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THE STRINGY E-FUNCTION OF THE MODULI SPACE OF
RANK 2 BUNDLES OVER A RIEMANN SURFACE OF GENUS 3

YOUNG-HOON KIEM

ABSTRACT. We compute the stringy E-function (or the motivic integral) of
the moduli space of rank 2 bundles over a Riemann surface of genus 3. In
doing so, we answer a question of Batyrev about the stringy E-functions of the
GIT quotients of linear representations.

1. STATEMENT OF THE MAIN RESULT

The stringy E-function is an invariant for singular varieties, due to Kontsevich,
Batyrev, Denef and Loeser, which retains useful information about the singularities
(see [Bat], [DL1], [DL2], [Cra], [Lod]).

Let X be a variety with at worst log-terminal singularities, i.e.,

e X is Q-Gorenstein, and

e for a resolution of singularities p : ¥ — X such that the exceptional locus
of p is a divisor D whose irreducible components Dy, -, D, are smooth
divisors with only normal crossings, we have

T
Ky =p"Kx + ZaiD
i=1
with a; > —1 for all 4, where D; runs over all irreducible components of D.
The divisor Ky — p*Kx is called the discrepancy divisor.

For each subset J € I = {1,2,---,r}, define D; = ﬂjEJDj, Dy =Y and

DY =Dy \ UjeI\J D;. Then the stringy E-function of X is defined by

uv — 1
1) B0 = 3 EOGu) [ o,
JCI eJ

where
=3 (~D)FRPUHE(Z;C))uPoe
P,q k>0
is the Hodge-Deligne polynomial for a variety Z.
The “change of variable formula” (Theorem 6.27 in [Bat], Lemma 3.3 in [DLI])
implies that the function F; is independent of the choice of a resolution. In partic-
ular, if p is a crepant resolution (i.e., p*Kx = Ky), then Es(X;u,v) = E(Y;u,v).
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1844 YOUNG-HOON KIEM

A projective Q-Gorenstein algebraic variety of dimension d with at worst log-
terminal singularities has the Poincaré duality
(2) Eo(X;u,v) = (uv)? Ex(X;u™ v h)

with Fs(X;0,0) =1 (Theorem 3.7 in [Baf]).
In this paper, we compute the stringy E-function of the moduli space N of rank
2 bundles of even degree over a Riemann surface of genus 3 with fixed determinant 1

Our main result is the following:

Theorem 1.1.

Fo(N) = (1 —u?0)3(1 — uv?)® — (uw)*(1 —u)3(1 —v)3
o (1 = uv)(1 — (uv)?)

B (uv)? ((1 —u)3(1—v)? 1+ u)3(1 + v)3)
2 1—wuv 1+ uv
+ 29 ()P (1 + v+ (u0)2)(1 + (uv)Q)((;:)%)z
The stringy Euler number is
9
GSt(N) = u}lr})IEI Est(N) = 312—5

The deepest singularities in the moduli space are the geometric invariant theory
(GIT) quotient sl(2)3/SL(2), where the action is the diagonal adjoint action. This
is a hypersurface singularity, and that makes the genus 3 case special. Batyrev
asked (Question 5.5 in [Bat]) the following:

Question (Batyrev): Let X be a GIT quotient of C™ modulo a linear action of
G C SL(n). Is it true that Es(X;u,v) is a polynomial?

He showed that this is true when G is abelian or finite. A corollary of our

computation is that the answer is NO in general.

Corollary 1.2.
(uv)3(1 4+ uv + (uv)?)
1+ wuv

Ea(C°JSL(2)) = E(IC°JSL(2)]°) +
uv—1 (2
o

+ (uww)® (1 + uv + (uw)?)(1 + (uv)Q)(W

where [C? JSL(2)]* denotes the smooth part of C°JSL(2).

Since E([C?/SL(2)]*) is a polynomial, we deduce that the stringy E-function of
CY/SL(2) is not a polynomial.

