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AN EXTENSION THEOREM
FOR SEPARATELY HOLOMORPHIC FUNCTIONS
WITH PLURIPOLAR SINGULARITIES

MAREK JARNICKI AND PETER PFLUG

ABSTRACT. Let D; C C"i be a pseudoconvex domain and let A; C D; be a
locally pluriregular set, j =1,..., N. Put

N
X = UA1><~"><Aj_1XDjXAj+1X~"XANC(Cn1X"'XC”N:(Cn.
Jj=1

Let U C C™ be an open neighborhood of X and let M C U be a relatively
closed subset of U. For j € {1,...,N} let X; be the set of all (2/,2"”) €
(Al X e X Ajfl) X (Aj+1 X e X AN) for which the fiber M(Z/’.’ZN) =
{z; € C" : (2',2;,72") € M} is not pluripolar. Assume that 31,...,3Xy are
pluripolar. Put
N
X = U{(Z,,Zj,z//) S (Al X oo X Ajfl) X Dj X (AjJrl X oo X AN) :
j=1

(2',2") ¢ 55}

Then there exists a relatively closed pluripolar subset M C X of the “envelope
of holomorphy” X C C" of X such that:

e MNX CM,

o for every function f separately holomorphic on X \ M there exists exactly
one function f holomorphic on X \ M with f=fonX \ M, and

o Mis singular with respect to the family of all functions f

1. INTRODUCTION. MAIN THEOREM
Let N € N, N > 2, and let
@#A;CD; CcC,
where D; is a domain, j =1,...,N. We define an N —fold cross
X =X(A1,...,An;D1,...,Dn)

N
= UA1X-'-XAj_1><DjXAj+1X"-XANCCn1+"'+nN:(Cn,
j=1

Observe that X is connected.
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Let 2 C C™ be an open set and let A C 2. Put
hao:=sup{u: uve€ PSH(2), u<1lon 2, u<0on A},
where PSH(£2) denotes the set of all functions plurisubharmonic on 2. Define

w = lim A%
A= M Nang, 0.

where (£2;)72, is a sequence of relatively compact open sets (2, C 2,11 € (2 with
Ure; 2% = 2 (h* denotes the upper semicontinuous regularization of k). Observe
that the definition is independent of the exhausting sequence (§2;)32,. Moreover,
wa,n € PSH(£2). Recall that if 2 is bounded, then wa o = h} o.

For an N—fold cross X = X(A1,...,An;D1,...,Dy) put

N

X = {(Zl,...,ZN) €Dy x---XDn: ZWAJ"DJ'(Z]') < 1}.
j=1
Observe that if Dy,..., Dy are pseudoconvex, then Xisa pseudoconvex open set

in C™.

We say that a subset @ # A C C" is locally pluriregular if hjngﬂ(a) = 0 for any
a € A and for any open neighborhood 2 of a (in particular, AN2 is non-pluripolar).

Note that if Ay, ..., Ay are locally pluriregular, then X C X and X is connected
(8], Lemma 4).

Let U be an open neighborhood of X and let M C U be a relatively closed
set. We say that a function f : X \ M — C is separately holomorphic (f €
O (X \ M)) if for any (a1,...,an) € Ay x---x Ay and j € {1,..., N} the function
flai,...,aj—1,",aj41,-..,an) is holomorphic in the open set

Dj \ M(a17~~~,(lj—1,'7(1‘7‘+17~~~,(IN)’
where
M

Suppose that §; C Ay x -+ x Aj_1 x Ajp1 X+~ x AN, j=1,...,N, and define
the generalized N —fold cross

@1,y @ — 1,754 15N ) " {ZJ eCm: (al’ sy Q=15 %5, A1, - - 7aN) € M}

TZT(Al,...,AN;Dl,...,DN;Sl,...,SN)

2

= {(z’,zj,z”) € (A1 X X Ajfl) X Dj X (AjJrl X X AN) : (Z/,Z”) ¢ S]}
1

J
It is clear that T' C X. Observe that

X(Al,...,AN;Dl,...,DN):T(Al,...,AN;Dl,...,DN;Q,...,Q).

MOI"GOVGI‘, if N = 2, then T(Al, AQ; Dl, DQ; Sl, SQ) = X(Al \ 52, A2 \ Sl; Dl, DQ)
Consequently, any generalized 2—fold cross is a 2—fold cross.

Let S C {2 be a relatively closed pluripolar subset of an open set 2 C C™.
Let F C O(£2\ S). We say that S is singular with respect to F if for each point
a € S there exists a function f, € F that is not holomorphically extendible to a
neighborhood of a (cf. [5], § 3.4). Equivalently: the set S is minimal in the sense
that there is no relatively closed set S’ & S such that any function from F extends
holomorphically to £2\ S’. It is clear that for any relatively closed pluripolar set
S C 2 and for any family F C O(£2\ S) there exists a relatively closed set S’ C S
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such that any function f € F extends to an f € O(£2\ S’) and S’ is singular with
respect to the family {f': f € F}.

The main result of our paper is the following extension theorem for separately
holomorphic functions.

Main Theorem. Let D; C C" be a pseudoconver domain, let A; C Dj; be a
locally plurireqular set, j = 1,...,N, and let U be an open neighborhood of the
N—fold cross

X = X(Al,...,AN;Dl,...,DN).

Let M C U be a relatively closed subset of U such that for each j € {1,...,N} the
set

Zj :ZJ(Al,,AN,M)
={(/,2") € (A1 x -+ xAj_1) X (Aj41 X X AN) M. .ny is not pluripolar}
is pluripolar. Put
X/ ::']T(Ah...,AN;Dl,...,DN;El,...,EN).

Then there exists a relatively closed pluripolar set M C X such that:

e MNX' CM,

o for every f € O4(X \ M) there exists exactly one fe O()/(> \ ]T/[\) with f: f
on X’ "\ M,

o M is smgular with respect to the family {f fe€0(X\ M)}, and

o« X \ M is pseudoconver.

