TRANSACTIONS OF THE

AMERICAN MATHEMATICAL SOCIETY

Volume 356, Number 3, Pages 1045-1119

S 0002-9947(03)03440-8

Article electronically published on September 22, 2003

SEMILINEAR PARABOLIC EQUATIONS INVOLVING
MEASURES AND LOW REGULARITY DATA

H. AMANN AND P. QUITTNER

ABSTRACT. A detailed study of abstract semilinear evolution equations of the
form u+ Au = p(u) is undertaken, where — A generates an analytic semigroup
and p(u) is a Banach space valued measure depending on the solution. Then
it is shown that the general theorems apply to a variety of semilinear para-
bolic boundary value problems involving measures in the interior and on the
boundary of the domain. These results extend far beyond the known results in
this field. A particularly new feature is the fact that the measures may depend
nonlinearly and possibly nonlocally on the solution.

INTRODUCTION

In this paper we extend the theory of linear parabolic evolution problems in-
volving measures, developed in [5], to the case of semilinear evolution equations of
the form

(0.1) U+ Au = p(u) in [0, 7],

where —A generates a strongly continuous analytic semigroup on some Banach
space and p(u) is a Banach space valued measure depending Lipschitz continuously
on u. We demonstrate the power of our general results by discussing a number of
applications to a variety of nonlinear parabolic boundary value problems involving
measures in space and time, which may depend nonlinearly and in a nonlocal way
on the solution.

In this introduction we present some simple model problems in order to show the
scope of the theory. We restrict ourselves to questions of well-posedness. However,
our abstract results, in particular the fact that we prove that the solutions depend
continuously on the data, are important for qualitative investigations. This will be
illustrated in forthcoming publications, in which applications to control problems
are given.

Throughout this paper we assume that €2 is a nonempty domain in R™ with a
compact smooth boundary T'; and  lies locally on one side of " if T" # ). Further-
more, I'g and I'; are disjoint and open in I" with I'g UT'; = I'. Of course, either I'g
or I'1 can be empty. In this introduction we also suppose that n > 2.

For a o-compact metric space X we denote by M(X) the Banach space of
bounded Radon measures on X; that is, M(X) = Co(X)’, where Cp(X) is the
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space of continuous functions on X vanishing at infinity. If F is a Banach space,
then we write Myo.(RT, E) for the space of all E-valued Radon measures p on R
such that p][0,7] is of bounded variation for each 7' > 0. (See [3, Section 2] for
precise definitions.)

Given a o-compact separable metric space X and a positive Radon measure p
on X, we write ¢ € Car' (X x R™,R) if ¢ : X x R™ — R is a Carathéodory func-
tion such that ¢(z,-) is continuously differentiable for u-a.a. z € X, where it is
understood from the context which measure p we refer to.

Unless stated otherwise, we assume that f belongs to Carl((Q x RT) x R,R),
satisfies f(-,+,0) = 0, and there exist an increasing function x: R — R and a
constant A > 1 such that

(0.2) |05 f (2, t,8)| < w(t)(1+ €Y, (z,t,6) € A x RT x R.
A prototype of such a function is given by
fla,t,€) = a(x,t) [E21, (z,t,€) € A xR xR,
where a := (t = a(-,1)) € Lo joc(RT, Loo(€2)).
We also put
F(u)(z,t) := f(x,t,u(x,t)), u: AxJ-R, (z,t) € QxJ,

where, in general, J is a nontrivial subinterval of R* containing 0.
In this introduction we consider the parabolic problem

Ou — Au = F(u) + pa(u) in  QxRT,
(0.3) u = po(u) on TIgxRT,
Oyu = p(u) on TI';xRT,

with 0, being the derivative with respect to the outer unit normal on I". (Of course,
here and everywhere else in this paper, all explicit or implicit references to I'" have
to be neglected if = R™.) Furthermore, given a suitably regular function v on R,

(04)  fi(v) = (pa(v), po(v), 11(v)) € Mioe (R, M(Q) x M(To) x M(T'1)),

where the map v — f[i(v) is always supposed to possess the Volterra property,
meaning that, given any 7' > 0, up to time T the measure p(v) depends on the
values of v up to time T only, that is, ji(v)|[0,T] depends on v|[0,7] only. In
other words, ([0:3) is a semilinear heat equation involving measures (in space and
time) in the domain 2 and on the boundary I', which may depend nonlinearly and
nonlocally on the solution.

We suppose that 1 < ¢ < co and 1 <r < co. By a (weak) L,(L4)-solution of
@3) on J we mean a u € Ly oc(J, Lq(€2)) such that

/ (=0 — Ap)udz dt = / ©F(u) dx dt + / wdpa(u)
(0.5) QxJ QxJ QxJ

—/Foxjauwdﬂo(u)"‘/ ¢ dp(u)

F1><J
for every o € D(Q x J*) satisfying
(06) @(7.&) |F0 - 07 8V<)0(7t) |F1 - 0) t E ‘]7
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where J* := J\{supJ}, and D is the space of smooth functions having compact
support in the indicated domain. Clearly, u is a C(L,)-solution if u € C’(J, Lq(Q))7
and u satisfies (0.H).

Besides ([0.4), we also consider the more regular case where

fi(v) € Lyjoc(RY, M(Q) x M(Tg) x M(T1)).
In this case we study the initial boundary value problem
Ou — Au = F(u) + po(u) in  Qx(0,00),

u = po(u) on Ty x (0,00),
(07) Opu = iy (u) on TI'; x(0,00),
u(+,0) = u° on Q.

Note that (@.1) is a special case of ([0.3), of course, since we can replace uq(u)
in (L3) by pa(u) + u’ @ &, with & being the Dirac measure with support in ¢ = 0.
Thus it is clear what is meant by an L,(Lg)- or a C(Lg)-solution of (7).

In the following theorem we collect — somewhat informally — some of the main
results proven in this paper for problems ((I3)) and (7). Precise formulations of
the various continuity properties are given in Theorems and Of course,
& :=¢/(€ — 1) is the dual exponent of £ € [1, 00|, and BUC is the space of bounded
and uniformly continuous functions. Moreover, Lipschitz continuity is always un-
derstood in the local sense.

Theorem 0.1. (i) Suppose that
(0.8) A< (n+2)/(n+1)
and that the map v — [i(v) is Lipschitz continuous from Ly 10c(RT, Ly) into
Mige (RT, M(Q) x M(Tg) x M(T'1)). Then [03) has a unique mazimal
Ly (Ly)-solution u. It depends Lipschitz continuously on [i and f, and it is
positive if [i is positive.
(ii) Assume that

(0.9) A<n/(n—1), r>2/1-n/X),

and that v — [i(v) is locally Lipschitz continuous from C(R™, Lx(2)) into

Lrjoc(RT, M(Q) x M(To) x M(T'1)). Then problem (0.7) has for each

ud € Wifn/)‘, a unique mazimal C(Ly)-solution u. It depends Lipschitz

continuously on u°, [i, and f, and it is positive if u® and [i are positive.
(iii) In each of the above cases, J(u), the interval of existence of W, is open
in RY.
(iv) If the hypotheses of (1) are satisfied, suppose that
u € Lx((0,T)N J(w), LA(Q)) for every T > 0;
otherwise assume that
u € BUC([0,T)N J(w), LA(2)) for every T > 0.
Then J(u) = RY, that is, W is a global solution.

Remark 0.2. This theorem is a particular case of the much more general The-
orem B (also see Proposition and, for the continuity assertion, Theorems
B2H3A). In fact, it allows for the following generalizations.
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(a) The assumption that pq(v) and p;(v) are measures in = and t can be re-
placed by the hypotheses that pq(v) and p(v) are measures on R with values in
M~YQ) and M~Y(T'y), respectively, where M~1(Q) is the dual of the space of all
C!-functions v on © vanishing at infinity and satisfying v|Ty = 0 and d,v|T; = 0,
and M’l(I‘l) = CI(I‘l)’.

(b) In the intermediate case, where
i(v) € Ly joc(RY, M(Q) x M(To) x M(T1))

with 1 <r <2 / (1 —n/X), one gets an upper bound for A lying between the values
(n+2)/(n+1) and n/(n — 1) and depending on r, as well (see Theorem [.T)). Fur-
thermore, the uniform boundedness assumption for f with respect to the variable
x €  can be replaced by an integrability condition.

(c) If o = 0, that is, in the case of homogeneous Dirichlet data, we can replace
the condition on A in (&) by A < 14 2/n and (@) by A < 1+ 2/(n — 2), respec-
tively. Furthermore, f may depend nonlinearly on the gradient of u as well, and
u1(v) can be replaced by p1(v) + G(v), where g € Carl((Fl x R*) x R,R), satis-
fying a suitable growth restriction similar to the one given in (I.2), and where
G(v)(,t) :== g(x,t,v(x,t)). In this case the unique maximal solution satisfies
u(-,t) € W, (Q) for almost all ¢ in the interval of existence and a properly chosen g.
Thus it is a weak solution of (I3) in the sense that

{—(Bp)v+ V- Vo}dadt
QxJ

:/ oF (u) da:dt+/ gad/m(u)+/ ©G(u) dadt+/ ©dpu (u)
QxJ QxJ Ty xJ

F1><J

for all ¢ € D(Q2 x J*) vanishing on I'y x J, where do is the volume measure of T’
(cf. Theorem [6.1] as well as Propositions[6.5] and [6.6)).

(d) F and G can be nonlocal maps possessing the Volterra property.

(e) The negative Laplace operator —A and 9, can be replaced by a general
second order strongly uniformly elliptic operator in divergence form and by the
corresponding conormal derivative, respectively. Furthermore, the above results
extend to systems and higher order parabolic boundary value problems.

(f) Problems (03) and ([@1) enjoy important comparison theorems (see Theorems
B3, BH, 63 and[T3). O

Theorem [ Tis the first result taking into consideration measure data depending
nonlinearly on the solution. So far, almost all papers in this field deal with very
particular model problems in which [ is independent of u (see the references in

Sections [GHY)).

In order to illustrate the scope of Theorem (and its generalizations) we now
present two model problems, where, for simplicity, we assume that €2 is bounded.
First we suppose that

X:Rt—=Q, Y:Rt-1I;

are locally Lipschitz continuous maps. Then, given v € L (J, Ll(Q)), we put

x(v,t) :—X(/Ot/*v(x,T)dxdT), y(v,t) :—Y(/Ot/,v(:c,T)dxdT)
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for t € J, where Q* and ' are nonempty open subsets of 2. We also assume that
@, 1) € Mioe(RT) and (pq, fto, f11) € Mioe(RT, M(Q) x M(Lo) x M(I'1)), as well
as a € Lo loc (R+, Lo (Q)), are nonnegative. Then we consider the nonlinear heat
equation
ou — Au = —au + Oz(u,t) @ @ + fo in QxR
(0.10) U= o on Ty xRT,
dyu = 5y(u,t) QY + on Iy xRT.
Note that this problem contains heat sources located at points x(u,t) €  and
y(u,t) € 'y whose positions at time ¢ depend on the total heat in Q* x [0,¢) and

Q' x [0,1), respectively. In addition, if ¢ and 1) vanish on some intervals, then these
points disappear and may reappear again.

Theorem 0.3. Let the above condition be satisfied and suppose that
1<A<(n+2)/(n+1).
Then problem ([OI0) possesses a unique global positive Lx(Ly)-solution.

Proof. Put

/Z* (U) = (51’(1},) @ @ + pa, Ho, 5y(v,-) Y+ Ml)
One verifies that v — i, (v) is locally Lipschitz continuous from L ((0,7), Lx(£2))
into M ([0, 7], M~(92) x M(Ig) x M~}(T'y)) for every T > 0, and that it has the
Volterra property. Thus ([LI0) is a special case of ([L3)) in the generalized version
of Remark [2(a). From this we obtain the existence of a maximal Ly (L) )-solution

(cf. the proof of Proposition E.16l and Remark 5.17(a)). Positivity is a consequence
of Corollary .4l and global existence is derived as in the proof of Theorem 514l [

Clearly, Theorem[I3] can easily be generalized to the case of several heat sources
in Q and on I'y. In Section Bl we consider the case where the positions of the
heat sources at time ¢ depend on the average heat fQj u(z,t)dx at time t (see
Proposition [5.16).

Our next model problem deals with moving interfaces. For simplicity, we consider
a very simple geometry. Much more general situations are studied in Section [l

We suppose that

X:Rt>R", RA:R' >Rt

are locally Lipschitz continuous maps and A is bounded. Then, given v € L1(Q)
with v > 0, we put

() :=X(/dea:), r(v) = R(/dex>, a(v) :=A(/dea:).

We also set

zeQ; lz—zW)|=r if r(v ,
M(v) :_{EJ ) | . ()} othirzv;e(.)

Thus M (v) is the intersection of Q with the (n — 1)-sphere with radius r(v) and
center at z(v), if r(v) > 0. We also denote by n(v) the outer unit normal of M (v),
that is, n(v)(z) == (z — z(v)) /r(v) for @ € M(v), if M(v) # 0. Then M(v) is a
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smooth hypersurface of  oriented by n(v). Thus, given a piecewise smooth func-
tion u, the jump of its normal derivative along M (v), denoted by [Op(v)u]nr(v), has
the obvious meaning (see Section [l for precise definitions).

We assume that ag € Lo loc (R*, LOO(Q)) and

(Mﬂaﬂoaﬂl) € LOO,IOC(RJrvM(Q) X M(FO) X M(Fl))

are nonnegative. Then we consider the following initial boundary value problem
with a transmission condition:

o — Au = —au™ + pig in Qx(0,00),

[On () ] a1 (w) = () on  M(u),
(0.11) U= o on Ty x(0,00),
Opu = iy on T x(0,00),
u(-,0) = u° on €.

Clearly, the second equation means that, at time ¢, the jump of the normal de-
rivative of the solutions u(t) along M (u(t)) has the value a(u(t)). Note that
{M (u(t)) s te J(u) } is a family of moving interfaces which may disappear and
reappear, depending on the mean value fQ u(z,t) dz of the solution w at time ¢.
Moreover, the size of the jump of its normal derivative along M (u(t)) depends on
this mean value as well.

By a positive (weak) C(Ly)-solution of (LTIl) on J we mean a nonnegative
function u € C(J, L)\(Q)) satisfying

/J/Q(—atap—Aga)udxdt
- /J { /Q —p(t)a(t)u(t) do + /Q o(t) dua(t) — /F O Oy p(t) dpo(t)

+ /Fl (p(t) dpy (t) + /M(u(t)) ga(t)a(u(t)) dVOlM(u(t)) }dt

+ /Q 0(0)ul dx

for each p € D(Q x J*) satisfying (ILG).
The following theorem is a particular case of the much more general Corollary

(.13 and Theorem [5.141

Theorem 0.4. Suppose that 1 < A <n/(n—1). Then problem ([III) has for each
ud € W;fn/)‘ with u® > 0 a unique global positive C(Ly)-solution.

