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ASYMPTOTICS FOR THE NONLINEAR
DISSIPATIVE WAVE EQUATION

TOKIO MATSUYAMA

Dedicated to Professor Kunihiko Kajitani on the occasion of his sixtieth birthday

Abstract. We are interested in the asymptotic behaviour of global classical
solutions to the initial-boundary value problem for the nonlinear dissipative
wave equation in the whole space or the exterior domain outside a star-shaped
obstacle. We shall treat the nonlinear dissipative term like a1(1+|x|)−δ |ut|βut
(a1, β, δ > 0) and prove that the energy does not in general decay. Further,
we can deduce that the classical solution is asymptotically free and the local
energy decays at a certain rate as the time goes to infinity.

1. Introduction

Let Ω = RN or Ω ⊂ RN (N ≥ 1) be an unbounded domain with a compact and
smooth boundary ∂Ω contained in the ball Bρ0 = {x ∈ RN ; |x| ≤ ρ0} (if N = 1,
we assume Ω = (−∞,∞) or Ω = (ρ0,∞)). We consider the initial-boundary value
problem in (0,∞)× Ω:

(P)


utt −∆u+ a(t, x)|ut|βut = 0, (t, x) ∈ (0,∞)× Ω,
u(0, x) = u0(x), ut(0, x) = u1(x), x ∈ Ω,
u(t, x) = 0, (t, x) ∈ (0,∞)× ∂Ω,

where a(t, x) is a nonnegative function in [0,∞)×Ω and β > 0. When Ω is the whole
space RN , we can drop the boundary condition. In this paper we are concerned
with asymptotic behaviour such as energy nondecay and local energy decay for the
C2 solutions to the problem (P).

Before we state assumptions, we shall introduce some function spaces and nota-
tion. Let W k,p(Ω) (k = 0, 1, 2, . . .; p ≥ 1) be the usual Sobolev space with norm

‖f‖Wk,p(Ω) =
{ ∑
|α|≤k

∫
Ω

|Dα
x f(x)|p dx

}1/p

,
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where

Dα
x =

( ∂

∂x1

)α1( ∂

∂x2

)α2

· · ·
( ∂

∂xN

)αN
(|α| = α1 + α2 + · · ·+ αN ).

We write Hk(Ω) = W k,2(Ω), H0(Ω) = L2(Ω) and ‖f‖L2(Ω) = ‖f‖. H1
0 (Ω) and

H∇(Ω) are the completion of C∞0 (Ω) (the space of all test functions on Ω) in the
norms ‖ · ‖H1(Ω) and ‖∇ · ‖, respectively, where ∇ = (∂/∂x1, ∂/∂x2, . . . , ∂/∂xN).
Bk([0,∞)× Ω) is the space of all functions whose derivatives up to the k-th order
are all bounded and continuous on [0,∞)×Ω. The differential operators often used
in this paper are as follows:

∂k =
∑
|α|=k

( ∂

∂x1

)α1( ∂

∂x2

)α2

· · ·
( ∂

∂xN

)αN
, Dj

t =
∂j

∂tj
(j = 1, 2, · · · , N),

and we define the (higher-order) energy of u(t, x) by

E(Dj
tu(t)) =

1
2
{‖Dj+1

t u(t)‖2 + ‖∇Dj
tu(t)‖2} (j = 0, 1, 2, 3),

I2
j = E(Dj

tu(0)) =
1
2
{‖Dj+1

t u(0)‖2 + ‖∇Dj
tu(0)‖2} (j = 0, 1, 2, 3).

We make the following hypotheses.

Hypothesis A. a(t, x) is a nonnegative function in [0,∞) × Ω and belongs to
C1([0,∞)× Ω), and is such that

|at(t, x)|+ |∇a(t, x)| ≤ Ca(t, x)

for some C > 0.

Hypothesis B. a(t, x) satisfies

0 ≤ a(t, x) ≤ a1(1 + |x|)−δ in [0,∞)× Ω

for some a1 > 0 and δ ≥ 0.

Hypothesis C. RN \ Ω is star-shaped with respect to the origin if Ω 6= Rn.

Now, assume that

{u0, u1} ∈ [H2(Ω) ∩H1
0 (Ω)]× [H1

0 (Ω) ∩ L2(β+1)(Ω)].

Then it is well known (cf. Lions and Strauss [5]) that if we assume Hypothesis A,
then the problem (P) has a unique global solution with the following properties:

(i) u ∈ C([0,∞);H1
0 (Ω)), and u satisfies the energy identity

(1.1) E(u(t)) +
∫ t

s

∫
Ω

a|ut|β+2 dxdτ = E(u(s)) for 0 ≤ s < t.

(ii) u ∈ C([0, T ];L2(Ω)) for any T > 0.
(iii) utt, ∇ut, ∆u, a|ut|βut ∈ L∞(0, T ;L2(Ω)) for any T > 0.

We see from the energy identity (1.1) that the energy decreases in t > 0. Thus a
question naturally arises whether it decays or not. The main purpose of this paper
is to investigate the asymptotic behaviour of solutions for the “exterior problem”.



ASYMPTOTICS FOR THE WAVE EQUATION 867

When Ω is the whole space RN , Mochizuki and Motai proved in [11] that if
a(t, x) ≥ a0(1 + t+ |x|)−δ (0 ≤ δ < 1) and 0 < β ≤ 2(1− δ)/N , then the energy of
the solution with the logarithmically weighted data decays like {log(e+ t)}−µ (0 <
µ < 2/β), and if 0 ≤ a(t, x) ≤ a1(1 + |x|)−δ (0 ≤ δ ≤ 1) and β > 2(1− δ)/(N − 1)
(N ≥ 2), then the energy does not in general decay (see also Mochizuki [9], where
the proof is not given in detail) and the solution is asymptotically free (see Motai
and Mochizuki [14]). The decay estimate in [11] can be proved analogously in any
exterior domain with a compact boundary. On the other hand, it seems difficult to
discuss the energy nondecay problem in exterior domains without any assumption
on the shape. For the linear dissipative case in an exterior domain outside a star-
shaped obstacle, we should refer to the work of Mochizuki and Nakazawa [12]
(see also the work [6] of the present author in general exterior domains where the
dissipation is effective around the boundary).

The first object in this paper is to discuss the energy nondecay of the solution
to the problem (P). In other words, we shall construct some special initial data for
which the energy of the corresponding solution remains positive as t goes to infinity.
If RN \ Ω is star-shaped and a(t, x) = O(|x|−δ) (|x| → ∞) for some δ ≥ 0, we
can prove the energy nondecay for some restrictive condition on β (Theorem 2.1).
We can also prove that if Ω is the whole space R3 and a(t, x) satisfies a(t, x) =
O(|x|−δt−η) for some δ > 1 and η > 0 (t+ |x| → ∞), then the local energy decays
at a certain rate as t→∞ (Theorem 2.4), which is the second object in this paper.
In this argument, the boundedness or decay of ‖ut(t)‖L∞ for the global C2 solution
u will play an important role, and we can also claim that the scattering state exists
in the exterior problem (Theorem 2.3), which is a sharper result than Theorem 2.1.
Here, we should mention the result in [9] on the local energy decay, which showed
that if (N − 1)β > 2(1− δ) and β ≥ −1, then the local energy decays to 0, but its
rate was not determined.

For the present discussion we need the existence theorem for classical solutions
to the problem (P). This existence theorem was treated by many authors (see
Nakao [15] and Sather [17] in a bounded domain, Shatah [18] in the whole space,
and Hayashi [2] in the exterior domain outside the ball, Shibata and Tsutsumi [20]
in exterior nontrapping domains, etc.). In all of these it was required for the
existence of globally in time small-amplitude solutions that the initial data belongs
to the “higher-order” Sobolev spaces. Our result concerning the existence theorem
of the global C2 solution u in Theorem 2.2 is even new in the sense that the small-
amplitude solutions belong to a weaker class, H4 × H3, than the previous ones.
Since the energy does not in general decay, we cannot expect to obtain the decay
estimate, and hence it is difficult to prove the global existence of classical solutions
by the usual energy method.

In the case when Ω = R3 or an exterior domain outside a star-shaped obstacle
in R3, if a(t, x) = O(|x|−δ) (|x| → ∞) for some δ > 1, we shall use the weighted
energy method to obtain the space-time integrability of a|Dj

tu|2 (j = 1, 2, 3, 4) in
Proposition 5.5, and as a result, we can deduce that the wave operator ∂2

t − ∆
has a dissipative effect like a1(1 + |x|)−δut for some a1 > 0 and δ > 1. From
this observation it follows that a nonlinear term like au3

t can be absorbed into the
space-time estimates of a|Dj

tu|2, which enables us to assure the existence of global
classical solutions in Theorem 2.2.
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2. Statement of results

We now consider the initial-boundary value problem for the free wave equation
with the same initial data as the problem (P):

(P)0


wtt −∆w = 0, (t, x) ∈ (0,∞)× Ω,
w(0, x) = u0(x), wt(0, x) = u1(x), x ∈ Ω,
w(t, x) = 0, (t, x) ∈ (0,∞)× ∂Ω.

It is well known (cf. Ikawa [3]) that if {u0, u1} belongs to Hk+1(Ω)×Hk(Ω), k being
an integer with k ≥ [N/2] + 1 ([N/2] = the integer part of N/2), and satisfies the
compatibility condition of order k, that is, wj ∈ H1

0 (Ω) (j = 0, 1, . . . , k;w0 = u0,
w1 = u1) and wk+1 ∈ L2(Ω), where {wj} are defined inductively by

(2.1) wj = ∆wj−2 (j = 2, 3, · · · , k + 1),

then the finite energy solution w(t, x) belongs, in fact, to

Xk(0,∞) ≡
k⋂
j=0

Cj([0,∞);Hk+1−j(Ω) ∩H1
0 (Ω)) ∩ Ck+1([0,∞);L2(Ω))

and satisfies

(2.2) sup
t≥0
‖wt(t)‖L∞ ≤ Ck ≡ C(‖w(0)‖Hk+1 , ‖wt(0)‖Hk).

In order to state the result, we need∫ ∞
0

∫
Ω

a|wt(t)|β+2 dxdt ≤ CβE(w(0))

for some Cβ ≡ C(β, ‖w(0)‖Hk+1 , ‖wt(0)‖Hk) > 0 (k ≥ [N/2] + 1) independent of t,
which will be shown in Lemma 4.2 below. Our first result reads as follows.

Theorem 2.1. Suppose Hypotheses A, B, C hold, and {u0, u1} 6= {0, 0}.
(i) Let N 6= 2, δ > 1 and β > 0. Assume further that {u0, u1} belongs to

H [N/2]+2(Ω)×H [N/2]+1(Ω) and satisfies the compatibility condition of order [N/2]+
1 in the sense of (2.1). If we take σ ≡ σ(u0, u1) > 0 so that∫ ∞

σ

∫
Ω

a|wt(t)|β+2 dxdt < 2β+2E(u(0)),

then the energy E(u(σ)(t)) of the solution u(σ)(t) in the class X1(0,∞) to the prob-
lem (P) with the initial data {u0, u1} replaced by {w(σ), wt(σ)} never decays to 0
as t→∞.

(ii) Let N ≥ 3, 0 ≤ δ ≤ 1 and

β >
2

N − 1
− 2δ
N
.

Suppose that RN \ Ω is convex if Ω 6= RN . Assume that {u0, u1} belongs to

[H2[N/2]+3(Ω) ∩W 2[N/2]+4,1(Ω)]× [H2[N/2]+2(Ω) ∩W 2[N/2]+3,1(Ω)]

and satisfies the compatibility condition of order 2[N/2] + 2 in the sense of (2.1).
Then the assertion in (i) remains valid. In particular, if Ω is the whole space RN
and the initial data {u0, u1} belongs to

[H [N/2]+2(RN ) ∩W [N/2]+3,1(RN )]× [H [N/2]+1(RN ) ∩W [N/2]+2,1(RN )],
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then the assertion in (i) remains valid even if N ≥ 2.

Remark. When Ω = RN (N ≥ 2), Mochizuki and Motai assumed in [11] that
{u0, u1}, β and δ should satisfy

(2.3)
∑

|α|,|γ|≤[N/2]+2

‖xα∇γu0‖+
∑

|α|,|γ|≤[N/2]+1

‖xα∇γu1‖ <∞,

(2.4) β >
2
N
− 2δ
N

and 0 ≤ δ ≤ 1

to obtain that E(u(σ)(t)) remains positive as t goes to infinity. Thus part (ii) in
Theorem 2.1 imposes an L1 condition and removes the weight condition on (2.3).

