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UNIQUENESS OF THE DENSITY
IN AN INVERSE PROBLEM

FOR ISOTROPIC ELASTODYNAMICS

LIZABETH V. RACHELE

Abstract. We consider the unique determination of the density of a nonho-
mogeneous, isotropic elastic object from measurements made at the surface.
We model the behavior of the bounded, 3-dimensional object by the linear,
hyperbolic system of operators for isotropic elastodynamics. The material
properties of the object (its density and elastic properties) correspond to the
smooth coefficients of these differential operators. The data for this inverse
problem, in the form of the correspondence between applied surface tractions
and resulting surface displacements, is modeled by the dynamic Dirichlet-to-
Neumann map on a finite time interval. In an earlier paper we show that the
speeds cp/s of (compressional and sheer) wave propagation through the object
are uniquely determined by the Dirichlet-to-Neumann map. Here we extend
that result by showing that the density is also determined in the interior by
the Dirichlet-to-Neumann map in the case, for example, that cp = 2cs at only
isolated points in the object. We use techniques from microlocal analysis and
integral geometry to solve this fully three-dimensional problem.

1. Introduction and main result

One purpose in studying dynamic inverse problems for bounded objects is to
describe the material properties of the object using only measurements made at
its surface. In the case of anisotropic elastodynamics the material properties of
the object are modeled by 22 parameters. We may ask, then, how many of these
22 parameters may be determined by surface measurements. As a first step in
addressing this question we show in [R III] that those parameters needed to describe
paths of wave propagation (in the setting of rather general hyperbolic systems)
are determined, to a certain extent, by surface measurements. In particular, the
metrics, whose geodesics model the paths along which wave propagation occurs, are
determined by surface measurements, up to pullback by a diffeomorphism. An open
question is whether these metrics are determined exactly by surface measurements,
and whether the other material parameters (parameters other than those needed
to describe the paths of wave propagation) are also determined.

As an indication of what might be expected to be true for the dynamic inverse
problem for general hyperbolic systems (using Dirichlet-to-Neumann-type data),
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here we consider the remaining uniqueness question in the case of isotropic elas-
todynamics. In [R I] we have shown that the (compressional and sheer) speeds
cp =

√
(λ+ 2µ)/ρ and cs =

√
µ/ρ of wave propagation through the object, writ-

ten in terms of the elasticity parameters λ and µ and the density ρ, are uniquely
determined in the interior by surface measurements. In this paper we extend that
result by showing that the third parameter, the density ρ, is also determined (in
the case, for example, that the compressional wave speed cp is twice the sheer wave
speed cs at only isolated points in the object). That is, we show that if two isotropic
elastic objects differ only in their densities, then the surface measurements of those
objects will also differ.

It is interesting that “top-order” boundary data, in the form of the boundary po-
larization, does not determine the (smoothly varying) density (cf. Section 3). (We
have made this observation in [R I], Section 5.3, in the case of constant wave speeds
cp/s.) Rather, it is necessary to consider “lower-order polarization”. We conclude,
then, that in more general settings we may expect to determine parameters other
than those describing the wave paths, but that in determining other parameters, it
will likely be necessary to use “lower-order” data.

A problem which has some of the features of elastodynamics is the problem solved
by Rakesh and Symes in [Ra-Sy]. In [Ra-Sy] a disturbance that propagates through
an object is modelled by a solution of the wave equation,

[
∂2
t −∆ + q(x)

]
u =

0 in Ω × (0, T ), where Ω is a bounded region. Rakesh and Symes show that the
integral of the potential, q(x), over any path along which wave energy propagates,
is determined by surface measurements. Knowing these integrals of the potential
is enough to recover the potential itself inside Ω. In this model problem the paths
along which energy propagates are straight lines, and the differential equation is
scalar.

In elastodynamics, though, the paths along which wave energy propagates are
not straight lines, and the elasticity equation is a system of three equations in three
unknowns.

Ikehata, Nakamura, and Yamamoto [I-N-Y] use modified Carleman estimates
to show that the density ρ ∈ C2(Ω) of a bounded, isotropic elastic object in n-
dimensional space is determined by n pieces of data (fi, ψi, gi), where fi is the
surface displacement, ψi is the initial displacement, and gi is the corresponding
surface traction. (The n initial stresses corresponding to the initial displacements
ψi must be uniformly linearly independent on Ω. No condition is placed on the
initial velocity.) Note that ψi is the initial displacement of the entire object, and
so the data (fi, ψi, gi) do not correspond to measurements that are made only
at the surface of the object. In addition, the time interval for data collection
must be longer than the greatest travel time of both compressional and sheer wave
propagation through the object.

In comparison, in this paper we use techniques from microlocal analysis and
integral geometry to determine the density ρ ∈ C∞(Ω), but using only surface
data of the form (f, g), where f runs through every (sufficiently regular function
modeling the) surface displacement, and g = Λλ,µ,ρf is the corresponding surface
traction. This Dirichlet-to-Neumann-type data is non-invasive or non-destructive
in the sense that it corresponds to measurements that need be made only at the
surface of the object. (The initial displacements and velocity are taken to be zero
for each measurement.) Also, the time interval [0, T ] for data collection is taken
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to be the greatest travel time of just the compressional wave propagation through
the object. See Uhlmann’s review article [U] on inverse problems using Dirichlet-
to-Neumann-type data.

In Sections 1.1 and 1.2 we state the main result and give a sketch of the proof.
In Section 2 we present preliminaries to the proof of the main result. In Section 3
we show that the polarization at ∂Ω does not have information about ρ in Ω. In
Section 4 we use “lower-order polarization” to show that ρ is determined in Ω.

1.1. Statement of the Main Result. Let Ω be a bounded region in R3 with
smooth boundary. Ω represents a linearly elastic, nonhomogeneous, isotropic object
if the function ρ(x) representing the density is positive on Ω, if the Lamé parameters
λ(x) and µ(x), representing the elastic properties of the object, satisfy µ > 0 on
Ω and 3λ(x) + 2µ(x) > 0 on Ω (the strong convexity condition), and if the vector
u(x, t), which represents the displacement of the object, solves the initial-boundary-
value problem (2) associated with the hyperbolic system of operators P for isotropic
elastodynamics. The operator P for elastodynamics is given by

(1) (Pu)i = ρ ∂2
t ui −

∑3
j,k,l=1 ∂xj (cijkl∂xluk) = 0, i = 1, 2, 3,

where cijkl = λδijδkl+µδikδjl+µδilδjk is the elasticity tensor for an isotropic elastic
medium. The initial-boundary-value problem is (for 0 < T <∞)

(2)


Pu = 0 in Ω× (0, T ),
u|∂Ω = f for t ∈ [0, T ],
u|t=0 = 0, (∂tu)|t=0 = 0 in Ω.

The Dirichlet-to-Neumann map Λλ,µ,ρ models surface measurements in that it
models the correspondence between a displacement f(x, t) at the surface and the
applied surface traction Λλ,µ,ρf that would generate this displacement. (See [U]
for a review of the use of the Dirichlet-to-Neumann map in modeling surface mea-
surements in inverse problems.) The Dirichlet-to-Neumann map Λλ,µ,ρ is defined
in terms of solutions u of the initial-boundary-value problem (2) by

(Λλ,µ,ρf)i =
( 3∑
j,k,l=1

νjcijkl∂xluk
)
|∂Ω×(0,T ), i = 1, 2, 3,

where u|∂Ω×(0,T ) = f , and ν is the unit outer normal vector to ∂Ω.
We introduce the following notation and terminology, following [Sh II], Sections

3.1, 3.2, and 3.4. Given a Riemannian manifold M with boundary ∂M and given a
point x ∈ ∂M, the second quadratic form of the boundary is defined by Π(ξ, ξ) =
〈∇ξν, ξ〉 on ξ ∈ Tx(∂M), where ν = ν(x) is the unit outer normal vector to the
boundary. We say that the boundary is strictly convex if this form is positive-
definite for all x ∈ ∂M. We say that a compact Riemannian manifold (M, g)
with boundary is a compact, dissipative Riemannian manifold (CDRM) (1) if the
boundary ∂M is strictly convex, and (2) if there is no geodesic of infinite length in
M.

By TM = {(x, ξ) | x ∈M, ξ ∈ TxM} we denote the tangent bundle of a manifold
M, and by ΩM = {(x, ξ) ∈ TM | |ξ| = 1} we denote the unit tangent bundle. Let
C∞(∂±ΩM) be the space of smooth functions on the manifold ∂±ΩM = {(x, ξ) ∈
ΩM | x ∈ ∂M and ± 〈ξ, ν(x)〉 ≥ 0}, the outward/inward unit tangent bundle at
the boundary.
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Given a Riemannian manifold M, any point x ∈ M, and a two-dimensional
subspace σ ⊂ TxM, we denote by K(x, σ) the sectional curvature of the section
σ. For (x, ξ) ∈ T 0M = {(x, ξ) ∈ TM | ξ 6= 0} we set K(x, ξ) = sup{ξ∈σ}K(x, σ)
and K+(x, ξ) = max{0,K(x, ξ)}. For a CDRM (M, g) we define

k+(M, g) = sup
(x,ξ)∈∂−ΩM

∫ τ+(x,ξ)

0

tK+
(
γx,ξ(s), γ̇x,ξ(s)

)
ds,

where γx,ξ : [0, τ+(x, ξ)] is the maximal geodesic in M ∪ ∂M satisfying the initial
(i.e., entry) conditions

(
γx,ξ(0), γ̇x,ξ(0)

)
= (x, ξ) ∈ ∂−ΩM.

