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HYPERBOLIC MEAN GROWTH
OF BOUNDED HOLOMORPHIC FUNCTIONS

IN THE BALL

E. G. KWON

Abstract. We consider the hyperbolic Hardy class %Hp(B), 0 < p < ∞. It
consists of φ holomorphic in the unit complex ball B for which |φ| < 1 and

sup
0<r<1

∫
∂B
{%(φ(rζ), 0)}p dσ(ζ) < ∞,

where % denotes the hyperbolic distance of the unit disc. The hyperbolic ver-
sion of the Littlewood-Paley type g-function and the area function are defined
in terms of the invariant gradient of B, and membership of %Hp(B) is expressed
by the Lp property of the functions. As an application, we can characterize
the boundedness and the compactness of the composition operator Cφ, defined
by Cφf = f ◦ φ, from the Bloch space into the Hardy space Hp(B).

1. Introduction

1.1. Let φ be a holomorphic map from the unit ball B = Bn of Cn into the
unit disc of C and let Cφ be the composition operator defined by Cφf = f ◦ φ.
Then properties of φ can be observed either in terms of the hyperbolic growth of
the image φ(rB) in B1 or by the operator-theoretic behavior of Cφ. Moreover,
there should be a relationship between the hyperbolic growth of φ and certain
properties of Cφ. For example, when n = 1, φ is hyperbolically B0 in the sense of
lim|z|→1(1− |z|2) |φ′(z)|

1−|φ(z)|2 = 0 if and only if Cφ is compact on the little Bloch space
B0 ([CM, p. 194]).

From the viewpoint of the boundary behavior, there was a branch of the study
of Cφ from the Bloch space B into a nice function space. P. Ahern ([A]) observed
that Cφg ∈ BMOA(B) for all g ∈ B and for a monomial φ. Extensive research
followed. Several examples of homogeneous polynomials and conditions for φ were
found to have the same property and, finally, the relation with hyperbolic mean
growth occurred. See [A], [AR1], [AR2], [C1], [C2], [CC], [CK], [CRU], [K5], [Ma],
[RU], [Rus] and [Sta]. The boundedness of Cφ : B → BMOA can be characterized
by φ ∈ %BMOA, where %BMOA is the hyperbolic BMOA class ([K5], see [Y3] for
%BMOA(B1)). Also, in the same vein, the boundedness of Cφ : B → H2p(B1) was
characterized by φ ∈ %Hp(B1) when 1 ≤ p <∞ ([K1]). Note that functions of the

Received by the editors May 15, 2001.

2000 Mathematics Subject Classification. Primary 30D45, 32A35, 47B33.
Key words and phrases. Hp space, Bloch space, hyperbolic Hardy class, composition operator,

Littlewood-Paley g-function, invariant gradient.
This work was supported by grant No. R01-2000-000-00001-0 from the Basic Research Program

of the Korea Science & Engineering Foundation.

c©2002 American Mathematical Society

1269



1270 E. G. KWON

Hardy space Hp and of BMOA should have radial limits almost everywhere but
Bloch functions need not.

1.2. In this paper we define and consider the hyperbolic Hardy class %Hp(B),
0 < p <∞. It is defined to consist of holomorphic φ in B for which |φ| < 1 and

sup
0<r<1

∫
∂B

% (φ(rζ), 0)p dσ(ζ) < ∞,

where % denotes the non-Euclidean hyperbolic distance of B1:

%(z, w) =
1
2

log
|1− z̄w|+ |z − w|
|1− z̄w| − |z − w| , z, w ∈ B1.

Our objective is to find a hyperbolic version of the area function and the g-
function (of Littlewood-Paley type) which characterize the membership of %Hp(B).
This leads us to characterize the boundedness and the compactness of the compo-
sition operator Cφ: B → Hp(B) in terms of the growth of φ, extending variable
results to n ≥ 1 and to 0 < p < ∞. The main result shows that the following are
equivalent:

φ ∈ %Hp(B);∫
B

(1− |z|2)n
(

log
1

1− |φ(z)|2

)p−1 |∇̃φ(z)|2
(1− |φ(z)|2)2

dτ(z) < ∞;

∫ 1

0

|∇̃φ(rζ)|2
(1− |φ(rζ)|2)2

dr

1− r ∈ L
p(∂B);

∫
Dα(ζ)

|∇̃φ(z)|2
(1 − |φ(z)|2)2

dτ(z) ∈ Lp(∂B);

sup
{

log
1

1− |φ(z)|2 : z ∈ Dα(ζ)
}
∈ Lp(∂B);

Cφ : B → H2p(B) is bounded;

Cφ : B → H2p(B) is compact.

Here ∇̃ is the M-invariant gradient of B, τ and σ are the M-invariant volume
measure on B and the surface measure on ∂B respectively, andDα(ζ) is the Koranyi
approach region. These concepts will be explained in Section 2. See Theorem 3.6,
Theorem 4.2, Theorem 5.1, Theorem 5.10, Theorem 6.1, and Theorem 6.2 for precise
results of this paper.

1.3. After introducing some terminology in Section 2, we present and prove our
main results in Section 5. Section 3 is the preparatory section dealing with proper-
ties of the invariant Laplacian, invariant gradient and Green’s theorem. In Section
4, a characterization ofM-harmonic Hardy space by an invariant g-function will be
given. In terms of tangential and radial gradients, more of the conditions equivalent
to the membership of %Hp(B) will be given in Section 6. Section 7 will close this
paper by posing a general principle on hyperbolic function classes related to compo-
sition operators (defined on the Bloch space) and by giving an example illustrating
our result.
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2. Preliminaries

2.1. Let B = Bn be the open unit ball of Cn and S the boundary of B. The
Hermitian inner product and the associated Euclidean norm of Cn are denoted by
〈z, w〉 =

∑n
j=1 zjw̄j and |z| =

√
〈z, z〉. The dot product on Cn = R2n is denoted

by z · w =
∑n
j=1 {Re zj Rewj + Im zj Imwj} , z, w ∈ Cn. The Möbius group, i.e.,

the group of biholomorphic self-maps of B, will be denoted by M. Let ϕz, z ∈ B,
denote the self-map of B defined by

ϕz(w) =
z − 〈w,z〉〈z,z〉 z −

√
1− |z|2

(
w − 〈w,z〉〈z,z〉 z

)
1− 〈w, z〉 , w ∈ B̄,

if z 6= 0 and ϕ0(w) = −w, w ∈ B. It is known that M consists of functions of the
form Uϕz, where U denotes a unitary operator on Cn.

2.2. We let D, ∇, and ∆ denote respectively the complex gradient of Cn, the real
gradient of Cn = R2n and the Laplacian of Cn:

D = (D1, D2, . . . , Dn), Dj =
∂

∂zj
, j = 1, 2, . . . , n,

∇ =
(

∂

∂x1
,
∂

∂y1
, . . . ,

∂

∂xn
,
∂

∂yn

)
, zj = xj + iyj , j = 1, 2, . . . , n,

∆ = 4
n∑
j=1

DjD̄j .

The Laplace-Beltrami operator associated with the Bergman kernel of B will be
denoted by ∆̃:

∆̃f(a) = 4(1− |a|2)
n∑

j,k=1

(δj,k − aj āk)
(
DjD̄kf

)
(a), a ∈ B, f ∈ C2(B).

It is known ([H] or [Sto1, Proposition 3.1]) that ∆̃ is M-invariant: ∆̃ (f ◦ ψ) =(
∆̃f
)
◦ ψ, for all ψ ∈ M. In particular,

∆̃f(a) = ∆(f ◦ ϕa)(0), a ∈ B,
for f ∈ C2(B). In a similar way, we will make use of the notation

D̃f(a) = D (f ◦ ϕa) (0) and ∇̃f(z) = ∇ (f ◦ ϕa)(0), a ∈ B,

for f ∈ C1(B). It is easy to see that |∇̃f |2 = 2
∣∣∣D̃f ∣∣∣2 + 2

∣∣∣D̃f̄ ∣∣∣2, which equals

4
∣∣∣D̃f ∣∣∣2 when f is real-valued and of C1(B). It is M-invariant in the sense that∣∣∣∇̃(f ◦ ψ)

∣∣∣ =
∣∣∣(∇̃f) ◦ ψ∣∣∣ for all ψ ∈ M and f ∈ C1(B). We will also make use of

the tangential gradient ∇T , which satisfies

|∇T f |2 = |∇f |2 − 2 |Rf |2 − 2
∣∣Rf̄ ∣∣2

for f ∈ C1(B), where Rf denotes the radial derivative of f :

Rf(z) =
n∑
j=1

zjDjf(z), z ∈ B.
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2.3. The surface area measure on S normalized to have total mass one will be
denoted by σ. Complex-valued continuous functions f on B satisfying the invariant
mean value property: ∫

S

f ◦ ϕa(rζ) dσ(ζ) = f(a)

for all a ∈ B and all r sufficiently small are calledM-harmonic (onB). M-harmonic
functions are real-analytic ([R, Theorem 4.2.5]), and are equivalently characterized
by C2(B) functions f satisfying ∆̃f = 0 ([R, Theorem 4.2.4]).

