®(s, m, x) with meromorphic entries
such that

G(Z, SamaX) = ‘I)(Sam7X)€(27 1- S, _m7>2)

In fact, we shall derive this from the corresponding properties of partial Hecke
L-series. The matrix ®(s,m,x) is called the scattering matrix (or Eisenstein ma-
trix), and it plays a fundamental role in the spectral theory of automorphic forms.
From the functional equation, it follows immediately that ®(s,m, x) itself satisfies
a functional equation:

O(s,m, x)®(1 —s,—m, x) = Ip.

Later we identify the entries of ®(s,m,x) in the constant terms of the Fourier
expansions of the Eisenstein series.

4. NORMALIZATION OF THE EISENSTEIN SERIES

As a function of z € X, the Eisenstein series E,(z, s, m, x) is a I'-automorphic
smooth eigenfunction of the Laplacians in each coordinate. For ¢ < ry, these are

given by
0? 0?
%= (37 + o)

3
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while for ¢ > r1, they are given by
0? 0? 0
Ay (LN, 9
i i (89@8@ 8@/12 Yi Oy
They are clearly invariant. A general theorem says that a diffeomorphism of a
Riemannian manifold is an isometry if and only if it leaves the Laplace operator
invariant. They are the fundamental operators in the terminology of [6]. We want
to study the asymptotics of E,(z,s,m,x) as z — &’ within a fundamental domain.
We do this by choosing a scaling matrix ¢’ for «’, and look at F.(c'z,s,m,X)
as z — 00. Only the dependence of y = (y1,...,yn) € R is important, since
= (x1,...,%,) € R™ x C™ is bounded within a fundamental domain. Thus we
fix a y € R, and look at E.(0'z,s,m,X) as a function of 2 € R™ x C™. Since
Eisenstein series are automorphic, we find that it is b’-periodic where b’ is the ideal
of o’ thought of as a complete lattice in R™ x C™2. Hence it has a Fourier expansion

fz‘,,i((j'/z,’7 S, m, X) = af,n/(y, s.m, X)@QwiTrK/Q(lgc)7
lEb/*
where b =t € &8 ¢ lrg C Z} is the dual module an
here b’ = {l € K : Trgc/q(Ib’) C Z} is the dual module and
Trjg(e) = Y @i+ > 2Re(;)

i<ry i>7

for x = (x1,... ,x,) € R™ x C™. The Fourier coeflicients are given by

U/Z, s,m, X)€727”TrK/@(lx)d(E,

’ 27"2
a" (y,8,m,x) = ———————— E,
) = A B

where Fy: is a fundamental mesh for the lattice, D is the discriminant of K and
dz is the usual Lebesgue measure on R™ x C"2. We use this notation, keeping in

mind that af’”/(y, s,m, x) depends on the choice of a scaling matrix

I /
o = (‘g 2) €SL(2,K)C G

for x’. The main result of this paper is the computation of the Fourier coefficients
above.

Lemma 4.1. Let o be a scaling matrix for k with ideal a. Then

Nigjo(a)* "
/ _ 2
En(O’ Z7S7m7X) = X(a) (CZD:)X £[1 |C’(1)2;z + D(i)|237:

(Cd'—Db ,Cc'—Da’)=a

where (C, D)* denotes O™ -equivalence.

Proof. Note that the group ¢~ 'I'.o acts on the set 0~ 'T'¢’, and we can write

’ NK/Q(a)QS = si
EH(U Z7S7m7X): T Z Hyz(’yz) .
X yEoc—1T,o\oc~1T'g’ i=1
The map that associates the last row to a v € 0~ 1T'0’ factors and gives a bijection
Pairs (C,D) of C,D € K
} j0*.

o ' T.o\o0 T’ ~ {st. (A4,B,C,D) € o~ 'To’
for some A, B € K
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Thus, we may write

Ni/q(a)®
/ —
E.(0'z,s,m,x) = (@ C% H Lct, + D(z)|29, .