When the genus of the Riemann surface is 2, the moduli space is isomorphic to
P? and thus the E-function is 14+wuv+ (uv)?+ (uv)®. When the genus is greater than
3, the deepest singularities are no longer hypersurface singularities and it doesn’t
seem possible to find the discrepancy divisor by explicit computation as in this
paper.

In §2, we study the singularities of the moduli space N/. In §§3, 4, 5, we work out
the blow-ups to get a desingularization of /. We compute the discrepancy divisor
in §6, and we prove Theorem [[LT] and Corollary in §7. We conclude this paper
with a formula for the stringy E-function of the moduli space M of rank 2 bundles
of even degree, without fixing determinant, over a Riemann surface of genus 3.

ISee [New], [Ses] for general facts about the moduli space.
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2. THE MODULI SPACE

The moduli space N of rank 2 semistable bundles of degree 0 with trivial de-
terminant over a Riemann surface of genus g = 3 is a singular projective variety of
complex dimension 6. The singularities are Gorenstein by Theorem A of [DN] and
log-terminal as we will see in §6. We refer to [New]|, [Ses|, [Kil] for general results
on the moduli space.

The singular locus in N is the Kummer variety K, which corresponds to those
rank 2 bundles L@ L~! for some line bundle L of degree 0. The involution L — L~!
gives us a Zy action on the Jacobian Jacy, and the Kummer variety K is identified
with Jaco/Zy. There are 229 fixed points Z3¢ = {[L & L~'] : L = L~'}. Thus we
have a stratification

N =N (K-7Z2) Uz,

The moduli space N is constructed as the GIT quotient of a smooth quasi-
projective variety SR, which is a subset of the space of holomorphic maps from the
Riemann surface to the Grassmannian Gr(2,p) of 2-dimensional quotients of CP,
where p is a large even number, by the action of G = SL(p). By deformation
theory, the slice at a point h € SR, which represents L @ L~! where L = L', is

H'(Endo(L® L)) = HY(O) ® sl(2),
where the subscript 0 denotes the trace-free part. According to Luna’s slice the-
orem, there is a neighborhood of the point [L @& L~1] with L = L', isomorphic
to HY(O) ® sl(2)//SL(2) since the stabilizer of the point is SL(2) ([Kil] (3.3)).
Because dim H'(O) = g, the deepest singularities are just
s1(2)9 ) SL(2) = Spec Clzy, - - - , z34) " L®.

By the classical invariant theory (see [Wey|, or more precisely [Hue], 5.1), there
is an explicit description of the generators and relations of the invariant sub-
ring Clzq, - ,Zgg]SL(Q). The special feature of the case g = 3 is that the quo-
tient X := sl(2)9/SL(2) is a hypersurface: For each (1, W2, w3) € sl(2)3, let
— = — = — = — = e
TP = U1- U1, T2 = U2 U2,T3 = UZ - U, T4 = UL U2, T5 = UL U3, Te =
Uy - Us, vy = det(UWq, Wa, w3). Then C°)SL(2) is the hypersurface of C7 =
Spec C[z1, 2, - - , s, 7] given by the equation
flz1, - 27) = 2120223 + 224506 — xlxg — £C2£L'§ — xgxi — x?

The locus of K in this neighborhood, as a set, is given by
(3) r7 =0, T2 — 25 =0, 2123 — 02 =0, 06— x425 =0,
because a point in Lx := K N X can be represented by the C*-fixed points
(71, 72, 73) with ﬂ)z S {diag(a, —a) ra € (C}, 1=1,2,3.

Next, we consider the middle stratum K—Zgg . Once again, if we consider a point
h € R representing L & L~ with L 22 L', the slice to the orbit is isomorphic to

(4) H'(Endg(L® L)) = HY(O) o HY(L?) @ H'(L™?).

The stabilizer C* acts with weights 0, 2, —2 respectively on the components. Hence,
there is a neighborhood of the point [L & L] € K — Z29 in N, isomorphic to

H' (O)® (H'(L*) & H'(L™?))C*).
Notice that H'(O) is the tangent space to K, and hence
HI(LQ) o Hl (L72)//(C* _ 62972//((:*
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is the normal cone. The GIT quotient of the projectivization PC29~2 by the induced
C* action is P972 x P92 and the normal cone C29~2 J/C* is obtained by collapsing
the zero section of the line bundle Opg—2yps—2(—1, —1).

