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MAXIMAL COMPLEXIFICATIONS
OF CERTAIN HOMOGENEOUS RIEMANNIAN MANIFOLDS

S. HALVERSCHEID AND A. IANNUZZI

ABSTRACT. Let M = G/K be a homogeneous Riemannian manifold with
dime G€ = dimg G, where GC denotes the universal complexification of G.
Under certain extensibility assumptions on the geodesic flow of M, we give a
characterization of the maximal domain of definition in T"M for the adapted
complex structure and show that it is unique. For instance, this can be done
for generalized Heisenberg groups and naturally reductive homogeneous Rie-
mannian spaces. As an application it is shown that the case of generalized
Heisenberg groups yields examples of maximal domains of definition for the
adapted complex structure which are neither holomorphically separable nor
holomorphically convex.

1. INTRODUCTION

It is well known that complexifications of a real-analytic manifold M exist and
are equivalent near M, but differ, usually very much, in nature. If a complete
real-analytic metric on M is given, one can construct canonical complexifications
of M compatible with the metric by defining an adapted complex structure on a
domain  of the tangent bundle TM (see [GS] and [LS]). This structure can be
characterized by the condition that the “complexification” (x+iy) — y+'(x) €
of any geodesic x — y(x) of M be a complex submanifold near the zero section.
By the results of Guillemin-Stenzel and Lempert-Széke cited above, the adapted
complex structure exists and is unique on a sufficiently small neighborhood of M.
Here M is identified with its zero section in TM .

In particular, it is natural to ask for maximal domains around M with an
adapted complex structure. By functoriality of the definition these may be regarded
as invariants of the metric, i.e., isometric manifolds have biholomorphic maximal
domains. For instance, examples are known for symmetric spaces of non-compact
type (JBHH]), compact normal homogeneous Riemannian spaces ([Sz2]), compact
symmetric spaces ([Sz1]) and spaces obtained by Kéhlerian reduction of these ([A]).
Note that in the mentioned cases maximal domains turn out to be Stein.

The aim of this work is to characterize maximal domains for the adapted complex
structure for a class of homogeneous Riemannian spaces with “big” isometry group.
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Let M = G/K , with G a Lie group of isometries and K compact, and assume
that dimc G€ = dimg G, where G is the universal complexification of G. Then
K€ acts on G® and the left action on M induces a natural G-action on TM .
Our main result is that, under certain extensibility assumptions on the geodesic
flow of M , one obtains a real-analytic and G-equivariant map P :TM — G¢/K®
such that (see Theorem [B:2]for the precise statement)

The connected component of the non-singular locus of DP containing M 1is the
unique maximal domain on which the adapted complex structure exists.

This applies to the case of naturally reductive homogeneous Riemannian spaces
(Corollary B-3)) and of generalized Heisenberg groups (see Sections 4 and 5).

As an application, it is shown that for all generalized Heisenberg groups such a
maximal domain is neither holomorphically separable, nor holomorphically convex
(Proposition [5.1). We are not aware of previous non-Stein examples. In the case of
the 3-dimensional Heisenberg group, we determine its envelope of holomorphy as
well as a certain maximal Stein subdomain (Proposition EZ3).

2. PRELIMINARIES

Here we introduce some notation and briefly recall basic results that we will need
in the present paper. Let M be a complete real-analytic Riemannian manifold,
which will often be identified with the zero section in its tangent bundle TM .
Following [LS] (see also [GS] for an equivalent characterization), we say that a real-
analytic complex structure defined on a domain 2 of T'M is adapted if all complex
leaves of the Riemannian foliation are submanifolds with their natural complex
structure, i.e., for any geodesic 7 : R — C, the induced map f:C — T'M defined
by (x + iy) — y~+'(z) is holomorphic on f~1(Q)) with respect to the adapted
complex structure. Here y+/(t) € T, )M is the scalar multiplication in the vector
space T, M.

The adapted complex structure exists and is unique on a sufficiently small neigh-
borhood of M. If Q is a domain around M in TM on which it is defined, then
we refer to it as an adapted complezification. Sometimes these are called Grauert
tubes. For later use we need the following fact.