(A,B,C,D)co™'T'o’

Now, from the section on the cusps we know that

A B
C D

since a is the ideal generated by the last row of o 1. O

JA, B : ( ) €o T’ & (Cd — DV,C0c — Dd') = a,

Let us briefly recall the definition of the partial L-series L(s,x,C), where x :
I—S" is a Grossencharakter modulo m = O extending X, and C' € Cl is an ideal
class:

. _ x(a)
L( 7Xac)* ; NK/Q(a)S.

integral

The series is absolutely convergent for Re(s) > 1, and uniformly in Re(s) > 1+ ¢
for every € > 0. Thus L(s, x,C) defines an analytic function for Re(s) > 1. We
define the completed partial L-series by

A(2s,x, C) = 2ret(sittsn) (9r)=ds| p| {HF S } (2s,x,C),

where s; = s;(s,m). It is shown in [5] that A(s, x,C) has a meromorphic continu-
ation to the whole complex plane, and a functional equation

A(S ch) = ( )A(l - S X?C,)a

where CC” = [0], is the class of the different 0. Recall that, by definition, 9! = O*.
We fix a complete set of inequivalent cusps, put an order on it and arrange the
partial L-series in an h x h matrix as follows:

]L(S, X) = {L(S, X C/q_lcn’)}'
We also fix scaling matrices for each of the cusps, and put
E(Z’ S’ m’ X) = {EH(O-IZ’ s’ m? X)}'
We always assume that oo is in our set of inequivalent cusps, and that the fixed

scaling matrix there is 1. Then we have the following analogue of Proposition 2.5
in [2]:

Lemma 4.2. Let o be a scaling matrix for k with ideal a. Then

_ Ngjo(a)*®
e O e ) H [ e+ o

O;é(Cd’—Db/,Cc/—Da/)Cu

where (C, D)* denotes O™ -equivalence.
Proof. The right-hand side is equal to

Nk /q(a)?
WZ Z H|C(z+D( |25L'

alq (C,D)*
(Cd'—Db ,Cc’—Da')=q
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We divide the first sum into ideal classes and obtain

NK/@
Z Z Z H |C(z)z +D(z)|29,’

k" alg (C,D)*
qe€Cpn (Cd'be’,Cc’fDa’):q

where x” runs through the complete set of inequivalent cusps. Writing q as q =
a”(0), where 6 € a”’la, we find that this equals

N i i

K/@ Z > > o poE

K (0)70 (C,D)* i [CW 2 4 DO 2
0€a’"ta (Cd'—DV ,Cc'—Da')=a" ()

Changing variables C' — C/6 and D — D/0, we get
NK/Q Z > 3 12[ Yo
N -1 |CWz; + DO |25
=

K (0)7&0 K/Q (C,D)X
0ca”"ta (Cd' =DV ,C¢'—Da')=a"

Using the lemma above, and the fact that a=!a” () runs through all integral ideals
in the class O 1Cy as 9 € a”~'a, we see that this is equal to the left-hand side. [

As we see from Lemma 4.1, the Eisenstein series can be written as

NK/@
E.(z,s,m,x) = (@ Z H o +Dz)|28L.
(c,D)y* i=1
(C,D)=a

We define the normalized Eisenstein series to be

) Ni/g(a)®
En(z,s,maX) = (@) Z H |C(z)z _|_l)(z)|2g1 .
(c,py* =1

0#(C,D)Ca

From Lemma 4.2, it follows that
E*(z,s,m, x) = L(2s, x)E(z, s,m, ),

where E*(z, s,m, X) is the matrix with entries E*(o’z,s,m,x). We also define the
completed Eisenstein series to be

n
Eo(z,5,m,x) = 22t Gittsn) (9)=ds| p|s {HF S } (z,8,m,X).

