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A LOCAL CHARACTERIZATION
OF SIMPLY-LACED CRYSTALS

JOHN R. STEMBRIDGE

ABSTRACT. We provide a simple list of axioms that characterize the crystal
graphs of integrable highest weight modules for simply-laced quantum Kac-
Moody algebras.

0. INTRODUCTION

Following Kashiwara [K2|, a crystal is an edge-colored directed graph satisfying
a simple set of axioms. Every (integrable highest weight) representation of a sym-
metrizable quantum Kac-Moody algebra has a crystal associated to it that encodes
important combinatorial data. For example, knowing the crystal of a representa-
tion allows one to immediately deduce tensor product and branching rules involving
that representation. There are a number of explicit constructions known for the
crystals of representations of particular quantum algebras; e.g., [KN|, [L3]. In the
cases of finite type (i.e., quantum enveloping algebras of semisimple Lie algebras), it
is also possible to give explicit descriptions of crystals in terms of the integer points
of a convex polytope [BZ], [L4]. In the general case, Littelmann’s Path Model [L1],
[C2] provides an algorithm to generate the crystal of any representation.

On the other hand, the crystals of representations form a very special subclass
of the set of all crystals, and it has been an open problem to find a simple set of
local axioms that characterize them. In other words, can one determine from local
structural conditions whether a crystal graph is the crystal of a representation?
In this paper, we give an affirmative solution in the simply-laced cases; i.e., for
quantum Kac-Moody algebras with a Cartan matrix whose off-diagonal entries are
0 or —1. These simply-laced crystals are arguably the most important, since all
highest weight crystals of finite or affine type—the ones of widest interest—are
either simply-laced or may be obtained from such crystals by a standard technique
of “folding” by diagram automorphisms.

Among the properties we use to characterize these crystals, (P1)—(P3) are equiv-
alent to the defining axioms for a general crystal (aside from the fact that we have
not explicitly required the assignment of weight vectors to the vertices). The key
additional axioms are two relations (P5)-(P6) and their duals (P5")-(P6’) that
may be viewed as combinatorial analogues of the Serre relations. Roughly speak-
ing, they require that for each (distinct) pair of raising operators E; and E;, one
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of the relations
EiE;(x) = EjE(x) or E,E;Ei(x)=E;E}Ej(x)

holds whenever E;(z) and Ej(z) are defined, and furthermore, one may use data
localized at = to determine which of these two relations must hold. The analogous
dual relations involve the lowering operators F; and Fj}.

We have used relations very similar to these in Section 6 of [St], although the
context there is limited to the crystals for the cases of finite type, and we did not
attempt to formulate the relations in a way that uniquely characterized the crystals.
It is also interesting to note that these relations are similar to some relations due
to Kashiwara (see Section 7.3 of [K1]); for example, if ¢ and j index a subsystem of
type As, then

E}ESTE) (x) = EXE{ TP ES(x)  (a,b > 0)

whenever both sides are defined. Relations such as these are not equivalent to
our axioms, since they do not tell us a priori whether the expressions are defined.
Another distinction is that the properties we describe in (P5)—(P6) are valid even in
the non-simply-laced cases, and do not depend on the entries of the Cartan matrix.
In fact, the Cartan matrix appears only once among the axioms, in (P3).

The paper is organized as follows. In Section 1 we present the axioms, and
prove that they admit at most one model (up to isomorphism) for each choice of
highest weight. We also describe a simple algorithm for generating these models
(see Remark 1.5). In Section 2, we prove that Littelmann’s path operators generate
graphs that satisfy the axioms; since the Path Model is known to produce the crystal
graphs of irreducible highest weight representations, this allows us to conclude in
Section 3 that our axioms characterize the crystals of highest weight modules in
the simply-laced case (Theorem 3.3). Also in Section 3, we discuss some of the
obstacles that need to be overcome in order to generalize our results beyond the
simply-laced case.

We remark that by Proposition 2.4.4 of [KMN], it is known that a crystal with
a unique maximal vertex is the crystal of a highest weight representation if and
only if it decomposes as a disjoint union of such crystals relative to the rank 2
subalgebras corresponding to each pair of edge colors. Thus, an alternative (and
shorter) approach to our main result would be to prove that the claimed relations
hold for crystals of type A; and A; x A;. Moreover, this is the essential content of
Lemmas 6.5 and 6.6 in [St]. However, it should be emphasized that what we prove
here using the Path Model goes beyond the simply-laced case. Indeed, we prove
that the relations hold in all cases, simply-laced or not. The key difference is that
only in the simply-laced cases are these relations strong enough to provide a unique
characterization.

1. A-REGULAR POSETS

Let I be a finite index set and A = [ai;]; jer the Cartan matrix of a simply-laced
Kac-Moody algebra; i.e., a matrix for which a;; = 2 and a;; = a;; € {0, —1} for all
i 7.

We seek to associate to A a class of (possibly infinite) edge-colored directed
graphs that we call A-reqular. By “edge-colored,” we mean that each edge has been
assigned a label from the index set I. Given such a graph X, our first requirements
for A-regularity follow.
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(P1) All monochromatic directed paths in X have finite length. In particular,
X has no monochromatic circuits.
(P2) For every vertex x and every ¢ € I, there is at most one edge = «— y with
color i, and dually, at most one edge x — z with color i.
We define y = E;(z) if there is an i-colored edge © «— y, and dually z = F;(z) if
there is an i-colored edge x — z. In this way, F; and F; form an inverse pair of
(partial) operators on X. Note that F; follows the orientation of X, whereas F;
follows the orientation of the reversed graph X*.
We define the i-string through x to be the (finite, by (P1)) maximal path of the
form