Lemma 2.1. Let F: TM — C be a real-analytic map that is holomorphic on any
complex leaf of TM in a neighbourhood of M . Then F' is holomorphic on every
adapted complexification.

Proof. Following the proof of [SzI| Prop. 3.2, p.416], one checks that the restriction
of F to M extends to a holomorphic map Fina neighbourhood U of M C TM
where the adapted complex structure Jy exists, and, in order to have connected
leaves, U may be chosen to be starshaped. We can also assume that for any
geodesic 7 : R — M the map x + iy — F(y~'(z)) is holomorphic for all x + iy
such that y~/(z) € U. Now F = F on 4(R) € M C TM ; therefore, F = F on
every complex leaf, i.e., on U . In particular, DF o Jy =4 DF on U, and since all
these maps are real-analytic, the statement follows from the identity principle. [J

A real Lie group G acts on a complex manifold X, i.e., X is a G-manifold, if
there exists a real-analytic surjective map G x X — X given by (g,x) — g-x such
that for fixed g € G the map x — g-x is holomorphic and (gh)-z = g-(h-z) for all
h,g € G and 2 € X. Furthermore, if dimg G = dim¢ G©, where ¢ : G — GC is
the universal complexification of G (see, e.g., [Ho|), then Lie(G®) = ¢*, and one
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obtains an induced local holomorphic G®-action by integrating the holomorphic
vector fields given by the G-action. Here g denotes the Lie algebra of G.

Let M = G/K be a homogeneous Riemannian manifold with G a connected
Lie group of isometries and K compact, and consider the induced G-action on
TM defined by g-w := g,w for all ¢ € G and w € TM . Then if Q is a G-
invariant adapted complexification, as an easy consequence of the definitions g, is
a biholomorphic extension of the isometry g, i.e., G C Aut(f2).

If one assumes that dimg G = dim¢ GC, then the natural map ¢ : G — G® is
an immersion, and from the universality property of the universal complexification
K€ of K it follows that the restriction ¢|x of ¢ to K extends to an immersion
1€ K€ — G®. Moreover, the subgroup (“(K®) acts by right multiplication on
G®, and one has a commutative diagram

G————GC

|

G/K — G€/.C(KC).

Also notice the G-action on G®/.C(K®) defined by g-h(C(K®) := 1(g) htC(K)
for all g € G and h € G©.

Lemma 2.2. Let G be a connected Lie group, K a compact subgroup, and as-
sume that dime G® = dimg G. Then G®/.C(K®) is a compler G-manifold, and
dimc G¢/.5(K®) = dimg G/K.

Proof. One needs to show that (“(K©) is closed in G. Note that G¢//C(K®) is
the orbit space with respect to the KC-action on G® defined by k- h := hi(k~1)
for all k € K€ and h € G®. Since GC is Stein ([He]) and K© is reductive, it
follows that every fiber of the categorical quotient G¢ — G€//KC is equivariantly
biholomorphic to an affine algebraic variety on which K€ acts algebraically ([Snl).
In particular, there exists at least one closed K C-orbit, and consequently (*(K)
is closed in G¢. Thus G¢/.%(K®) is a complex G-manifold, and by construction
its complex dimension is dimg G/K . O

3. A CHARACTERIZATION OF MAXIMAL ADAPTED COMPLEXIFICATIONS

If M = G/K is a symmetric space of the non-compact type, then G®/KC is
a natural candidate for a complexification of M , and there exists a G-equivariant
map P:TM — G®/K® embedding holomorphically a maximal adapted complex-
ification Qps of M (see [BHHI, [Ha], [AG]). As a matter of fact, one may show
that DP is singular on the boundary 9Qy; of Q.

Here we consider a homogeneous Riemannian manifold M = G/K endowed with
the additional data of a certain real-analytic G-equivariant map P from TM to
a suitable complex G-manifold. Proposition Bl characterizes a maximal adapted
complexification 2, as the connected component of {DP not singular} containing
M. Unicity of Qs follows.