In order to discuss the existence of a scattering state and the local energy decay,
we need the existence of the globally small-amplitude C2 solution to the prob-
lem (P). For this, we must restrict the condition on the power nonlinearity of the
dissipation to au2m+1

t (β = 2m).
Let Ω be the whole space R3 or the exterior domain in R3 with a compact

boundary. Assume m = 1, 2 or m ≥ 3, which assures that the nonlinear dissipative
term is of class C3. Then we consider the initial-boundary value problem

(P)m


utt −∆u + a(t, x)u2m+1

t = 0, (t, x) ∈ (0,∞)× Ω,
u(0, x) = u0(x), ut(0, x) = u1(x), x ∈ Ω,
u(t, x) = 0, (t, x) ∈ (0,∞)× ∂Ω.

We assume that {u0, u1} ∈ H4(Ω)×H3(Ω) satisfies the compatibility condition of
order 3:

(2.5) Dj
tu(0, ·) ∈ H1

0 (Ω) (j = 0, 1, 2, 3) and D4
t u(0, ·) ∈ L2(Ω).

Furthermore, we impose the other assumption as

Hypothesis D. a(t, x) belongs to C3([0,∞)× Ω) and satisfies∑
j+|α|≤3

|Dj
tD

α
xa(t, x)| ≤ Ca(t, x) in [0,∞)× Ω

for some C > 0.

Then the existence theorem for C2 solutions reads as follows.

Theorem 2.2. Let N = 3 and δ > 1. Suppose Hypothesis D holds. Then we have
the following assertions.

(i) Assume Hypotheses B, C and m = 1, 2 or m ≥ 3. Then, there exist positive
constants ε0, C0 and C1 such that if the initial data {u0, u1} ∈ H4(Ω) × H3(Ω)
satisfies

(2.6) ‖∇u0‖H3 +
3∑
j=0

‖Dj+1
t u(0)‖H3−j < C0ε0,

(2.7) ‖ut(0)‖L∞ + ‖utt(0)‖L∞ + ‖∇ut(0)‖L∞ < ε0,
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and the compatibility condition of order 3 in the sense of (2.5), then the problem
(P)m admits a unique solution u ∈ C2([0,∞)× Ω) so that

(2.8) sup
t≥0

{
‖∇u(t)‖H3 +

3∑
j=0

‖Dj+1
t u(t)‖H3−j

}
≤ C0C1ε0,

(2.9) sup
t≥0

{
‖ut(t)‖L∞ + ‖utt(t)‖L∞ + ‖∇ut(t)‖L∞

}
≤ ε0.

(ii) Let Ω = R3, and let m be a number with m = 2 or m ≥ 3. Suppose that the
data u0, u1 satisfies {u0, u1} ∈ [H4(R3) ∩W 4,1(R3)] × [H3(R3) ∩W 3,1(R3)], (2.6)
and (2.7). Assume further that a(t, x) satisfies

(2.10) 0 ≤ a(t, x) ≤ a1(1 + t)−η(1 + |x|)−δ

for some a1 > 0, η > 0 and δ > 1. If we choose ε0 small enough, then the C2

solution u satisfies

sup
t≥0

{
(1 + t)

(
‖ut(t)‖L∞ + ‖∇u(t)‖L∞

)}
≤ C(ε0)

(
‖u0‖W 4,1 + ‖u0‖H3 + ‖u1‖W 3,1 + ‖u1‖H2

)
.

(2.11)

Based on the L∞ estimate (2.9), we can argue the existence of a scattering state
for our problem, which reveals the meaning of the energy nondecay in Theorem 2.1
(i). That is, we have the following.

Theorem 2.3. For the solution u(t, x) in the sense of Theorem 2.2 (i) to the
problem (P)m with the data {u0, u1}, there exists a pair {u+

0 , u
+
1 } ∈ E such that

(2.12) ‖u(t)− w+(t)‖E → 0 as t→∞,

where E represents the energy space H∇(Ω) × L2(Ω) and w+(t) is the solution to
the problem (P)0 with {u0, u1} replaced by {u+

0 , u
+
1 }.

Remark. When Ω = RN (N ≥ 2), Motai and Mochizuki [14] showed that if β >
2/(N − 1) and δ = 0, then the scattering state exists. Therefore, Theorem 2.3 is
new in the sense of the exterior problem.

Finally, let us state the result on the local energy decay.

Theorem 2.4. Let Ω be the whole space R3 and u(t, x) the solution in the sense of
Theorem 2.2 (ii) with suppu0 ∪ suppu1 ⊂ BR for any fixed number R > 0. Then

(2.13)
1
2

∫
BR

{
|ut(t, x)|2 + |∇u(t, x)|2

}
dx ≤ C(R, ε0)(1 + t)−min{2(2m+η),2(δ−1)}

for all t ≥ 0.

Remark. When a(t, x) has compact support, Eloc,R(t) decays exponentially to 0 as
t goes to infinity. For the details, see [7].
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3. Preliminaries

We state the following well-known regularity theorem of elliptic equations.

Lemma 3.1 ([1], Gilbarg and Trudinger, p. 187, Theorem 8.13). Let m be a non-
negative integer. If ∆u ∈ Hm(Ω) and u ∈ H1

0 (Ω), then u ∈ Hm+2(Ω) and

‖u‖Hm+2 ≤ Cm(‖∆u‖Hm + ‖u‖)
for some positive constant Cm depending on m.

Lemma 3.2 ([4], Ladyzhenskaya). Let H2
∇(Ω) = {u ∈ H∇(Ω) ; ∆u ∈ L2(Ω)}. If

u ∈ H2
∇(Ω), then Dα

xu ∈ L2(Ω) (|α| = 2) and there exists a constant C > 0 such
that ∑

|α|=2

‖Dα
xu‖ ≤ C(‖∇u‖+ ‖∆u‖).

To obtain a priori estimates of higher-order derivatives, we need L1 bounds for
the weighted energy. For this, let us introduce the positive smooth function ϕ(r)
of r = |x| such that

(3.1) ϕ(r) is bounded, monotone increasing and satisfies ϕ(r) ≥ rϕ′(r).

Lemma 3.3. Let u(t, x) be the solution to the problem (P). Then we have

(3.2)
1
2
∂

∂t

{
u2
t + |θθθ|2 +

(N − 1)(N − 3)
4r2

u2
}
−∇ · (θθθut) + a|ut|β+2 = 0

and

(3.3)
∂

∂t
{ϕ(r)(x̃ · θθθ)ut}

− ∇ ·
[
ϕ(r)(x̃ · θθθ)θθθ +

1
2
ϕ(r)x̃

{
u2
t − |θθθ|2 −

(N − 1)(N − 3)
4r2

u2
}]

+
1
2
ϕ′(r)u2

t +
{1
r
ϕ(r) − 1

2
ϕ′(r)

}
|θθθ|2 −

{1
r
ϕ(r) − ϕ′(r)

}
(x̃ · θθθ)2

+ aϕ(r)(x̃ · θθθ)|ut|βut +
{1
r
ϕ(r) − 1

2
ϕ′(r)

} (N − 1)(N − 3)
4r2

u2 = 0,

where we set

θθθ = ∇u+
N − 1

2r
x̃u

(
x̃ =

x

r

)
.

Proof. The proof can be done along the same lines as in the book of Mochizuki [10].
For the convenience of the readers we give it completely.

Setting v(t, x) = r(N−1)/2u(t, x), we easily see that θθθ = r−(N−1)/2∇v, and the
equation can be rewritten as

(3.4) vtt −∆v +
N − 1
r

x̃ · ∇v + ar−β(N−1)/2|vt|βvt +
(N − 1)(N − 3)

4r2
v = 0.

In the calculations below, we shall construct the divergence form. Multiplying
the equation (3.4) by r1−Nvt, we have{

vtt + ar−β(N−1)/2|vt|βvt +
(N − 1)(N − 3)

4r2
v
}
r1−Nvt

=
∂

∂t

{1
2
u2
t +

(N − 1)(N − 3)
8r2

u2
}

+ a|ut|β+2
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and

(
−∆v +

N − 1
r

x̃ · ∇v
)
r1−Nvt =−∇ · {r1−N (∇v)vt}+ r1−N∇v · ∇vt

+ {∇(r1−N ) · ∇v}vt +
N − 1
r

(x̃ · ∇v)(r1−N vt)

=−∇ · (θθθut) +
1
2
∂

∂t
|θθθ|2,

which imply the identity (3.2).
Multiply the equation (3.4) by r1−Nϕ(r)(x̃ ·∇v). Then the time derivative terms

become

{vtt + ar−β(N−1)/2|vt|βvt}r1−Nϕ(r)(x̃ · ∇v) =
∂

∂t
{ϕ(r)(x̃ · θθθ)ut} − ϕ(r)(x̃ · θθθt)ut

+ aϕ(r)(x̃ · θθθ)|ut|βut

and the other terms become

{
−∆v +

N − 1
r

x̃ · ∇v +
(N − 1)(N − 3)

4r2
v
}
r1−Nϕ(r)(x̃ · ∇v)

=−∆v · r1−Nϕ(r)(x̃ · ∇v) +
N − 1
r

ϕ(r)(x̃ · θθθ)2

+
(N − 1)(N − 3)

4r2
ϕ(r)(x̃ · ∇u)u+

N − 1
2r

· (N − 1)(N − 3)
4r2

ϕ(r)u2

=−∆v · r1−Nϕ(r)(x̃ · ∇v) +
N − 1
r

ϕ(r)(x̃ · θθθ)2

+∇ ·
{(N − 1)(N − 3)

8r2
ϕ(r)x̃u2

}
+
{1
r
ϕ(r) − 1

2
ϕ′(r)

} (N − 1)(N − 3)
4r2

u2,

which imply

∂

∂t
{ϕ(r)(x̃ · θθθ)ut} − ϕ(r)(x̃ · θθθt)ut + aϕ(r)(x̃ · θθθ)|ut|βut

−∆v · r1−Nϕ(r)(x̃ · ∇v) +
N − 1
r

ϕ(r)(x̃ · θθθ)2

+∇ ·
{ (N − 1)(N − 3)

8r2
ϕ(r)x̃u2

}
+
{1
r
ϕ(r) − 1

2
ϕ′(r)

} (N − 1)(N − 3)
4r2

u2 = 0.

(3.5)

By simple calculations, the second term in the left-hand side of the identity (3.5)
becomes

−ϕ(r)(x̃ · θθθt)ut = −ϕ(r)(x̃ · ∇ut)ut −
N − 1

2r
ϕ(r)u2

t

= −1
2
∇ · {ϕ(r)x̃u2

t}+
1
2
ϕ′(r)u2

t

(3.6)
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and the fourth term in the left-hand side of the identity (3.5) becomes

−∆v · r1−Nϕ(r)(x̃ · ∇v)

=−∇ · {ϕ(r)(x̃ · θθθ)θθθ}+ r1−N (∇ϕ · ∇v)(x̃ · ∇v) + ϕ(r){∇(r1−N ) · ∇v}(x̃ · ∇v)

=−∇ · {ϕ(r)(x̃ · θθθ)θθθ}+ ϕ′(r)(x̃ · θθθ)2 + (1 −N)r−Nϕ(r)(x̃ · ∇v)2

+ ϕ(r)r1−N∇v · ∇(x̃ · ∇v)

=−∇ · {ϕ(r)(x̃ · θθθ)θθθ}+ ϕ′(r)(x̃ · θθθ)2 − ϕ(r) · N − 1
r

(x̃ · θθθ)2

+ ϕ(r)r1−N∇v · ∇(x̃ · ∇v).

(3.7)

Here, we note that the last term in the right-hand side of (3.7) continually becomes

ϕ(r)r1−N∇v · ∇(x̃ · ∇v)

=
1
r
ϕ(r){|θθθ|2 − (x̃ · θθθ)2}+

1
2
ϕ(r)r1−N x̃ · ∇(|∇v|2)

=
1
r
ϕ(r){|θθθ|2 − (x̃ · θθθ)2}+

1
2
ϕ(r)r1−N x̃ · ∇(r1−N |∇v|2 · rN−1)

=
1
r
ϕ(r){|θθθ|2 − (x̃ · θθθ)2}+

1
2
ϕ(r)x̃ · ∇(|θθθ|2) +

N − 1
2r

ϕ(r)|θθθ|2

=
1
r
ϕ(r){|θθθ|2 − (x̃ · θθθ)2}+∇ ·

{1
2
ϕ(r)x̃|θθθ|2

}
− 1

2
ϕ′(r)|θθθ|2.