FiY2) = = F Y(x) w2 — F(2) » - — F/(z)  (r,d>0).
The i-rise and i-depth of x are defined to be e(x,7) := r and d(x,7) := —d, respec-
tively. Thus, F;(z) is defined if and only if e(x,¢) > 0, and E;(z) is defined if and
only if 6(z,4) < 0.
In order to measure the effect of the operators F; and F; on the j-depth and
j-rise of each vertex, let us define difference operators A; so that
Azé(xa]) = 6(E’Lx;j) - 6(x7])7 A,LE(QJ,]) = €(Ei$,j) - E(xvj)
whenever E;z is defined (i.e., §(x,7) < 0), and dually
Vz(S(a:, .7) = 5(£7 ]) - (5(}’—;.2?7 ])7 vi£(£7 ]) = E(l‘,j) - E(Ex7 ])
whenever F;z is defined (i.e., (z,7) > 0). Note that in the reversed graph X*, the
roles of F;, €, §, Ase and A;d are interchanged with F;, —d, —e, V,;6, and Ve.
Now fix € X and a distinct pair ¢,j € I. Assuming FE;z is defined, we require
(P'?)) A'L(S(xa]) + AiE(CIJ,j) = Qij, and
Note that (P3) is valid even for ¢ = j, since it is clear from the definition that the
i-depth and i-rise both increase by 1 in passing from z to E;x.
We remark that since a,;; € {0, —1}, (P3) and (P4) allow for only three possibil-
ities:
(aij7 Azé(x7])7 AiE(l‘,j)) = (07 0; 0)7 (_15 _15 0)7 or (_1707 _1)

These are illustrated in Figure 1.

o

o o /
[e] [e]

(a) aij =0 (b) aij; = Aid(z,5) = -1 (c) aij = Aje(z,j) = -1

FIGURE 1. The effect of E; on j-strings (i = thick, j = thin).
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FIGURE 2. Axioms (P5) and (P6).

> (6

FIGURE 3. A-regular graphs for the Cartan matrix A = [ 2 ~1].

Now assuming that F;z and E;x are both defined, we require that:
(P5) Aid(x,j) = 0 implies E;Ejx = E;jE;x and V,e(y,i) = 0, where y =
EiEjJ? = EjEzl‘
(P6) Aid(x,j) = Ajé(x,i) = —1 implies EiEszix = E;E?E;x and V;e(y, j) =
Vje(y,i) = —1, where y = E;E} Ex = E; E} Ejx.
These axioms are illustrated in Figure 2. (In the figures, a label below an i-colored
edge © «— y indicates the value of A;d(z, j); a label above indicates V;e(y, 5).)

We remark that 6(E;z,j) < d(x,5) < 0 by (P4) (and similarly with ¢ and j
interchanged); so the expressions E; E;x and E; E;jx appearing in (P5) are defined.
On the other hand, while it is easy to show that the hypothesis of (P6) forces EJQEza:
and E?ij to be defined, it is not obvious that the same is true for EzEJQsz and
E;E?E;z; so this should be considered implicit in (P6).

Dually, when F;x and Fjx are defined, we also require that:

(P5’) Vie(z,j) = 0implies F; Fjo = F;Fyx and Aj§(y, i) = 0, where y = F; Fjz =
FjFiiL'.

(P6') Vie(z,j) = Vje(x,i) = —1 implies F;F} Fx = F;FFjz and Aid(y,j) =
A;d(y,1) = —1, where y = FiFjQFix = F;F?Fja.

Definition 1.1. Let A be a simply-laced Cartan matrix. An edge-colored directed
graph is A-regular if it satisfies (P1)—(P6) and (P5')—(P6’).

Some examples of A-regular directed graphs appear in Figure 3.
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It is easy to see that X is A-regular if and only if every (weak) connected com-
ponent of X is A-regular, so there is no harm in restricting our attention to the
connected case.

A vertex z € X is mazimal if there are no edges x «— y; i.e., §(x,i) = 0 for all
1€l

Proposition 1.2. A connected A-regular directed graph has a mazimal vertex if
and only if it is the Hasse diagram of a ranked poset with a maximum element.

Proof. Given an A-regular graph X with a maximal vertex g, define z < y if there
is a directed path from y to x. If there is a pair x < y in X such that x < xg and
y L g, then among all such pairs, choose one that minimizes the length of a directed
path from z¢ to z. Clearly, x # x¢, so we have z « E;x < z¢ and E;z < y for some
(distinct) pair ¢, j € I. Since (P3) and (P4) imply A;0(z, j), A;6(x,4) € {0,—1}, we
may apply either (P5) or (P6) (possibly with ¢ and j interchanged). In either case,
we infer the existence of a vertex z such that F;z < z and y < z € xg, contradicting
our choice of . Thus the set of elements < xq is closed with respect to the action
of both F; and F;. Given that X is connected, it follows that x < x¢ for all z.
For each z € X, we claim that the number of edges in a directed path from xg
to  does not depend on the choice of path. (Hence the graph is acyclic, and the
relation “<” is a ranked partial ordering.) Proceeding by induction, suppose that [
is the minimum length of a directed path from x( to x; we seek to show that every
directed path from zy to E;x has length [ — 1 for all ¢ such that E;x is defined.
There is at least one path of length I — 1 from xy to some E;x, whence all paths
from z to Ejx have length I — 1 by the induction hypothesis. For ¢ # j, we may
again use (P5) or (P6) to infer the existence of an element y = E;E;x = E; E;x or
y= ElEJQsz = EjEijx. Thus any directed path from xg to y can reach F;x or
Ejz in the same number of steps; so by the induction hypothesis, every directed
path from xy to E;z has length [ — 1 and the claim follows. O

Remark 1.3. (a) The relations EzE] = EjEz in (P5) and EzEJQEz = E]EEEJ in (P6)
are finely homogeneous, so the above reasoning may be used to show that every
connected A-regular directed graph with a maximal vertex has a Z’-grading; i.e.,
the number of i-colored edges in a directed path from y to x is path-independent.

(b) An A-regular graph need not be acyclic. The simplest example is a 3-cycle
with one edge of each color, where A is the 3 x 3 Cartan matrix with a;; = —1 for
all distinct ¢, j.