Let ν be the Lebesgue volume measure of Cn = R2n normalized to be ν(B) = 1
and let τ be the M-invariant volume measure of B:

dτ(z) =
dν(z)

(1 − |z|2)n+1
.

For ζ ∈ S and 1 < α <∞, Dα(ζ) denotes the Koranyi approach region defined by

Dα(ζ) =
{
z ∈ B : |1− 〈z, ζ〉| < α

2
(1− |z|2)

}
.

Note that Dα(Uζ) = UDα(ζ) for all unitary operators U of Cn.

2.4. For a subharmonic function f on B, we let ‖f‖p = limr→1Mp(r, f), where

Mp(r, f) =
(∫

S

|f(rζ)|pdσ(ζ)
)1/p

.

The M-harmonic Hardy space Hp = Hp(B), 0 < p < ∞, is defined to consist
of those f M-harmonic in B for which ‖f‖Hp = ‖f‖p < ∞. The Hardy space
Hp(B), 0 < p < ∞, is a subspace of Hp consisting of holomorphic functions. The
hyperbolic Hardy class %Hp = %Hp(B) is defined to consist of φ : B → B1 for
which ‖φ‖%Hp = ‖%(φ)‖p < ∞, where

%(φ) = %(φ, 0) =
1
2

log
1 + |φ|
1− |φ| .

The Bloch space B consists of holomorphic functions f in B1 for which

sup
z∈B1

|f ′(z)| (1− |z|2) <∞.

This is a Banach space, if the norm ||f ||B of f ∈ B is defined to be the sum of
|f(0)| and the left side of the above inequality. See [AB], [ABC], [BBG], [CRW],
[D], [G], [R], [Sto1], [FS], [Zy], [Zhu] for Hp theory, [K2], [K4], [Y1], [Y2] for %Hp

and [ACP], [Zhu] for Bloch space.

2.5. Throughout this paper, φ always denotes a holomorphic function from B into
B1 and we set

λ(φ) = λ ◦ φ = log
1

1− |φ|2 , |φ̃| =
|∇̃φ|

1− |φ|2 .

Other undefined notation and terminology in this paper will follow the books by
W. Rudin [R] and M. Stoll [Sto1].
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3. The invariant Laplacian and the invariant gradient

Elementary properties involving ∆̃ and ∇̃ are prepared in this section.
The following representation of

∣∣∣∇̃f ∣∣∣ is almost direct and so we omit its proof:

3.1. Proposition. Let Ω be an open subset of B. Then for f ∈ C2(Ω) and a ∈ Ω
the following equalities hold:∣∣∣∇̃f(a)

∣∣∣2 = lim
r→0

2n
r2

∫
S

|f ◦ ϕa(rζ) − f(a)|2 dσ(ζ);

∣∣∣∇̃f(a)
∣∣∣2 = lim

r→0

2(n+ 1)
r2(n+1)

∫
rB

|f ◦ ϕa(w) − f(a)|2 dτ(w);

∣∣∣∇̃f(a)
∣∣∣2 = 2(1− |a|2)

n∑
j,k=1

(δj,k − aj āk)
{
DjfD̄kf̄ +Dj f̄ D̄kf

}
(a);

(3.1)
∣∣∣∇̃f(a)

∣∣∣2 =
(
1− |a|2

)
|∇T f(a)|2 ;

(3.2)
∣∣∣∇̃f(a)

∣∣∣2 =
1
2

∆̃|f(a)|2 − Re
(
f̄(a)∆̃f(a)

)
.

3.2. Lemma. If u and v are real-valued and of C2(B), then

(3.3) ∆̃(uv) = u∆̃v + v∆̃u+ 2 ∇̃u · ∇̃v.

Proof. For u, v ∈ C2(B), elementary calculation gives

∆̃(uv) = u∆̃v + v∆̃u+ 4〈D̃u, D̃v̄〉+ 4〈D̃v, D̃ū〉.

Identifying z = (z1, . . . , zn) ∈ Cn with (Re z1, Im z1, . . . ,Re zn, Im zn) ∈ R2n, it is
easy to see that ∇ f · ∇ g = 4Df · Dg for all real-valued f and g, where · denotes
the dot product of R2n. Thus, for a ∈ B,

Re〈D(u ◦ ϕa)(0),D(v ◦ ϕa)(0)〉 =D(u ◦ ϕa)(0) · D(v ◦ ϕa)(0)

=
1
4
∇̃u(a) · ∇̃v(a)

provided u and v are real-valued. �

3.3. Lemma. Let Ω be an open subset of B and 0 < p <∞. Then for f ∈ C2(Ω)
and at the points of Ω where f is nonzero, we have

(3.4) ∆̃|f |p = p(p− 2)|f |p−4
∣∣∣D̃|f |2∣∣∣2 +

p

2
|f |p−2∆̃|f |2,

which equals

(3.5) ∆̃|f |p = p(p− 1)|f |p−2|∇̃f |2 + p|f |p−2f∆̃f

if f is real-valued. Moreover, if ∆̃f = 0 and 1 < p <∞, then ∆̃|f |p ≥ 0 and

(3.6) ∆̃|f |p ∼ Cp|f |p−2 |∇̃f |2.
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Proof. (3.4) and (3.5) follow by direct calculation. Note that
∣∣∣D̃|f(a)|2

∣∣∣ ≤ |f | ∣∣∣∇̃f ∣∣∣.
Thus, if ∆̃f = 0, then ∆̃|f |2 = 2|∇̃f |2 by (3.2); so

p(p− 1)|f |p−2|∇̃f |2 ≤ ∆̃|f |p ≤ p |f |p−2|∇̃f |2, if 1 < p ≤ 2,

and
p |f |p−2|∇̃f |2 ≤ ∆̃|f |p ≤ p(p− 1)|f |p−2|∇̃f |2, if 2 ≤ p <∞,

off zeros of f . This gives (3.6). �

3.4. Let 0 < r ≤ 1 and let

Gr(z) = G(r, z) =
1

2n

∫ r

|z|

(1 − t2)n−1

t2n−1
dt, z ∈ rB,

and G(z) = G1(z). Then ∆̃G(z) = 0 for all z ∈ B, z 6= 0. Thus G is M-
superharmonic on B\{0}, G(0) =∞ and lim

|z|→1
G(z) = 0. The function

G(z, w) = G (ϕw(z)) , z, w ∈ B,
is called the (invariant) Green’s function for ∆̃. It satisfies G(z, w) = G(w, z) and
∆̃zG(z, w) = 0 on B\{0}. We recall the following Green’s Theorem ([P, Lemma
2.5]):

(3.7)
∫
S

f(rζ) dσ(ζ) − f(0) =
∫
rB

G(r, z) ∆̃f(z) dτ(z)

for f ∈ C2(B) and 0 < r < 1.

3.5. Lemma. If 1 < p <∞ and f is (complex-valued) M-harmonic on B, then

(3.8)
∫
S

|f(rζ)|p dσ(ζ) − |f(0)|p =
∫
rB

G(r, z)∆̃|f(z)|p dτ(z).

If 0 < p <∞ and φ : B → B1 is holomorphic, then

(3.9)
∫
S

(λ ◦ φ)p(rζ) dσ(ζ) − (λ ◦ φ)p(0) =
∫
rB

G(r, z)∆̃(λ ◦ φ)p(z) dτ(z).

Proof. In [Sto1], (3.8) is proved when f is real-valued M-harmonic on B. By
applying a C2(B) function fε = fp,ε =

(
|f |2 + ε

)p/2
, 0 < ε < 1, which is bounded

if 2 ≤ p < ∞ and dominated by Cp

(∣∣∣∆̃ Re f
∣∣∣2 +

∣∣∣∆̃ Im f
∣∣∣2) if 1 < p < 2, and

using the limiting argument ε → 1 as in [Sto1, Proof of Theorem 6.18], we have
(3.8). The same idea is applicable in proving (3.9) as follows.

