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CYCLOTOMIC UNITS AND STICKELBERGER IDEALS
OF GLOBAL FUNCTION FIELDS

JAEHYUN AHN, SUNGHAN BAE, AND HWANYUP JUNG

ABSTRACT. In this paper, we define the group of cyclotomic units and Stickel-
berger ideals in any subfield of the cyclotomic function field. We also calculate
the index of the group of cyclotomic units in the total unit group in some
special cases and the index of Stickelberger ideals in the integral group ring.

1. INTRODUCTION

In the cyclotomic number field Q(¢,), where ¢, = exp(2mi/n), Sinnott [S1]
showed that the index of cyclotomic units in the total unit group is equal to the
class number of its maximal real subfield up to a simple constant factor (called
the Kummer-Sinnott unit-index formula) and the index of the Stickelberger ideal
associated to Q((,) is equal to the relative class number up to a simple constant
factor (called the Iwasawa-Sinnott index formula of the Stickelberger ideal). In
[S2], he also extended these results to arbitrary abelian number fields over Q. The
analogue of Kummer-Sinnott’s unit-index formula, with the Carlitz module assigned
to the role played in the classical cyclotomic theory by the multiplicative group,
was carried out by Galovich and Rosen [GR| in the rational function field case
and by Yin [Y1], replacing the Carlitz module by a general sign-normalized rank-
one Drinfeld module in the global function field case. Harrop [Hy] extended the
Galovich-Rosen result to any subfield of a cyclotomic function field over the rational
function field. The analogue of Iwasawa-Sinnott’s index formula of the Stickelberger
ideal was carried out by Yin [Y2], which says that the index of the Stickelberger
ideal is equal to the relative ideal class number of the field up to a simple constant
factor in the global function field case. Recently Yin [Y3] also defined an ideal (he
also called it the Stickelberger ideal) in the integral group ring relative to any finite
abelian extension of global fields whose rank is equal to the degree of the extension
in the function field case. In (wide or narrow) ray class extension of function fields,
he calculated the index of the Stickelberger ideal in the integral group ring, which
is equal to the divisor class number up to a simple constant factor.

In this article we study the cyclotomic units and the Stickelberger ideal of some
abelian extensions of a global function field. Let k be a global function field. Let
F/k be a finite abelian extension which is a subfield of a cyclotomic function field.
In section 2, we recall some notation and results of a cyclotomic function field over

Received by the editors July 1, 2001 and, in revised form, October 28, 2002.

2000 Mathematics Subject Classification. Primary 11R58, 11R60.

Key words and phrases. cyclotomic units, Stickelberger ideal, global function field.

This work was supported by Korea Research Foundation Grant (KRF-2000-015-DP0010).

(©2003 American Mathematical Society

1803



1804 J. AHN, S. BAE, AND H. JUNG

a global function field and earlier results needed in the paper. In section 3, we
define the group of cyclotomic units Cr and then calculate its index in the total
unit group OF in some special cases (Thm.B9]), which involves h(Op+), the ideal
class number of its maximal real subfield F . The group of cyclotomic units in this
paper (Def.B.1]) is smaller than that in [Y1] in the case of cyclotomic extensions. In
fact, it is the unramified part that is smaller than Yin’s. In section 4, we define the
Stickelberger ideals I& and Ir and calculate their indices [R* : I£] and [R : If]
whose formulas involve the class numbers h~ (OF), h(FT) and h(F'), respectively
(Thms. 7] EITland B12). In section 5, we discuss the indices (R : U), (et R : etU)
and (e~ R : e~ U) that appear in our index formulas.

2. PRELIMINARIES

Let k be a global function field with constant field F, of ¢ elements, and let co be
a fixed place of k with degree one. Let ko, be the completion of k at oo and €2 be the
completion of an algebraic closure of ko,. Let A be the Dedekind ring of functions
in k£ that are holomorphic away from co. We fix a sign function sgn : koc — F, with
sgn(0) = 0 (Def. 4.1, [H2]). An element z of k% is called positive if sgn(z) = 1.

For any nonzero integral ideal m of A, we denote by Ky, the cyclotomic function
field of the triple (k, 0o, sgn) of conductor m and by K[ its maximal real subfield.
In particular, if m = ¢, the unit ideal of A, then K, is the Hilbert class field of
the triple (k,00,sgn). Let Gy and G, be the Galois groups of K, and K, over
k, respectively. Let J = Gal(Kw/K[) ~ [y, which is the decomposition group
and inertia group of co. Let p be a sgn-normalized Drinfeld A-module of rank one.
Then the Hilbert class field K, is the extension of k generated by the coefficients
of p, for any z € A\F,. For an integral ideal m # e, let AR, be the set of m-torsion
points of p in 2. Then the cyclotomic extension Ky, of k is the extension over K,
generated by A%. Let £(a) be the & invariant of ideal a, which is defined up to
a constant multiplier and characterized by the condition that the A-lattice £(a)a
corresponds to some sgn-normalized A-module, say p. Let eq(x) be the Drinfeld
exponential function associated to the ideal a. Let Ay = £(a)eq(1). When a is an
integral ideal, A\, is an a-torsion point of p and, in fact, it is a generator of the
set AL of a-torsion points of p. The following are well known ([HI], [H2], or [Y1]
Lemma 1.2]).

Lemma 2.1. Let \ be a generator of A% for a sgn-normalized Drinfeld A-module
p and let p be a prime ideal of A.