(3.8)

Hence, it follows from (3.7) and (3.8) that

−∆v · r1−Nϕ(r)(x̃ · ∇v)})

=−∇ ·
{
ϕ(r)(x̃ · θθθ)θθθ − 1

2
ϕ(r)x̃|θθθ|2

}
− ϕ(r) · N − 1

r
(x̃ · θθθ)2

+
{1
r
ϕ(r) − 1

2
ϕ′(r)

}
|θθθ|2 −

{1
r
ϕ(r) − ϕ′(r)

}
(x̃ · θθθ)2.

(3.9)

Combining (3.5), (3.6) and (3.9), we get the identity (3.3). �

4. The energy nondecay

In this section we will observe that the energy does not in general decay under
the assumptions in Theorem 2.1. The following identity is our starting point.

Lemma 4.1. Assume that {u0, u1} ∈ [H2(Ω)∩H1
0 (Ω)]×H1

0 (Ω). Let w(t, x) be the
X1(0,∞)-solution to the problem (P)0, and let u(σ)(t, x) be the X1(0,∞)-solution
to the problem (P) with the data {u0, u1} replaced by {w(σ), wt(σ)} for any fixed
σ > 0. Then we have

(4.1) (u(σ)(t), w(t + σ))E +
1
2

∫ t

0

∫
Ω

a|u(σ)
t (τ)|βu(σ)

t (τ)wt(τ + σ) dxdτ = E(u(0)),

where (·, ·)E is the inner product in the energy space

(u(t), w(t))E =
1
2

∫
Ω

(utwt +∇u · ∇w) dx.

Proof. Multiply the equation in (P) by u(σ)
t and integrate by parts over (σ, t) × Ω

(0 < σ < t). Then, noting that (u(σ)(0), w(σ))E = E(u(0)), we get (4.1). �
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When δ > 1, the following integrability of a|wt|β+2 will play a crucial role in
constructing a special data for which the energy never decays as t→∞.

Lemma 4.2. Let N 6= 2. Assume Hypotheses B and C, and let δ > 1 and β > 0.
Let w(t, x) be the solution in the class X [N/2]+1(0,∞) to the problem (P)0 with the
data {u0, u1} ∈ H [N/2]+2(Ω) × H [N/2]+1(Ω) satisfying the compatibility condition
of order [N/2] + 1 in the sense of (2.1). Then there exists a constant Cβ > 0,
depending on β, ‖w(0)‖H[N/2]+2 and ‖wt(0)‖H[N/2]+1 , such that

(4.2)
∫ ∞

0

∫
Ω

a|wt|β+2 dxdt ≤ CβE(w(0)).

Proof. First we shall prove that

(4.3)
∫ ∞

0

∫
Ω

aw2
t dxdt ≤ CE(u(0)).

We apply Lemma 3.3 to w. Noting that a ≡ 0, we see that

(4.4) Xt + Z = ∇ ·YYY ,
where we set

X =
1
2

{
w2
t + |θθθ|2 +

(N − 1)(N − 3)
4r2

w2
}

+ ϕ(r)(x̃ · θθθ)wt,

YYY = θθθwt + ϕ(r)
{

(x̃ · θθθ)θθθ +
1
2
x̃
[
w2
t − |θθθ|2 −

(N − 1)(N − 3)
4r2

w2
]}
,

Z =
1
2
ϕ′(r)(w2

t + |θθθ|2) +
{1
r
ϕ(r) − ϕ′(r)

}
{|θθθ|2 − (x̃ · θθθ)2}

+
{1
r
ϕ(r) − 1

2
ϕ′(r)

} (N − 1)(N − 3)
4r2

w2.

Then we integrate (4.4) over (0, t)× Ω to obtain

(4.5)
∫

Ω

X(τ, x) dx
∣∣∣τ=t

τ=0
+
∫ t

0

∫
Ω

Z(τ, x) dxdτ =
∫ t

0

∫
∂Ω

YYY (τ, x) · ννν(x) dSdτ,

where ννν(x) is the unit outward normal vector at x ∈ ∂Ω. Of course, when Ω is the
whole space RN , we can drop the boundary integral term in (4.5). Since ϕ(r) is
bounded, there exists a constant Cϕ > 0 such that

(4.6) sup
t≥0

∫
Ω

|X(t, x)| dx ≤ CϕE(w(0)),

where we have used E(w(t)) = E(w(0)) and the Hardy inequality

(4.7)
∫

Ω

u(x)2

r2
dx ≤ C‖∇u‖2 for u ∈ H1

0 (Ω) and N ≥ 3.

Needless to say, when N = 1, (4.6) is obvious. By means of the boundary condition
w
∣∣
∂Ω

= 0 and Hypothesis C we see that wt = 0, θθθ = ∇w = (∂w∂ννν )ννν and x̃ · ννν(x) < 0
on ∂Ω. Hence we have

(4.8)
∫ t

0

∫
∂Ω

YYY (τ, x) · ννν(x) dSdτ =
1
2

∫ t

0

∫
∂Ω

ϕ(r){x̃ · ννν(x)}
(∂w
∂ννν

)2

dSdτ ≤ 0.

Further, since we have (r−1ϕ− ϕ′){|θθθ|2 − (x̃ · θθθ)2} ≥ 0 and r−1ϕ− 2−1ϕ′ ≥ 2−1ϕ′,
it follows that

(4.9) Z ≥ 1
2
ϕ′(r)

{
w2
t + |θθθ|2 +

(N − 1)(N − 3)
4r2

w2
}
.
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We put

(4.10) ϕ(r) = γ
{

1− 1
µ(1 + r)δ−1

}
,

where δ > 1, γ > 0 and µ > 1. Then

ϕ′(r) =
γ(δ − 1)

µ
(1 + r)−δ,

and it follows that ϕ(r) ≥ rϕ′(r). Thus (3.1) is satisfied for this ϕ(r). Therefore,
it follows from Hypothesis B and (4.5)–(4.9) that (4.3) is valid.

Thus the estimate (4.2) is an immediate consequence of the estimates (2.2) and
(4.3), as follows:∫ ∞

0

∫
Ω

a|wt|β+2 dxdt ≤
{

sup
t≥0
‖wt(t)‖βL∞

} ∫ ∞
0

∫
Ω

aw2
t dxdt ≤ CβE(u(0)).

This ends the proof of Lemma 4.2. �

Now we shall prove Theorem 2.1 (i) by a contradiction argument. Let w(t, x) be
as in Lemma 4.2. By virtue of Lemma 4.2 we can take σ ≡ σ(u0, u1) > 0 so that

(4.11)
∫ ∞
σ

∫
Ω

a|wt(t)|β+2 dxdt < 2β+2E(u(0)).

For such a time σ > 0 we consider the X1(0,∞)-solution u(σ)(t, x) to the prob-
lem (P) with the data {u0, u1} replaced by {w(σ), wt(σ)}. We suppose that the
energy E(u(σ)(t)) of u(σ)(t, x) decays to 0 as t → ∞ and argue to a contradiction.
Letting t→∞, we see from Lemma 4.1 that

(4.12)
∫ ∞

0

∫
Ω

a|u(σ)
t (t)|βu(σ)

t (t)wt(t+ σ) dxdt = 2E(u(0)).

Since we have∣∣∣ ∫ ∞
0

∫
Ω

a|u(σ)
t (t)|βu(σ)

t (t)wt(t+ σ) dxdt
∣∣∣

≤
( ∫ ∞

0

∫
Ω

a|u(σ)
t (t)|β+2 dxdt

)(β+1)/(β+2)(∫ ∞
σ

∫
Ω

a|wt(t)|β+2 dxdt
)1/(β+2)

≤ E(u(0))(β+1)/(β+2)
(∫ ∞

σ

∫
Ω

a|wt(t)|β+2 dxdt
)1/(β+2)

,

it follows from (4.12) that∫ ∞
σ

∫
Ω

a|wt(t)|β+2 dxdt ≥ 2β+2E(u(0)),

which contradicts (4.11). Thus the energy E(u(σ)(t)) never decays, which completes
the proof of Theorem 2.1 (i).

Finally, we shall prove Theorem 2.1 (ii), i.e., the energy nondecay in the case
when 0 ≤ δ ≤ 1. For this, we need the following uniform decay estimate.

Proposition 4.3 (Shibata and Tsutsumi [19]). Let N ≥ 3. Assume that RN \ Ω
is convex if Ω 6= RN . Let the data u0, u1 satisfy {u0, u1} ∈ [Hk(Ω)∩W k+1,1(Ω)]×
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[Hk−1(Ω) ∩W k,1(Ω)] with k = 2[N/2] + 3 and the compatibility condition of order
k. Then the solution w(t, x) to the problem (P)0 satisfies the following estimate:

(4.13) sup
t≥0

{
(1 + t)(N−1)/2

(
‖wt(t)‖L∞ + ‖∇w(t)‖L∞

)}
≤ Ck,

where

Ck ≡ C
(
‖w(0)‖Wk+1,1 + ‖wt(0)‖Hk + ‖w(0)‖Wk,1 + ‖wt(0)‖Hk−1

)
.

In particular, if Ω is the whole space RN and the data u0, u1 satisfy {u0, u1} ∈
[Hk(RN ) ∩W k+1,1(RN )] × [Hk−1(RN ) ∩W k,1(RN )] with k = [N/2] + 2, then the
decay estimate (4.13) is valid even if N ≥ 2.

Now we see from Proposition 4.3 that there exists a constant Ck,β ≡ Cβ+2−η
k > 0

so that

(4.14)
∫ ∞

0

∫
Ω

a|wt(t)|β+2 dxdt ≤ Ck,β

for all η with

(4.15)
(N − 1)(β + 2− η)

2
> 1 and 2 > η > 2− 2δ

N
.

In fact, we have∫ ∞
0

∫
Ω

a|wt(t)|β+2 dxdt

≤
∫ ∞

0

‖wt(t)‖β+2−η
L∞

( ∫
Ω

a|wt(t)|η dx
)
dt

≤ Ck,β

∫ ∞
0

(1 + t)−(N−1)(β+2−η)/2
(∫

Ω

(1 + r)−2δ/(2−η) dx
)(2−η)/2

×
(∫

Ω

wt(t)2 dx
)η/2

dt.

Since

β >
2

N − 1
− 2δ
N
,

we can choose η to satisfy the condition (4.15). Thus, assertion (ii) in Theorem 2.1
can be proved in the same way as assertion (i). The proof of Theorem 2.1 is now
complete. �

5. Proof of Theorem 2.2

Theorem 2.2 is based on the following local existence of solutions.

Proposition 5.1. Let N = 3. Assume that a(t, x) belongs to B3([0,∞) × Ω) and
m = 1, 2 or m ≥ 3. If the data {u0, u1} belong to H4(Ω) ×H3(Ω) and satisfy the
compatibility condition of order 3 in the sense of (2.5), then there exist numbers
T ≡ T (‖∇u0‖H3 , ‖u1‖H3) > 0, Mj ≡ Mj(T ) > 0 (j = 1, 2) and a unique solution
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u(t, x) of the problem (P)m such that

∇u ∈ C([0, T );H3(Ω)),

ut ∈
2⋂
j=0

Cj([0, T );H3−j(Ω) ∩H1
0 (Ω)) ∩ C3([0, T );L2(Ω)),

sup
0≤t<T

{
‖∇u(t)‖H3 +

3∑
j=0

‖Dj+1
t u(t)‖H3−j

}
≤M1ε0,

sup
0≤t<T

{
‖ut(t)‖L∞ + ‖utt(t)‖L∞ + ‖∇ut(t)‖L∞

}
≤M2ε0.

The proof can be found in Appendix A.

By a standard argument on the basis of Proposition 5.1, it suffices for the exis-
tence of a global classical solution to show that for a given ε0 > 0, if

‖ut(t)‖L∞ + ‖utt(t)‖L∞ + ‖∇ut(t)‖L∞ < ε0

holds for assumed smooth solutions u(t, x) on [0, T ), then there exists a certain
quantity C > 0, independent of ε0, such that

sup
0≤t<T

{
‖∇u(t)‖H3 +

3∑
j=0

‖Dj+1
t u(t)‖H3−j

}
≤ C

3∑
j=0

Ij .