In particular, X \ M is the envelope of holomorphy of X \ M with respect to the
space of separately holomorphic functions.

Notice that if M C U is a pluripolar set, then ¥;,..., Xy are always pluripolar
(cf. Lemma Rla)).
The case where N=2,ny = ng = 1, D1 = Dy = C was studied in [7], Theorem 2.

Corollary 1. Let D;, A;, 5 =1,...,N, X, and U be as in the Main Theorem.
Assume that M C U is a relatwely closed set such that for any (ai1,...,an) €
Ay x -+ x Ay and j € {1,...,N} the fiber Mg, . 1A is plumpolarﬂ
Then there exists a relatively closed pluripolar set M C X such that:

e MNXC M,

o for every f € O4(X \ M) there exists exactly one fe O()/(> \ ]T/[\) with f: f
on X\ M, and

o the domain X \ M s pseudoconver.

The case where N = 2, Dy = C™2, and Aj is open was studied in [4] (for ny = 1)
and in [9] (for arbitrary ng).

The proof of the Main Theorem will be presented in Sections 3 (for N = 2) and
4 (for arbitrary N).

The following two examples illustrate the role played by the sets ¥; and show
that the assertion of the Main Theorem is in some sense optimal.

I Thatis, &1 =---=Zn = @.
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Example 2. Let ny =ny =1, Dy = Dy =C, A; = E := the unit disc. o

(a) Let Ay :=FE, X :=X(E,E;C,C) = (ExC)U(Cx E), and M := {0} x E.
Then 1 = @, £y = {0}, X' = X(E\ {0}, E;C,C), M = {0} x C.

Put fo(z,w) :=1/z, z # 0, and fo(0,w) = 1, |w| > 1. Then fy € Oy (X \ M)
and M is singular with respect to fo. o

(b) Let A2 := E\rE, X :=X(E,E\rE;C,C), and M := {0} x {Jw| = r} for
some 0 < r < 1. Then ¥y = @, ¥y = {0}, X' = X(E\ {0}, A5;C,C), M = @.

Put
w ifz#0or (z=0and |w| > r),

w) € X\ M.
0 if z=0and |w| <r, (2, w) \

folz,w) := {

Then fy € Os(X \ M), fo(z,w) = w, and ]%(O,w) # f(0,w), 0 < |w| < r.

2. AUXILIARY RESULTS

In the case M = & the problem of extension of separately holomorphic functions
was studied by many authors (under various assumptions on (D, Aj)j»v:l), e.g. [I1],
[20], [18], [16], [12], [0}, [] (for N = 2), and [1§], [13], [§] (for arbitrary N).

Theorem 3 ([I3], [I]). Let (D;, A; ) . and X be as in the Main Theorem. Then

any function from O4(X) extends holomorphically to the pseudoconvexr domain X.

The case where M is analytic was studied in [I4], [15], [19], [6]. The problem
was completely solved in [g].

Theorem 4 ([7]). Let (D;, A; )] 1 and X be as in the Main Theorem. Let M G U
be an analytic subset of an open connected neighborhood U of X. Then there exists
an analytic set M C X such that:

o M N Uo C M for an open neighborhood Uy of X, Uy C U,

o for every f € Os(X \ M) there exists exactly one fe (’)()? \ Z/W\) with f = f
on X\ M, and

o the domain X \ M is pseudoconver.

Remark 5. It is a natural idea to try to obtain Theorem [l from the Main Theorem.
More precisely, let (D;, A;)™_;, X, U, and M be as in Theorem [d Then, by the
Main Theorem, there exists a relatively closed pluripolar set M C X which has all
the properties listed in the Main Theorem. We would like to know whether there
is a direct argument showing that M must be analytic.

J7j=1

The following two results will play the fundamental role in the sequel.

Theorem 6 ([3]). Let D C C™ be a domain and let D be the envelope of holomorphy
of D. Assume that S is a relatively closed plumpolar subset of D. Then there exists
a relatively closed pluripolar subset S of D such that SN D C S and D \ S is the
envelope of holomorphy of D\ S.

Theorem 7 ([7]). Let A C E™! be locally pluriregular, let
X :=X(A,E;E"1,0)

(notice that X = Enl x C), and let U ¢ EN=1 x C be an open neighborhood
of X. Let M C U be a relatively closed set such that M N E™ = & and for any
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a € A the fiber M, .y is polar. Then there exists a relatively closed pluripolar set
S C E"! x C such that
e SNX CM,
e any function from O4(X \ M) extends holomorphically to E"~1 x C\ S, and
e Bl xC\ S B is pseudoconvexr.

Notice that the above result is a special case of our Main Theorem with N = 2,
ni=n-—1, Dlen_l,A1:A7 ngzl,DQZ(C, A2:E7 Y= Y9 = @.

Proof. Tt is known (cf. [4]) that each function f € O4(X \ M) has the univalent
domain of existence Gy C E"~! x CH Let G denote the connected component of
int (e, (x\a) G that contains E™ and let S := E"1 x C\ G. Tt remains to
show that S is pluripolar.
Take (a,b) € Ax C\ M. Since M(q,.) is polar, there exists a curve 7 : [0,1] —
C\ M, such that v(0) =0, y(1) = b. Take an € > 0 so small that
Aa(e) x (7([0,1]) + Ao(e)) C U\ M,

where A, (r) = A¥ (r) C C* denotes the polydisc with center zg € C* and radius
r>0. Put V, := EU (y([0,1]) + Ao(g)) and consider the cross

Y = X(AN Au(e), B; Ag(e), Vp).