(c) If the Cartan matrix A has an inverse B = [b;;], then every A-regular graph
has a Z!-grading (and is therefore acyclic). Indeed, if we define

pla,§) = bi(0(w, i) +e(x,4)),
iel
then (P3) implies u(E;z, j) — p(x, j) = 6;5, and hence the number of i-colored edges
in every directed path from y to = is u(y,?) — u(x, ).
By an A-regular poset, we mean a (locally finite) partial ordering, together with
an A-regular coloring of its covering edges.

Proposition 1.4. If P and P’ are A-regular posets with mazimum elements x
and x', then P and P’ are isomorphic (as edge-colored digraphs) if and only if
e(x,1) = e(a’,4) for all i € I. Moreover, the isomorphism is unique.
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Proof. By Proposition 1.2, we know that P and P’ must be ranked. Proceeding
by induction, assume that we have established the existence of a unique color-
preserving isomorphism between the portions of P and P’ above a given rank. We
also assume (as part of the induction hypothesis) that this isomorphism preserves e,
even though the rise of an element may depend on parts of P or P’ below the rank
in question. Given that e(x,i) = e(a’,) for all ¢ € I, one may start the induction
with the assignment = — z’.

Now consider an element y € P and corresponding element 3’ € P’ such that the
ranks of y and 4’ are at the lowest level where the current isomorphism is defined.
If Fiy exists, then £(y’,i) = (y,4) > 0, and hence F;y’ also exists. Therefore,
to extend the isomorphism to the next rank, we are forced to assign Fyy — F;y/'.
The main task then is to show that these new assignments are consistent; i.e., that
Fyy1 = Fjy implies Fiy; = Fjy5. This property and its converse (which follows by
reasons of symmetry) allow us to conclude that the isomorphism extends uniquely
to the next rank.

Thus let us suppose z = Fyy1 = Fjy2, where ¢,j € I are distinct and z € P
is an element of the next rank. If A;d(z,j) = A;d(z,4) = —1, one may use (P6)
to infer the existence of an element y € P such that y = E;E?E;z = E;E]Ejz
and Vie(y,j) = V,e(y,i) = —1. By the induction hypothesis, it follows that
Vie(y',j) = Vje(y',i) = —1 in P’, and hence Fjy] = FiFfFiy’ = FF?Fy = Fiy)
by (P6').

Since (P3) and (P4) imply that A;d(z,7) and A;d(z,i) are both 0 or —1, the
remaining possibility is that A;d(z,5) = 0 or A;d(z,4) = 0. Interchanging i and j
if necessary, let us assume the former. This given, (P5) implies the existence of an
element y € P such that y = E;Ejz = E;E;z and Vje(y, i) = 0. By the induction
hypothesis, it follows that V;e(y’,7) = 0, and therefore F;y; = F;F;y’ = F;Fiy' =
Fjy, by (P5).

To complete the induction, it remains to be shown that this extension of the
isomorphism still preserves €. Given a corresponding pair of elements z, 2’ at the
new rank, there must be an index ¢ € I for which F;z (and hence also E;z’) is
defined. By the induction hypothesis, it follows that e(z,i) = e(E;z,i) — 1 =
e(F;z',i) — 1 = e(2,i). For the remaining indices j # i, note that the values of
§(z,7), 6(E;z, j) and e(F;z, j) must match the corresponding values for 2/, the last
of these via the induction hypothesis and the first two via the fact that j-depths
depend only on the structure of P or P’ above the rank in question. However, (P3)
shows that e(z, j) is a function of these three quantities, and hence is preserved by
the isomorphism. (I

Remark 1.5. Given a nonnegative integer I-tuple, say p = (p; : @ € I), the above
result shows that there is at most one A-regular poset P(u) with a maximum
element xg such that e(zg,7) = p; for i € I. Moreover, a careful examination of the
proof shows that if we assume the existence of P(u), it can be constructed via the
following algorithm.

The initial datum consists of the rise vector of the maximum element xzo. We
then iteratively use the edges and rise vectors involving elements at or above a given
rank r to determine the corresponding data for the next lower rank:

A. For each pair (x,¢) such that x has rank r and e(x,7) > 0, create an element
y and an i-colored edge z — y (i.e., set y = Fix).
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B. For each new pair of created elements, say y = Fyz and 3y’ = F;z/, identify y

and gy’ if there is an element z such that
(i) z = Ejz = E;x’ and V;e(z,4) =0, or
(i) z = EBiEjx = E;Ela’ and Vie(z,j) = Vje(z,i) = —1.

C. For each new element y = F;z, determine the corresponding rise vector ac-
cording to the rule e(y, j) = e(z, j) + d(x,j) — d(y, j) — a;; for all j € I.

Certainly the above algorithm describes a method for constructing an edge-
colored directed graph, but it is not at all obvious that the result is always A-regular.
(Nor is it obvious that rule C produces well-defined “rise vectors” for each element
that agree with the lengths of descending monochromatic paths.) Nevertheless, we
will see that A-regular posets P(u) exist for every choice of p, so this algorithm is
necessarily valid.

The reader may find it instructive at this point to use the algorithm to reproduce
the examples in Figure 3, starting only with the rise vectors of the maximum
elements; namely, u = (0,1),(2,0), (1,1) and (1,2), respectively.

2. A-INTEGRABLE SETS

In this section, we discard the simply-laced hypothesis and allow A to be any
generalized Cartan matrix. That is, we assume only that a; = 2, a;; € Z<0 (for
i # j), and a;; = 0 implies a;; = 0. Certainly the axioms (P1)—(P6) and (P5')-
(P6’) are meaningful in this more general context; however, the consequences of the
axioms we derived in Section 1, such as the uniqueness result of Proposition 1.4,
do require the simply-laced hypothesis.

Our goal here is to show that Littelmann’s path operators produce A-regular
posets. Unlike [L1], [L2], we are not assuming that A is symmetrizableE so we need
to take extra care in formulating the definitions.