(i) Assume that m has at least two distinct prime divisors. Then A is a unit.
(ii) Assume m = p™. Let [p] be the product of the prime ideals in Ok, dividing
p. Then [p] = \Ok,,.
(iii) N, k. (Ap) = &(A)/E(p), and it generates the ideal pOk, in Ok,.
(iv) Let a,b be fractional ideals of A. The Galois action is

(E(A)/€(a))™ = €(61)/€(abt),
where T, = (b, K /k) is the Artin symbol.
Let F be a finite abelian extension of k£ which is contained in some cyclotomic
function field. Let m be the conductor of F, i.e., Ky, is the smallest cyclotomic

function field that contains F. If m = e, then F' is an unramified extension of k.
For any integral ideal f of A, we let Fj = F'N K; and F}f =FnN K;r We say that
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F/k is a real extension if F = F*. Let Gp = Gal(F/k) and Jr = Gal(F/F") with
7 = |JF| its order. Let @F be the character group of Gr with values in the field
C of complex numbers. A character x is called real if x(Jr) = 1. Otherwise it is
called non-real. We denote by @} the set of all real characters of Gp and by @;
the set of all non-real characters of Gp.
Let h(F) and h(FT) be the divisor class numbers of F' and F*, respectively.
Let h™(F) = h(F)/h(F™) be the relative divisor class number of F'. We have the
following well-known analytic class number formulas:

WE) = hk) [T Lo, mEH=hk) T[T L(0,%),
1#x€CGr 1#x€G

hEF)/h(FT) = [ Le(0, %),
XEG

h™(F)

where L (s, x) is the Artin L-function associated to the character .

Let Op be the integral closure of A in F' and O3, the unit group of Op. Let
h(Or) and h(Op+) be the ideal class numbers of O and Op+, respectively. Let
h=(Op) = h(Op)/h(Op+) be the relative ideal class number of Op. Then we
have h(F) = R(F)h(Op) and h(F*) = R(FT)h(Op+), where R(F) and R(FT)
are the regulators of Op and Op+, respectively. It is easy to see that R(F) =
(5§+:k]71R(F+)/QO, where Qo = [0} : O%..]. Thus we have

+.
(2.1) W (F) =8 T T (08) Qo
Lemma 2.2. @ divides ép.

Proof. Let j be a generator of Jr. As in the proof of [Hr, Prop.1.1], e = el =
€/7(e) induces an inclusion O}/O}‘H — F;. For any ¢ € O, we have j*(e/j(¢)) =
e/j(e) because e/ j(e) € F;. Thus e5%(e) = j(e)?, €2j%(¢) = j(e)® and so on. Finally
we have £%7~15%F (¢) = j( )97, Hence €7 = j(eF), i.e., €7 € Op+. This proves
the lemma. (]

For a subset M of Gr, we set s(M) = >, 0. Let et = s(Jp)/dF and
e” =1—e". Let ey = (1/|Gr|) >, cq, x(0)o~" be the idempotent associated to
x. We define wp = Zl;«éxe@p L (0, X)ey, wj; =etwp and wy = e wp. When F is
the cyclotomic function field Ky, we write w; = wi;, w]j' = w}z and Wi =W, for
simplicity.

Let Ir be the logarithm map of F', which is defined by

lp: F*—=Q[Gr], z+—lp(x)= Z Voo (7)ot
cEGFR
where vs is the extension to Q of the normalized valuation of k., at oco. Let
I = (1 —e1)lp. When F = Kj, we write [; = I, and = l}f, respectively.
Suppose that E/k is a finite abelian extension of F'/k. The restriction of auto-

morphism from E to F' induces a ring homomorphism resg/p : Q[Gg] — Q[GF].
The corestriction map is defined as follows:

corg/r : Q[Gr] — Q[GE], o~ Z T.

TH0o

Lemma 2.3. Suppose that E/k is a finite abelian extension of F/k. Then
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(i) Ir(Ng/p(z)) = resg/r(le(x)); lE(y) = corg p(lrp(y)) for any v € E* and
yeFs
(ii) resp/p(wE) = wr, resE/F(wEt) = wf;

(iii) corg,r(wr) = s(Gal(E/F))wg, corg/r(wi) = s(Gal(E/F))wi.

For a character x of Gr and an ideal a of A, we define x(a) € C as follows. Let
fy be the conductor of x. If (a,fy) = ¢, we let x(a) = x(0q), where o4 is the Artin
k-automorphism of Fj _corresponding to a. If (a,fy) # ¢, we put x(a) = 0.

For any prime ideal p of A, let o, = f;ls(Tp)/|Tp|, where T}, is the inertia group
of p in Gr and F, is a Frobenius automorphism associated to p which is in the
decomposition group D, and determined uniquely modulo T},. Then x(,) = x(p)
for any y € Gp. For any divisor § of m, let Iy = Gal(F/Fj). Let Rp = Z|GF). Let
Vr be the Gp-submodule of Q[Gr] generated by

af = s(I;) [ [(1 - ap)
plf

with flm, f # e. We also set Up = Vi + s(I.)Rp. For any Gp-module T, we denote
by Ty the submodule of elements of T killed by s(Gr) and for a subset B of Gp,
denote by T'Z the set of elements of T fixed by B. It is easy to see that (Vr)o = Vr
and (Up)o = Vr + s(Ie)(RrF)o-

We conclude this section by recalling the definition of lattice index. Let Y be
a Q-subspace of Q[GF]. A lattice in Y is a finitely generated subgroup of Y with
the maximal rank. Let L and L  be two lattices in Y. There exists a nonsingular
linear transformation A : Y — Y such that A(L) = L". The lattice index is defined
to be (L : L') = | det(A)|. For an element a of Y, let ker(a)|z denote the set of
x € L such that ax = 0. Tt is known [S2| Lemma 1.2 (a)] that

(L:L') = (ker(a)L, : ker(a)|,)(aL : oL).

For more properties of the lattice index, we refer to [S2] Lemma 1.1, 1.2] and [Y3|
Lemma 4.1].

3. THE CycrLoTtoMIC UNITS

3.1. Cyclotomic and elliptic units. For any integral ideal § # ¢ of A, we denote
by A; a primitive f-torsion point of a sgn-normalized Drinfeld module p of rank one
(e.g. A = &(f)es(1)). From now on, we fix a finite abelian extension F' of k with
conductor m and we let R = Rp,G = Gp,U = Up,V = Vg for simplicity. We
define A\; r = Nk, /i, (A1) for any ideal f # e.

