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CYCLOTOMIC UNITS AND STICKELBERGER IDEALS
OF GLOBAL FUNCTION FIELDS

JAEHYUN AHN, SUNGHAN BAE, AND HWANYUP JUNG

Abstract. In this paper, we define the group of cyclotomic units and Stickel-
berger ideals in any subfield of the cyclotomic function field. We also calculate
the index of the group of cyclotomic units in the total unit group in some
special cases and the index of Stickelberger ideals in the integral group ring.

1. Introduction

In the cyclotomic number field Q(ζn), where ζn = exp(2πi/n), Sinnott [S1]
showed that the index of cyclotomic units in the total unit group is equal to the
class number of its maximal real subfield up to a simple constant factor (called
the Kummer-Sinnott unit-index formula) and the index of the Stickelberger ideal
associated to Q(ζn) is equal to the relative class number up to a simple constant
factor (called the Iwasawa-Sinnott index formula of the Stickelberger ideal). In
[S2], he also extended these results to arbitrary abelian number fields over Q. The
analogue of Kummer-Sinnott’s unit-index formula, with the Carlitz module assigned
to the role played in the classical cyclotomic theory by the multiplicative group,
was carried out by Galovich and Rosen [GR] in the rational function field case
and by Yin [Y1], replacing the Carlitz module by a general sign-normalized rank-
one Drinfeld module in the global function field case. Harrop [Hr] extended the
Galovich-Rosen result to any subfield of a cyclotomic function field over the rational
function field. The analogue of Iwasawa-Sinnott’s index formula of the Stickelberger
ideal was carried out by Yin [Y2], which says that the index of the Stickelberger
ideal is equal to the relative ideal class number of the field up to a simple constant
factor in the global function field case. Recently Yin [Y3] also defined an ideal (he
also called it the Stickelberger ideal) in the integral group ring relative to any finite
abelian extension of global fields whose rank is equal to the degree of the extension
in the function field case. In (wide or narrow) ray class extension of function fields,
he calculated the index of the Stickelberger ideal in the integral group ring, which
is equal to the divisor class number up to a simple constant factor.

In this article we study the cyclotomic units and the Stickelberger ideal of some
abelian extensions of a global function field. Let k be a global function field. Let
F/k be a finite abelian extension which is a subfield of a cyclotomic function field.
In section 2, we recall some notation and results of a cyclotomic function field over

Received by the editors July 1, 2001 and, in revised form, October 28, 2002.
2000 Mathematics Subject Classification. Primary 11R58, 11R60.
Key words and phrases. cyclotomic units, Stickelberger ideal, global function field.
This work was supported by Korea Research Foundation Grant (KRF-2000-015-DP0010).

c©2003 American Mathematical Society

1803



1804 J. AHN, S. BAE, AND H. JUNG

a global function field and earlier results needed in the paper. In section 3, we
define the group of cyclotomic units CF and then calculate its index in the total
unit group O∗F in some special cases (Thm. 3.9), which involves h(OF+), the ideal
class number of its maximal real subfield F+. The group of cyclotomic units in this
paper (Def. 3.1) is smaller than that in [Y1] in the case of cyclotomic extensions. In
fact, it is the unramified part that is smaller than Yin’s. In section 4, we define the
Stickelberger ideals I±F and IF and calculate their indices [R± : I±F ] and [R : IF ]
whose formulas involve the class numbers h−(OF ), h(F+) and h(F ), respectively
(Thms. 4.7, 4.11 and 4.12). In section 5, we discuss the indices (R : U), (e+R : e+U)
and (e−R : e−U) that appear in our index formulas.

2. Preliminaries

Let k be a global function field with constant field Fq of q elements, and let∞ be
a fixed place of k with degree one. Let k∞ be the completion of k at∞ and Ω be the
completion of an algebraic closure of k∞. Let A be the Dedekind ring of functions
in k that are holomorphic away from∞. We fix a sign function sgn : k∞ → Fq with
sgn(0) = 0 (Def. 4.1, [H2]). An element z of k∗∞ is called positive if sgn(z) = 1.

For any nonzero integral ideal m of A, we denote by Km the cyclotomic function
field of the triple (k,∞, sgn) of conductor m and by K+

m its maximal real subfield.
In particular, if m = e, the unit ideal of A, then Ke is the Hilbert class field of
the triple (k,∞, sgn). Let Gm and G+

m be the Galois groups of Km and K+
m over

k, respectively. Let J = Gal(Km/K
+
m) ' F∗q , which is the decomposition group

and inertia group of ∞. Let ρ be a sgn-normalized Drinfeld A-module of rank one.
Then the Hilbert class field Ke is the extension of k generated by the coefficients
of ρx for any x ∈ A\Fq. For an integral ideal m 6= e, let Λρm be the set of m-torsion
points of ρ in Ω. Then the cyclotomic extension Km of k is the extension over Ke

generated by Λρm. Let ξ(a) be the ξ-invariant of ideal a, which is defined up to
a constant multiplier and characterized by the condition that the A-lattice ξ(a)a
corresponds to some sgn-normalized A-module, say ρ. Let ea(x) be the Drinfeld
exponential function associated to the ideal a. Let λa = ξ(a)ea(1). When a is an
integral ideal, λa is an a-torsion point of ρ and, in fact, it is a generator of the
set Λρa of a-torsion points of ρ. The following are well known ([H1], [H2], or [Y1,
Lemma 1.2]).

Lemma 2.1. Let λ be a generator of Λρm for a sgn-normalized Drinfeld A-module
ρ and let p be a prime ideal of A.

(i) Assume that m has at least two distinct prime divisors. Then λ is a unit.
(ii) Assume m = pn. Let [p] be the product of the prime ideals in OKm

dividing
p. Then [p] = λOKm

.
(iii) NKp/Ke

(λp) = ξ(A)/ξ(p), and it generates the ideal pOKe
in OKe

.
(iv) Let a, b be fractional ideals of A. The Galois action is(

ξ(A)/ξ(a)
)τb = ξ(b−1)/ξ(ab−1),

where τb = (b,Ke/k) is the Artin symbol.

Let F be a finite abelian extension of k which is contained in some cyclotomic
function field. Let m be the conductor of F , i.e., Km is the smallest cyclotomic
function field that contains F . If m = e, then F is an unramified extension of k.
For any integral ideal f of A, we let Ff = F ∩Kf and F+

f
= F ∩K+

f
. We say that
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F/k is a real extension if F = F+. Let GF = Gal(F/k) and JF = Gal(F/F+) with
δF = |JF | its order. Let ĜF be the character group of GF with values in the field
C of complex numbers. A character χ is called real if χ(JF ) = 1. Otherwise it is
called non-real. We denote by Ĝ+

F the set of all real characters of GF and by Ĝ−F
the set of all non-real characters of GF .