Our main result is the unique determination of the density ρ in Ω by surface
measurements:

Theorem 1 (Main Result). Let Ω be a bounded region in R3 with smooth boundary.
Suppose that the coefficients λi, µi, ρi ∈ C∞(Ω) satisfy ρi, µi > 0, 3λi + 2µi > 0
(strong convexity) for i = 1, 2. In addition, suppose that (i) the metrics gip =(
ρi/(λi + 2µi)

)
e, gis = (ρi/µi) e, where e is the Euclidean metric, do not give

rise to caustics, (ii) the geodesics of gip/s all exit Ω before some time T < ∞,
and (iii) the geodesics of gip/s do not graze the boundary. Finally, suppose that
(Ω, gip) is a compact, dissipative Riemannian manifold with 3k+(M, gip) < 1.
Then Λλ1,µ1,ρ1 = Λλ2,µ2,ρ2 on ∂Ω× (0, T ) implies

ρ1 = ρ2

in the closure of an open set C in Ω (defined in (56)) where λi 6= 2µi. In particular,
if λi = 2µi, i = 1, 2, only at isolated points in Ω, then ρ1 = ρ2 on Ω.

Remark 1. The condition 3k+(M, g) < 1 is satisfied if the curvature of
(
Ω, (1/c2p)e

)
is bounded above and is small enough along each geodesic, relative to the length of
the geodesic. For example, in the case that the wave speed cp is constant, the man-
ifold

(
Ω, (1/c2p)e

)
is flat (zero curvature), and thus satisfies 3k+(M, g) < 1. Also, in

the case that
(
Ω, (1/c2p)e

)
has negative curvature (e.g., the hyperbolic disk), the con-

dition 3k+(M, g) < 1 is easily satisfied due to the fact that K
(
γx,ξ(s), γ̇x,ξ(s)

)
< 0,

and so K+
(
γx,ξ(s), γ̇x,ξ(s)

)
≡ 0.

Other upper bound conditions on k+(M, g) may be used to describe classes of
CDRM. For example (cf. [Sh II], Section 3.4), if a CDRM (M, g) has k+(M, g) < 1,
then M is diffeomorphic to the ball, and (M, g) is simple; that is, (i) the boundary is
strictly convex, and (ii) any two points x, y ∈M are joined by a unique geodesic in
a way that depends smoothly on x and y (that is, the mapping exp−1

x : M → TxM
is smooth).

Remark 2. In this paper we consider (Ω, gp) with gp = (1/c2p)e; so we find

K
(
γx,ξ(s), γ̇x,ξ(s)

)
= sup

~n

1
c2p

[
~nt(log cp)xx~n + γ̇x,ξ(s)t(log cp)xxγ̇x,ξ(s)

− (1/2)
(

[γ̇x,ξ(s) · (log cp)x]2 + [~n · (log cp)x]2 + |(log cp)x|2
)]
,

where the supremum is taken over ~n with ~n orthogonal to γ̇x,ξ(s). It follows that
3k+(M, g) < 1 is satisfied, for example, if log cp is concave on Ω (that is, if
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log cp(αx+ [1−α]y) ≥ α log cp(x) + [1−α] log cp(y) for any constant α ∈ [0, 1] and
x, y ∈ Ω).

Remark 3. The result of Rakesh and Symes [Ra-Sy] for the wave equation
[∂2
t −∆ + q(x)]u = 0 applies to media with a constant wave speed and so curvature

K(x, ξ) ≡ 0; that is, k+(M, g) ≡ 0. In this paper we consider a generalization to
elastodynamics and to the case of media with k+(M, g) not necessarily zero. (See
the introduction of this article for a description of Rakesh and Symes’ result.)

Remark 4. Conditions (i)–(iii) of Theorem 1 are imposed in order to apply [R I],
Theorem 1, which finds that the wave speeds cip/s are determined in Ω. This re-
sult is preliminary to proving uniqueness of the density in Ω (cf. Section 2.5).
The conditions that (Ω, gip) be a compact, dissipative Riemannian manifold with
3k+(M, gi) < 1 are imposed in Theorem 1 in order to apply Sharafutdinov’s in-
version of the ray transform for a tensor field (cf. Section 4.2). We restrict the
conclusion of Theorem 1 to the region C due to the need to guarantee uniqueness
for the fourth-order, linear, elliptic differential equation (53). The singular points
of (53), that is, the zeros of the leading coefficient γ, are the points in Ω where
λi = 2µi, i.e., where cp = 2cs. (Compare cp 6= 2cs, i.e., c2p 6= 4c2s, with the strong
convexity condition 3λ+ 2µ > 0, i.e., 3c2p > 4c2s.)

1.2. Sketch of the Proof. In elastodynamics, wave energy from a disturbance
propagates through the medium along paths that are determined by the density
and elasticity. In fact, these paths are, in the isotropic case, geodesics, curves along
which travel time is minimized; so they are given in terms of the wave speeds cp and
cs of the medium, which, in turn, are given in terms of the density ρ(x) and elastic
parameters, λ(x) and µ(x). We derive explicit descriptions of these wave paths (cf.
Section 2.3) in terms of λ, µ and ρ.

We then apply the boundary determination (Theorem 2.1): if Λλ1,µ1,ρ1 =
Λλ2,µ2,ρ2 , then it follows that ∂jνλ1 = ∂jνλ2, ∂

j
νµ1 = ∂jνµ2, and ∂jνρ1 = ∂jνρ2 on

∂Ω, j = 0, 1, . . . , where ∂ν is the normal derivative at ∂Ω. We conclude in [R I] that
the object may be viewed as being embedded in a medium of infinite extent with
smoothly varying density and elasticities at the interface of the surface of the object
and the surrounding medium. In particular, we show that the displacement of the
medium is uniquely determined outside the object by the Dirichlet-to-Neumann
map (cf. Section 2.1). In [R I] we conclude that asymptotic expansions of the
displacement of the object and the surrounding medium may be written, in this
case, in terms of global Fourier integral operators on R3. We have applied results
on the propagation of singularities and results from integral geometry to conclude
in [R I] that the compressional and sheer wave speeds cp/s associated with the
medium are determined in Ω by the Dirichlet-to-Neumann map.

We now consider the determination of ρ in the interior. We remark that a
consequence of the determination of the density ρ, given the determination of the
wave speeds cp =

√
(λ+ 2µ)/ρ and cs =

√
µ/ρ, will be that each of the three

parameters λ, µ, and ρ is determined.
In Section 3 we show that polarization boundary data contains no information

about the (smooth) density in the interior.
In Section 4 we show that the boundary values of “lower-order polarization” do

determine ρ in Ω. In particular, we consider the decomposition of the displacement
vector as the sum of terms, graded by the strength of their singularities. In fact,
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the displacement vector is represented in terms of Fourier integral operators (FIOs)
acting on initial (t = 0) data (an FIO for each of the forward/backward p/s-waves).
The amplitudes of the FIOs are written as the sum of terms a0, a−1, a−2, . . . of
homogeneity 0,−1,−2, . . . with respect to the frequency. The top-order terms a0

describe the most singular behavior of the displacement vector (the polarization).
The lower-order terms a−1, a−2, . . . describe less singular behavior. For the forward
p-wave FIO we write a0 = α0N, with N the (unit) vector in the direction of
the gradient of the phase, i.e., parallel to the direction of displacement of the p-
wave, and we write a−1 = h1 + α−1N, with h−1 orthogonal to N. (Similarly,
a−J = h−J + α−JN.) We refer to the term α−1N as the lower-order polarization.

The α−J solve ODEs (the transport equations) along the bicharacteristics of P .
Therefore, we write the (lower-order) polarization in terms of line integrals along
rays in order to derive a ray transform defined on ray segments between boundary
points of the object. It follows from the fact that (lower-order) polarization is
determined at the boundary (and outside the object), that this ray transform is
determined by the Dirichlet-to-Neumann map. We invert the ray transform by
applying results of Sharafutdinov. It follows that the tensor field appearing in the
integrand of the ray transform is determined (modulo its potential part) at each
interior point. We filter the integrand (via use of the Saint-Venant operator) to
derive a fourth-order, linear, elliptic partial differential equation Eβ− = 0 which
has solution involving the difference between ρ1 and ρ2. Then, applying uniqueness
results, we conclude that the density is, in fact, determined in a part of the interior
described in terms of the topology of the singular points of E.

2. Preliminaries to the proof of the main result

2.1. Embedding the object in an unbounded elastic domain. The author
shows in [R II] that λ, µ, ρ, and their normal derivatives are determined to infinite
order by the Dirichlet-to-Neumann map at the boundary. In fact,

Theorem 2.1 (Rachele [R II], Theorem 1). Let Ω be a bounded region in R3 with
smooth boundary. Suppose that the coefficients λi, µi, ρi ∈ C∞(Ω) satisfy ρi, µi >
0, and 3λi + 2µi > 0 (strong convexity) on Ω. Then Λλ1,µ1,ρ1 = Λλ2,µ2,ρ2 on
∂Ω× (0, T ) for any T > 0 implies

∂jνλ1 = ∂jνλ2, ∂jνµ1 = ∂jνµ2, ∂jνρ1 = ∂jνρ2 on ∂Ω

for j = 0, 1, . . ..

Theorem 2.1 is applied in [R I], Section 3, to extend λ, µ, and ρ smoothly to all
of R3 so that each is determined by Λλ,µ,ρ outside Ω. As in [S-U], we then approach
the question of uniqueness in the interior from the point of view of the Cauchy
problem for elastodynamics on R3 × (0, T ),

(3)


P U = 0 on R3 × (0, T ),

U |t=0 = ψ0 on R3,

∂tU |t=0 = ψ1 on R3,

rather than the initial-boundary-value problem (2) on Ω× (0, T ). We may view the
elastic object as being embedded in a larger (unbounded) elastic domain, due to
[R I], Theorem 3.1, which we state below. In [R I], Theorem 3.1, we show that the
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displacement vectors U that solve the Cauchy problem (3) on R3 for the operator P
for isotropic elastodynamics are determined outside Ω by the Dirichlet-to-Neumann
map, given fixed boundary data and fixed initial data that is supported outside Ω.