Definition 3.1. Let Pp be the G-submodule of F'* generated by F; and A p with
all § # e. We define Cr = Pr N OF, called the group of cyclotomic units of F.

The group of cyclotomic units Cr has the maximal rank in O7%.
Proposition 3.2. rankCp = [F* : k] — 1.

Proof. For any prime ideal p { m, we have Ay r = Nk /5, (§(A)/&(p)), because
Fy, = F. and Nk, /k (Ap) = §(A)/€(p). Now we follow the argument in [Y1), Sect. 2]
to get the result. O

Definition 3.3. Let QF be the Gr,-submodule of F generated by Nk _/r, (§(A)/
¢(a)) with all integral ideals a. Let Er = Qp N OF , called the group of elliptic
units of F.
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Since Nk, /p, (§(A)/€(p)) = Ap,r if p f mand Nk p, (§(A)/£(p)) = NF, /p. (Ap.F)
if p| m, Qr and Ep are contained in Pr and Cp, respectively.

Let I be the group of fractional ideals of A and P be the subgroup of principal
fractional ideals of A. Let k4 be the subgroup of k* consisting of positive elements.

Lemma 3.4.
(i) For any a € T with (a, K./k) € Gal(K,/F.), we have

Ni./r.(E(A)/€(a)) = 2a.

Here x4, € k4 denotes the unique element such that alfeFe] = 2 AL
(i) Qp Nk ={zq € ky :a €l with (a, K. /k) € Gal(K,/F,)}.

Proof. (i) Let @ be the G,.-submodule of K} generated by £(A)/&(a) for all a € 1.
Let N' = Gal(K./F,) and let Q be the G.-submodule of Q) generated by £(A)/£(a)
with all (a, K¢/k) € N. Then we have the following exact sequence ([HI} Sect. 4]):

Ni, /F.
(3.1) 1 — Qun/ky — Q/ky “5*QNF./ky — 1.
For any a € I with (a, K./k) € N, we have (by Lemma 2] (iv)),

(32) Nk (§(A)/&(ab)) = Nk . (§(A)/E(a) Nk, /. (§(A)/£(D)),
(3:3) Nk r.((€(A)/E(a))7) = Ni.r(£(A)/E(0)),

for any b € I and 0 € G.. Let z = Ng,;p, (§(A)/&(a)) with (a, K./k) € N. Let
np = [K, : F]. Since a"F = z4,A, we have x4 = £(A)/&(a"F). Thus we have (by
B2)

21 = Nig, s, (E(A) /@) = (N, (E(A) [E(@)"F = 2

But x and z, are positive; so we have x = x,.

(ii) We claim that = € kN Qp if and only if x = Nk, /r, (§(A)/¢(a)) for some
a € Iwith (a, K./k) € N. Forz € kNQF, x = N, /r, (y) for some y € Q. By (B,
we can write y = y1y2 where y1 = [[,(£(A)/&(a;))* € Qa with (a;, K. /k) € N
and yo € ky. Then, by (B2) and ([B3)), we have z = Nk _,p, (£(A)/€(a)) where
a =], al®“ysA and (a, K./k) € N. The converse follows directly from @3). O

Lemma 3.5. (Qr/Er)/(QrNk) ~GF,.

Proof. Let @ be the G,-submodule of K defined in the proof of Lemma B4 and
E =Q N Ok, Let ¢ : I — Q/E be the homomorphism defined by ¢(a) =
L1, (€(A)/€(p))°d»® mod E. Tt is easy to show that ¢ is an isomorphism and
¢~ 1(Q Nk) = P. Here we view Q Nk as a subgroup of Q/E. Let ¢ : I — G,
be the Artin map. We note that the norm map Nk, r, : Q/E — Qp/EF is an
isomorphism. Let a = ¢ o ¢! and ar = resg, /F, O O NI?}/F; We also view
Qr Nk as a subgroup of Qr/Er. We want to show that Qr Nk = kerap. Let
r € Qp Nk. Then, by Lemma [34 (ii), we have v = Nk, /p (§(A)/&(a)) with
(a,K./k) € Gal(K./F,). Thus ap(z) = resg,/r,((a, K./k)), which is trivial in
Gr,. Conversely if £(A)/€(a) € Ni!/pp (ker(ar)), then a(€(A)/€(a)) = (a, K /k) €
Gal(K./F:), and so Nk ,p (§(A)/¢(a)) = 24 € Qr Nk (by Lemma B4 (i), (ii)).
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Therefore we have ker(ar) = Qr Nk and the following commutative diagram:

1——=QnNk Q/E @ G. 1

l Nke/Fe lu lresm/pc

1 —QrNk—=Qp/Er ——Gr, —>1
with exact rows. Thus we get the result. O

3.2. Calculation of [0} : Cp]. Let m = p7*p5? - --pS* be the conductor of F. Let
wi = (¢ — Dwf and wf = (¢ — 1)wf+. It is known [YI, Prop.4.1] that [ (\;) =
wi [Tp;(1 = &p) € Q[Gal(Kj/k)]. This fact and corp/p, resy,/r (wi) = s(lo)wp
imply

(3.4) rOr) = wis(h) [T - 7D [T - a3),

plf pld
pfm

where 9 = (f,m). Thus we have
Proposition 3.6. [}.(Pr) = wj Up.

Let V4 be the G-submodule of V' consisting of all the sum Ze;éﬂm asag, where

the coefficients ay € R with 3 ei[Fpei © Fulan € Ro for all i € {1,2,..., s}.

Proposition 3.7. Ir(Cr) = wi (Vi + s(I.)R3).