Let h(F ) and h(F+) be the divisor class numbers of F and F+, respectively.
Let h−(F ) = h(F )/h(F+) be the relative divisor class number of F . We have the
following well-known analytic class number formulas:

h(F ) = h(k)
∏

16=χ∈ĜF

Lk(0, χ̄), h(F+) = h(k)
∏

16=χ∈Ĝ+
F

Lk(0, χ̄),

h−(F ) = h(F )/h(F+) =
∏
χ∈Ĝ−F

Lk(0, χ),

where Lk(s, χ) is the Artin L-function associated to the character χ.
Let OF be the integral closure of A in F and O∗F the unit group of OF . Let

h(OF ) and h(OF+) be the ideal class numbers of OF and OF+ , respectively. Let
h−(OF ) = h(OF )/h(OF+) be the relative ideal class number of OF . Then we
have h(F ) = R(F )h(OF ) and h(F+) = R(F+)h(OF+), where R(F ) and R(F+)
are the regulators of OF and OF+ , respectively. It is easy to see that R(F ) =
δ

[F+:k]−1
F R(F+)/Q0, where Q0 = [O∗F : O∗F+ ]. Thus we have

(2.1) h−(F ) = δ
[F+:k]−1
F h−(OF )/Q0.

Lemma 2.2. Q0 divides δF .

Proof. Let j be a generator of JF . As in the proof of [Hr, Prop. 1.1], ε 7→ ε1−j =
ε/j(ε) induces an inclusion O∗F /O∗F+ ↪→ F∗q . For any ε ∈ O∗F , we have jk(ε/j(ε)) =
ε/j(ε) because ε/j(ε) ∈ F∗q . Thus εj2(ε) = j(ε)2, ε2j3(ε) = j(ε)3 and so on. Finally
we have εδF−1jδF (ε) = j(ε)δF . Hence εδF = j(εδF ), i.e., εδF ∈ OF+ . This proves
the lemma. �

For a subset M of GF , we set s(M) =
∑

σ∈M σ. Let e+ = s(JF )/δF and
e− = 1 − e+. Let eχ = (1/|GF |)

∑
σ∈GF χ(σ)σ−1 be the idempotent associated to

χ. We define ωF =
∑

16=χ∈ĜF Lk(0, χ̄)eχ, ω+
F = e+ωF and ω−F = e−ωF . When F is

the cyclotomic function field Kf, we write ωf = ωKf
, ω+

f
= ω+

Kf
and ω−

f
= ω−Kf

for
simplicity.

Let lF be the logarithm map of F , which is defined by

lF : F ∗ → Q[GF ], x 7→ lF (x) =
∑
σ∈GF

v∞(xσ)σ−1,

where v∞ is the extension to Ω of the normalized valuation of k∞ at ∞. Let
l∗F = (1 − e1)lF . When F = Kf, we write lf = lKf

and l∗
f

= l∗Kf
, respectively.

Suppose that E/k is a finite abelian extension of F/k. The restriction of auto-
morphism from E to F induces a ring homomorphism resE/F : Q[GE ] → Q[GF ].
The corestriction map is defined as follows:

corE/F : Q[GF ]→ Q[GE ], σ 7→
∑
τ 7→σ

τ.

Lemma 2.3. Suppose that E/k is a finite abelian extension of F/k. Then
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(i) lF (NE/F (x)) = resE/F (lE(x)); lE(y) = corE/F (lF (y)) for any x ∈ E∗ and
y ∈ F ∗;

(ii) resE/F (ωE) = ωF , resE/F (ω±E ) = ω±F ;
(iii) corE/F (ωF ) = s(Gal(E/F ))ωE , corE/F (ω±F ) = s(Gal(E/F ))ω±E .

For a character χ of GF and an ideal a of A, we define χ(a) ∈ C as follows. Let
fχ be the conductor of χ. If (a, fχ) = e, we let χ(a) = χ(σa), where σa is the Artin
k-automorphism of Ffχ corresponding to a. If (a, fχ) 6= e, we put χ(a) = 0.

For any prime ideal p of A, let σ̄p = F−1
p s(Tp)/|Tp|, where Tp is the inertia group

of p in GF and Fp is a Frobenius automorphism associated to p which is in the
decomposition group Dp and determined uniquely modulo Tp. Then χ(σ̄p) = χ̄(p)
for any χ ∈ ĜF . For any divisor f of m, let If = Gal(F/Ff). Let RF = Z[GF ]. Let
VF be the GF -submodule of Q[GF ] generated by

αf = s(If)
∏
p|f

(1− σ̄p)

with f|m, f 6= e. We also set UF = VF + s(Ie)RF . For any GF -module T , we denote
by T0 the submodule of elements of T killed by s(GF ) and for a subset B of GF ,
denote by TB the set of elements of T fixed by B. It is easy to see that (VF )0 = VF
and (UF )0 = VF + s(Ie)(RF )0.

We conclude this section by recalling the definition of lattice index. Let Y be
a Q-subspace of Q[GF ]. A lattice in Y is a finitely generated subgroup of Y with
the maximal rank. Let L and L

′
be two lattices in Y . There exists a nonsingular

linear transformation A : Y → Y such that A(L) = L
′
. The lattice index is defined

to be (L : L
′
) = | det(A)|. For an element α of Y , let ker(α)|L denote the set of

x ∈ L such that αx = 0. It is known [S2, Lemma 1.2 (a)] that

(L : L
′
) = (ker(α)|L : ker(α)|L′ )(αL : αL

′
).

For more properties of the lattice index, we refer to [S2, Lemma 1.1, 1.2] and [Y3,
Lemma 4.1].

3. The Cyclotomic Units

3.1. Cyclotomic and elliptic units. For any integral ideal f 6= e of A, we denote
by λf a primitive f-torsion point of a sgn-normalized Drinfeld module ρ of rank one
(e.g. λf = ξ(f)ef(1)). From now on, we fix a finite abelian extension F of k with
conductor m and we let R = RF , G = GF , U = UF , V = VF for simplicity. We
define λf,F = NKf/Ff

(λf) for any ideal f 6= e.

Definition 3.1. Let PF be the G-submodule of F ∗ generated by F∗q and λf,F with
all f 6= e. We define CF = PF ∩O∗F , called the group of cyclotomic units of F.

The group of cyclotomic units CF has the maximal rank in O∗F .
Proposition 3.2. rankCF = [F+ : k]− 1.