Fix p and r: 0 < p <∞, 0 < r < 1. Let

λε(z) = log
1 + ε

1− |z|2 , z ∈ B, 0 < ε < 1.

Then (λε ◦ φ)p ∈ C2(B), (λε ◦ φ)p ↓ (λ ◦ φ)p as ε ↓ 0 monotonically, and

∆̃(λε ◦ φ)p = p(λε ◦ φ)p−2|φ̃|2{(p− 1)|φ|2 + λε ◦ φ}.
Also,

∆̃(λε ◦ φ)p ≥ 0, ∆̃(λ ◦ φ)p ≥ 0
and

∆̃(λε ◦ φ)p → (λ ◦ φ)p



HYPERBOLIC MEAN GROWTH 1275

pointwise almost everywhere in B.
If 1 ≤ p <∞, then

∆̃(λε ◦ φ)p ≤ p2|φ̃|2(λε ◦ φ)p−1

because |φ|2 ≤ λε ◦ φ, so that (λε ◦ φ)p is uniformly bounded on rB. Since G(r, z)
is τ integrable on rB and (λε ◦ φ)p ∈ C2(B), we have∫

S

(λ ◦ φ)p(rζ) dσ(ζ) − (λ ◦ φ)p(0)

= lim
ε→0

{∫
S

(λε ◦ φ)p(rζ) dσ(ζ) − (λε ◦ φ)p(0)
}

= lim
ε→0

∫
rB

G(r, z)∆̃(λε ◦ φ)p(z) dτ(z)

=
∫
rB

lim
ε→0

G(r, z)∆̃(λε ◦ φ)p(z) dτ(z)

=
∫
rB

G(r, z)∆̃(λ ◦ φ)p(z) dτ(z).

(3.10)

This gives (3.9) for 1 ≤ p <∞.
Next, if 0 < p ≤ 1, then

(3.11) ∆̃(λε ◦ φ)p ≤ p |φ̃|2(λε ◦ φ)p−1 ≤ p |φ̃|2(λ ◦ φ)p−1 ≤ 1
p

∆̃(λ ◦ φ)p.

By Fatou’s lemma and Green’s theorem,∫
rB

G(r, z) ∆̃(λ ◦ φ)p(z) dτ(z)

=
∫
rB

G(r, z)lim inf
ε→0

∆̃(λε ◦ φ)p(z) dτ(z)

≤ lim inf
ε→0

∫
rB

G(r, z)∆̃(λε ◦ φ)p(z) dτ(z)

= lim
ε→0

{∫
S

(λε ◦ φ)p(rζ) dσ(ζ) − (λε ◦ φ)p(0)
}

=
∫
S

(λ ◦ φ)p(rζ) dσ(ζ) − (λ ◦ φ)p(0).

(3.12)

(3.11) and (3.12) show that ∆̃(λε◦φ)p is dominated by an L1(rB,G(r, ·) dτ) function
p−1∆̃(λ◦φ)p. Thus, by the dominated convergence theorem, process (3.10) is valid
in this case also. This gives (3.9) for 0 < p < 1. �

For the case of real Hp, the first half, (3.13) and (3.14) of the following theorem
appeared in [Sto2].

3.6. Theorem. If 1 < p <∞, then f ∈ Hp if and only if

(3.13)
∫
B

(1− |z|2)n|f(z)|p−2
∣∣∣∇̃f(z)

∣∣∣2 dτ(z) < ∞.

In this case,

(3.14) ‖f‖pp = |f(0)|p +
∫
B

G(z) ∆̃|f(z)|p dτ(z).
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If 0 < p <∞ and φ : B → B1 is holomorphic, then φ ∈ %Hp(B) if and only if

(3.15)
∫
B

(1 − |z|2)n(λ ◦ φ(z))p−1 |φ̃(z)|2 dτ(z) < ∞.

In this case,

(3.16) ‖λ ◦ φ‖pp = |λ ◦ φ(0)|p +
∫
B

G(z) ∆̃(λ ◦ φ)p(z) dτ(z).

Proof. Letting r → 1, the monotone convergence theorem gives (3.14) and (3.16)
from (3.8) and (3.9) respectively. Noting that

(3.17) G(z) = log
1
|z| , if n = 1, G(z) ∼ (1− |z|2)n

|z|2n−2
, if n ≥ 2

(which follows easily via L’Hospital’s rule), (3.13) follows from (3.6) and (3.14). By
(3.6), (3.19) follows. Since

p (λ ◦ φ)p−1|φ̃|2 ≤ ∆̃(λ ◦ φ)p ≤ p2 (λ ◦ φ)p−1|φ̃|2 if 1 ≤ p <∞,
p2 (λ ◦ φ)p−1|φ̃|2 ≤ ∆̃(λ ◦ φ)p ≤ p (λ ◦ φ)p−1|φ̃|2 if 0 < p ≤ 1,

(3.15) follows from (3.16) and (3.17). �

4. Area function, g-function and the maximal function

In this section, we introduce a well-known characterization ofM-harmonic Hardy
space in terms of the maximal function, the invariant area function, and the invari-
ant g-function.

For u ∈ C1(B) and 1 < α <∞, we let

Mαu(ζ) := sup {|u(z)|; z ∈ Dα(ζ)} , ζ ∈ S;

g̃u(ζ) :=

(∫ 1

0

|∇̃u(rζ)|2
1− r dr

)1/2

, ζ ∈ S;

Ãαu(ζ) :=

(∫
Dα(ζ)

|∇̃u(z)|2 dτ(z)

)1/2

, ζ ∈ S.

Ãα and g̃ areM-invariant in the sense that g̃u ◦ψ = g̃u◦ψ and Ãαu◦ψ =
(
Ãαu

)
◦ψ

for all ψ ∈ M.

4.1. Theorem. For M-harmonic u and 1 ≤ p <∞, the following four statements
are equivalent:

u = P [f ] for some f ∈ Lp(S); Mαu ∈ Lp(S); Ãαu ∈ Lp(S); g̃u ∈ Lp(S),

where P [f ] is the invariant Poisson integral of f :

P [f ](z) =
∫
S

(1− |z|2)n

|1− 〈z, ζ〉|2n f(ζ) dσ(ζ), z ∈ B.

In [ABC, Theorem 4.13], the first three statements of Theorem 4.1 are proved
to be equivalent. So we prove the following to fulfill the proof of Theorem 4.1.

4.2. Theorem. For each p : 1 < p <∞,

‖u‖Hp ∼ ‖g̃u‖Lp(S)

for all u ∈ Hp with u(0) = 0.
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See [Zy] for a one-variable version of this result. See [S] also. We will prove
Theorem 4.2 by a sequence of lemmas, which will also be helpful in proving our
main result in Section 5.

For z ∈ B and 0 < δ ≤ 1, let us denote, as in [Sto1], E(z, δ) = ϕz(δB) in the
sequel.

4.3. Lemma. For each α : 2 < α <∞, there is δα : 0 < δα < 1 such that

(4.1) E(rζ, δα) ⊂ Dα(ζ), ζ ∈ S,

for all r : 0 < r < 1. For general α : 1 < α < ∞, there are δα : 0 < δα < 1 and
rα : 0 < rα < 1 such that (4.1) holds for all r : rα < r < 1.

Proof. Let w ∈ δB and let z = ϕrζ(w). Then by [R, Theorem 2.2.5 (2)] and by the
fact that ϕrζ(ζ) = −ζ,

1− 〈z, ζ〉 = 1− 〈ϕrζ(w), ζ〉
= 1− 〈ϕrζ(w), ϕrζ ◦ ϕrζ(w)〉

=
(1 − r2)(1− 〈w,ϕrζ(ζ)〉)

(1− 〈w, rζ〉)(1 − 〈rζ, ϕrζ (ζ)〉)

=
(1− r)(1 + 〈w, ζ〉)

1− r〈w, ζ〉 .

Thus,

|1− 〈z, ζ〉| =
∣∣∣∣ (1− r)(1 + 〈w, ζ〉)

1− r〈w, ζ〉

∣∣∣∣
=
|(1 + 〈w, ζ〉)(1 − r〈w, ζ〉)|

(1 + r)(1 − |w|2)
(1− |z|2),

which is at most
1 + rδ

(1 − δ)(1 + r)
(1 − |z|2).

Hence
|1− 〈z, ζ〉| ≤ α

2
(1− |z|2)

when α > 2 by taking δ = δα = (α−2)
α . This proves (4.1).