Proof. For any x € Pp, we can write it in the form

= [ TDN TT 1T A
i pim =1l
where f runs through non-prime-power ideals and ¢ € Fy, af,ap,an € R. Then
z € Cp if and only if ay € Ry with all primes pfm and }_, e [Fyei @ Fulan € Ro
for i = 1,2,...,s. Note that [5(A\p,r) = whs(L)(1 — Fp ') € whs(I.)Ro with all
primes p t m. Thus l};(/\‘;j’F) € wis(I,)R3. For a non-prime-power ideal f, we have

lp(As,r) = wps(lh) H(l -7 H(l — 0p);

plf plo
ptm

where 8 = (f,m). If 0 = ¢, [(\j,r) € wis(l)RE. If 0 # e is divisible by only
one prime (say, 0 = p;* with z; < e;), then IL(\jr) € wha,= Ry C wiVi. For

composite 0, there is no required condition. Thus we get the result. ([

Proposition 3.8. Let F/k be a finite abelian extension with conductor m =
pitps? - -pS. Then we have
(3.5) (PRt 0k QL N KIR(Pr) < 1p(Cr)) = [Fe : K [[[Fyes : Fel-
i=1

Moreover, [Plﬂiflﬁk' : Q‘Flﬂk] = 1 if F satisfies one of the following four conditions:

(i) F is a real extension of k that contains the Hilbert class field K;

(ii) Gal(F/Fy) is cyclic;

(ii) Gal(F/F,) is the direct product of the inertia groups Ty, ;
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(iv) s <2.

Proof. The main idea of the proof of (1) is due to Linsheng Yin ([YT] Prop.5.1]).
From the exact sequence 0 — F; — ker(l.)NPr — Pr/Cr — 13.(Pr)/lr(Cr) — 0,
we have

(3.6) U5(Pr) : 1p(Cr)] = [Pr/Cr : ker(l3) N Pr/F7).

For each prime ideal p of A, choose a prime ideal p of Op, and a prime ideal & of Op
lying over p. Define vr : Pr — Py Z by vr(z) = (ve(z))n and vp, : Qr — D, Z
by vr, (y) = (v, (y))e- Then we have the exact sequences

0—Cp— Pr 5 P2, 0— Er — Qr =5 P2
R &

It is easy to check that Imvp = Pg[K. : F]Z and Imvp, = @ [K. : F]Z. Define
er/F, : Imvp, — Imovr by multiplying the o-th component by the ramification
index ey, for all p. Then we have the following commutative diagram:

ker(lz) N Pp /F} —— Pp/Cp —=—> Imuvp

Ti TeF/Fe

Qr Nk Qr/Er —>TImuvg,
where i is induced by the inclusion. Since ex, /,, = [F,ei : Fe| fori=1,2,..., s and

en/p = 1 for all pfm, we have [Imvr : ep/r, (Imvr,)] = [[;_[Fye : Fe]. By B.8),
Lemma[3:5] and the above commutative diagram, we have

[ker(I7) N Pr/Fy : Qr N K|[l5(Pr) : 1r(Cr)] = [Fo : k] [ [[Fpee : Fe)-

i

We note that any element of ngl is positive. As in the proof of [Y1, Lemma 4.5], we
have ker(I5)NPEL " = PL'Nk. Then the surjective homomorphism ker(l%)NPr —
PE Nk defined by @ — 29! induces an isomorphism ( ker({5) NPr/F;)/QrNk ~
P Nk/Q% " Nk. Thus we have [ker(ly) N Pr/F: - Qrnk] = [P Nk : Q% ' NE.

If F' is a real extension of k that contains the Hilbert class field K., then Qg
is just @ and so Qr Nk = ky ([HI, Cor.2.5]). Since F/k is a real extension, any
element of Pr is positive and so ker(l%) N Pr = k* as in the proof of [Y1l Lemma
4.5]. Thus we have [ker(I;) N Pp/F; : Qr N k] = 1.

Now assume that F satisfies one of conditions (ii), (iii) or (iv) in the proposition.
We calculate the index [I5,(Pr) : {p(Cr)] in a different way (which is due to Hassan
Oukhaba). By Propositions and [3-7] we have

(3.7)  [(Pr) : lr(Cp)] = [WpUo : wi(Vi + s(Le)R5)] = [Uo = Vi + s(Ie) Rg).

The last equality follows from the fact that w} is an automorphism of e™C[G]o.
We define a mapping © : Uy — [];_, Z/[Fp?i : F.]Z by

O( D anowm +aes(L)) = (Y [Fyei : Foldeg(an) mod [Fyei : Fe]),.

enlm lp;"
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In Corollary (i), it is shown that © is a well-defined surjective homomorphism
with ker(0) = V; 4+ s(I.)Ry. Thus we have
(3.8) [Uo : Vi + s(Ie)Ro] = [ [[Fye: : Fel.

i=1
Let I(;) be the augmentation ideal of Z[GF,]. We define a mapping G : V1 +
s(I.)Ro — 11y by g( Ze;énlm anOy + aes(Ie)) =resp,/p, (@), which is a well-defined
surjective homomorphism and G~ (I3;)) = Vi + s(Ic) R§ (Cor. (ii)). Thus we
have

(3.9) Vi + s(I)Ro : Vi + s(I) R3] = [y : I{y] = |Gr,|.
By combining 37), (3:8) and (39), we have [[;(Pr) : Ip(Cr)] = [Fe : k] J[;[Fpe
Fandso [PL ' Nk: Q4 nk]=1. O

We calculate the index [OF : Cr]. Note that ker(lp) N OF = F; = ker(lr) N CF.
Write the index [OF : CF] as follows:
(0% : Cr] = [lr(OF) : lp(Cr)] = (r(0F):e"Ro)(e™ Ry : et Up) (et Uy : I5(Pr))
(3.10) X(I3(Pr) : lp(Cr)).
We compute the indices respectively.
Since (e* Ry : Ip(O%)) = R(F) and R(F) = 6 M1 R(F+)/Qo, we have

(3.11) (Ip(O%) : et Ro) = oL T Qo /R(F ).
Since I (Pr) = wihUy = whetUy and h(F1T) = R(EF1T)h(Op+), we have
(c*Up: 15(Pp)) = detwp= [[ (¢ DIu(0.%)
1#xeGE
(3.12) = (¢— DI HREN)(Op) /h(k).