3. FIRST BLOW-UP

We will desingularize the moduli space N/ by blowing up three times. In this
section, we describe the first blow-up.

Let N be the blow-up of A along the deepest strata Z3?, and let D’ be the
exceptional divisor. Since the deepest singularities are all X := C?/SL(2), we
consider only one of them. The GIT quotient X is the hypersurface of C7 with the
equation

2 2 2 2
flz1, - 27) = 212223 + 224T5T6 — T1TE — Toks — T3T] — Ti.

We blow up at the origin and denote the exceptional divisor also by Dj. In terms
of a local chart, the blow-up map is

(5) (yla"' 7y7) - (ylay1y27"' ay1y7)~
We have f(xlv T ,(E7) = y%gl(ylv T ay7)7 where
(6) 91(y1, -+ y7) = y1(y2ys + 2yaysys — Yo — Y2Ys — Ysyi) — Y3

Hence, the blow-up X is the hypersurface given by g1, and the exceptional divisor
D is the subset y; = 0,y7 = 0 in the local chart. Let Kx be the proper transform
of ]Cx.

The singular set of X7 in this chart is, by solving Vg; = 0, the union of

(7) y1=0, yr=0, Yoys+ 2y1Ysys — Yo — y2yZ — y3ys = 0
and
(8) yr=0, y2o—y; =0, ys—y2 =0, ys—yays =0.

Notice that the second component of the singular set is just the proper transform
Kx in view of @.

Now we switch to other charts. Since x1,z2,x3 are symmetric, we consider, for
instance,

(9) (W1, y7) — (Y51, YsY2, Ys Y3, YsYa, Ys, YsYe, Ysyr)-

In this chart, X; is given by the equation

(10) 951, -+, y7) = ys(Y1y2ys + 2yaYe — Y1YG — Y2 — Ysui) — V5.
and D by ys = 0,y7 = 0. The singular locus in this chart is the union of
(11) ys =0, yr=0, y1y2ys +2ya¥6 — Y195 — Y2 — y3y3 = 0
and

(12) yr=0, y1ya—v; =0, yiys—1=0, y1ys —ya =0.

Again the second component is Kx by comparing with (B])E
From the local descriptions (), (), we see that the first component of the
singular set is the subvariety

Ax ={(y1: - :y7) |yr = 0, 19293 + 2ya¥s¥Y6 — Y1¥e — Y2y2 — y3yi = 0}

2There is one more chart (Y1, ,y7) — (Yy1y7, - ,Yey7,y7), but it doesn’t intersect with the
exceptional divisor.
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of the projective space PS.
Lemma 3.1. Ax = P? x P?/Z,.
Proof. Define a morphism P? x P2 — PS by
((x:y:z),(p:q:r)) — (2ap : 2yq : 227 : xq +yp: axr + zp i yr+ 2q: 0).

In fact, this came from the identity

(xt + ys + zu)(pt + gs + ru)
12 52 u?
= prg + 2yq3 + 227"? + (xq + yp)ts + (xr + zp)tu + (yr + zq)su.

Since C[t, s, u] is a UFD, the morphism is a 2:1 map whose image is precisely Ax,
as one can easily check. O

The singular locus of X is thus Ax U K x. By direct computation, the singular
locus P2 of Ay is the intersection Ax NK x, which is the exceptional divisor of the
proper transform Kx — Kx. For instance, in terms of the local chart of @), the
singular locus of (@) is given by the equations of (@) and ().

We denote by A the disjoint union of 26 Ax’s in the exceptional divisor in N}
having 26 components. Then A; is smooth away from A U K.

4. SECOND BLOW-UP

In this section, we consider the second blow-up. Namely, we blow up A7 along
the proper transform K of . This is particularly important because it is the partial
desingularization of N, defined in [Ki3].

Let N> be the blow-up of A along K. Let D}, be the exceptional divisor and D’1
the proper transform of D} having 229 connected components. We will describe A
as the partial desingularization of /. For more details on partial desingularization,
we refer to [Kil] and [Ki3].