Proof. For any prime ideal p - m, we have λp,F = NKe/Fe
(ξ(A)/ξ(p)), because

Fp = Fe and NKp/Ke
(λp) = ξ(A)/ξ(p). Now we follow the argument in [Y1, Sect. 2]

to get the result. �
Definition 3.3. Let QF be the GFe

-submodule of F ∗e generated by NKe/Fe
(ξ(A)/

ξ(a)) with all integral ideals a. Let EF = QF ∩ O∗Fe
, called the group of elliptic

units of F.
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Since NKe/Fe
(ξ(A)/ξ(p)) = λp,F if p - m and NKe/Fe

(ξ(A)/ξ(p)) = NFp/Fe
(λp,F )

if p | m, QF and EF are contained in PF and CF , respectively.
Let I be the group of fractional ideals of A and P be the subgroup of principal

fractional ideals of A. Let k+ be the subgroup of k∗ consisting of positive elements.

Lemma 3.4.

(i) For any a ∈ I with (a,Ke/k) ∈ Gal(Ke/Fe), we have

NKe/Fe
(ξ(A)/ξ(a)) = xa.

Here xa ∈ k+ denotes the unique element such that a[Ke:Fe] = xaA.
(ii) QF ∩ k = {xa ∈ k+ : a ∈ I with (a,Ke/k) ∈ Gal(Ke/Fe)}.

Proof. (i) Let Q be the Ge-submodule of K∗e generated by ξ(A)/ξ(a) for all a ∈ I.
Let N = Gal(Ke/Fe) and let QN be the Ge-submodule of Q generated by ξ(A)/ξ(a)
with all (a,Ke/k) ∈ N . Then we have the following exact sequence ([H1, Sect. 4]):

(3.1) 1 −→ QN /k+ −→ Q/k+

NKe/Fe−→ Q ∩ Fe/k+ −→ 1.

For any a ∈ I with (a,Ke/k) ∈ N , we have (by Lemma 2.1 (iv)),

NKe/Fe
(ξ(A)/ξ(ab)) = NKe/Fe

(ξ(A)/ξ(a))NKe/Fe
(ξ(A)/ξ(b)),(3.2)

NKe/Fe
((ξ(A)/ξ(a))σ) = NKe/Fe

(ξ(A)/ξ(a)),(3.3)

for any b ∈ I and σ ∈ Ge. Let x = NKe/Fe
(ξ(A)/ξ(a)) with (a,Ke/k) ∈ N . Let

nF = [Ke : Fe]. Since anF = xaA, we have xa = ξ(A)/ξ(anF ). Thus we have (by
(3.2))

xnFa = NKe/Fe
(ξ(A)/ξ(anF )) = (NKe/Fe

(ξ(A)/ξ(a)))nF = xnF .

But x and xa are positive; so we have x = xa.
(ii) We claim that x ∈ k ∩ QF if and only if x = NKe/Fe

(ξ(A)/ξ(a)) for some
a ∈ I with (a,Ke/k) ∈ N . For x ∈ k∩QF , x = NKe/Fe

(y) for some y ∈ Q. By (3.1),
we can write y = y1y2 where y1 =

∏
i(ξ(A)/ξ(ai))ai ∈ QN with (ai,Ke/k) ∈ N

and y2 ∈ k+. Then, by (3.2) and (3.3), we have x = NKe/Fe
(ξ(A)/ξ(a)) where

a =
∏
i a

deg ai
i y2A and (a,Ke/k) ∈ N . The converse follows directly from (3.3). �

Lemma 3.5. (QF /EF )/(QF ∩ k) ' GFe
.

Proof. Let Q be the Ge-submodule of K∗e defined in the proof of Lemma 3.4 and
E = Q ∩ O∗Ke

. Let φ : I → Q/E be the homomorphism defined by φ(a) =∏
p
(ξ(A)/ξ(p))ordp a mod E. It is easy to show that φ is an isomorphism and

φ−1(Q ∩ k) = P. Here we view Q ∩ k as a subgroup of Q/E. Let ψ : I → Ge

be the Artin map. We note that the norm map NKe/Fe
: Q/E → QF /EF is an

isomorphism. Let α = ψ ◦ φ−1 and αF = resKe/Fe
◦α ◦ N−1

Ke/Fe
. We also view

QF ∩ k as a subgroup of QF /EF . We want to show that QF ∩ k = kerαF . Let
x ∈ QF ∩ k. Then, by Lemma 3.4 (ii), we have x = NKe/Fe

(ξ(A)/ξ(a)) with
(a,Ke/k) ∈ Gal(Ke/Fe). Thus αF (x) = resKe/Fe

((a,Ke/k)), which is trivial in
GFe

. Conversely if ξ(A)/ξ(a) ∈ N−1
Ke/Fe

(ker(αF )), then α(ξ(A)/ξ(a)) = (a,Ke/k) ∈
Gal(Ke/Fe), and so NKe/Fe

(ξ(A)/ξ(a)) = xa ∈ QF ∩ k (by Lemma 3.4 (i), (ii)).
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Therefore we have ker(αF ) = QF ∩ k and the following commutative diagram:

1 // Q ∩ k

��

// Q/E

∼=NKe/Fe
��

α // Ge

resKc/Fc

��

// 1

1 // QF ∩ k // QF /EF
αF // GFe // 1

with exact rows. Thus we get the result. �

3.2. Calculation of [O∗F : CF ]. Let m = p
e1
1 p

e2
2 · · · pess be the conductor of F. Let

ω∗F = (q − 1)ω+
F and ω∗f = (q − 1)ω+

f
. It is known [Y1, Prop. 4.1] that l∗f (λf) =

ω∗f
∏

p|f(1 − σ̄p) ∈ Q[Gal(Kf/k)]. This fact and corF/Ff
resKf/Ff

(ω∗f ) = s(Id)ω∗F
imply

(3.4) l∗F (λf,F ) = ω∗F s(Id)
∏
p|f
p-m

(1 −F−1
p )

∏
p|d

(1− σ̄p),

where d = (f,m). Thus we have

Proposition 3.6. l∗F (PF ) = ω∗F U0.

Let V1 be the G-submodule of V consisting of all the sum
∑

e 6=f|m afαf, where
the coefficients af ∈ R with

∑
n|peii

[Fp
ei
i

: Fn]an ∈ R0 for all i ∈ {1, 2, . . . , s}.

Proposition 3.7. lF (CF ) = ω∗F (V1 + s(Ie)R2
0).