The existence of such data is proved when dimc G = dimg G and the geodesic
flow “extends” holomorphically on G¢/:®(K®) (cf. LemmaZZ). As a consequence,
the characterization applies to the cases of naturally reductive homogeneous Rie-
mannian spaces and of generalized Heisenberg groups.
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Proposition 3.1. Let M = G/K be an n-dimensional homogeneous Riemannian
space and X a G-complexr manifold of complex dimension n such that the induced
local G -action is locally transitive. Assume there exists a real-analytic map P :
TM — X that is

i) G-equivariant and
ii) holomorphic on every complex leaf of TM.

Then the connected component Qpr of {p € TM : DP, is not singular} con-
taining M is the unique maximal adapted complezification and P|q,, is locally
biholomorphic.

Proof. First we show that Q,; is well defined, i.e., DP has maximal rank along
M . Since from Lemma [2.1] it follows that P is holomorphic on M with respect
to the adapted complex structure, this is a consequence of the following fact.

Claim: Assume that P is holomorphic in p € TM. Then DP, has maximal
rank.

Proof of the claim. Since GC acts locally transitively on X , there exist elements
&1, ,&, of g such that the induced vector fields &x.1,---,6x,» on X span a
totally real and maximal dimensional subspace Vp(,) of Tp)X , where

d
Exj(x) == —| expge(ts;) -
0

dt

for j = 1,---,n and all z € X. By equivariance it follows that DP,(V,) =
Vp(py, where V, is the subspace of T,TM spanned by {rar1,--- T ; here
Ermj(q) = %|o exp(t€) - q for all ¢ € TM. In particular, dimgV, = n, and since
P is holomorphic in p, V) is totally real and DP, has maximal rank, proving the
claim. ([

Now we see that the pulled-back complex structure .J, on Qj; of the complex
structure J on X is the adapted complex structure. For this, consider a complex
leaf f:C — TM defined by f(x+1iy) := y+'(x), where 7 is a geodesic of M,
and note that by ii)

DP o Df(in) = DPo.J,o Df(n)

for all 7 tangent in f~1(Q). Since DP has maximal rank on {2, one has

Df(in) = Jo o Df(n),

showing that J, is the adapted complex structure. In particular, Plq,, is locally
biholomorphic.

In order to prove maximality, assume that J, extends analytically in a neigh-
borhood of a certain p € Q) C TM . By construction, DP o J, = Jo DP on
Qur, and since all maps are real-analytic, P is holomorphic in p. Then the above
claim shows that DP, has maximal rank, contradicting the definition of Q.

Finally we want to show that any adapted complexification  is contained in
Qyr. If this is not the case, there exists a point p in QNAIN s, and from Lemma 2]
it follows that P|q is holomorphic. In particular, P is holomorphic in p, and one
obtains a contradiction arguing as above. Thus {2, is unique, and this concludes
the proof of the statement. O
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Now we determine a class of homogeneous Riemannian spaces to which Propo-
sition [Tl may be applied in order to determine the maximal adapted complexifica-
tion.

Theorem 3.2. Let M = G/K be a homogeneous Riemannian space with dimg G
= dimc G©, and assume there exists a map ¢ : C x TeM — g, real-analytic
and holomophic on the first component, such that o(R x Tk M) C g and t —
expq op(t,v) K is the unique geodesic tangent to v at 0 for all v € Tk M . Then
the map

P:TM — G%/.5(K®)
defined by
P(g.(v)) := 1(g) expge(p(i,v)) “(K)
for all g € G and v € Tk M is as in Proposition [3-1. In particular, the con-

nected component Qs of {p € TM : DP, is not singular} containing M is the
mazimal adapted complexification, and Plq,, is locally biholomorphic.

Proof. In order to prove that P is well defined, we need to show that if w = kv
for some k€ K and v € Tk M , then P(w) = P(k.v), i.e.,

(1) expge(@(i, w) ) “(K®) = u(k) expge(@(i, v)) S(KS).
For this, note that ¢t — k expg op(t, v)K is the unique geodesic tangent to w at
0 in K; thus,

expg op(t, w)K =k expgop(t, v)K .

Then the commutativity of the diagram

implies that
expge op(t, w) LY(KT) = u(k) expge(p(t, v) i (KT)

for all ¢t € R, and equation ([I)) is a consequence of the identity principle for holo-
morphic maps.