Then f € Os(Y) for any f € O4(X \ M). Consequently, by Theorem Bl we get
Y C Gy, f € Os(X\M). Hence Y C G. In particular, we conclude that {a} x (C\

M(a,~)) C G.
Thus S(,,.) C M,y for all a € A. Consequently, by Lemma 5 from [4], S is
pluripolar. O

Lemma 8. (a) Let S C C? x C? be pluripolar. Then the set
A:={z€CP:S .y is not pluripolar}

is pluripolar.

(b) Let M C CP x C? be such that for each a € CP the fiber M(q,.y is pluripolar.
Let C C CP x C9 be such that the set {z € CP : C(, .y is not pluripolar} is not
pluripolar (e.q. C = C' x C", where C' C CP, C" C CY are nonpluripolar). Then
C'\ M is nonpluripolar.

(c) Let M C CP x C? be such that for each a € CP the fiber M, .y is pluripolar.
Let A C CP be locally pluriregular. Let C := {(a,b') € AxCI71: Mq,p .y is polar}.
Then C s locally pluriregular.

Proof. (a) Let v € PSH(CPT?), v # —o0, be such that S C v~!(—o0). Define
u(z) == sup{v(z,w) : w e E'}, zeCP.

Then A C u~!(—00). Moreover, u € PSH(CP) and u # —oc0.

(b) Suppose that C'\ M is pluripolar. Then, by (a), there exists a pluripolar set
A C CP such that the fiber (C'\ M),y is pluripolar, a € C? \ A. Consequently,
the fiber C, .y is pluripolar, a € CP \ A, a contradiction.

2 Here and in the sequel, to simplify notation we write P; X - -+ X Pj \ @ instead of (P1 X - -+ X
Pe)\ Q.

3 We like to thank Professor Evgeni Chirka for explaining to us some details of the proof of
Theorem 1 in [4].
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(c) Fix a point (ag,by) € C and a neighborhood U := A, 4)(r). We have to
show that hin (a0, by) = 0. First we show that

(*) htnvw(a0,00) < hiana,, () xAb()(r),U(aOa by)-

Indeed, let w € PSH(U) be such that w < 1 and v < 0 on CNU. Then for any
a € AN Ag,(r) the function u(a,-) is plurisubharmonic on Ay (r), and u(a,-) < 0
on the set
(CNU)(ay ={b" € Ay (r) : (M(a,.y) @, is polar}.

By (a) (applied to the set M, )), the set Ay (r) \ (C' N U)(,.) is pluripolar.
Hence u(a,-) < 0 on Ay (r). Consequently, u < 0 on (AN Ay, (r)) x Ay (r),
which implies that honpy < h(AﬁAaO(r))XA%(T),Uv and finally, h*CmU,U(aOvb(/)) <
hZAﬁAaO(r)) x Ay ,U(aoa bp)-

Now, by virtue of the product property of the relative extremal function (cf.
[11]), using (*) and the fact that A is locally pluriregular, we get

heru,v (a0 50) < hiana,, ()x Ay (1)U (a0, bp)

= max {thAao(r),Aao(T) (ao), h*Ab()(r),Ab6(r)(b6)}

=hana,, (.44, () (@0) = 0.

Lemma 9. Let D;, A;, j=1,...,N, and X be as in the Main Theorem. Let
S; CA X xAj1 X Ajp1 X - x An
be pluripolar, 7 =1,...,N. Put
T:=T(A1,...,An; D1,...,DnN; S1,...,SN).
Then any function f € O,(T)NC(T) B estends holomorphically to X.

If N = 2, then the result is true for any function f € O4(T") (see the proof).
In the case where N > 3 we do not know whether the result is true for arbitrary

fe o).

Proof. We apply induction on N. The case N = 2 follows from Theorem [3 and
the fact that X = T (recall that if N = 2, then T is a 2—fold cross). Moreover, if
N = 2, then the result is true for any f € O (T).

Assume that the result is true for N —1 > 2. Take an f € Os(T)NC(T). Let Q
denote the set of all zy € Ay for which there exists a j € {1,..., N — 1} such that
the fiber (S;)(. .y) is not pluripolar. Then, by Lemma [§(a), @ is pluripolar. Take
azy € Ay \ Q and define

TZN = T(Al, ey AN,1; Dl, e ,DNfl; (Sl)(~,zN)a ey (SNfl)(~7zN))~
Then f(-,zn) € Og4(T:y) NC(T,,). By the inductive assumption, the function
f(-, zn) extends to an fZN € O(}/}), where Y =X(44,...,An_1;D1,...,Dn_1).
Let A’ := Ay x -+ x Ay_1. Consider the 2—fold cross

Z:=T(A,An;Y,Dn;: Sy, Q) = ((A'\ Sy) x Dy) U (Y x (Ax \ Q).
4 We say that a function f : T — C is separately holomorphic if for any j € {1,..., N} and

(a’ya") € (A1 x -+ x Aj_1) x (Aj41 x --- x Ax) \ S; the function f(a’,-,a’) is holomorphic in
D;.
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Let g : Z — C be given by the formulae

9(z',zn) == f(2',2n), (2, 2n) € (A"\ Sy) X Dy,
9(',2n) = Fan (), (', 28) €Y x (AN \ Q).

