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BASE LOCI OF LINEAR SERIES
ARE NUMERICALLY DETERMINED

MICHAEL NAKAMAYE

ABSTRACT. We introduce a numerical invariant, called a moving Seshadri con-
stant, which measures the local positivity of a big line bundle at a point. We
then show how moving Seshadri constants determine the stable base locus of
a big line bundle.

0. INTRODUCTION

Suppose X is a smooth projective variety defined over an algebraically closed field
of characteristic zero, and suppose L is a line bundle on X. If z € X, the Seshadri
constant €(z, L) measures the numerical positivity of L at x. When L is nef, e(x, L)
carries local geometric information at x; namely, it measures which order jets L
generates at x asymptotically. When L is not nef, however, e(z, L) often ceases to
carry geometrically meaningful information. In order to remedy this situation we
study a slight variant of the Seshadri constant, €,,(z, L), which we call the moving
Seshadri constant of L at « and which specifically measures which order jets a high
multiple of L generates at . The main result of this paper is to generalize the
results of |N|, establishing that the base locus of a small perturbation of a big line
bundle L is completely determined by the constants e, (z, L).

We begin by recalling the basic definitions and results of [N].

Definition 0.1. Suppose L is a line bundle on a smooth projective variety X. Let
BS(L) = {z € X : s(x) = 0 for all sections s € H? (X,nL) and for all n > 0}.
We call BS(L) the stable base locus of L.

Note that BS(L) is empty if and only if some positive multiple of L is generated
by global sections. If D € Div(X) ® Q is a divisor with rational coefficients, then
Definition [0-1] can be slightly reformulated:

BS(L(—D)) = BS (kL(—kD)),
where kD € Div(X). This definition is independent of k.
Definition 0.2. Suppose L is a nef line bundle on X. Let
Lt ={PeX:c;(L)™Y NV =0 for some V C X containing P} .
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We established in [N] that L' is Zariski closed. The main theorem of [N] is the
following:

Theorem 0.3. Suppose X is a smooth projective variety of dimension d > 2 and
L a big and nef line bundle on X. Suppose A is an ample line bundle on X. Then
there exists € > 0 such that

L+ =BS(L(-64))
whenever 0 < § < e.

Thus the base locus of a nearly big and nef line bundle is determined numerically.
Here we push this analysis further and show that at each stage where the base locus
jumps, there is a numerical reason for the jump which can be captured by studying
moving Seshadri constants, which we define here:

Definition 0.4. Suppose X is a smooth projective variety and L a big line bundle
on X. For all n > 0, let m, : X,, — X be a resolution of Zp where B, is the
base locus scheme of the complete linear series |nL|. We assume here that X, is
smooth. Write

7 (nL) ~ M, + Ey,
where Ox, (—E,) =7, (Zp,) - Ox, . For any point x not in BS(L), we define the
moving Seshadri constant of L at = by

M
€m(x, L) = lim M

n—oo n

The invariant €,,(z, L) measures how many leading terms can be specified at z,
asymptotically, in the Taylor series of a section s € H°(X,nL). Note that the limit
in Definition makes sense. Indeed, since

e(z, My,) < dinll)i/cl(Mn)dimX, Vn,

c1 (M, )dimX < lim RO (X, mnL)
ndimX Jim X! — m—oo (mn)dimX ’

and

it follows that ¢ = limsup,,_, {%} exists. Suppose there were an infinite

sequence {ny,ng,...} such that
M,
(0.5) i M)
m— o0 Nim

By (@A), we can choose a positive integer k such that
(0.6) e(z, M) > b.
For any r we can write n, = ck +d, d < k. Using the fact that
e(x, Mekvd) < e(z, eMy) + e(x, My)
ck+d — ck+d ’

we find that

ce(x, My,) + e(x, My)
ck+d '
Since d is bounded and ¢ — oo as r — oo, this contradicts (I.G).
Next, we isolate those line bundles where the stable base locus changes.

€(x, My, ) >
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Definition 0.7. Suppose D is a Q-divisor on X in the interior of the effective
cone, and that A is an ample Q-divisor. Suppose « is a positive real number. We
call & a jumping number relative to D and A if BS(D — a4 + €1 A) is properly
contained in BS(D — @A — €2 A) for any €1, €2 > 0 such that a + ¢; and « — €9 are
rational numbers.

Intuitively, the stable base locus of D — A changes each time ( passes through
a jumping value «. Our main theorem shows that jumping numbers are determined
by the relevant moving Seshadri constants approaching zero:

Theorem 0.8. Suppose E is a big Q—divisor on a smooth projective variety X,
and A is an ample divisor. Suppose a is a jumping number relative to E and A.
We will write

D =F — aA.
Let'Y be an irreducible component of BS(D — BA) for 0 < 8 < € such that' Y is not
in BS(D + BA) for any 8 > 0. Then for a general point n €Y,

lim €, (0, D A) = 0;
511%6(77 +BA) =0

here the limit is of course from above, since €, (n, D + BA) has not been defined for
B <0.