In order to simplify notation we now assume that the canonical immersion ¢ :
G — GC is injective, so that once we identify G with «(G) the curve 7(t) :=
expae(@(t, v))K is the unique geodesic tangent to v at 0 for all v € Tk M. In
what follows it is easy to check that all arguments apply to the case where ¢ is a
non-injective immersion.

Fix z € R, let g := expaec(@(z, v)), and note that

y g expae(p(y, g ' (2)))K

is the unique geodesic tangent to 7/(x) at 0. Therefore one has
g expae(@(y, 919 (2)) ) K = expge(p(a +y,v) K
for all y € R, and from the identity principle it follows that

(2) g expge(@( 2, g2 ' (2))) C(K®) = expge(p(z + 2, v) ) H(KC)
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forall v € Tk M and z € C. Now for h € G, v € TkM , let v, g be as above
and consider the unique geodesic 4 := h -+ tangent to h.(v) at 0. One has

)
P(y7'(2)) = P(hayy' (@) = h P(g.95 'y (2))
= hg expge (@i, yg: ' (x))) (K°)
= hg expge @iy, 9.1/ () ) (K
= h expge(p(a +iy, v)) “(K°),
where we used (2) and the fact that

expae(@( 2, yv) ) C(KC) = expge(@( 2y, v) ) 1L5(KC)

for all z € C, since this holds for all z € R. As a consequence, the map (x+1iy) —
P(y#'(x)) is holomorphic for all geodesics 4 of M, i.e., P is holomorphic on every
complex leaf of T'M.

Finally, the map P is G-equivariant by construction, and the G-action on
G®/1C(K®) induces a holomorphic G¢-action, which may be obtained through left
multiplication on G€. Thus it is obviously transitive, and this yields the statement.

d

Now let M be a naturally reductive homogeneous Riemannian space, and let
M = G/K be a natural realization of M, i.e., there exists a reductive decom-
position g = Lie(K) @ m of the Lie algebra of G such that every geodesic in
M is the orbit of a one-parameter subgroup of G generated by an element of m
(see, e.g., [BTV]). Consider the natural projection II : G — M and note that
DII.(m) = T M, where e is the neutral element of G. Denote by L : Ty M — m
the inverse of the restriction of DII, to m. Since L is linear, it extends C-linearly
from (TxM)® to m®, and the map ¢ : CxTxg M — g© defined by ¢(z,v) := zL(v)
is as in the above theorem. Therefore one has

Corollary 3.3. Let M = G/K be a natural realization of a naturally reductive
homogeneous Riemannian space, and assume that dimg G = dime GC. Then the
map

P:TM — G%/u(KF)
defined by
P(g«(v)) := 1(g) expge(iL(v)) o(K®)
forall g € G and v € Tk M meets the conditions of Proposition[3 1. In particular,

the connected component Qpr of {p € TM : DP, is not singular} containing M
is the maximal adapted complexification, and Plq,, is locally biholomorphic.

4. THE 3-DIMENSIONAL HEISENBERG GROUP

Here we apply results of the previous section in order to give a concrete descrip-
tion of the unique maximal adapted complexification for the 3-dimensional Heisen-
berg group. It turns out that such a domain is neither holomorphically separable
nor holomorphically convex. We also determine its envelope of holomorphy and a
particular maximal Stein subdomain. We remark that in all previous examples of
which we are aware maximal adapted complexifications are Stein.
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Consider the 3-dimensional Heisenberg group defined as a subgroup of GL3(R)
by

1 o ~v
H = 01 p s, B,y eER S
0 0 1

fix the inner product of the tangent space T.H in the neutral element e for which
the canonical basis determined by the global natural chart («, 3,7) is orthonormal,
and let (a,b,c) be coordinates of T, H with respect to this basis. Endow H with
the induced H-invariant metric

(da)? + (dB)* + (dy — o~ dB)?,
let h = Lie(H) and define ¢ : RxT.H — bh by

sin(tc) n 1 — cos(tc)
a

sin(te) bl — cos(tc) b
c c c c

(-5 (- 2)) ).