Theorem 2.2 (Rachele [R I], Theorem 3.1). Suppose that the conditions of Theo-
rem 2.1 hold. Let Pj = P (λj , µj , ρj), j = 1, 2, be the hyperbolic system of operators
of the form (1), but defined on all of R3, and suppose that λ1 = λ2, µ1 =
µ2, ρ1 = ρ2 outside Ω. In addition, suppose that Uj (j = 1, 2) solves the
Cauchy problem (3) on R3 × (0, T ), where (suppψk) ∩ Ω = ∅ for k = 0, 1, and

U1 |∂Ω×(0,T ) = U2 |∂Ω×(0,T ) .

Then Λλ1,µ1,ρ1 = Λλ2,µ2,ρ2 on (0, T ) implies

U1(x, t) = U2(x, t) outside Ω, for t ∈ (0, T ).

2.2. Constructing Fourier integral operator representations of the elastic
displacement wave. In [R I] we construct asymptotic expansions of certain solu-
tions Uj of the Cauchy problem (3). These solutions Uj have wave front set that
is minimal in the sense that it is generated by initial data with wave front set at
a single point along a single ray (cf. [R I], Lemma 4.3). The construction of these
asymptotic expansions is central to the main result of this paper and is summarized
below.

We construct solutions U of the Cauchy problem (3) on R3 × (0, T ) by writing

(4) U = E0ψ0 + E1ψ1,

in terms of the initial data ψ0, ψ1 and solution operators E0, E1(t, x,Dx). These
solution operators solve PcEk ≡ 0 on R3 × (0, T ) for k = 0, 1,

E0 |t=0 ≡ I, E1 |t=0 ≡ 0,
∂tE0 |t=0 ≡ 0, ∂tE1 |t=0 ≡ I

 mod smoothing,

and, in fact, may be written in terms of the Fourier integral operator Ansatz

(5) (Ekµ)l =
∑

p/s,m,±

∫
eiϕ
±
p/s el,mp/s,±(k) µ̂m(η) dη,

(
k = 0, 1
l = 1, 2, 3

)
.

In [R I], Section 2, we derive conditions on the phase functions ϕ±p/s(t, x, η) and

amplitudes el,mp/s(k)(t, x, η) that appear in this oscillatory integral representation (5)
of the solution operators Ek. We find, for example, that the phase functions ϕ±p/s are
homogeneous of order 1 in |η| and solve the eikonal equations det p(t, x, ∂t,xϕ±p/s) =
0, i.e.,

(6) ∂tϕ
±
p/s = ∓cp/s|∇xϕ±p/s|.

The eikonal equations are noncharacteristic, first-order nonlinear equations which
can be solved by Hamilton-Jacobi theory (cf., for example, [Gr-Sj]), with initial
values

(7) ϕ±p/s|t=0 = x · η

given in terms of the parameter η ∈ R3 r 0. It follows that the gradient of ϕp/s
takes on the following simple form at t = 0:

∇xϕ±p/s |t=0 = η.
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The amplitudes ep/s(k) can be written in the form

(8)
(
e·,mp/s(k)

)
J

=
(
h·,mp/s

)
J

+
{

(αm)JN
(αm1 )JN1 + (αm2 )JN2


J = 0,−1, . . .
k = 0, 1
p/s, ±

m = 1, 2, 3


where

(
ep/s(k)

)
J

is the part of ep/s(k) that is homogeneous of order J in |η|. In
addition, the (αm,±)J (k) and (αm,±j )J(k)(t, x, η) are scalars, (h·,mp/s)0 = 0, (h·,mp/s)J
is in the cokernel of p(t, x, ∂t,xϕp/s) for J = −1,−2, . . . , and N and N1, N2 form an
orthonormal basis of the kernel of p(t, x, ∂t,xϕ) for ϕ = ϕp and ϕ = ϕs, respectively.

That is, N =
∇xϕp
|∇xϕp|

, and N1, N2,
∇xϕs
|∇xϕs|

are mutually orthonormal.

The amplitudes solve algebraic equations:

(9)
p(t, x, ∂t,xϕ±p/s)

(
ep/s(k)

)
J−1

= Bp/s
(
ep/s(k)

)
J

+ Cp/s
(
ep/s(k)

)
J+1

,

 k = 0, 1
p/s,±

J = 0,−1, . . .


where

p(t, x, τ, ξ) = (−ρτ2 + µ|ξ|2)I + (λ+ µ)(ξ ⊗ ξ)

= −ρ
[
(τ2 − c2s|ξ|2)I − (c2p − c2s)(ξ ⊗ ξ)

](10)

is the principal symbol of P (t, x,D), p1(t, x, τ, ξ) is the sum of the lower-order
terms in the symbol of P ,

Bp/sM = i∂τ,ξp(t, x, ∂t,xϕ±p/s) · ∂t,xM + i(ip1)(t, x, ∂t,xϕ±p/s)M

+ i
2

∑
|α|=2

3∑
l=1

(∂ατ,ξp
il)(t, x, ∂t,xϕ±p/s) · (∂

α
t,xϕ

±
p/s)M

lm,

Cp/sM = ∂τ,ξ(ip1)(t, x, ∂t,xϕ±p/s) · ∂t,xM

+ 1
2

∑
|α|=2

3∑
l=1

(∂ατ,ξp
il)(t, x, ∂t,xϕ±p/s) · ∂

α
t,xM

lm,

and, for ease of notation, we set (
ep/s(k)

)
1

= 0.

In Section 4.1 we reduce the compatibility conditions for (9),

(11) Np/s

[
Bp/s

(
ep/s(k)

)
J

+ Cp/s
(
ep/s(k)

)
J+1

]
= 0

J = 0,−1, . . .
p/s,±
k = 0, 1


to the transport equations, first-order ordinary differential equations in (αm)J along
p-wave characteristics of P , and systems of two first-order ordinary differential
equations in (αm1 )J and (αm2 )J along s-wave characteristics of P . Here Np = N
spans ker p(t, x, ∂t,xϕp) andNs ∈ {N1, N2}, which span kerp(t, x, ∂t,xϕs). It follows
from (9) that the h and α defining the e(k) at one level are given in terms of the e(k)
from the two previous levels. We can therefore choose the lower-order (h·,m,±p/s )J−1

to solve the (algebraic) equations (9), and we can define the (αm)J−1 and (αmj )J−1

to be solutions of the transport equations for J − 1.
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Assuming that the initial data ψ0, ψ1 are both homogeneous of order zero in |η|,
and taking

N+
1 = N−1 and N+

2 = N−2 at t = 0,

we find that there is a unique choice at t = 0 for the scalars (αm)J and (αmi )J for
each J = 0,−1, . . . (see [R I], Section 2.4). In the case J = 0, for example, we have

(αm,±)0 = 1
2emδk0 ·N = 1

2
ηm
|η| δk0,

(αm,±i )0 = 1
2emδk0 ·Ni = 1

2 (Ni)mδk0, i = 1, 2.

It follows that the principal term (ep,+)0 (at t = 0) of ep,+ = ep,+(0)(0, x, η) is
given by

(12)
(
ep,+

)
0

=
(

(α1)0N, (α2)0N, (α3)0N
)

= 1
2

η

|η| ⊗
η

|η|

since (at t = 0) ∇xϕp(0, x, η) = η by (7) and so (at t = 0) N =
η

|η| by (8). (Recall

that (v⊗w)ij = viwj .) That is, (ep,+)0|t=0 = 1
2Projη where Projη = η

|η| ⊗
η
|η| is the

projection onto the space spanned by η. Similarly, es,±(0)|t=0 = 1
2Projη⊥ , where

Projη⊥ = I − η
|η| ⊗

η
|η| is the projection onto the space orthogonal to η.

2.3. Modeling wave paths by bicharacteristics of P . We apply Dencker’s
[De] propagation of singularities result ([De], Theorem 4.2; see also [De], Defini-
tion 4.1 and equation (3.4)) for systems of real principal type (cf. [R I], Section
4.1) to conclude that singularities propagate along bicharacteristics of P. That
is, bicharacteristic curves of P can be used to model the paths along which wave
propagation occurs. Bicharacteristic curves, for flow out of t = 0, are integral
curves

(
t(s), x(s), τ(s), ξ(s)

)
of Hamilton vector fields VH±

p/s
, with the restric-

tion that the (null) bicharacteristic curves lie in the characteristic set {(t, x, τ, ξ) |
det p(t, x, τ, ξ) = 0} of P. The Hamilton vector field VH of any (smooth) Hamil-
tonian function H(t, x, τ, ξ) is defined by

(13) VH = (∂τH)∂t + (∇ξH) · ∇x − (∂tH)∂τ − (∇xH) · ∇ξ.

The Hamiltonians
H±p/s(t, x, τ, ξ) = τ ± cp/s|ξ|

are factors of the determinant of the principal symbol p(t, x, τ, ξ) of P (cf. (10)).
(See Hörmander [Hö] for a description of bicharacteristics in terms of the Hamilton
flow in the scalar case; replace Hp by Hdet σpr(P ) in the proof of Hörmander’s
Theorem 6.4.3 in the case that P is a system.) That is, bicharacteristics have
direction

(14)
dt

ds
=

1
cp/s

,
dx

ds
=
±ξ
|ξ| ,

dτ

ds
= 0,

dξ

ds
= ∓(log cp/s)x|ξ|

and satisfy det p(t, x, τ, ξ) = −ρ3(τ2 − c2p|ξ2)(τ2 − c2s|ξ2)2 = 0.
The component x(s) of the bicharacteristic curves corresponds to position along

the wave path, and is in fact a geodesic with respect to the metric gij = 1
c2p/s

δij

(cf. [R I], Proposition 4.1). The component t(s) of the bicharacteristics of P
corresponds to the travel time of the wave, i.e., geodesic distance.
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Given the eikonal equations det p(t, x, ∂t,xϕp/s) = 0 (cf. (6)), we conclude that
wave paths are described in terms of the phase functions ϕp/s by bicharacteristics
(t, x, τ, ξ) with τ = ∂tϕp/s and ξ = ∇xϕp/s.