This paper consists of four parts and an appendix. In Part [Il we present the
abstract results for problem (0.1). Their proofs are deferred to Part[d The second
part illustrates the power of the general theorems by means of applications to a
variety of model problems. In Part [Bl we extend the foregoing results to systems.
In the appendix we provide mapping properties of Nemytskii operators possess-
ing only a little regularity, which are needed in the applications of Part [2 and are
of independent interest. Then we study linear problems, thus complementing [5]
by extending those results to nonautonomous equations and giving compactness
theorems. Nonautonomous equations occur in the proof of a version of a weak
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maximum principle which is somewhat technical and therefore relegated to this ap-
pendix. However, it is crucial for the positivity and comparison theorems mentioned
above.

It should be noted that the results of Sections BHil generalize earlier investiga-
tions of other authors considerably. We refer to these sections for discussions of
the relation between our work and those earlier results. However, we emphasize
that this paper contains the first systematic study of general parabolic evolution
equations involving measures which depend nonlinearly on the solution.

Finally, we direct the readers’ attention towards Remark [4.2{c) for a correction
and improvement of an erroneous assertion made in [5].

Part 1. The Abstract Results

Throughout all of this part we assume that

e Fj is a reflexive Banach space;
(A0) e A is the negative infinitesimal generator of a
strongly continuous analytic semigroup on FEy.

We put E; := D(Ay), where D(Ap) is the domain of Ay endowed with the graph
norm. We also fix a real number wg > 0 such that the resolvent set wg + Ag contains
the left complex half-plane [Re z < 0] and denote by E_; the completion of Ey with
respect to the norm u +— ||(wo + A)"'u||g,. Then E; and E_; are Banach spaces
satisfying
d d
Ey — Ey — E_4,

where — denotes “continuous injection” and the superscript d means “dense”.
Moreover, E_; is independent of the choice of wy, except for equivalent norms.
For each 6 € (0, 1) we fix an admissible interpolation functor of exponent §, where
“admissible” means that either (-, -)p equals the real interpolation functor (-, -)g,4 for
some ¢ € (1,00), or (-,-)g is the complex interpolation functor [-,-],. Then we set

Eyto = (Ey, Ex+1)o, 0<f<1, ke{-1,0}.
It follows that
E.%E, —1<t<s<l.
Furthermore, there exists a unique A_; € L(Ey, F_1) extending Ay, where L is the

space of bounded linear operators. We denote by Ay the maximal restriction of A_;
to Es for 1 < s < 1. Then

A, DA, —1<t<s<l,

the operator —A, generates a strongly continuous analytic semigroup on Ey for
—1<s<1,and A, € L(Es41, Es) for =1 < s < 0. The family

[(E37As) ; —1<s< 1}

is said to be the interpolation extrapolation scale generated by (Fg, Ag) and (-, -),
0 < @ < 1. For proof of these facts and more details we refer to [3, Chapter V].

Now we can formulate the second basic hypothesis which is presupposed through-
out Part[[l Namely, we assume that

e I<a<p<l;

(A1) o« A=A, ..
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We also fix a positive real number T and consider the semilinear evolution equation
(EV) i+ Au = p(u) in [0, T],

where £ is an Eg_q-valued measure on [0, T] depending nonlinearly on « and pos-
sessing the Volterra property.

Equation (EV) is a suitably generalized formulation of the Cauchy problem
i+ Apu = p(u) which, in general, is not well-posed. This will be clear by look-
ing at the concrete applications of the abstract theory presented in Part Note
that A € L(Eq4, Eo—1), so that (EV) is an equation in F,_1. The hypothesis that
p(u) be an Eg_1-valued measure is a regularity condition meaning that the measure
is “subordinate” to the linear operator A.

1. WEAK SOLUTIONS OF SEMILINEAR PROBLEMS

In this first section we consider a setting in which solutions to (EV) cannot
be expected to have a time derivative in a strong sense. Thus (EV) has to be
interpreted in a generalized sense. For this we need some preparation.

Denote by Eg and Ag the dual of Fy and Ay, respectively. Then Eg is a reflexive
Banach space as well, and —Ag generates a strongly continuous analytic semigroup
on Eg. Hence we can define Eg and E'i1 by replacing in the definition of £} and E_;

the space Ey by Eg and the operator Ay by Ag. We also set
B}, = (Bx, Eri1)h, 0<0<1, ke{-1,0},

where (-, )g is the interpolation functor dual to (-,-)g. Then

d
EFS B —1<t<s<l,

and there exists a unique A* | € L(Eg, E* ) extending Ag. We let A% be the max-

imal restriction of AEI to Ef for —1 < s <1. It is a basic fact (cf. [3, Theorem
V.1.5.12]) that

(1.1) (Bo) =Ef,, (4,) =4

—S8?

-1<s< 1,

with respect to the Es-duality pairing (-, -) , naturally induced by the Ey-duality

pairing. Henceforth,

s?

AT = A"
It follows that A" € E(E%_a, Eu_a) and that it is the dual of the bounded linear
operator A, € L(Ey, Eq_1).

We denote by M ([0, T], Eg,l) the Banach space of all Eg_;-valued Radon mea-
sures of bounded variation on [0, T]. By the generalized Riesz representation theo-
rem and () it is the dual space of C([0, T], EL 5). Thus we also write suggestively

/[0 T]’Udua (/-1/71)) € M([OaTLEﬁ—l) X C([OaTLngg)a

for the corresponding duality pairing.
Suppose that 1 < p < oo, that

T Lp((O,T),E(y) - M([OvT]aEﬁ—1)7

and that it possesses the Volterra property. Let J be a subinterval of [0, T] contain-
ing 0 and more than one point (i.e., a perfect interval). Recall that J* := J\ {sup J}.
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By a weak L,(E,)-solution of (EV) on J we mean a u € Ly 1oc(J*, Ey) satis-
fying

(1.2) /J<—@+A%,u>a dt:/]vdu(u)

for allv € C.(J*, E%_a) NCHJ*, Eu_a), where the subscript ¢ means “compact sup-
port”. Note that (2) is meaningful since ELQ — Ef_ 5 and v vanishes near the
right endpoint of J, so that, given T € J with v(¢) =0 for ¢ > T, the Volterra

property implies
/vdu(u) = / vdp(u).
J [0,T]

A weak L,(E,)-solution u is maximal if there does not exist another such
solution being a proper extension of it. Then J(u):= dom(u) is its maximal
interval of existence. A weak L,(FE,)-solution u is global if J(u)=[0,T] and
u € Ly((0,T), Ey). In this case [5, Corollary 2] guarantees that u has a well-defined
trace u(T) at T in Eg_;. (Notice that, choosing = € Eg_;, any weak solution of
(EV) on [0, T] is also a weak solution of the equation

U+ Au = pu(u) + z ® it on [0,T],

due to the fact that every test function v in (L2)) vanishes near T. The trace
theorem eliminates this ambiguity.)

Let F and G be normed vector spaces. Then C’;f(F7 G) is the space of all
maps from F into G which are bounded on bounded sets and uniformly Lipschitz
continuous on such sets.

Now we can formulate our general existence and uniqueness theorem for maximal
weak L,(E,)-solutions.

Theorem 1.1. Suppose that 1 <p < 1/(a — 5+ 1) and that
(1.3) pe Gy (Lp((0,T). Ba), M([0,T], Es—1))

has the Volterra property. Also suppose that there exists an admissible interpolation
functor {-,-}s—a of exponent B — a such that

(1.4) Eg—1 ={Ea-1,Ea}p-a-
Then:

(i) There exists a unique mazimal weak L,(Ey)-solution u := u(y) of (EV).
(i) If u € Ly(J(u), Es), then u is global.

It is an important additional fact that the solution u(u) depends Lipschitz con-
tinuously on p. The precise assertion is formulated in the next theorem. Note that
assumption (I-3) implies the existence of a constant w with

(1.5) [1O0) | rmq0,m,E5- 1) Sw

and of an increasing function X : Rt — R* satisfying

(1.6) [1(v) = (W)l rmo, 1,85 1) < AR lv = wllz,0,1),E0)

for each R > 0 and all v,w € L,((0,T), E) whose norms are bounded by R.
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Theorem 1.2. Let the hypotheses of Theorem [11] be satisfied. Fix any positive
T € J(u(p)), where T < sup(J(u(p))) if u(p) is not global. Also fix w and X\ satis-
fying (L3) and (LB), respectively, as well as R with R > |lu(p)|[z,(0,1),E.)- Then
there exists £ > 0 such that J(u(v)) D [0,T] whenever

veC (Ly((0,T),Eq), M([0,T], Ep))
has the Volterra property and satisfies (L5) and ([L6) as well as
(1.7) sup (v = ) ) mo,1,B51) < €
lvllL,(0,m),Ea)<r
Moreover, there exists a constant ¢ such that

[u(v) = w@)lL,0,1),E.) < ¢ sup (v = D))l m(0,1.E5-1)
Wl ,0,m),Ea) <R

forallv,v e C’l}_ (L,,((O, T), E(y) , M ([O7 T], Eg_l)) possessing the Volterra property
and satisfying estimates (LD)—(1).
The constants € and ¢ depend on R, T', A\, and w only.

The proofs of these theorems are postponed to Section [[3.

2. STRONG SOLUTIONS OF SEMILINEAR PROBLEMS

In this section we present existence, uniqueness, and continuity theorems for
(EV) in cases where p(u) is absolutely continuous with respect to Lebesgue’s mea-
sure on [0, T| and satisfies suitable integrability conditions.

Let J be a perfect subinterval of [0, T] containing 0. Given « € [0, 1], put

Wzl),loc(']*a (E’y—la E’y)) = Lp,IOC(J*v E’v) n V[/;)l,loc(‘]*? E’y—l)a 1<p<occ.

Recall that the trace theorem implies

(2.1) W oo (T, (By—1, E5)) = C(J*, (Ey—1, Ex )1/ p) s l1<p<oo

p,loc

(cf. [3} Theorem I11.4.10.2]).
We assume that
l1<r<1/(B—a) and 1<p<1/(a—pB+1/r).
We also assume that
F Lp((0,T); Ba) = Le((0,T), E-1)
and that it has the Volterra property. Then, given x € Ez_;, we consider the
semilinear initial value problem
(2.2) U+ Au= f(u) in (0,T], u(0)==z.
By a strong L, (E,)-solution of (Z:2) on J, where a < v < 3, we mean an element
U € Lyjoc(J*, Ea) N W}“,loc (J*, (Ey-1, Ev))

such that v satisfies (Z2) in the obvious (that is, pointwise a.e.) sense (cf. [3]
Theorem II1.1.2.2]). Thanks to the Volterra property this definition is meaningful,
and (7)) implies that u € C(J*, E,_1), so that the initial condition is also well-
defined. Maximal and global strong solutions are defined similarly as for weak
solutions.

Due to [5, Theorem 3], W}n’loc(J*, (Ev_l,Ev)) — Lpioc(J*, Eq) if 7y is close

to B; hence the assumption u € Ly 1oc(J*, Ey) is automatically satisfied in this
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case. Moreover, the definition of L, (E.,)-solutions does not depend on ~: if u is an
L, (E,)-solution for some ~ € [, 3), then f(u) € Lyi0c(J(u), Eg—1) and [5, The-
orem 5] guarantees u € W}, (J(u), (Ey—1, E,)) for any v < 3. Hence u is an
L, (E,)-solution for any v € [, 3).

Using these notations and definitions, we can formulate the following existence,

uniqueness, and continuity theorem for maximal strong L, (E.,)-solutions.

Theorem 2.1. Assume that 1 <r <1/(8—a)and 1 <p<1/(a—pB+1/r). Also
suppose that o < v < 3, that
(2'3) (J:, f) € Eﬁfl/r X Cbl_ (Lz)((O? T)? Ea)a LT((07 T)? Eﬁ—l)),
and that f has the Volterra property. Then:
(i) Problem (Z2) has a unique mazimal strong L.(E,)-solution u := u(z, f).
(i) If u € Ly(J(u), Es), then u is global.

As before, an important continuity theorem is valid in this case also. For this
we observe that assumption [23) implies the existence of a constant w such that

(2.4) Izl 25, + 1F Oz, 0,1),B51) Sw
and of an increasing function X : Rt — R* satisfying
(255) 1 (w) = F)llz,0,1).85-1) < AR) lu = vllz,0,1),Ea)

for each R > 0 and all u,v € Lp((O, T), Ea) whose norms are bounded by R.

Theorem 2.2. Let the hypotheses of Theorem [Z1] be satisfied. Fix any positive
T € J(u(z, f)), where T < sup(J(z, f)) if u(z, f) is not global. Also fix w and X
satisfying Z4) and Z3), respectively, as well as R > |lu(z, f)||z,(0,1),E.)- Then

there exists € > 0 such that J(u(y,g)) D [0,T] whenever

(ya g) € Eﬁ—l/r X Cbli (L;D((Ov T)v Ea) ) L’l" ((07 T)v Eﬁfl))
are such that g possesses the Volterra property, (y,g) satisfies Z4) and (Z3H), and
(2.6) ly —allzs), + sup (g = f)(v)]

lvllL, (0,1, Ba) <R

Lo((0,T),Eg1) < €

Moreover, there exists a constant ¢ such that
lu(y, 9) — w(@, Dllw(0,1),(B,-1,B,))
SCOw—ﬂ

ot s = DO om )

lvll L, (0,7), Ba) <R
for all (y,y) € Eg_1/r and g,g € C’l}_ (LZ,((O,T)7 Ea),LT((O, T), Eg_l)) possessing
the Volterra property and satisfying (2.4)—-2:6). The constants € and ¢ depend on
R, T, )\, and w only.

Next we turn to the case where r > 1/(8 — a). As usual, C” denotes the space
of (locally) p-Hoélder continuous maps.

Theorem 2.3. Suppose that 1/(f—a) <r <oo and 0<p<f—a—1/r. Then
Theorems and remain valid if we replace the spaces L,((0,T),Eq) and
Lp((O,T),Ea) by Cp([O,T],Ea) and C”’([O,T],Ea), respectively.

We close this section with a series of remarks containing useful complements and
extensions of the preceding general theorems.
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Remarks 2.4. (a) Given the hypotheses of Theorem [LT] the maximal solution ()
is global iff the Eg_1-valued measure y(u(y)) is of bounded variation on J (u(y)).
Similarly, given the hypotheses of either Theorem 2] or 23, the maximal solu-
tion u(z, f) is global iff f(u(x, f)) belongs to L, (J(u(x, f)),Eg,l).