where the coordinates of h are induced by those of T.H via the natural iden-
tification h = T.H. Note that all singularities are removable, and consequently
¢ is real-analytic. Following [BTV| the theorem on p.31], one checks that ¢ —
expy op(t, (a,b,¢)) is the unique geodesic tangent to (a,b,¢) at 0. Further-
more, by expanding the power series it is easy to verify that ¢(-, (a,b,c)) extends
holomorphically on C to (T.H)®, and by considering the polar decomposition
H x b — HC of H® given by (g,£) — g expge(i€), one obtains real-analytic
functions (a,b,c) — h(ap.c) € H and (a,b,¢c) — Eqp,c) € b such that

o(t, (a,b,c)) = (a

Y

€xXppc Osa(ia (a,b,c)) = h(a,b,c) €xXpgc (ig(a,b,c))'
Define P: TH — HC® = H x k) by

= (a’ b7 C) = g eXppgc O‘)O(iv (aa bv C)) = (gh(a,b,c) ) E(a,b,c) ) .

Then Theorem B.2 implies that the connected component Qp containing H of
{DP not singular} is the maximal adapted complexification. Note that since P
is H-equivariant, Qg is H-invariant. Moreover, T, H is a global slice for the H-
action on TH , i.e., the map H x T.H — TH given by (g, (a,b,¢)) — g.(a,b,c) is
an H-equivariant real-analytic diffeomorphism; thus, Qg is completely determined
by its slice Qg NT.H.

Furthermore, since H acts freely on the first component of H x b, then the
H-equivariance of P implies that DP, (44 .) has maximal rank if and only if
DP((L;,,C) has maximal rank, where P := pyo Plr,g:T.H — b is given by

P(a,b,c) = &ap,c)

Here ps : H xh — b is the canonical projection. It follows that Qg = H - O,
where Oy is the connected component of {det(DP) # 0} containing 0 in T.H .
Now a straightforward computation shows that

det(DPrns ) = sinh(c) (mcl(c) ) (sinh(C) —c cosh(d)),

c c3
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and therefore

2 .
¢* sinh(c)
Op =1 (a,bc) e T.H : a®>+1% < - .
0 {( bo) € T ¢ cosh(c) — sinh(c)
We want to discuss injectivity of Plq, : Qg — H® = H x b, and again this is
equivalent to injectivity of P|o, .
Note that P is equivariant with respect to rotations around the c-axis as well
as to the reflection o with respect to the plane {¢=0}. In particular, for any

(a,b,c) € {1 +2 21—36 (¢ —sinh(c) cosh(c)) = 0} ,

one has P(a,b,c) = P(a,b,—c) = (a Sin—g(c), b Sin—g(c), 0) . Therefore we are induced
to investigate the domain

2¢3
:: T.H : a2 + b '
O, { (aa b, C) € a”+b" < sinh(c) cosh(c) — ¢ }

Lemma 4.1. The domain O1 is the mazximal o -invariant subdomain of Og con-
taining 0 on which P is injective. In particular, Plo, is not injective.

Proof. Let f; be the real function defining
O; = {(a,b,c) e T.H : a®>+b* < fi(c)}
for j =0,1. First we want to show that O; is a subdomain of Og, i.e.,
fi(e) < fole)
for all ¢ € R, which is equivalent to

sinh(c) n sinh?(c)

2 cosh(c) <
cosh(c) < - =

cosh(c).
Expanding in power series, one obtains

1
) 24 A
+ 5t +

1, 1, 5, (5 1 .

< <1+66 + 1206 +) + (1+66 + <6+24+---)c +)
All coefficients are non-negative, and one easily checks that for k > 2 the coefficient
of ¢?* in the last series on the right side is strictly greater than that in the series on
the left; hence O; C Op. Moreover, 001N90y = { (a,b,0) € T.H : a*+b> =3},
and thus O; is a proper subdomain of Oy.

Furthermore, by the previous remarks, any o-invariant domain containing 0 on
which P is injective is necessarily contained in O .