Then we have the identity
E(z, s,m,x) = A(2s, \)E(z, s,m, X),
where E(z, s,m, X) is the matrix with entries E, (0'2,8,m,x), and
As,x) = {A(s,x, C G}

In particular, E,(0’z, s,m, ) is b’-periodic. We compute the Fourier expansion of
it, and from this we get the Fourier expansion of E,(c'z, s, m, X).
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5. THE CONSTANT TERM OF THE EISENSTEIN SERIES
We consider the normalized Eisenstein series at the cusp x’. We have

Ei(d'z,8,m,x) = Ni/g(a)* Z H )
K x(@) (C,D)* 1100z + D)2

0#£(Cd'—DV' ,Cc’'—Da’)C

Since E*(z, s, m, x) = L(2s, x)E(z, s,m, x), this is b’—periodic. Hence,
Ei(0'z5,mx) = Y af" (y,s,m, x)* e Tresalle),
leb’*
where the Fourier coefficients are given by
’ 27'2
A (g, s, m) =
Nk /g(0")V/ID| JF,,
To compute this, we divide the series E*(o'z,s,m,x) into the terms with C' = 0
and those with C' # 0. The terms with C' = 0 give a contribution

Ng/g(a’)*
x(a’)
to EX(0'z,s,m,x). Now consider the terms with C' # 0. We have a bijection
Pairs (C, D) of C, D € K s.t. Pairs (q, n) with
{ (Cd' — Db ,Cc’ —Da') Ca }/O>< ~ {O #q C aa’ pr1nc1pa1}

and C # 0 and n € aa’ qu1

EX(0'z,s,m, x)e 2™ Trr/elle) gy,

L(2s, x, C;lC,.i/)y cyon

defined by mapping (C,D)* to ((C),D/C). Thus we change variables, and the
contribution from the terms with C' # 0 can be written

Nic/o(a)* X(C)
2 NP, 2 e

@) & neaa’-1(C)~1i=1
Ccaa’

Since C' € ad/, we have b’ C ad’~}(C)~!. We fix some set of representatives
n € aa’~1(C)~1/b’, and we write the above as

Ni/g(a)* x(©)
Z N 2s Z Z H |Z +n(z) +a(z)|2€,'

x(a) (C)#0 x/0(C) nEaa’~1(C)-1/b’ a€b’ i=1
Ceaa’

Now we can compute the constant term a ron’ (y,s,m,x)*. The contribution from
the terms with C' = 0 does not depend on z, so that when we integrate it to get
the Fourier coefficient we obtain

Ni/g(a')*
x(a’)
However, when we integrate the contribution from the terms with C # 0, we get
X(CL/) 2" 1 / y dl‘z
: L(2s—1,x,C.tCt o
Nrso@)2 /D) (2s = 1,x, G Cy H (zi2 + 42)°
To end the computation we need to compute the 1ntegrals. For ¢ < r1, we have

/+Oo yf’dxz 7_‘_1/2F( —-1/2) 1—s;

L(2s, x, C;lan)y‘ cyon

oo (@ FyR) D(si)
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See for example [4]. The case ¢ > 71 is much easier:

/271' a5 / yz 7"zd7“z T 2—s;
= yz .
r + y s;—1

% K,k

Thus the contribution to *ag™ (y, s, m,x) from the terms with C' # 0 is

@) et [
NK/Q(CL')QS_Q |D| F(Si) >y s; — 1

x L(2s — 1,x,C0;'C, Dy st ogy27on,

Thus we have computed *ag’ " (y, s, m, x). We rewrite this in terms of the completed

partial L-series. It is easy to see that for any ideal class C,

A@2s—1,x,0)  22q?/? I [(s; —1/2) I 1 L(2s—1,x,C)
A(2s,x,C) | /D] < I(s;) S 1 L(2s,x,C)

If we let dg’”/(y,s,m,x) denote the constant term of E,(c’z,s,m, ), then the
above shows that it is a sum of a contribution

NK/Q(C‘/)QS
x(a’)
and a contribution from the terms with C' # 0 given by

A(257 X Cn_lcﬁ’)yfl ' y:ln

x(@) s 2
— - . A(2s—1 L, Sn
NK/Q(aI)QS_Q ( s aXvC C ) yn

To get ag’”/(y, s,m,X), we interpret the above as a matrix equation. We arrange
all the constant terms in a matrix

aO(yvsvm7X) = {agﬁ (y’ SamaX)}v

and similarly we define ag(y, s, m,x). We let P denote the permutation matrix
corresponding to inversion on Cl,

P= {5/%(/@’)};

where ¢ is the permutation of the {k} corresponding to inversion on the class group:
CL(I{) = C,:l.