Observe that g is well-defined. R
Indeed, let (2/,2n) € ((A"\ Sn) x Dn) N (Y x (AN \ Q)). If 2/ € T,,, then
obviously f.,(z") = f(#/,zn). Suppose that z’ ¢ T, . Then

ZIEPZN. ﬂ{w Wy, W (A1>< XAj_l)XAjX(Aj+1X--'XAN_l)I

(’U}/, ’U}”) € (Sj)(,zzv)}7

P, is pluripolar. Take a sequence A’ \ (Sy U P, ) > 2’V — 2. Then 2’V € T,,,.
Thus ]/C;N (z'V) = f(2'%, zn). Hence, by continuity, J/”;N (") = f(Z, zn). B
Moreover, g € O4(Z). Put V := X(4', An; 17, Dy) D Z. Since the result is true
for N = 2 (without the continuity), we get a holomorphic extension of g to V. It
remains to observe that V = )?; cf. [8], the proof of Step 3. O

Lemma 10. Let D C CP, G C CY be pseudoconver domains, let A C D, B C G
be locally plurireqular, and let M C U be a relatively closed subset of an open
neighborhood U of the cross X := X (A, B; D,G). Let A’ C A, B’ C B be such that
A\ A, B\ B’ are pluripolar and for any (a,b) € A’ x B’ the fibers M, .y, M(.y) are
pluripolar. Let (D;)32,, (G;)32, be sequences of pseudoconver domains, D; € D,
Gj € G, with D; /' D, G; /G, such that A} .= A'ND; # @, B := B'NG; # 2,
j € N. We assume that for each j €N, a € A}, and b € By, there exist:

o polydiscs Aq(ra,j) C Dj, Ap(sp;) C G; and

o relatively closed pluripolar sets Sq j C Aa(ra;) X Gj, Shi D; x Ay(sp ;)
such that: N

o (Au(rq,j) x Gj)U (D X Ap(sp;)) CUNKX,

. ((A, N A, (Ta,j)) ) n Sa’] Cc M, (D] X (B/ N Ab(sbJ))) N Sbi ¢ M,

o for any f € O4(X \ M) there exist functions fo; € O(Aa(ra;) X G5\ Saj),
fb’j S O(D] X Ab(sb,j) \ Sb’j) with

faj=1f on (A NA(ra;)) x G\ M,
fP=f onD;x (B 'NAysp )\ M,

e S, is singular with respect to the family {f.; : f € Os(X \ M)}, while S*J
is singular with respect to the family {f*7 : f € O, (X \ M)}

Then there exists a relatively closed pluripolar set M C X such that:

e MNX' C M, where X' :=X(A4',B"; D, G),

o for any f € O4(X \ M) there exists exactly one fe O()? \ J/\J\) with f: f on
X'\ M, and_

o the set M is singular with respect to the family {f fe0(X\ M)}

5 Here is the only place where the continuity of f is used.
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Proof. Fix a j € N. Put
U= U (Qulray) x G U(D; x Ay(si.;)),
aEA;,bEB;
Xj:=((AND;) x G;) U(D; x (BNG;)),
le L= (A; X Gj) U (D] X B;)

Note that X7 C U;. Take an f € O4(X \ M). We want to glue the sets (Sa.j)acay;

(Sb’j)beBé and the functions (fa,j)aeA;7 (fb’j)beB; to obtain a global holomorphic

function f; := UaEA;, beB, fa ;U2 on U;j\ Sj where S; := UaeA;, beB! Sa,;USH.
Let a € A;-, be B;-. Observe that

Jaj=1[ on (A'NAu(re;)) x Gj\ M,
fb’j =f on D; x (B'NAp(sp;)) \ M.

Thus f,; = f*7 on the non-pluripolar set (A’ N Ay (ra,;)) X (B' N Ap(sp;)) \ M
(cf. Lemma B(b)). Hence

faj=F"" on Aa(ra) x Ap(sp4) \ (Sa; US™).
Using the minimality of S, ; and S®J, we conclude that
Saj N (Aa(raz) x Aplsp3) = 8 N (Aa(ra) X Ap(ss,5).

Now let a’,a” € A’ be such that C' := Ay (rar,j) N Agr (rar ;) # @. Fixa b € B,
We know that furj = % = fur;j on C x Ay(rp ;) \ (Sarj U S®I U S, ;). Hence,
by the identity principle, we conclude that fu j = for; on C x G\ (Sar,; U Se )
and, moreover,

Sar,j V(C X Gj) = Sar; N(C x Gy).

The same argument works for ¥',0” € B’ N G,.

Let U; be the connected component of U; N X]’» with X; C U;. We have con-
structed a relatively closed pluripolar set S; C U; such that:

] Sj ﬂX]/- C M, and

o for any f € Os(X \ M) there exists (exactly one) f; € O(U; \ S;) with f; = f
on X\ M.

Recall that X C U; C X ;- Hence the envelope of holomorphy U ; coincides with
)A(j’ (cf. [, the proof of Step 4).

Applying the Chirka theorem (Theorem [G]), we find a relatively closed pluripolar
set M; C X such that:

° ]/\Zj NnU; C S,

o for any f € Os(X \ M) there exists (exactly one) function f; € O()?]’ \ M;)
with f] = f; on U; \ S; (in particular, f] = fon X\ M), and

e the set J\/l\] is singular with respect to the family {E cfe O (X \ M)}

Since A\ A’, B\ B’ are pluripolar, we get

Xj={(z,w) € Dj x Gj : Kynp, p,(2) + hng,,q,(w) <1}
={(z,w) € Dj x Gj : Wanp, p,(2) + hpng, ¢, (w) <1} = X;.
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So, in fact, f; € O(X,; \]\/Zj) Observe that (J;2, X; = X, X; € X1, and
U;‘;l X, = X. Using again the minimality of the M,’s (and gluing the f;’s),

we get a relatively closed pluripolar set M c X which satisfies all the required
conditions. ]

Lemma 11. Let A C E™ ! be locally pluriregular, let G C C be a domain with
EEG,let X :=X(A,E;E"1,G), and let U C E""1 x G be an open neighborhood
of X. Let M C U be a relatively closed set such that M N E™ = & and for any
a € A the fiber M, .y is polar. Then there exists a relatively closed pluripolar set

M C X such that:

e MNXCM,

o for any f € Os(X \ M) there exists exactly one fe (9()? \ ]\7) with f = f on
X\ M, and

o the set M is singular with respect to the family {f feO(X\ M)}

Notice that the above result is a special case of our Main Theorem with NV = 2,
nlzn—l,Dlenfl,A1:A,n2=1,D2:G,A2:E, Yi=Y9=0.