2.4. The bicharacteristics of P are determined outside Ω by the Dirichlet-
to-Neumann map. We denote by

(15) Γp/s,± = Γp/s,±(x, ξ)

the (forward or backward) null bicharacteristic of P that passes through (t, x, τ, ξ) =
(0, x,∓cp/s|ξ|, ξ) where s = 0, x = x(s) /∈ Ω, ξ = ξ(s).

Theorem 2.3 (Rachele [R I], Theorem 4.2). Suppose that the conditions of The-
orem 2.1 hold. Suppose further that the coefficients λi, µi, ρi do not give rise to
caustics for i = 1, 2. Then for any x /∈ Ω and ξ ∈ R3 r 0 the bicharacteristics
Γp/s,±(x, ξ) are determined by Λλ,µ,ρ outside Ω for t ∈ (0, T ).

Proof. For (λ1, µ1, ρ1) and (λ2, µ2, ρ2) with Λλ1,µ1,ρ1 = Λλ2,µ2,ρ2 we construct
solutions Uj of the Cauchy problem (3) as in the proof of [R I], Theorem 3.1, with
initial data ψ0 and ψ1 (to be chosen later) supported outside Ω. By [R I], Theorem
3.1, these Uj are determined outside Ω, and so their wave front sets agree outside
Ω:

(16) WFU1 = WFU2 outside Ω.

We now choose initial data ψ0 and ψ1 with “minimal” wave front set, so that the
wave front sets of the corresponding solutions U1 and U2 will consist of only a few
null bicharacteristic strips of P. In fact, we choose

ψ0 = h(x)ξ0 and ψ1 = 0

where ξ0 · ξ 6= 0, ξ0 × ξ 6= 0, and h(x) is a scalar function on R3 with WFh(x) =
{(x, αξ) : α > 0}. (See [R I], Remark 4.1 on the existence of such distributions
h(x).)

Given these initial values, we write the components of Uj as U lj = Σp/s,±Elp/s,±h,
l = 1, 2, 3, where Elp/s,±(t, x,Dx) is the scalar Fourier integral operator

(
cf. (4) and

(5)
)

given by

Elp/s,±(t, x,Dx) h =
∫
eiϕp/s,±(t,x,η)

[
el,·p/s,±(0)ξ0

]
ĥ(η)dη.

Then, given the initial values (7) for the phase, we describe the wave front set
of the pseudodifferential operators Elp/s,±|t=0 acting on h. In particular, we ob-
serve that the principal symbol of Ep/s,±|t=0 is given by (Ep/s,±)0(t, x, η)|t=0 =
(ep/s,±)0(j, 0)(t, x, η)ξ0|t=0, which is 1

2 Projη ξ0 in the case of p-waves, and
1
2Projη⊥ ξ0 in the case of s-waves by (12) and the text that follows. Therefore,
by the choice of ξ0, (x, ξ) ∈ WF (Elp/s,±|t=0h) 6= ∅ for some l ∈ {1, 2, 3}. In addi-
tion, by [Eg], Corollary 4.1, p. 141, for example,

(17) WF (Elp/s,± |t=0 h) ⊆ π(x,ξ)

[
WF (Elp/s,±h)

]
|t=0,

and so

(18) WF (Elp/s,±h) is not empty for some l ∈ {1, 2, 3}.
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On the other hand, WF (Elp/s,±h) can be written in terms of the canonical trans-
formation associated with the scalar Fourier integral operator Elp/s,±:

(19)
WF (Elp/s,±h) ⊆ Cp/s,± ◦ {(x, ξ) : β > 0}

= conic-closure
(
Γjp/s,±(x, ξ)

)
by [Tr], Theorem 4.1, for example.

We note that the wave front set of Uj is the union of the wave front sets of
its components, and that the bicharacteristic strips Γp/s,± are disjoint. Also, by
Dencker [De], Theorem 4.2, (see also Section 6.1), the wave front set of Uj is invari-
ant under the Hamilton flow for P and thus equals a union of null bicharacteristics
for P . Therefore, by (18) and (19),

WFUj = conic-closure(Γjp+ ∪ Γjp− ∪ Γjs+ ∪ Γjs−), for j = 1, 2.

The bicharacteristics Γp/s,± are distinguishable (the p-wave is faster than the
s-wave), and the forward and backward waves for each j are distinguishable. (The
“forward” wave is on the light cone {τ < 0} and the “backward” wave is on the
light cone {τ > 0}.) It follows from (16) that Γ1

p+ = Γ2
p+ , Γ1

p− = Γ2
p− , Γ1

s+ = Γ2
s+ ,

and Γ1
s− = Γ2

s− outside Ω for t ∈ (0, T ). �

2.5. The wave speeds cp/s are determined in the interior by the Dirichlet-
to-Neumann map.

Theorem 2.4 (Rachele [R I], Theorem 4.4). Suppose that the conditions of The-
orem 2.3 hold, and suppose that there are unique distance-minimizing geodesics be-
tween boundary points with respect to the metrics (1/c2p/s)dx

idxi for wave speeds

cp =
√

(λ+ 2µ)/ρ and cs =
√
µ/ρ; these geodesics all exit Ω before time T <

∞; and they do not graze ∂Ω. Then Λλ1,µ1,ρ1 = Λλ2,µ2,ρ2 on ∂Ω×(0, T ) implies√
λ1 + 2µ1

ρ1
=

√
λ2 + 2µ2

ρ2
and

√
µ1

ρ1
=

√
µ2

ρ2
in Ω.

3. The boundary polarization in isotropic elastodynamics

has no information about the density in the interior

3.1. Definition of the polarization set WFpolU and polarization vectors w.
To define the polarization set WFpol U of a distribution U ∈ D′(R4,R4) we consider,
following Dencker [De], 1×3 systems F of pseudodifferential operators of order zero.
The polarization set of U is the collection of (t, x, τ, ξ) ∈ T ∗(R4) together with
the polarization vectors w(t, x, τ, ξ) that make up the intersection of the kernels
(that is, the orthogonal spaces) of the principal symbols f(t, x, τ, ξ) of such F with
FU ∈ C∞. That is, we define

(20) WFpol U =
⋂

FU∈C∞(R3)

{(t, x, τ, ξ;w) : w ∈ ker f(t, x, τ, ξ)}.

The product FU is given by the usual inner product.
Dencker [De], Theorem 4.2, characterizes the polarization set (for solutions U

of systems of differential equations of real principal type) as a union of sections
w(t, x, τ, ξ) over bicharacteristics Γ ∈WFU of P, that solve

(21) Vqw = Aw on Γ.
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Here Vp is the Hamilton vector field of the principal symbol p of P (cf. (10) and
(13)); and A = − 1

2{p̃, p} − ip̃psm−1 is defined in terms of p,

(22) p̃(t, x, τ, ξ) = −
[
(τ2 − c2p|ξ|2)I + (c2p − c2s)(ξ ⊗ ξ)

]
,

the subprincipal symbol psm−1 of P, and the Poisson bracket {·, ·}.
We denote by

(23) wp/s,±(α) = wp/s,±(α)(t, x, τ, ξ)

(with α > 0) the smooth section of the cotangent bundle T ∗(R × R3) that solves
(21) on Γp/s,±(x, αξ). In particular, wp/s,± = wp/s,±(1) denotes the polarization
vector with α = 1. Given ξ 6= 0 and ξ⊥ with ξ⊥ · ξ = 0, we denote by

w⊥p/s(α)(t, x, τ, ξ)

the polarization vector wp/s(α)(t, x, τ, ξ) with initial values w⊥p/s,±(α) = ξ⊥ at
(0, x,∓cp/sα|ξ|, αξ). In Section 3.2, wp/s,±(α)(t, x, τ, ξ) denotes the polarization
vector with initial values wp/s,±(α) = ξ at (0, x,∓cp/sα|ξ|, αξ). We write wp/s =
wp/s,+ and w⊥p/s = w⊥p/s,+ for the polarization vectors over forward bicharacteristics
of P.

3.2. Uniqueness of the polarization vectors wp/s,+ and w⊥p/s,+ outside Ω.
We show in [R I], Theorem 5.1, that the s-wave polarization vectors w⊥s,+ are de-
termined outside Ω by the Dirichlet-to-Neumann map:

Theorem 3.1 (Rachele [R I], Theorem 5.1). For any x /∈ Ω, any initial direction
ξ 6= 0, and any initial polarization ξ⊥ 6= 0 with ξ⊥ · ξ = 0, let w⊥s,+(t, x, τ, ξ) denote
the solution of (21) on Γs,+(x, ξ) with initial values w⊥s,+ = ξ⊥ at (0, x,−cs(x)|ξ|, ξ).
If x /∈ Ω with (t, x,−cs(x)|ξ|, ξ) ∈ Γs,+(x, ξ) for some t, ξ, then the polarization
vector w⊥s,+ is determined by the Dirichlet-to-Neumann map at (t, x,−cs(x)|ξ|, ξ).

Below we modify the proof of [R I], Theorem 5.1, to arrive at the analogous
result for p-waves:

Theorem 3.2. For any x /∈ Ω and any initial direction ξ 6= 0, let wp,+(t, x, τ, ξ)
denote the solution of (21) on Γp,+(x, ξ) with initial values wp,+ = ξ at
(0, x,−cp(x)|ξ|, ξ). If x /∈ Ω with (t, x,−cp(x)|ξ|, ξ) ∈ Γp,+(x, ξ) for some t, ξ,
then the polarization vector wp,+ is determined by the Dirichlet-to-Neumann map
at (t, x,−cp(x)|ξ|, ξ).

Proof. For (λ1, µ1, ρ1) and (λ2, µ2, ρ2) with Λλ1,µ1,ρ1 = Λλ2,µ2,ρ2 we construct
solutions Uj of the Cauchy problem (3) as in the proof of [R I], Theorem 3.1, with
initial data ψ0 and ψ1 (to be chosen later) supported outside Ω. By [R I], Theorem
3.1, these Uj are determined outside Ω, and so their polarization sets agree outside
Ω:

(24) WFpol U1 = WFpol U2 outside Ω.