Let CT denote the space of all continuous maps z : [0,1] — R! with z(0) = 0,
where R! denotes an |I|-dimensional real vector space. For all such x, we define

§(x,4) := 2oin, xi(t), e(x,i):= e, i (1) —x;(t) (i€,

where z;(t) denotes the i-th coordinate of x at time t. Note that d(z,i) < 0,
e(x,i) > 0 and e(z,4) +0(x,7) = z;(1). Eventually we will relate these quantities to
the depth and rise of objects in an edge-colored directed graph, but in this general
context, d(x,7) and (z,4) need not even be integer-valued.

For each subinterval [b, ¢] of [0, 1] and each index i € I, let us define a “reflection”
operator S; = S;(b,c) on C! by setting

(Siz);(t) = § ;(t) — ag(zi(t) —zi(b)) bt <o,
zj(t) — aij(zi(c) —x; (b)) He<<t<1
These operators are closely related to the simple reflections {s; : i € I'} that generate

the Weyl group associated to A; these are the linear operators on R! defined by
the rule

(siu); = uj —aju; (u € RY).

L\ generalized Cartan matrix A is symmetrizable if there is a (nonsingular) diagonal matrix
D such that DA is symmetric. Simply-laced Cartan matrices are clearly symmetrizable.
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It is well known and easy to deduce from this rule that the s;’s obey the Coxeter
relations
(Sisj)mij = ]-a

where m;; = 1 and (for i # j) m;; = 2,3, 4 or 6, according to whether a;;a;;, = 0,1,2
or 3. (If a;jaj; > 4, there is no relation of the form (s;5;)™ =1.)
Proposition 2.1. The operators {S;(b,c) : i € I} satisfy the Coxeter relations.
Proof. Tt is straightforward to check that
(21) Sz(ov b)Sz(Oa C) = Sz(oa C)Si(oa b) = Si(ba C)v
so we may reduce to the case b = 0. Setting S; = S;(0,¢), we have

(Siz);(t) = z;(t) — aijzi(t) = (siz(t); (if ¢ <c),
so the Coxeter relations certainly hold for ¢ in this range. On the other hand, an
easy induction shows that for each Weyl group element w = s;,---s;, and all ¢ > ¢,
we have

(i Siyw);(t) = 5(t) — x;(c) + (wxz(c));,

so every relation satisfied by {s; : i € I'} is also satisfied by the operators {S; : i €
I}. O

If we adopt the convention that S;(b,c) := S;(c,b) for b > ¢, then (2.1) is still
valid in this more general sense, and

(2.2) Si (Cl, b)Sz (b, C) = Si (0, a)Sz (0, b)QSz (0, C) = Si (Cl, C),
regardless of the relative order of a, b, c. Another useful relation is
(2.3) Si(b,C)Sj(bl,CI) = Sj(bl,C/)Si(b, C),

provided that the subintervals [b, ¢] and [b, ¢/] have disjoint interiors. We leave the
proof as an exercise.
We now define (partial) operators E; and F; on C! by setting

Eix = S;i(b,c)x  if 6(x,4i) < —1,
Fx = S;(b,)x if e(z,i) > 1,

where
c=min{t € [0,1] : ;(t) = d(x,9)},
b=max{t € [0,c] : z;(t) = 0(x,4) +
b = max{t € [0,1] : ;
d =min{t € V,1]: 2,

We call [b, c] and [V, ¢] the active regions for the actions of F; and F; on x, respec-
tively.

In general, these operators need not be inverses of each other. On the other
hand, there is a duality between E; and F; provided by the involution z — x* on
C! defined by

¥ (t) == x(1 —t) —x(1).
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This involution interchanges (,¢) with (—e,—0d), and intertwines E; and F; i.e.,
Definition 2.2. A subset X of C! is A-integrable if for all i € I,

(i) 6(x,i) € Z and e(z,i) € Z for all x € X, and

(ii) X is closed under the action of E; and F;.

The existence of (nontrivial) A-integrable sets is not obvious. Indeed, the oper-
ators E; and F; need not preserve the integrality of § and €, so there need not exist
an A-integrable set containing a particular continuous map z, even if it satisfies (i).

Note that the dual X* of an A-integrable set X is also A-integrable, so any

property of (say) the operators F; valid for all A-integrable sets is also a property
of the F}’s.

Lemma 2.3. Let X be an A-integrable set, and assume x € X is in the domain of

E;.
(a) Ifi##j, then x;(t) > (Eix);(t) = z;(t) + a;; for all t.
(b) If[b,c] is the active region for E; on x, then x;(t) > §(x,i)+1 for all t <b.
(c) We have A;jo(x,i) = Aje(x,i) = 1. In particular, §(E;x,i) = §(x, 1) + 1.
(d) E; and F; are inverses on X.

Proof. (a) Letting [b, c| denote the active region for E; on x, we have

x;(t) if0<t<h,
@4)  (Ba)(®) = { ;1) — ag(wi(t) - (6(zi) + 1) ifb<t<e
(1) + ai; ife<t<1.

Now use the fact that a;; <0 and 6(z,7) < x;(t) < d(z,i) +1forb<t <ec.
(b) Bearing in mind that (2.4) is valid even for i = j, we have

(Eix)i(t) = 6(x,i) + 2 ift>c
(2.5) (Eix);(t) = 2(0(x, i) + 1) —a3(t) = 0(z,i) +1 ifb<t < e,

and equality occurs in the second case at t = b. Hence, (E;x);(t) achieves its
minimum at some point ¢ < b. Now since (E;z);(t) = =z;(t) for t < b, if there
were some ¢t < b for which z;(t) < d(x,7) + 1, then 6(E;z,4) would be an integer
< 0(z,4)+1, hence < §(x, ), contradicting the fact that z;(t) > d(x, ) for all t < c.

(c) The above reasoning shows that the minimum of (F;x);(t) is achieved at t = b,
where we have (F;z)(b) = §(x,i) + 1. Hence, §(F;x,i) = 0(z,i) + 1, Aj6(x, i) = 1,
and e(F;x,i) = (Ejx);(1) — §(Eiz,i) = (2;(1) +2) — (0(z,4) + 1) = e(x, i) + 1.