Note the similarity between Thereom and Theorem [0.:3] In both cases, the
critical stage where the base locus changes is marked by the appropriate Seshadri
constants approaching zero. The proof of Theorem [0.8 is more subtle than that
of Theorem because the divisors D + SA, as 3 approaches 0, are not nef and
their base loci cannot necessarily all be resolved on a single birational model of X.
Moreover, and more seriously, the critical number a may well be irrational, making
it impossible to actually consider a limit linear series. The proof of Theorem
nonetheless follows along the same lines as the proof of Theorem[(L3], namely by lift-
ing a non—vanishing section on a subscheme supported on Y using a cohomological
vanishing theorem. In order to avoid working on infinitely many birational models
of X, we examine and compare carefully the base locus scheme of n(D + SA) for
3 slightly less than 0 and for 3 slightly greater than 0. Theorem [L8 amounts to a
type of “continuity” of these base loci.

The outline of this paper is as follows. In §1 we prove Theorem [I.8l The ideas
employed in the proof are very close to the work of Demailly, Ein, and Lazarsfeld
IDEL] on asymptotic multiplier ideals, but the key technical lemmas require other
limiting procedures, and we were unable to obtain these results mechanically from
[DEL]. The fundamental idea is simply to keep track of how the base loci of [nD)|
vary under small perturbations and how cohomology groups on these base loci vary.
The key insight is to restrict ourselves to a very specific vector space of sections,
namely those generating specific jets at a general point 7 € Y. In §2 we will apply
the techniques developed in §1 to prove a theorem of Fujita, also obtained in [DEL],
in a very concrete fashion which should be helpful in many applications.

Our original goal in this work was to obtain a sufficiently deep understanding
of stable base loci and the effective cone in order to derive certain consequences
in diophantine geometry. The present work comes close, but needs to be made
more effective before yielding the desired corollaries. Nevertheless, the problem of
understanding the effective cone, and defining numerical invariants on it, seems
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sufficiently interesting in its own right to be pursued. In particular, if one defines
em(x, L) to be zero whenever x € BS(L), then €, (x, L) can be viewed as a function
on the rational classes in the cone of divisors modulo numerical equivalence: in this
context, the content of Theorem [0.8is to establish that this function is continuous
with respect to L.

Notation and Conventions

e If F is a coherent sheaf on X, then hi(X,F) = dim H* (X, F).

o If 7 C Ox is an ideal sheaf, then we let Z(Z) C X denote the associated
subscheme of zeroes of Z. If f is a rational function on X, we denote by
Z(f) the divisor of zeroes of f.

e If D is a Cartier divisor on X, we will often abbreviate H(X, Ox (D)) by
H(X, D).

e If V C X is a subvariety, we denote by Z{ the ideal sheaf of functions whose
order of vanishing along V' is at least a. Similarly we will write aV for the
scheme defined by the ideal sheaf Zj;.

e If Y is a scheme, we denote by Y;eq the reduced scheme with support equal
to the support of Y.

e For a variety X, we let K(X) denote the field of rational functions on X.

1. CONTINUITY OF SESHADRI CONSTANTS

Choose an € > 0 so that Y is an irreducible component of BS(D — 8A) for all
0 < B8 <e. We also assume that D — €A € Div(X) ® Q. Next choose an n > 0
so that n(D — €A) is a genuine line bundle whose sections give a birational map to
projective space. Let

7 X' - X
be a birational map, with X’ smooth, such that
7" (n(D — €A)) ~ M, + E,,,

where M,, is generated by global sections and 7~ 'Zp - Ox, = Ox/(—E,) with B
denoting the base locus scheme of |n(D — €A)|. Since M, is big and nef, we have
(1.1) RN (X' kM,) < O (K™ X1

Let Z,, be the zero scheme of 7,Ox/(—FE,) and let kZ,, denote the zero scheme

of the ideal sheaf
W*OX/(—]CE”) C Ox.
Note that by [EV], 3.3, Z,, does not depend on the choice of resolution 7. Using
the long exact cohomology sequence associated to the exact sequence of sheaves
0—Trz, @ Ox(kn(D —€A)) — Ox(kn(D — €A))
— Oan (k:n(D - 614)) —0
gives
H°(X,0x(kn(D — €A))) — H°kZ,,Ox(kn(D — €A)))
(1.2) — HY(X,0x(kn(D —€A) @ I1z,)).
By ([I), pushed down to X,
RY(X,0x (kn(D — €A) ® Ty,z,)) = O (k™ ¥ 1),
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and thus most sections of H®(kZ,,, Ox (kn(D — €A))) lift to X,,. In order to prove
Theorem we will show that if

lim €,,(1, D + BA) # 0,

then it is possible to use (IC2) to lift to X a section of H(kZ,, Ox (kn(D — €A)))
with small order of vanishing along Y. On the other hand, we will establish that
all sections of H® (X, Ox (kn(D — €A))) have large order of vanishing along Y, thus
deriving a contradiction.