5.1. A priori estimates I.

Proposition 5.2. Let u(t, x) be the solution on [0, T ) in the sense of Proposition
5.1 satisfying ‖ut(t)‖L∞ < ε0 on [0, T ). Then there exists a constant C > 0,
independent of ε0, such that

‖utt(t)‖+ ‖ut(t)‖H1 + ‖∇u(t)‖H1 +
(∫ t

0

∫
Ω

au2m
t (|∇ut|2 + u2

tt) dxdτ
)1/2

≤ C(I0 + I1)
(5.1)

for 0 ≤ t < T .

Proof. By the energy identity (1.1) we have

(5.2) ‖ut(t)‖ + ‖∇u(t)‖ ≤ 2I0

for 0 ≤ t < T .
Multiplying the equation in (P)m by −∆ut and integrating over Ω, we have

(5.3)
1
2
d

dt
{‖∇ut(t)‖2 + ‖∆u(t)‖2}+

∫
Ω

∇(au2m+1
t ) · ∇ut dx = 0.

Next, differentiating the equation in (P)m with respect to t and multiplying it by
utt, we have

(5.4)
1
2
d

dt
{‖utt(t)‖2 + ‖∇ut(t)‖2}+

∫
Ω

Dt(au2m+1
t ) · utt dx = 0.
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Then it follows from (5.3) and (5.4) that

‖utt(t)‖2 + 2‖∇ut(t)‖2 + ‖∆u(t)‖2 +
∫ t

0

∫
Ω

(4m+ 2)au2m
t (|∇ut|2 + u2

tt) dxdτ

≤ ‖utt(0)‖2 + 2‖∇ut(0)‖2 + ‖∆u(0)‖2

+ 2
∫ t

0

∫
Ω

(|∇a| |∇ut|+ |Dta| |utt|)|ut|2m+1 dxdτ.

(5.5)

Here, it follows from Hypothesis D and the energy identity (1.1) that the last term
in the right-hand side of (5.5) is bounded by

C

∫ t

0

∫
Ω

a(|∇ut|+ |utt|)|ut|2m+1 dxdτ

≤ ε

∫ t

0

∫
Ω

a(|∇ut|2 + u2
tt)u

2m
t dxdτ + Cε

∫ t

0

∫
Ω

au2m+2
t dxdτ

≤ ε

∫ t

0

∫
Ω

a(|∇ut|2 + u2
tt)u

2m
t dxdτ + CεI

2
0

(5.6)

for any ε > 0. Using the equation in (P)m and ‖ut(0)‖L∞ < ε0, we see that

(5.7) ‖∆u(0)‖ ≤ C{‖utt(0)‖+ ‖ut(0)2m+1‖} ≤ C(I0 + I1).

Thus, it follows from (5.5), (5.6) and (5.7) that

‖utt(t)‖2 + ‖∇ut(t)‖2 + ‖∆u(t)‖2 +
∫ t

0

∫
Ω

au2m
t (|∇ut|2 + u2

tt) dxdτ ≤ C(I2
0 + I2

1 ).

This and Lemma 3.2 lead to (5.1). �

5.2. L1 bounds for the weighted energy. Hereafter we let ϕ(r) be as in (4.10),
where δ > 1, 0 < γ < 1 and µ > 1. Recalling the definition of θθθ in section 3, we
have an L1 bound for the weighted energy.

Proposition 5.3. Let u(t, x) be as in Proposition 5.1 satisfying ‖ut(t)‖L∞ < ε0

on [0, T ) for small ε0 such that

(5.8) 0 < ε2m
0 <

δ − 1
a1µγ

.

Then there exists a constant C > 0, independent of ε0, such that

(5.9)
∫ t

0

∫
Ω

a(u2
t + |θθθ|2) dxdτ ≤ CI2

0

for 0 ≤ t < T .

Proof. The proof can be done along the same lines as in Lemma 4.2. Noting that
N = 3, we apply Lemma 3.3 to obtain

(5.10) Xt + Z = ∇ ·YYY ,
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where we set

X =
1
2

(u2
t + |θθθ|2) + ϕ(r)(x̃ · θθθ)ut,

YYY = θθθut + ϕ(r)
{

(x̃ · θθθ)θθθ +
1
2
x̃(u2

t − |θθθ|2)
}
,

Z =
1
2
ϕ′(r)(u2

t + |θθθ|2) +
{1
r
ϕ(r) − ϕ′(r)

}
{|θθθ|2 − (x̃ · θθθ)2}+ au2m+2

t

+ aϕ(r)(x̃ · θθθ)u2m+1
t .

Recalling that YYY · ννν ≤ 0 on ∂Ω (see (4.8) in the proof of Lemma 4.2), we integrate
(5.10) over (0, t)× Ω to obtain

(5.11)
∫

Ω

X(t, x) dx+
∫ t

0

∫
Ω

Z(τ, x) dxdτ ≤
∫

Ω

X(0, x) dx.

As in the proof of Lemma 4.2, we have

(5.12) sup
t≥0

∫
Ω

|X(t, x)| dx ≤ CI2
0 .

Further, since we have (r−1ϕ−ϕ′){|θθθ|2−(x̃ ·θθθ)2} ≥ 0 and ‖ut(t)‖L∞ < ε0 on [0, T ),
it follows from (5.8) that

Z ≥ 1
2
ϕ′(r)(u2

t + |θθθ|2) + a{u2m+2
t + ϕ(r)(x̃ · θθθ)u2m+1

t }

=
1
2
ϕ′(r)(u2

t + |θθθ|2) + au2m
t {u2

t + ϕ(r)(x̃ · θθθ)ut +
1
4
ϕ(r)2|θθθ|2} − 1

4
aϕ(r)2u2m

t |θθθ|2

≥ γ(δ − 1)
2a1µ

a(u2
t + |θθθ|2)− γ2ε2m

0

4
a|θθθ|2

>
γ(δ − 1)

4a1µ
a(u2

t + |θθθ|2).

(5.13)

Therefore, it follows from (5.11)–(5.13) that the inequality (5.9) is valid. This
completes the proof of Proposition 5.3. �

For the proof of an L1 bound for the weighted energy of higher-order derivatives,
we prepare an L1 bound for the weighted energy of the linearized equation.

Proposition 5.4. Let u(t, x) be the solution in the sense of Proposition 5.1 satis-
fying

(5.14) ‖ut(t)‖L∞ + ‖utt(t)‖L∞ < ε0 on [0, T ),

where we choose ε0 so small that

(5.15) 0 < ε2m
0 <

δ − 1
(2m+ 1)a1µγ

.

Consider the linear problem

(P)l


U

(l)
tt −∆U (l) + (2m+ 1)a(t, x)u2m

t U
(l)
t = σl(a, ut), (t, x) ∈ (0,∞)× Ω,

U (l)(0) = U
(l)
0 ∈ H1

0 (Ω), U
(l)
t (0) = U

(l)
1 ∈ L2(Ω),

U (l)(t, x) = 0, (t, x) ∈ (0,∞)× ∂Ω,
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for l = 1, 2, 3, where we set

σ1(a, ut) =− atu2m+1
t ,

σ2(a, ut) =− (D2
t a)u2m+1

t − (4m+ 2)atu2m
t D2

tu−m(4m+ 2)au2m−1
t (D2

t u)2,

σ3(a, ut) =− (D3
t a)u2m+1

t − (6m+ 3)(D2
t a)u2m

t D2
t u

− (6m+ 3)at
{

2mu2m−1
t (D2

t u)2 + u2m
t D3

t u
}

− 2m(2m+ 1)a
{

(2m− 1)u2m−2
t (D2

t u)3 + 3u2m−1
t (D2

t u)(D3
tu)
}
.

Then there exists a constant C > 0, independent of ε0, such that

E(U (l)(t)) +
∫ t

0

∫
Ω

a{|U (l)
t |2 + |∇U (l)|2 + |θθθ(l)|2} dxdτ

≤ C
{
E(U (l)(0)) + ‖U (l)(0)‖2 + ‖U (l)(t)‖2 +

∫ t

0

∫
Ω

a
(
|U (l)|2 +

l∑
j=1

|Dj
tu|2

)
dxdτ

}
(5.16)

for 0 ≤ t < T . Here we set

θθθ(l) = ∇U (l) +
1
r
x̃U (l).

Proof. First step. We may assume that U (l) is smooth. As in the derivation of the
identity (5.10), we have

(5.17) Xt + Z1 = ∇ ·YYY + Z2,

where we set

X =
1
2
{|U (l)

t |2 + |θθθ(l)|2}+ ϕ(r)(x̃ · θθθ(l))U (l)
t ,

YYY = θθθ(l)U
(l)
t + ϕ(r)

{
(x̃ · θθθ(l))θθθ(l) +

1
2
x̃(|U (l)

t |2 − |θθθ(l)|2)
}
,

Z1 =
1
2
ϕ′(r){|U (l)

t |2 + |θθθ(l)|2}+
{1
r
ϕ(r) − ϕ′(r)

}
{|θθθ(l)|2 − (x̃ · θθθ(l))2}

+ (2m+ 1)au2m
t |U

(l)
t |2 + (2m+ 1)aϕ(r)u2m

t U
(l)
t (x̃ · θθθ(l)),

Z2 = σl(a, ut)U
(l)
t + ϕσl(a, ut)(x̃ · θθθ(l)).

Integrate (5.17) over (0, t)× Ω. Then

(5.18)
∫

Ω

X(τ, x) dx
∣∣∣τ=t

τ=0
+
∫ t

0

∫
Ω

Z1(τ, x) dxdτ ≤
∫ t

0

∫
Ω

|Z2(τ, x)| dxdτ,

where we have used

YYY · ννν =
1
2
ϕ(x̃ · ννν)

(∂U (l)

∂ννν

)2

≤ 0 on ∂Ω.

Since ϕ(r) ≤ γ < 1, we see that

(5.19)
∫

Ω

X(t, x) dx ≥
∫

Ω

1− γ
2
{|U (l)

t |2 + |θθθ(l)|2} dx ≥ 0,

and it follows from the Hardy inequality (4.7) that

(5.20)
∫

Ω

|X(0, x)| dx ≤ CE(U (l)(0)).
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We see from the smallness condition (5.15) on ε0 that

Z1 ≥
1
2
ϕ′(r){|U (l)

t |2 + |θθθ(l)|2}

+ (2m+ 1)au2m
t {|U

(l)
t |2 + ϕ(r)(x̃ · θθθ(l))U (l)

t }

=
1
2
ϕ′(r){|U (l)

t |2 + |θθθ(l)|2}

+ (2m+ 1)au2m
t

{
|U (l)
t |2 + ϕ(r)(x̃ · θθθ(l))U (l)

t +
1
4
ϕ(r)2|θθθ(l)|2

}
− 2m+ 1

4
au2m

t ϕ(r)2|θθθ(l)|2

≥ γ(δ − 1)
2a1µ

a{|U (l)
t |2 + |θθθ(l)|2} − (2m+ 1)γ2ε2m

0

4
a|θθθ(l)|2

>
γ(δ − 1)

4a1µ
a{|U (l)

t |2 + |θθθ(l)|2}.

(5.21)

Hence, it follows from the inequalities (5.18)–(5.21) that

(5.22)
∫ t

0

∫
Ω

a{|U (l)
t |2 + |θθθ(l)|2} dxdτ ≤ C

{
E(U (l)(0)) +

∫ t

0

∫
Ω

|Z2(τ, x)| dxdτ
}

for 0 ≤ t < T .
Second step. Multiplying the equation in (P)l by U (l)

t , we have

E(U (l)(t)) + (2m+ 1)
∫ t

0

∫
Ω

au2m
t |U

(l)
t |2 dxdτ

≤ E(U (l)(0)) +
∫ t

0

∫
Ω

|σl||U (l)
t | dxdτ.

(5.23)

Then it follows from the estimates (5.22) and (5.23) that

E(U (l)(t)) +
∫ t

0

∫
Ω

au2m
t |U

(l)
t |2 dxdτ

+ 2
∫ t

0

∫
Ω

a{|U (l)
t |2 + |θθθ(l)|2} dxdτ

≤ C
{
E(U (l)(0)) +

∫ t

0

∫
Ω

|σl|(|U (l)
t |+ |θθθ(l)|) dxdτ

}
.