Let H be a reductive subgroup of G = SL(p) and define Z3; as the set of
semistable points in R fixed by H. Let 31 be the blow-up of 93*¢ along the smooth
subvariety GZg7 ). Then by Lemma 3.11 in [Ki3], the GIT quotient R$* /G is the
first blow-up N;. The C*-fixed point set in RR$* is the proper transform Zé‘i of Z2%
and the quotient of GZ@i by G is K. If we denote by Ry the blow-up of ¢ along
the smooth subvariety GZs =G X e Z(E‘i, where NC" is the normalizer of C*,
then the GIT quotient R5* /G is our second blow-up N>, again by Lemma 3.11 of
[Ki3]. This is Kirwan’s partial desingularization of A" (see §3 in [Kill), which is an
orbifold.

By applying the algorithm for Betti numbers described in [Ki3], the Poincaré
series P(N2) = 3,5, tF dim H*(N3) can be computed as follows. By [Ki2], the
equivariant Poincaré series PY (M%) = 3°, . tF dim HE (R**) is given by the gauge-
theoretic computation of Atiyah and Bott in §11 of [AB], and we get
(1+3)5 —t8(1 + )8

=)0
In order to get R{® we blow up R*® along GZ ESL(Q) and delete the unstable strata.
So we get

PG (SRSS) —

24t 10 1101 442 1)
1—t4 1 —¢2

PY(R;*) = PY(R*) + 25(



1848 YOUNG-HOON KIEM

Now fR35° is obtained by blowing up R{® along GZE‘i and deleting the unstable
strata. Thus we have

L(14+8)° 1(1-¢)° t2 44
PR3 = PE(RS®) + (2 + 1 +1%) (5 5 °
( 2) ( 1)+( + + )(2 1—t2 2 1_|_t2 ].—t4)

(1 +1)°%+25(2 + ).

(13) (A +?)
1—¢2
Because the stabilizers of the G action on R5° are all finite, we have
HG(M3®) = H*(R3°/G) = H(N2),
and hence we deduce that

(1436 — 81 + )8

P =
(N2) (1—2)(1—t4)
+26(t2+t4+~~+t16_t10(1+t2+t4))
1t 1 —¢2
(14)
1(1+8)% 1(1-1¢)° t? 4 ¢4
2 144 48y (2 : 6
S )(2 1—t2 2 1+4¢ 1—t4)
t4(1 +t%)
—W((1+t)6+26(t2+t4)).

See [KiI] for the Betti number computation of the partial desingularization of M,
the moduli space without fixing determinant.

Furthermore, we can refine the above computation to get the Hodge-Deligne
polynomial for N3, since the observation in §14 of [Ki4] tells us that the morphisms
involved in the above Betti number computation are strictly compatible with the
mixed Hodge structures. By the gauge-theoretic computation of [AB], the Hodge-
Deligne series for the equivariant cohomology H¢ (R*°) i

(1 —u?0)3(1 — uv?)® — (uww)*(1 —u)3(1 —v)?
(1 —uv)(1 — (uv)?) '

Blowing up along GZ g.SL(Q) and deleting the unstable part amounts to adding

w4 (uwv)? + - + (uv)8 uv)® uv + (uv)?
26 +(1)—j(Luv)2+( ) )(11+_u;r( ))),

and blowing up along GZ~E§ and deleting unstable points amounts to adding

1 (1-—w)’(1-v)®
1—uv

3 3 2
st ¢ o

(uv + (uv)? + (uv)3)(
—M((l —u)?

1—uv

2
(1 —v)3 + 2%(uv + (uv)?)).