Then what we have proved above is the following

Lemma 5.1. Let &’ be a fized cusp. The constant terms are given by

1—s1 2—5n

w Nejola)® o x(@)
/ Loyt O (s,m, )y -y

aa) I T Ny @)
where &' (s,m, x) is the x'-th column of

D(s,m, x) = A(2s,x) TA(2s — 1, )P,

ag (y,s,m, x) =

with notation as above.

Later, when we have computed the remaining terms of the Eisenstein series, we
find that the matrix ®(s,m, x), in fact, is the scattering matrix.
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6. THE REMAINING TERMS OF THE EISENSTEIN SERIES

We now compute the Fourier coefficients af’“/ (y,s,m,x)* for nonzero l € b’™*.
As before we divide the series E*(0’z, s,m, x) into the terms with C' = 0 and those
with C # 0. The terms with C' = 0 give no contribution. The other terms give

a’ L) —271'7,TrK/Q(l;c)
4 /)2 2 0175 (X, 1 /H ik 2 dz,
Nr/q(a)**=2 /D] (sl +y)*
where we have introduced the notation
PG = Y x(a) Ngygla)®.
qec e}
integral

q|b’0l

To see this, note that a* = a~'O*. Note also that b’dl is integral. In particular,
this sum is finite. The integral equals

/+OO yf1ef27ril(1)zl diCl o / nyne*‘h”Re( n)dx
—o0 (CL‘% +y%)sl C (|£L'n|2 +yn)sn
Using the well-known result that

/*OO g—2miAt B 27TS|A|S_1/2K5,1/2(27T|A|)

N I'(s) ’
see for example [4], it follows that for ¢ < r;, we have
/ oo ytte 2l ey, 2w IOV I g (219 y,)

To compute the last ro factors, we apply the following integral:

/+OO /+OO e—27rz(Au Bv) 27TS|C|S_1KS_1(27T|C|)

(14 u2 +02)® A2+ o2y v = I'(s) ’

where A? + B? = C2. To prove this, make a linear change of variables and apply
the integral above. Then for ¢ > r1, we have

/ ypre TR ) gy (21O Ly K, (47|19 ys)
e (lml+y) T'(si)

Now we can put all this together and obtain an expression for af’“/ (y,s,m, x)*.
The best way to state the result is that

~hK! x(a')
" (y,s,m, x) = Nrcg(@) 2

'2d NK/Q(OI)Sil/QXm/Q(Z) lafﬂzg Xa VY Ks 1/2 yvlvm)

where 0 is the different,

n
Xomya(l) = H |l(l)|*7'r’b<m,6i>,
i=1
and

Ks(y,l,m) = Ko, 2n[1D]y1) - K, (4]l |y).
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’
To get af"’i (y,s,m,x), we arrange them in a column vector

ai (y,s,m,x) = {a;”" (y,s,m,x)},

and similarly we define df'(y, s,m,x). We also put

ot (¢ D) = {0 (. D}
Then what we have shown is the following

Lemma 6.1. Let ' be a fized cusp. For a nonzero | € b'*, we have
’ X a, ’
(5. 5) = ) (s )V B K2y L),
Nk /g(a’)?

where
af (s,m, x) = 29 N o (00) ™2 xm 2 (1) T A28, x) Lo o, (. 1)

with notation as above.

7. THE SCATTERING MATRIX

In the previous two sections, we have computed the Fourier expansion of the
Eisenstein vector €(z,s,m, x) around a cusp x’. We have

’ _ Kk’ 27t Tr lx
QE(O- szvmv)() - Z a’l (yasamaX)e K/Q( )7
leb’*

where the constant term is

1. .q5n 1
@)

x(a') / -
A M T
Neg(@) 7™ (M

s1 2—sn

a'g (y757m7X):e ey

where @“l(s, m, x) is the &’-th column of
O(s,m, x) = A(2s,x) " A(2s — 1, X)P.
For nonzero | € b™, the Fourier coefficients are
/ x(a’ /
o (4. 5m0) = =) (5. )V R a1 ja (v m),
Nk/o(a)

where

af (s,m, x) = 29 N 0 (00)* Y2 x0 2 (1) " A28, x) Lot oy (X, D).