For general α : 1 < α < ∞, by taking δ : α−2
α < δα < α−1

α+1 and r = rα that
satisfy the equation 1+rδ

(1−δ)(1+r) = α
2 , (4.1) also holds for all r : rα < r < 1. �

4.4. Lemma. For 0 < p < ∞ and for α : 1 < α < ∞, Ãαu ∈ Lp(S) implies
g̃u ∈ Lp(S). In particular, for each α : 2 < α <∞, there is a positive constant Cα
such that

(4.2) g̃u(ζ) ≤ Cα Ãαu(ζ), ζ ∈ S,

for all M harmonic u.

Proof. Fix ζ ∈ S. Note that if w ∈ E(rζ, δ), then w = ϕrζ(z) for some z : |z| < δ.
So,

1− |w|2 =
(1− |z|2)(1 − r2)
|1− 〈z, rζ〉|2 ≤ (1− r2)

(
1 + |z|
1− |z|

)
≤ 1 + δ

1− δ (1− r2).
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By the symmetry w ∈ E(rζ, δ) ⇐⇒ rζ ∈ E(w, δ),
1− δ
1 + δ

(1− r2) ≤ (1 − |w|2).

Thus,

δ1(w) :=
−2δ + (1 + δ)|w|

1− δ < r <
2δ + (1 − δ)|w|

1 + δ
:= δ2(w),

whence it is not difficult to see that∫ 1

0

(1− r)−1XE(rζ,δ)(w) dr

≤
∫ δ2(w)

max{δ1(w),0}
(1− r)−1 dr ≤ Cδ,

(4.3)

where in the sequel XE(w) = 1 if w ∈ E and is 0 otherwise.
On the other hand, if u is M-harmonic, then

(4.4) |∇̃u(rζ)|2 ≤ Cδ

∫
E(rζ,δ)

|∇̃u(w)|2 dτ(w)

(see [Sto1, Proposition 10.6]). Now, let δ = δα be that of (4.1). Then by (4.1) and
(4.3),

g̃u(ζ)2 ≤C
∫ 1

0

(1− r)−1

∫
E(rζ,δ)

|∇̃u(w)|2 dτ(w) dr

≤C
∫
Dα(ζ)

|∇̃u(w)|2
(∫ 1

0

(1− r)−1 XE(rζ,δ)(w) dr
)
dτ(w)

≤C
∫
Dα(ζ)

|∇̃u(w)|2dτ(w) = C Ãαu(ζ)2,

(4.5)

where C = Cδ = Cα. This proves (4.2).
If 1 < α ≤ 2, then by the second part of Lemma 4.3,

g̃u(ζ)2 ≤
∫ rα

0

(1− r)−1|∇̃u(rζ)|2 dr + Cα Ãαu(ζ)2,

so that Ãαu ∈ Lp(S) implies g̃u ∈ Lp(S). �
4.5. Lemma. Let 1 < p <∞ and 1 < α <∞. If u ∈ Hp, then

(4.6)
∫
S

∫
Dα(ζ)

∆̃|u|p dτ dσ(ζ) ≤ Cα

(∫
S

|u|p dσ − |u|p(0)
)
.

Proof. Note that

rη ∈ Dα(ζ) ⇐⇒ |1− 〈rη, ζ〉| < α

2
(1 − r2)

=⇒ |1− 〈η, ζ〉| ≤ |1− 〈rη, ζ〉| + (1 − r) ≤ (α+ 1)(1− r)
=⇒ ζ ∈ Q(η,

√
(α+ 1)(1− r)),

and since
σ
(
Q(η,

√
(α+ 1)(1− r))

)
∼ (1− r)n

([R, Proposition 5.1.4]), by (3.17) we have∫
S

XDα(ζ)(z) dσ(ζ) ≤ Cα (1 − |z|)n ≤ CαG(z).
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Therefore it follows by (3.14) that∫
S

∫
Dα(ζ)

∆̃|u|p dτdσ(ζ)

=
∫
B

∆̃|u(z)|p
{∫

S

XDα(ζ)(z) dσ(ζ)
}
dτ(z)

≤ Cα

∫
B

G(z)∆̃|u(z)|p dτ(z)

≤ Cα
(∫

S

|u|p dσ − |u|p(0)
)
.

�
4.6. Lemma. For each p : 1 < p < ∞ and α : 1 < α < ∞, there is a constant
C = Cp,α such that

(4.7) ‖Ãαu‖Lp(S) ≤ C‖u‖Hp
for all u ∈ Hp.

Proof. Let u ∈ Hp and fix α : 1 < α <∞. Since

∆̃u = 0 ⇐⇒ ∆̃ Re u = 0 = ∆̃ Im u,

with the help of Minkowski’s inequality we may assume in proving (4.7) that u
is real and nonconstant. Since Dα ⊂ Dβ if α < β, we also may assume that
2 < α <∞. We divide the proof into three cases with regard to the magnitude of
p and abbreviate Cp,α by C.

Case 1. First, suppose 1 < p ≤ 2. Then, by Lemma 2, on the set where u is not
zero,

∆̃|u|p = p(p− 1)|u|p−2
∣∣∣∇̃u∣∣∣2 .

Since u is real-analytic ([R, Theorem 4.2.5]), the zero set of u is of volume measure
zero. So, (

Ãαu(ζ)
)p
≤ C

(∫
Dα(ζ)

|u|2−p∆̃|u|p dτ
)p/2

≤ C (Mαu(ζ))p(2−p)/2
(∫

Dα(ζ)

∆̃|u|p dτ
)p/2

.

Thus, Hölder’s inequality, the complex maximal theorem ([R, Theorem 5.4.10]),
and Lemma 4.5 give∫

S

(
Ãαu

)p
dσ ≤ C

∫
S

(Mαu(ζ))p(2−p)/2
(∫

Dα(ζ)

∆̃|u|p dτ
)p/2

dσ(ζ)

≤ C
(∫

S

(Mαu)p dσ
)(2−p)/2

(∫
S

∫
Dα(ζ)

∆̃|u|pdτ dσ(ζ)

)p/2
≤ C ‖u‖p−(p2/2)

Hp (‖u‖pHp − |u(0)|p)p/2

≤ C ‖u‖pHp ,
whence follows the desired inequality (4.7).
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Case 2. Next, we suppose 4 ≤ p <∞. Let h be a nonnegative polynomial with

‖h‖Lq(S) ≤ 1,
2
p

+
1
q

= 1, 1 < q ≤ 2,

and let H = P [h]: H(z) =
∫
S
P (z, ζ)h(ζ) dσ(ζ).

Since

z ∈ Dα(ζ) ⇐⇒ |1− 〈z, ζ〉| < α

2
(1− |z|2)

=⇒ 1
(1− |z|2)n+1

<
1

1− |z|2
(α

2

)2n

P (z, ζ),
(4.8)

it follows that

Ãαu(ζ) =

{∫
Dα(ζ)

|∇̃u(z)|2 dτ(z)

}1/2

≤
(α

2

)n{∫
B

(1− |z|)−1P (z, ζ)|∇̃u(z)|2 dν(z)
}1/2

,

(4.9)

whence by (3.17),∫
S

h
(
Ãαu

)2

dσ

≤ C

∫
S

h(ζ)
{∫

B

(1− |z|)−1P (z, ζ)|∇̃u(z)|2 dν(z)
}
dσ(ζ)

= C

∫
B

(1− |z|)−1H(z)|∇̃u(z)|2 dν(z)

≤ C

∫
B

G(z)
(
H∆̃u2

)
(z) dτ(z).

(4.10)

Since the last integrand is nonnegative,∫
B

G(z)
(
H∆̃u2

)
(z) dτ(z) = lim

r→1

∫
rB

G(r, z)
(
H∆̃u2

)
(z) dτ(z)

by the monotonicity, and by (3.3),

H∆̃u2 = ∆̃(Hu2)− 2 ∇̃H · ∇̃u2,

so that ∫
B

G(z)
(
H∆̃u2

)
(z) dτ(z)

≤
∣∣∣∣ limr→1

∫
rB

G(r, ·) ∆̃(Hu2) dτ
∣∣∣∣ + 2

∫
B

G
∣∣∣∇̃H∣∣∣ ∣∣∣∇̃u2

∣∣∣ dτ
= (I) + (II).