Since €,,(n, D + SA) is a decreasing function of 3, if Theorem were false,
there must exist a § > 0 such that

(1.3) em(n, D + BA) >4, V3 >0.
We will use the following four results in the proof of Theorem [L8]

Lemma 1.4. With notation as above, there exists v > 0, not depending on € or n,
such that
Iz, CIy",  Vn sufficiently divisible,

and, in fact, Tz, C I3 for all k > 0.

Lemma [[.4] simply states that once a subvariety Y enters the stable base locus of
D, multiplicity along Y must grow linearly as D moves away from the ample cone.
This result is a formal consequence of properties of multiplier ideal sheaves when
phrased in the language of [DEL]; we give an alternative proof using [ELN].

Write

(1.5) Zyp =Y, UW,y,

where Y, is supported on Y and supp(W,,) does not contain Y. To avoid ambiguity,
one can choose Zyy, maximal over all such possible expressions; in other words,
the local primary decomposition of Zy,, should have no embedded components
supported on supp(Y). In order to prove Theorem[0.8] we will need to consider the
ideal sheaves 7z, as depending on € and then take the limit as ¢ — 0. We will write
Zn(€), Yn(€), and W, (¢) in this case, including the possibility that e < 0; note that
n actually depends upon e, since it is the multiple used to clear denominators in Q
divisors.

Let ¢ : V — X be a resolution of the base locus of |n(D + €A)| with exceptional
divisor E, so that 7, (_¢) = ¢.Oy(—FE) by definition.

Lemma 1.6. Assume that ve < §. For all k > 0 and for all n sufficiently large,
there is a vector subspace

Wi.n(€) C HO (kYn(e), kn(D +€A) ® Ikzn(—e))
with
dim(Wp,n(€)) = O (('yenk)COdim(Y’X)(5nk)dimy)

and such that no nonzero section s € Wy, vanishes to order > yekn along Y.
Moreover, the implied constant depends only on X.

Lemma merely states that there will exist a large space of functions on Y
which vanish along kZ,(—e¢); this is clear, since we have a lower bound on the
Seshadri constant of D + ¢A along a generic point of Y, independent of €, and
so this space of sections will come from restricting sections of HY(X, kn(D + €A))
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which generate appropriate jets at 7. For the following Corollary, we assume for
simplicity that D € Div(X)® Q and hence that € € Q. We will show how to avoid
this assumption in the proof of Theorem

Corollary 1.7. With the same notation as in Lemmall 4, let B be an ample line
bundle on X and for a € (0,1) N Q, let Vi n(a€) C Wi, (a€) be defined by

Vien(a€) = {s € Wi n(a€)|Z(s) — aknB is effective}.
Then there exists an integer n such that for all k>0,
dim(Vi,n (ac)) > O (('yaenk)codim(Y,X)(5nk)dimY) _0 (acodim(Y,X)-i-l(nk)dimX) ,
with implied constants depending only on X, €, and B.

Corollary [’ examines what happens to the subspace of sections of Lemma [[Lfl
when we replace the divisor kn(D + eA) with the less positive divisor kn(D — eA),
the idea being to limit how many of the sections of Lemma can be lost.

For our final Lemma, we adopt the following notational conventions. We let n
denote an integer to be fixed in the proof. For each positive integer m we let

N = 2™ rmn,
no, = (2™ = )ryn,
where 7, is a positive integer to be specified in the proof.
Lemma 1.8. Fiz a number 0 < 3 < € so that D — A € Div(X) ® Q. There

exists an ideal sheaf J on X, with Y not contained in Z(J), such that for all k
sufficiently large and all m > 0,

Enm
J 'Ikzngn(—ﬂ) C Ikan(—ﬁ-i- =)

s

Moreover, if D € Div(X) ® Q, then this relation also holds for = 0.

Having moved from kn(D + €A) to kn(D — eA) with Corollary [[L7 we now
use Lemma [LH to replace Zj,z, (—¢) with Zyw, () in Lemma Combined with
the previous results and the exact sequence ([LZ), this will exhibit a large vector
space of sections of H(X, kn(D — €A)) having small order of vanishing along Y,
contradicting Lemma [[4l More specifically,

Proof of Theorem We will assume, for simplicity, that D € Div(X) ® Q, and
show how to remove this hypothesis at the end. Applying Lemmal[l8 for § = 5%,
and replacing J by J2, gives an ideal sheaf J satisfying, for k sufficiently divisible
relative to m,

knm

(1.9.1) T2 Inz,, (—5) © Do, (54), VM 2 0.