Since (e"R: etU) = (s(G)eTR : s(G)eTU)(eT Ry : eTUyp), s(G)et R = Zs(G) and
s(@)etU = |1,|Zs(G), we have

(3.13) (e"Ro:etUy) = (etR:eTU)/[F : F,).

By substituting (B10), BI12) and BI3) into BI0) and by Proposition B8] we
have the following theorem.

Theorem 3.9. Let F/k be a finite abelian extension with conductor m = pJ* - - pSs.

Let us put d(F) = [PL " 0k : Q%" Nk]. Then we have

[[i-i[Fpei : Fe] (et R:etU)

[F: F.|[K. : F] d(F)

Remark 3.10. In [Hr, Thm.3.9], Harrop has calculated the same index in the ra-
tional function field case. But his formula is not consistent with ours. This incon-
sistency is mainly due to his incorrect equality [T'F : I(Fy(T)*)] = |(D/Fy(T)*)q-1|
in [Hrl Lemma 3.4] because ker! is not contained in F4(T"). The equation in [Hr]
Prop. 3.6] should be replaced by [(1—e1)Ty : I(C)] = [(D/Fy(T)*)q—1| ' [T, [kge: :
Fq(T)]. In [Hx, Prop.3.7], v’ should be replaced by > . ©F, (X)ex/|JNI], and so
the equation in [Hr page 420, line 21] should be replaced by (et Uy : (1 —e1)Ty) =

(05 : Cr] = (g — 1)/65)F T H=1Qoh(Op+)
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(¢ — 1)?"|J N I|~"h(kT). Finally, one should replace |J N I|?" by |J N I|" in [Hrl
Thm. 3.9)].

3.3. Generators and relations for U. In this subsection we show that © and
G defined in the proof of Proposition 3.8 are well defined and have the desired
properties. The main ideas of this subsection are due to Hassan Oukhaba and
Jean-Robert Belliard [B|, [BOl [O]. Recall that m = p7* ---p is the conductor of
F. Let Q={(t1,...,ts) :t; =0o0r Lforalli=1,...,s}. For t = (t1,...,ts) € ,
let supp(t) be the set of ¢ € {1,...,s} such that t; = 1. In particular, we denote
by (i) the unique element ¢ of Q such that supp(¢t) = {i}. Let G be the free
abelian group on the disjoint union [],. Gal(Fy, /k), where n, = p{*® -+ pt=® for
t=(t1,...,ts) € Q. Put a, = s(I.). Since {an, }teq generates all o, with njm over
R, we obtain a surjective homomorphism F : G — U by mapping o € Gal(Fy, /k)
to dam,, where ¢ is any extension of o to G.

Suppose we have t €  and i € supp(t). Let o € Gal(F,,;)/k) where ny(i) =
np; “. Let 6 € Gal(Fy,/k) be an extension of o to F),,. Then, as one may check
easily, the formal sums

S(t’ i U) = S(Gal(Fnt/Fnt(i)))& - (1 - (piv Fnt(i)/k)il)a
are all contained in ker F.
Since the proof of the following theorem is almost the same as the ones in [BOJ
Prop.3.6] and [B, Prop. 4.1, 4.6], we leave it to the readers.
Theorem 3.11. Suppose that F/k satisfies one of the following conditions:
(i) Gal(F/F) is cyclic;
(ii) Gal(F/F.) is the direct product of the inertia groups Ty, ;
(iii) s < 2.
Then ker F is generated by S(t,i,0) with t € Q,i € supp(t), o € Gal(Fy,i)/k).
Corollary 3.12. Suppose that F/k satisfies one of the conditions in Theorem [3.11.
(i) Let ©: Uy — [, L[|Fye: : Fe]Z be defined by

@( Z Oy + aes(Ie)) = ( Z [Fp?: : Fy]dega, mod [ij,; :Fe])i.

Fnlm o
Then it is a well-defined surjective homomorphism with ker® = V; +
S(IQ)RQ.

(ii) Let I(1y be the augmentation ideal of Z[GF,]. Let G : Vi + s(I.)Ro — ()
be defined by Q(E#n‘m OOy + aes(Ie)) = resp/p, (a.). Then it is a well-
defined surjective homomorphism with 9_1(1(21)) =V + s(I,)R2.

Proof. (i) We write (0) = (0,...,0) € Q for simplicity. Let Gy be the subgroup
of G that consists of the sums ), 2y with z; € Z[Gal(Fy, /k)] and x) € I().
Let Fy be the restriction of F to Gg. Since ker F C Gy, as one may deduce from
Theorem [3.11] we have ker o = ker F. Moreover, the image Fo(Gy) is equal to Uy.
Now, we define a homomorphism 6, : Gy — L[[Fye: : Fe]Z by

th — degr(;y mod [Fyei : Fl.
teQ

We see that all the sums S(¢,4,0) are in ker ©,;. Thus we have ker Fy = ker F C

ker ©;. Consequently, 6= (él, ..., 0y;) factors through Go/ ker Fy ~ Uy and yields
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the homomorphism ©. Thus © is well-defined and the surjectivity of © immediately
follows from that of ©.