(b) Let the hypotheses of Theorem [L1] be satisfied. Also suppose that u is
linearly bounded, that is,

(@) meom),25-0) < (1 + 101 L,0.7).24))

for all v € Lp((O,T),Ea). Then p(u) is global. Similarly, let the assumptions of
Theorem 2.1] be valid and suppose that

(2.7) 1F @)l 0.1),85-1) < c(L+1vllL,0,7),E.))

for all v € L,((0,T), Ea). Then the strong solution u(z, f) of (ZZ) is global. If
the hypotheses of Theorem are satisfied and (27) holds with L, ((0,T), Eq)
replaced by Cp([O,T],Ea), then the corresponding strong solution wu(z, f) exists
on [0, T] as well.
(c) The assumptions of Theorem[21limply that u(z, f) € C(J
(d) Assume that a; < f < aj+1land 1 <p; < (aj — 3+ 1)
Set

Ly((0,T ﬁ E.), 0<T<T.

Also suppose that u : L,,((O T), &) — M([O T], Eg— ) has the Volterra property.
Then by a weak Lz(Egz)-solution of (EV) on J we mean an element

w€ () Ly, toc(J*, Bay) = Lijoc(J*, Ex)
§=0
satisfying (L2) for each a; and each v € C.(J*, Ef_aj) net(Jx, En_aj).

Replace L, ((0,T), Ey) and L,((0,T), Es) in Theorems [l and as well as
in (LE) by Lz((0,T), Ez) and Lz((0,T), Ez), respectively. Then these theorems
remain valid and guarantee the existence of a unique maximal weak Lz(Eg)-solution
with the corresponding continuity and global existence properties, provided for
each j there exists an admissible interpolation functor {-, }5_a; of exponent § — a;
such that Eg 1 = {Eqs; 1, Fa; }g—a;-

Analogous extensions of Theorems 2.1l [Z2] and are valid as well.

(e) Let the assumptions of Theorem [T1be satisfied for u € {p1, 2 }. Assume, in
addition, that Fy is an ordered Banach space, Ay is resolvent positive, and u; > us
implies i1 (u1) > po(uz). Then u(pr) > u(pz) on J(u(pr)) N J (u(pe2)).

(f) We denote by { Uit); t>0 } the semigroup generated by —A on E,_;. For
0<T<Tandhe Ll((O,T),Eg,l) we set

U*h(t)l_/otU(t—T)h(T)dT, 0<t<T.

A solution of the integral equation u = Uz + U x f(u) is often said to be a mild
solution of (ZZ). Hence Theorem ZTlimplies the existence and uniqueness of mild
solutions. However, this theorem contains more detailed information. In particular,
it shows that these solutions are strong ones. O

The proofs of the preceding theorems and remarks are given in Section [I4]
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Part 2. Parabolic Differential Equations

In this part we exhibit applications of the general results presented in Part [II
to a variety of concrete parabolic initial boundary value problems. For simplicity,
we restrict ourselves to second order scalar equations with smooth coefficients.
Extensions to higher order problems and systems are given in Section §land Part [3]

respectively.
More precisely, we assume throughout that
(PO) a = [ajx) € BUC™(Q,R™*")
is symmetric and uniformly positive definite. Then we put
(P1) Au = -V - (aVu)
and
u on Iy,
(P2) Bu := {8Zu on Ty,

where +y is the trace operator and 0, is the derivative with respect to the conormal
v := av, with v being the outer unit normal on I, provided T" # @, of course.

Section[3| contains the main result for semilinear second order parabolic boundary
value problems with measures, namely Theorems [B.2H3-4. They are obtained by
straightforward applications of the theorems of Sections [l and . The next section
is devoted to the interpretation of these theorems in more classical terms.

Sections [BH1 contain a variety of model problems. The first of these sections
deals with the most singular setting in which we allow distributions more general
than measures. Here we study, among other things, moving interface transmission
problems as well as problems with moving point sources. In Section [6] we inves-
tigate semilinear boundary value problems with measures in the interior and on
the Neumann boundary. In particular, we consider nonlinear boundary conditions
and derive existence results under optimal growth restrictions. In Section [7] we
investigate problems with integrable low regularity data.

In the last section we show, by means of simple model problems, how our general
abstract results can be applied to higher order problems.

3. SEMILINEAR SECOND ORDER PROBLEMS

We also suppose that
l1<g<oo and se€e[-2,2].

We write W,* := W(€2) for the usual Sobolev-Slobodeckii spaces; hence VVqO =L,
Furthermore, W, is the closure of D in W,*, where D := D() is the space of smooth
functions with compact support in €2. Then I/T/qs =W/ foralls e RifI' = (, and for
s < 1/q otherwise. Moreover, W% = (W)’ for s > 0 with respect to the L,-duality
pairing induced by

(3.1) (u,v) == / u - vdx, u,v € D.
Q

We also set D(Q) := {u|Q ; u € D(R™) }, ete.
If ' = (), then we put
WSB = WS

7 79 s eR.
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Otherwise,
{ueWy; Bu=0}, 1+1/g<s<2,
39) WS m {ueWy s yu=0onTy}, 1/g<s<1+1/q,
( . ) q,B *— VI/(IS; OS g < 1/q7
(VV(JT%Y’ —2<s<0, s¢Z+1/q,

where (W, )" is determined by the duality pairing induced by (3.1]). Furthermore,
the values s =1+ 1/q and s = —2 4 1/q are admitted if I' = T'g, and s = 1/q and
s =—1+41/q are included if I' = T';. Finally,

[-2,2], r=9,
C_Jreeneeyg, =m0,
VT L2\ 14124 1/g),  T=Ty £

[—2,2]\(Z + 1/q), otherwise.

We define the L-realization A of (.A B) b,
dom(Ag) :== W5,  Agu := Au.

Then Ay is densely defined in Ey := L, and the following is true, where = means
equal except for equivalent norms.

Lemma 3.1. (i) The operator —Ag generates a strongly continuous analytic
semigroup on Ey, and Ag is the Ly -realization of (A, B).
(i) Let [(Ee, Ae) ; —1 <& < 1] be the interpolation extrapolation scale gener-
ated by (Ey, Ao) and the interpolation functors

RV RN if0=1/2,
(.3 (e {(-,-m A

Then E¢ = W_g for 2¢ € I,.
(i) Eo is an ordered Banach space with respect to the natural (pointwise) order,
and Ag is resolvent positive.

Proof. (i) and (ii) follow from [5, Theorem 6].

(iii) If Q is bounded, this is a consequence of the maximum principle. Thus
suppose hat  is unbounded. Fix A > 0 and put u := (A + A)~'v, where v belongs
to DT :={veD; v>0}. Then u € Cy(Q). Suppose that —m := infu < 0. Fix
R>0suchthatT' C {z € R" ; || < R} and |u(z)] < m/2 for || > R. Then u has
a negative minimum in Qp UT, where Qp := {2 € Q; |z| < R}. Since u satisfies
(A+XNu>0in Qp and Bu=0 on I, this contradicts the maximum principle.
Thus u > 0. Now the assertion follows from the density of DT in the positive cone
of L. O

In the rest of this section it is understood that [(E¢, A¢) ; —1 <& < 1] is the
scale defined in Lemma [B11(ii).
We assume that

(3.4) s,oel, 0<s<o<2
Then we set « := s/2 and  := /2, as well as

(3.5) A= Ag_y € LW, WS 5.
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Hence —A generates a strongly continuous analytic semigroup on I/Vqs’g2, and we
consider the semilinear parabolic problem

(3.6) U+ Au = p(u) on RT,

where pu(u) € Mioe(RT, W75 %) has the Volterra property.

To be more precise, given Banach spaces E and F, we write u € Mo(RT, E)
if p is an E-valued measure on R such that 1|[0,T] belongs to M([0,T], E) for
every T > 0. We also write

1% S Cbli (Lp,loc(]RJrv F)v MIOC(RJrv E))
to mean that
110,71 € G (L, ((0.7). F). M(0.7). )
for each T > 0. Similarly, if r € [1, 00], then
f S C}}_ (Lp,loc(RJra F)a LT’,]OC(R+7 E))
has the analogous meaning.

Suppose that 1 < p < oo, and that

(3.7) 1€ Gy (Lptoc®F, Wyg), Mioe(RY, Wy 5?))

has the Volterra property.
By a (weak) L,(W)-solution of (3.6) on J, where J is a perfect subinterval
of R* containing 0, we mean a u € Ly 1oc(J*, W) satisfying

(3.8) /J(—atv + Av,u) dt = / vdp(u), v € D(J*, Dg),

J
where Dp := {v e D(Q) ; Bv=0}.

Now we can prove the following basic existence, uniqueness, and continuity the-
orem for L,(W,*)-solutions of (3.6]). For an easy statement of the continuity prop-
erties we use a slightly incorrect notation. The precise meaning, however, is clear
from Theorem[T2l Often we also write Jr for [0, T].

Theorem 3.2. Suppose that s,0 € I;, 0<s< 0o <2, and
(3.9) 1<p<2/(s—0+2).
Also suppose that (B1) is true and that p has the Volterra property. Then prob-
lem [BG) has a unique maximal L,(Wz)-solution u(u). The map
CI}7 (LPJOC(RJra VVqS,B)v MIOC(RJra VVq(TK;Q)) - LP,IOC(]RJra qS,B)a

sending p into u(p), is Lipschitz continuous in the sense made precise in Theo-
rem If u(p) € Ly (J (u(p)) N (0,T), W) for each T >0, then J(u) = RT.
Proof. (a) First we observe that [0, Lemma 8 and Sections 7A and 7B] guarantee
that Dp is dense in Wj,lf = E!__. From this we infer that D(J*, D) is dense in
Co(J*,E!_ )N CY(J*, (E*,). Furthermore, it follows from [5, Theorem 8] that

(ATv,u) = (Av, u), (v,u) € D x W'g.

From this we deduce that (B8] is equivalent to (2.
(b) If 2¢,2n € I, satisfy 0 < n — & < 1, then, provided 21 ¢ Z, it follows from [3]
Theorem V.1.5.9] that
Ep1 = (Bg-1, Ee)p—c.q-
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(c) Suppose that s,0 ¢ N. Then the theorem is an easy consequence of (a), (b),
Lemma 31l and Theorems[T.1] and

(d) Assume that s or o belongs to N. Fix 5,7 € I,\Z satisfying s <5 <7 <o
and p < 2/(5 — 7 +2). Then (B.7) is satisfied with s and o replaced by 5 and 7,
respectively. Hence (c) guarantees the existence of a unique maximal L,(W;?)-
solution @ of ([3.8)). Clearly,  is an L,(W,*)-solution of (B.6) on J ().

Suppose that w is any L,(W,’)-solution of (3.6) on some perfect subinterval J

of R* containing 0, whose interior is denoted by J. Then u(w) € M(Jr, Ez_1) for
each T € J, and w|Jyp is a weak L,(E,)-solution of the linear problem

(3.10) 0+ Av = p(w) on Jr.

Since a < @ :=735/2 < § = 0/2, it follows from [B, Theorem 4], by replacing « by @,
that w|Jp is a weak L,(Eg)-solution of BI0). This being true for every T € J,
we see that w is an L, (W,’)-solution of (3.6) on J. Thus J C J(u) and w = u|J by
the uniqueness and maximality of w. This proves that (30l has a unique maximal
L,(W;*)-solution in this case also. The continuity assertion follows in an obvious
manner. ]

Now we suppose that 1 < r < oo with o —2/r € I, and that
(311) (UO’ f) € M/;TZ;Q/T X Cl}_ (LPJOC(RJrv M/:]S,B)a LT,IOC(RJrv %7[?2))

with f possessing the Volterra property. Then u is said to be a strong L,(W,*)-
solution of

(3.12) U+ Au= f(u), 0<t< oo, u(0) = u°

on J if u is an L,(W,*)-solution on J of (3.8]) with
pi=f+u’®d

such that

(3.13) w €W (J5 (W2 Weg)).

Observe that «(0) is well-defined, thanks to u € C(J*, W;gQ).
The next theorem guarantees the well-posedness of problem (BIZ) in the sense
of strong solutions.

Theorem 3.3. Suppose that s,0 € I;, 0<s<0o <2, and
(3.14) l<r<2/(c—s), o-2/rel;, 1<p<2/(s—o+2/r).

Also assume that B.11) is true with f possessing the Volterra property. Then (B.12)
has a unique mazimal strong L,(W,})-solution u(u®, f). The map

I/Vqtjg2/r X Cl_ (Lp,IOC(R+7 VV;B); LT,IOC(R+7 %7[;2)) = Lp,loc (R+, qS,B)7

sending (u, f) into u(u®, f), is Lipschitz continuous in the sense made precise
in Theorem [ZA. If u(u®, f) € Lp(J(u(uO,f)) N (0,7), qS,B) for each T > 0, then
u(u®, f) is a global solution.

Proof. This follows easily from Theorems [2.1] and O
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Lastly, we consider the case r > 2/(c —s). Clearly, if 0 < p < 1, then u is a
strong CP(W’)-solution of ([B.I2) on J if it belongs to C?(J,W,°;) and satisfies

B3 and E13).

Theorem 3.4. Suppose that s,0 € I;, 0<s <o <2, and
2/(c—s)<r<oo, 0<2p<o—s—2/r

Also suppose that

(3.15) (W, f) € Wys™" x G (CP(RY, W), Lyjoc(RT, W/ 52)

and that f has the Volterra property. Then [BI2) has a unique mazimal strong
CP(W,*)-solution w(u®, f). The map (u°, f) — u(u®, f) is Lipschitz continuous from
the space occurring in [BI8) into CP(RY, W) in the sense made precise in The-

orem Z3. If u(u®, f) is uniformly p-Holder continuous on J(u(u®, f)) N (0,T) for
every T > 0, then it is a global solution.

Proof. This follows from Theorem 2.3l O

Remarks 3.5. (a) The maximal L,(W,’)-solution of (B.6) is independent of those
s, o, and p satisfying B4) and (3:9) for which B7) is true. If  is bounded, then
it is independent of ¢ as well.

Proof. This follows from the arguments of part (d) of the proof of Theorem B2 and
from [5, Theorem 4], because W, 5 — W 5 if go < ¢1 and © is bounded. O

(b) Similarly, the maximal strong Ly (W,*)-solution of (3.12) is independent of
those s, o, r, and p satisfying (BI4) for which (BII) is true, and of ¢, provided
Q is bounded.

(c) Suppose that s > 1/q. Then u is an L,(W,’)-solution of (3.6) on J iff u
belongs to Ly 1oc(J*, WZ;B) and

/{—<8tv,u> +a(v,u)}dt = / vdp(u), veD(J*, D(QUT)),

J J

where a(w, z) := (Vw,aVz), w,z € D(Q), is the Dirichlet form associated with
(A, B).

Proof. This is a consequence of [, Theorem 8] and the density of D(QUTY)
in %2/%37 which follows from 2 —s <1+1/q'. O

(d) The last assertion of Theorem [B:2]is equivalent to saying that u := u(u) is a
global solution if

p(uw) € M(J(u)N[0,T], W;‘EQ) for every T > 0.

Similarly, the last assertion of Theorem B.3, resp. Theorem B.4] is equivalent to
saying that u := u(u, f) is a global solution if

f(u) € Ly (J(u) N (0,T), W;‘EQ) for every T > 0.
Proof. This follows from Remark 2.4(a). O

(e) Let the hypotheses of Theorem B3] be satisfied. Then the corresponding
solution belongs to C'(J(u), W{;gz/r) for 7 < o with 7 — 2/r € I,.