3The recent article [EK] by Earl and Kirwan contains detailed arguments for the Hodge number
computation of the equivariant cohomology.
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Therefore, we get

(15)
E(\)) = (1 —u?v)*(1 (—1111112‘1)3)(—1 (_1“&2()12)_ u)3(1 —v)?
+ 26(UU + (ml))i —(f—uv)2+ (uv)® B (uv)3(1 ;—_w;: (uv)2))
+ (uv + (w)? + (uv)3)(% (1- ’it)j(iv— v)? +% (1+ ;L)j—(iv—k v)3 g0 ulvj(g;l:j;);)

2
1
_ (wo)"(1 +wv) (1= u)*(1 = v)® 4+ 2%(uv + (uv)?)).
1—wuv
Notice that (IH) reduces to ([Id) if we put u = v = —t. )
In this context, D} is the disjoint union of 2¢ copies of P(sl(2)3)/SL(2) and D}
is its partial desingularization. The algorithm in [Ki3] gives us

(16) E(D}) = 2°(1 + uv + (uwv)?)(1 4+ wv + (uv)? + (uv)?).

The normal bundle to GZ&2 has rank 2g — 2 = 4, as we saw in @#). As GZzs =~
G X ye+ Z85 from [Ki3] and the normal bundle can be written similarly, the quotient
of the normal bundle by G is the quotient of its restriction to Z& by the action
of NC. If we first take the quotient by the identity component Né)c* of N, we
get a C* /C*-bundle over jZZJC, the blow-up of Jac along Z§, since Zc- JN§" = Jac.
Hence there is a neighborhood of K in Ni, which is isomorphic to the Zs-quotient
of the C*/C*-bundle over Jac because mo(NC") = Zy. As we mentioned at the end
of §2, the normal cone C*//C* is obtained by collapsing the zero section of the line
bundle Opiyp1(—1,—1), and thus the exceptional divisor D} is the Zs quotient of
the P! x P! bundle over Jac. Hence, the E-polynomial of D} is

E(D3) = [(1 = u)*(1 = v)* + 2%(uv + (u0)*)) (1 + uv)*)™

(%(1 —u)3(1—v)® + %(1 +u)?(1+0)° +2%(uv + (w)?))
(17) )
X (14 uv + (ww)?)

+ (50— WP =) = S0+ wP(1 4+ 0)°) (w0),

where [-]%2 denotes the Zs-invariant part. The intersection of the two divisors D)
and D'l has 26 components, each of which is isomorphic to a bundle over P? with
fiber P? = P! x4, PL.

Now, we can compute the E-function of the smooth part N* = N — K = N5 —
DYy — D). The E-polynomials of N5 and D} are (I5) and (I6), respectively. The
E-polynomial of D} — D) is

L1 =1 =0 + L1+ u)?(1+0) - 2°) (1 + wv + (wv)?)
+ (%(1 —u)3(1—v)? - %(1 +u)3(1 + v)3)(uv),
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by subtracting E(D} N D}) = 25(1 4+ wv 4+ (uww)?)? from (7). Therefore, the E-
polynomial of ¢ is

EN?) = E(N,) — E(D}) — E(D; — Dj)
(1 =w?0)3(1 —w?)? — ()t (1 —u)3 (1 —v)?
(18) o (1 —uv)(1 — (uv)?)
_1((1—u)3(1—v)3 (14+u)3(1 +v)3

2 1 —uv 1+ uv

).

To end this section, we consider the singular locus of NV3. At a point in D\ D,
N, looks like a line bundle over P! x P! times C3, and hence is smooth. The
singular locus thus lies in D'l, and so we restrict our concern to X7, the blow-up
of X = sl(2)3/SL(2). We know from the previous section that X; is smooth at
points in D} \ Ax. Hence, the singular locus of N3 lies over A. We claim that the
proper transform A of A is precisely the singular locus in Ns. To verify our claim,
we return to the local chart description.

In terms of the local chart (&), X; is given by the equation (B and Kx is given
by (). We introduce new coordinates

Wy =y1, Wa =ys — Yi, ws="Ys— Yz,

Wyq = Y4, W5 = Y5, We = Y6 — Y4Ys5, W7 = Y7.
Then the equation of X; is wq (wawz — w3) — w? and Ky is given by wy = w3 =
wg = wy = 0. The blow-up along Kx can now be described locally as
(19) (t1,--- ,t7) = (t1,ta, tats, ta, ts, tate, taly).