Choose a line bundle C on X so that C'® J is generated by global sections. We let
B =C + 2¢A.

Applying Corollary [7] with a = 5 gives a subspace

Upn: (a€) C HY (m;w (ae), knly, (D + aed) ® Tz, (—ae))



BASE LOCI OF LINEAR SERIES ARE NUMERICALLY DETERMINED 557

with bounded dimension:
dim(Uy, n;, )(a€) = O ((men;nk)(:"dim(“)(5n;nk-)dimY>
(1.9.2) -0 (acodim(Y,X)Jrl(nk)dimx) .

Since all sections in Uy, (ae€) are defined via restriction from sections on X and
since none of these sections vanishes on vaekn! .Y, we can consider

Ug.n: (a€) C HO (kYn (ac), knly, (D + aeA) @ Trz,, (—ae)) :

By hypothesis, every section s € Uy (ac) vanishes along B = C + 2¢A4 to
multiplicity at least akn.,; removing the base divisor B gives a vector space

Vi (ac) C H° (k:Yn (a€), knl,, (D — aeA — aC) @ Ty, (—ae)) .

Note that removing the base divisor B does not effect membership in the ideal sheaf
Tyz,, (—ae). Tensoring the vector space Vi . (a€) by akn;,C and using (L9.T),
takir% care again to replace J with J2 to account for the difference between n,,
and n;,,, allows us to view Vi ./ (ae€) as

Vi, (ae) C H? (kY,,, (a€), knl, (D — aeA) ® Trw,, (ae)) .

Note that, since n ¢ supp(C), no section of Vi ,,» (a€) has multiplicity greater than
~eakn,, at n. We now replace v with /2 and choose a section

o€ H° (X, k(nm — nl,)(D — acA)))
of minimal index at 7, and tensor to obtain an inclusion

(1.93) Vi (a€) 22 HO (kY (ac), kny, (D — acA) ® Ty, (ae)).

m

For m sufficiently large, every section in the vector subspace ([L9.3) has multiplicity
at most yaekn,, at n: here we use the extra /2 obtained by replacing v by /2.
Using (L9.2)), we see that for m sufficiently large,

dim(Viy, ) = O ( (yaenk) om0 (g imY)

But by () any nonzero section s in the vector subspace (I.9.3) glues together
with the zero section on kW, (ae€) to give a nonzero section of
HY (kZ,, (a€),knm, (D — acA)).
Using (CZ), however, we obtain, for m sufficiently large, many nonzero sections of
HY (X, knpy, (D — acA))

with order of vanishing strictly less than vyaekn,, along Y. This contradicts Lemma
[[4], or more precisely (LZ3), and establishes Theorem [ when D € Div(X) ® Q.

Suppose now that D is only a real divisor and consequently that € is irrational;
in particular, Corollary [T does not hold as stated and Lemma [[L§ does not hold
for 5 = 0. The same proof holds, except that we need to employ an additional
limiting procedure. First, for (L), which no longer makes any sense, we choose

€ €
Brms Ym € (W’ 2—m)
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so that D — 8, A, D + v, A € Div(X) ® Q. Then for k sufficiently divisible with
respect to m we have

kn
Jam 'Ikzngn(*ﬁm) C Ikan (ym) s Ym > 0.

As far as Corollary goes, the problem is that Wy, (a€) will not make sense
in general, because D + acA may not be a rational class. This is not a problem,
however, since for any rational class D + bA with b > ae, the estimate of Corollary
[ will still hold; so the same limiting procedure applies. O

Proof of Lemma[I] Suppose ¢ : V — X is a birational map with V' smooth, and
suppose that there is a unique smooth exceptional divisor Fy dominating Y: this
can be obtained, for example, by taking an embedded resolution of Y in X followed
by a blow—up of the strict transform of Y. Consider the commutative diagram

’

VIL)XI

V— X
Setting E!, = (¢/)*E,, we claim that it is sufficient to show that
(1.4.1) E! — (x')*yenEy is effective.