(4.11)

Now since H is a bounded function and u is dominated by the radial maximal
function of u, an Lp(S) function ([R, Theorem 5.4.10]), (3.7) and the dominated
convergence theorem give that

lim
r→1

∫
rB

G(r, ·) ∆̃(Hu2) dτ = lim
r→1

∫
S

Hu2(rζ) dσ −Hu2(0)

=
∫
S

hu2(ζ) dσ −Hu2(0).
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Hence, by Hölder’s inequality with pairing (p2 , q),

(I) =
∣∣∣∣∫
S

hu2(ζ) dσ −Hu2(0)
∣∣∣∣

≤
(∫

S

hqdσ

)1/q (∫
S

|u|pdσ
)2/p

≤ ‖u‖2Hp.

(4.12)

On the other hand, by a simple calculation,
∣∣∣∇̃u2(z)

∣∣∣ = 2|u(z)|
∣∣∣∇̃u(z)

∣∣∣. So by
(4.2) and by Case 1 we just verified

‖g̃H‖Lq ≤ C‖ÃαH‖Lq ≤ C‖H‖Lq ≤ C‖h‖Lq ≤ C, 1 < q ≤ 2,

whence it follows by (3.17) that

(II) ≤ 4
∫
B

G
∣∣∣∇̃H∣∣∣ |u| ∣∣∣∇̃u∣∣∣ dτ

= 4
∫ 1

0

G(r)
∫
S

|u(rζ)|
∣∣∣∇̃H(rζ)

∣∣∣ ∣∣∣∇̃u(rζ)
∣∣∣ dσ(ζ) dr

≤ 4
∫
S

(Mradu)(ζ)
(∫ 1

0

G(r)
∣∣∣∇̃H(rζ)

∣∣∣2 dr)1/2

×
(∫ 1

0

G(r)
∣∣∣∇̃u(rζ)

∣∣∣2 dr)1/2

dσ(ζ)(4.13)

≤ C
(∫

S

(Mradu)pdσ
)1/p (∫

S

g̃qH dσ

)1/q (∫
S

g̃pu dσ

)1/p

≤ C‖u‖Hp ‖H‖Lq ‖g̃u‖Lp
≤ C‖u‖Hp ‖g̃u‖Lp ,

where Mradu denotes the radial maximal function of u and

G(r) = 2n
r2n−1

(1− r2)n+1
G(r).

Gathering up from (4.10) to (4.13),∫
S

h(Ãαu)2 dσ ≤ C
(
‖u‖2Hp + ‖u‖Hp ‖g̃u‖Lp

)
for all nonnegative polynomials h with

‖h‖Lq(S) ≤ 1,
2
p

+
1
q

= 1, 1 < q ≤ 2.

Since polynomials (of zj and z̄j , 1 ≤ j ≤ n) are dense in C(S) and C(S) is dense
in Lq(S) in this case, we obtain

(4.14) ‖Ãαu‖2Lp ≤ C
(
‖u‖2Hp + ‖u‖Hp ‖g̃u‖Lp

)
for all nonconstant real u ∈ Hp. Now by using the arithmetic-geometric mean
inequality we conclude (4.7) from (4.14).
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Case 3. It now remains to verify the lemma for 2 < p < 4. Given α, we define
the operator Tα on L2(S) into the set of measurable functions as

Tαf(ζ) =

(∫
Dα(ζ)

∆̃ |P [f ]|2 dτ
)1/2

.

Then Tα is subadditive by a simple application of Minkowski’s inequality. If u ∈
Hp(B), 2 ≤ p ≤ 4, then u = P [f ] for some f ∈ Lp(S) ([R, Theorem 4.3.3]), so that
Ãαu = Tαf, whence (4.7) becomes

(4.15) ‖Tαf‖Lp ≤ C‖P [f ]‖Hp = C‖f‖Lp,
where the last equality comes from [R, Theorem 5.4.8 or Theorem 5.4.9], or [Sto1,
Proposition 5.6]. But we already proved that (4.15) holds for p = 2 and p = 4
respectively in Case 1 and Case 2. This means that the operator Tα is simulta-
neously of type (2,2) and of type (4,4), whence, by the interpolation theorem of
Marcinkiewicz ([Zy]), the operator is of type (p, p), 2 < p < 4. This in turn means
that (4.15) holds for 2 < p < 4, and gives that, with P [f ] = u,

‖Ãαu‖Lp = ‖Tαf‖Lp ≤ C‖f‖Lp = C‖u‖Lp = C‖u‖Hp.
�

Now, by Lemma 4.4 and Lemma 4.6 we have

(4.16) ‖g̃u‖Lp ≤ Cp‖u‖Hp.
So to prove Theorem 4.2 it remains to show

4.7. Lemma. For each p : 1 < p <∞, there is a constant C = Cp such that

(4.17) ‖u‖Hp ≤ C‖g̃u‖Lp
for all u ∈ Hp with u(0) = 0.

Proof. With the help of Minkowski’s inequality and a simple inequality: At+Bt ≤
C(A + B)t, 0 < t < ∞, we may assume u to be real. If f is a polynomial and
F = P [f ], then by (3.7),∫

S

Fu(rζ) dσ(ζ) =
∫
rB

G(r, ·) ∆̃(Fu) dτ

for all r : 0 < r < 1. Thus, by (3.3) and Hölder’s inequality,∣∣∣∣∫
S

Fu(rζ) dσ(ζ)
∣∣∣∣ ≤ C

∫
rB

G(r, ·)
∣∣∣∇̃F ∣∣∣ ∣∣∣∇̃u∣∣∣ dτ

≤ C

∫
S

∫ 1

0

(1 − r)−1
∣∣∣∇̃F (rζ)

∣∣∣ ∣∣∣∇̃u(rζ)
∣∣∣ dr dσ(ζ)

≤ C ‖g̃F‖Lp ‖g̃u‖Lq ,

(4.18)

where 1
p + 1

q = 1. But
f(ζ)u(ζ) = lim

r→1
F (rζ)u(rζ)

almost everywhere ([R, Theorem 5.4.8]), F is bounded and u is dominated by
the radial maximal function of u ([R, Theorem 5.4.10]), so that the dominated
convergence theorem guarantees that

lim
r→1

∫
S

Fu(rζ) dσ(ζ) =
∫
S

fu dσ.
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By (4.16)
‖g̃F ‖Lp ≤ C ‖F‖Hp ≤ C ‖f‖Lp .

Hence (4.18) gives ∣∣∣∣∫
S

fu dσ

∣∣∣∣ ≤ C ‖f‖Lp ‖g̃u‖Lq

for every polynomial f . Therefore we have

‖u‖Lq = ‖u‖Hq ≤ C ‖g̃u‖Lq .
�

5. Hyperbolic Hardy classes and Bloch to Hp
pullbacks

As was expected from Section 1.2, we prove our main theorem, Theorem 5.1, in
this section. It characterizes the membership of %Hp(B) in terms of the hyperbolic
area function and the g-function. It also shows that the hyperbolic Hardy class
characterizes the Bloch-Hp(B) pullback problem: For which φ : B → B1 does g ◦φ
belong to Hp(B) for all g ∈ B? The problem was naturally called for as explained
in Section 1.1.

For φ : B → B1 holomorphic and 1 < α < ∞, let us denote the hyperbolic
version of the g-function, the area function and the maximal function as follows:

%g̃φ(ζ) =
∫ 1

0

|φ̃(rζ)|2
1− r dr, ζ ∈ S;

%Ãαφ(ζ) =
∫
Dα(ζ)

|φ̃(z)|2 dτ(z), ζ ∈ S;

%Mαφ(ζ) = sup
{

log
1

1− |φ(z)|2 : z ∈ Dα(ζ)
}
, ζ ∈ S.

Recall that φ̃ = |∇̃φ|
1−|φ|2 . We pay attention to the difference of a half-power in

the above definition when compared to the case of the (M-harmonic) invariant
g-function g̃f and the area function Ãαf of Section 4. The following is the main
theorem of this paper.

5.1. Theorem. Let 0 < p <∞ and 1 < α, β <∞. If φ : B → B1 is holomorphic,
then the following are equivalent:

(5.1) φ ∈ %Hp(B);

(5.2) %Mβ φ(ζ) ∈ Lp(S);

(5.3) %Ãαφ ∈ Lp(S);

(5.4) %g̃φ ∈ Lp(S);

(5.5) f ◦ φ ∈ H2p(B) for all f ∈ B(B1).

In the case n = 1, the equivalences between (5.3), (5.4) and (5.5) have been obtained
in [PX, Theorem 1.1].