(d) Since equality occurs in (2.5) only at ¢t = b, it follows that b is the largest
value of ¢ for which (E;z);(t) = 6(E;z,) (or equivalently, (F;x);(1) — (E;x):(t) =
e(Fsz,i)). Similarly, since z;(t) > d(z,4) for t < ¢, it follows that ¢ = ¢ is the
smallest ¢ > b for which (E;z);(t) = 6(E;z,i) + 1. This shows that [b,¢] is the
active region for F; on E;x, and hence F;E;x = S;(b,c)?z = x by Proposition 2.1.
Dually, it follows that E;F;x = x for all z € X in the domain of F;, so E; and F;
form an inverse pair. O

Now that E; and F; are known to be inverses on X, one may encode their actions
by directing an edge with color i from y to z whenever y = F;z. In this way, every
A-integrable set may be viewed as an edge-colored directed graph.
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Theorem 2.4. For all generalized Cartan matrices A, the graph of every A-inte-
grable set is A-regular (i.e., satisfies axioms (P1)-(P6) and (P5 )—(P6')).

Proof. Lemma 2.3(c) and its dual show that every i-monochromatic directed path
through x has length at most e(z, i) —d(z, ¢), whence (P1) holds. Furthermore, (P2)
is essentially a reformulation of Lemma 2.3(d). It should also be noted that this
lemma shows that the definitions of F;, F;, § and &, we are using here are compatible
with the graph-theoretic formulations of Section 1.

To verify (P3), recall that z;(1) = 6(x, j) + (x, j), whence

Aid(w,5) + Ae(w, j) = (Biw); (1) — (1) = ay;.

For (P4), recall that (E;x);(t) < x;(t) for i # j and all t (Lemma 2.3(a)), whence
d(E;zx,j) < 6(x,j) and A;6(x,j) < 0. Duality yields A;e(z,j) < 0.

Lemma 2.5. If i # j and the respective active regions for E; and E; on x are
[bi,ci| and [bj,c;], then Aj6(z,j) = aij (and hence Aie(x,j) = 0 by (P3)) unless
cj < by i.e., the active region for E; must lie to the right of the active region for
E;.

Proof. Let b = max{t € [0,1] : x;(t) = d(z,7)}. Since (Eijz);(t) = z;(t) + ai;
for t > ¢;, it follows that if b} > ¢;, then (E;z);(b}) = 0(z,7) + aij, and hence
A;d(z,j) < a;j. On the other hand, (P3) and (P4) imply A;d6(x,j) > a;j, so
equality occurs.

Note also that if a;; = 0, then (E;z); = x; and A;d(x,j) = a;; =0.

Thus we may assume b;- < ¢; and a;; < 0. In particular, b; < 1, so the last
occasion when x;(1) — x;(¢t) achieves its maximum value (or equivalently, x;(t)
achieves its minimum) is not at ¢ = 1, so this maximum is positive. Hence &(z, j) >
0 and Fjz is defined. The active region for F; on z is therefore [b},c}] for some
¢ > . Now since a;; < 0, we have (Fjx);(t) > x;(t) for all ¢, with strict inequality
for ¢t > 0. Since this range includes ¢; and all subsequent values for ¢ where z;(t)
achieves its minimum value, it follows that §(F;z,?) > §(x, 7). On the other hand,
we have c; < bj; therefore, zi(c;) = (Fjx)i(c;) > 6(Fjw,i) > d(z,4) + 1. However,
b, = max{t € [0, ¢;] : x;(t) > 6(x, ) + 1}, so ¢; < b;. O

Proof of (P5) and (P5’). These two properties are equivalent by duality, so it suf-
fices to prove (P5). Assuming that « € X and i,j € I satisfy the hypothesis
of (P5), let [b;, ¢;] and [b;, ¢;] denote the active regions for E; and E; on . We
claim that [b;, ¢;] and [b;, ¢;] are also the active regions for E; on E;z and E; on
E;x, respectively.

This is clear when a;; = 0, since (E;z); = x; and (E;z); = x; in that case.
Otherwise, we have a;; < 0 and A;0(z,j) = 0 # a;;, so Lemma 2.5 implies ¢; <
b;. Since (E;x);(t) = x;(t) for t < b;, it follows that ¢; is the first value of ¢
where (E;z);(t) = 6(z,j) = 6(E;x, ), so [bj,¢;] is the active region for E; on E;z.
Similarly, we have (E;x);(t) = x;(t) + a;; for all t > ¢; (and hence for b; <t < ¢;),
S0

(2.6) §(Ejx,i) = 6(x,4) + aji

and [b;, ¢;] is the active region for E; on E;z. Note that (2.6) is valid even if a;; = 0.
Now that the claim is established, one may use (2.3) to deduce that

EjEiJ? = Sj(bj, Cj)Si(bi, Ci)l‘ = Si(bi, Ci)Sj (bj, Cj)l‘ = EiEjJ).
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To complete the proof, we need to confirm that V,e(y,:) = 0, where y = E;E;z =
E,E;z. Applying Lemma 2.3(c) and (2.6), we obtain

Vjé(y,i) = 6(E1E]x, Z) - (s(Elt’E, Z) = (5(E]£E,Z) + 1) — (é(x,l) + 1) = aji,
and this is equivalent to V,e(y,i) = 0 by (P3). O

Lemma 2.6. If E;x and E;x are defined and A;d(z, j) = A;jo(z,i) = —1, then
(a) 0(E;E;x,j) =6(x,j)+ 1, and

Proof. We have §(E;z,i) = 6(x,i) — 1 < —2, so E?Ejz (and similarly E?sz) is
defined. Let [b;, ¢;] and (b}, ] denote the active regions for E; acting on  and Ejz,
and similarly define [b;, ¢;] and [b}, ¢j]. We must have b; < ¢}, since the minimum
value for (E;x);(t) occurs at a point ¢ where (E;z);(t) < §(x,i) < z;(t); likewise,
b; < C}.