To see this, suppose that n is a general point of Y. If, for some k > 0, Zyz,
were not contained in I;ﬁdm, then there would exist an open subset U C X and
a function f € T'(U, Oy) such that ord,(f) < yekn but (¢')*(7*(Z(f))) — kE, is
effective. This contradicts (I.41)), however, since (¢')*(7*Z(f)) = (7")*(¢*Z(f))
and by hypothesis

multg, (¢ Z(f)) < ven,

and hence (7')*(¢*Z(f)) — (7')*venEy is not effective.
Choose a positive integer b sufficiently large so that

(1.4.2) Tx ® bA is generated by global sections.
Suppose s € H (X, n(D — €A)). We claim that

(1.4.3) ord,(s) > %

If not, then there exists a local differential operator D of order ¢ < 4° such that
D(s) does not vanish at a general point of Y. By the theory of [ELN], there exists
a differential section

s' € HY(X,nD — neA + tbA)
with s'(n) # 0. This contradicts the fact that Y is in the base locus of
H° (X,nD — neA +tbA),

since —ne + tb < 0. Thus we may take v = %, and this clearly does not depend
upon € or n, establishing Lemma [[4l O
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Proof of Lemmall.0l Suppose n € Y is a general, hence smooth, point, and let
{x1,..., 24} be a system of local parameters at n such that Zy C Ox is generated
on an open set U D 7 by z1,... ,z.. Let my, C O, x denote the maximal ideal of
functions vanishing at 7, and let

Uk,n = On’x/mgkn.
We define Vi ,(€) C Ug,n to be the vector subspace generated by the images of the
following collection of monomials in the local parameters {z1, ... ,z4}:
(1.6.1)
{M(z1,... , )M (Tes1,... ,2q) | deg(M) < venk and deg(M') < dnk} .

By ([@3), we know that for n sufficiently large, the evaluation map followed by the
projection to the quotient

T+ HO (X, kn(D + €A)) — Upn
is surjective. Choose a vector subspace V., (€) C H° (X, kn(D + €A)) such that
(1.6.2) Tkt Vin(€) = Vin(€) is an isomorphism.
Note that by (3] we can assume that for n sufficiently large, n(D + €A) generates
don—jets at 7, and consequently we may assume that
(1.6.3) Vi n(€) C Sym” (H® (X, n(D + €A))) .

We claim that the restriction map
(1.6.4) Gt Vil p(€) = HY (kYo (€), kn(D + €A)) is injective.
By Lemma [[L4lit is sufficient to show that the restriction
Vi : Vin(e) = H (veknY, kn(D + €A))

is injective. If 1)y, were not injective, there would exist a nonzero polynomial
P(z1,...,2q) in the monomials (LG1) such that P € Zycxny. Choose a monomial
™ ... x% whose coefficient in P is nonzero and such that a; + ...+ a. is minimal.
Consider g0 58
1 c
T1y.ee ,Tq) = e

Q( 1, ) d) 81‘(111 0363”
By choice of (ai,...,ac), all terms in Q(x1,...,x4) vanish identically along Y
except those coming from terms of the type
0%t 0%
But no nonzero sum of functions of the type appearing in (LE.5) can vanish iden-
tically along Y, since the functions z.y1,... , x4 form a transcendence basis for the
function field of Y. Hence

(1.6.6) ordy (P(z1,...,24)) < a1+ ...+ ac < yekn,

P(z1,...,zq).

(1.6.5) ot )M (Tet1y e 5 Ta) -

contradicting the assumption that P € Z crny .
We conclude from (.6.2)) that

) k dimY Snk codim(Y,X)
dim (o1 (V) 2 QTR
)

By (L6.3), each section s €V}, (¢) vanishes along Z,(—¢) to order at least k, and

consequently vanishes along kZ,(—¢). Thus we can take Wy, »(€) = dr.n (Vk'n(e))
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in Lemma [[L6] with the implied constant being %, which does not depend upon e,
as desired; the fact that no section of Wy ,,(¢) vanishes along Y to order > ~yekn is
guaranteed by (L6.6]). O

Proof of Corollary[I.771 As remarked above, in order for the statement of Corollary
[0 to make sense, we will assume that D € Div(X) ® Q and € € Q. We will also
write

p = ae.

Assuming that B is effective, and for later purposes, very ample, consider the exact
sequence

H® (kYo (p), kn(D + pA))

H® (kY,(p), kn(D + pA —aB)) —
(1.7.1) Y HO (aknB N kY, (p), kn(D + pA)) .
By hypothesis, we can write
akn
aknB = | J B;

with each B; linearly equivalent to B. Let HY, (B; NkY,(p), kn(D + pA)) denote
the image of Wy ,(p), defined in Lemma EIEL in H°(B;Nk n(p),kn(D + pA)).
Since dim (Vi (p)) = dim(ker(¢))), we have, substituting into (LZT)),

(1.7.2)

akn

dim(Vin (p)) > dim(Win(p)) — D hiy (Bi N kY (p), kn(D + pA)) .
i=1
By Lemma [0l it is sufficient, in order to establish Corollary L7l to prove that
akn . )
Zh?/V (B; N kY, (p), kn(D + pA)) < O (acodlm(Y,X)+1(nk)d1mX> )
i=1

Thus for a general hypersurface B we need to establish that
(1.7.3) 1% (BN kY,(p), kn(D + pA)) < O (acodivaX)(nk)dimx—l)

with the implied constant depending only on X, B, and e.