(5.24)

Further, multiplying the equation in (P)l by aU (l), we have

(5.25)
∫ t

0

∫
Ω

a{|∇U (l)|2 − |U (l)
t |2} dxdτ + (2m+ 1)

∫ t

0

∫
Ω

a2u2m+1
t U

(l)
t U (l) dxdτ

+
(
aU (l)(τ), U (l)

t (τ)
)∣∣τ=t

τ=0

=
∫ t

0

∫
Ω

atU
(l)U

(l)
t dxdτ −

∫ t

0

∫
Ω

{∇a · ∇U (l)}U (l) dxdτ +
∫ t

0

∫
Ω

aσlU
(l) dxdτ.

Here we can see easily from the energy estimate (5.23) that∣∣(aU (l)(t), U (l)
t (t)

)∣∣+
∣∣(aU (l)(0), U (l)

t (0)
)∣∣

≤ C
{
E(U (l)(0)) + ‖U (l)(0)‖2 + ‖U (l)(t)‖2 +

∫ t

0

∫
Ω

|σl||U (l)
t | dxdτ

}
.

(5.26)
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Next, noting that∫ t

0

∫
Ω

atU
(l)U

(l)
t dxdτ =

1
2

∫
Ω

{
at(t)|U (l)(t)|2 − at(0)|U (l)(0)|2

}
dx

− 1
2

∫ t

0

∫
Ω

att|U (l)|2 dxdτ,

we get
(5.27)∣∣∣ ∫ t

0

∫
Ω

atU
(l)U

(l)
t dxdτ

∣∣∣ ≤ C{‖U (l)(0)‖2 + ‖U (l)(t)‖2 +
∫ t

0

∫
Ω

a|U (l)|2 dxdτ
}
,

where we have used |at|+ |att| ≤ Ca. Furthermore, we see from |∇a| ≤ Ca that
(5.28)∣∣∣ ∫ t

0

∫
Ω

{∇a · ∇U (l)}U (l) dxdτ
∣∣∣ ≤ 1

2

∫ t

0

∫
Ω

a|∇U (l)|2 dxdτ + C

∫ t

0

∫
Ω

a|U (l)|2 dxdτ.

Hence, it follows from the estimates (5.25)–(5.28) that∫ t

0

∫
Ω

a
{1

2
|∇U (l)|2 − |U (l)

t |2
}
dxdτ

≤ C
{
E(U (l)(0)) + ‖U (l)(0)‖2 + ‖U (l)(t)‖2 +

∫ t

0

∫
Ω

a|U (l)|2 dxdτ

+
∫ t

0

∫
Ω

a|ut|2m+1|U (l)
t ||U (l)| dxdτ +

∫ t

0

∫
Ω

|σl|(|U (l)
t |+ |U (l)|) dxdτ

}
.

(5.29)

By use of ‖ut(t)‖L∞ < ε0 on [0, T ), the fifth term in the right-hand side of (5.29)
is estimated as

C

∫ t

0

∫
Ω

a|ut|2m+1|U (l)
t ||U (l)| dxdτ

≤ ε

2

∫ t

0

∫
Ω

au2m
t |U

(l)
t |2 dxdτ + Cε

∫ t

0

∫
Ω

au2m+2
t |U (l)|2 dxdτ

≤ ε

2

∫ t

0

∫
Ω

au2m
t |U

(l)
t |2 dxdτ + Cε

∫ t

0

∫
Ω

a|U (l)|2 dxdτ

(5.30)

for any 0 < ε < 1 and some Cε > 0. Therefore, it follows from the estimates (5.24),
(5.29) and (5.30) that

E(U (l)(t)) +
∫ t

0

∫
Ω

au2m
t |U

(l)
t |2 dxdτ

+
∫ t

0

∫
Ω

a{|U (l)
t |2 + |∇U (l)|2 + |θθθ(l)|2} dxdτ

≤ C1

{
E(U (l)(0)) + ‖U (l)(0)‖2 + ‖U (l)(t)‖2 +

∫ t

0

∫
Ω

a|U (l)|2 dxdτ
}

+ C2

∫ t

0

∫
Ω

|σl|{|U (l)
t |+ |U (l)|+ |θθθ(l)|} dxdτ.

(5.31)

Final step. It suffices for the inequality (5.16) to estimate the last term in the
right-hand side of (5.31) in three cases l = 1, 2, 3 by using

∑3
j=1 |D

j
ta| ≤ Ca and

‖ut(t)‖L∞ + ‖utt(t)‖L∞ < ε0 on [0, T ).
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Case l = 1. In this case

{the last term in the right-hand side of (5.31)}

≤ C

∫ t

0

∫
Ω

|at||ut|2m+1{|U (1)
t |+ |U (1)|+ |θθθ(1)|} dxdτ

≤ ε

2

∫ t

0

∫
Ω

a{u2m
t |U

(1)
t |2 + |θθθ(1)|2} dxdτ + Cε

∫ t

0

∫
Ω

a{u2
t + |U (1)|2} dxdτ

(5.32)

for any 0 < ε < 1 and some Cε > 0. Therefore, it follows from the estimates (5.31)
and (5.32) that (5.16) is valid for l = 1.

Case l = 2. In this case

{the last term in the right-hand side of (5.31)}

≤ C

∫ t

0

∫
Ω

a{|ut|2m+1 + u2m
t |D2

t u|+ |ut|2m−1|D2
tu|2}{|U

(2)
t |+ |U (2)|+ |θθθ(2)|} dxdτ

≤ ε

2

∫ t

0

∫
Ω

a{u2m
t |U

(2)
t |2 + |θθθ(2)|2 + |U (2)

t |2} dxdτ

+ Cε

∫ t

0

∫
Ω

a{u2m+2
t + u4m+2

t + |U (2)|2 + u2m
t |D2

t u|2 + u4m
t |D2

tu|2

+ u4m−2
t |D2

t u|4} dxdτ

≤ ε

2

∫ t

0

∫
Ω

a{u2m
t |U

(2)
t |2 + |θθθ(2)|2 + |U (2)

t |2} dxdτ

+ Cε

∫ t

0

∫
Ω

a{u2
t + |D2

tu|2 + |U (2)|2} dxdτ

(5.33)

for any 0 < ε < 1 and some Cε > 0. Therefore, it follows from the estimates (5.31)
and (5.33) that (5.16) is valid for l = 2.

Case l = 3. In this case

{the last term in the right-hand side of (5.31)}

≤ C

∫ t

0

∫
Ω

a{|ut|2m+1 + u2m
t |D2

tu|+ |ut|2m−1|D2
t u|2 + u2m

t |D3
tu|+ u2m−2

t |D2
tu|3

+ |ut|2m−1|D2
tu||D3

tu|}{|U
(3)
t |+ |U (3)|+ |θθθ(3)|} dxdτ

≤ ε

2

∫ t

0

∫
Ω

a{u2m
t |U

(3)
t |2 + |θθθ(3)|2 + |U (3)

t |2} dxdτ

+ Cε

∫ t

0

∫
Ω

a{u2
t + |D2

t u|2 + |D3
tu|2 + |U (3)|2} dxdτ

(5.34)

for any 0 < ε < 1 and some Cε > 0. Therefore, it follows from the estimates (5.31)
and (5.34) that (5.16) is valid for l = 3. This completes the proof of Proposition
5.4. �
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Proposition 5.5. Let u(t, x) be as in Proposition 5.4. Then there exists a constant
C > 0, independent of ε0, such that
(5.35)

E(Dl
tu(t)) +

∫ t

0

∫
Ω

a(|Dl+1
t u|2 + |Dl

t∇u|2 + |Dl
tθθθ|2) dxdτ ≤ C

{
‖Dl

tu(t)‖2 +
l∑

j=0

I2
j

}
for 0 ≤ t < T and l = 1, 2, 3.

Proof. Differentiating the equation in (P)m l times with respect to t (l = 1, 2, 3),
we have

Dl+2
t u−∆Dl

tu+ (2m+ 1)au2m
t Dl

tu = σl(a, ut).

Then, setting U (1) = ut in Proposition 5.4, we have (5.35) for l = 1. Similarly,
setting U (l) = Dl

tu (l = 2, 3) in Proposition 5.4, we have (5.35) for l = 2, 3,
respectively. �

5.3. A priori estimates II.

Proposition 5.6. In addition to the assumptions in Proposition 5.5, we further
assume that ‖∇ut(t)‖L∞ < ε0 on [0, T ). Then there exists a constant C > 0,
independent of ε0, such that

(5.36) ‖ut(t)‖H2 + ‖∇u(t)‖H2 ≤ C(I0 + I1 + I2),

(5.37) ‖utt(t)‖H1 + ‖D3
tu(t)‖ ≤ C(I0 + I1 + I2)

for 0 ≤ t < T .

Proof. Differentiating the equation in (P)m twice with respect to xj (j = 1, 2, 3),
we have

(5.38) (∆u)tt −∆(∆u) + (2m+ 1)au2m
t ∆ut = σ∆(a, ut),

where we set

(5.39) σ∆(a, ut) = −(∆a)u2m+1
t −(4m+2)∇a·u2m

t ∇ut−2m(2m+1)au2m−1
t |∇ut|2.

Since Dj
tu(t, x) = 0 on ∂Ω (j = 0, 1, 2, 3), we use the equation in (P)m to obtain

∆ut = D3
tu+ atu

2m+1
t + (2m+ 1)au2m

t D2
tu = 0 on ∂Ω.

Noting this and multiplying (5.38) by ∆ut, we have

E(∆u(t)) + (2m+ 1)
∫ t

0

∫
Ω

au2m
t |∆ut|2 dxdτ

≤ E(∆u(0)) +
∫ t

0

∫
Ω

|σ∆| |∆ut| dxdτ.
(5.40)

In view of Propositions 5.2 and 5.5 for l = 1, we have proved that∫ t

0

∫
Ω

a
(
u2m
t |∇ut|2 + |∇ut|2

)
dxdτ ≤ C(I2

0 + I2
1 ),
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from which it follows that∫ t

0

∫
Ω

|σ∆| |∆ut| dxdτ

≤ C

∫ t

0

∫
Ω

a(|ut|2m+1 + u2m
t |∇ut|+ |ut|2m−1 |∇ut|2) |∆ut| dxdτ

≤ ε

∫ t

0

∫
Ω

au2m
t |∆ut|2 dxdτ

+ Cε

∫ t

0

∫
Ω

a(|ut|2m+2 + u2m
t |∇ut|2 + u2m−2

t |∇ut|4) dxdτ

≤ ε

∫ t

0

∫
Ω

au2m
t |∆ut|2 dxdτ + C

∫ t

0

∫
Ω

a(u2
t + u2m

t |∇ut|2 + |∇ut|2) dxdτ

≤ ε

∫ t

0

∫
Ω

au2m
t |∆ut|2 dxdτ + C(I2

0 + I2
1 )

(5.41)

for any 0 < ε < 1, where we have used ‖ut(t)‖L∞ + ‖∇ut(t)‖L∞ < ε0 on [0, T ).
Hence it follows from (5.40) and (5.41) that

(5.42) E(∆u(t)) + 2m
∫ t

0

∫
Ω

au2m
t |∆ut|2 dxdτ ≤ E(∆u(0)) + C(I2

0 + I2
1 ).

Here we note that

(5.43) E(∆u(0)) ≤ C(‖u1‖2H2 + ‖∇u0‖2H2).

Proposition 5.2 together with (5.43) implies

‖ut(t)‖H2 + ‖∇u(t)‖H2 ≤ C(I0 + I1 + I2),

which means the estimate (5.36). Finally, using the equation in (P)m and noting
that ‖ut(t)‖L∞ < ε0 on [0, T ), we have

‖utt(t)‖H1 ≤ ‖∆u(t)‖H1 + ‖au2m+1
t ‖H1

≤ C{‖∇u(t)‖H2 + ‖ut(t)‖H1}
≤ C(I0 + I1 + I2)

for 0 ≤ t < T . This and Proposition 5.5 imply the estimate (5.37). �

5.4. A priori estimates III.

Proposition 5.7. Let u(t, x) be as in Proposition 5.6. Then there exists a constant
C > 0, independent of ε0, such that

(5.44) ‖D2
tu(t)‖H2 + ‖D3

tu(t)‖H1 + ‖D4
tu(t)‖ ≤ C(I0 + I1 + I2 + I3),

(5.45) ‖ut(t)‖H3 + ‖∇u(t)‖H3 ≤ C(I0 + I1 + I2 + I3),

for 0 ≤ t < T .