The proof of (5.1) =⇒ (5.2) follows from the following complex hyperbolic
maximal theorem:
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5.2. Lemma. Let 0 < p < ∞ and 1 < α < ∞. If φ : B → B1 is holomorphic,
then %Mαφ ∈ Lp(S) if and only if φ ∈ %Hp(B). In fact,

(5.6)
∫
S

(%Mαφ)p (ζ) dσ(ζ) ≤ Cα,p lim
r→1

∫
S

(
log

1
1− |φ(rζ)|2

)p
dσ(ζ).

Proof. Let u = λ◦φ = − log(1−|φ|2). Note that %Mαφ(ζ) = sup{u(z) : z ∈ Dα(ζ)}
= Mαu(ζ). Fix r : 0 < r < 1 for a moment. Since ur = λ ◦ φr is M-subharmonic
in B and of C(B̄),

ur(z) ≤ P [ur](z), z ∈ B.
Thus,

Mαur(z) ≤ Mα(P [ur])(z), z ∈ B.
Denoting Mur the (Hardy-Littlewood) maximal function of ur, by [R, Theorem
5.4.5] and [R, Theorem 5.2.6] we therefore have∫

S

(Mαur)
p
dσ ≤

∫
S

(MαP [ur])
p
dσ ≤ Cα,p

∫
S

(Mur)
p
dσ

≤Cα,p
∫
S

(ur)
p
dσ ≤ Cα,p sup

r

∫
S

up(rζ) dσ(ζ)

for 1 < p < ∞. Letting r → 1, we have the conclusion for p > 1. For 0 < p ≤ 1,
applying the above process with an M-subharmonic function (λ ◦ φr)1/n ∈ Lnp,
np > 1, instead of ur = λ ◦ φr, we have the same result. �

In the process of our proof, we need some lemmas as in Section 4. First we will
make use of a subharmonicity involved with φ̃:

5.3. Lemma. Let 0 < δ < 1 and E(a, δ) = ϕa(δB), a ∈ B. Let φ : B → B1 be
holomorphic. Then

(5.7) |φ̃(a)|2 ≤ Cδ

∫
E(a,δ)

|φ̃(w)|2 dτ(w).

Proof. Fix a ∈ B. For f : B → B1 holomorphic let F = f ◦ ϕa for a moment. For
r : 0 < r < 1,

Dj (F ◦ ϕrζ) (0) =
m∑
k=1

DkF (rζ)
∂ (ϕrζ)k
∂zj

(0)

and
∂ (ϕrζ)k
∂zj

(0) = −sδjk +
s

1 + s
r2ζ̄jζk,

where s =
√

1− r2 ([R, p. 48]). Since Hk(z) := (1− 〈z, a〉)2DkF (z) is holomorphic
for each k, by considering the power series expansion of holomorphic functions and
orthogonality of {ζα} ([R, Proposition 1.4.8, Proposition 1.4.9])∫

S

(1− 〈rζ, a〉)2 Dj (F ◦ ϕrζ) (0) dσ(ζ)

=
n∑
k=1

∫
S

Hk(rζ)
{
−sδjk +

s

1 + s
r2ζ̄jζk

}
dσ(ζ)

= Hj(0)
{
−s+

s

1 + s
r2

∫
S

ζ̄jζj dσ(ζ)
}

= DjF (0)
{
−s+

s

1 + s

r2

n

}
.
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Since

1− r2 = s2 = s− s

1 + s
r2 ≤ s− s

1 + s

r2

n
,

it follows that

(1 − r2) |DjF (0)| ≤
{
−s+

s

1 + s

r2

n

}
|DjF (0)|

=
∣∣∣∣∫
S

(1 − 〈rζ, a〉)m Dj (F ◦ ϕrζ) (0) dσ(ζ)
∣∣∣∣ ,

from which it follows that

(1− r2)2|DjF (0)|2 ≤
∫
S

|Dj (F ◦ ϕrζ) (0)|2|1− 〈a, rζ〉|4 dσ(ζ)

for j = 1, 2, . . . , n, whence

(1− r2)2|DF (0)|2 ≤
∫
S

∣∣∣D̃F (rζ)
∣∣∣2 |1− 〈a, rζ〉|4 dσ(ζ).

Since ∆̃|φ|2l+2 = (l+1)2

4 |φ|2l∆̃|φ|2, by letting f = φl+1, we have

(1− r2)2∆̃|φ(a)|2 |φ(a)|2l ≤
∫
S

∆̃|φ ◦ ϕa(rζ)|2 |φ ◦ ϕa(rζ)|2l |1− 〈a, rζ〉|4 dσ(ζ)

for l = 0, 1, 2, .... Since |f(a)| < 1, by using the geometric series expansion we have

(1− r2)2|φ̃(a)|2 ≤
∫
S

|φ̃ ◦ ϕa(rζ)|2 |1− 〈a, rζ〉|4 dσ(ζ),

which is equivalent to

(5.8)
|φ̃(a)|2

(1− |a|2)2
≤
∫
S

|φ̃ ◦ ϕa(rζ)|2
(1− |ϕa (rζ)|2)2

dσ(ζ).

Now, integrating (5.8) with respect to 2nr2n−1(1− r2)−n−1 dr over the interval
(0, δ) and noting that 1 − |φa(w)|2 ≥ 1−δ2

4 (1 − |a|2) for all w : |w| < δ < 1, we
obtain

|φ̃(a)|2
(1− |a|2)2

≤ Cδ

∫
δB

|φ̃ ◦ ϕa(w)|2
(1− |ϕa(w)|2)2

dτ(w)

≤ Cδ
1

(1 − |a|2)2

∫
E(a,δ)

|φ̃(w)|2 dτ(w).

This completes the proof. �

If we replace (4.4) by (5.7), then the proof of Lemma 4.4 still holds with %g̃φ and
%Ãαφ in place of g̃u and Ãαu respectively. Hence, we have

5.4. Lemma. Let φ : B → B1 be holomorphic. For 0 < p < ∞ and for α : 1 <
α <∞, %Ãαφ ∈ Lp(S) implies %g̃φ ∈ Lp(S). In particular, for each α : 2 < α <∞,
there is a positive constant Cα such that

(5.9) %g̃φ(ζ) ≤ Cα %Ãαφ(ζ), ζ ∈ S.

It is easy to see that the proof of Lemma 4.5 holds with u = − log(1− |φ|2) with
φ ∈ %Hp(B):
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5.5. Lemma. Let 0 < p <∞ and 1 < α <∞. If u = λ ◦ φ = − log(1− |φ|2) with
φ ∈ %Hp(B), then

(5.10)
∫
S

∫
Dα(ζ)

∆̃|u|p dτ dσ(ζ) ≤ Cα

(∫
S

|u|p dσ − |u|p(0)
)
.

5.6. We now proceed with the proof that (5.2) implies (5.3). The proof below runs
in a parallel line with the proof of Lemma 4.6, and here we make use of Theorem
4.2, the main result of Section 4.

Proof of (5.2) =⇒ (5.3). We will show that for 0 < p <∞ and 1 < α <∞, there
is a constant C = Cα,p such that

(5.11) ‖%Ãαφ‖Lp ≤ C‖%(φ)‖p
for all f ∈ %Hp(B). It is sufficient to assume that 2 < α <∞. We divide into two
cases.

Case 1. 0 < p ≤ 1. Let φ ∈ %Hp(B). Since λ(φ) ≥ |φ|2, it follows that

λ(φ)1−p∆̃λ(φ)p = p λ(φ)1−pλ(φ)p−2|φ̃|2
{
λ(φ) + (p− 1)|φ|2

}
≥ p2|φ̃|2

almost everywhere (off the zeros of φ), where λ(φ) = − log(1 − |φ|2). So∫
S

(
%Ãαφ

)p
dσ =

∫
S

(∫
Dα(ζ)

|φ̃(z)|2 dτ(z)

)p
dσ(ζ)

≤ 1
p2

∫
S

(∫
Dα(ζ)

(λ ◦ φ)1−p(z) ∆̃(λ ◦ φ)p(z) dτ(z)

)p/2
dσ(ζ)

≤ 1
p2

∫
S

(%Mαφ)1−p (ζ)

(∫
Dα(ζ)

∆̃(λ ◦ φ)p(z) dτ(z)

)p/2
dσ(ζ).

Hölder’s inequality gives∫
S

(
%Ãαφ

)p
dσ

≤ 1
p2

{∫
S

(%Mαφ)p dσ

}1−p
{∫

S

∫
Dα(ζ)

∆̃(λ ◦ φ)p(z) dτ(z) dσ(ζ)

}p
.