We first eliminate the possibility that dim(Y) = 0. In this case, Y = P is a point,
disjoint from the rest of the base locus BS(D — €A). This is impossible, however,
since (L2) in combination with Lemma [T Alwould establish that it is possible to lift
a section

s € HO(kY,(e), kn(D — €A))
with order of vanishing < vekn at P, violating (L.4.3)).
Assume now that dimY > 1. Let X ,(p) = B NkY,(p) and choose general

divisors Dy, ..., D, € |B|, where ¢ = dimY — 1. We have an exact sequence
f ,mn
H (X (p), k(D + pA = D1))) 5% HO (Xi(p), k(D + pA))

—  H°(knD1 N Xgn(p), kn(D + pA)).
Since B can be chosen suitably positive, we have

Tmage(fr.n) N HYy (X (p), kn(D + pA)) = 0.
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It follows, using the same argument as after (IL7.2)), that
Wy (Xt (0), k(D + pA)) < knhly (Xi(p) 1 D, k(D + pA))
Proceeding inductively gives

Wiy (Xkn(p), kn(D + pA))
(1.7.4) < (kn)°hYy (Xpn(p) N Dy N ...N De, kn(D + pA)) .

Since Dy, ..., D, are general, the intersection D1 N...N D, N X »(p) will contain
only general points of Y, and thus (C7A), along with [Ful, Corollary 12.4 and
Example 4.3.4, implies that

(L7.5) By (BOkYa(p), kn(D + pA)) < (kn)° deg (Yiea)Ey (Opy, ().

Thus in order to conclude the proof of Corollary[I.T, we need to control the length
ly (Oyy, (p)) as a function of p = ea. We now reintroduce the rational parameter
a = p/q, and we will show that for any 0 < % < 1, we can find n sufficiently large
so that

codim(Y,X)
pekn
(1.7.6) by (Om(%)) =0 << q ) ) |

where the implied constant depends only on X and e. Combining ([C’5) and (L7.0)
shows (’C3), with appropriate divisibility restrictions on k and n according to the
rational number p/q, and will conclude the proof of Corollary 1.

In order to prove (7.6, we need to examine how the ideal sheaves Ty, (e)
depend upon k, n, and €, but only at a general point of Y since we are only interested
in controlling the generic length of Oy, (). Choose ¢ so that 0 < ¢ —e < e. We
begin by showing that for fixed n, we can find 8 > 0 such that

(1.7.7) Tserkny C Iyy, () generically for all k> 0.
In order to establish (ILZ.7), we begin by fixing a 3 > 0 such that
Zserny C Ly, (ery, generically.

Such a 8 must exist, because by assumption Zy, (o) is generically Zy—primary. We
have
Ty, () D Iffn(e/) D Igg,ny generically for all k£ > 0.

But, generically, Ige'ny = Tgokny for all k sufficiently large, and thus we have

established (I777).

Next, in order to allow €’ to vary, we will need to let n vary as well. We will
show the following: for any positive integer r and for all k£ > 0,

(1.7.8) Tivi(e) - Tivien) C Ikym(eﬁ,ﬁer) generically;

here the ¢; are arbitrary rational numbers less than or equal to €. Choose a bira-
tional map 7 : V' — X so that V is smooth and so that 7 resolves the base loci of
the r + 1 complete linear series

|n(D_€1A)|7"~ 7|n(D_6rA)|v

m<D_mA>"

r

We let By + Fy,...,FE.+ F,., and E+ F denote the associated exceptional divisors.
The decomposition of the exceptional divisors is determined as follows: we choose
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Ey, ..., E., E to contain all exceptional components whose image under 7 is con-
tained in Y, and Fy,..., F,, F are formed from all remaining components. Thus,
no component of I, ..., F., F is mapped into Y by 7. Then, generically, we have

™ Oy (—E;) = Ty, (), 1<i<rm,
W*OY(—E) = Ian(Elerer)’

since, as we observed above with the scheme Z,(¢), these ideal sheaves do not
depend on the resolution 7 : V — X.
We claim that

(1.7.9) Ey+...+E >E.
To see this, suppose s; € HO(X,n(D — ¢;A)) for 1 <4 < r. It follows that

(1.7.10) $19...9s € H° <X,m <D—@A>).

Since the sections s; were arbitrary, lifting ((L’ZI0) to V' establishes that
(By+...4+B)+(Fi+...+F)>E+F;

indeed, (ZI0) shows that the sum of the common base loci of [n(D — ¢;A)| is at
least as large as the base locus of |7“n (D — @A) | By definition of F;, F;, E,
and F' this establishes (LZ9). We can conclude that for all k£ > 0,

T (Oy (—=kEL)) ... 7 (Oy (—kE,)) C m(Oy (—kE)),
and this is precisely (IZ8), with the inclusion holding off of supp(Y;, 1 )Nsupp(W,, x).