Proof. For any x ∈ PF , we can write it in the form

x = c
∏

f

λ
af

f,F

∏
p-m

λ
ap

p,F

s∏
i=1

∏
n|peii

λan

n,F ,

where f runs through non-prime-power ideals and c ∈ F∗q , af, ap, an ∈ R. Then
x ∈ CF if and only if ap ∈ R0 with all primes p - m and

∑
n|peii

[Fp
ei
i

: Fn]an ∈ R0

for i = 1, 2, . . . , s. Note that l∗F (λp,F ) = ω∗F s(Ie)(1 − F−1
p ) ∈ ω∗F s(Ie)R0 with all

primes p - m. Thus l∗F (λap

p,F ) ∈ ω∗F s(Ie)R2
0. For a non-prime-power ideal f, we have

l∗F (λf,F ) = ω∗F s(Id)
∏
p|f
p-m

(1 −F−1
p )

∏
p|d

(1− σ̄p),

where d = (f,m). If d = e, l∗F (λf,F ) ∈ ω∗F s(Ie)R
2
0. If d 6= e is divisible by only

one prime (say, d = p
zi
i with zi ≤ ei), then l∗F (λf,F ) ∈ ω∗Fαp

zi
i
R0 ⊂ ω∗FV1. For

composite d, there is no required condition. Thus we get the result. �

Proposition 3.8. Let F/k be a finite abelian extension with conductor m =
p
e1
1 p

e2
2 · · · pess . Then we have

(3.5) [P q−1
F ∩ k : Qq−1

F ∩ k][l∗F (PF ) : lF (CF )] = [Fe : k]
s∏
i=1

[Fp
ei
i

: Fe].

Moreover, [P q−1
F ∩k : Qq−1

F ∩k] = 1 if F satisfies one of the following four conditions:
(i) F is a real extension of k that contains the Hilbert class field Ke;
(ii) Gal(F/Fe) is cyclic;
(iii) Gal(F/Fe) is the direct product of the inertia groups Tpi ;
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(iv) s ≤ 2.

Proof. The main idea of the proof of (3.5) is due to Linsheng Yin ([Y1, Prop. 5.1]).
From the exact sequence 0→ F∗q → ker(l∗F )∩PF → PF /CF → l∗F (PF )/lF (CF )→ 0,
we have

(3.6) [l∗F (PF ) : lF (CF )] = [PF /CF : ker(l∗F ) ∩ PF /F∗q ].

For each prime ideal p of A, choose a prime ideal ℘ of OFe
and a prime ideal < of OF

lying over p. Define vF : PF →
⊕
< Z by vF (x) = (v<(x))< and vFe

: QF →
⊕

℘ Z
by vFe

(y) = (v℘(y))℘. Then we have the exact sequences

0 −→ CF −→ PF
vF−→
⊕
<
Z, 0 −→ EF −→ QF

vFe−→
⊕
℘

Z.

It is easy to check that Im vF =
⊕
<[Ke : Fe]Z and Im vFe

=
⊕

℘[Ke : Fe]Z. Define
eF/Fe

: Im vFe
→ Im vF by multiplying the ℘-th component by the ramification

index e</℘ for all ℘. Then we have the following commutative diagram:

ker(l∗F ) ∩ PF /F∗qOO

i

// PF /CF
vF // Im vFOO

eF/Fe

QF ∩ k // QF /EF
vFe // Im vFe

where i is induced by the inclusion. Since e<i/℘i = [Fp
ei
i

: Fe] for i = 1, 2, . . . , s and
e</℘ = 1 for all p - m, we have [Im vF : eF/Fe

(Im vFe
)] =

∏s
i=1[Fp

ei
i

: Fe]. By (3.6),
Lemma 3.5 and the above commutative diagram, we have

[ker(l∗F ) ∩ PF /F∗q : QF ∩ k][l∗F (PF ) : lF (CF )] = [Fe : k]
∏
i

[Fp
ei
i

: Fe].

We note that any element of P q−1
F is positive. As in the proof of [Y1, Lemma 4.5], we

have ker(l∗F )∩P q−1
F = P q−1

F ∩k. Then the surjective homomorphism ker(l∗F )∩PF →
P q−1
F ∩k defined by x 7→ xq−1 induces an isomorphism

(
ker(l∗F )∩PF /F∗q

)
/QF ∩k '

P q−1
F ∩k/Qq−1

F ∩k. Thus we have [ker(l∗F )∩PF /F∗q : QF ∩k] = [P q−1
F ∩k : Qq−1

F ∩k].
If F is a real extension of k that contains the Hilbert class field Ke, then QF

is just Q and so QF ∩ k = k+ ([H1, Cor. 2.5]). Since F/k is a real extension, any
element of PF is positive and so ker(l∗F ) ∩ PF = k∗ as in the proof of [Y1, Lemma
4.5]. Thus we have [ker(l∗F ) ∩ PF /F∗q : QF ∩ k] = 1.

Now assume that F satisfies one of conditions (ii), (iii) or (iv) in the proposition.
We calculate the index [l∗F (PF ) : lF (CF )] in a different way (which is due to Hassan
Oukhaba). By Propositions 3.6 and 3.7, we have

(3.7) [l∗F (PF ) : lF (CF )] = [ω∗FU0 : ω∗F (V1 + s(Ie)R2
0)] = [U0 : V1 + s(Ie)R2

0].

The last equality follows from the fact that ω∗F is an automorphism of e+C[G]0.
We define a mapping Θ : U0 →

∏s
i=1 Z/[Fp

ei
i

: Fe]Z by

Θ
( ∑

e 6=n|m
anαn + aes(Ie)

)
=
( ∑

n|peii

[Fp
ei
i

: Fn] deg(an) mod [Fp
ei
i

: Fe]
)
i
.
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In Corollary 3.12 (i), it is shown that Θ is a well-defined surjective homomorphism
with ker(Θ) = V1 + s(Ie)R0. Thus we have

(3.8) [U0 : V1 + s(Ie)R0] =
s∏
i=1

[Fp
ei
i

: Fe].

Let I(1) be the augmentation ideal of Z[GFe
]. We define a mapping G : V1 +

s(Ie)R0 → I(1) by G
(∑

e 6=n|m anαn + aes(Ie)
)

= resF/Fe
(ae), which is a well-defined

surjective homomorphism and G−1(I2
(1)) = V1 + s(Ie)R2

0 (Cor. 3.12 (ii)). Thus we
have

(3.9) [V1 + s(Ie)R0 : V1 + s(Ie)R2
0] = [I(1) : I2

(1)] = |GFe
|.

By combining (3.7), (3.8) and (3.9), we have [l∗F (PF ) : lF (CF )] = [Fe : k]
∏
i[Fp

ei
i

:
Fe] and so [P q−1

F ∩ k : Qq−1
F ∩ k] = 1. �

We calculate the index [O∗F : CF ]. Note that ker(lF )∩O∗F = F∗q = ker(lF )∩C∗F .
Write the index [O∗F : CF ] as follows:

[O∗F : CF ] = [lF (O∗F ) : lF (CF )] = (lF (O∗F ) : e+R0)(e+R0 : e+U0)(e+U0 : l∗F (PF ))
×(l∗F (PF ) : lF (CF )).(3.10)

We compute the indices respectively.
Since (e+R0 : lF (O∗F )) = R(F ) and R(F ) = δ

[F+:k]−1
F R(F+)/Q0, we have

(3.11) (lF (O∗F ) : e+R0) = δ
1−[F+:k]
F Q0/R(F+).