Let us put k' = co. Using the exponential decay of Macdonald’s Bessel function and
the meromorphic continuation of partial Hecke L-series, we see that this gives the
meromorphic continuation of the Eisenstein series. Using the functional equation of
partial Hecke L-series, we shall now derive the functional equation of the Eisenstein
vector. First we check that

O(s,m, x)P(1 —s,—m, x) = Ip.

This follows immediately from the relation

A(57X)IP = X(a)PDA(l - 57)2))

where Py is the permutation matrix

IPD = {57r(n),m’}a
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and where 7 is the permutation of the {k} given by
Crry = []Ck.
Macdonald’s Bessel functions are even in the s variable, and hence
K_s(y,l,—m) = Ks(y,l,m).
The last relation we need in order to prove the functional equation is
Lemma 7.1. Poo? (x,1) = N /o (b'00)*x (6210 (%, 1).
Proof. By definition of 7w, we see that
(Baot (D)= 3. X(@)Nksgla)™
qepIC.C}

integral
q|b’0l

q € PIC.C/}' qec'c!
integral ~ integral s
q|b’0l q|b’0l

given by q +— q~10’dl. Hence,

(Pool (. D)e = > x(a 00l Njq(a'0'20)°,
qec e}
mtegral
q|b’al

There is a bijection

and the claim follows immediately. O

Now a straightforward calculation gives us the functional equation
E(z,8,m,x) = ®(s,m, x)€(z,1 — s, —m, X).
Thus we have finally identified the scattering matrix.
Theorem 7.2. The scattering matriz for the Hilbert modular group is
®(s,m,x) = A(2s,x) "'A(2s — 1, )P,

with notation as above.

8. THE SCATTERING DETERMINANT

In this section, we compute the scattering determinant det ®(s, m, x) in terms of
Hecke L-series. In order to do so, we must compute det A(s, x). For this purpose,
we have the following well-known result:

Proposition 8.1. Let G be a finite abelian group, and f any function. Then

detf = I D vr

PYeG* a€CG

where G* = {1} is the group of characters.
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Proof. Let X (G) denote the |G|-dimensional complex vector space of functions on
G. It has two canonical bases:

(1) the characters {¢ : ¢ € G*},

(2) the functions {d, : b € G} where () = 05p.

For each a € G, we have the linear map Ty, on X (G) defined by T, f(z) = f(az).
We weight all these T;, using f and consider the linear map

T = Z f(ail)Ta

aeG
To derive the Dedekind determinant relation, we compute detT" using the two

canonical bases. It is clear that
{Z (a } Y,
acG

for every 1) € G*. Hence the first basis is a basis of eigenvectors, so that

detT= [ Y w@fa™) =] D v@f(a)

PYEG* a€G PYEG* a€G

On the other hand, a straightforward computation shows that

T, =Y _ f(a='b)d

aeG
Thus we also have

detT = de;g fla™'b).
Comparing these two expressions for det T' finishes the proof. O

Using this proposition, we can now proceed with our calculation. It follows that

det A(s, x) H As, 9 ® x).
PpeCl*

As 1) varies over Cl*, the product ¢ ® x varies over all Grossencharakters modulo
m = O extending X,,. We thus have

Corollary 8.2. The scattering determinant for the Hilbert modular group is

det ®(s,m, x) = sign(Cl) H %,
w )

where Y varies over all Grédssencharakters modulo m = O extending X, .
As we see, det (s, m, x) does not depend on x; so we use the notation
d(s,m) = det (s, m, x).

In the corollary, sign(Cl) denotes the sign of the inversion map on Cl. This is given
by

sign(Cl) = (—1)(h=hl2)/2,

where h[2] = £ Cl[2]. In the case where K is an imaginary quadratic field (as in [2]),
the 2-torsion h[2] can be expressed via genus theory as

h[2] = 2", where t is the number of primes dividing D.
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See for example [3]. We now consider the particularly interesting case where m = 0.
Then

A(QS - 171/))
A(2s,9)

and via class field theory, we can interpret this in terms of the Hilbert class field

¢(s,0) = sign(C1) [

YeQl

H = the maximal unramified abelian extension of K.