By definition of V4, it is obvious that V5 + s(I.)Ro C ker ©. Let Zn‘m anon €
ker®. Then for each i = 1,...,s, we have anpji dega, = di[pri : F,] for some
di € Z. Let B; = 3 cqal(F ., /F.) T> Where & is an extension of o in G. Then we

have 3~ pei anan — di oy, e € Ry. Since Bicyes = s(1e)(1—ayp,) = s(Ie)(1 ~-F e
s(I¢)Ro, we have Zn‘m anoyn € Vi + s(I¢)Rg. Therefore ker © = Vi + s(I.)Ro.
(ii) Let G; = ker ©. We define a group homomorphism G : G — I(1y by

°L deg B
g(zxt = Z(0) + Z F 61 :< 1 - (piaFe/k) 1)reSFp:i/Fe (x<l>)
teQ
Since all the S(t,i,0) are contained in kerG, G factors through G;/ker F N Gy ~
Vi + s(I.)Ro to yield a homomorphism G. Thus G is well-defined. The surjectivity
of G follows from that of G. It is obvious that Vi + s(I)R§ C G~'(I}). Let
D etnjm @ + aes(le) € Q*I(I(Ql)), that is, resp/p, (a.) € I(21). Then we have
s(Ie)ae € corpyp, (1(21)). Since corpyp, (1(21)) = corp/p, (resp/p, (R3)) = s(I.)R3, we
have 9*1(1(21)) C Vi + s(I,)R3. Therefore Q*I(I(Ql)) =Vi+s(l,)R2. O

4. THE STICKELBERGER IDEAL

4.1. Stickelberger ideal. In this subsection, we characterize the Stickelberger
ideals following Yin’s definition [Y3| Sect. 2,3].

Let K/k be a finite abelian extension with Galois group G. We denote by M}
the set of all places of k and by wy the number of roots of unity in k. Let T be a
finite nonempty subset of Mj that contains all the places that are ramified in K.
For a place v € Mi\T, let F, be the Frobenius automorphism associated to v and
let Nv be the norm of v. We define a function for Re(s) > 1,

GK/k,T(S) = H (1 — fv_lNU_s)_l
vEM\T

with values in C[G]. Let O0x, 7 = O k7 (0). It is well-known [H2, Thm. 1.1] that
O € QG] and wxbkr € Z[G]. The element wxr = wgbk r is called the
Stickelberger element of K/k relative to T. It annihilates the group of divisor
classes of degree zero of K. Let Tk be the set of places of k that are ramified in
K. When Tk # ¢, we let 0 = 0k 1,. In the cyclotomic function field case, it is
known that 0k, = w; [],;(1—0p) ([Y3| Lemma 4.6]) and 9Kf+ = lK;r()\?(J))/(q—l)
(IY3] Sect. 3)).

Let F' be a finite abelian extension of &k with the conductor m = pJ*ps? - - pS.
When F/k is a real extension, we define S = 0. When F'/k is a non-real extension,
we define Sy as the G-submodule of Q[G] generated by 0 F = COTF/F, TeSK, /F, (Ok,)
with flm,f # ¢. We also define Sj. as the G-submodule of Q[G] generated by
Or = s5(G)/(q — 1), Oy, r = corp/p, TSt g, (QK;) for all prime ideals p of A and

efJ,rF = COTpypr YK Rt (er*) with fjm, f # e.

Definition 4.1. Let S = S}' + S5 and let Ir = Sp N R, called the Stickelberger
ideal of the extension F/k. We also let IE = S? N R.
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In general, we do not have Ip = I;E + 1. Since deg 0o = 1, there does not exist a
finite extension of F, that is abelian over k£ and in which only oo is ramified. Thus
we have 0 r = 0.

Lemma 4.2.
(i) [Sp:Ip]=[Sf:If]=q—1.
(ii) [Sg :Iz] = (¢—1)/gcd(d,q — 1), where d is the greatest common divisor
of [Kjs : Fj] with all fim, | # e.

Proof. Let a be a generator of ;. Since (¢ — 1)Sr C Z[G], ¢ : S — F}, defined
by ¢(0) = alt=Du where a; is the coefficient of 1 in 6, is a well-defined group
homomorphism. For any integral ideal a of A, relatively prime to m, we have
((a, F/k) — Na)8 € Z|G] for any 6 € Sp. Thus
(0, F/k)0) = p(Nab) = o(0)* = o(6) = ()",

e, p(cd) = p(0)° for any 0 € G. Clearly Ir is contained in the kernel of ¢.
Conversely if § = Y a,0 € S with ¢(f) = 1, then (¢ — 1)a; € (¢ — 1)Z. Thus
a1 € Z. Since ¢ preserves the G-action, a, € Z for any ¢ € G. Thus we have 0 € Ip
and so Ir = ker(p). Since p(0r) = «, ¢ is a surjective map. Under the same map
p, we have ¢ : S;/I;,f — F;. Since 0 € S;t, this injection must be a surjection.

By the congruence Z; (0,a) = —1/(g — 1) mod Z in [Y3| Sect. 4], we have that
0; r = —[Kj: Fjls(G)/(g—1) mod Z[G]. Thus ¢(S5) = (o). Since S5 Nker(p) =
I, we get (ii). O
Remark 4.3. Since (¢—1)/dp divides [Kj : Fj] for any f|m, f # ¢, (¢—1)/dr divides
d. Thus [Sg : Iz] is a divisor of dp.

Corollary 4.4. Sp = Ip + Z0p, S;C = I;E + ZOp.

Proof. Since Ip + Z0p/Ir ~ Z/(q — 1)Z, we have [Ip + Z0p : Ir] = ¢ — 1. But
[Sr : Ir] = g—1; so we have Sp = Ip +Z0p. Similarly we have S;,t = I;,f +7Z0r. O

Lemma 4.5. et S}t = S} and e~ Sz = Si. Thus Sr = Sf: @ S5.

Proof. Since S} C s(Jr)Q[G], the first equality is obvious. It is known [HZ, Sect. 4]
that s(J)fk; = 0 for any f # e. Thus we have s(Jp)0; p = 0, which implies the
second equality. (I

4.2. Calculation of [R™ : I.]. Let R~ = RNe~ R. In this subsection, we assume
that F'/k is a non-real extension and calculate the index [R™ : I ].