Since (P4) implies 6(E; Ejz, j) < 6(Ejx,j) = 6(z, j)+1, it suffices for (a) to show
that (E;E;x);(t) > 0(x, j) for all t. For this, note that (E;E;x);(t) = (E;x);(t) >
d(x,j) + 1 for t < b). Furthermore, if a;; = —1 and ¢ > b}, then

(EiEjx);(t) = (Ejx);(t) — 12 6(z, j)-
The first of these inequalities is strict for ¢ < ¢}, and the second is strict for ¢ >
b;; since b; < ¢}, this covers all ¢ > b}. Otherwise, if we have a;; # —1, then
A;d(z,j) # aij, whence Lemma 2.5 implies ¢; < b; and therefore [b], ] = [bs, ¢
Furthermore, for ¢ > ¢; (a range that includes all ¢ > b), we have
(Eiij)j (t) = (sz)j(t) +2> (5(E1.23,]) +2= (5(]},]) + 1.

For (b), (P3) and (P4) imply §(E?E;x, j) > 6(E;Ejz, j)+ai; = §(z,j)+1+a;;; so
it suffices to show that (E?E;z),(t) < &(z, j)+2+ai; for some t. Since (Ejz);(b) =
d(z,1) and (Ejx)i(c;) < z4i(c;) = 0(x, 1), it follows that the active region for E; on
E;E;xz lies to the left of both b} and ¢;. Hence, (E2E;x);(t) = (EiE;z);(t) + aij;
for all ¢ > min(b},¢;). Therefore, if ¢; > min(b}, ¢;), we may select ¢ > min(b}, ¢;)
so that b; <t < ¢;, whence

(Ef Ejx);(t) = (B Bj);(t) + ayy < (Ejw);(t) + aij < 8(2,5) + 2+ ;.

The other possibility is that ¢; < b} and ¢; < ¢;. However (Ejz);(t) > x;(t)+aj;,

with equality if ¢ > ¢;. Since this range includes ¢; and b}, it follows that [b;, ¢;] =

[0, ci]. Recalling that ¢ > b;, we therefore have ¢ > b; = b} > ¢;, and hence

(EEE])j(C;) = (Ezij)j (C;) + Qi3 = (Ei:c)j (C;) + 2+ Qi3 = (5($,]) + 1+ Qg . O
Proof of (P6) and (P6"). These two properties are dual, so it suffices to prove (P6).
If 2 € X and 4, j € [ satisfy the hypothesis of (P6), Lemma 2.6 implies 6 (E? E;x, j)
< 0 and (by symmetry) §(E}Eix,i) <0, so E;E} E;z and E;E} Egx are defined. If
we assume temporarily that these two expressions are equal, say y = EiEszi:c =
E;E?E;z, then Lemma 2.6 also implies

Vid(y,j) = 8(E; E}Ejx, j) — 8(E}Eiw, j) = (8(E} Ejx, j) + 1) — (8(Eix, j) +2)
- ((5(1‘,]) +2+ aij) - (5(33,]) + 1) =1+ ai.
This is equivalent to V,e(y,j) = —1 by (P3); one similarly obtains V,e(y,i) = —1.
The remaining task is therefore to show that EiEszix =FE; Eijx For this, let
[bi, ;] and [bj;, ¢;] denote the active regions for E; and E; on x.
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Case 1: ¢; < b; or ¢; < bj (i.e., the active regions have disjoint interiors).
By symmetry, we may assume c; < b;, and hence b; < ¢;. It follows that aj; =
A;6(z,i) = —1 by Lemma 2.5, and the active region for E; on E;z must be [b;, ¢;].
Furthermore, since §(E;E;x,i) = d(x,t) and E;Ejx(t) = E;x(t) for t < b;, the

active region for E; on E;E;x must be [b}, ], where

¢; =min{t € [0,1] : (E;x);(t) = 6(z,i)},
b, = max{t € [0,c}] : (E;x)i(t) = 6(zx,7) + 1}.
In particular, it should be noted that ¢, < b; < ¢;, since (Ejx);(b;) = z;(b;) +aj; =

d(x,1). We also must have b; < ¢}; otherwise, z;(c;) = (Ejx)i(c}) = (5( i) and we
contradict the fact that ¢} < ¢;.

Similarly, the active region for E; on E;x is [b}, ¢}], where
c;- =min{t € [0,1] : (E;x);(t) = d(x,j) — 1},

b; = max{t € [O,c;-] C(Bix)j(t) = 0(x,5)}

We must have b; < b ; otherwise, there would exist ¢ < b; such that b; <t< c;» and
zj(t) = (Biz);(t) < 5(x j). Therefore, since 6(E;E;x, j) = 6(z, j) and E;E;x(t) =
z(t) for t < b} (a range that includes [bj, ¢;]), the active region for E; on E;F;x
must be [b;, ¢;].

We have 0(E? E;x,i) = 6(x,7) (by Lemma 2.6) and (E} Ejx);(t) = (Ejx)i(t) for
t < b; (since b; < b}), so (EFEix);(t) achieves the minimum value §(z,i) at t = ¢,
and the active region for F; on E?Ei:c must be [b}, c}].

1) Z

Similarly, §(E?E;z,j) = 6(z,7) + 1 + a;; (Lemma 2.6), and for ¢ < b;, we have
(E7Ejx);(t) > (EiEjx);(t) + aij = (Bjx);(t) + aij = 6(z,j) + 1+ ag;.

In particular, the first inequality is strict for ¢ < ¢;; the second is strict for ¢ > b;.
Recalling that b; < ¢}, we see that (E?E;x);(t) cannot achieve its minimum value
in [0, b;]. On the other hand, for ¢ > bz, we have (E?E;x);(t) = (E;x);(t) + 2+ a4,
so the minimum first occurs at ¢t = ¢/, and the active region for E; on E?E;x is

), 1. g

52
Combining these observations, we deduce that

E;E?E;x = S;(V:, ) Si(b, ci)Si(bi, ¢i)Si(bj, c;),

50 € ir Ci
EiEsziJ? = S (b;, ;)Sj(bj,Cj)S (b;, ;)Sz(b“cz)x
Bearing in mind that the intervals [b;, ¢;] and [}, ¢j] are both to the left of [b;, ¢;]
and [, ¢i], three applications of (2.3) show that these two expressions are equal.