Proof. This is implied by Remark 24(c). d
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(f) Everything said above remains valid if we suppose a € BUC! (Q, R"*") only,

provided we replace Dy by Wj,fgs everywhere.

Proof. For this we refer to [2]. O

4. INTERPRETATIONS

In order to give interpretations of problem (B.6) we turn to the study of vector-
measure-valued functions g which possess special structures occurring frequently
in applications.

To simplify the presentation we assume from now on that

e n>2

and leave to the reader the simple modifications of the following proofs which are
needed to cover the case n = 1.
Unless explicitly stated otherwise, we suppose throughout that

(4.1) o l<g<n/(n—1)
to avoid tedious discussions of special cases. Consequently, 0 <1 —n/q’ < 1/q and
2—-n/q <n/q.

For later reference we collect some embedding results. For this, given a smooth
submanifold M of R", we denote by C3(M) the closure of D(M) in BC'(M),
the space of bounded continuous functions having bounded and continuous first
derivatives. We also put

Cx(Q):={veCiQ); Bu=0}.
Note that C(Q) = {v e C*(Q) ; Bv =0} if Q is bounded.
Lemma 4.1. Suppose that t,o € [;,NRY and 0 <2 —n/q'. Then
(i) W's 4 L, for 0<1/qg—t/n<1/p with 1/p <1/q if Q is unbounded;
) Ly = W7g? for 1 <p<g;
(iif) M(QUTY) — W57
) I/I/Z;_l/q(I‘l)  L;(T1) for 1>1/7 > (n/q—t)/(n— 1) with T being finite
ift=n/q;
(v) Lp(T0) = Wy 74T for 1< p < g
(vi) M(Ty) = Wy~ (T
(vii) if 0 <o <1—n/q, then (C5(Q))" — W7og?, M(To) — Wy (Ty), and
CH(Py) = Wy o).
Proof. The assertions are easy consequences of Sobolev-type embedding theorems

(cf. [2, Lemma 9]) and duality arguments, where we have to use L1 — M in the
case where p = 1. 0

We also observe that the trace theorem implies

(4.2) = (urs (yu)|Th) € L(W2E, W, T9(ry))
ifo <1+1/q, and
(4.3) B0 = (ur Byu|To) € LW, W, 7T/ 9(Ty))

if o <1/q.
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Throughout the rest of this section we suppose that
(4.4) e s,0€(0,2—n/d)NI, s<o 0<p<oo, 1<r<oo.

In order to avoid tedious repetitions we introduce some compact notation: If J is
a perfect subinterval of RT containing 0, we set

Lpioc(J,Wig), 1<p< oo,
X (J) — P OC( qS,B)
P Cp(JaW/;],B)a 0<p<l,
where, of course, C? := C. We also put X5 =X (RT).
Local nonlinearities. Assume that

o (F.G) €l (X2 Lroc(RY, (L1 + Lg) x Li(T)));

p,q’°

4.5
(4.5) e [ and G possess the Volterra property.

We postpone the derivation of sufficient conditions for the validity of this assump-
tion to Section [MH in the appendix. It follows from ([ZJ) and Lemma ETl that

(4.6) fireg 1= F + 4G € C} (X5 . X22),
and pyee has the Volterra property. Furthermore, setting

(u,v)1, ::/ u-vdo, u,v € C(I'),
Iy
with do denoting the volume measure of I, it follows that

/J  Qjizeg = /J {0, F) + (110, G)r, } dt

(4.7)
:/ dexdt—i—/ vG do dt
QxJ TyxJ

forv e CO(J*,CO(QUI‘l)).

Measures. Next we assume that

o (o) € Cy (X5 4 Mioe (R, M(QUT1) x M(T)));
(4.8) o pup=0ifo>1/¢

e 71 and pg possess the Volterra property.
Then it follows from Lemma BTl and ([3)) that
(4'9) Hm =T — (81/,0)/MO € Cbli (X;,iqa MIOC(R+’ VV;;Z;Q)))
and paq has the Volterra property. Furthermore,

/vduM:/vdﬁ—/&,,ovduo
J J J

_/ v(a:,t)ﬁ(da?dt)—i—/ Ou,00(y, t)po(dy dt)
(QUTy)xJ

ToxJ

(4.10)

for v € CO(J*, C(Qu I‘l)).
Here and elsewhere, given a o-compact metric space X, we identify M (Jr, X)
with M(X x Jr) for T > 0 in the obvious way (cf. [5, Example 1(d)]. We also put

Mioe(X x RY) := Mo (R, M(X)).
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In general, T € My (R+, M(QU Fl)) charges the boundary I';. For a neat inter-
pretation of an L, (W,’)-solution of (3.6)) it is desirable to separate this contribution
of & from its “part” in the interior 2. The following remarks show how this can be
done. As usual, we omit  in the notation of spaces, that is, we put Cp := C(£2)

and M = M(Q).
Remarks 4.2. (a) Suppose that 'y # 0. Clearly, y1 € L(Co(Q2UT1),C(T'1)), and
it is a retraction. Let v{ € £L(C(T'1),Co(2UT1)) be a coretraction. Then

po i=id —yfn € L(Co(QUTY))

is a projection onto Cy (cf. the proof of [B] Theorem 10]). It is a consequence of [5]
Theorem 11] that
MQUT) =2 M x M(T'y).

An isomorphism is given by
MQUT) = M x M(T1),  p= (rap, (7)),
with rg € L(M(QUT1), M) being the restriction map p +— 1| Co. Its inverse,
Re LM x M(T'1),M(Q2UTY)),
is given by
R(vq, 1) := pora + Yiv1-
Note that
/ wdR(va,v) = /pQU}dVQ+/ yiw duy, weDQUTY).
QU Q I

(b) Suppose that € Mioc(RT, M) and denote by p° the completion of the
Borel measure

Biouryyxe+ — R, B— pu(BN(QxRY)),
where Bgur,)xr+ is the Borel o-algebra of (QUT) x RT. Then 1Y belongs to
Mioe(RT, M(QUT})) and, given T > 0, the map

M(JT,M)HM(JT,M(QUIH)), M|JT'—>MO|JT

is an isometry. We call u° the “trivial extension of u over Q UT';” and put
(4.11) / pdu ::/ odu®, weC(JT,CO(QUIH)), T > 0.
Jr Jr

Henceforth, we usually do not distinguish notationally between p € Mjoe(RT, M)
and its trivial extension over Q UT. In other words, i € Mjoc(RT, M) is identified
with an element of Mo (RT, M(Q UT)) by means of (@IT).

(c) In [, Lemma 10(iii)] it is claimed that

(o] oo
/ pau dug = / vdpg, v € D(RT, D),
0 0

if o € Mioc(RT, M) satisfies

(4.12) dist (supp(pa,s), I'1 x RT) >0,

where (10 s is the singular part of 1. However, its proof, more precisely, the proof
of [B] part 8 of Lemma 10(i)] on which it is based, is wrong. Nevertheless, as a

consequence of (b), the main results of [5], namely Theorems 1 and 2, Remark 2
and Theorem 14, remain true, even without assumption (EIZ). O
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For abbreviation, we set
M =M x M(T) x M(T'y).
Motivated by the preceding remarks, we consider the following assumption:

b ﬁ:: (ﬂﬂvﬂovﬂl) € C}}_ (X;,quIOC(RJFaM));
(4.13) o u=0ifo>1/g;
e i possesses the Volterra property.

Then, using the identification of Remark EZ2(b), it follows from Lemma 41l that
po + i € Cp (X5 4 Mioc(RT, W5?))
and that it has the Volterra property. Note that

/vd(/ervim)=/vdun+/vwdu1
J J J
:/ viLQ (dxdt)—i—/ v (dy dt)
QxJ

F1XJ

(4.14)

for v € Co(J*,C(Q2UT)). Thus we see that (.I3) implies
(4.15) X(ii) = pa — (Ov.0) o + i € Cp~ (X5 0 Mioc(RT, W757)).

Singular data. Suppose that vp € M and 7 = (v1,...,1,) € M(Q)". Put

(4.16) (o, 1) ::/gadl/o—/_Vga'dﬁ:/godl/o—Z/_ajgodl/j
Q Q Q =J/a

for ¢ € C5(Q). It follows from Remark FE2(b) that (ELI0) is a continuous linear form
on Cx(Q), which we denote by vy + V - 7 = 19 + div#. Then we mean by M~! the
set of all u € C5(Q) such that there exist (v, 7) € M x M(Q)" satisfying

(4.17) w=vy+ V-7
It is a Banach space with respect to the norm
el aa=r = mf ([[voll v + 7] pgeyn )

where the infimum is taken with respect to all representations (ZI7) of u. Moreover,

(4.18) Mt (C5@) .
We also put
(4.19) MHTy) ==CNTy) .

Now we set
Maing 1= M™1 x M(Tg) x M~Y(Ty).
Then we suppose that
o o<1—n/¢;
o FeO! (X5, Litoe(RT, (L +Ly)™));
o [ic C’;_(X;,q,M1OC(R+,/\7lsing));
e Fand i1 possess the Volterra property.

(4.20)
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N()‘e lllal L + Lq — M - W’B a 1d M + [/[/q, 3 (SN ‘4/‘]0’82 t:g ] . h _ﬂ':
1.111[)15/ CT lt
. (U) 1’10C( 7M q,B) — Ll,l()c(R ) qo,-BQ)

for v € X? . where

p,q’

(4.21) /<w,v Fydt = —/<Vw,ﬁ>dt, w e Cy(J*, Wy g).
J J
Thus, setting
X(Fji) =V - F+ po = (9,,0) 1o + 11,
it follows from ([@.2), (43), (£18), (£19), (@20), and Lemma EIl(vii) that

(4.22) X(F, i) € Cp~ (X5 4 Mioc(RT, W7 5%)).

Remarks 4.3. (a) Clearly, [i € Cblf(X;,q, Ly1oc(RT, M)) implies
X(i) € Gy~ (X4 X757).

Similarly, it follows from fi € C} ~ (X;q, Ly 1oc(RT, /\;lsing)) that

X(F,[i) € O} (X5, X2.2).

(b) If E is a product of ordered Banach spaces, then we use the natural (that
is, componentwise) product order on E. Then fi > 0 implies x (i) > 0.

Of course, if ¢ is a map from a nonempty set X into an ordered vector space,
then ¢ > 0 means ¢(z) > 0 for all x € X.

Proof. This follows from the proof of [B, Proposition 5]. O

Equivalence theorems. Now we are ready to give formal interpretations of the
semilinear parabolic problem (B:G]). For this we assume that (£4), (Z3), and (EI3)
are satisfied. Then we consider the following problem:

Ou + Au = F(u) + pa(u) in QxR
(4.23) u = po(u) on TyxRT
dpu = G(u) + pa(u) on Ty xRT.

By an X -solution of ([#.23) on J we mean a function u € X (J) satisfying

/J(—(‘)tv—i—.Av,u) dtz/J<v,F(u)) dt+/}d<v,ug(u)>—/J@,,,Ovduo(u)
+/]<71”7G(u)>F1 dt+[]d<7107M1(u)>F

for all v € D(J*, D). Maximal solutions are defined in the obvious manner.

(4.24)

Theorem 4.4. Problem [{23)) is equivalent to (3:6) with
(4.25) p=F+7G+x(f);

that is, u is an X ,-solution of @23) on J iff it is such a solution of (B.6) with
w defined by (EZ9).

Proof. This is an immediate consequence of (3.8), (A7), (ZI0), and (Z14). O
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Similarly, assuming (@4), (ELH), @20), and setting pr := (uo, p1), we consider
the problem with singular data:
dyu+ Au = F(u) + po(u) + V- F(u) in QxRT,
Bu = pr(u) on T xR*.
An X -solution of [@26) on J is a u € X  (J) satisfying

/J<_8tU+-AU7u> dt = /< F(u )>dt+/d<v pa(u)) —/J(Vv,ﬁ(u)>dt
/8,, ov dpo(u /d<71v,u1(u)>rl

(4.26)

(4.27)

for all v € D(J*, Dg).
The next theorem is the analogue to Theorem (4] for the case of singular data.

Theorem 4.5. Problem ([E28) is equivalent to (36) with p:= F + x(F, i).

Proof. This follows from (B.8), (1), (£I6), and @ZT). O

Remarks 4.6. (a) Note that ([@24) is formally obtained from (£23)) by “multiply-
ing” the first equation of (£23) by v € D(J*, D), integrating over J, and applying
Green’s formula with respect to the space variables. An analogous formal argument

leads from (£20)) to (@21).
(b) Recall that ug = 0, and that Remark [3.5c) applies if o > 1/q. O

5. SINGULAR DATA
In this section we consider nonlinear parabolic problems of the form
du+ Au = fz, t,u) + V- flz,t,u) + po(u) +u’ @ d in QxR

5.1
(5-1) Bu = pr(u) on I xRt

where ji(u) = (,uQ(u),up(u)) € Msing. Of course, V - f(ac,t,u) means that one has
to take the divergence of the vector field x +— f(x,t,u(:c,t)). First we derive a
general result, and then we consider some special examples and model problems.

Let X be a o-compact metric space endowed with a positive Radon measure.
Then, given a Carathéodory function ¢ : X x R™ — R, we use ¢! to denote the
Nemytskii operator induced by ¢, defined by ¢?(u) := gp(~, u()) for u: X — R™.
Recall that ¢f(u) is measurable if this is true for u.

The general theorem. We suppose throughout that

e 0<s<l-n/qd, 1<)< o0,
n<v<oo, 1<r<oo;

o 1/vy:=1/q +s/n;

e (o€ Ly, B€Ly, k€ Looc(R);

o (f,f)eCar'((2xRY) x R,R x R")
with (f, )(-,0) = (0,0);

o [0sf(x.t, )] < k(1) (1+6 |5|A Y);

o 105 f(z,t,6)] < w(t) (ol z) [§1*71)

(5.2)
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for (z,t,£) € 2 x Rt x R. We also suppose that either

o r=1;
(5.3) o 1€ 0 (Latoc(RY, W), Mioe(RT, Mising) )
o e ML

where, as usual, ii = (uq, po, 1) = (1, pr), or
o I<r<2/(1=n/qd —s);
(5.4) o 1€C (Lintoc(RT, W), Lytoc(RT, Maing));
o uc szl’gn/q’%/r;
or
e 2/(1-n/¢d —s)<r<oo, 0<2p<1-n/¢d —s—2/r;
(5.5) o A€C, (CORT, W), Lijoc(RY, Ming));
o ue W;l,gn/q’—wr.

In each case we assume that

(5.6) e i has the Volterra property.
We set
24+ nr/v 1—n/v
A=\ = =1+
(n, 7, v) 2+ (n—1)r +n—1+2/r

and observe that \* is increasing in r and v.
Now we can prove the following general existence and uniqueness result for (&.1).