Since l∗F (PF ) = ω∗FU0 = ω∗F e
+U0 and h(F+) = R(F+)h(OF+), we have

(e+U0 : l∗F (PF )) = detω∗F =
∏

16=χ∈Ĝ+
F

(q − 1)Lk(0, χ̄)

= (q − 1)[F+:k]−1R(F+)h(OF+)/h(k).(3.12)

Since (e+R : e+U) = (s(G)e+R : s(G)e+U)(e+R0 : e+U0), s(G)e+R = Zs(G) and
s(G)e+U = |Ie|Zs(G), we have

(3.13) (e+R0 : e+U0) = (e+R : e+U)/[F : Fe].

By substituting (3.11), (3.12) and (3.13) into (3.10) and by Proposition 3.8, we
have the following theorem.

Theorem 3.9. Let F/k be a finite abelian extension with conductor m = p
e1
1 · · · pess .

Let us put d(F ) = [P q−1
F ∩ k : Qq−1

F ∩ k]. Then we have

[O∗F : CF ] = ((q − 1)/δF )[F+:k]−1Q0h(OF+)

∏s
i=1[Fp

ei
i

: Fe]

[F : Fe][Ke : Fe]
(e+R : e+U)

d(F )
.

Remark 3.10. In [Hr, Thm. 3.9], Harrop has calculated the same index in the ra-
tional function field case. But his formula is not consistent with ours. This incon-
sistency is mainly due to his incorrect equality [TG1 : l(Fq(T )∗)] = |(D/Fq(T )∗)q−1|
in [Hr, Lemma 3.4] because ker l is not contained in Fq(T ). The equation in [Hr,
Prop. 3.6] should be replaced by [(1−e1)T1 : l(C)] = |(D/Fq(T )∗)q−1|−1

∏g
i=1[kQeii :

Fq(T )]. In [Hr, Prop. 3.7], ω′ should be replaced by
∑
χ6=χ0

ϕFχ(χ̄)eχ/|J ∩I|, and so
the equation in [Hr, page 420, line 21] should be replaced by (e+U0 : (1− e1)T1) =
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(q − 1)2r|J ∩ I|−rh(k+). Finally, one should replace |J ∩ I|2r by |J ∩ I|r in [Hr,
Thm. 3.9].

3.3. Generators and relations for U . In this subsection we show that Θ and
G defined in the proof of Proposition 3.8 are well defined and have the desired
properties. The main ideas of this subsection are due to Hassan Oukhaba and
Jean-Robert Belliard [B, BO, O]. Recall that m = p

e1
1 · · · pess is the conductor of

F . Let Ω = {(t1, . . . , ts) : ti = 0 or 1 for all i = 1, . . . , s}. For t = (t1, . . . , ts) ∈ Ω,
let supp(t) be the set of i ∈ {1, . . . , s} such that ti = 1. In particular, we denote
by 〈i〉 the unique element t of Ω such that supp(t) = {i}. Let G be the free
abelian group on the disjoint union

∐
t∈Ω Gal(Fnt/k), where nt = p

t1e1
1 · · · ptsess for

t = (t1, . . . , ts) ∈ Ω. Put αe = s(Ie). Since {αnt}t∈Ω generates all αn with n|m over
R, we obtain a surjective homomorphism F : G → U by mapping σ ∈ Gal(Fnt/k)
to σ̃αnt , where σ̃ is any extension of σ to G.

Suppose we have t ∈ Ω and i ∈ supp(t). Let σ ∈ Gal(Fnt(i)/k) where nt(i) =
ntp
−ei
i . Let σ̃ ∈ Gal(Fnt/k) be an extension of σ to Fnt . Then, as one may check

easily, the formal sums

S(t, i, σ) = s(Gal(Fnt/Fnt(i)))σ̃ − (1− (pi, Fnt(i)/k)−1)σ

are all contained in kerF .
Since the proof of the following theorem is almost the same as the ones in [BO,

Prop. 3.6] and [B, Prop. 4.1, 4.6], we leave it to the readers.

Theorem 3.11. Suppose that F/k satisfies one of the following conditions:
(i) Gal(F/Fe) is cyclic;
(ii) Gal(F/Fe) is the direct product of the inertia groups Tpi ;
(iii) s ≤ 2.

Then kerF is generated by S(t, i, σ) with t ∈ Ω, i ∈ supp(t), σ ∈ Gal(Fnt(i)/k).

Corollary 3.12. Suppose that F/k satisfies one of the conditions in Theorem 3.11.
(i) Let Θ : U0 →

∏s
i=1 Z/[Fp

ei
i

: Fe]Z be defined by

Θ
( ∑

e 6=n|m
anαn + aes(Ie)

)
=
( ∑

n|peii

[Fp
ei
i

: Fn] deg an mod [Fp
ei
i

: Fe]
)
i
.

Then it is a well-defined surjective homomorphism with ker Θ = V1 +
s(Ie)R0.

(ii) Let I(1) be the augmentation ideal of Z[GFe
]. Let G : V1 + s(Ie)R0 → I(1)

be defined by G
(∑

e 6=n|m anαn + aes(Ie)
)

= resF/Fe
(ae). Then it is a well-

defined surjective homomorphism with G−1(I2
(1)) = V1 + s(Ie)R2

o.

Proof. (i) We write (0) = (0, . . . , 0) ∈ Ω for simplicity. Let G0 be the subgroup
of G that consists of the sums

∑
t∈Ω xt with xt ∈ Z[Gal(Fnt/k)] and x(0) ∈ I(1).

Let F0 be the restriction of F to G0. Since kerF ⊂ G0, as one may deduce from
Theorem 3.11, we have kerF0 = kerF . Moreover, the image F0(G0) is equal to U0.
Now, we define a homomorphism Θ̃i : G0 → Z/[Fp

ei
i

: Fe]Z by∑
t∈Ω

xt 7→ deg x〈i〉 mod [Fp
ei
i

: Fe].

We see that all the sums S(t, i, σ) are in ker Θ̃i. Thus we have kerF0 = kerF ⊂
ker Θ̃i. Consequently, Θ̃ = (Θ̃1, . . . , Θ̃s) factors through G0/ kerF0 ' U0 and yields
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the homomorphism Θ. Thus Θ is well-defined and the surjectivity of Θ immediately
follows from that of Θ̃.