We now choose initial data ψ0 and ψ1, as in the proof of [R I], Theorem 5.1,
again with “minimal” wave front set so that the wave front sets of the corresponding
solutions U1 and U2 will consist of only a few null bicharacteristic strips of P. In
fact, we choose
(25) ψ0 = h(x)ξ and ψ1 = 0
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where WFh(x) = {(x, αξ) : α > 0}. (See [R I], Remark 4.1 on the existence of
such distributions h(x).)

We compute upper and lower bounds on the polarization set of Uj in terms of
the polarization vectors wp/s,± (cf. (23)). In fact, we show in Lemma 3.3 that the
polarization set of Uj does contain the polarization vector wp,+, but contains at
most the span of the polarization vectors wp/s,±(α), α > 0. It follows from the fact
that the bicharacteristics Γjp/s,± are disjoint and distinguishable (for each j) and
from the fact that the polarization sets WFpol Uj agree outside Ω (cf. (24)) that the
polarization vectors making up the polarization set of Uj are determined outside
Ω. In particular, the polarization vector wp,+ is determined. This completes the
proof of the theorem. �

Lemma 3.3. For the Uj constructed in the proof of Theorem 3.2 and for polariza-
tion vectors wjp/s,±(α) solving (21) on Γjp/s,± with initial values wjp/s,±(α) = ξ at
(0, x,∓cp/sα|ξ|, αξ) we have

(26)
{
(
γ, wjp,+(γ)

)
: γ =

(
t, x, τ, ξ

)
∈ Γjp,+(x, ξ) }

⊆ WFpol Uj

⊆
⋃

p/s,±
{
(
γ, β wjp/s,±(α)(γ)

)
: α, β > 0, γ ∈ Γjp/s,±(x, α ξ) }.

Proof. To show that the upper bound of (26) holds, we describe the polarization
set of Uj by referring to Dencker’s characterization (21). In particular, we observe
that the polarization vectors in the polarization set WFpol Uj of Uj

• lie over bicharacteristics in the wave front set of Uj , and
• have initial polarization that agrees with some polarization
vector of the initial data Uj |t=0 = ψ0.

Therefore, to describe WFpol Uj, we describe WFUj and WFpol (Uj |t=0).
We have observed in the proof of Theorem 2.3 that the wave front set of Uj

is contained in the union of the bicharacteristics Γjp/s,±(x, αξ) that pass through
(0, x,∓cp/s(x)α|ξ|, αξ), that is,

WF Uj ⊆
⋃
p/s,±

{ Γjp/s,±(x, αξ) : α > 0 }.

We show below in Lemma 3.4 that the polarization set of the initial data Uj|t=0 is
restricted to the span of ξ over the points (x, αξ), α > 0. It follows that the upper
bound in (26) holds.

Lemma 3.4. For the Uj constructed in the proof of Theorem 3.2,

(27) WFpol (Uj |t=0) = { (x, αξ;βξ) : α > 0, β ∈ R }.

Proof. We recall that Uj |t=0 = ψ0 = h(x)ξ. We first show that

(28) WFpol ψ0 ⊆ { (x, αξ;βξ) : α > 0, β ∈ R }

by considering the pseudodifferential operators F with (principal) symbol f(x, ξ) =[
I −ψ(x, ξ) ξ

|ξ| ⊗
ξ

|ξ|

]
v(x, ξ), where ψ(x, ξ) is any smooth function on R3×R3 that

is homogeneous of order 0 in ξ and has values ψ = 1 on {(x, αξ) : α > 0}, and
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v(x, ξ) is any smooth vector field on T ∗R3 that is homogeneous of order 0 in ξ and
has values in R3.

To show that (28) holds, we will apply the definition (20) of the polarization set.
We note that the intersection, over all ψ and v, of {(x, ξ, w) : w ∈ ker f(x, ξ)} is
actually equal to the right side of (28). Then, to see that each Fψ0 is smooth, we
notice that each of the (scalar) amplitudes f(x, ξ)ξ of

h(x) −→ (F (x,Dx)ξ)(h(x))

=
∫
eix·ξf(x, ξ)ξ ĥ(ξ) dξ

= F
(
h(x)ξ

)
= Fψ0

vanishes in a conic neighborhood of WFh = {(x, αξ) : α > 0}.
To show that WFpol ψ0 is actually given by the upper bound in (28), we observe

that for any zeroth-order pseudodifferential operator F on R3 with (Fξ)h = Fψ0 ∈
C∞ it is the case that

WF (h) ⊆ WF
(

(Fξ)h
)
∪ {(x, ξ) : f(x, ξ)ξ = 0},

that is,

{(x, αξ) : α > 0} ⊆ {(x, ξ) : f(x, ξ)ξ = 0},

where f(x, ξ) is the principal symbol of F. It follows that f(x, αξ)ξ = 0; that is,
ξ ∈ ker f(x, αξ) for any α > 0. �

To show that the lower bound in (26) also holds, that is, that the initial data
ψ0 does induce compressional-wave polarization of the form wjp,+ in Uj , we show
that it is enough to prove that Γjp,+ ⊆ WF (Uj). In fact, by [De], Proposition
2.5, π(t,x,τ,ξ)(WFpol Uj) r 0 = WFUj . It follows that if Γjp,+ ⊆ WF (Uj) holds,
then some part of (WFpol Uj)r0 lies over Γjp,+. The polarization set over Γjp,+ is a
union of solutions of (21) that have initial polarization contained in WFpol (Uj |t=0).
By (27) the initial values ψ0 of Uj have polarization only with direction βξ, β ∈ R
(at (x, αξ), α > 0). This implies that the (p,+)-polarization of Uj is, in fact, the
span of the polarization vectors wjp,+(α), α > 0. Therefore, the lower bound in
(26) holds.

Next, we observe that Γjp,+ ⊆WF (Uj) holds if (x, ξ) ∈WF (u+
p |t=0), where

u±p/s =
∑
m

∫
eiϕ
±
p/s(t,x,η)e·,mp/s,±(0)(t, x, η)(ψ̂0)m(η)dη

are terms in the sum (4) making up Uj . In fact, as in the proof of Theorem 2.3(
cf. (19) and (17)

)
, we have WF (u+

p |t=0) ⊆ π(x,ξ)(WFu+
p )|t=0 and WF u±p/s ⊆

{Γp/s,±(x, αξ) : α > 0}. Thus, if (x, ξ) ∈WF (u+
p |t=0) holds, then ∅ 6= WF (u+

p ) ⊆
{Γp,+(x, αξ) : α > 0}. Again, referring to the proof of Theorem 2.3 we note that
the Γjp/s,± are disjoint (for each j = 1, 2), and so WFUj =

⋃
p/s,±WFu±p/s. Also,

WF (Uj) is a union of bicharacteristics of P, and so WF (u+
p ) = {Γp,+(x, αξ) : α >

0}, and {Γp,+(x, αξ) : α > 0} ⊆WF (Uj).
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Now, to show (x, ξ) ∈WF (u+
p |t=0) we observe that

u+
p |t=0 =

∑
m

∫
eiϕ

+
p (t,x,η) e·,mp,+(0)(t, x, η)(ψ̂0)m(η) dη |

t=0

=
∑
m

∫
ei
[
ϕ+
p (0,x,η)−y·η

]
e·,mp,+(0)(0, x, η)(ψ0)m(y) dydη

=
∫
ei
[
ϕ+
p (0,x,η)−y·η

]
ep,+(0)(0, x, η)ξ h(y) dydη

=
∫
eix·η ep,+(0)(0, x, η)ξ ĥ(η) dη,

with the last equality holding due to the initial values ϕ±p/s(0, x, η) = x · η of ϕ+
p

given in (7). By (12) u+
p |t=0 = 1

2 Pη(x,Dx)ξ(h), where Pη(x,Dx)ξ(h) =
∫
eix·η

[
η
|η|

⊗ η
|η|
]
ξ ĥ(η) dη is the 1 × 3 system of pseudodifferential operators with symbol

Pη(x, η)ξ = (
η

|η| ⊗
η

|η| )ξ (acting on the scalar h).

For each component (l = 1, 2, 3) of the amplitude Pη(x, η)ξ, we have

WF h ⊆ WF
(

(Pη(x,Dx)ξ)lh
)
∪
{

(x, η) :
(
Pη(x, η)ξ

)
l

= 0
}
.

The wave front set of h is the ray through (x, ξ), and
(

Pη(x, ξ)ξ
)
l

= ξ
l
6= 0 for

some l. Therefore, (x, ξ) is, in fact, in WF
(

Pη(x,Dx)ξ(h)
)

= WF (u+
p |t=0).

This completes the proof of the lower bound in (26). �

3.3. Conclusion: Boundary polarization contains no information about
the density in the interior. We first compute the terms involved in the ODE
(21) which describes the propagation of the polarization vectors w+

p/s. To shorten

the calculation of A we follow Dencker [De], Example 4.3. We define P̃ to be
the pseudodifferential operator with (principal) symbol p̃ given in (22). Then the
pseudodifferential operator Q = P̃P has principal symbol qI with q scalar and of
real principal type. That is, by (10) and (22),

q(t, x, τ, ξ) = p̃p = ρ(τ2 − c2s|ξ|2)(τ2 − c2p|ξ|2).

For w ∈ ker p(t, x, τ, ξ) we have A = Aq where Aq = −iqs with qs the subprincipal
symbol of Q. That is, for Qj = Q(λj , µj , ρj), the polarization vectors of Uj solve

(29) Vqw = Aqw,

where Vq is the Hamilton vector field of q (cf. (13)). In fact, writing c2λ = λ/ρ,
we have

Vq |τ=∓cp/s|ξ| = ∓(+/−)2ρc2p/s(c
2
p − c2s)|ξ|3 ·

[ ∂t
cp/s

± ξ

|ξ| ·∇x ∓ (log cp/s)x|ξ|·∇ξ
]
,

p1(t, x, τ, ξ) consists of the lower-order terms of the symbol of P and is given by

p1(t, x, τ, ξ) = −i
[
λx ⊗ ξ + (µx · ξ)I + ξ ⊗ µx

]
= −iρ

[
c2λ(log ρc2λ)x⊗ξ + [c2s(log ρc2s)x ·ξ]I + c2sξ⊗(log ρc2s)x

]
,

(30)
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where

u s©v= 1
2
[
u⊗ v + v ⊗ u

]
.