Theorem 5.1. Let assumption (5.2) be satisfied and suppose that

T n n
, <— === Y
(5.7) O_2+(n—1)r{y’ )\(q S)}</\ A
If Q is unbounded, also assume that
A_s 1
. > -4+ —.
(58) Cx 2y

Moreover, let one of conditions (.3)—(.h), as well as assumption (B.0) be satisfied.
Then problem (B.1) has a unique mazimal Lyx(W,’)-solution, u(-,u®, i), if either
(B3) or (BA) is true, and a unique mazimal CP(W;?)-solution if (&H) holds. In
either case the solution depends Lipschitz continuously on the data.

Proof. First we note that the second inequality of () is equivalent to
rA(s —1+n/qd +2/r) <2.

From this we infer that we can fix o € (s,1 —n/¢’) if either (E3) or (5.4 is satisfied,
and o € (s +2/r +2p,1 — n/q’) otherwise, with A < 2/(s — o +2/r).

Set mo(x,t) := k(t), respectively mo(z,t) := £(t)Bo(x), and mq(x,t) := k(t)[(x)
for (z,t) € @ x R*. Then it follows from (5.2)) and (5.8) that the hypotheses of
Proposition [[h.4] are satisfied. Hence
(5.9)  (F,F):=(f%f%) € OF (X 0 Litoc(RT, (L1 + Lg) x (L1 + Ly)™)),

p,q’
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where p :=r\ if either (53) or (5.4)) holds, and p := p otherwise. From this we
infer that conditions [5) (with G :=0) and ([@20) hold. Thus we see from ({G)

and (L22) that
pi= F o X(F i)+ 00 € O (X7 Mioc (BT, W75?)

P
if r=1,and p € C, (X5, X7,?) otherwise, thanks to Remark E3(a). Now The-
orems B.213.4] imply the assertions. O
Remarks 5.2. (a) Suppose that g € (1,n/(n—1)), A€ (1,X*), v € (n,00], and
r € [1,00) with ¢ < A are given. Then we can find s in the interval [0,1 —n/¢")
with AM(n/q — s) =n/v/. Hence (51) and (5.8)) are satisfied for this choice of s.

Proof. From v > n and 1 < A < A* we deduce that
1/ <1/ X%V <1/N <1/q.
Since
{1/qg—s/n; 0<s<1-n/¢d}=(1/n',1/q],

the assertion follows. O

(b) Of course, Theorem [5.1] remains valid if we add to the right-hand side of the
first equation in (5.1)) a nonlocal term of the form Fy(u), where

Cbli (LT)\,IOC(RJ’_? M/Zzs)v LT,IOC(R+7 Ll))a r < 2/(1 - n/ql - 8)7

Cr (CP(RY, W), Lroc (R, L)), otherwise,
and Fp has the Volterra property.

(c) The assumption that (f, f)(-,-,0) = (0,0) is not restrictive, since a nonzero

term can be included in pq.
(d) If assumption (54) holds, then the solution of Theorem .11 belongs to

C(J(w), VI/:;’EQ/T) whenever s —2/r € I, with s <1—n/¢.
Proof. This follows from Remark [3.E(e). O

Fy €

(e) The assumption in (54) and (55) that u° € Wign/qld/r has been imposed
for simplicity. It can be replaced by
’U,O c I/Vq[jg2/r7
where 0 —2/r € I, and s <o <1—n/q if either (&3) or (&4) is satisfied, and
s+2/r+2p<o<1-n/q¢ otherwise, provided r\ < 2/(5 —o+2/r).
Proof. This follows from the proof of Theorem [5.1] O

Comparison theorems. Next we prove a comparison theorem. For this we rely
on a somewhat technical version of a weak maximum principle which is relegated
to the appendix.

We consider the following hypothesis:

e Assumptions (5.2), (520), and (B8) are satisfied;
e if1<r<2/(1-n/¢ —s), then p:=rXand
(5.10) s+2/rN <o <1-n/d;
e ifr>2/(1-n/q —s), then 2p € [0,1—-n/q¢ —s—2/r) and
s+2/r+2p<o<l-n/q.
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Theorem 5.3. Let assumption (I0) be satisfied. Suppose that u,v € X5 (J) and
there exists

)7 r=1,

(5.11) (u*, i) e{ {03 MU

J Msing
7 WU_Q/T X Lr(Jv-A;lsing

. ), r>1,

such that
O(u—v) + Alu — v)
= F(u) = F)+V - (F(u) = F(v)) + pt, +u* @8 in Qx J,
B(u—v) = pf on T'x J.
Then (u*, @*) > 0 implies u > v.
Proof. We can assume that J = Jp for some T > 0. Set

1
0

Fim [[OF o+t m)dr, o= [ @) dr.
0

Put m:=mo :=rX if r <2/(1 —n/q —s), and 7 := mo := r otherwise. Also set
m =00, tg:=t; :=s, and vy := v. Then, putting mg := K, resp. mg := kp, and
my := k3, we deduce from (the proof of) Lemma [I5.2] that

(67 aO) € L (JT; (Luo)n X (LVO + Loo))

Consequently, (0, ¢, ag,0) € L. (Jr,B) (cf. Section MJ). The mean-value theorem
implies that u — v is a solution of the linear equation

dw — V- (aVw) + V- (Ct)w) + ap(t)w = ph +u* @ & in Qx Jr,
Bw = ur. on I x Jr.
Thus the assertion follows from Theorem [19.4] O
Corollary 5.4. Let the assumptions of Theorem [5.1] be satisfied. If (u°,fi) >0,
then u(-,u, i) > 0.
Proof. This follows from Theorem with (u*, i) := (u°, fi(u)), where we have
set u = u(-,u’, 7). O

Observe that Theorem extends, in particular, the comparison principle of
Remark 2 (e).

The next theorem is useful for proving global existence.

Theorem 5.5. Let assumption (I0) be satisfied with s =0. Also suppose that
one of conditions (E3)—EER) as well as assumption (&8 are true. Finally, suppose
that u; € X)) (Jr) and there exists (u, ji;) satisfying (BIT) such that
8tUj+AUj:F(Uj)+V'ﬁ(Uj)+uj7Q+U?®5o in  QxJp,
(5.12)

Bu; = p;r on I xJr
for j=0,1. Ifu:=u(-,u’ i) and

(5.13) (ug, fio) < (u®, fi(u)) < (uf, fir),
then J(u) D Jr and up < u < uy.
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Proof. Note that (u*,i*) := (u) — u, jiy — fi(u)) satisfies (EIT) and is nonnega-
tive. Furthermore,

815(’&1 — ’LL) + A(Ul — ’LL)
= F(u1) — F(u) + V- (F(u1) — F(u)) + pfy +u* @8 in Qx (J(u)NJr),

B(uy —u) = pj on I' x (J(u) N Jr).
From this, the corresponding relation for u — ug, and Theorem we infer that
(5.14) ug <u <y on J(u) N Jp.

If 1 <r<2/(1-n/q —s), then this implies
(5.15) u € Lox(J(u) N Jr, Lg) = X (J(u) N Jr).

Otherwise, (5:14) implies u € Loo (J(u) N J7, Lg). From this we deduce that
= F(u) + x(F,i)(u) +u’ @ dy € Ly (J(u) N Jr, W;gQ).

Since u satisfies the linear equation © + Av = p, it follows from [5] Proposition 2(iii)]
that

(5.16) u=Uxp€ BUC?(J(u)NJr,Lg) = X ,(J(u) N Jr).

Thus we obtain J(u) D Jr from (GEIH), (I6), and Theorems [LT] XTI and
respectively. O

Note that conditions (512) and (513) imply
8tuo+Auo§F(uo)—i—V-F(uo)+ug(u)+u0®6o in QxJ,
Bug < pur(u) on I'xJ,
and wu; satisfies the corresponding system with both inequalities reversed. This
means that ug is a subsolution and u; is a supersolution for problem (&1 with
being “frozen” at u(-,u’, i ).
In the rest of this section we consider some illuminating special cases of these

general results. For simplicity, we no longer stress the fact that the solutions depend
Lipschitz continuously on the data.

Examples: Local nonlinearities. First we consider the case of local nonlineari-
ties. More precisely, we assume that i is independent of u, that is, we consider the
problem

du+ Au= flz, t,u) + V- fla,t,u) + po+u’®6  in  QxRY,

5.17
( ) Bu = pp on T xRT.

We also strengthen assumption (52)) by assuming that (f, f ) is uniformly bounded
with respect to . Thus we replace ([&2) by

o (f,f)eCar'((2xRY) x R,R x R")

with (fvf)(v 70) = (0,0),
o [03f(x,t,8)] < m(t)(1+ [
o |0sf(x,t,9)] < r(t) |

for (z,t,€) € Q x RT x R, where £ : RT — RT is increasing.
First we consider the case where 4 = 0 and /i is a measure with respect to t.

(5.18)
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Proposition 5.6. Let (BI8) hold with 1 < A< (n+2)/(n+1). Then problem
EID) has for each (0, 7) € M~ X Mioe(RT, Maing) a unique mazimal Ly(Ly)-
solution. It is positive if (u°,ji) > 0.

Proof. This is a consequence of Theorem B.1l and Corollary [5.4] setting v := oo,
r:=1, s:=0, and q := \. (]

Corollary 5.7. Suppose that
1<X <A< (n+2)/(n+1)
and (ag, @) € Leo 1oc (R*, Lo X (Loo)"). Then the problem
Oy — Au = agu |ul ™ + V- (@u [ul*Y) + po in QxR
(5.19) U= o on TgxRT,
Au = 1y on Ty xRt

has for each i € Mioc(RT, -A;ising) a unique maximal Ly(Ly)-solution. It is positive
if (pe, po, 1) > 0.

Remark 5.8. In the special case of (5I7) where i € Mioo(RT, M) and f vanishes
identically, i.e., fi is a measure in = and ¢, the restriction A < (n +2)/(n+ 1) (like
the corresponding condition [6, (1.4)] for r¢) does not seem to be optimal. For-
mal computations show that A < (n+3)/(n+ 1) should be the optimal growth
restriction. g

Next we consider the case where fi € Lo 10c(RT, Msing).

Proposition 5.9. Let (BI8) hold with 1 < X < n/(n—1). Then problem (&I1)
has for each

(5.20) (W, 71) € Wy X Loo joc(RY, Miiug)
a unique mazimal C(Ly)-solution. It is positive if (uo, @) > 0.

Proof. Fix r € (1,00) such that A < A*(n,r,00) and r > 2/(1 —n/X). Then as-
sumption (B.5)) is satisfied with s = 0 and p = 0. Hence the assertion follows from
Theorem [.7] and Corollary 5.4l O

The only papers known to us involving data more singular than measures are
[T3], [14], [24], and [25]. In all those papers = R™ and uq = u® ® &y. Furthermore,
u® € H;° for some o € (0,2). In particular, in [25, Remark 5] it is observed that
problem (G.19) with Q@ = R (that is, n = 1) and a¢ = 0 is solvable, provided A < 3/2.

Examples: Transmission problems. Now we consider cases where uq is a
u-dependent singular distribution in M~!. First we study problems in which jq (u)
is supported on a hypersurface of Q x RT.

Suppose that S is an oriented C'-hypersurface of Q x RT. Denote the positive
unit normal vector field of S by N= (N1 ..., N™ 1) and assume that

ii(z,t) == (N'(z,t),...,N"(z,t)) #0, (z,t) € S.

There exists a neighborhood U of S in © x RT such that U\ S consists of pre-
cisely two components U, and U_ such that My := U, US and M_ :=U_US are
(n + 1)-dimensional C'-submanifolds of 2 x RT with common boundary S, that is,



SEMILINEAR PARABOLIC EQUATIONS INVOLVING MEASURES 1073

OM; = S = 0M_, and such that N, resp. —N, is the outward pointing unit normal
field of My, resp. M_, on S.

If u e CY(M) with M € {M,, M_}, then we define the conormal derivative of u
at S with respect to a by

Onu =1 -vs(aVu),

where g is the trace map for S.

We say that u € Ly 10c(Q x RT) is piecewise C! along S if there exist a neigh-
borhood U of S as above and u+ € C'(My) such that u|Uy = uy|Ux. If this is
the case, then the jump [u]g of u, resp. [Onu]s of Opu, along S is well-defined by

[u](z,t) == uy(x,t) —u_(z,t),
(x,t) € S,
[Onu](x,t) := Opuy(x,t) — Opu—_(a,t),
respectively, independently of the particular choice of U and u.
Lemma 5.10. Suppose that u € L1 10c(2 x RT) is piecewise C' along S and

(5.21) Ou, 0%u € Ly joc (2 x RT)\ S) N K), la] <2,
for each compact subset K of Q x RY. Then, given ¢ € D(U),

/ (@, Ou + Au) dt = / (=0 + Ap,u) dt
J J

—l—/s[u]@ngodvols—/s{[anu]s—N"H[u]s}godvols.

Proof. Since S is a null set for the (n + 1)-dimensional Lebesgue measure, it follows
from Fubini’s theorem that

/(@,8tu+Au> dt:/ ©(Opu + Au) dz dt
J U
= (/ +/ )ga(@tu—l—.Au)dxdt.
My JM_
Thus, given M € {My,M_},
/ o(Oy + Au) da dt — / (=0hp + Ap)uda dt
M M

+ / {0:(pu) + V - (uaVy — paVu)} d dt.
M

The divergence theorem implies

/ {01(pu) + V - (uaVy — paVu)} dz dt
My

=% / {SO(NnHUi — Opug) + uianga} dvolg .
s
Hence the assertion is obvious. O

For a € Ly 10c(S) we define the “surface distribution” adg and the “dipol distri-
bution” dp(adg) by

(ads)(p) := /Sagodvols, On(0d5)(p) = —ads(Onyp), e DO xR,

respectively. Then ads € Moc(2 x RT) and Op(ads) € M1,
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Now we consider the parabolic problem with transmission conditions along S

Ou+ Au =0 in Q x RT,
(5.22) s=ao | s
[Onuls = a1

Bu=0 on I' x RT,

where ag, a1 € L1 10¢(S). By an L, (W,*)-solution of (£.22) on J we mean a function
u € Lp,loc(cL M/:;) Satisfying

(5.23) /(—5}90 + Ap, u) dt = /{—aoang; + (a1 — N" ) } dvolg
J s

for all ¢ € D(J*,CE()). In other words, u € Ly 10c(J, W) is an Ly (W,*)-solution
of (22) on J iff u is such a solution of
(5.24) i+ Au = On(aods) + (a1 — N"lag)ds.

The following remark justifies this definition.

Remark 5.11. Suppose that u € Ly 1oc( x J), that it is piecewise C! along S, that
(E21)) holds, and that it satisfies (5:22) on (€ x J)\S. Then u is an L, (L,)-solution

of (522) on J.
Proof. Lemma [BEI0 implies the validity of (£23) for each ¢ € D(U). Now the
assertion is clear. O

Observe that S can be interpreted as a family { S(t); te RT } of time-dependent
interfaces in  along which a solution of dyu + Au = pq(u) has prescribed jumps.