By definition of V1, it is obvious that V1 + s(Ie)R0 ⊂ ker Θ. Let
∑

n|m anαn ∈
ker Θ. Then for each i = 1, . . . , s, we have

∑
n|peii

deg an = di[Fp
ei
i

: Fe] for some
di ∈ Z. Let βi =

∑
σ∈Gal(F

p
ei
i
/Fe) σ̃, where σ̃ is an extension of σ in G. Then we

have
∑

n|peii
anαn−diβiαp

ei
i
∈ R0. Since βiαp

ei
i

= s(Ie)(1− σ̄pi) = s(Ie)(1−F−1
pi ) ∈

s(Ie)R0, we have
∑

n|m anαn ∈ V1 + s(Ie)R0. Therefore ker Θ = V1 + s(Ie)R0.
(ii) Let G1 = ker Θ̃. We define a group homomorphism G̃ : G1 → I(1) by

G̃
(∑
t∈Ω

xt
)

= x(0) +
s∑
i=1

deg x〈i〉
[Fp

ei
i

: Fe]
(1− (pi, Fe/k)−1) resF

p
ei
i
/Fe

(x〈i〉).

Since all the S(t, i, σ) are contained in ker G̃, G̃ factors through G1/ kerF ∩ G1 '
V1 + s(Ie)R0 to yield a homomorphism G. Thus G is well-defined. The surjectivity
of G follows from that of G̃. It is obvious that V1 + s(Ie)R2

0 ⊂ G−1(I2
(1)). Let∑

e 6=n|m anαn + aes(Ie) ∈ G−1(I2
(1)), that is, resF/Fe

(ae) ∈ I2
(1). Then we have

s(Ie)ae ∈ corF/Fe
(I2

(1)). Since corF/Fe
(I2

(1)) = corF/Fe
(resF/Fe

(R2
0)) = s(Ie)R2

0, we
have G−1(I2

(1)) ⊂ V1 + s(Ie)R2
0. Therefore G−1(I2

(1)) = V1 + s(Ie)R2
0. �

4. The Stickelberger Ideal

4.1. Stickelberger ideal. In this subsection, we characterize the Stickelberger
ideals following Yin’s definition [Y3, Sect. 2,3].

Let K/k be a finite abelian extension with Galois group G. We denote by Mk

the set of all places of k and by wk the number of roots of unity in k. Let T be a
finite nonempty subset of Mk that contains all the places that are ramified in K.
For a place v ∈Mk\T , let Fv be the Frobenius automorphism associated to v and
let Nv be the norm of v. We define a function for Re(s) > 1,

θK/k,T (s) =
∏

v∈Mk\T
(1−F−1

v Nv−s)−1

with values in C[G]. Let θK,T = θK/k,T (0). It is well-known [H2, Thm. 1.1] that
θK,T ∈ Q[G] and wKθK,T ∈ Z[G]. The element ωK,T = wKθK,T is called the
Stickelberger element of K/k relative to T . It annihilates the group of divisor
classes of degree zero of K. Let TK be the set of places of k that are ramified in
K. When TK 6= φ, we let θK = θK,TK . In the cyclotomic function field case, it is
known that θKf

= ω−
f

∏
p|f(1− σ̄p) ([Y3, Lemma 4.6]) and θK+

f

= lK+
f

(λs(J)
f

)/(q−1)
([Y3, Sect. 3]).

Let F be a finite abelian extension of k with the conductor m = p
e1
1 p

e2
2 · · · pess .

When F/k is a real extension, we define S−F = 0. When F/k is a non-real extension,
we define S−F as the G-submodule of Q[G] generated by θ−

f,F = corF/Ff
resKf/Ff

(θKf
)

with f|m, f 6= e. We also define S+
F as the G-submodule of Q[G] generated by

θF = s(G)/(q − 1), θp,F = corF/Fe
resK+

p /Fe
(θK+

p
) for all prime ideals p of A and

θ+
f,F = corF/F+

f

resK+
f
/F+

f

(θK+
f

) with f|m, f 6= e.

Definition 4.1. Let SF = S+
F + S−F and let IF = SF ∩R, called the Stickelberger

ideal of the extension F/k. We also let I±F = S±F ∩R.
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In general, we do not have IF = I+
F +I−F . Since deg∞ = 1, there does not exist a

finite extension of Fe that is abelian over k and in which only ∞ is ramified. Thus
we have θ∞,F = 0.

Lemma 4.2.
(i) [SF : IF ] = [S+

F : I+
F ] = q − 1.

(ii) [S−F : I−F ] = (q − 1)/ gcd(d, q − 1), where d is the greatest common divisor
of [Kf : Ff] with all f|m, f 6= e.

Proof. Let α be a generator of F∗q . Since (q − 1)SF ⊂ Z[G], ϕ : SF → F∗q defined
by ϕ(θ) = α(q−1)a1 , where a1 is the coefficient of 1 in θ, is a well-defined group
homomorphism. For any integral ideal a of A, relatively prime to m, we have
((a, F/k)−Na)θ ∈ Z[G] for any θ ∈ SF . Thus

ϕ((a, F/k)θ) = ϕ(Naθ) = ϕ(θ)Na = ϕ(θ) = ϕ(θ)(a,F/k),

i.e., ϕ(σθ) = ϕ(θ)σ for any σ ∈ G. Clearly IF is contained in the kernel of ϕ.
Conversely if θ =

∑
aσσ ∈ S with ϕ(θ) = 1, then (q − 1)a1 ∈ (q − 1)Z. Thus

a1 ∈ Z. Since ϕ preserves the G-action, aσ ∈ Z for any σ ∈ G. Thus we have θ ∈ IF
and so IF = ker(ϕ). Since ϕ(θF ) = α, ϕ is a surjective map. Under the same map
ϕ, we have ϕ : S+

F /I
+
F ↪→ F∗q . Since θF ∈ S+

F , this injection must be a surjection.
By the congruence Z−

f
(0, a) ≡ −1/(q − 1) mod Z in [Y3, Sect. 4], we have that

θ−
f,F ≡ −[Kf : Ff]s(G)/(q− 1) mod Z[G]. Thus ϕ(S−F ) = 〈αd〉. Since S−F ∩ker(ϕ) =
I−F , we get (ii). �

Remark 4.3. Since (q−1)/δF divides [Kf : Ff] for any f|m, f 6= e, (q−1)/δF divides
d. Thus [S−F : I−F ] is a divisor of δF .

Corollary 4.4. SF = IF + ZθF , S+
F = I+

F + ZθF .

Proof. Since IF + ZθF /IF ' Z/(q − 1)Z, we have [IF + ZθF : IF ] = q − 1. But
[SF : IF ] = q−1; so we have SF = IF +ZθF . Similarly we have S+

F = I+
F +ZθF . �

Lemma 4.5. e+S+
F = S+

F and e−S−F = S−F . Thus SF = S+
F ⊕ S

−
F .