In addition,

Aq = −iqs = −ip̃p1 −
∑
j

(∂ξj p̃)(∂xjp) + 1
2

(∑
j

∂xj∂ξj q
)
I

= ρ
∑
j

[
2c2pξjI − 2(c2p − c2s)(ξ s©ej)

]
·
[
−(c2p − c2s)xj (ξ ⊗ ξ)

+ (log ρ)xj
(

(τ2 − c2s|ξ|2)I − (c2p − c2s)(ξ⊗ξ)
)
− (c2s)xj |ξ|2I

]
+ ρ

[
(τ2 − c2p|ξ|2)I + (c2p − c2s)(ξ ⊗ ξ)

]
·
(

(c2p − 2c2s)
[
log ρ(c2p − 2c2s)

]
x
⊗ ξ

+ c2s
[
(log ρc2s)x·ξ

]
I + c2s ξ⊗(log ρc2s)x

)
− ρ

∑
j

(
(log ρ)xj

[
c2p(τ

2 − c2s|ξ|2)ξj + c2s(τ
2 − c2p|ξ|2)ξj

]
+ (c2p)xj (τ2 − c2s|ξ|2)ξj + (c2s)xj (τ2 − c2p|ξ|2)ξj

− c2p|ξ|2(c2s)xjξj − c2s|ξ|2(c2p)xjξj

)
I

= ρ
(
γ1I + γ2(ξ ⊗ ξ) + ξ ⊗ v1 + v2 ⊗ ξ

)
,

for

(31)

γ1 = [ξ · (log ρ)x]c2p(c
2
p − c2s)|ξ|2δτ2=c2p|ξ|2 − [ξ · (c2s)x]c2p|ξ|2

+ [ξ · (c2p)x]
[
(c2p − c2s)|ξ|2δτ2=c2p|ξ|2 − c2s|ξ|2

]
,

γ2 = [ξ · (log ρ)x]
[
−2c2s(c2p − c2s)

]
− [ξ · (c2p − c2s)x][2c2s],

v1 = −(log ρ)x(c2p − c2s)|ξ|2
[
(c2p − 2c2s)δτ2=c2p|ξ|2

]
+ (c2s)x(c2p − c2s)|ξ|2

[
2 − δτ2=c2s|ξ|2

]
,

v2 = (log ρ)x(c2p − c2s)|ξ|2[c2sδτ2=c2s|ξ|2 ] + 2(c2s)x(c2p − c2s)|ξ|2δτ2=c2s|ξ|2

+ (c2p)x(c2p − c2s)|ξ|2δτ2=c2p|ξ|2 .

We denote by ′ and by d
ds the derivative with respect to arclength in the direction

of the bicharacteristic Γ±p/s(x, ξ) (cf. (14)); that is,

(32) d
ds = ∂t

cp/s
± ξ
|ξ| ·∇x∓ (log cp/s)x|ξ| ·∇ξ.

It follows that the ODE (29) reduces to

(w±p/s)
′ =

dwp/s

ds
=

(+/−)
[
γ1I + γ2(ξ ⊗ ξ) + ξ ⊗ v1 + v2 ⊗ ξ

]
2c2p/s(c

2
p − c2s)|ξ|3

w±p/s.

In the case of a forward p-wave (i.e., τ = −cp|ξ|) we have wp = αN where
N = ξ

|ξ| = dx
ds . Therefore, the ODE in this case reduces to

α′N + αN ′ =
dwp
ds
|τ=−cp|ξ| = α

[
γ1 + γ2|ξ|2 + v1 · ξ

]
N + v2|ξ|

2c2p(c2p − c2s)|ξ|3
;
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that is, given (31),

α′ = αG(cp, cs),

where G(cp, cs) does not depend on ρ. (Note that by (14),

N ′ =
(
ξ

|ξ|

)′
= (log cp)x + (log cp)′N,

while v2|ξ|/(2c2p(c2p − c2s)|ξ|3) = (log cp)x). It follows that the p-wave boundary
polarization does not contain any information about the value of the density ρ in
the interior.

In the case of a forward s-wave (i.e., τ = −cs|ξ|) we have ws ⊥ ξ; so the ODE
reduces to

dws(t, x, τ, ξ)
ds

|τ=−cs|ξ| =
−[γ1ws + (v1 · ws)ξ]

2c2s(c2p − c2s)|ξ|3
.

It follows that

(33)
d

ds

(
log |ws|2

)
=

2ws
|ws|2

· dws
ds

=
−γ1

c2s(c2p − c2s)|ξ|3

and

(34)
d

ds

(
ws ·

ws(0)
|ws(0)|

)
=
[
projw⊥s w

′
s

]
· ws(0)
|ws(0)|

where ws(0) is the polarization vector at the boundary.
Each of these ODEs, (33) and (34), has right-hand sides that do not depend on

ρ(x) with x ∈ Ω, when τ = −cs|ξ|. It follows that |ws| and Arccos
(
ws
|ws| ·

ws(0)
|ws(0)|

)
do not depend on ρ in the interior. Therefore, the s-wave boundary polarization
also contains no information about the value of the density ρ in the interior.

4. Uniqueness of the density

4.1. Using the transport equations to describe the propagation of “lower-
order polarization”. Here we return to the representation of the elastic displace-
ment wave in terms of solutions of the Cauchy problem (3), in particular, in terms
of the Fourier integral operators described in Section 2.2. The amplitudes of these
Fourier integral operators solve algebraic equations (9) and satisfy compatibility
conditions (11).

We reduce the compatibility conditions (11) (for top-order and lower-order terms
of the p-wave FIO amplitudes) to the transport equations (37) and (39), ODEs along
the bicharacteristics of P. Writing α0 for (αm)0(t, x, η), we have by (8), (10), (30),
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for forward p-waves (i.e., τ = −cp|ξ|) :

(35)

∂τp = −2ρτI,

∂ξjp = 2ρ
[
c2sξjI + (c2p − c2s)(ej s©ξ)

]
,

∂ξi∂ξjp = 2ρ
[
c2sδijI + (c2p − c2s)(ei s©ej)

]
,

iN∂τ,ξp · ∂t,x
[
α0N

]
= iρ

[
2c2p|ξ|

(
∂t
cp

+ ξ
|ξ| ·∇x

)
α0 + (c2p − c2s)|ξ|(∇x ·N)α0

]
,

−Np1[α0N ] = i
(

[ξ · λx] + 2[ξ · µx]
)
α0 = iρc2p[ξ · (log ρc2p)x]α0,

N · (i/2)
∑
|α|=2

3∑
l=1

(∂ατ,ξp) · (∂αt,xϕp)
[
α0N

]
= iρ

(
−c2p(log cp)′|ξ|+ c2s(∇x ·ξ) − c2s[N(∇x⊗ξ)N ]

)
α0

due to the fact that

(36)

2N ·Nt = ∂t(N ·N) = ∂t(1) = 0,

(∇x ⊗N)N =
1
2
[
∇x(N ·N)

]
=

1
2
[
∇x(1)

]
= 0,

∂2
t ϕp(t, x, η)

(32)
=
[
cp
d

ds
− cpN · ∇x

]
τ = c2p

[
(log cp)′|ξ|+N(∇x ⊗ ξ)N

]
,

∇x ·N =
∇x · ξ
|ξ| − N(∇x ⊗ ξ)N

|ξ| .

Given (8), it follows from the compatibility condition (11) for J = 0, NBp
(
e·,mp (k)

)
0

= 0, that

(37) α′0 = −
[
(log
√
ρcp)′ +

1
2

(∇x ·N)
]
α0.

Therefore, for x = x(s) /∈ Ω, t = t(s), ξ(s) = ∇xϕp
(
t(s), x(s), η

)
, and α0 =

α0

(
t(s), x(s), η

)
(38) α0 = α0(t, x, η)

√
(ρcp)(t, x, η)√
ρcp(x)

exp
(
−1

2

s∫
s

∇x ·N ds
)

=
H
√
ρ
,

where H = H
(
t(s), x(s), η

)
depends on cp, but not ρ(x) for x ∈ Ω.

To derive the transport equation for α−1 = (αm)−1(t, x, η) from the compatibil-
ity condition (11) for J = −1, N [Bp(ep)−1 + Cp(ep)0] = 0, we first observe, as in
(35) and the calculations that follow, that

NBp(α−1N) = 2iρc2p|ξ|
(
α′−1 +

[
(log
√
ρcp)′ +

1
2

(∇x ·N)
]
α−1

)
.

It follows that this compatibility condition reduces to the transport equation
(39) α′−1 +

[
(log
√
ρcp)′ +

1
2

(∇x ·N)
]
α−1 = G,

where
(40) G =

−1
2iρc2p|ξ|

[
NBph−1 + NCp(α0N)

]
.
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We solve the transport equation (39):

(41) gα−1 =
∫
gG + C,

where C is a constant, the integration is over p-wave bicharacteristic segments (cf.
Section 2.3), and

(42) g =
√
ρ

H
=

√
ρcp(x)

α0(t, x, η)
√

(ρcp)(t, x, η)
exp
(1

2

s∫
s

∇x ·N ds
)

has g′ =
[
(log√ρcp)′ + 1

2 (∇x ·N)
]
g.