Here unramified means everywhere unramified, also at the infinite places (so real
places stay real). The Artin map induces an isomorphism

r:Cl= Gal(H/K)
mapping p — Fry. It is known that the Artin L-function
A(s,por™ ' H/K) = A(s, ).
See for example [5]. Then the Artin factorization formula gives
eun(s) = [I Als.w).
PeCl

where £ (s) is the Dedekind &-function of H. Recall that for a number field K, we
have

() = 27202 DIS/2D(5/2) T () Cic ).

This satisfies the functional equation {x (1 — s) = €x(s). Since H is everywhere
unramified, real places stay real; so the Dedekind &-function of H is then given by

gH(S) — 2hr2(178)ﬂ'7hds/2|DH|S/2F(S/2)hrlr(8)h’r2CH(S).
Then what we have shown is the following

Corollary 8.3. For m =0, the scattering determinant is given by

fH(QS— 1)

(5,0) = sign(C) > 5=,

with notation as above.

Using this corollary, we can give the following analytic interpretation of sign(Cl)
in terms of the central critical value of ¢(s,0):

Corollary 8.4. ¢(1/2,0) = —sign(Cl).

Proof. Tt is a fact that the only poles of £ (s) are s = 0 and s = 1. They are known
to be simple, and their residues are given as follows:

ohr1p ohrip,
Ress—0&n(s) = —7HRH and Ress—1&p(s) = +7HRH.
wH wH
For the proof of these facts, see [5]. Then we have
-1 -1
¢(s/2,0) = sign(Cl)mﬂ — sign(Cl),

(s = 1)€u(s)
as s—1. Hence ¢(1/2,0) = —sign(Cl) as we claimed. O
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9. THE SCATTERING TRACE

In this section, we compute the scattering trace tr ®(s,m, x) in terms of Hecke
L-series. To compute the trace of

®(s,m, x) = A(2s,x)""A(2s — 1, X)P,
we diagonalize A(s, X)- From the proof of the Dedekind determinant, we get that
A(s,x) = M~ diag(. .. , A5, % @ X),. .. )M,
where M is the unitary matrix given by the character table
1 -
M=<—=y(Cg) ¢ .
o
It follows from this that we may write the scattering matrix as
A2s— 1,9 ®x)
A(2s,9 @ x)

where PM = MPM~!. Using the fact that M is unitary and the orthogonality
relations, we see that PM is the permutation matrix corresponding to inversion on
Cl*. From this the following corollary follows immediately.

®(s,m,x) = M~ *diag(..., L )PMAT,

Corollary 9.1. The scattering trace for the Hilbert modular group is

tr@(s,m,x) = Z N
Y real A(2S’¢®X)

where ¥ varies over all real characters of Cl.

We want to compute the central scattering trace tr ®(1/2,0, x), the main moti-
vation being that (at least for totally real fields) it occurs in the trace formula. See
[]. From the functional equation, it follows that for real y we have

trd(1/2,0,x) = > _ (=)™ ¥(d),
1 real

where my, is the order of vanishing of A(s, ) at s = 0. By the work of Hecke and
Tate we know that A(s, ) is entire if 1) # 1. By the Artin factorization formula and
the computation of residues for Dedekind {-functions, we thus see that my = 0 if
1 # 1. If on the other hand ¢ = 1, we know that m,, = —1. Using the orthogonality
relations for the group Cl/ C12, it follows that

when [0] € CI2. Tt is a result of Hecke that this condition is always satisfied. Thus
we have

Corollary 9.2. For real x the central scattering trace is given by
tr®(1/2,0,x) = h[2] — 2,
with notation as above.

When K is quadratic imaginary, we can rewrite this via genus theory and obtain
the expression in [2]. We note that we can easily derive the formula

#(1/2,0) = —sign(Cl)
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from the above. Let A = ®(1/2,0,x). Then A? = I}, and hence it has eigenvalues
+1. Let m4 be the multiplicities. Then we have

my+m_=h and my —m_ =h[2]-2.

From this it follows that

my = 3(h+h[2)—2) and m_ = F(h—h[2] +2),
and we see that det A = (—1)™~ = —sign(Cl).
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