Proof. Since S+
F ⊂ s(JF )Q[G], the first equality is obvious. It is known [H2, Sect. 4]

that s(J)θKf
= 0 for any f 6= e. Thus we have s(JF )θ−

f,F = 0, which implies the
second equality. �

4.2. Calculation of [R− : I−F ]. Let R− = R∩ e−R. In this subsection, we assume
that F/k is a non-real extension and calculate the index [R− : I−F ].

Lemma 4.6. S−F = ω−F e
−U.

Proof. By using the fact that θKf
= ω−

f

∏
p|f(1 − σ̄p) and Lemma 2.3, we have

(4.1) θ−
f,F = ω−F s(If)

∏
p|f

(1− σ̄p),

for any f|m, f 6= e. Thus we get the result. �

We write the index [R− : I−F ] as follows:

(4.2) [R− : I−F ] = (R− : e−R)(e−R : e−U)(e−U : e−S−F )(e−S−F : S−F )(S−F : I−F ).
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Since e+R ∩ R = s(JF )R, e−R/R− ' e+R/e+R ∩ R ' s(JF )R/δF s(JF )R. Thus
we have

(4.3) (R− : e−R) = δ
−[F+:k]
F ,

because s(JF )R is a free abelian group of rank [F+ : k]. By Lemmas 4.5 and 4.6,
we have

(e−U : e−S−F ) = (e−U : ω−F e
−U) = det(ω−F ) =

∏
χ∈Ĝ−

Lk(0, χ̄)

= h−(F ) = δ[F+:k]−1h−(OF )/Q0.(4.4)

By Lemma 4.5, we have that e−S−F = S−F . Thus

(4.5) (e−S−F : S−F ) = 1.

By substituting (4.8), (4.4), (4.5) and Lemma 4.2 (ii) into (4.7), we have the fol-
lowing theorem.

Theorem 4.7. [R− : I−F ] =
q − 1

Q0δF (d, q − 1)
h−(OF )(e−R : e−U).

Remark 4.8. Let S
′

F be the G-module generated by the θ−
f,F with all f|m and θF .

Let I
′

F = S
′

F ∩R. Let AF = {ϑ ∈ Z[G] : s(JF )ϑ ∈ Zs(G)}. When F/k is a non-real
extension, we can get the following formula, which is an analogue of Sinnott’s ([S2,
Thm. 2.1]),

[AF : I
′

F ] =
h−(OF )
Q0

(e−R : e−U).

4.3. Calculation of [R+ : I+
F ]. Since F+/k is a real extension, SF+ = S+

F+ . Thus
SF+ is the GF+ -submodule of Q[GF+ ] generated by θF+ = s(GF+)/(q − 1), θp,F+

with all prime ideals p of A and θ+
f,F+ with f|m, f 6= e. By the fact that θK+

f

=

lK+
f

(λs(J)
f

)/(q − 1) and Lemma 2.3, we have θ+
f,F+ = lF+(λf,F+)/(q − 1). Clearly

θp,F+ = lF+(NKe/Fe
(ξ(A)/ξ(p)))/(q−1). Let P̄F+ be the GF+ -submodule of (F+)∗

generated by NKe/Fe
(ξ(A)/ξ(p)) with all primes p and λf,F+ with f|m, f 6= e. Then

we have SF+ = lF+(P̄F+)/(q − 1) + ZθF+ .

Lemma 4.9.

(i) (SF+)GF+ = ZθF+ .
(ii) (1 − e1)SF+ = ωF+(UF+)0.

Proof. (i) follows from (P̄F+)GF+ = k ∩ P̄F+ ⊂ k+. Note that (1 − e1)θF+ = 0.
Then (ii) follows from (3.4). �

Lemma 4.10. corF/F+(SF+) = S+
F and corF/F+(IF+) = I+

F .

Proof. Since corF/F+(θF+) = θF , corF/F+(θp,F+) = θp,F and corF/F+(θ+
f,F+) =

θ+
f,F , we have corF/F+(SF+) ⊂ S+

F . Since corF/F+(x)y = corF/F+(x resF/F+(y))
for any x ∈ SF+ and y ∈ S+

F , the reverse inclusion follows. Similarly, we have
corF/F+(IF+) = I+

F . �
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Since corF/F+(RF+) = s(JF )R = R+, we have [R+ : I+
F ] = [RF+ : IF+ ] by

Lemma 4.10. We write the index [RF+ : IF+ ] as follows:

[RF+ : IF+ ] = (RF+ : UF+)(UF+ : SF+)(SF+ : IF+)
= (RF+ : UF+)(s(GF+)UF+ : s(GF+)SF+)((UF+)0 : (1− e1)SF+)

×((1− e1)SF+ : (SF+)0)(SF+ : IF+).(4.6)

By Lemma 4.9 (ii), we have

(4.7) ((UF+)0 : (1− e1)SF+) = det(ωF+) = h(F+)/h(k).

Since (SF+)0 = SF+ ∩ (1− e1)SF+ and e1SF+ ∩ SF+ = (SF+)GF+ ,

(1− e1)SF+/(SF+)0 ' e1SF+ + SF+/SF+ ' e1SF+/(SF+)GF+ .

Since s(GF+)UF+ = [F+ : Fe]s(GF+)Z, |GF+ |/[F+ : Fe] = [Fe : k], we have (by
Lemma 4.9 (i)) that

((1 − e1)SF+ : (SF+)0)(s(GF+)UF+ : s(GF+)SF+)
= (e1SF+ : ZθF+)([F+ : Fe]s(GF+)Z : s(GF+)SF+)
= ([F+ : Fe]s(GF+)Z : |GF+ |ZθF+) = [Fe : k]/(q − 1).(4.8)

By substituting (4.7), (4.8) and Lemma 4.2 (i) into (4.6), we get the following
theorem.

Theorem 4.11. [R+ : I+
F ] = [RF+ : IF+ ] =

h(F+)
[Ke : Fe]

(RF+ : UF+).

4.4. Calculation of [R : IF ]. In this subsection, we calculate the index [R : IF ].
Write this index as follows:

(4.9) [R : IF ] = [R : R+ + R−][R+ +R− : I+
F + I−F ][IF : I+

F + I−F ]−1.

Since ker(e+)|R = ker(e+)|R++R− = R− and R+ = s(JF )R, we have that

[R : R+ +R−] = [e+R : e+(R+ +R−)][ker(e+)|R : ker(e+)|R++R− ]

= [e+R : R+] = δ
[F+:k]
F .(4.10)

Since R+ ∩R− = {0}, we have

(4.11) [R+ +R− : I+
F + I−F ] = [R+ : I+

F ][R− : I−F ].