We compute G, given (10), (35), (36), and (38):

(43)

NCp(α0N)

= ρ

(
2(c2p − 2c2s)

[
log
√
ρ(c2p − 2c2s)

]′[
∇x·
( H
√
ρ
N
)]

+ 2c2s(log
√
ρcs)x

[
∇x ⊗

( H
√
ρ
N
)]
N − ∂2

t

( H
√
ρ
N
)
·N

+ 2c2sN
[
∇x⊗

( H
√
ρ
N
)]

(log
√
ρcs)x + c2s∆

( H
√
ρ
N
)
·N

+ (c2p − c2s)N
[
∇x ⊗∇x

]
·
( H
√
ρ
N
))

= −H√ρ
(
c2s(∆ log

√
ρ) + (c2p − c2s)[N(log

√
ρ)xxN ]

+ c2s|(log
√
ρ)x|2 + (c2p − c2s)[(log

√
ρ)′]2

+ (log
√
ρ)′
[
2(c2p − c2s)(log

√
c2p − c2s)′ − (c2p − 3c2s)(∇x ·N)

]
+ (log

√
ρ)x ·

[
(c2p − 3c2s)(∇x ⊗N)tN + 2c2s(log cs)x

]
+ terms that do not depend on ρ

)
since, by (30) and (38),

∂ξj (ip1) = ρ

(
2(c2p − 2c2s)

[(
log
√
ρ(c2p − 2c2s)

)
x
⊗ ej

]
+ 2c2s

(
log
√
ρcs
)
xj
I + 2c2s

[
ej ⊗ (log

√
ρcs)x

])
,

√
ρ(α0)x = H [−(log

√
ρ)x + (logH)x],

√
ρ(α0)xx = H

[
(log
√
ρ)x⊗(log

√
ρ)x − (log

√
ρ)xx + (logH)xx

− 2(log
√
ρ)x s©(logH)x + (logH)x ⊗ (logH)x

]
.

(44)

We note, by (32) and (37), that α0 = α0(t, x, η) solves[∂t
cp

+
ξ

|ξ| · ∇x
]
α0 = α′0 = −

[
(log
√
ρcp)′ +

1
2

(∇x ·N)
]
α0;
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so, by the definition of H in (38),

(45) ∂t logH = −cp
[
(log
√
cp)′ +

1
2

(∇x ·N) + [N · (logH)x]
]
.

It follows, given the algebraic equations (9) with J = 0, given that N is in
kerp(t, x, ∂t,xϕp)

(
cf. (8)

)
, and given that h−1 is orthogonal to ξ

(
cf. (8)

)
, that

h−1 =
−1

ρ(c2p − c2s)|ξ|2
Bp(α0N)

=
−1

ρ(c2p − c2s)|ξ|2
· iρ|ξ|

(
2cp∂t(α0N) + 2c2s

[
∇x ⊗ (α0N)

]t
N

+ (c2p − c2s)
[[
∇x ⊗ (α0N)

]
N +

[
∇x · (α0N)

]
N
]

+
[
2(c2p − 2c2s)

(
log
√
ρ(c2p − 2c2s)

)
x

+ 4c2s
(
log
√
ρcs
)′
N

− ∂2
t ϕp
|ξ| N + c2s

(∆ϕp)
|ξ| N + (c2p − c2s)

[∇x ⊗ ξ]
|ξ| N

]
α0

)

=
iH

(c2p − c2s)|ξ|
√
ρ

(V + W ),

especially due to (10), (14), (30), (35), (36), (38), (44), (45), and

∂tN(t, x, η) = cp
[( ξ
|ξ|
)′ − (∇x ⊗N)tN

]
= −cp

[
(∇x ⊗N)tN + (log cp)x − (log cp)′N

]
,

(∇x ⊗N)tN =
(∇x ⊗ ξ)
|ξ| N − [N t (∇x ⊗ ξ)

|ξ| N ]N.

Here we use the notation

V = 2N@
[
(c2p − 3c2s)(log

√
ρ)x
]
N,

W = 2N@
[
−4c2s(log cs)x + (c2p − c2s)(logH)x

]
N

+ (c2p − c2s)(∇x ⊗N)tN,

[u@v]w =
1
2

(
[u⊗ v]w − [v ⊗ u]w

)
=

1
2

(
u[v · w] − v[u · w]

)
.

Therefore, given that N · h−1 = 0, we have

NBp = iρ|ξ|
(
−2cp(∂tN) · h−1 + (c2p + c2s)N

t[∇x ⊗ h−1]N

+ (c2p − c2s)(∇x · h−1) + 2c2s[(log
√
ρcs)x · h−1]

+ (c2p − c2s)N t [∇x ⊗ ξ]
|ξ| h−1

)
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= iρ|ξ| · iH

(c2p − c2s)|ξ|
√
ρ

(
−(c2p + c2s)(log

√
ρ)′(W ·N)

− (c2p − 3c2s)
[
(log
√
ρ)x ·(V +W )

]
+ (c2p − c2s)(∇x ·V )

+ (c2p + c2s)
[
N t(∇x ⊗ V )N

]
+ 2c2p

[
N t(∇x ⊗N)V

]
+ (c2p − c2s)

[
(logH)x ·V

]
+ 4c2s

[
(log cs)x ·V

]
+ terms that do not depend on ρ

)
(46)

=
−H√ρ
(c2p − c2s)

·
[(
|(log

√
ρ)x|2 − [(log

√
ρ)′]2

)
(c2p − 3c2s)

2

+
(

[N t(log
√
ρ)xxN ]−∆(log

√
ρ)
)

(c2p − c2s)(c2p − 3c2s)

+ (log
√
ρ)′
(

(c2p − c2s)(c2p − 3c2s)(∇x ·N)

+ (c2p − c2s)(c2p + c2s)
′ − 8c2s(c

2
s)
′
)

− (log
√
ρ)x ·

(
(c2p − c2s)(c2p − 3c2s)(∇x ⊗N)tN

+ (c2p − c2s)(c2p + c2s)x − 8c2s(c
2
s)x
)

+ terms that do not depend on ρ

]
.

It follows from (40), (41), (42), (43), and (46) that

(47)

gα−1 =
∫
gG + C

=
∫ √

ρ

H
· −1

2iρc2p|ξ|
·
(
−H√ρ

)
[N t ·A(x) ·N ] + C

=
−1
2iτ

∫
[N t · A(x)

cp
·N ] + C,

where the rank-2 tensor A(x) depends only on x and is given by

A(x) = (log
√
ρ)xx

[
2(c2p − 2c2s)

]
+ [(log

√
ρ)x ⊗ (log

√
ρ)x]

[
4c2s

(c2p − 2c2s)
(c2p − c2s)

]
+ (log

√
ρ)x ⊗

[
2(c2p)x −

8c2s
c2p − c2s

(c2s)x

]
− I

[
∆(log

√
ρ)(c2p − 4c2s)

−|(log
√
ρ)x|2

(
(c2p − 4c2s) +

4c4s
c2p − c2s

)
−
(
log
√
ρ
)
x
·
(
−(c2p)x +

8c2s
c2p − c2s

(c2s)x
)]
.

It follows from the fact that N = ∇xϕp/|∇xϕp| is the unit tangent vector to the
spatial component x(s) of the bicharacteristics (cf. Section 2.3), and from the fact
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that the spatial components x(s) are geodesics with respect to the metric (1/c2p)e,
that these line integrals (47), when taken over all p-wave bicharacteristics

(
cf. (14)

)(
that is, for all x /∈ Ω, ξ ∈ R3 r 0, cf. (15)

)
make up a ray transform of the

symmetric tensor field A (cf. (51) and Theorem 4.2) over the family of geodesics
with respect to (1/c2p)e.

The Dirichlet-to-Neumann map determines the value of the ray transform (47)
over geodesic segments between boundary points of Ω. (In fact, the Dirichlet-to-
Neumann map determines the wave displacement Uj outside Ω (cf. Theorem 2.2)
and thus it determines gα−1 at ∂Ω.) We conclude, for any pair of boundary points
x, x ∈ ∂Ω, that

(48)
∫
γ

N t ·B(x) ·N ds = 0,

where γ is the p-wave geodesic segment between x and x with respect to (1/c2p)e,
and

(49)

B(x) =
A1

cp
− A2

cp

= κ

[
(β1)x ⊗ (β1)x − (β2)x ⊗ (β2)x

]
− αI +

[(
log
√
ρ1

ρ2

)
x
·V
]
I

+
(

log
√
ρ1

ρ2

)
x
s©
(
V + 2(cp)x

)
+ 2(c2p − 2c2s)

(
log
√
ρ1

ρ2

)
xx
,

κ =
4c2s
cp

(c2p − 2c2s)
(c2p − c2s)

,

βi = log
√
ρi, i = 1, 2,

α =
(c2p − 4c2s)

cp
∆
(

log
√
ρ1

ρ2

)
− ω

[
|(log

√
ρ1)x|2− |(log

√
ρ2)x|2

]
,

ω =
(c2p − 4c2s)

cp
+

4c4s
cp(c2p − c2s)

,

V = 2(cp)x −
8c2s

cp(c2p − c2s)
(c2s)x.

4.2. Inverting the ray transform. We begin with some preliminary notation,
following [Sh II], Sections 2.1–2.4. Let C∞(τrsM) denote the r-times contravari-
ant and s-times covariant tensor fields on a manifold M. Let C∞(Smτ ′M ) denote
the symmetric tensor fields of degree m on M, i.e., the C∞(M)-submodule of
C∞(τ0

mM) that consists of the tensor fields invariant with respect to every trans-
position of the indices. Let σ : C∞(τ0

mM) → C∞(Smτ ′M ) denote the canonical
projection (symmetrization) defined by σ(v) = 1

m!

∑
π∈Πm

vjπ(1)...jπ(m) , where
Πm is the group of permutations of the set with m elements.

We define inner differentiation d : C∞(Smτ ′M ) → C∞(Sm+1τ ′M ) as in [Sh II],
Section 2.4, by

(50) d = σ∇,
where ∇ denotes the Levi-Civita connection associated with the Riemannian man-
ifold (M, g). The divergence operator δ : C∞(Sm+1τ ′M ) → C∞(Smτ ′M ) is defined
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in coordinate form by (δv)i1...im = vi1...imj;kg
jk, where gjk is the inverse matrix

of the metric tensor gjk on the Riemannian manifold (M, g).
Let Hk(Smτ ′M ), for any integer k ≥ 0, be the completion of C∞(Smτ ′M ) with

respect to the Sobolev norm || · ||k corresponding to the scalar product (·, ·)k that
is defined inductively in k by (u, v)k = (∇u,∇v)k−1 + (u, v)L2 . In particular,
H0(Smτ ′M ) = L2(Smτ ′M ).