In order to use (.Z.8) to establish (L°.7), we apply (L.Z.8) as follows. Choose a
rational number % < 1 and let

€ =...=€ =€
and
pe — pe’
Ep+1l = ... = q:ﬁ.
Applying (LT3),
Tiv,(er) " Ty, (ey) C Ikyq”(pi;) generically for all k£ > 0.
By the choice of €, ... , ¢, this gives
(1.7.11) I,fyn(e,) C Iqun(ﬁ) generically for all k > 0.
Using (L77), becomes
1.7.12 Loperkny C T pey, generically for all &> 0.
Bp EYqn (29)

Now we will use (LT.12) in order to estimate lengths and establish (L.Z.6)), conclud-
ing the proof of Corollary [[L7] We have, by (LT.12) above,

(1.7.13) ty (OWM(%)) < Uy (Opperiny ).
Subsituting n’ = gn into (LTI3) gives

(1.7.14) ly (Okyn/(%)) <ty (O[,pgj,”y> .
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A quick computation shows that

tokn/! codim(Y,X)
by (O ) = 0 ((ﬂ”; ~) .

This is precisely (LZ.6), with €' in place of € and with an additional factor of 3 on
the right-hand side. Since €' is arbitrarily close to € and since 3 is a fixed constant
depending only on e, this establishes Corollary [I.7 O

Proof of LemmalL8 Choose €1,e2 > € so that D — e1 4, D + e2A € Div(X) ® Q.
Choose a birational map 7 : V' — X, with V' smooth, resolving the base loci of
[n(D — e1A)| and [n(D + e2A)| for appropriately divisible n. Let E; and E3 be
the corresponding exceptional divisors. By assumption, Fy contains no component
dominating Y, while F; contains at least one such component. As in the proof of
Corollary [, we will write
E, = FE(Y) + I,
where every component of F1(Y) maps into ¥ and no component of F5 is mapped
into Y by m. We claim that

(181) W*Ov(—kFl) = IkWn(el)v for all £ > 0.
To prove (L&), let U = X\Y and observe that
'/T*OV(_kFIHU - IkWn(e1)|U'

But since no component of Fj is mapped into Y, it follows that 7, Oy (—kF}) is the
largest ideal sheaf whose restriction to U is equal to m. Oy (—kF1)|U; since Ty, ()
was chosen to be maximal, having no embedded components along supp(Y’), this
establishes (L.8:1]).

Choose a m—exceptional divisor F' C V| containing no component of E;(Y’), such
that

(1.8.2) F>F.

Let J = 1.0y (—F). Using (L8J]) and (L.8.2) establishes that
(1.8.3) T*¥ C Ty, (1), Yk >0.

Moreover, if 7 > 0, we have by (L83),

(1.8.4) T C T ey C Tew,n(er), forall 7> 0,

and this is precisely Lemma [[.8]in the case where m = 0.
Fix an m > 0 and choose a positive integer 7, and a birational map

Tm : Xm — X

with X, smooth, resolving the base loci of the following complete linear series:

[(2™ = D)rpn(D — e1A)|, |In(D + e24)],

2™ rn (D — 1A+ ate A) .

2m

Let G1,G2, and G’ denote the part of the exceptional divisor in the three cases
which does not lie over Y. We claim that

(1.8.5) Gy +rmGe > G
As we have seen above after (LTZ.I0), this will be true provided that for any sections
s1€ HY(X, (2™ — )rpn(D — e, A)) and  sp € HO(X,n(D + ezA))
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we have

$1 ® SSM"‘ e H° (X, 2™ (D —aqA+ 612—;62 A)) ,

which is an elementary computation of line bundles. Pushing (L&), multiplied by
k, down to X and using ([L84) yields

k m
(186) ‘7 e IkW(Qm—l)rmn(—el) - IkWermn(—ﬂ'i‘—ElQTnEQ)7 for all &> 0.

We now replace €; with 3, which may necessitate increasing n in order to clear
denominators, and observe that

Tiw, (o) C Tew,v), Yk, 1,
whenever a > b. Thus we conclude from (LX) that for any 5 < e,
jkrm .IkW(Qm,_1)Tmn(_ﬁ) C Ikanrmn(—ﬁ-‘r%)’ for all k>0,

provided, as observed above, that r,, is sufficiently divisible. This concludes the
proof of Lemma [[.8 and hence the proof of Theorem[I8 If D € Div(X)® Q, then
the same argument works for g = 0. O

2. A THEOREM OF FuJiTa

In this section we turn to a theorem of Fujita regarding a numerical form of
Zariski decomposition. The techniques of this paper are so close to those of [DEL]
that it is only natural to apply them in this setting. If L is a big line bundle, we
let v(L) denotes its volume as defined in [DEL|; so v(L) measures the asymptotic
growth of h(X,nL).