Let X be a metric space. Then { S, ; 0 € ¥} is said to be a time-like C1~-family
of oriented hypersurfaces in Q x R*, provided

e S, is for each ¢ € ¥ an oriented C'-hypersurface in  x RT;
e for each @ € ¥ and (T,t) € Sz there exist neighborhood
V x W of ((7,7),7) in (2 x R*) x ¥ and a map
(0 — ®,) € C,” (W,CY(V,R))
such that S, NV = ®_,*(0) for o € W,
and grad, ®,(z,t) #0 for (z,t) € V and o0 € W.

Then ]\7,,, the positive normal of S,, has the representation
o (grad, ®,,0.D,)
T Vlerad, 2,2 + (92,2
since we can replace ® by —®, if necessary. Consequently,
Mo (x,t) = (N;(x,t), .. ,N;L(x,t)) #0, (x,t) € S,, o€
It follows that there exists a Cl-atlas K, for S, such that ,(dom#,)= B for

ko € Ky, where B is the open unit ball in R™ if dom(x,) does not intersect 2 x {0},
and B:={y e R"; |y| <1, y™ > 0} otherwise. Henceforth, we use the notation

(c—ay) € C’blf(Z, Ll,loc(Sa))

to mean that

(0’ — (/g5 ) © /@;1) € C’bl_(E,LUOC(B)), ko € Ko,
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where g, is the Gram determinant of the first fundamental tensor for the standard
Riemannian metric of S, induced by the Euclidean metric of 2 x R. Using these
facts, it is not difficult to verify that

(0 ajq) € C’;f (Z, Ll,loc(sa)); ji=0,1,
implies
(5.25) 0 = On, (00,003,) + (1,0 — N2l ag »)ds, € CF (2, M™1).
Now we suppose that
e {S,; 0e€X}isa time-like C'~-family

5.26
( ) of oriented C'~-hypersurfaces in Q x RT.

We also suppose that
o 1<A<n/(n—-1)
(5.27) o 2cC' (LX)
o ((v,a) — ajﬁ(v)) € C’l_(L,\ X E,LUOC(S,,)), j=0,1.
Then we put
aj(u) = o) (u),  J=0,1,
as well as

S(u) = S.qwy,  N(u) =Ny, Au) = i,
for u € Ly. Then we consider the nonlinear parabolic transmission problem

—

Opu+ Au = f(z,t,u) + V- Fla,t,u) + pa in Qx (0,00),

[u] s(u) = ao(u) .
(5.28) [8n(u)u]5(u) = as(u) } (u),
Bu = jir on T x (0, ),
u(-,0) =u’ on €.

Recall that the jumps on S(u) occur orthogonally to the time direction, that is,
they are evaluated in the actual time slice of S(u). Of course, (£:28) is formal. Its
precise meaning is derived from (E23).

Possible choices for z are given by

(5.29)  z(u) := cp(/ﬂ udx) or z(u):= go(/ﬂ |ul? dx), v € C' (R, %),

where g is a nonempty bounded open subset of 2, and 1 < 8 < )\, or combinations
of such functions. In this case problem (5.28)) can be interpreted as a nonlinear
diffusion (heat, etc.) problem with sharp interior surfaces of discontinuity (cracks,
etc.) which are moving in dependence on average densities (temperatures, etc.)
in Qo.

Proposition 5.12. Let (5.18), (5:26), and (527) be satisfied. Then problem (5.28)
has for each (u°, i) satisfying (5.20) a unique mazimal C(Ly)-solution.

Proof. Set
(1) 1= On(w) (@0(u)ds(w)) + (a1(u) = N (w)ag(u))dsw)-
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Then it follows from (G.25)-(5.217) and the fact that locally Lipschitz continuous
maps are uniformly continuous on compact sets that

7€ CL (CRY, L)), Lootoe(RY, Maing)).-

It is obvious that 7 has the Volterra property. Observe that (5.24) implies that u is
a C(Ly)-solution of (5.28) iff it is such a solution of

i+ Au=7(u) + p(u),

where p = F + X(ﬁ, ji) +u® ® 6y. Now the assertion follows from Theorem [5.1] by
the arguments of the proof of Proposition B9 O

To be more specific, we suppose that

e ®cCHQxRR);

e Q:={(y,0) €eQxR; ®(y,0) =0, V,®(y,0) #0} #0.
Then, putting

(5.30)

Y := {0 €R; there exists z € Q with (z,0) € Q }
and
M,,::{xeﬁ;(x,a)eQ}, oEX,
it follows that { S, := M, x Rt ; 0 € ¥} is a time-like C'~-family of C'-hyper-
surfaces in €2 x RT, oriented by N, := (ii4,0) € R™, where
fie =V @(-,0), o€
In other words, S, is a cylindrical hypersurface in  x Rt with cross-section M,

and axis parallel to RT. Thus the following result is an immediate consequence of
Proposition

Corollary 5.13. Let assumptions (&Z1) and [B.30) be satisfied. Also suppose that
a € Loo1oc(RY, Loo) and (u°, i) satisfy (5.20). Then the transmission problem with
moving interfaces
M(u):={yeQ; ®(u,z(u) =0, Vo®(u,z(u)) #0},
Ou — Au = au lul* 1t + puq in Q x (0,00),

[U]M(u) = ao(u) on u .
G ol = ar(w) } M) (0,0),
Bu = %y on I' x (Oa OO),
u(-,0) = u° on Q

has a unique mazimal C(Ly)-solution. It is positive if ag =0 and a1 > 0 as well
as (u®, i) > 0.

Proof. For the last part, it suffices to observe that 7(u) > 0 if ap = 0 and «; > 0.
Thus the positivity of the solution is a consequence of Corollary 5.4l (]

To give a simple example, we fix p,1 € C1(R,R), write 7 = (2/,y) € R""! x R,
and put
O(z,0) := |2|* + p(o)y* — ¥(0), (x,0) € 2 xR,
Then

(5.32) M, ={z€Q; [2/]*+p(0)y* =9¢(0), s £0}, o €R,
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provided this set is not empty. Thus, depending on the signs of p(o) and 1 (¢), the
hypersurface M, in  is the part of an (n — 1)-dimensional ellipsoid, an (n — 1)-
dimensional hyperboloid, or an (n — 1)-dimensional spherical cone without vertex,
respectively, lying in Q. Hence the transition surface M (u) of Corollary .13 can
deform continuously from a hypersurface of one of the preceding types to another
one, disappear, and reappear in the course of the evolution, depending on the value
of z(u).

By imposing further restrictions we can prove that (5.31]) is globally solvable.
Henceforth, .J := J\ {0}.

Theorem 5.14. Let assumption (2ZT) be satisfied and suppose that ap . =0 and
0<a, <a@<ooforoeX. Also suppose that (B30) is true and that vol(M,) < w
for o € ¥ and some finite constant w. Finally, suppose that a € Lo 10c(RT, Loo) and

(U,O,/j) € W){in/)\ X Loo,loc(RJrvM)
> 0.

with a <0 and (u°, i) Then (B31) has a unique global positive C(Ly)-

solution.

Proof. Fix r € (1,00) such that A < A*(n,r,00) and 7 >2/(1 —n/X). Set s:=0
and p:=0and fix o € (2/r,1 —n/N'). Also put ¢ := \.

Corollary B T3limplies that (B.31]) has a unique maximal positive C'(Ly )-solution,
denoted by u*. Assume J* := J(u*) = [0,T) with T' < co. Put p¢) := pa + @g(y+),
and note that

| @rtar iy )| < @ / ol dvolarer ) < @ [|olloo
M (ux(t))

-

for ¢ € Cop(2) implies puf, € Loo(Jr, M). Set fi* := (ugy, pr) € Loo(Jr, M) and con-
sider the linear problem

v+ Av=x(f"), 0<t<T, v(0) = u°.

Since x(fi*) € Loo(J1, WZK;Q) by ([@I3), [5} Proposition 2(iii)] implies that v belongs
to C(Jr, Ly). Moreover, v > 0.
Put

v = x (i) = F(u®) — x(f) — o (u™)0g(ur)

and note that v* € Lo 100(J*, W;\’,Zf) and v* > 0, thanks to a < 0 and u* > 0. Also
note that

(v —u*) + A(v —u*) = v* on J*, (v —u*)(0) =0.
Consequently, 0 < u* < v on J*. From this it follows that u* € Loo(Jr, Ly). Thus
u* solves the linear problem

i+ Aw = F(u”) + X (i) + a1 (" )0y on 7, w(0) = u,

whose right-hand side belongs to Lo (J7, W)‘\’,EQ). Thus we infer, once more from
[5l, Proposition 2(iii)], that u* € C(Jr, Ly). But this contradicts the maximality
of J*. Consequently, J(u*) = RT. O

The assumption that vol(M,) < w < oo for o € ¥ is satisfied, for example, if Q is
bounded and M, is given by (532).
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Remarks 5.15. (a) It is clear that problem (5:28) can be generalized to include
several transmission surfaces S (u), ..., Sy (u), which, in particular, are allowed to
intersect.

(b) The solutions guaranteed above are in fact C?(Ly)-solutions for sufficiently
small p (depending on the value of \). Moreover, they depend continuously on
the data.

(c) Suppose that 1 < A < (n+2)/(n+1) and replace the assumption on z in
(B210) by z € C*~ (Lxjoc(RT, L)), X) and z has the Volterra property. Then (5.28)
has for each

(uovﬁ) € M_l X MIOC(R+a -A;ising)
a unique maximal Ly (L) )-solution.

Proof. This follows from Theorem B.Ilwith v :=co, r:=1, s:=0, and q := X by
arguing as in the proof of Proposition B.12 O

Typical examples for such z are given by

z(u) = @(/Ot/ﬂoudx>, z(u) ::go(/ot/ﬂo |u|5dx>,

where ¢ € C17 (R, X)), Qo is a nonempty bounded open subset of Q, and 1 < 8 < .

Examples: Moving point sources. Now we consider another extreme situation
where [i is a measure supported on finitely many points moving in dependence on
the solution u. More precisely, we consider the following problem:

—

atu'f‘AUZ f(x,t,u)—i—Vf(x,t,u)
+ Ef:oéIL(u) ® @i + 1o in Q2 x (Oa OO),

(5.33) U= o on Ty x (0,00),
Ou = Zf:o(sy,(u) & 11%‘ + on TI'yx (Oa OO),
u(-,0) = u° on Q.

In analogy to (5:27) we assume

o 1<A<n/(n—1)
(5.34) o (zi(),yi(")) € Gy (LA, Q2 x I'y) and
(%‘ﬂ/&‘) € Loo,loc(IRJra]R X R) for 0 < 1 < k.

Problem (5:33) can be viewed as a diffusion (heat, etc.) problem with point sources
whose locations move in relation to the solution u, more precisely, to the average
densities of w if (2;(-),i(-)) are defined analogously to (5:29).

Proposition 5.16. Let assumptions (5.18)) and (5.94) be valid. Then problem
B33) has for each (u°, i) satisfying (20) a unique mazimal C(Ly)-solution. It
is positive if (u°, i) >0 and (@i, ;) >0 for 0 <i < k.
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Proof. Fix z € {x;(:),yi(:) ; 0<i <k} and put M := Qif 2 = ;, and M :=TI'y if
z = 9;. Then
1020u) = 2oy lMm-1(ar) S € sup [ {0su) — 820> W) (an) |
weCH (M)
llwll1,e0 <1
<c sup |w(z(uw)) —w(z(v)] < clz(u) - z(v)|

welCH (M)

llwll1,e0 <1
for u,v € Ly, as follows from the mean value theorem (in local coordinates). From
this and from assumption (£.34) we infer, setting

! k
(B, i) == (Z 0zi() @ %,Z(Syi(.) ® wi) € Lootoc(RT, M x M(T1)),
=0 =0

that
(/jﬂa /-71) € Cbli (C(R+7 L,\), Loo,loc (R-‘r, M_l X M_l(Fl)))-

Now the assertion follows once more from Theorem[5.1] the proof of Proposition5.9]
and Corollray (.41 O

Remarks 5.17. (a) Observations analogous to Remarks[B.I8(b) and (c¢) hold in this
case also.

(b) Sometimes we can replace the nonlocal operators (z;,y;), 0 < i < k, by local
ones. To see this we consider the model problem

u—Au=YF G, w@p;  in Qx(0,00),
(5.35) u=0 on I x(0,00),
u(-,0) = u° on

where
xi(u) == Xi(u(xg,-),...,u(x:@,-)), 0<i<k,

and x§,...,x), are given points in 2. More precisely, let K be a compact sub-
set of  with z7 ¢ K and assume that X; € C1=(R™*1 K) for 0 <i < k. Given
points Yo, . . ., Ym, 20, - - - » 2m € K, let v, resp. w, be the solution on [0, 7] of (E.3H)
with z;(u) replaced by y;, resp. z;, for 0 <i<k. Then v and w are solutions
of the homogeneous heat equation in (Q\K) x [0,T]. Hence they are smooth on
(Q\K) x [0,T], provided u° is appropriately smooth. Furthermore, standard inte-

rior regularity estimates yield
(5.36) [v(t) = wt)llce.) < cllv=wlleqorwe )

where . is a compact e-neighborhood of {z§,...,z} } in Q\K. Now it is clear
how to modify the proof of Remark Z4(a) by incorporating condition (B:36]) in the
definition of the space in which Banach’s fixed point theorem is applied in order to
get the assertion. Details are left to the reader.

(c) Similarly as for (5.31)), it is not difficult to give sufficient conditions for (5.33)
to be globally solvable. For example, this is the case if (5.34) is satisfied, f <0,

f: 0, and u°, 7, and the (¢;,1;) are positive.

Proof. This follows analogously to the proof of Theorem [5.141 O
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6. MEASURE DATA

Now we apply our general results to the case where we have homogeneous Dirich-
let data and measures in €2 and on the Neumann boundary. In this case we can
allow nonlinear gradient dependence. More precisely, we consider the problem

Ou + Au = f(z,t,u, Vu) + pa(u) in QxR
(6.1) u=20 on TyxRT,
Opu = g(z,t,u) + p1(u) on Iy xRT.
The general theorem. We suppose throughout that
o s;€[l,2—n/q), N\j € (1,00) for 0 < j < 4;
(6.2) e 1<r<2/(2—n/q —s;)for 0<j <4
o 1,11 € (n/2,00], va,v3 € (n,0], vy € (n —1,00].
We also assume that
o feCar'((QxRM) x (RxR"),R) with
Jo:=f(-,-,0,0) € Ly10c(R", Ly + Ly);
e r: RY = RT is increasing, Bj € Ly, for 0 < j < 3;

(6.3) o [Bsf(xt.&m)| < K(E)(1+ Bo(x) €2 + Ba(x) Il Y,
|Ouf (w,t,&,m)| < w(E)(L+ B2() [€12 7 + Ba() I 7T)
for (z,t,&,m) € A x RT x R x R"
and
o g€ Car'((I' x RT) x R,R) with
(6.4) 90 :=g(-,+,0) € Lyjoc (RT, L1(T1));

e f(,€L,(T) and
1039(y, 1, 6) < (1) (1 + Ba(y) [€[*7) for (y,¢,€) € Ty x RY x R.