Proof. By Lemma [[0] it suffices to show that for any ag € A and for any domain
G' € G with E € G’ there exist r > 0 and a relatively closed pluripolar set
S C A, (r) x G C U such that:

e SNX C M, and

e any function from Os(X \ M) extends holomorphically to A, (r) x G'\ S.

Fix ap and G’. For b € G, let p = p, > 0 be such that Ay(p) € G and
Mqaq,) N OAY(p) = & (cf. [2], Th. 7.3.9). Takip_ =p, >0, p" = p;’ > 0 such
that p~ < p < pT, Ay(p') € G, and M,, .y N P = &, where

P=P,:={weC:p <|w <p'}
Let v : [0,1] — G\ M, be a curve such that v(0) = 0 and (1) € 9A(p).
There exists an € = ¢, > 0 such that
Aaq (€) x ((1([0,1]) + Ao(e)) U P) C U\ M.
Put V =V, := EU (v([0,1]) + Ao()) U P and consider the cross
Y=Y, :=X(AN A, (), E; Au, (¢), V).

Then f € O4(Y) for any f € O4(X \ M). Consequently, by Theorem Bl any

function from O4(X \ M) extends holomorphically to Y D {ao} x V. Shrinking ¢
and V, we may assume that any function f € O4(X \ M) extends to a function

f: fb € O(A,,(g) x W), where
W =W, := Ao(1 — &) U (v([0,1]) + Ao(e)) U P.

In particular, fis holomorphic in A, (¢) x P, and therefore may be represented
by the Hartogs—Laurent series

fzw) =3 u@)w =0+ fa(2)(w—=0)"" = [F(zw) + [ (z,w),
k=0 k=1
(z,w) € Ay, () X P,

where f* € O(Aq, () x Ap(p)) and f~ € O(Aq,(€) x (C\ By(p™))). Recall that
for any a € AN Ag,(e) the function f(a,-) extends holomorphically to G\ M, .).
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Consequently, for any a € AN A, (¢) the function f_(a, -) extends holomorphically
to C\ (M) N As(p™)). Now, by Theorem [4, there exists a relatively closed
pluripolar set S = S, C A, (g) x Ap(p~) such that:

e SN((ANAu()) x Ap(p~)) € M, and

e any function f~ extends holomorphically to a function ? € O(A,, () x (C\S ).

Since f f+ + f_ the function f extends holomorphically to a function f =
fre O(Ay, () x Ap(pT)\S). We may assume that the set S is singular with respect
to the family {f : f € O4(X \ M)}.

Using the identity principle and the minimality of the Sy’s, one can easily show
that for b/,0" € G, if B := Ay (p}) N Ay (pg) # 2, then

St N (Aag (1) X B) = Sy N (Dag (1) X B),  for = forr on gy (1) x B,

where 1 := min{ey,eps}. Thus the functions ]?b/, fbn and sets Sy, Sy may be
glued together.
Now, select by, ...,b; € G so that G’ C U?=1 Ay, (p;;) Put

ri=min{ey, 1 j=1,...,k}.

Then S := (Ag, (1) x G') N U?zl Sp; gives the required relatively closed pluripolar
subset of A, (r) x G’ such that SN X C M and for any f € O4(X \ M), the
function f := U?:l fv, extends holomorphically f to Ag,(r) x G"\ S. O

Lemma 12. Let A C EP be locally pluriregular, let R > 1, let
X = X(A, B%; BP, AY(R)),

and let U C EP x AL(R) be an open neighborhood of X. Let M C U be a relatively
closed set such that M N EPTY = & and for any a € A the fiber Mq,.y is pluripolar.

Then there exists a relatively closed pluripolar set M C X such that:

e MNXCM,

o for any f € Os(X \ M) there exists exactly one fe (9()? \ ]\7) with f = f on
X\ M, and

o the set M is singular with respect to the family {f feO X\ M)}.

Notice that the above result is a special case of our Main Theorem With N =2,
ny=p, D1 =EP, A; = A, ng =q, Dy = A}(R), Ao = E, 5, =Y =

Proof. The case ¢ = 1 follows from Lemma [Tl Thus assume that ¢ > 2. By Lemma
[0 it suffices to show that for any ap € A and for any R’ € (1, R) there exist
r =rgr > 0 and a relatively closed pluripolar set S = Sp/ C A, (r) X ALR') C U
such that

e SNX C M, and

e any function from O4(X \ M) extends holomorphically to A, (r) x AZ(R')\ S.

Fix an ag € A and let Rf be the supremum of all R’ € (0, R) such that rz and
Sg exist. Note that 1 < Ry < R. Tt suffices to show that R, = R.

Suppose that R < R. Fix R < R” < R and choose R’ € (0, R{,) such that
VR'IR" > R). Let r:=rg, S:= Spr.

Write w = (w',w,;) € C? = C1=! x C. Let C denote the set of all (a,b’) €
(ANAy, (1)) x ALY (R') such that the fiber (MUS) (4, is polar. By Lemmafa,c),
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C is pluriregular. Now, by Lemma [IT] applied to the cross
Yy := X(C, Ao(R'); Ag (1) x AT (R'), Ao(R))
and the set M, := M U S, we conclude that there exists a closed pluripolar set
Sq C Y, such that S, NY; C M, and any function f € Os(X \ M) extends
holomorphically to Y, \ S,. Using the product property of the relative extremal
function (cf. [I1]), we get
Yy = {(z,0',wq) € Agy (1) x AT H(R') x Ao(R) :
N, pny (ryx a3~ () (52 @) Bag (), a0 () (Wa) <1}
= {(z,0',wy) € Agy () x ATH(R') x Ao(R) :
* / *
h(AmAaD(r))xAQ*l(R/),AaO(r)xAgfl(R/)(@w )+ hag(rr),a0(r) (W) < 1}
= {(z,0',wq) € Agy (1) x ATH(R') x Ao(R) :
maX{thAao(T),Aao(T) (2), thfl(R/)’Agfl(R/)(wl)} + h*AO(R’),AO(R) (wq) <1}
= {(z,w',wy) € Aay(r) x ATHR') x Ag(R) :
h*AﬂAaO(r),Aao(r)(’z) + Rag(rr), a0(r) (Wg) < 1}
Since R” < R, we find an r, € (0, r] such that any function f € O4(X \ M) extends
holomorphically to a function f; on A, (r4) x AL (R') x Ag(R") \ S,. We may
assume that S, is singular with respect to the family {f, : f € O4(X \ M)}.
Repeating the above argument for the coordinates w,, v = 1,...,¢ — 1, and