Lemma 4.6. S, = wgpe U.
Proof. By using the fact that 0x; = w; [],;(1 — ;) and Lemma 23 we have

(4.1) 0y ¢ = wrs(Ip) [[(1 = ap),
plf

for any flm,f # e. Thus we get the result. O

We write the index [R™ : I] as follows:
(42) [RT:Igp]=(R :e R)(e R:eU)e U:e Sp)e Sg:87)(Sg : Ir).
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Since e" RN R = s(Jrp)R, e R/R™ ~ e R/e"RN R ~ s(Jrp)R/5ps(Jr)R. Thus
we have

(4.3) (R™:e"R)= 5;[F+:k],

because s(Jp)R is a free abelian group of rank [F* : k]. By Lemmas F.5] and
we have

(eU:e Sp)=(eU:wrpe U) = det(wp)= H L (0, %)
x€G-
(4.4) = KW (F)=6F"H-1h(0p)/Qo.

By Lemma B3] we have that e~ S, = Sg. Thus

(4.5) (e7Sp:Sp)=1.

By substituting ({8), @4), (E5) and Lemma A2 (ii) into (1), we have the fol-
lowing theorem.

__a-1

~ Qodr(d,g—1)
Remark 4.8. Let S;; be the G-module generated by the Hf_,F with all fjm and 6p.

Let [ = SpNR. Let Ap = {0 € Z[G)] : 5(Jr)9 € Zs(G)}. When F/k is a non-real
extension, we can get the following formula, which is an analogue of Sinnott’s ([S2]
Thm. 2.1]),

Theorem 4.7. [R™ : I] h™(Op)(e"R:e U).

h”(OF)
Qo
4.3. Calculation of [R" : I}f]. Since F™/k is a real extension, Sp+ = S}, . Thus

Sp+ is the Gp+-submodule of Q[Gr+] generated by 0p+ = s(Gp+)/(q — 1), Oy p+
with all prime ideals p of A and 6., with fjm,f # e. By the fact that GK;r =

[AF : I}] =

(e"R:e”U).

f BT
lKr(/\?(J))/(q — 1) and Lemma 23, we have 9;’F+ = lp+ (A p+)/(q — 1). Clearly
Op, 7+ = lp+ (N /7 (E(A)/€(p)))/(g—1). Let Pp+ be the G p+-submodule of (F*)*
generated by Nk ,p, (§(A)/&(p)) with all primes p and Aj g+ with fjm, f # e. Then
we have Sp+ = lp+ (Pp+)/(q— 1) + ZOp+ .

Lemma 4.9.
(1) (SF+)GF+ = Z9F+.
(ii) (I —e1)Sp+ = wp+(Up+)o-

Proof. (i) follows from (Pp+)%r+ = kN Ppr C ky. Note that (1 — e1)fp+ = 0.
Then (ii) follows from (3.4)). O

Lemma 4.10. corp/p+(Sp+) = S;E and corp/p+ (Ip+) = I;E.

Proof. Since CorF/F+(0F+) = 9F,corF/F+(0p’F+) = 0p,F and corF/F+(0;‘F+) =
G;F, we have corF/F+(SF+) C S;t. Since corF/F+(x)y = corF/F+(xresF/F+(y))
for any z € Sp+ and y € S}', the reverse inclusion follows. Similarly, we have
COI‘F/F+(IF+)=I;—._. O



CYCLOTOMIC UNITS AND STICKELBERGER IDEALS 1815

Since corp/p+(Rp+) = s(Jp)R = RY, we have [RT : I}f] = [Rp+ : Ip+] by
Lemma [A.T0l We write the index [Rp+ : Ip+] as follows:

[RF+ ZIF+] = (RF+ : UF+)(UF+ : SF+)(SF+ :IF+)
= (RF‘+ : UF+)(S(GF+)UF+ : S(GF+)SF+)((UF+)O : (1 — 61)5F+)
(4.6) x((1=e1)Sp+ : (Sp+)o)(Sp+ : Ips ).
By Lemma (9] (ii), we have
(47) ((UF+)O : (1 — 61)5F+) = det(wp+) = h(F+)/h(k)

Since (Sp+)o = Sp+ N (1 —e1)Sp+ and e1Sp+ N Spy = (Sp+)rt,
(1 —e1)Sp+/(Sp+)o ~ e1Sp+ + Sp+ /Sp+ =~ e1Sp+ [ (Spr)Fr.
Since s(Gp+)Up+ = [FT : F|s(Gp+)Z,|Gp+|/[F* : F] = [F. : k], we have (by
Lemma[49l (i)) that
(1 —e1)Sp+ : (Sp+)0)(s(Gp+)Up+ : s(Gp+)Sp+)
= (e1Sp+ : ZOp+ )([FT : F]s(Gp+)Z : s(Gp+)Sp+)
(4.8) = ([F": Fs(Gp+)Z : |Gp+ | Z0p+) = [Fe 1 K]/ (g — 1).
By substituting (47), (ES) and Lemma (i) into (EH), we get the following
theorem.
h(FT)

Theorem 4.11. [R™ : I}'] =[Rp+ : Ip+] = ﬁ

(RF+ . UF+)

4.4. Calculation of [R : Ir]. In this subsection, we calculate the index [R : Ip].
Write this index as follows:
(4.9) [R:Ip|=[R:R"+RT|[RY+ R : I} +I.)[Ir: I} + 1] "

Since ker(e™)|r = ker(e™)|g+r- = R~ and R = s(Jr)R, we have that

[R:RT+R7] = [e"R:e" (BT +R7)|[ker(e")|r : ker(e™)|pe - r-]
(4.10) = [e"R:RT] = 5§+:k].
Since Rt N R~ = {0}, we have
(4.11) [RYV+R™: If + 1] = [RT: [F)[R™ : I].
Since S NSi = {0}, we have (by Lemma EZH) that
[Ip:If+15] = [Sp:lf+IE)[Sp: Ip] ™
(4.12) = [Sp: 1pllSp  IpllSe < Ip] ™ = [Sp < 5.