Sharafutdinov shows in [Sh II], Theorem 2.4.2, that any symmetric tensor field
has a unique decomposition into the sum of “solenoidal” and “potential” parts.
That is,

Theorem 4.1 (Sharafutdinov [Sh II]). Let M be a compact Riemannian manifold
with boundary. Let k ≥ 1 and m ≥ 0 be integers. For every field f ∈ Hk(Smτ ′M ),
there exist uniquely determined sf ∈ Hk(Smτ ′M ) and v ∈ Hk+1(Sm−1τ ′M ) such that

f = sf + dv,

where

δ sf = 0 and v |∂M = 0.

The fields sf and v are called the solenoidal and potential parts of the tensor
field f.

The ray transform on a CDRM M (cf. notation and terminology introduced in
Section 1.1 and in this section) is the linear operator I : C∞(Smτ ′M )→ C∞(∂+ΩM)
defined by

(51) If(x, ξ) =
∫ 0

τ−(x,ξ)

fi1...im(γx,ξ(t)) γ̇i1x,ξ(t) . . . γ̇
im
x,ξ(t) dt,

where γx,ξ : [τ−(x, ξ), 0] is the maximal geodesic on M ∪ ∂M satisfying the initial
(i.e., exit) conditions γx,ξ(0) = x and γ̇x,ξ(0) = ξ.

The ray transform may be inverted, modulo the potential part:

Theorem 4.2 (Sharafutdinov [Sh II]). If (M, g) is a compact, dissipative Riemann-
ian manifold with (m+ 1)k+(M, g) < 1, m ∈ {0, 1, 2, . . .}, then the solenoidal part
sf of any tensor field f ∈ H1(Smτ ′M ) is uniquely determined by its ray transform
If.

We define symmetrization with respect to two indices as in [Sh II], in coordinate
form, by

σ(i1i2)Mi1...i4 =
1
2

∑
π∈Π2

Miπ(1)iπ(2)i3i4 ,

where M is a symmetric (here, rank-4) covariant tensor. The Saint-Venant oper-
ator W is defined on the space of smooth, symmetric (here, rank-2) tensor fields,
mapping into the smooth, symmetric (here, rank-4) tensor fields, by

(WB)i1i2j1j2 = σ(i1i2)σ(j1j2)
2∑
p=0

(−1)p
(

2
p

)
Bi1i2−pj1jp,jp+1j2i2−p+1i2

= σ(i1i2)σ(j1j2)
[
Bi1i2,j1j2 − 2Bi1j1,j2i2 + Bj1j2,i1i2

]
,

where
(

2
p

)
= 2!

p!(2−p)! are the binomial coefficients and B, l denotes partial differen-
tiation of B with respect to xl.
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Sharafutdinov [Sh I] has shown that the potential parts of the compactly sup-
ported, rank-2 symmetric tensor fields C∞c (S2τ ′R3) on Euclidean space (R3, e) form
the kernel of W :

Theorem 4.3 (Sharafutdinov [Sh I]). The Saint-Venant operator

W : C∞c (S2τ ′R3)→ C∞c (S2τ ′R3 ⊗ S2τ ′R3)

has kernel

kerW = {d(R3,e)v | v ∈ C∞(S1τ ′R3)is compactly supported }.

Remark 5. We note that d(R3,e)v = ∇x s©v
(
cf. notation (30)

)
.

4.3. Proof of Theorem 1. In Section 2 we apply results from [R I] and [R II] to
show that the wave speeds cp/s are determined in Ω by the Dirichlet-to-Neumann
map. In Section 4.1 we compute the “lower-order polarization” of the elastic wave,
and deduce that the ray transform (48) is identically zero if Λλ1,µ1,ρ1 = Λλ2,µ2,ρ2 .

By Theorem 4.1 we decompose the tensor B that appears in the integrand of the
ray transform as B = sB+dv, where v is a rank-1 symmetric tensor field on Ω and d
is the symmetrization of the covariant derivative. By Theorem 4.2 we invert the ray
transform (48) to conclude that the solenoidal part sB of B(x) vanishes on Ω. We
note that v involves derivatives of ρi(x), i = 1, 2, of order at most 1 since B involves
derivatives of ρi of order at most 2. Here we have (M, g) = (Ω, e/c2p); so we write
dv = ∇x s©v + R(v), where R(v) depends on v and derivatives of cp

(
cf. notation

(30)
)
. It follows from Theorem 4.3 that W (B) = W (dv) = W (∇x s©v) +WR(v) =

WR(v) involves derivatives of ρi(x) of order at most 3. We write Tlu for the sum
of terms of u that involve the lth-order derivatives of ρi, i = 1, 2. Then

(52) T4W (B) = 0.

In the following we derive from this fact a partial differential equation whose solu-
tion involves the difference between ρ1 and ρ2.

We compute the value of T4W (B) acting on certain input. In fact, we first
observe (cf. (49) and Theorem 4.3) that

W
(
(log
√
ρi)xx

)
= W

(
∇x s©(log

√
ρi)x

)
= 0, i = 1, 2,[

W (αI)
]
i1i2j1j2

= σ(i1i2)σ(j1j2)
[
δi1i2α,j1j2− 2δi1j1α,j2i2+ δj1j2α,i1i2

]
= δi1i2αxj1xj2 + δj1j2αxi1xi2 − 1

2

[
δi1j1αxj2xi2

+ δi2j1αxj2xi1 + δi1j2αxj1xi2 + δi2j2αxj1xi1

]
,[

W (βx ⊗ βx)
]
i1i2j1j2

= σ(i1i2)σ(j1j2)
[
∂xj2∂xj1 (βxi1βxi2 )

− 2∂xi2∂xj2 (βxi1βxj1 ) + ∂xi2∂xi1 (βxj1βxj2 )
]

= ∂xj1∂xj2 (βxi1βxi2 ) + ∂xi1∂xi2 (βxj1βxj2 )

− 2σ(i1i2)σ(j1j2)∂xi2∂xj2 (βxi1βxj1 ),

where δij =
{

1 if i = j
0 if i 6= j

}
is the Kronecker delta. Writing

ϕ′ = ϕx ·X and ϕ̇ = ϕx · Y
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for any constant vectors X,Y and any smooth scalar function ϕ, we find that

W (αI)(X,X, Y, Y ) = |X |2α̈− 2(X · Y )α̇′ + |Y |2α′′,

W (βx ⊗ βx)(X,X, Y, Y ) =
[
(β′)2

]̈
+
[
(β̇)2

]′′ − 2(β̇β′)˙′

= 2
[
β̇′β̇′ − β̈β′′

]
.

We choose X = ei and Y = ej , where ei is the unit vector in R3 with 1 in the
ith component and 0 elsewhere. We sum over i, j = 1, 2, 3 to conclude, given (49),
that

0 =
∑
i,j

T4W (B)[ei, ei, ej, ej ]

= T4

∑
i,j

[
κW (β1,x ⊗ β1,x)−κW (β2,x⊗β2,x)−W (αI)

]
[ei, ei, ej , ej]

= −4T4 ∆α = −
4(c2p − 4c2s)

cp
∆2(log

√
ρ1 − log

√
ρ2)

+ 4ω∆
[
(log
√
ρ1 + log

√
ρ2)x · (log

√
ρ1 − log

√
ρ2)x

]
.

Note that

ω =
c4p − 5c2pc

2
s + 8c4s

cp(c2p − c2s)
is never zero on Ω, and is bounded on Ω, given the strong convexity condition
3λ+ 2µ > 0, i.e., 3c2p > 4c2s, on Ω. It follows that the difference β− = log

√
ρ1 −

log
√
ρ2 solves the fourth-order, linear, elliptic partial differential equation

(53) γ∆2(β−) − ∆[(β+)x · (β−)x] = 0

in Ω, where β+ = β1 + β2 = log
√
ρ1 + log

√
ρ2 and

γ =
(c2p − 4c2s)/cp

ω
=

(c2p − c2s)(c2p − 4c2s)
c4p − 5c2pc2s + 8c4s

.

Since cp/s are real, γ is bounded on Ω.
We apply strong uniqueness results for (53) to conclude that β− vanishes on

parts of Ω. In particular, we first note that β− vanishes to infinite order outside
∂Ω by Theorem 2.1 and the extension of λj , µj , and ρj to R3 (see Section 2.1). We
then assume, without loss of generality, that λj , µj , and ρj were extended to R3 so
that cp 6= 2cs in a neighborhood of ∂BR, where BR ⊆ R3 is an open ball containing
Ω. Writing

(54) SR = { x ∈ BR : γ = 0 } = { x ∈ BR : cp = 2cs }

for the collection of singular points of (53) in BR, we conclude that SR does not
intersect some neighborhood of ∂BR. Let U0 be any connected, open neighborhood
in BR of ∂BR whose closure has empty intersection with the singular points SR.
Then 1/γ is bounded on U0. By (53) and the fact that, outside Ω, β− ≡ 0 solves
the PDE in (53), we conclude that for any x0 ∈ U0 r Ω,

(55) |∆2β−(x0 − x)| ≤ C
∑
|α|≤3

|Dαβ−(x0 − x)|
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on {x0} − U0, where C > 0 is constant. By the strong uniqueness result of [Pr],
page 90, for example, with u(x) = β−(x0 − x), it follows that β− ≡ 0 on U0. We
vary U0 and refer to the continuity of ρj to conclude that β− = 0 on the closure
of the open, connected component C0 of BR r SR that contains a neighborhood in
BR of ∂BR. That is, ρ1 = ρ2 on the closure of

(56) C = C0 ∩Ω.
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