Assume that there exist (a’,b',c'), (a”,b",¢") € O1 such that P(a’,b’,c’) =
P(a”,b”,c”) =: (A,B,C). If C =0, then ¢ = ¢ =0, and consequently o' =
a’=A and b=10b" = B. If C # 0, by eventually acting with ¢ and a rotation
around the c-axis we may assume that a,A >0, b= B =0 and ¢ > 0. Now one

has
,sinh/(c') _ a,,sinh(c") 4

C,/

C
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Therefore (a’,0,¢’) and (a”,0,c”) lie on the same level curve pyg : R — T H given

by
palt) = (Am,o,t)

One has the following assertion. .
Claim: Let A >0 and to € RZ° be such that pa(tg) € Og. Then pa(t) € Og
for all t > tg.

Proof of the claim. One needs to show that Azﬁ < fo(t) for all ¢ > t; that

is,

sin}t122 (t) folt).

By expanding in power series as above one has the estimate

2t cosh?(t) — 3 cosh(t) sinh(t) + ¢ > 0

(3) A% <

for all ¢ > 0, which by a straightforward computation implies that the derivative
of the function on the right-hand side of (B]) is positive for all ¢ > 0, proving the
claim. 0

Now let tp := min(c/,¢”) and note that since O; C Op, as a consequence of
the above claim there exists € > 0 such that pa(t) € Op for t > tg —e. In
particular, (a’,0,¢') and (a”,0,c”) lie in the same connected real one-dimensional
submanifold N := pa(ty —¢,00) of Op, and P|y: N — {(A4,0,-) € T.H} = R

is locally diffeomorphic. Then a classical argument implies that P|y is injective;
thus (a’,0,¢) = (a”,0,c”), as wished. O

We also want to determine the image of P|g,, in H®. Note that P(Qp) is H-
invariant, and the polar decomposition implies that expgc(ig) is a global slice for
the H-action on H®. Then this can be achieved by describing exp e (iP(Op)) =
(1) N expyye (ig)

Lemma 4.2. P(Oy) = h\{(4,B,C)eh : A2+ B>=3, C =0}.
Proof. Let (a,0,c¢) € {a®> = fi(c)} C 01 with ¢ > 0. From the proof of Lemma
HT it follows that (a,0,c¢) € Oy . Since P(a,0,¢) = (a%,0,0) and

VEG=VE and  lim VA T o

it follows that (A,0,0) € P(Op) for all A > \/3
For A > /3 let (a,0,c) € Oy be such that P(a,0,¢) = (A,0,0). By the claim
in Lemma [£T]one has pa(t) € Oy for all ¢ > c. Moreover, one sees that

(4) P(pa(t)) = (4,0,C4(t)) with tlirgo Ca(t) =00.

Then by o-invariance of Oy and o-equivariance of P it follows that (A4,0,C) €
P(Op) for all C € R and A > /3.

Now note that p(a,0,0) = (a,0,0) and fo(0) = 3; thus (4,0,0) € 15(00) for
all A < /3, and, arguing as above, it follows that (A4,0,C) € P(Qy) for all C € R
and A < /3.
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2
— border of O,

- - border of O,
----- level curve Py

FIGURE 1.

Finally, p,5(0) € 00¢. Thus p z(t) € Op for all t > 0. It follows that
t— Is(p\/g(t)) is injective for ¢ > 0, and since

lim C z(t)=0 and lim C z(t) = oo,

t—0+ t—o0

one has (v/3,0,C) € P(Oyp) if and only if C # 0.
The statement follows from the invariance of Oy and the equivariance of P with
respect to the group of rotations around the c-axis. O

In Figure [ one sees the boundary of Og and O; defined by fo and f; respec-
tively as well as the level curve py in the upper half-plane {b =0, a > 0} of T. H.
Since Og and O; are invariant with respect to rotations around the c-axis, this
completely determines their shape and, by H-equivariance, that of Q.

Proposition 4.3. The mazimal domain Qg is neither holomorphically separable,
nor holomorphically convexr. Its envelope of holomorphy is biholomorphic to C3.
The mazimal o-invariant Stein subdomain of Qg is biholomorphic to { (21, 22, 23)
€C?® : (Imz)? + (Imz)? < 3}.