Since wy (waws — wi) — w? = t3(t1(ts — t3) — t2) in this chart, X, is given by the
equation

(20) gra(tr, -+, t7) = ta(ts — tg) — 3.
The singular locus is, from Vgi2 = 0,
(21) t1 =0, tr=0, t3—t3=0,

which is the proper transform of Ax in view of the fact that Ay is w1 = wy =
0, wows — w3 = 0 from (7). Similarly, one can use other charts for the second
blow-up to check that the proper transform Ax of Ay is the singular locus over
the local chart ().

In the local chart (@), X is given by (I0) and Kx by ([2)), while Ax is given by
(II). Since we are interested in a neighborhood of Ax N Kx where y; # 0, we may
assume that y; # 0. We introduce new coordinates

w1 = Y1, w2 =Yz — Yi/y1, w3 =ys—1/y1, wy = ya,

Ws = Ys, w6=y6—y4/y1, wy = Yr-

In terms of w-coordinates, X7 is just wqws(wows — w%) — w? and Kx is wo = w3 =

wg = wy = 0. The blow-up map along Kx can be written locally as (@), for
instance. One can check again that the singular locus of A5 over the local chart
(@) is precisely Ax.

By a similar computation for each local chart for X7, we deduce that the singular
locus of Ny is A, as claimed. Observe from the above that A and D) are smooth.
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5. THIRD BLOW-UP

To obtain a desingularization N of A, we blow up A3 along A. Let D5 be
the exceptional divisor of this third blow-up, and let D;, Dy denote the proper
transforms of D, D}, respectively.

In terms of the t-coordinates (I9) of M2, one can readily deduce from (20) and
(BI) that the singularity along A is just the (ry = 2?%)-singularity in C?, and by
blowing up along A we get a smooth variety. As one can check, the same is true
for each local chart of N5. Hence, N is smooth.

iz

FIGURE 1.

One can also explicitly check in terms of local coordinates that the divisors
D1, Do, D3 are smooth divisors with only normal crossings. For instance, consider
the t-coordinates ([9) for A5 again. Before blowing up, we introduce new coordi-
nates 7y = tl,’l“g = tg,’l“g = f,g — t%,?“4 = t4,’l‘5 = t5,’l‘6 = f,g,?“7 = f,7. Then NQ is
given by r1r3 — r2 = 0 and the blow-up center is 71 = r3 = r7 = 0. If we consider
the local description of the third blow-up, for instance,

(Oél, ce 7046;047) - (043041,0427043,044,0457046,043047),
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then N is 041—0@:0, Dyisa; = ar =0, Dy is as :02041—05% and Ds is
asz =0 = a; — 2. By repeating a similar computation for each chart, we see that
the divisors have only normal crossings.

The desingularization process we described can be schematically summarized in
Figure 1.

6. CANONICAL DIVISORS

The purpose of this section is to prove the following.

Proposition 6.1. If p : N — N s the desingularization described above, then
Ky =p"Ky +4D1+ D2 +4Ds.

We consider a differential
- dl‘l A dxg A d$3 A d$5 A dxe A d$7
N Of /0xy

on X = sl(2)%/SL(2). On the smooth part of X, s is not vanishing and thus the
divisor of s is zero. (See (1.7) in [RBei].) In terms of local coordinates, the first

blow-up map p; is given by (y1,---,y6,y7) — (Y1,91Y2, - ,¥1¥6,Y1y7), and we
have a rational differential on X7,

_ B A dyz N dys N dys N dys A dyr
! 9g1/0ya ’

where f(xla e ,fE?) = y%gl(yla e ay7)' HGHCG, KN1 = pTKN + 4D,1

Now we switch to the w-coordinates wy = y1,ws = yo — yZ, w3 = Y3 — y%, wy =
Ya, W5 = Y5, W = Y6 — Yays5. Then g1 = wy(wawz — w2) — w?. The second blow-up,
in terms of local coordinates, is (t1,--- ,t7) — (t1,ta, tats, ta,ts, tats, tat7), and we
get a rational differential on Xs:

4 dwi A dwa A dws A dws A dws A dwy
wy
891/8’[1)3
dty N dtg A\ dts Adts N dtg A\ dty
8g12/8t3 ’

where gl(y17 T ay7) = t%912(t17 e at7)' Hence7

= tity

Ky, = p3pi Ky + 4D} + Dy,

We next use the r-coordinates ry = ti,r0 = tg,73 = t3 — t%,m = t4,15 =
ts,76 = te,77 = t7. Then gi2 = rir3 — r2. Finally, we blow up along r; =
r3 = r7 = 0. In terms of local coordinates, the blow-up is (g, - ,a7) —

(asar, az, a3, a4, as, a6, agar) and g1o = a3(a; — o?). The equation for A in
the a-coordinates is thus gi23 = a3 — oz%, and we have a rational differential on X:

s — Oé4OéQOé4 doog ANdas A -+ N dar
e 09g123/0a1

By a similar computation for each chart, we deduce that

Ky = p"Knx +4D1 + Dy 4 4D3.
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7. THE STRINGY E-FUNCTION

We can now compute the stringy E-function of the moduli space N.
The E-function of the smooth part is from §4:
E(N*) = BE(Nz) — E(D}) — E(Dj — DY)
(1= w?0)3(1 — w?)? — (w)*(1 —uw)3(1 —v)?
(1 —uv)(1 — (uv)?)
1, (1—uwP1l-v)?® (1+u)?P1+v)?
5( 1 —uv 1+ uv )
_ Next, DY = Dy — (DU D3) is D, — A — D, N D). Since each component of
D} N D} is a P2-bundle over P? and each component of A — D} is P? xz, P? — P2,
E(DY) is ([8) minus E(P? x P?) and 25[(1 + uv + (uv)?)?]22 — 26(1 + uv + (uv)?).
Hence,

w—1 uv — 1
(uv)® —1 (uv)d —1°
Since D = Dy — (D1 U D3) = D) — D}, the E-function of DY is (I7) minus the
E-function of D) N D}, 26(1 + uv + (uv)?)?. Hence,

E(DY) 2°((uv)® = (uv)?)

0y uv—1
E(DQ)(UU)Q—l
1 L1 ) uv — 1
= (G- 1=+ A+’ (1 +0)° = 2) (At + (w))
1 1 uv — 1
+ (5(1—u)3(1—v)3 - 5(1+u3(1+v)3)(uv) (wo)2— 1

R As D3N Dy is isomorphic to A and a component of D3 N D5 is a P'-bundle over
AN Dj, we see that the E-function of DY is 26 times the E-function of a P'-bundle
over A minus E(A) and 2° times E((P! — pt) x P! x P2?). Hence,
) uv — 1 uv — 1

(uv)® —1 (uv)® —1°

Notice that DY, = D;N Dy — D3 = Dy N D, — A is the disjoint union of 26 copies
of a (P? — P!)-bundle over P2. Hence,
w—1 wuv—-1 w—1 wv—1

E(DY :

(Drz) (uw)® =1 (wv)?2 — 1 (w0) — 1 (ww)? — 1

Also, DY = D; N D3 — Dy is A minus 26 P'-bundles over P2. Hence,
uv —1 |2 6 2 3 gy uv—1 (2

- =2 — = ) -

(wv)s — 1) ((wv)” + (w)” + (w) )((uv)5 — 1)

Finally, a component of D33 = Dy N D3 — Dy is a (P! — pt)-bundle over a P'-
bundle over P2, and a component of D{,; = D1 N Dy N Dj is a P-bundle over P2.
Therefore,

E(D3 = 2%((uv)® + (uv)* + (uv)®)

= 2%((wv)? + (uv)” + (uv)*)

E(DY)(

E( 33)(7%5__11 (;:)2‘_11 = 20(uv + (wv)? + (uv):s)(;‘:)%
and
E(D(l)23)((5vv);_1 1)2 (;:)2__1 1= 26(1 + uv + (UU)Q)((S:)%f
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Putting together all the pieces above, we get from formula (IJ) that
(1 —u?0)3(1 — uv?)® — (uww)*(1 — u)3(1 —v)?