Proof. Using the equation in (P)m, we have

∆utt = D4
t u+D2

t (au
2m+1
t ),
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and hence

‖∆utt(t)‖ ≤ ‖D4
tu(t)‖+ ‖D2

t (au
2m+1
t )‖

≤ C

3∑
j=0

Ij

+ C
{
‖(D2

t a)u2m+1
t ‖+‖atu2m

t D2
tu‖+‖au2m−1

t (D2
tu)2‖+‖u2m

t D3
tu‖
}

≤ C

3∑
j=0

Ij + Cε2m
0

{
‖ut(t)‖+ ‖D2

tu(t)‖+ ‖D3
tu(t)‖

}
≤ C(I0 + I1 + I2 + I3)

(5.46)

for 0 ≤ t < T . Thus, it follows from Proposition 5.5 and (5.46) that the estimate
(5.44) is valid.

On the other hand, using the equation in (P)m and ‖ut(t)‖L∞ + ‖utt(t)‖L∞ +
‖∇ut(t)‖L∞ < ε0 on [0, T ), we see from (5.44) that

(5.47) ‖∆ut(t)‖H1 ≤ ‖D3
tu(t)‖H1 + ‖Dt(au2m+1

t )‖H1 ≤ C(I0 + I1 + I2 + I3)

for 0 ≤ t < T . Hence, again combining (5.47) with Lemma 3.1, we have

‖ut(t)‖H3 ≤ C
{
‖∆ut(t)‖H1 + ‖ut(t)‖

}
≤ C(I0 + I1 + I2 + I3)

for 0 ≤ t < T .
Finally, it follows from Proposition 5.6 and Lemma 3.2 that

‖∇u(t)‖H3 ≤ C
{
I0 + I1 + I2 +

∑
|α|,|β|=2

‖Dα
xD

β
xu(t)‖

}
≤ C

{
I0 + I1 + I2 +

∑
|α|=2

‖Dα
x∆u(t)‖+

∑
|α|=2

‖Dα
x∇u(t)‖

}
≤ C

{
I0 + I1 + I2 +

∑
|α|=2

‖Dα
x∆u(t)‖

}(5.48)

for 0 ≤ t < T . Here, using the equation in (P)m, we see from (5.44) and Proposi-
tion 5.6 that∑

|α|=2

‖Dα
x∆u(t)‖ ≤

∑
|α|=2

‖Dα
xD

2
tu(t)‖+

∑
|α|=2

‖Dα
x (au2m+1

t )‖

≤ C
{
‖D2

tu(t)‖H2 + ‖ut(t)‖H2

}
≤ C(I0 + I1 + I2 + I3)

for 0 ≤ t < T . Therefore, combining this with (5.48), we obtain the estimate (5.45).
�

5.5. Proof of Theorem 2.2 (i) completed. Let u(t, x) be the approximate so-
lution satisfying

‖ut(t)‖L∞ + ‖utt(t)‖L∞ + ‖∇ut(t)‖L∞ < ε0

on [0, T ). Since the quantity I0 + I1 + I2 + I3 is bounded by

C
{
‖∇u0‖H3 +

3∑
j=0

‖Dj+1
t u(0)‖H3−j

}
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for some C > 0, it follows from Propositions 5.2, 5.5, 5.6, 5.7 and Sobolev’s in-
equality that

‖∇u(t)‖H3 +
3∑
j=0

‖Dj+1
t u(t)‖H3−j

≤ C(I0 + I1 + I2 + I3)

≤ C1

{
‖∇u0‖H3 +

3∑
j=0

‖Dj+1
t u(0)‖H3−j

}
,

and
‖ut(t)‖L∞ + ‖utt(t)‖L∞ + ‖∇ut(t)‖L∞
≤ C

{
‖ut(t)‖H3 + ‖utt(t)‖H2

}
≤ C(I0 + I1 + I2 + I3)

≤ C2

{
‖∇u0‖H3 +

3∑
j=0

‖Dj+1
t u(0)‖H3−j

}
on [0, T ) for some Cj > 0 (j = 1, 2). We assume that the initial data {u0, u1} are
so small that

(5.49) ‖∇u0‖H3 +
3∑
j=0

‖Dj+1
t u(0)‖H3−j < C0ε0,

(5.50) ‖ut(0)‖L∞ + ‖utt(0)‖L∞ + ‖∇ut(0)‖L∞ < ε0,

where we set C0 ≡ C−1
2 .

The a priori estimates obtained earlier now show that the local solution u(t, x)
can be continued on [0,∞) under the assumptions (5.49) and (5.50), and the ex-
tended solution, denoted by the same, satisfies

∇u ∈ L∞(0,∞;H3(Ω)),

ut ∈
2⋂
j=0

W j,∞(0,∞;H3−j(Ω) ∩H1
0 (Ω)) ∩W 3,∞(0,∞;L2(Ω)),

ess. sup
t≥0

{
‖∇u(t)‖H3 +

3∑
j=0

‖Dj+1
t u(t)‖H3−j

}
≤ C0C1ε0,

ess. sup
t≥0

{
‖ut(t)‖L∞ + ‖utt(t)‖L∞ + ‖∇ut(t)‖L∞

}
≤ ε0.

For completeness we prove that the approximate solution u(t) becomes the strong
solution. In fact, by the standard argument, the limit function u(t) satisfies

∇u ∈ Cw([0,∞);H3(Ω)),

ut ∈
2⋂
j=0

Bj([0,∞);H3−j(Ω) ∩H1
0 (Ω)) ∩C3

w([0,∞);L2(Ω)).

Let T > 0 be any fixed number. Then we find that u(t) satisfies

(utt(t), ϕ) − (∆u(t), ϕ) + (aut(t)2m+1, ϕ) = 0 for any ϕ ∈ L2(Ω),
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for 0 ≤ t ≤ T . On the other hand, we have au2m+1
t ∈ C([0, T ];H1

0 (Ω)). Hence,
the general theory of hyperbolic equations (cf. [8, Mizohata, Chapter 6, Theorem
6.12]) implies that the initial-boundary value problem

u∗tt −∆u∗ + a(t, x)u2m+1
t = 0, (t, x) ∈ (0,∞)× Ω,

u∗(0, x) = u0(x), u∗t (0, x) = u1(x), x ∈ Ω,
u∗(t, x) = 0, (t, x) ∈ (0,∞)× ∂Ω

has a unique solution u∗ satisfying

∇u∗ ∈ B([0,∞);H3(Ω)),

u∗t ∈
2⋂
j=0

Bj([0,∞);H3−j(Ω) ∩H1
0 (Ω)) ∩ B3([0,∞);L2(Ω)).

(5.51)

Put w = u− u∗. Then w satisfies the initial-boundary value problem
(wtt, ϕ)− (∆w,ϕ) = 0, (t, x) ∈ (0,∞)× Ω,
w(0, x) = wt(0, x) = 0, x ∈ Ω,
w(t, x) = 0, (t, x) ∈ (0,∞)× ∂Ω,

for any ϕ ∈ L2(Ω). Setting ϕ = wt and integrating over [0, T ], we have

‖wt(t)‖2 + ‖∇w(t)‖2 = 0,

which implies w ≡ 0. Thus u has the regularity in (5.51) and satisfies

sup
t≥0

{
‖∇u(t)‖H3 +

3∑
j=0

‖Dj+1
t u(t)‖H3−j

}
≤ C0ε0,

sup
t≥0

{
‖ut(t)‖L∞ + ‖utt(t)‖L∞ + ‖∇ut(t)‖L∞

}
≤ ε0.

The proof of Theorem 2.2 (i) is now complete.

5.6. The decay estimate in the case when Ω = R3. We consider the Cauchy
problem

(P)f

{
vtt −∆v = f, (t, x) ∈ (0,∞)× R3,

v(0, x) = v0(x), vt(0, x) = v1(x), x ∈ R3.

Then the following uniform decay estimate is well known.

Proposition 5.8 (Shibata and Tsutsumi [19]). Let v(t, x) be the solution of the
problem (P)f with the data {v0, v1} ∈ [W 4,1(R3) ∩H3(R3)]× [W 3,1(R3) ∩H2(R3)]
and |||f|||1,1+η,3 + |||f|||2,1+η,2 <∞ for any η > 0, where we set

|||f|||p,q,k = sup
t≥0

{
(1 + t)q

∑
j+|α|≤k

‖Dj
tD

α
xf(t, ·)‖Lp

}
.

Then v(t, x) satisfies

sup
t≥0

{
(1 + t)

(
‖vt(t)‖L∞ + ‖∇v(t)‖L∞

)}
≤ C

(
‖v0‖W 4,1 + ‖v0‖H3 + ‖v1‖W 3,1 + ‖v1‖H2 + |||f|||1,1+η,3 + |||f|||2,1+η,2

)
.

(5.52)
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We will now combine Theorem 2.2 (i) with Proposition 5.8 to prove Theo-
rem 2.2 (ii). Since we can regard f as −au2m+1

t in Proposition 5.8, we have

sup
t≥0

{
(1 + t)

(
‖ut(t)‖L∞ + ‖∇u(t)‖L∞

)}
≤ C

(
‖u0‖W 4,1 + ‖u0‖H3 + ‖u1‖W 3,1 + ‖u1‖H2

+ |||au2m+1
t |||1,1+η,3 + |||au2m+1

t |||2,1+η,2

)
.

(5.53)

Let us estimate the last two terms in the right-hand side of (5.53),

(1 + t)1+η
∑

j+|α|≤3

‖Dj
tD

α
x (au2m+1

t )‖L1 and (1 + t)1+η
∑

j+|α|≤2

‖Dj
tD

α
x (au2m+1

t )‖L2 .

For this, we shall use the Sobolev imbedding theorem H2(R3) ⊂ Lp(R3) (p ≥
2), Hypothesis D, the uniform bounds of ut(t) in Theorem 2.2 (i) and the decay
condition (2.10) of a(t, x).

Case j + |α| = 0. In this case

(1 + t)1+η‖au2m+1
t ‖L1 ≤ C(1 + t)‖ut(t)‖2mL2m‖ut(t)‖L∞

≤ C(1 + t)‖ut(t)‖2mH2‖ut(t)‖L∞
≤ Cε2m

0 (1 + t)‖ut(t)‖L∞
(5.54)

and

(1 + t)1+η‖au2m+1
t ‖L2 ≤ C(1 + t)‖ut(t)‖2mL4m‖ut(t)‖L∞

≤ C(1 + t)‖ut(t)‖2mH2‖ut(t)‖L∞
≤ Cε2m

0 (1 + t)‖ut(t)‖L∞ .
(5.55)

Case j + |α| = 1. In this case∑
j+|α|=1

(1 + t)1+η‖Dj
tD

α
x (au2m+1

t )‖L1

≤ C(1 + t)
∫
R3

(
|ut|2m+1 + u2m

t |D2
tu|+ u2m

t |∇ut|
)
dx

≤ C(1 + t)‖ut(t)‖L∞
×
{
‖ut(t)‖2mL2m + ‖ut(t)‖2m−1

L4m−2‖D2
tu(t)‖+ ‖ut(t)‖2m−1

L4m−2‖∇ut(t)‖
}

≤ Cε2m
0 (1 + t)‖ut(t)‖L∞

(5.56)

and ∑
j+|α|=1

(1 + t)1+η‖Dj
tD

α
x (au2m+1

t )‖L2

≤ C(1 + t)
{∫

R3

(
|ut|2m+1 + u2m

t |D2
t u|+ u2m

t |∇ut|
)2
dx

}1/2

≤ C(1 + t)‖ut(t)‖2mL∞
{
‖ut(t)‖+ ‖D2

tu(t)‖+ ‖∇ut(t)‖
}

≤ Cε2m
0 (1 + t)‖ut(t)‖L∞ .

(5.57)
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Case j + |α| = 2. In this case

∑
j+|α|=2

(1 + t)1+η‖Dj
tD

α
x (au2m+1

t )‖L1

≤ C(1 + t)‖ut(t)‖L∞
∫
R3

(
u2m
t + u2m−1

t |D2
t u|+ |ut|2m−2|D2

tu|2 + u2m−1
t |D3

tu|
)
dx

≤ C(1 + t)‖ut(t)‖L∞
×
{
‖ut(t)‖2mL2m + ‖ut(t)‖2m−1

L4m−2‖D2
tu(t)‖

+ ‖ut(t)‖2m−2
L4m−4‖D2

tu(t)‖2L4 + ‖ut(t)‖2m−1
L4m−2‖D3

tu(t)‖
}

≤ Cε2m
0 (1 + t)‖ut(t)‖L∞

(5.58)

and

∑
j+|α|=2

(1 + t)1+η‖Dj
tD

α
x (au2m+1

t )‖L2

≤ C(1 + t)
{
‖ut(t)‖2mL∞ + ‖ut(t)‖2m−1

L∞ ‖D2
tu(t)‖L∞ + ‖ut(t)‖2m−1

L∞ ‖∇ut(t)‖L∞
}

×
{ 3∑
j=1

‖Dj
tu(t)‖+

2∑
|α|=1

‖DtD
α
xu(t)‖

}
≤ Cε2m

0 (1 + t)‖ut(t)‖L∞ .