gluing the obtained sets, we find an ¢ € (0, 7] and a relatively closed pluripolar set
Sp = U?:l S; such that any function f € O4(X \ M) extends holomorphically to

a function fo := U?:l fj holomorphic in A, (rg) x £2\ Sp, where
q . .
2= ATTHR) x Ag(R") x AT (R).
v=1

Let 2 denote the envelope of holomorphy of 2. Applymg the Chirka theorem
(Theorem[6)), we find a relatively closed pluripolar subset So of Aa, (ro)x £2 such that
any function f € O4(X\ M) extends to a function f holomorphic on Aq, (10)x 2\ Sp.
Let R := V/R'“"IR". Observe that Ag(R") C 2. Recall that R” > R)). We may
assume that M is singular with respect to the family {f: f € Os(X \ M)}. To get
a contradiction it suffices to show that M N X C M. We argue as in the proof of
Lemma [TTt

Take (a,b) € (ANAq,(r0)) x AL(R")\ M. Since M, .y is pluripolar, there exists
a curve v : [0,1] — Ag(R") \ M(q,.) such that v(0) = 0, y(1) = b. Take an ¢ > 0
so small that

Aa(e) x (7([0,1]) + Af(e)) C Ag, (r) x AG(R™)\ M.
Put V;, := E1U (v([0,1]) + Ad(¢)) and consider the cross
Y= X(AN Aq(e), BT Aale), Vi)

Then f € O (Y) for any f € Os(X \ M). Consequently, by Theorem [3] Y C
Agy(r) x AF(R")\ M, which implies that M )N AZ(R") C M(,,.). O
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3. PROOF OF THE MAIN THEOREM FOR N = 2

To simplify notation, put p := ny, D := Dy, A := Ay, A" := A\ Xa, q := no,
G:= Dy, B:= Ay, B := B\ %;.

It suffices to verify the assumptions of Lemma [0 Let (D;)52,, (G;)52, be
approximation sequences: D; € Dj4 € D, G; € Gj41 € G, D; /' D, G; / G,
A'ND;#@,and BNG; #9,jeN.

Fix j € N, a € A’ N Dj, and let £2; be the set of all b € Gj41 such that
there exist a polydisc A, 4)(15) C Dj x Gj41 and a relatively closed pluripolar set
Sy C A¢ap) (1) such that:

o Sp N ((A" N Au(rp)) x Ap(mp)) C M,

e any function f € O,(X \ M) extends to a function f, € O(Aap)(rp) \ Sp) with
fo=fon (AN Ay(ry)) x Ap(ry) \ M, and

e S is singular with respect to the family {f} : f € O5(X \ M)}.

It is clear that (2; is open. Observe that (2; # @. Indeed, since BN G; \
M,y # @, we find a point b € BN G\ M. Therefore there is a polydisc
A(a,b)(r) C Dj X Gj \M Put

Y :=X(ANA(r), BN Ay(r); Ag(r), Ap(r)).

By Theorem[3] we find an r, € (0, ) such that any function f € Os(X \ M) extends
to fi € O(A(ap)(ry)) with fy = f on Awpy(rp) NY D (AN Au(ry)) x Ap(ry).
Consequently, b € £2;.

Moreover, f2; is relatively closed in G ;1. Indeed, let ¢ be an accumulation point
of £2; in Gj41 and let A (3R) C Gj41. Take a point b € 2, NA.(R)\ M(,,.) and let
r € (0,7p], 7 < 2R, be such that A, ) (r) "M = &. Observe that fr € O(Agap(r))
and fy(z,) = f(z,-) € O(Ap(2R)\ M. .y) for any z € A'NA,(r). Hence, by Lemma
@2 (with R’ := R), there exists a relatively closed pluripolar set S C A, (p’) x Ap(R)
with o’ € (0,7) such that any f has an extension f, € O(Aq(p') x Ap(R)\ S). Take
an r. > 0 so small that A, ¢)(re) C Aa(p’) X Ap(R), and put S := SN Aq 0)(re),

fc = fb on Agey(re) \ Se. Obviously fo = fb =fon (A NAre)) x Ac(re) \ M.
Hence c € §2;.
Thus §2; = Gj11. There exists a finite set T C G; such that

Gj C U Ab(""b)-
beT

Define r, ; := min{ry : b € T}. Take ¥/',0” € T with C := Ay (ry) N A (1) # D.
Then fy = f = fyr on (AN AL(rq,5)) X (Ap (ry) N Ay (7)) \ M. Consequently,
fy = fy on Aq(ra,;) X C\ (Spr U Spv). In particular, using the minimality of the
sets Sy and Spr, we conclude that they coincide on Aq(rq ;) x C and that the
functions fp and fp~ glue together. Thus we get a relatively closed pluripolar set
Sa,j C Aa(rae,;) x G such that S, ; N ((A'NAu(rq,;)) X Gj) C M and any function
f € Os(X \ M) extends holomorphically to an f, ; € O(Aa(re;) X Gj \ Sa,;j) with
fa,j = f on (A/ N Aa(r(z,j)) X Gj \M