Since S+
F ∩ S

−
F = {0}, we have (by Lemma 4.5) that

[IF : I+
F + I−F ] = [SF : I+

F + I−F ][SF : IF ]−1

= [S+
F : I+

F ][S−F : I−F ][SF : IF ]−1 = [S−F : I−F ].(4.12)

By substituting (4.10), (4.11) and (4.12) into (4.9), we get

(4.13) [R : IF ] =
δ

[F+:k]
F [R+ : I+

F ][R− : I−F ]
[S−F : I−F ]

.

Now we substitute Theorem 4.7 and Theorem 4.11 into (4.13) to obtain the following
theorem.

Theorem 4.12. [R : IF ] =
h(F )

[Ke : Fe]
(e−R : e−U)(RF+ : UF+).



1816 J. AHN, S. BAE, AND H. JUNG

5. Discussion of (R : U), (e+R : e+U) and (e−R : e−U)

In this section, we follow Sinnott’s arguments in [S2, Sect. 5] to obtain some
results on the indices (R : U), (e+R : e+U) and (e−R : e−U) which appear in our
formulas for the index of the group of cyclotomic units and of the Stickelberger
ideals.

Recall that m = p
e1
1 p

e2
2 · · · pess is the conductor of F and G = Gal(F/k). Let

m̄ = p1p2 · · · ps. For any divisor s of m̄, we denote by Ts the compositum in G of the
inertia groups Tp as p varies through the prime divisors of s. In particular Te = {1},
Tm̄ = Ie and in general Ts = In(s), where n(s) is the largest divisor of m coprime
to s. We denote by Us the G-submodule of Q[G] generated by the elements

s(Tr)
∏

p|(s/r)
(1− σ̄p),

where r varies through the divisors of s. Hence Ue = R and Um̄ = U. Following
Lemma 5.1 in [S2], one can show that Us is a lattice in Q[G]. Let p be a prime
divisor of m̄ that does not divide s. Then we have Usp = Us(Tp)+(1− σ̄p)Us, where
Us(Tp) is the G-submodule of Q[G] generated by the elements

s(Trp)
∏

q|(s/r)
(1− σ̄q),

where r varies through the divisors of s. Then Lemma 5.1 and the first part of
Lemma 5.2 of [S2] hold.

Theorem 5.1.

(i) The indices (R : U), (e+R : e+U) and (e−R : e−U) are integers divisible
only by the primes dividing |Ie|.

(ii) Suppose Ie is the direct product of the inertia groups Tp with p|m. Then we
have (R : U) = 1.

(iii) If only one prime ramifies in F , then (R : U) = 1, and moreover if F is
non-real, then (e−R : e−U) = 1 and (e+R : e+U) = δ

[G:D]
F . Here D is the

decomposition group of the prime that ramifies in F . If exactly two primes
ramify in F , then (R : U) = 1, and moreover if F is non-real and JF is
contained in exactly one inertia group of a ramified prime, then we have
(e−R : e−U) = 1.

(iv) Suppose that exactly two primes ramify in F , say p and q. Let Dp and Dq

be the decomposition groups of p and q in F , respectively. If Dp and Dq

are contained in Ie, then we have

(e+R : e+U) =
δ

[G:Ie]
F m

[G:JFDp]
p m

[G:JFDq]
q

(m′pm′q)[G:Ie]
,

where mp = |JF ∩Tp|, mq = |JF ∩Tq|, m′p = mp/(mp, [JFDp : JFTp]) and
m′q = mq/(mq, [JFDq : JFTq]).

Proof. (i) and (ii) follow from exactly the same process of [S2, Prop. 5.1, Thm. 5.4].
(iii) The indices (R : U) and (e−R : e−U) are calculated as [S2, Prop. 5.2]. When

exactly two primes ramify in F , we can calculate (e−R : e−U) only for the case
that JF is contained in either inertia group. This is because we only have the first
part (i.e., H1(H,RK) = 0) of [S2, Lemma 5.2] in our case.



CYCLOTOMIC UNITS AND STICKELBERGER IDEALS 1817

Since (e+R)Tp = (1/|JF ∩ Tp|)e+s(Tp)R = (1/δF )s(JFTp)R, we have

(5.1) (e+R : e+Up) =
∣∣s(JFTp)R/(|JF ∩ Tp|s(JFTp)R+ (1−F−1

p )s(JFTp)R)
∣∣.

Since the group on the right-hand side of (5.1) is isomorphic to

(Z/|JF ∩ Tp|Z)[G/JFDp],

we have

(5.2) (e+R : e+Up) = |JF ∩ Tp|[G:JFDp].

(iv) Let ep = s(Tp)/|Tp|. Following the proof of [S2, Thm. 5.1], we see that

(5.3) (e+Up : e+Upq) = |B1/(1−F−1
q )B1| × |B2/(1−F−1

q )B2|,

where B1 = (e+Up)Tpq/e+s(Tpq)R = (e+Up)Ie/s(Ie)R and

B2 = (1− ep)(e+R)Tq/(1− ep)e+s(Tq)R ' (e+R)Tq/(e+s(Tq)R+ (1/δF )s(Ie)R).

Since (e+R)Tp = (1/mp)e+s(Tp)R = (1/δF )s(JFTp)R, we have

(e+Up)Tp = (1/δF )(mps(JFTp)R+ (1 −F−1
p )s(JFTp)R).

It is easy to see that (mps(JFTp)R + (1 − F−1
p )s(JFTp)R)JFDp = m′ps(JFDp)R.

Thus (e+Up)Ie = (1/δF )(m′ps(JFDp)R)Ie = (1/δF )m′ps(Ie)R. SinceDq is contained
in Ie, (1 −F−1

q )B1 = 0. Therefore we have

(5.4) |B1/(1−F−1
q )B1| = |B1| = (δF /m′p)[G:Ie].

Since (e+R)Tq = (1/mq)e+s(Tq)R = (1/δF )s(JFTq)R, we have

B2 ' s(JFTq)R/(mqs(JFTq)R+ s(Ie)R) ' (Z/mqZ)[G/JFTq]/(s(Ie/JFTq)),

and so

B2

(1−F−1
q )B2

' (Z/mqZ)[G/JFDq]
s(Ie/JFDq)[JFDq : JFTq](Z/mqZ)[G/JFDq]

.

Since
∣∣[JFDq : JFTq](Z/mqZ)

∣∣ = m′q, we get

(5.5) |B2/(1−F−1
q )B2| = m

[G:JFDq]
q /m′q

[G:Ie]
.

Finally, by (5.2) and by substituting (5.4) and (5.5) into (5.3), we have

(e+R : e+Upq) = (e+R : e+Up)(e+Up : e+Upq) =
δ

[G:Ie]
F m

[G:JFDp]
p m

[G:JFDq]
q

(m′pm′q)[G:Ie]
,

which completes the proof. �
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