(5.59)

Case j + |α| = 3. In this case

(5.60)
∑

j+|α|=3

(1 + t)1+η‖Dj
tD

α
x (au2m+1

t )‖L1 ≤ C(1 + t)‖ut(t)‖L∞
∫
R3
g(Λut) dx,

where we set Λut = (Dj
tut, D

α
xut; j = 0, 1, 2, 3, |α| ≤ 3) and

g(Λut) = u2m
t + |ut|2m−1|D2

t u|+|ut|2m−2|D2
tu|2+|ut|2m−1|D3

tu|+|ut|2m−3|D2
tu|3

+ u2m−2
t |D2

t u||D3
tu|+ |ut|2m−1|D4

tu|
+ |ut|2m−1|∇ut|+ u2m−2

t |∇ut||D2
tu|+ |ut|2m−1|∇D2

tu|
+ |ut|2m−3|∇ut||D2

tu|2 + u2m−2
t |D2

t u||∇D2
tu|+ u2m−2

t |∇ut||D3
t u|

+ |ut|2m−1|∇D3
tu|+ u2m−2

t |∇ut|2 + |ut|2m−1|∂2ut|
+ |ut|2m−3|∇ut|2|D2

tu|
+ u2m−2

t |∂2ut||D2
t u|+ u2m−2

t |∇ut||∇D2
t u|+ |ut|2m−1|∂2D2

tu|
+ |ut|2m−3|∇ut|3 + u2m−2

t |∂2ut|∇ut|+ |ut|2m−1|∂3ut|
+ u2m−1

t |∇ut|+ u2m−2
t |∇ut|2 + u2m−1

t |∆ut|.

(5.61)

Since m = 2 or m ≥ 3, by the same argument as in the previous cases we have

(5.62)
∫
R3
g(Λut) dx ≤ Cε2m

0 ,
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which implies

(5.63)
∑

j+|α|=3

(1 + t)1+η‖Dj
tD

α
x (au2m+1

t )‖L1 ≤ Cε2m
0 (1 + t)‖ut(t)‖L∞ .

Combining the estimate (5.53) and the above four cases, we have

sup
t≥0

{
(1 + t)

(
‖ut(t)‖L∞ + ‖∇u(t)‖L∞

)}
≤ C

{
‖u0‖W 4,1 + ‖u0‖H3 + ‖u1‖W 3,1 + ‖u1‖H2 + ε2m

0 sup
t≥0

(
(1 + t)‖ut(t)‖L∞

)}
.

If we choose ε0 sufficiently small, we can obtain the desired decay estimate (2.11),
which completes the proof of Theorem 2.2.

6. Proof of Theorem 2.3

We can prove the assertion by the well-established argument as in [12]. Let U0(t),
t ∈ R, be the unitary group in the energy space E which represents the solution
w(t, x) to the problem (P)0 with the data fff ≡ {w0, w1} ∈ E;

{w(t), wt(t)} = U0(t)fff .

Then it follows from Lemma 4.1 for u(σ)(t) and w(t+σ) replaced by u(t) and w(t),
respectively, that

(U0(−t)uuu(t)− U0(−s)uuu(s), fff)E = −
∫ t

s

∫
Ω

au2m+1
t wt dxdτ

for any 0 ≤ s < t, where uuu(t) stands for the pair {u(t), ut(t)}. By the L∞ estimate
(2.9), the Schwarz inequality and the estimate (4.3) (which is also valid even if the
data belongs to E) appearing in the proof of Lemma 4.2, we have

|(U0(−t)uuu(t)− U0(−s)uuu(s), fff)E | ≤ Cεm0 ‖fff‖E
( ∫ t

s

∫
Ω

au2m+2
t dxdτ

)1/2

,

which implies

‖U0(−t)uuu(t)− U0(−s)uuu(s)‖E → 0 as s, t→∞,

and U0(−t)uuu(t) converges in E as t→∞. Put

fff+ ≡ {u+
0 , u

+
1 } = s-lim

t→∞
U0(−t)uuu(t).

Then fff+ ∈ E, and we have

‖uuu(t)− U0(t)fff+‖E = ‖U0(−t)uuu(t)− fff+‖E → 0 as t→∞.

The proof is complete.

7. Proof of Theorem 2.4

Let U0(t) be as in the previous section. By Duhamel’s principle the equation in
(P)m can be written as an integral equation of the form

(7.1) uuu(t) = U0(t)fff +
∫ t

0

U0(t− τ)FFF (ut(τ)) dτ,

where we set

uuu(t) = {u(t), ut(t)}, fff = {u0, u1} and FFF (ut(t)) = {0,−aut(t)2m+1}.
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It is well known from Morawetz [13] (cf. Nakao [16]) that if fff ∈ E has a compact
support in BR, then we have

(7.2) ‖U0(t)fff‖ER ≤ C(R)e−λt‖fff‖E
for some λ > 0, independent of R, and C(R) ≡ eλR, where we set

‖fff‖ER = {‖∇u0‖2L2(BR) + ‖u1‖2L2(BR)}1/2.

Hence it follows from (7.1) and (7.2) that

(7.3)
√
Eloc,R(t) ≤ C(R)‖u(0)‖Ee−λt +

∫ t

0

‖U0(t− τ)FFF (ut(τ))‖ER dτ,

where we set

Eloc,R =
1
2

∫
BR

{
|ut(t, x)|2 + |∇u(t, x)|2

}
dx.

If we set

v(t, x; τ) = − t− τ
4π

∫
S2

(au2m+1
t )(τ, x + (t− τ)ω) dω,

then we see from the well-known Kirchhoff formula of the free wave equation in R3

that
U0(t− τ)FFF (ut(τ)) = {v(t, x; τ), vt(t, x; τ)},

which implies

‖U0(t− τ)FFF (ut(τ)‖2ER
= ‖∇v(t, x; τ)‖2L2(BR) + ‖vt(t, x; τ)‖2L2(BR)

≤ C(1 + t− τ)2
∑
|α|≤1

∫
S2

∥∥Dα
x (au2m+1

t )(τ, x + (t− τ)ω)
∥∥2

L2(BR)
dω

≤ C(1 + t− τ)2
∑
|α|≤1

∥∥Dα
x (au2m+1

t )(τ, x+ (t− τ)ω∗)
∥∥2

L2(BR)

for some C > 0 and ω∗ ∈ S2, where we have used the identities

∇v(t, x; τ) = − t− τ
4π

∫
S2
∇(au2m+1

t )(τ, x + (t− τ)ω) dω,

vt(t, x; τ) = − 1
4π

∫
S2

(au2m+1
t )(τ, x+ (t− τ)ω) dω

− t− τ
4π

∫
S2
ω · ∇(au2m+1

t )(τ, x + (t− τ)ω) dω.

Here we see from |∇a| ≤ Ca, the estimate ‖∇ut(t)‖L∞ < ε0 and the decay estimate
(2.11) that

∑
|α|≤1

∥∥Dα
x (au2m+1

t )(τ, x+ (t− τ)ω∗)
∥∥2

L2(BR)

≤ C(1 + τ)−2η
{

(1 + τ)−4m−2 + ε2
0(1 + τ)−4m

}∥∥{1 + |x+ (t− τ)ω∗|}−δ
∥∥2

L2(BR)

≤ C(ε0)(1 + τ)−4m−2η
∥∥{1 + |r − (t− τ)|}−δ

∥∥2

L2(BR)
,

(7.4)
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which implies∫ t

0

‖U0(t− τ)FFF (ut)‖ER dτ

≤ C(ε0)
∫ t

0

(1 + τ)(1 + t− τ)−2m−η∥∥(1 + |r − τ |)−δ
∥∥
L2(BR)

dτ.

(7.5)

Let T0 be any fixed number with T0 > R. Then we have∫ t

T0

(1 + τ)(1 + t− τ)−2m−η∥∥(1 + |r − τ |)−δ
∥∥
L2(BR)

dτ

≤ C(R)
∫ t

T0

(1 + t− τ)−2m−η(1 + τ)−(δ−1) dτ.

(7.6)

When 1 < δ ≤ 2, we see that∫ t/2

T0

(1 + t− τ)−2m−η(1 + τ)−(δ−1) dτ

≤ C(T0)
(

1 +
t

2

)−2m−η ∫ t/2

T0

(1 + τ)−(δ−1) dτ

≤


C(T0)
2−δ

(
1 + t

2

)−2m−η−δ+2
, (1 < δ < 2),

C(T0)
(

1 + t
2

)−2m−η
log(1 + t

2 ), (δ = 2)

(7.7)

and ∫ t

t/2

(1 + t− τ)−2m−η(1 + τ)−(δ−1) dτ

≤
(

1 +
t

2

)−(δ−1)
∫ t

t/2

(1 + t− τ)−2m−η dτ

≤ C
(

1 +
t

2

)−(δ−1)

(7.8)

for all t > 2T0. Hence, it follows from (7.3)–(7.8) that

Eloc,R(t) ≤ C(R, ε0)(1 + t)−2(δ−1)

for all t > 2T0.
When δ > 2, we see that∫ t/2

T0

(1 + t− τ)−2m−η(1 + τ)−(δ−1) dτ

≤
(

1 +
t

2

)−2m−η ∫ t/2

T0

(1 + τ)−(δ−1) dτ

≤ C(T0)
δ − 2

(
1 +

t

2

)−2m−η

(7.9)



894 TOKIO MATSUYAMA

and ∫ t

t/2

(1 + t− τ)−2m−η(1 + τ)−(δ−1) dτ

≤
(

1 +
t

2

)−(δ−1)
∫ t

t/2

(1 + t− τ)−2m−η dτ

≤
(

1 +
t

2

)−(δ−1)

(7.10)

for all t > 2T0. Hence, it follows from (7.3), (7.5), (7.9) and (7.10) that

Eloc,R(t) ≤ C(R, ε0)(1 + t)−min{2(2m+η),2(δ−1)}

for all t > 2T0.
In any case we have

Eloc,R(t) ≤ C(R, ε0)(1 + t)−min{2(2m+η),2(δ−1)}

for all t > 2T0. Since Eloc,R(t) is bounded for 0 ≤ t ≤ 2T0, we have the decay
estimate (2.13), which completes the proof of Theorem 2.4.

Appendix A. Proof of Proposition 5.1

For K > 0 and T > 0, we define the space X(T ) as the set of all v belonging to
C([0, T ];H∇(Ω)) such that

∇v ∈ C([0, T ];H3(Ω)),

vt ∈
2⋂
j=0

Cj([0, T ];H3−j(Ω) ∩H1
0 (Ω)) ∩ C3([0, T ];L2(Ω)),

v(0, x) = u0(x), vt(0, x) = u1(x) in Ω,

‖v‖X(T ) ≤ K,
where we set
‖v‖X(T )

= sup
0≤t≤T

{
‖∇v(t)‖H3 +

3∑
j=0

‖Dj+1
t v(t)‖H3−j +

2∑
j=1

‖Dj
tv(t)‖L∞ + ‖∇v(t)‖L∞

}
.

Now we consider the initial-boundary value problem

(P)v


utt −∆u+ a(t, x)v2m+1

t = 0, (t, x) ∈ (0,∞)× Ω,
u(0, x) = u0(x), ut(0, x) = u1(x), x ∈ Ω,
u(t, x) = 0, (t, x) ∈ (0,∞)× ∂Ω.

Then the general theory of hyperbolic equations (cf. Mizohata [8, p. 368, Theorem
6.12]) implies that if v ∈ X(T ), then the problem (P)v has a unique solution
u ∈ X(T ). We define the map Φ as

Φ : v 7−→ u.