As for the measures puq and p1, we suppose, using the notations of Section [[3] with
A:=(Ao,-.., A1) and §:= (sp,...,S4), that either
o r=1;
(6.5) o (un,m) € Gy~ (X5, Mioe(RT, M x M(T'1))),
and it has the Volterra property
or

e r>1, (n+1)/q+2/r¢{1,2}
o (o, p) = (ha +u’®do, hy) with
(6.6) (ha,h1) € C§_<X§X,Q;Lr,loc(R+,M x M(T'1))),
and it has the Volterra property;
e u0c V[/q%gn/q’—%".
We define numbers A} := \j(n,r,v;) by
Ao (2+ (n=2)r) =2+ /vy, M2+ (n=1Dr)=2+rm/v] +r,
A2+ (n=2)r) =2+rn/vy —r, As(24+ (n—=1)r) =2+ rn/vs,
(24 (n—2)r)=2+4r(n—1)/v)
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Observe that the restrictions for the v; of (6.2) guarantee that \¥ > 1for 0 <j < 4.
The following theorem is the analogue to Theorem B.I]for the present situation.

Theorem 6.1. Let assumptions ([G2)—64) and either (E3) or (66) be satisfied.
Also suppose that

r n n
0< — =X (—— Ay — A
2+ (n—-2)r [1/6 O(q SO>}< 070
r n n
RAARTIE L 1 *
0 2+(n—1)r[ui+ Al(q 1t >}<)\1 A1,
r n n
0 — 1= (== A5 — A
(6.7) 2+ (n—-2)r |:l/é 2(q 52)}< 2
r n n
0 — =X (== 1 Ay — A
24+ (n—1)r |:l/é 3(q s+ )} <3 3’
T n—1 n
0< — M == AL — A
_2+(n—2)r[ vy 4(q 84)}< 4
If Q is unbounded, then assume, moreover, that
Xo/q > so/n+ 1/v, A/q > s1/n+1/vy,

(6.8) Ao/q > (s2—1)/n+1/vh, A3/q > (s3—1)/n+1/vs.

Then @1) has a unique mazimal L, 5(W;F)-solution u, which is strong if r > 1. It

depends Lipschitz continuously on f, pq, g, and p.
Proof. The strict inequalities of conditions (G.7) are equivalent to
TAj(s; —2+n/qd +2/r) <2, 0<j<4.
Thus we can fix 0 € (maxs;,2 —n/q’) with o — 2/r € I, such that
(6.9) rA; <2/(sj —o+2/r), 0<j<4.
From the inequalities on the left of (6.7), (6.8)), and Propositions and we
infer, thanks to (6.3) and (G.4)), that
(F.G) € Cy~ (X5 s Lraoc(R™, (L1 + Lg) x L1(T'1)),
where F' and G possess the Volterra property, of course. Thus, setting
pi=F 431G+ po + i,
it follows from (E.5), (@.6), E0), (£8), (@3), and Remarks E2(b) and A3(a) that
e Gy~ (X3 s Mioc(RY, W75?))
if r =1, and
u—u0®50€C;7(X:X’q,Xf7q_2), r> 1.
Now the assertion is a consequence of Theorem 4] ([6.3]), Theorems and B3]
and Remark 24/(d). O
Remarks 6.2. (a) Suppose that ¢ € (1,n/(n—1)), ;€ (1,A7), and 7 € [1,00),
as well as v; € (1, 00|, satisfying the restrictions of (6.2)), are given. Put
1 1 /1 1 1 1 /1 1
PPN I I R O N
0 AoV TN 174 * n n ERDW vh m
1 1 1

= —_ — d4 = T
Asvhn’ Avgn’’

d3:
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and define dj for j =0,...,4 by replacing A; in the definition of d; by A7. Sup-
pose that
(6.10) 1/q > 1/n+dj, 0<j<4.

Then there exist s; € [1,2 —n/q¢’) for 0 < j <4 such that all squared brackets in
(620) vanish. Hence (6.7) and (G.8) are satisfied for this choice of sq, ..., s4.
It is easy to see that 1/n + d; < 1 for 0 < j <4, unless

(6.11) ji=0, n=2, r=1, 1yy=o0c.

As a consequence of Remark [5.3], in all cases, except for (GI1)), we can assume
that 1/n +d; < 1, so that (GI0) is satisfied for ¢ sufficiently close to 1. If (I is
true, then a choice of ¢ close to 1 and sg := 1 guarantee (G.1)), (68) as well.

Proof. First note that

{1/g—s/n; 1<s<2-n/¢d}=01-2/n,1/qg—1/n]
and that the squared brackets in (6.7) vanish iff 1/¢ — s;/n = d; for all j. Since it
is easily verified that d; > dj > 1 — 2/n, the assertion follows. (]

(b) Suppose that

r>2/(2-n/d —sj), 0<2p<2-n/qd —s;—2/r
for 0 < j < 4. Replace XfX,q in (65) and (©6) by C” (R, ﬂ?:o W:;’B) Then prob-
lem (B.I]) has a unique maximal C” (ﬂ?:o Wy )-solution, provided the hypotheses
of Theorem [6.7] are satisfied.

Proof. The proof of Theorem applies in this case also, with the modification
that Theorem [3.4] is invoked. O

(c) Of course, if g = 0, then X and 5 have to be replaced by X = (Mo, ..., A3) and
§:=(so,...,83), respectively. Similarly, if f is independent of u (or of Vu, respec-
tively), then (Mg, A1, A2) and (so, s1,82) (respectively, (A1, A2, A3) and (s1, S2,53))
have to be omitted in the definition of X and 3, respectively. O

A comparison result. Problem (G possesses a comparison theorem as well,
analogous the one for (£26]).

Theorem 6.3. Let the assumptions of Theorem [6.1] be true and suppose that o,
belonging to (maxs;,2 —n/q') N1y, satisfies o —2/r € I, and ([69). Also assume
that u and v belong to L 5, (J,WF) and pi € Mioe(J, M(Lo)) is such that there

rA,loc
exists a unique wo € L1 10c(J, W;l) satisfying

Orwo + Awg =0 m ij,
Ywo = g on ToxJ,
Opwo =0 on TixJ,

wp(+,0) =0 on .
Finally, assume that there is
{O}XM(J, (M+ Ly) x{O}xM(Fl)), r=1,
e {W"‘Q“ X Lp(J, (M +Lg) x {0} x M(T1)), 7 >1,

q,

(612) (", @"
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such that
O(u—v) + Alu —v) = F(u) — F(v) + in QxJ,
Y(u —v) = ug on ToxJ,
dy(u—v)=Gu)—G)+u;  on Tyx.J,
(u—v)(-,0) = u” on .

Then (u*, pé, pué, p3) > 0 implies u > v.
Proof. Note that
fi(u,v) := (F(u) — F(v),0,G(u) — G(v)) € Lyoc(J, (L1 + Lq) x {0} x L1(T'1)).

Hence (u*,p(u,v)+ fi*) satisfies (612). Consequently, there exists a unique

Lr(VVql)-solution wy of the linear problem

Ow + Aw = F(u) — F(v) 4+ pug in  QxJ,

yw =0 on Iy x j,
Ow =Gu) — Gv) + pi on Iy xJ,
w(-,0) =u* on Q.

Clearly, u — v = wp + w1, and pg§ > 0 implies wp > 0. Thus it suffices to prove the
assertion if ;g = 0. In this case an obvious modification of the proof of Theorem
implies the assertion. O

Corollary 6.4. Let the hypotheses of Theorem 61 be satisfied. If (fo, go, pa, p1)
is positive, then the solution of (6.1)) is positive as well.

We leave it to the reader to formulate and prove a “sub- and supersolution
theorem” analogous to Theorem BEA.

Model problems. In order to simplify Theorem [6.1] we restrict ourselves to the
case where f and g are uniformly bounded with respect to z and ¢ (so that v; = c0).
More precisely, we first suppose that » =1 and that the numbers Ag,..., Ay > 1
satisfy

o <142/n, M <142/(n+1),

6.13
(6.13) Ao <1+4+1/n, Az <14+1/(n+1), A <14+1/n.

Moreover, denoting, as usual, by k a positive increasing function on R* and assum-
ing that f and g are C*-Carathéodory functions, we suppose that

|05 f (& m)| < k() (1 + €+ IplM ),
(6.14) 00 f (8,6, m)| < w(E) (1412271 + [,
|03g(y, t.€] < w(t)(1+ M)

forz e, yeTly, teRT, and (&, 1) € R x R™, and, for simplicity, that
0

(6.15) (f(-,-,0,0),9(:,-0)) = (0,0).
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Proposition 6.5. Let (613)—(G15) be true. Then there exist q € (1,n/(n —1))
and s; € [1,2 —n/q") for 0 < j <4 such that the problem

O+ Au = f(z,t,u, Vu) + po in QxR
(6.16) u=0 on ToxRT,
Opu = g(x, t,u) + 1 on T;xR"

has for each

(:UQle) € MIOC(R+7M X M(Fl))

a unique mazimal Lx(mg)-solution u, and u > 0 if (po,p1) > 0.
Proof. This follows from Theorem [61] Remark[62(a), and Corollary [6.4 O

Setting pq = u® ® dp with u® € M, and p; := 0, Proposition [6.5 guarantees the
unique solvability of

Ou — Au = f(z,t,u, Vu) in  Qx(0,00),

u=0 on Ty x(0,00),
Ou = g(x,t,u) on T'; x(0,00),
u(-,0) = u° on Q.
This particular case, and subcases thereof like
Opu — Au = ur1 in  Qx(0,00),
u=20 on T x(0,00),
u(-,0) = u° on €

were studied by many authors (see [I]], [10], [11], [I2], [7], [8],[26], for example),
and the corresponding growth conditions for functions f and ¢ coincide with ours.
From [18] it follows that the condition Ao < 1 + 2/n in (@I3)) is optimal. The results
of [I1] and [12] show that A3 < 1+ 1/(n 4+ 1) is necessary for the unique solvability
if @ =R™ and u® € L1(R™). On the other hand, if one deals with particular nonlin-
earities, then the growth conditions mentioned above need not be optimal: see [9],
where the authors consider nonnegative solutions of

Ou — Au = —a - V(u?) —uP + My ® do in R" x RT,

where @ is a constant vector, p,q > 1, and M > 0 (cf. also Theorem [.7)).
Having concentrated on the case r =1, we now consider the other extreme,
namely 7 — oo.

Proposition 6.6. Suppose that the A\; > 1 satisfy
X <142/(n—2), A <142/(n—1),
Ao <14+1/(n—2), A3 <1+1/(n—-1), M<1l+1/(n-2)

and that €14) and (6I5) hold. Then there exist q € (1,n/(n—1)) and s;, belong-
ing to [1,2—n/q") for 0 < j < 4, such that [GIG) has for each

(UO, (NQ;/-H)) S VVQ%B X Loo,loc(R+7M X M(Fl))

(6.17)

a unique mazimal C(Vng) -solution u satisfying u(0) = u®. Furthermore, u is non-
negative if (uo, (ug,ul)) > 0.
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Proof. Since A} (n,r, 00) tends towards the upper bound for \; in (6I1) as r — oo,
we can fix r so large that \; < /\;f (n,r,00) for 0 < j < 4. Thus we deduce from Re-
mark [62(a) that we can find ¢ € (1,n/(n — 1)) and s; € [1,2—n/q’) for 0 < j < 4
such that (6.7) and (6.8)) are satisfied. By increasing r further, if necessary, we can
also assume that 7 >2/(2—n/q —s;) for 0 < j < 4. Now the assertion follows
from Remark B2[b) and (the corresponding extension of) Corollary [6.4. O

Note that u is, in fact, a C*(W,}')-solution of (G.I6) for a sufficiently small p > 0.
We recall that, in Propositions and [G6] the assumption that (uq,p1) be
independent of u has been made for simplicity only.

7. INTEGRABLE DATA

Now we consider initial boundary value problems with integrable data. For
simplicity, we restrict our considerations to

Ou + Au = f(z,t,u) in  Qx(0,00),
(7.1) Bu =0 on T x(0,00),
u(-,0) = u° on €.

The general theorem. We suppose that
o 1<g<oo, qgV(n/2)<v<oo, 1<r<oo, 1<A<odg;
o n/q+2/r>2;
(72) ® K: RT — R is increasing, 3 € L,;
o feCar'((2xRY) xR,R) with fo := f(,-,0) € Ly10c(R", Ly);
o [05f(x,t,8)| < k(t)(1+ B(z) |[¢}) for (z,t,€) € A x R xR,

In this case the following existence and uniqueness theorem is valid, where we put

n/q+2/r—n/v 2—n/v
A® =) = 1
(g:m,7,v) n/q+2/r—2 n/q+2/r—2
Theorem 7.1. Suppose that (L2) is satisfied and
(7.3) 2/r" < s <2A(n/q), s,2/r" ¢ {1/q,1+1/q}.

Also assume that

(7.4) o<#{(l—l)—x(l—§)}<x—/\.

q v

“n/q+2/r—2 q

If Q is unbounded, then assume, in addition, that
A 1 1
75) Ay, 11
q n q Vv

Then (1)) has for each u® € Wf)gl a unique mazximal L,\(W,*)-solution.
Proof. One verifies that the strict inequality in (Z4) is equivalent to
rA(s —2+2/r) < 2.

Moreover, (3)) implies s — 2+ 2/r > 0. Hence we can fix o € (s,2) with 0 —2/r
belonging to I, if r > 1, such that

pi=rA<2/(s—0o+2/r).
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Proposition [[5.4] (with  := ¢), the left inequality in (Z4)), and (ZH) guarantee that
fh € C}}7 (LTA,IOC(R+a VVqS,B)v LT,IOC(R+; Lq)) .

Thus, setting p(u) := f%(u) +u® ® &y, the assertion follows from Theorems

and B3 O

Henceforth, we find it convenient to use the following notation: b:=a* (or
b:=a"), where a € R, means that b > a (or b < a) and |a — b] is sufficiently small.

Remarks 7.2. (a) Suppose that ¢, 7, A < A*, and v satisfy the assumptions of ([.2)

and
1 A/n 2

1
—<2(Z242-2)+ -
q n\qg r v
Then there exists s € (2/r',2 A (n/q)) such that A(1/q — s/n) =1/q — 1/v. Hence
condition (-4) is satisfied for this choice of s.
Proof. Observe that

{1/qg=s/n; 2/r" <s<2An(n/q)} = ((1/qa—2/n)+,(1/q+2/rn —2/n)).
Since
(/g =1/v)/A> (1/q=1/v)/A* = (1/q—2/n)4,

the assertion follows. O

(b) Clearly, A*(q,n,r,v) is an increasing function of r and v, and

1< X(g,n,1,v)=1+(2/n—1/v)g <1+2q¢/n=A(g,n,1,00)

and

A (g,n,00,0) =1+ (2—n/v)/(n/qg—2) <1+ 2q/(n—2q) = \*(g,n,00,00).