Theorem 2.1 (Fujita). Suppose X is a smooth projective variety and L a big line
bundle on X. For any € > 0 there exist a birational map 7w :Y — X and Q-divisors
A and E such that

L=A+E,
where A is ample and v(A) > v(L) —e.

We will attack this problem using the language of moving Seshadri constants
developed in §1. Consider the following inductive construction. Choose a point

x1 € X\ BS(L)
such that €, (z1, L) is maximal. Next choose §; < €, (1, L) so that
€1 = €m(z1,L) — 01 € Q.
Let w1 : X1 — X be the blow—up of z; with exceptional divisor E7, and let
Ly = 7] L(—e1 EY).

Next we choose a point xo where €,,(z2, L1) is maximal, and let dy < €,,(x2, L1),
so that €2 = €, (22, L1) — 02 € Q. Let m2 : X9 — X be the blow-up of X at both
x1 and x2, and let

L2 = W;L(—ElEl — EQEQ).
This procedure can be repeated inductively to yield pairs (X, Ly,) for all positive
n.
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Lemma 2.2. Suppose n is a general point of X, which we also view as a point of
X,. Then
lim €, (n, Ly) = 0.

n—oo

Proof of LemmalZZ2 1f lim,, o €m (1, L) # 0, this means that there exists o > 0
such that, for k suitably large and divisible, kL generates ka—jets at arbitrarily
many points x1, 2, ..., assuming that §; is sufficiently small relative to ¢;. This is
clearly impossible, since v(L) bounds the number of such points. ([

Lemma 2.3. Let D be a very ample line bundle on X and assume that L, (—am; D)
is not in the effective cone. Then

h(Xp, kLy) < aO(KM™ X)),
with the implied constant depending only on D and L.

Proof of LemmalZ3 Consider the exact sequence
0— HY(X,, kL, (—ar!D)) — H*(X,,kL,) — H°(kar}D,kLy,),

where k is sufficiently large and divisible and where kar; D is represented by the
pull-back of ko general smooth hypersurfaces linearly equivalent to D. Then we
obtain

(X, kL,) < kah®(nD,kL,)
= kah®(D, kL)
= aO(ktmX),
In the last formula, the implied constant clearly depends only on D and L. O

Proof of Theorem [ZJl Choose « > 0. By Lemma we can find n so that L, —
am® D is not in the effective cone. Fix kg so that |koL| generates koe; jets at x; for
1 <4 < n; we assume here that kg is sufficiently divisible so that kge; € Z for all 3.
Thus the sequence

n
0— H° <X, mhkoL ® ) m;”k> — H°(X,mkoL)
i=1

n
— HY (kaL ® Ox/ ﬂ mgkgq) —0
i=1
is exact for all positive integers m; here my, is the maximal ideal sheaf of the point
x;. Also, by construction and Lemma 23]

h° <X, mkoL® ) mgz’fow) = h%(X,,mkoL,)
i=1
< ac(mk‘o)dim X
with ¢ depending only on D and L. Let 7 : Y — X be a birational map such that
Y is smooth and
7T*]€0L ~M+F

with M base point free. Then v(M/ky) > v(L) — ac. Since a was arbitrary, this
establishes Theorem B} note that here M/ky is only big and nef, rather than
ample, but this can be changed with an arbitrarily small perturbation. O
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Finally, we would like to pose a difficult and important question, which we will
phrase as a conjecture. According to Theorem 0.8 if D is effective and A ample,
then D — aA reaches the boundary of the effective cone exactly when

em(n, D —aA)=0
for a general point . Our question then is the following:

Conjecture 2.4. Suppose D € Div(X) ® Q is a divisor class on the boundary of
the effective cone. Then €(n, D) =0 for a general point n € X.

Using the results of this paper, one can establish under the hypotheses of Con-

jecture 24 that
€m (77) D) = 0;

but it is not clear whether or not €,,(n, D) = €(n, D). If the answer is yes, then one
has a numerical criterion to determine the effective cone.

Conjecture [Z4] essentially boils down to the following concrete, computational
question. Suppose L is an effective line bundle, and suppose 7, : Y,, — X resolves
the base locus of |nL| with Y,, smooth. Writing (7, )*nL = M,, + E,, is it true that

Mdim X-1, E
lim —2 o =07

n—00 ndim X
In other words, does the pair (M, E,) approximate a Zariski decomposition not
only in the sense of Theorem 21 but also in a stronger sense of becoming closer

and closer to being perpendicular?
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