Proof. Note that the elements of H with integer entries determine a discrete co-
compact subgroup I' of H, and from [GH] it follows that H/I" is Stein (in fact
it is easy to check that HC/T' is biholomorphic to (C*)?). Then the proposition
on p. 543 of [CIT] applies to show that any holomorphically separable Riemann
H-domain over H is univalent. Moreover, Lemma@limplies that P|q, : Qg —
HC is not injective. Therefore Qz is not holomorphically separable.

By a result of Loeb ([Ll, the theorem on p. 186]), a Stein H-invariant domain
U of H® is “geodesically” convex, i.e., it is convex with respect to all curves of
the form t +— g expyc(it€) with ¢ € U and & € h. Since H® admits polar
decomposition and U is H-invariant, it is enough to consider curves of the form
expyc (in) expye (it€) with expyc(in) € U and € € h. Furthermore, for a two-step
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nilpotent Lie group, one has
. . . ) t
xD e (in) expye (i1€) = exppge(in + it ~ 5[,

— expye(— g[n,g]) expe(i(n + 1€)),

and, using H-invariance one more time, we conclude that if U = H - expyc(iD),
with D a domain in b, is Stein, then D is convex in the usual affine sense.

Since P(Qp) = H - expye(iP(0p)) and, as a consequence of Lemma B2 the
domain P(Oy) is not convex, it follows that P(€) is not Stein. Now HE is Stein
and Plq, is locally biholomorphic. Therefore by [R] there exists a commutative
diagram

QH%E\)H

X F
H(C
where 1y is the envelope of holomorphy of Q. Moreover, H acts on g and
all maps are H-equivariant. Furthermore, P is injective by the proposition on
p. 543 of [CIT], and if Qp is holomorphically convex, then j is surjective, and
consequently 2z is biholomorphic to P(€y), giving a contradiction. Hence Qg
is not holomorphically convex.

Notice that Qp 2 P(Qp) contains P(Q) = H-expye(iP(Op)) and the convex
envelope of P (Op) is b; thus, by the above arguments, the envelope of holomorphy
) is biholomorphic to HE = C3.

Finally, the maximal convex o-invariant subdomain of P(Op) is { (4, B,C) €
h : A2+ B2 < 3} = P(Oy), where Oy := {(a,b,c) € b : a®> +b* < Sﬁ}
One checks that Oy C Oq ; thus p|02 is injective and H - Oy is biholomorphic to
H - expye(iP(03)) . Moreover, one has

expyc( (A, B',C")+i(A, B,C))
=expy (A, B',C") expyc(i(A, B, C — 1{(A'B— AB'))).
It follows that
expt(H - expye(iP(02)) = { (Im21)* + (Im 2) < 3},
where (21,29, 23) = (A’ +iA, B’ +iB,C’ +iC) are natural complex coordinates of
h® = C3, and this yields the statement. O

Remark. Since P is injective on (7, the H-invariant domain defined by O; is
holomorphically separable. As a matter of fact, one may show that ]5(01) =
b\ {(A,B,C) e : A%+ B? >3, C = 0}, and analogous arguments as above
show that such an H-invariant domain is not holomorphically convex.

5. GENERALIZED HEISENBERG GROUPS

Here we apply results of the previous section to generalized Heisenberg groups,
exhibiting additional examples of non-Stein maximal domains of existence for the
adapted complex structure. We refer to [BTV] for the basic properties of generalized
Heisenberg groups.
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Let G be a generalized Heisenberg group with Lie algebra g. Consider its
abelian subalgebra 3 := [g,g] and the subspace v orthogonal to 3 with respect
to the G-invariant metric (-,-) of G. Then for all V+Y € v @3 = g =
T.G, the unique geodesic tangent to V +Y at 0 can be explicitly given by ¢ —
expg opa(t,V +Y) for a certain real-analytic map ¢¢ : R x T.G — g (see [BTV]
the theorem on p. 31]).

A straightforward computation shows that ¢g extends holomorphically on C x
T.G to g®, and arguments analogous to the previous section imply that Qg :=
G-O¢g C TG is the maximal adapted complexification, where Og is the connected
component of

{V+Y eT.G : det(DPg)viy #0}
containing 0, and Pg : T.G — g is given by

V+Y = I(Y)V + (1+|VPm(]Y]))Y .