Changing the roles of z and w, we get 7 and f», b € B'NG;. (]

The above proof of the Main Theorem for N = 2 shows that the following
generalization of Lemma [[2 is true.
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Theorem 13. Let D C CP, G C C? be pseudoconver domains, let A C D be locally
plurireqular, let B C G be open and nonempty, and let M C U be a relatively
closed subset of an open neighborhood U of the cross X := X(A, B; D,G) such that
MN(D x B) = @ and for any a € A the fiber M(q.y is pluripolar. Then there exists
a relatively closed pluripolar set M C X such that:

e MNXC M,

e for any f € O4(X \ M) there exists exactly one fAG O()? \ J/\J\) with fA: f on
X\ M, and

o the set M is singular with respect to the family {f feO0(X\ M)}

Observe that if G = C9, then X = D x Cu. Consequently, Theorem also
generalizes Theorem [7]

Proof. We apply Lemma (as in the proof of the Main Theorem for N = 2).
The functions f,; are constructed exactly as in that proof (with A’ = A). The
functions f7 are simply given as f*7 := flp «a,(s,,) With Ay(sy;) € BN D;
(8% = @). O

4. PROOF OF THE MAIN THEOREM

First observe that, by Lemma B(b), the set X’ \ M is not pluripolar. Conse-
quently, the function f is uniquely determined.

We proceed by induction on N. The case N = 2 is proved.

Let D; /" Dj, Dji @ Djpy1 € Dj, where the D; ;. are pseudoconvex domains
with Ang = Aijng #g,j=1,...,N. Put

X = X(Al,k, - 7AN,k§ Dl,k; ey DN7k) C AX7
Ej,k = (Al,k X oo X Ajfl,k X AjJrLk X oo X AN’]@) ﬂEj, ] = 1,...,N,
X],c = T(Alyk, Ce 7AN,k; .DL]€7 - 7DN,k; El,k; ceey EN,k) C Xg.

It suffices to show that for each k € N the following condition (*) holds.
(*)  There exist a domain Uy, X; C Uy C )?k, and a relatively closed pluripolar
set M}, C Uy, such that:

o M, NX; C M, and

o for any f € O,(X \ M) there exists an fu € O(Uy \ My) with fu=fon X\ M.

Indeed, fix a k¥ € N and observe that, by Lemma [] )?k is the envelope of
holomorphy of Uy. Hence, by virtue of the Chirka theorem (Theorem [6), there
exists a relatively closed pluripolar set J/W\k of )A(k, ]\/ZkﬁUk C My, such that )?k\z\?k
is the envelope of holomorphy of Uy \ My In particular, for each f € Oy (X \ M)
there exists an fk € O(Xk \Mk) with fk|Uk\Mk = fk We may assume that Mk is
singular with respect to the family {fk feO0(X\ M)}

In partmular Mk-i—l N Xk = Mk Consequently:

o M = Uk 1 Mk is a relatively closed plurlpolar subset of X with M NX' C M,

e for each f € O4(X \ M), the function fo= Uiz, f5 is holomorphic on X \ M
w1thf fon X'\ M, and

o M is singular with respect to the family {f feOs(X\ M)}

It remains to prove (*). Fix a k € N. For any

a:(a17"'7aN)EAl,kX”.XAva\M
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let 7 = 7(a) be such that Ay(7) C D1 g X --- X Dy \ M. Consider the N—fold
CTOSs

Yo =X(A1NAL (), .. y,ANN Auy (7); Agy (7)o ooy Aay (1))
Observe that any function from O4(X \ M) belongs to O4(Y,). Consequently, by
Theorem [3] any function from Os(X \ M) extends holomorphically to Y,. Let
p = pr(a) € (0,7] be such that A,(p) C Y,.

If N > 4, then we additionally define (N — 2)—fold crosses
ka’u = X(Aljk, ey AH—Lk’ A/H-l,ka ce 7A1/—1,k; Ay+17k, e 7AN,k;
DL]@, - ,Dufl,k, D'qul’k;, ey Dufl,k; Du+1,k7 RN DN,k);
1<pu<v<N,

and we assume that p is so small that

A(al7'“104;1.71:ap.+1y~~~7au717au+ly~~~7aN)(p) C Ykalhl” 1 S 1% <v S N.
For j € {1,..., N}, define the 2—fold crosses

Ziay = {(#23,2") € (A1 1 A0y (9) -+ X (4111 Da, () X Dyt

X ((Aje1 0 Ay, (0)) X o X (An 0 A (0))) 5 (2,2) & 55} U Aulp),

Zias = (A1 1 Ay (0)) X -+ (45211 Aay_, (p)) X Dy

X (A1 0 Aay () X+ X (AN 11 Ay ()) U Aa(p).

Now, we apply Theorem [I3 to the 2—fold cross Z,’c’a’ ; and the set M. We find a
relatively closed pluripolar set Sy 4,; C Z,’m’j = Zk,q,; such that:

. Sk,a,j n Z,;’a’j Cc M,

° f(ir any function f € O4(X \ M) there exists an fi q.j € O(Zk,a,j \ Sk,a,j) sSuch
that fra; = fon Z; ,,;\ M, and

® Siq,; is singular with respect to the space {fr,a,;: f € OE(X \ M)}.

Observe that {(a1,...,aj—1)} X Dj i x {(aj41,...,an)} € Zk,q ;. Consequently,

we find 7 = r¢(a) € (0, p] such that
Viag = Dar,ycsa;o) (1) X Djk X Agair,.van) (1) C Zyags G=1,...,N.