Eg(N) = (1 —uv)(1 — (uv)?)

 (w)? ((1 —u)’(1—v)®  (1+u)’(+ v)3)
2 1—uv 1+ uv
+ 28 (wv)P (1 + wo + (w)?)(1 + (uv)Q)((;L:)%)Q

This satisfies the Poincaré duality (@), which serves as a check for our result. Notice
that it is not a polynomial.

To prove Corollary[[Z} let D; x be the divisors in X corresponding to D;. Then,
from the above, we have

B(DS ) =g = () = () oo

B(DS ) = = ()" = DL+ w0 ()
B(DS ) o= = () + (i) + () ey,
0 w—1 w-1 wo)? 4 (un)® + (ww)d uw-—1 w—1
E(D12’X)(UU)5—1(’U,U)2—1 7(( ) +( ) +( ) )(’U,’U)5—1(U:U)2—1’
E(D(l)&x)((;f)%)z = ((uv)? + (uv)® + (u@ﬂ(&%)%
E(D; x) (;‘:)5__1 : (;‘UU)Q__l o= (uv+ (u0)” + (uv)?’)(;‘:)%,
and
E(D?zg,x)((;:);_l 1)2 (5:)2__11 =1 +uv+ (uv)Q)((:ij])%)Q.

By putting them together, we get
(uv)3(1 4+ uv + (uv)?)

Eq(C°JSL(2)) = E(IC°JSL(2)]°) + 1+uv

uw—1 |2
)

+ (w)®(1 + wv + (w)?)(1 + (uv)Q)(m

where [C?/SL(2)]* denotes the smooth part of C°//SL(2).

Remark 7.1. If we denote by M the moduli space of rank 2 semistable bundles of
even degree over a Riemann surface of genus 3 (without fixing the determinant),
the stringy E-function is
1—u?0)3(1 — uv?)? — (uwv)*(1 — u)3(1 — v)3
Es =(1— 3 1— 3 (

t(M) ( u) ( ’U) { (1 — ’LLU)(l — (’LLU)Q)
(22) B (uv)? ((1 —u)3(1 —v)? 1+ u)3(1+ v)‘3)

2 1 —wuv 1+uv

(14 w0+ )1+ ) (7))

We just sketch the computation, and leave the details to the reader. The deter-
minant map det : M — Jac is a fibration with fiber A/, and M has the same
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singularities as A/. So we need three blow-ups, exactly as in §§3, 4, 5, and the
discrepancy divisor is given as in Proposition Bl It is now easy to modify the
computation to get

(1 —u?0)3(1 — uv?)?® — (uww)*(1 —u)3(1 —v)?
(= )1 — (w0)?)

E(M®) = (1-u)*(1 —v)’|

1, 1—upP -0 (14+u)P1+0)3
B 5( 1—uv 1+ uv )l
BDY )~ L (1 - )31 — o) (u)® — (u)?) e
M) e 1 (w1
0 uv — 1

E(DQ,M)W
= (1 —u)(1 —v)®

A0 =) 4 2 (1)~ 1)1+ ()

ol

uv — 1

+ (0= 0P - 0P - G+ o) )]

[\

B(DS ) g = (1= (1= o) ()" + ) + (o)) 2

0 ) uw—1 wv—1
(uw)® =1 (ww)? — 1

= (1= u)*(1 = v)*((w)® + (uv)” + (uv)?)

w—1 wuv-—1
(uwv)d =1 (uv)2 =1’

E(D?&M)((QZS%)Q = (1 - w)’(1 — v)*((w0)? + (u0)® + (uv)4)(7(55)5__1 K
w—1 wv—1 uv —1

E(Dgg,M) (wo)> —1 (wo)? — 1 = (1 —u)*1 —v)3(uv + (ww)* + (uv)3)7(u,u)5 -1
and

E(D(1)23,M>((5UU)5__11)2 (:::)2__1 1

uv—1 |2
)

=1 —u)’1—v)*1 +uv+ (uv)2>((uv)T1

Combining these, we get (22)).
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