Case 2: b; < ¢j and b; < ¢; (i.e., the active regions overlap). We have b* < c,,
where

bi = min(b;, b;), b* =max(b;,b;), c.=min(c;,c;), ¢ =max(c;,c;).

Furthermore, since z;(t) > d(x,i) + 1 for ¢ < b;, §(x,7) < z;(t) < §(x,i) + 1 for
b; <t < ¢, and z;(¢;) = 6(z,4) (and similar relations hold for z;(¢)), the quantity

u(t) = (2i(t) — (2, 4)) + (z;(t) = 6(x, 7))
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satisfies u(t) > 2 for ¢t < by, u(t) > 1 for t < b*, u(t) < 2 for b* < t < ¢, and
u(es) < 1. Tt follows that there exist times tg,t1,t2 such that
to = max{t € [0, c.] : z;i(t) + z;(t) = d(x,i) + 6(z, j) + 2},
ti =min{t € [0,1] : x;(t) + x;(t) = 0(z,4) + (x,j) + 1},
to = max{t € [0,c.] : 2;(t) + x;(t) = 0(z,q) + 6(x,j) + 1},

and furthermore, b, <ty < b* < t1 <2 < ¢s.

Since 0(Ejx,i) = 6(z,4) — 1, the right endpoint of the active region for E; on

Ej.l? is

¢ :=min{t € [0,1] : (Ejz);(t) = 6(z,7) — 1}.
Similarly, let c} denote the right endpoint for the action of F; on E;x. Since b* < ¢,
Lemma 2.5 implies a;; = a;j; = —1. Hence (E;z);(t) > z;(t) — 1, with equality only
for t > ¢;, so we must have ¢ > ¢;. If it happens that ¢; > ¢;, then we must have
c; = ¢;. (By symmetry, it follows that we always have ¢} = ¢; or ¢} = ¢;.)

Note that for b* < ¢ < ¢y, we have (E;x);(t) = x;(t) + z;(t) — (6(x, ) + 1). It
follows that (E;z);(c) < 6(x,1) (recall that u(c,) < 1), so the active region for E;
on Ejz has a left endpoint < ¢, and hence the active region must be [t2, ¢}].

For t < by, we have (E;E;x);(t) = z;(t) > 6(x, i) + 1, so the active region for E;
on E;E;x occurs to the right of b,. Furthermore, we have

{Ei(t) iftébj,
xi(t)—i—xj t)—((;(x,j)-i-].) lfbj <t < g,

(EiEjx)i(t) = {

so the active region for E; on E, E;x is either [to, t1] (if b; < b;) or [b;, t1] (if b; < by).

To determine the active region for E; on E?E;z, recall that a;; = —1, hence
Lemma 2.6 implies §(E?E;z,j) = §(z, 7). Furthermore, since §(E;E;x, j) = §(z, §)
+ 1 (Lemma 2.6 again), we have (E?E;z);(t) > (E;E;jz);(t) — 1 > §(z, ), with
equality only for ¢ > t;. For t; < t < t2, we have (E?E;x);(t) = (E;x);(t) — 1 >
d(z, j), and for to < t < ¢y, we have

(EPEjx);(t) = (EiEjx);(t) — 1 = (Ejx);(t) + (Bjz)i(t) — (0(Bjz, i) +1) — 1
= (200(z,5) + 1) — ;@) + (wi(t) + 25 (t) = (8(z,5) + 1)) = (6(z,9) + 1)
Thus, if ¢; < ¢, then (E?E;x);(t) first achieves the minimum value §(z, j) at t = ¢;.
Otherwise, if ¢; < ¢;, then we have z;(t) > §(x,i) and (E2E;x);(t) > 6(z,j) for
t < ¢, so (E?Ejz);(t) = (Eix);(t) + 2 + a;j = (Biw);(t) + 1 for t > c.. Hence
(E}Ejx);(t) first achieves the value §(z, j) at t = ¢ (by the definition of ¢}). Thus
the right endpoint of the active region is ¢; if ¢; < ¢; and c;- if ¢; < ¢;. Now for
b* <t < t1, we have
(B Bjz);(t) = (BiEjx);(t) + (EiEjz)i(t) — (0(B:Ejx, 1) + 1)
= (Bjz); (1) + (Bj)i(t) — (6(x,4) + 1)
= (200(x,5) + 1) — (1)) + (wi(t) + 25 (t) — (6(2,5) + 1)) = (0(,7) + 1)
=zi(t) + 6(x, j) — 0(x, %)
and z;(t) < §(z,4) + 1 for t > b;, so the left endpoint of the active region is < b*.
Furthermore, if b; < b; then b* = b; and (E?E;x);(b;) = §(z,7) + 1, so the left
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bi to by t1 ta & ¢ d bj to bi t1 t2 & ¢ d
j . | _
7ot i b i ) b i b i
J [ . g .
) b i ) b i
j . D . In D .
7ot i ) —_—
(a) by < by, ¢; < ¢ (b) bj < bi, ¢; <¢j

FIGURE 4. Active regions for EjEij and EzEJQEz

endpoint must be b;. Otherwise, if b; < bj, then for ¢y <t < b*, we have
(B Ejx);(t) = (EiBjx);(t) + (EiEjx)i(t) — (6(E; Ejx,i) + 1)
=T (t) + xi(t) - ((5(1‘,2) + 1)7
so the left endpoint in this case is tg.
By symmetry, the active regions involved in the calculation of EzEJQEza: can be
obtained by switching the roles of ¢ and j in the above analysis. In particular, note

that to,¢1,t2 are unaffected by this switch. If we assume for simplicity that ¢; < ¢;

(and hence ¢} = ¢;), then we have shown

EjEiQEjJ) _ (to,Cz)Sz(b“tl) Z(tg,c%)Sj(bj,cj)x lf bz < bj,
(blacl)sl(tovtl) l(t27ci)sj(ijcj)x if b; > bja
i) )Sj(t2,¢;)Si(biy i)z if by < by,

Si(t(), z)S] (bj, tl)Sj (tg, Cj)Si(bi, Ci)il,' lf bz 2 bj.