Let
Vk = U Vk,a,j-
a€A L X XAN K\ M
J€{1,...,N}
Note that X}, C Vj. Let Uy be the connected component of Vi, N )A(k that contains
X B
It remains to glue the sets S, ; and functions fj , ;. Then

Sy = U Sk,a,i VUky  fr = U T3 Viea; nUR\SK
a€A kXX AN \M a€Ay XX AN \M
je{l,...,N} je{1,.. N}
will satisfy (*).
To check that the gluing process is possible, let a,b € Ay x -+ x Ay \ M,
i,7€{1,...,N} be such that Vj ,; N Vi, # @. We have the following two cases:
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(a) i # j: We may assume that i = N — 1, j = N. Write w = (v, w”) €
Crattnn-2 5 Cryv-1+78 - Qbserve that

Viaw—1 0 Vo v = (Aar (@) 0 Ay (r£(8)) ) X Ay, (1(8)) X Ay (7(a)):
We consider the following three subcases:

N = 2 (cf. the proof of LemmallQl): Then Vi q 1NV 52 = Ap, (11(0)) X Ag, (rr(a)).
We know that fi 41 = fi,2 on the non-pluripolar set

(A1 N Ap, (re (b)) \ Ba) x (A2 N A, (rx(a)) \ X1) \ M;

cf. Lemma B(b). Hence, by the identity principle, fr.a1 = fep2 o0 Via1 N Vipa \
(Sk.a1 USkp2). Consequently, the sets Sk.a1, Skp2 and the functions fr.a1, fr.p.2
glue together.

N =3: Then Vi q2NVip3 = (Aq, (1% (a))ﬁAbl (rg (b)) X Ap, (’I“k (b)) X Agy (rg (a))
Let

C" = (A2 N A, (i (b)) x (A3 N Agy(ri(a))) \ 1.
Recall that for any ¢”” € C" the fiber M. .y is pluripolar. We have ﬁ7a72(-, ) =

fC ") = frps(-c”) on Ag, (re(a)) 0 Ay, (re (b)) \ M. o).

Now, let C” denote the set of all ¢ € Ay, (rr(a)) N Ap, (ri(b)) such that the fiber
(Sk,a,2 U Skb,3)(c,) is pluripolar. Recall that the complement of C” is pluripolar
(LemmaRl(a)). If ¢ € C’, then ﬁ7a72(c', = ﬁ7b,3(cl, ) on C"\ (Sk,a,2USk,b,3)(cr,.)-
Consequently, by the identity principle, ﬂ,a72(c’, )= flg’b,g(c’, ) on Ay, (rr (b)) x
Aag (Tk (a)) \ (Sk@’z @] Sk,b,B)(c',~); ded. Finally, fk’ayg = fk,b,?) on Vk,a,2 n Vk,b,3 \
(Sk,a,2USkp3). Consequently, the sets Sk 4,2, kb3 and the functions ﬁm’% }Tk’b’B
glue together.

If N € {2,3}, then we jump directly to (b), and we conclude that the Main
Theorem is true for N € {2,3}.

N > 4: Here is the only place where the induction over N is used. We assume
that the Main Theorem is true for N — 1 > 3.

Let

O = (" € (An—1 1 Dy, (14(B))) X (An 1 Ay (@)
(Xs)(.,ey is pluripolar, s =1,..., N —2};

note that, by Lemma B(a), C" is not pluripolar. For any ¢’ € C” the function
fer := f(-,¢") is separately holomorphic on Yj x—1,n \ M(. o). Moreover, the set
M.,y satisfies all the assumptions of the Main Theorem. Indeed,

Zs(Al,k; . ,AN_27]€; M(-,c”)) = (Es(Al,k; ey ANJg; M))(-,c”) C (Zs)(~,c”);
s=1,...,N —2.

By the inductive assumption, the function f.. extends to a function
fc” c O(Yk,N—l,N \ M(C”)),

where M (¢") is a relatively closed pluripolar subset of f@ N—1,~ such that J/W\(c”) N
YkI,N—LN C M. cy. Recall that

Ay (ri(a)) U Ay (ri (b)) C ?k,N—l,N-
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on Ay (rg(b)) N Y,C”Nfl,N \ M(. ¢y, we conclude that ﬁ,a,N71(~,c”) = fAC//
N('; C”) on Aa/ (Tk (a)) M Ab’ (T’k(b)) \ M(-,c”)'

Let ¢ € Aa(rr(a)) N Ay (rr (b)) be such that the fiber (Sk,a,n—1USkpN) (e, 18
pluripolar. Then fian_1(c',-) = fron(c,-) on C"\ (Sk.an—1U Sk,p,N)(-,er)- Con-
sequently, by the identity principle, fk,a,N_l(c’, = f;@b,N(c', Jon (Apy_, (r(b)) x
AaN (rk(a))) \ (Sk,a,N—l U Sk,b,N)c’ and, ﬁnally, ,]?k,a,N—l = fk,b,N on (VM%N—l n
Vieo,N) \ (Sk,a.n—1 U Sk.p,n). Consequently, the sets Sk o, n—1, Sk,p,n and the func-
tions ]F”vk,a,N,l, ]’”Vk,b,N glue together.

(b) i = j: We may assume that ¢ = j = N. Observe that

Vi,a,N N Viep, N = (A(al,...,a,v,l)(rk(a)) N A(bl,...,bN,l)(Tk(b))) X D k.

By (a) we know that

fraN = fran—1 o0 VienNVian—1\ (SkaenUSkanN—1)

foan—1=fepn o0 Vian—1NVipn\ (Skan—1USksn).

Hence (we write w = (w',wy) € C™HFnv—1 % CnN)

on

fe,aN = fepN

Viea,N VWVia N1 N Viep v \ (Sk,a,N—1 U Ska,n U Sk N)

and

= (A (@) N Ay (r1(8)) ) x Aay (1(@) \ (Skanv—1 U St U S,

finally, by the identity principle,

foan = fepn o0 VianNVipn \ (SkanUSksn).

Consequently, the sets Sk o, n, Sk.p,n and the functions fk,a,N, fk,b,N glue together.
The proof of the Main Theorem is completed. O
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