Here | - | denotes the norm induced by (-, -), and the real-analytic functions
I,m:R — R are defined by
__ sinh(t) __ t—sinh(t) cosh(t)
I(t) == PR m(t) := 573

Now for V4+Y evod3=T.G with Y #0 and U+ X € Ty yT.G = T.G, one
has

(DP)y v (U + X) = 5 Po((V +4U) + (¥ + X))y
iy X

+ (20 0pm(r) + P v S ) v

V + (YU

+ 1+ [VPm(Y])X.

Note that the equation is written according to the splitting v @3, and since {(|Y])
never vanishes, the v-part vanishes if and only if
Y. X)U(lY
b Xy,
YYD

It follows that the central 3-part also vanishes if and only if

(e Em(yIx = e S (230 mav - wy)) v

In particular, Y and X have to be proportional. Since both sides are homogeneous
of degree 1 in X, then (Dy)|(v4y) is singular if and only if

B VPR = VR Y] (2T mv) - m(v)).

An analogous computation shows that (DPg)y,y has maximal rank if ¥ = 0;
thus equation (B) describes the singular locus of DPg . Tt is remarkable that this
identity is independent of the fine structure of the generalized Heisenberg group,
e.g., of its dimension or the dimension of its center. In particular, if H is the
3-dimensional Heisenberg group considered in the previous section, equation (&)
determines the boundary of Oy = Qy NT.H . Using this fact, we are now going
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to show that for a generalized Heisenberg group G there exist many copies of Qg
embedded as closed submanifolds in Qg .

Let G be a generalized Heisenberg group and choose non-zero elements Vi € v
and Y € 3. Then there exists an element V, € v such that the closed subgroup
expg(span{V, V2, Y}) is a totally geodesically embedded 3-dimensional Heisenberg
group (see [BTV] p. 30]). Denote by I : H — G such an embedding, and note
that since expge : g¢ — G is a biholomorphism, I extends to a holomorphic
embedding I€ : H® — G© of the universal complexification of H into the universal
complexification of G such that the diagram

C
hC DI e

JEX"HC lexpca
IC

HE¢ ——G°
commutes. Now [ : H — G is totally geodesic; thus, ¢+ I oexpyopn(t,v) is
the unique geodesic of G tangent to DI(v) at 0 for all v € . Then
Toexpyopn(t,v) = expgopa(t, DI(v)),
and by the identity principle,
(6) I€ 0 exp e 0 (2,v) = expge opg(z, DI(v))
for all z € C, since this holds for all z € R. The commutativity of the diagram

(7) TH 2L 160

T

H(CI—)G(C

follows. For this, note that, since I is a group homomorphism, then DI : TH —
TG is H-equivariant, i.e., DI(g.w) = I(g).DI(w) for all g € H and w € TH.
In particular,

P o DI(g«v) = Pa(1(g)«DI(v)) = I(g) expge opa (i, DI(v))
for all g€ H and v € T.H . On the other hand, using equation (@), one obtains

I€ 0 Py (gev) = I%(g expye 0pm (i,0) ) = 1%(g) I°(expye opn (i, v))
= I(g9) expge opa (i, DI(v)),
showing that the above diagram is commutative.
From the equivariance of DI it follows that DI(Qy) = DI(H -Og) = I(H) -
DI(Og). Since DI is isometric and the boundary of Oy is defined by equation
(B), which also describes the singular locus of Pg, one has

DI(Og) C Og Nspan{Vi, Vs, Y}, DI(00g) C 90¢.

Thus DI(Qy) 2 I(H) x DI(Og) is closed in Q¢ 2 G % O¢ .

Furthermore, DI is injective and Pp, Pg are locally biholomorphic where the
adapted complex structure is defined (cf. TheoremB2). Thus diagram (@) shows
that DI(Qp) = Qp is a closed complex submanifold of Q¢ . Finally, by Proposi-
tion B3], the domain g is neither holomorphically separable, nor holomorphically
convex. Thus one has
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Proposition 5.1. Let G be a generalized Heisenberg group. Then the mazimal
adapted complezification Qg is neither holomorphically separable, nor holomorphi-
cally convex.
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