Proposition A.1. For K > 0, if we choose T0 > 0 and the size of the initial data
so small that

(A.1) (C1 + C3 + C5)
{
‖∇u0‖H3 +

3∑
j=0

‖Dj+1
t u(0)‖H3−j

}
<
K

2
,
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(A.2) (C2 + C4 + C6)K2mT0 <
1
2
,

then Φ maps X(T0) into itself. Here, the constants Cj (j = 1, 2, . . . , 6) are deter-
mined in the course of the proof.

Proof. First we shall prove that

(A.3)
l∑

j=0

√
E(Dj

tu(t)) ≤
l∑

j=0

√
E(Dj

tu(0)) + CK2m+1T (l = 0, 1, 2, 3)

for 0 ≤ t ≤ T .
For this, we set σl(a, vt) = Dl

t(av
2m+1
t ) (l = 0, 1, 2, 3), that is,

σ0(a, vt) = av2m+1
t ,

σ1(a, vt) = atv
2m+1
t + (2m+ 1)av2m

t D2
t v,

σ2(a, vt) = (D2
t a)v2m+1

t + (4m+ 2)atv2m
t D2

t v +m(4m+ 2)av2m−1
t (D2

t v)2

+ (2m+ 1)av2m
t D3

t v,

σ3(a, vt) = (D3
t a)v2m+1

t + (6m+ 3)(D2
t a)v2m

t D2
t v

+ (6m+ 3)at
{

2mv2m−1
t (D2

t v)2 + v2m
t D3

t v
}

+ 2m(2m+ 1)a
{

(2m− 1)v2m−2
t (D2

t v)3 + 3v2m−1
t (D2

t v)(D3
t v)
}

+ (2m+ 1)av2m
t D4

t v.

Differentiating the equation in (P)v l times with respect to t (l = 0, 1, 2, 3) and
multiplying it by Dl+1

t u(t), we have

E(Dl
tu(t)) ≤ E(Dl

tu(0)) +
√

2
∫ t

0

‖σl(a, vt)‖
√
E(Dl

tu(τ)) dτ,

which implies

(A.4)
√
E(Dl

tu(t)) ≤
√
E(Dl

tu(0)) +
√

2
∫ t

0

‖σl(a, vt)‖ dτ

for 0 ≤ t ≤ T . If we can show that

(A.5) ‖σl(a, vt)‖ ≤ CK2m
l+1∑
j=1

‖Dj
tv‖

for some C > 0, it will follow from (A.4) and v ∈ X(T ) that (A.3) is valid.
Now we estimate ‖σl(a, vt)‖ in the four cases l = 0, 1, 2, 3, respectively.
Case l = 0:

‖σ0(a, vt)‖ ≤ ‖av2m+1
t ‖ ≤ a1K

2m‖vt‖.
Case l = 1:

‖σ1(a, vt)‖ ≤ ‖atv2m+1
t ‖+ (2m+ 1)‖av2m

t D2
t v‖

≤ CK2m(‖vt‖+ ‖D2
t v‖).

Case l = 2:
‖σ2(a, vt)‖ ≤ C

{
‖v2m+1
t ‖+ ‖v2m

t D2
t v‖+ ‖v2m−1

t (D2
t v)2‖+ ‖v2m

t D3
t v‖
}

≤ CK2m(‖vt‖+ ‖D2
t v‖+ ‖D3

t v‖).



896 TOKIO MATSUYAMA

Case l = 3:

‖σ2(a, vt)‖ ≤ C

{ 2∑
j=0

‖v2m+1−j
t (D2

t v)j‖+ ‖v2m−2
t (D2

t v)3‖+ ‖v2m
t D3

t v‖

+ ‖v2m−1
t (D2

t v)(D3
t v)‖+ ‖v2m

t D4
t v‖
}

≤ CK2m(‖vt‖+ ‖D2
t v‖ + ‖D3

t v‖ + ‖D4
t v‖).

Thus we have (A.3).
Next we shall prove that

(A.6)
3∑
j=0

‖Dj+1
t u(t)‖H3−j ≤ C1

3∑
j=0

‖Dj+1
t u(0)‖H3−j + C2K

2m+1T

for some Cj > 0 (j = 1, 2) and 0 ≤ t ≤ T . In fact, recalling the definition of σ∆

(see (5.39)), we see by the same calculations as in Proposition 5.6 that√
E(∆u(t)) ≤

√
E(∆u(0)) + CK2m

∫ t

0

{
‖∆vt(τ)‖ + ‖σ∆(a, vt)‖

}
dτ

≤
√
E(∆u(0)) + CK2m

∫ t

0

{
‖∆vt(τ)‖ + ‖vt(τ)‖ + ‖∇vt(τ)‖

}
dτ.

Since v ∈ X(T ), we have

‖∆vt(τ)‖ + ‖vt(τ)‖ + ‖∇vt(τ)‖ ≤ 3K,

which implies that

(A.7)
√
E(∆u(t)) ≤

√
E(∆u(0)) + CK2m+1T.

Differentiating the equation in (P)v with respect to t, and then differentiating
the result twice with respect to xj , we have

(∆ut)tt −∆(∆ut) +Dt(∆(av2m+1
t )) = 0.

Multiplying this by ∆utt, we have

E(∆ut(t))

≤ E(∆ut(0)) +
∫ t

0

{
(2m+ 1)‖Dt(av2m

t ∆vt)‖+ ‖Dtσ∆(a, vt)‖
}√

E(∆ut(τ)) dτ,

which implies
(A.8)√
E(∆ut(t)) ≤

√
E(∆ut(0)) +

∫ t

0

{
(2m+ 1)‖Dt(av2m

t ∆vt)‖+ ‖Dtσ∆(a, vt)‖
}
dτ.

Here,

(2m+ 1)‖Dt(av2m
t ∆vt)‖ + ‖Dtσ∆(a, vt)‖

≤ CK2m(‖vt‖+ ‖D2
t v‖ + ‖∇vt‖+ ‖∇vtt‖+ ‖∆vt‖+ ‖∆vtt‖).

(A.9)

Hence it follows from (A.8) and (A.9) that

(A.10)
√
E(∆ut(t)) ≤

√
E(∆ut(0)) + C2K

2m+1T.



ASYMPTOTICS FOR THE WAVE EQUATION 897

Therefore, it follows from Lemma 3.1, (A.3), (A.7) and (A.10) that

‖ut(t)‖H3 ≤ C{‖∆ut(t)‖H1 + ‖ut(t)‖}

≤ C

{ 1∑
j=0

√
E(∆Dj

tu(0)) +
√
E(u(0)) + C2K

2m+1T

}
,

(A.11)

‖D2
tu(t)‖H2 ≤ ‖∆D2

tu(t)‖+ ‖D2
tu(t)‖

≤ C

{√
E(∆ut(0)) +

√
E(D2

t u(0)) +K2m+1T

}(A.12)

and

(A.13) ‖D3
tu(t)‖H1 + ‖D4

tu(t)‖ ≤ C
{ 3∑
j=1

√
E(Dj

tu(0)) +K2m+1T

}
.

From (A.11), (A.12) and (A.13), we obtain (A.6).
Finally, we shall show that

(A.14) ‖∇u(t)‖H3 ≤ C3

{
‖∇u0‖H3 +

3∑
j=0

‖Dj+1
t u(0)‖H3−j

}
+ C4K

2m+1T

and

1∑
j=0

‖Dj
tut(t)‖L∞ + ‖∇ut(t)‖L∞

≤ C5

{
‖∇u0‖H3 +

3∑
j=0

‖Dj+1
t u(0)‖H3−j

}
+ C6K

2m+1T

(A.15)

for 0 ≤ t ≤ T .
Multiplying the equation in (P)v by −∆ut, we easily see that

(A.16) ‖∆u(t)‖ ≤ C
{
‖∆u(0)‖+

√
E(ut(0)) +K2m+1T

}
.

It follows from Lemma 3.2 and (A.16) that

‖∇u(t)‖H1 ≤
∑
|α|=2

‖Dα
xu(t)‖+ ‖∇u(t)‖

≤ C
{
‖∆u(t)‖+ ‖∇u(t)‖

}
≤ C

{√
E(u(0)) +

√
E(ut(0)) + ‖∆u(0)‖+K2m+1T

}
.

(A.17)

Combining (A.17) with Lemma 3.2, (A.7) and (A.16), we see that

‖∇u(t)‖H2 ≤ ‖∇u(t)‖H1 +
∑
|α|=2

‖Dα
x∇u(t)‖

≤ C
{
‖∇u(t)‖H1 + ‖∇∆u(t)‖

}
≤ C

{√
E(u(0)) +

√
E(∆u(0)) + ‖∆u0‖+K2m+1T

}
.

(A.18)
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Further, differentiating the equation in (P)v twice with respect to xj and multiply-
ing the result by −∆(∆ut), we see that

1
2
d

dt

{
‖∇∆ut(t)‖2 + ‖∆(∆u(t))‖2

}
≤
∫

Ω

{
(2m+ 1)|∇(av2m

t ∆vt)|+ |∇σ∆(a, vt)|
}
|∇∆ut(t)| dx,

which implies

‖∇∆ut(t)‖ + ‖∆(∆u(t))‖

≤ ‖∇∆ut(0)‖+ ‖∆(∆u(0))‖+ C

∫ t

0

{
‖∇(av2m

t ∆vt)‖ + ‖∇σ∆(a, vt)‖
}
dτ

≤ ‖∇∆ut(0)‖+ ‖∆(∆u(0))‖+ CK2m

∫ t

0

‖vt(τ)‖H3 dτ

≤ C
{
‖∇∆ut(0)‖ + ‖∆(∆u(0))‖+K2m+1T

}
.

(A.19)

By the same argument as in Proposition 5.7 we have

‖∇u(t)‖H3 ≤ C
{
‖∇u(t)‖H2 +

∑
|α|=2

‖Dα
x∆u(t)‖+

∑
|α|=2

‖Dα
x∇u(t)‖

}
≤ C

{
‖∇u(t)‖H2 +

∑
|α|=2

‖Dα
x∆u(t)‖+ ‖∇∆u(t)‖

}
.

(A.20)

Here, we see from Lemma 3.2, (A.7) and (A.19) that∑
|α|=2

‖Dα
x∆u(t)‖ ≤ C

{
‖∆(∆u(t))‖+ ‖∇∆u(t)‖

}
≤ C

{
‖∇∆ut(0)‖+ ‖∆(∆u(0))‖+

√
E(∆u(0)) +K2m+1T

}
.

Thus, combining this with (A.16), (A.18), (A.19) and (A.20), we obtain (A.14).
Further, it follows from Sobolev’s inequality that

1∑
j=0

‖Dj
tut(t)‖L∞ + ‖∇ut(t)‖L∞ ≤ C{‖ut(t)‖H3 + ‖utt(t)‖H2}.

Combining this with (A.6), we have (A.15).
If we take a number T0 > 0 and the size of the initial data {u0, u1} as in (A.1)

and (A.2), then we conclude from (A.6), (A.14) and (A.15) that u ∈ X(T0), which
implies Φ maps X(T0) into itself. �

We construct a local solution to the problem (P)m. Let u0 be any element in
X(T0). We define {uj}∞j=0 by

uj+1 = Φuj , j = 0, 1, 2, · · · .

In other words, {uj} is recursively determined by

(P)j


ujtt −∆uj + a(t, x)(Dtu

j−1)2m+1 = 0, (t, x) ∈ (0, T0)× Ω,
uj(0, x) = u0(x), ujt (0, x) = u1(x), x ∈ Ω,
uj(t, x) = 0, (t, x) ∈ (0, T0)× ∂Ω.
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By Proposition A.1 we see that uj+1 ∈ X(T0). If we set wj = uj − uj−1, then wj

satisfies the following initial-boundary value problem in (0, T0)× Ω:

(P)′j


2wj + a(t, x){(Dtu

j−1)2m+1 − (Dtu
j−2)2m+1} = 0, (t, x) ∈ (0, T0)× Ω,

wj(0, x) = wjt (0, x) = 0, x ∈ Ω,
wj(t, x) = 0, (t, x) ∈ (0, T0)× ∂Ω,

where 2 = D2
t−∆. Thus, in a way completely analogous to the proof of Proposition

A.1 we conclude that ‖wj‖X(T0) converges to 0 as j → ∞. Hence {uj}∞j=0 is a
Cauchy sequence in X(T0), and the limit function u, which is a weak solution in
time, satisfies the original problem (P)m. Therefore, the same argument as in the
proof of Theorem 2.2 (i) implies that this u satisfies the original problem (P)m
in the strong sense. The uniqueness part is standard. So we shall omit it. This
completes the proof.
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