The relative positions of the various active regions are displayed in Figure 4.

To see that the two expressions are equal, decompose each reflection operator into
operators whose active regions are the (internally) disjoint intervals [b., to], [to, b*],
[b*,t1], [t1,t2], [t2,cil, [ci,¢i], and [¢j,¢)] using (2.2). Since reflection operators
with disjoint active regions commute, it thus suffices to check the equality of the
products of operators involving each of these seven subintervals separately. Now
since a;; = aj; = —1, the reflection operators S; = S;(b,c) and S; = S;(b,c) on
any given subinterval [b, c] satisfy the Coxeter relations S7 = S} = (5;5;)° =
(Proposition 2.1), and by inspecting the illustrations in Figure 4, one can easily
see that the necessary equalities are consequences of these relations. For example,
for the subinterval [t2, ¢;], the equality in question is the braid relation S;5;5; =
SiS;S;. O

E?,EJQE%/I) = { (bj ? C’L Sj (tO) tl

3. CRYSTALS OF REPRESENTATIONS ARE A-REGULAR POSETS

By Theorem 2.4, the existence of A-regular posets reduces to the existence of
A-integrable sets of paths. For the latter, one may appeal to the Path Model.

Theorem 3.1 (Littelmann [L1]). If A is a symmetrizable Cartan matriz, then for
each nonnegative integer I-tuple p = (p; : @ € I), there is an A-integrable set of
paths containing a mazximal object x with £(x,7) = p; for all i € I. (In fact, one
may take x to be a straight line from 0 to u.)
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We remark that verifying the above result is a relatively basic part of the Path
Model, and may be deduced from a few standard facts about the Bruhat ordering.
For example, see Section 8 of [St] (particularly Lemma 8.2(a) and the discussion
preceding it).

Combining the above result with Theorem 2.4 and Propositions 1.2 and 1.4, we
obtain

Theorem 3.2. If A is simply-laced, then for each monnegative integer I-tuple p,
there is a unique A-regular poset P(u) with a maximum vertex that has rise vector
1.

It would be interesting to find a direct, graph-theoretic proof that the algorithm
described in Remark 1.5 generates A-regular posets in all simply-laced cases. This
would provide an alternative proof of Theorem 3.2 that bypasses Theorems 2.4
and 3.1.

By a theorem proved independently by Joseph [] and Kashiwara [K3], one knows
that the edge-colored directed graphs produced by the Path Model coincide with the
crystal graphs of irreducible highest weight U,(A)-representations in Kashiwara’s
theory [K2]. (Here, Uy(A) denotes the quantized enveloping algebra of the Kac-
Moody algebra with Cartan matrix A.) Thus we have

Theorem 3.3. If A is a simply-laced Cartan matrix, then the crystal graph of the
irreducible Uy(A)-module of highest weight p is (the Hasse diagram of ) P(1).

As the crystal of an irreducible highest weight module, the vertices of P(u)
may be assigned weights so that the corresponding generating series is the Weyl
character x(u). In addition, the depth vectors of the vertices provide an easy
rule for decomposing every Weyl character product x(u)x(v) (e.g., see [L1], [L2l,
or [St]). It would be interesting to deduce this directly from the axioms; one possible
approach would be to show that every A-regular directed graph has a “coherent
timing pattern” in the sense of [St].

The main problem remaining is to find analogues of Theorems 3.2 and 3.3 for all
symmetrizable Cartan matrices, or at least the Cartan matrices of semisimple Lie
algebras. Since the work in Section 2 applies to all generalized Cartan matrices, it
follows that the axioms for A-regularity hold without modification for the crystal
graphs corresponding to all highest weight U, (A)-modules for all symmetrizable A.

The missing ingredient is a stronger set of axioms describing the local structure of
an A-integrable set in the vicinity of every triple of paths z, E;x, Ejz (for distinct
i,j € I). If it happens that A;d(x,j) = 0, or A;d(z,3) = 0, or Ad(z,j) =
A;o(z,i) = —1, then the local structure is governed by (P5) or (P6). However, if
A is not simply-laced, then this does not cover all of the possibilities. Indeed, (P3)
and (P4) imply 0 > A;0(x,j) > a;; and 0 > A;§(x,¢) > aj;, while Lemma 2.5
implies A;0(x,j) = a;j or Ajo(x,i) = aji, leaving a total of 1 — a;; — a;; possible
values for the pair (A;0(z, j), Ajd(x,1)).

In addition to the increased number of possibilities for (A;d(z,j), Ajd(x, 1)),
a more significant complication is that this data no longer determines the local
structure near . For example, in Figure 5 are the crystals of three highest weight
modules of type B (i.e., for a 2 x 2 Cartan matrix A with a;2 = —1 and a9 = —2).
In each graph, the vertex labeled x has the property that (A1d(x,2), Axd(x,1)) =
(—=1,—2), but the local structures are different (e.g., the lowest vertex that can
reach both Eyz and Faz by a directed path is either 7, 5, or 4 steps away from z).
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FIGURE 5. Ba-crystals with highest weights (1,1), (3,0) and (0, 2)

Computer searches suggest that these three examples represent all of the possible
local behaviors; e.g., conjecturally,

or

F\E2E}Eyx = By B3E2E x, E1EyFrx = EyFy\FyF By,

F\E2F\x = By EFox

whenever (A1d(x,2), Axd(x,1)) = (=1, —2) in a By-crystal. However, there are sev-
eral more possibilities in Go-crystals, even for vertices with (A19(x, 2), A2d(x,1)) =
(—1,-2).
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[J]

(L1]
(L.2]
(L3]
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[KMN]
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