Hence by Lemma 5.2 and Lemma 5.5,∫
S

(
%Ãαφ

)p
dσ ≤ Cp ‖λ ◦ φ‖pp ≤ Cp ‖% ◦ φ‖pp.

This gives (5.11).
Case 2. 1 < p < ∞. To prove (5.11) we consider

∫
S
h
(
%Ãαφ

)
dσ for all

nonnegative polynomials h with ‖h‖Lq ≤ 1, 1
p + 1

q = 1. Let h be such a polynomial
and H = P [h].

By (4.8) it follows that

%Ãαφ(ζ) =
∫
Dα(ζ)

|φ̃(z)|2 dτ(z)

≤
(α

2

)2n
∫
B

(1− |z|)−1P (z, ζ) |φ̃(z)|2 dν(z),
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whence by (3.17),

∫
S

h
(
%Ãαφ

)
dσ

≤ C

∫
S

h(ζ)
{∫

B

(1− |z|)−1P (z, ζ)
∣∣∣φ̃(z)

∣∣∣2 dν(z)
}
dσ(ζ)

≤ C

∫
B

(1− |z|)−1H(z)∆̃u(z) dν(z)

≤ C

∫
B

G(z)
(
H∆̃u

)
(z) dτ(z),

where we let λ ◦ φ = u for simplicity.
Since the last integrand is nonnegative,

∫
B

G(z)
(
H∆̃u

)
(z) dτ(z) = lim

r→1

∫
rB

G(r, z)
(
H∆̃u

)
(z) dτ(z)

by the monotonicity. Since ∆̃H ≡ 0, by (3,3), H∆̃u = ∆̃(Hu)− 2 ∇̃H · ∇̃u. Hence,

∫
B

G(z)
(
H∆̃u

)
(z) dτ(z)

≤
∣∣∣∣ limr→1

∫
rB

G(r, ·) ∆̃(H u) dτ
∣∣∣∣ + 2

∫
B

G
∣∣∣∇̃H∣∣∣ ∣∣∣∇̃u∣∣∣ dτ

= (I) + (II).

Now since H u ∈ C2(B), we can apply (3.7), and since H is a bounded func-
tion and u is dominated by its radial maximal function, an Lp(S) function by the
hypothesis, the dominated convergence theorem gives

lim
r→1

∫
rB

G(r, ·) ∆̃(H u) dτ = lim
r→1

∫
S

H(rζ)u(rζ) dσ(ζ) −H(0)u(0)

=
∫
S

h(ζ)u(ζ) dσ −H(0)u(0).

Hence by Hölder’s inequality,

(I) =
∣∣∣∣∫
S

h(ζ)u(ζ) dσ(ζ) −H(0)u(0)
∣∣∣∣

≤ ‖h‖Lq‖u‖p ≤ ‖u‖p .

On the other hand, simple calculations give

∣∣∣∇̃u(z)
∣∣∣ =

∣∣∣∇̃(λ ◦ φ)(z)
∣∣∣ = 2|φ(z)|

∣∣∣φ̃(z)
∣∣∣
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and |φ| ≤ λ(φ)1/2, whence it follows that

(II) ≤ 4
∫
B

G |φ||∇̃H | |φ̃| dτ

≤C
∫ 1

0

dr

1− r

∫
S

u1/2(rζ) |∇̃H(rζ)| |φ̃(rζ)| dσ(ζ)

≤C
∫
S

Mradu
1/2

∫ 1

0

∣∣∣∇̃H∣∣∣2
1− r dr


1/2(∫ 1

0

|φ̃|2
1− r dr

)1/2

dσ

≤C
(∫

S

Mradu
p dσ

)1/2p (∫
S

gqH dσ

)1/q (∫
S

(%g̃φ)p dσ
)1/2p

by an application of Hölder’s inequality with indices (2p, 2p, q). Therefore by (5.6)
and Theorem 4.2, we obtain

(II) ≤ C‖u‖1/2p ‖H‖q‖%g̃φ‖
1/2
Lp ≤ C‖u‖1/2p ‖%g̃φ‖

1/2
Lp .

Gathering up,∫
S

h
(
%Ãαφ

)
dσ ≤ C

(
‖u‖p + ‖u‖1/2p ‖%g̃φ‖1/2Lp

)
for all nonnegative polynomials h with ‖h‖Lq(S) ≤ 1, 1

p + 1
q = 1, 1 < q < ∞.

Therefore, by (5.9) and the density argument, we obtain

‖%Ãαφ‖2Lp ≤ C
(
‖u‖p + ‖u‖1/2p ‖%Ãαφ‖1/2Lp

)
.

Now by use of the arithmetic-geometric mean inequality we conclude that

‖%Ãαφ‖2Lp ≤ C ‖u‖p = C ‖λ ◦ φ‖p
provided φ ∈ %Hp(B), where C = Cp,α. This gives (5.11). �

5.7. Proof of (5.3) =⇒ (5.4) follows from Lemma 5.4.

5.8. Proof of (5.4) =⇒ (5.5): Suppose (5.4). If 1 < p < ∞, then by Theorem
4.1 it suffices to show that g̃f◦φ ∈ L2p(S) for all f ∈ B(B1). But, ‖%g̃f◦φ‖L2p is
easily seen to be bounded by ‖f‖B ‖%g̃φ‖1/2Lp . If 0 < p ≤ 1, then by [AB] (or [KL])
it suffices to show that∫

S

(∫ 1

0

(1 − r)|∇(f ◦ φ)(rζ)|2 dr
)p

dσ(ζ) < ∞

for all f ∈ B(B1). Using the inequality |∇̃φ(rζ)| ≥ 2(1−r2)|∇φ(rζ)| (which is valid
when φ is holomorphic), the left-hand side integral is bounded by a constant times
‖f‖2pB ‖%g̃φ‖

p
Lp .

5.9. Proof of (5.5) =⇒ (5.1): Suppose (5.5). Then by the closed graph theo-
rem, the composition operator Cφ maps B(B1) boundedly into H2p(B). For each
nonnegative integer k, let γk be the Rademacher functions (see [D] or [Zy]):

γk(t) = sign sin(2k+1πt), t ∈ [0, 1].
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Consider for each non-dyadic t ∈ [0, 1] the function

ft(z) =
∞∑
0

γk(t) z2k , z ∈ B1.

Noting that

(1− |z|)|f ′t(z)| < (1− |z|)
∞∑
0

2k|z|2
k−1 ≤ 2(1− |z|)

∞∑
0

|z|k ≤ 2,

it follows that ft ∈ B, ‖ft‖B ≤ 4. So by the assumption,

‖ft ◦ φ‖H2p = ‖Cφft‖H2p ≤ C‖ft‖B ≤ C
for all non-dyadic t ∈ [0, 1] and so for almost every t ∈ [0, 1].

On integrating the 2p power of each side of the above inequality with respect to
t, we have by the monotone convergence theorem,

C > lim
r→1

∫ 1

0

∫
S

|ft ◦ φ(rζ)|2p dσ(ζ) dt.

By changing the order of the integration, the last integral equals∫
S

∫ 1

0

∣∣∣∣∣
∞∑
0

γk(t)φ(rζ)2k

∣∣∣∣∣
2p

dt dσ(ζ).

Thus, by [Zy, Theorem V-8.4]), we have

C > lim
r→1

∫
S

( ∞∑
0

|φ(rζ)2|2k
)p

dσ(ζ).

On the other hand, it is quite elementary to see that
∞∑
k=0

∣∣φ(rζ)2
∣∣2k ≥ ∞∑

k=1

∣∣φ(rζ)2
∣∣k

k
= log

1
1− |φ(rζ)|2 .

Therefore, we have

∞ > C > lim
r→1

∫
S

log
(

1
1− |φ(rζ)|2

)p/2
dσ(ζ).

This gives (5.1).
We close this section by showing that the boundedness of our Cφ is equivalent

to its compactness. See [Zha] for the result when n = 1 and 1 ≤ p < ∞. Also,
recently in [PX, Theorem 2.3] the result has been established for the case n = 1
and 0 < p <∞.

5.10. Theorem. The composition operator Cφ : B → Hp is bounded if and only if
Cφ is compact.

Proof. Suppose that Cφ : B → Hp is bounded. Then f ◦ φ ∈ Hp for all f ∈ B and
|φ(ζ)| := | lim

n→∞
φ(rζ)| exists and is less than 1 for almost every ζ ∈ S.