By substituting (EI0), @EII) and @I2) into (@), we get

o SIFTMIRe L R Iy
(4.13) R:Ir] = S

Now we substitute Theorem[4.7and Theorem {.TT]into ({:13)) to obtain the following
theorem.

Theorem 4.12. [R: Ip] = [K]?(FZ)T] (e"R:e U)(Rp+ : Up+).
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5. DISCUSSION OF (R:U), (e"R:etU) AND (e R: e U)

In this section, we follow Sinnott’s arguments in [S2, Sect.5] to obtain some
results on the indices (R : U), (et R: etU) and (e” R : e~ U) which appear in our
formulas for the index of the group of cyclotomic units and of the Stickelberger
ideals.

Recall that m = p{'ps5? ---pS is the conductor of F and G = Gal(F/k). Let
m = p1ps - - - ps. For any divisor s of m, we denote by T the compositum in G of the
inertia groups T}, as p varies through the prime divisors of s. In particular T, = {1},
T = I. and in general Ty = I,,(5), where n(s) is the largest divisor of m coprime
to 5. We denote by Us the G-submodule of Q[G] generated by the elements

1) TI @ -aw).
pl(s/t)

where t varies through the divisors of s. Hence U, = R and Uz = U. Following
Lemma 5.1 in [S?], one can show that U, is a lattice in Q[G]. Let p be a prime
divisor of m that does not divide s. Then we have Usp, = Us(T}) + (1 — ) Us, where
Us(Tp) is the G-submodule of Q[G] generated by the elements

s(Twp) [ (1=a9),
al(s/%)

where t varies through the divisors of s. Then Lemma 5.1 and the first part of
Lemma 5.2 of [S2] hold.

Theorem 5.1.
(i) The indices (R : U),(etR : e"U) and (e” R : e~ U) are integers divisible
only by the primes dividing |I|.

(i) Suppose I, is the direct product of the inertia groups T, with pjm. Then we
have (R:U) = 1.

(iii) If only one prime ramifies in F, then (R : U) = 1, and moreover if F is
non-real, then (e R:e U) =1 and (etR:etU) = §ILG:D}. Here D s the
decomposition group of the prime that ramifies in F. If exactly two primes
ramify in F, then (R : U) = 1, and moreover if F is non-real and Jp is
contained in exactly one inertia group of a ramified prime, then we have
(e"R:eU)=1.

(iv) Suppose that exactly two primes ramify in F', say p and q. Let D, and Dy
be the decomposition groups of p and q in F, respectively. If D, and Dy
are contained in I., then we have

+R . +U B 6&,?:[2] mLG:JFDp] m[]G:Jqu]
(6 . e ) - (m’pm’q)[c:l?] ;

where my, = |Jp NTy|, mq = |JpNTy|, m'y = my/(my, [JpDy : JrTy]) and
m'q =mq/(mq, [JrDq : JrTy]).

Proof. (i) and (ii) follow from exactly the same process of [S2] Prop.5.1, Thm. 5.4].

(iii) The indices (R : U) and (e~ R : e~ U) are calculated as [S2], Prop. 5.2]. When
exactly two primes ramify in F, we can calculate (e" R : e~ U) only for the case
that Jp is contained in either inertia group. This is because we only have the first
part (i.e., H'(H, R®) = 0) of [S2| Lemma 5.2] in our case.
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Since (et R)T» = (1/|Jr N Ty|)ets(Ty)R = (1/0F)s(JrTy) R, we have
(5.1) (e*R:e"Uy) = |s(JFTp)R/(|Jr N Tp|s(JrTp) R + (1 = F)s(JrTp)R)|-
Since the group on the right-hand side of (&) is isomorphic to

(/e N Ty |D)[G/ I Dy,

we have
(5.2) (e*R:etU,) = |Jp N T, |IErDel,

(iv) Let ey = s(T})/|T;|. Following the proof of [S2, Thm.5.1], we see that
(53) MUy Upa) = [B1/(1 - Fy Bl x B/ (1 - Fy V) Bal,
where By = (etUp)Tra JeTs(Tpq)R = (eTUy)!s /s(I:)R and
By = (1 ) (e R /(1 = ep)ets(Ty) R = (" R)™ /(e s(Ty) R+ (1/61)s(I)R).
Since (e™R)T» = (1/my)eTs(Ty)R = (1/6r)s(JpTy) R, we have

(eTUy)™ = (1/0p)(mps(JrTy) R+ (1 — 7;1)5(JFTP)R)-

It is casy to see that (mps(JpTp)R + (1 — Fy ")s(JrTp)R)FPr = mis(JpDy)R.
Thus (e*Up)'e = (1/6r)(mys(JrDyp)R)'s = (1/6p)mys(I.)R. Since Dy is contained
in I, (1 — F;1)By = 0. Therefore we have
(5:4) |B1/(1 = F)Bi| = [Bu] = (65 /my,)[E e,
Since (eTR)Ta = (1/mg)ets(Ty)R = (1/0r)s(JrTy) R, we have

By = s(JeTy) R (mys(JeTy) R + 5(I)R) = (Z/maZ)[G/IrTy)/((T /T Ty)),
and so

By (Z/mqZ)|G/JF Dy

~

(1—Fa By ~ s(I./JpDq)[JpDq : JpTg)(Z/meZ)[G/Jp D]

Since |[JpDq : JFT ) (Z/mqgZ)| = my, we get

_ G:JrD G:I,
(5.5) |B2/(1 — F; ') Ba| = m} ol [

Finally, by (52) and by substituting (E4l) and (EE5) into (E3), we have
5[G:Ig] méG:Jpr] m[G:Jqu]

(e"R: e+qu) =(e"R: 6+Up)(€+Up : e+UPUI) =-£ (m’pm’q)[G’Ic:] )

which completes the proof. ([
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