Let {fn} ⊂ B be such that ‖fn‖B ≤ 1. We are going to show that {Cφfn} has a
convergent subsequence in Hp(B). Since

|fn(z)| ≤ |fn(0)|+ ‖fn‖B log
1

1− |z| , z ∈ B1,
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{fn} forms a normal family, so that there is a subsequence of {fn} that converges
uniformly on compact subsets of B1 to a holomorphic function f . Passing to the
subsequence, we may assume that the sequence {fn} itself converges to f . f belongs
to B with ‖f‖B ≤ 1 because

|f ′(z)|(1− |z|2) = lim
n→∞

|f ′n(z)|(1− |z|2) ≤ 1.

On the other hand, by (5.5) =⇒ (5.4) of Theorem 5.1, %g̃φ ∈ Lp/2(S). In
particular, %g̃φ(ζ) <∞ a.e. ζ ∈ S. Since

(5.12)
∣∣∣∇̃ ((fn − f) ◦ φ)

∣∣∣ ≤ ‖fn − f‖B ∣∣∣φ̃∣∣∣ ≤ 2
∣∣∣φ̃∣∣∣ ,

the dominated convergence theorem gives lim g̃(fn−f)◦φ(ζ) = 0 a.e. ζ ∈ S. Also,
by (5.12), g̃(fn−f)◦φ is dominated by 2 {%g̃φ}1/2, which is an Lp(S) function. So,
the dominated convergence theorem again gives

(5.13) lim
n→∞

∫
S

{
g̃(fn−f)◦φ(ζ)

}p
dσ(ζ) = 0.

Using [KL, Theorem 5.1] when 0 < p ≤ 1 and using Theorem 4.1 when 1 < p <∞,∫
S

|(fn − f) ◦ φ(ζ) − (fn − f) ◦ φ(0)|p dσ(ζ) ≤ Cp
∫
S

{
g̃(fn−f)◦φ(ζ)

}p
dσ(ζ),

whence

lim
n→∞

∫
S

|(fn − f) ◦ φ(ζ)|pdσ(ζ) = 0

by (5.13). Therefore, Cφfn → Cφf in Hp(B). �

6. More equivalent results

As shown in (3.1), the magnitude of the invariant gradient may be estimated
only by the tangential gradient ∇T . It is a general principle that the behavior
along the tangential direction is twice better than along the radial direction. So
our case is as follows:

6.1. Theorem. For φ : B → B1 holomorphic and 0 < p < ∞, 1 < α < ∞, each
of the following are equivalent:

(6.1) φ ∈ %Hp(B);

(6.2)
∫ 1

0

|∇Tφ(rζ)|2
(1− |φ(rζ)|2)2

dr ∈ Lp(S);

(6.3)
∫ 1

0

(1− r) |∇φ(rζ)|2
(1− |φ(rζ)|2)2

dr ∈ Lp(S);

(6.4)
∫ 1

0

(1− r) |Rφ(rζ)|2
(1 − |φ(rζ)|2)2

dr ∈ Lp(S).

Proof. By (3.1), (6.2) is the same as (5.4). So, by Theorem 5.1, (6.1) ⇐⇒ (6.2)
follows.
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To prove (6.1) ⇐⇒ (6.3), we make use of the following well-known fact for
holomorphic f in B:

(6.5) f ∈ Hp(B) ⇐⇒
(∫ 1

0

(1 − r)|∇f(rζ)|2 dr
)1/2

∈ Lp(S).

See [AB] or [KL] for example.
Suppose (6.1). Then by Theorem 5.1, g ◦ φ ∈ H2p for all g ∈ B. On the other

hand, there are Bloch functions g1 and g2 such that

|g′1(z)|+ |g′2(z)| ≥ 1
1− |z|2 , z ∈ B1

([RU, Proposition 5.4]). Thus,

|g′1 ◦ φ(z)|+ |g′2 ◦ φ(z)| ≥ 1
1− |φ(z)|2 , z ∈ B.

But by (6.5), ∫ 1

0

(1 − r)|∇(gj ◦ φ)(rζ)|2 dr ∈ Lp(S), j = 1, 2.

Therefore, it follows that∫
S

(∫ 1

0

(1− r) |∇φ(rζ)|2
(1 − |φ(rζ)|2)2

dr

)p
dσ(ζ)

≤
∫
S


∫ 1

0

(1− r)

 2∑
j=1

|g′j ◦ φ| |∇φ|(rζ)

2

dr


p

dσ(ζ)

≤Cp
2∑
j=1

∫
S

(∫ 1

0

(1− r)|∇(gj ◦ φ)(rζ)|2 dr
)p

dσ(ζ)

<∞

because |∇(gj ◦ φ)| = |g′j ◦ φ| |∇φ|.
Conversely, suppose (6.3). Since

|∇(g ◦ φ)| ≤ |∇φ| |g′ ◦ φ| ≤ ‖g‖B
|∇φ|

1− |φ|2

for g ∈ B, it follows that∫ 1

0

(1− r)|∇(g ◦ φ)(rζ)|2 dr ∈ Lp(S).

Therefore, by (6.5), g◦φ ∈ H2p(B) for all g ∈ B. This implies (6.1) by Theorem 5.1.
(6.1)⇐⇒ (6.4) follows exactly in the same way as (6.1)⇐⇒ (6.3) just proven. �

In the same way we directly get

6.2. Theorem. For φ : B → B1 holomorphic and 0 < p < ∞, 1 < α < ∞, each
of the following are equivalent to φ ∈ %Hp(B):

(6.6)
∫
Dα(ζ)

(1− r) |∇Tφ(z)|2
(1− |φ(z)|2)2

dτ(z) ∈ Lp(S);
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(6.7)
∫
Dα(ζ)

(1 − r)2 |∇φ(z)|2
(1− |φ(z)|2)2

dτ(z) ∈ Lp(S);

(6.8)
∫
Dα(ζ)

(1− r)2 |Rφ(z)|2
(1− |φ(z)|2)2

dτ(z) ∈ Lp(S).

7. Characterizing the boundedness of the composition operators

on Bloch space

7.1. Let Y be a complete holomorphic function space defined in terms of |f | or
|∇̃f |. Let %(Y ) be the hyperbolic counterpart of Y in the sense that it consists of
those bounded functions φ, |φ| < 1, whose membership is defined via %(φ, 0) (or
λ(φ)) and φ̃ in place of Euclidean distance |f(z)| and |∇̃f | respectively that is used
in the definition of the membership “f ∈ Y ”. Then there is a general phenomenon
stating

(7.1) Cφ maps B boundedly into Y ⇐⇒ φ ∈ %(Y ).

Examples of classes %(Y ) are %Hp(B1), 1 ≤ p < ∞, %BMOA(B), %Lipα(B1),
and %Lippα(B1). By [K1], [K5], [Y4], and [KC], (7.1) is known to be true for these
classes. Theorem 5.1 states that (7.1) is true with Y = Hp(B), 0 < p <∞, also.

7.2. An Example. Consider the function

F (z) =
z2

1

1− z2
2

, z = (z1, z2) ∈ B2.

The composition operator induced by F was first considered in [CK], and the
authors there proved quite complexly that F takes Bloch functions to Hp for all
p : 0 < p < ∞. In view of Theorem 5.1, this fact can be verified by showing that
F ∈

⋂
%Hp(B2). Noting that |F (ζ)| = | lim

r→1
F (rζ)| < 1 almost every ζ ∈ S, it is

sufficient to prove that
∫
S

(
log 1

1−|F (ζ)|2
)p

dσ(ζ) < ∞ for all p. But the following
process is almost direct:{∫

S

(
log

1
1− |F (ζ)|2

)p
dσ(ζ)

}1/p

≤
{∫

S

( ∞∑
k=1

|F |2k
k

)p
dσ

}1/p

≤
∞∑
k=1

{∫
S

(
|F |2k
k

)p
dσ

}1/p

=
∞∑
1

1
k

{∫
B1

(
1− |w|2
|1 − w2|

)2kp

dν1

}1/p

≤C
∞∑
1

1
k

{∫ 1

0

(1− r2)2kp(1 − r2)1−kp rdr

}1/p

≤C
∞∑
1

1
k

(
1

kp+ 2

)1/p

≤ C

∞∑
1

1
k1+1/p

< ∞

for all p : p ≥ 1.
It was not known whether F had the Bloch-BMO pullback property ([CK]).

Concerning this problem, it was mentioned in [CK] that previously known methods
(used by P. Ahern and W. Rudin) do not work for this F . See Remark (a) and (b)
of [CK]. We resolve this problem in the sequel to this paper, [K3].
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