(c) Suppose that A = 1%, v = co, and

grin+2)
r(n—2q)+2q’
with p > ¢ if Q is unbounded. Then the solution u belongs to L,(Q2 x Jr) for
T € J(u).

Proof. Put 0 :=2~ and s := 2(1 +1/p — 1/r)~ and apply Theorem[3:2 with p := p
to obtain a unique maximal L,(W,)-solution. Since W'y < L,, the assertion
follows. .

(7.6) r<p<

(d) If r(n — 2q) > ngq, then the upper bound for p in (6] is not greater than r
(which is the lower bound for p). In this case

_ - ng —
we L(JWig) = Lp(@ x J), pi= (=2 2q) ,
by choosing p =: r+.
(e) If = 1, then we can add pq € Mioc(RT, Ly) to the right-hand side of the
first equation in (7). Moreover, ;1 may also depend nonlinearly on . ([

The exponent appearing on the right-hand side of (6] is well-known in the
linear theory. An analogous regularity result is also known in the quasilinear case
(for equations involving the p-Laplacian and a linear right-hand side, for example);
see [15] Introduction and Theorem 1.3].
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A comparison principle. Similarly as in the preceding sections, we can prove a
comparison principle for ().

Theorem 7.3. Let the hypotheses of Theorem [T be satisfied. Suppose that u, v
belong to Ly 10c(J, VV(fﬁ) and satisfy

O(u—v)+ Alu—v) = F(u) — F(v) + f* in  Qx(0,00),

Bu—v)=0 on T x(0,00),
(u—v)(-,0) =u" on
where
(u*, f*) € W2H X Lyoc(J, Ly)-

If (u*, f*) >0, then u > v.

Proof. This follows once more from Theorem [[9.4 by the arguments of the proof of
Theorem (.3 O

Corollary 7.4. Let the hypotheses of Theorem [71] be satisfied. If (u°, fo) >0,
then the solution is positive.

For simplicity, we restricted our considerations to the case where B(u — v) = 0.
Similarly as in Theorem [E3] this assumption can be replaced by B(u —v) = g*,
provided g* satisfies appropriate regularity conditions. Details are left to the reader.

It is also clear that we can formulate and prove an analogue to Theorem BH. We
leave this to the reader as well.

Model problems. Theorem[ZTlapplies, in particular, to the model problem on R™
(77) ou — Au =V (z) [u* 1 u+ fo(x,t) in  R" x (0,00),
' u(-,0) =0 on R™

Our next result shows that in this case the growth restriction ([4) for X is optimal,
in general (except, possibly, for the equality sign).

In the following theorem and its proof we denote by 1, the characteristic function
of By:={ze€R"; x| <p},and 1 :=1;.

Theorem 7.5. Set Q:=R" and let v,r € [1,00) and q € (1,00) be fized such that
v>qV(n/2) andn/q+2/r>2. Putl:=(n/v)", a:=Mn/q)”", and B :=(1/r)",
and define V€ L, and fo € Ly10c(RT, Ly) by

V(z) = |z|~1(x), folz,t) = |z| > 1(x)t™7, (x,t) € R™ x (0, 00).
If
(7.8) A> A (q,n,r,v),
then, given any T > 0, problem ([[0) does not possess any nonnegative weak solution

u € L1,10c(Q2 X Jr) satisfying Vut e L110c(82 x J7) and the comparison principle of
Remark [24)(e).

Proof. Set () := |z|~* 1(z) and p(t) :==t=". Let u € L1 10c( x J7) be a non-
negative weak solution of () possessing the stated properties for some T > 0.

We can assume that 7' < 1. Due to the comparison principle, we have u > w V v,
where w is the solution of (1) with V' =0, and v := u — w is a solution of

v — Av = Vut on Q x Jr.
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Denote by e*® the heat (GauB-Weierstraf) semigroup in R™. Then
o) 2= | () /2 ey 0y > 2
Vs/2<lyl< Vs
for |z| < /s < 1.
Let |z| < 4/t/2 and ¢ < T. Then, using (7.9]), we obtain

(e t) 2 w(ot) = [ (e950) (@)o(s) ds
0
t—|x|?
c(t—s) 257 P ds
> /0 (t—s) d

1—|z|?/t
= ctl_“/Q_B/ (1—6)"22075 dp
0

> ctlfa/%ﬁ;
hence
(7.10) w(z,t) >ct™ if |zl <\t/2, t<T,
where z := /2 + § — 1 satisfies
(7.11) z>(1-10/2)/(A=1),

due to (L) and the choice of ¢, o, and £.
Now assume that (ZI0) is true for some z satisfying (ZI1). Then, assuming
|z| < v/t and t < T, we obtain

u(z,t) > vz, t) = /01t (=AY (Yt (-, ) (z) ds
> c/ot (e(t_s)A [| e s_’\zl\/s/—QD(x) ds

> C/ )\z/ 47T(t _ s)fn/267|a:7y|2/4(t75) |y|7£ dy ds
0 Vs/2<]yl<y/s/2

t
e
t/2
> C/ S—)\z—Z/Q ds > Ctl—)\z—Z/Q;
t/4

hence (ZI0) is satisfied with z := Az +¢/2 — 1. Due to (1)) we find Z > z, and
an obvious bootstrapping argument proves (ZI0) for any z > 0. This contradicts
u € L1 10c(R™ x Jr) and concludes the proof. O

By using similar estimates as in [23], an obvious modification of the above proof
gives a similar result if €2 is bounded.

Remark 7.6. Above we have restricted ourselves to the most interesting case where
n/q+2/r>2. Ifn/q+2/r <2 and s> 2/r’, then s >n/q, so that W’ embeds
in Cy(Q). Hence in this case problem (IZ1]) is uniquely solvable for any function f
satisfying the hypotheses of ([CZ), without any further restriction on A > 1. Details
are left to the reader. O

Special cases of the bound A®(gq,n,r, v) appear in many papers (see, for example,
[28, Corollary A] for the case ¢ =1 and r = oo, [10] for ¢ =1 and r = v = o0, and
[27], [18], [I7] if » =1 and v =o00). In many of those papers borderline cases
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are studied as well (also see [16) Section 6] for r =00, ¢=mn/2, A =2, and
V(z) = z]7?).

Given additional structural conditions, it is sometimes possible to relax the
growth restriction on f. We illustrate this by a model problem where, for sim-
plicity, we choose an easy setting.

Theorem 7.7. Let Q be bounded and suppose that 1 < r < oo with 2/ # 1/q,
2 1 2
(7.12) ME42-2)<n+2 A(--2) <1
q T q n

Then, given fo € Lyjoc(RT, L) and u° € W;f[,rl, the problem
o — Au= —|ul* tu+ fo in  Qx(0,00),
(7.13) u=20 on T x(0,00),
u(-,0) = u° on
has a unique global weak solution.

Proof. Fix T' > 0 and put J := Jp. Let w be the solution of
Ow — Aw = | fo] in QxJ,
(7.14) w=0 on I'xJ,
w(-,0) = |u°| on {.

It follows from Remarks [[2(c) and (d) and (712)) and (T14) that w* € Ls(Q) for
some s = 17, where Q := Q x J.

Let (u) be a bounded sequence in sz/f’ for some z = 17 with z > s such that
[ul| < |[u®] and u — u® in L,. Also suppose that (fox) is a sequence in Lo (Q)
satisfying | fo 1| < |fo| and for — fo in Ly(J, Ly). Let ui be the solution of (ZI3)
and wy, be the solution of (ZI4), respectively, with (u?, fo) replaced by (ul, fox)-
It is well-known that uj is well-defined, and the classical comparison principle
implies |ux| < wy, whereas wy, < w follows from Theorem [7.3], for example. Thus the
sequence (Jug|*) is bounded in L4(Q). Consequently, (uy) is bounded in W21(Q) by
classical regularity theory (e.g., [21} Theorem IV.9.1]). Since W21(Q) is compactly
embedded in L1(Q), we can assume, by passing to a subsequence, that ux — u a.e.
and in L1(Q). Since (Jug|*) is bounded in Ls(Q) and |ug|* L u — |u[* "t u ae.,
it follows that |ux|* ! ur — [u[*~*u weakly in Ls(Q) (e.g., [20, Theorem 13.44]).
Thus, passing to the limit in the weak formulation for the solution ug, we obtain a
weak solution of (7.I3)). Uniqueness follows by the arguments of [I8] Lemma 3]. O

Observe that condition (TIZ) is weaker than A\ < A*(g,n,r, 00).

Let 29 € Q and set fo := 0, ® v with v € L,.(J). Assuming also that u° belongs
to Ly j(nr'—2), problem ([@13) is studied in [19], where the main assumption is
equivalent to (TI12) with ¢ =1 (see (A2) and the last sentence in Remark 2.2
of [19], where 7, ¢, and N play the roles of A, r, and n, respectively).

8. HIGHER ORDER PROBLEMS

The abstract results are also applicable to semilinear parabolic equations of order
greater than two. For illustration we consider a simple model problem and leave it
to the reader to prove more general results along the lines of the preceding sections.
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We denote by Dy the vector of all spatial derivatives of u of order i and set
D% := u. Then we consider

du+ A%y = Z?:oai |Diu A4 g in  Qx(0,00),

®.1) u=0,u=0 on I'x(0,00),
where g € Mige (R"’,M(Q)), a; € Lo, and
(8.2) 1<Xi<(n+4)/(n+1), 0<:<3.
We put
{ueW; ; yu=0,u=0}, 1+1/g<s<4,
Wegi=< {ueW/; yu=0}, 1/g<s<1+1/q,
w7, 0<s<1/q.
We also fix
(8.3) g:=17 and o:=4" with o <4—-n/q
and
(8.4) si = (4/M)~ with o —s; >4/\,

for 0 < i < 3. Then X := (Aoy.--,A3) and §:= (sg,..., S3).

Theorem 8.1. Given the above hypotheses, problem &Il has a unique mazximal
L5 (W;F)-solution.

Proof. Set Ey := Ly and E; := VVq‘fB. Also define a linear operator Ay in Ey by
Agu = A2y for u € VV;%B. Then —Ay generates a strongly continuous analytic
semigroup on Ey, and D(Ay) = E;. Denote by [(EE, Ae); —1<¢€< 1] the inter-

polation extrapolation scale generated by (Fo, Ag) and the interpolation functors

['7']97 b€ {1/471/2a3/4}7
(.7 .)9 = {

;)04 else.

Then it follows that Ee = VV;% for 4§ ¢ Z +1/q, where W 5 := (W7 5)’ by means
of the Ly-duality pairing (-, -). From this, (83), and Sobolev’s embedding theorem
we deduce that M(Q) — W;fg‘l.

Set X := Lx(J, WEB) and Y := L1(J, Ly). Since (B82)—(®4) imply the inequality
1/Xoq = 1/q — so/n, it follows that W} < Ly,q. Thus we find that
Ao—1
X

[lao [ul ™ ol ||y, < cllull ™" lv]lx-

Analogous estimates hold for a; [u|*~! |v| for 1 <i < 3, as may be verified by the
reader. Using this, we infer, by means of the proof of Proposition [[5.4, that F,
defined by

3
F(u):= Y a;|D'ul™,
=0

belongs to C*~ (L (RT, W), L1 1oc (R, Ly)). Since F is a local map, it satisfies
the Volterra property. Now an obvious modification of the proof of Theorem

gives the assertion. Details are left to the reader. (I
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Part 3. Systems

In this part we discuss extensions of the preceding results to systems. First we
present an abstract theorem for semilinear parabolic evolution equations with a
diagonal principal part. This theorem is then applied to parabolic initial boundary
value problems for which the different components of the solution vector do not
possess the same regularity. In the last section we describe the modifications which
are needed to handle strongly coupled systems.

9. ABSTRACT SYSTEMS

We suppose that

m € N\{0}, and for each j € {1,...,m}
e F,o is a reflexive Banach space;
e A, is the negative infinitesimal generator of a
strongly continuous analytic semigroup on Ej o;
. [(Ej,évAJ}&) -1 <€< 1] is the interpolation extrapolation
(9.1) scale generated by (Ej 0, A;0) and a fixed choice of
admissible interpolation functors (-,-);9, 0 < 8 < 1;
o 0<a;<f <1
e there exists an admissible interpolation functor
{-,-}4.8,—a, of exponent 3; — a; such that
Ejp;-1 = {Eja;-1: Eja;}j.8-a;-
Then we put
AJ‘ = Aj’ajfl, 1< j <m.
We also assume that
e 0<mg<m <my
o 1<pj<l/(aj—pBi+1)forl<j<my;
1<r; <1/(Bj —a;)and 1 <p; < 1/(aj — B; + 1/r;)
for mo +1 < 5 <my;
o 1/(Bj —aj) <rj<ooandp;€l0,08; —a; —1/r;)
form +1<j<m.

Given a perfect subinterval J of [0, T] containing 0, we put

Xioo(J) =[] Loy soc(J. Ejay) x [ C*(J, Eja,)
j=1 j=mi+1

and

mi m
X(J) =[] Lp,(J. Eja,) x [ BUC?(J,Eja,).
j=1 j=mi+1
For u € X (J) we write
u = (v, w), V= (UL, ooy Umg )y W= (Umgt1s-- s Um)
and

A:=[B,C], B :=diag[A1,..., An,], C :=diag[dmg+1,---,4m]-
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Then we assume that

o peC (X([0,T), T2 M0, T], Ejp,—1)):
o feC (X([0,T). I 41 L, (0. 7). Ejip,—1));

e p and f possess the Volterra property;

0 m
e w €Hj=mo+1Ejﬁj—1/Tj’

(9.3)

and consider the system

v+ Bv = p(v,w) in [0,T],
(9.4) w+ Cw = f(v,w) in (0,T],

w(0) = w’.
Setting 7z(u) := (p(uw), f(u) + w° ® &), we can rewrite (@) as
u+ Au = @(u) on [0, T].

We also set

E¢:=[[Eje. EL=]]FE.,

j=1 j=1

for € = (&1,...,&m) € [-1,1]™, as well as

<Q0,U>a = Z<§0j7uj>aj7 (LP,’U/) € Eﬁfa X EOL-

j=1

Moreover, A;»r = A§-7_ ; for 1 < j <m, and

«

AT = diag[A],...,A]] € L(E"

1-o

E' ).
Then w is said to be an X-solution of ([@4) on J, provided u € Xjoc(J*) and

[o+aTewadi= [ pin

for every @ € C.(J*, EY__)NCY(J*, E* ).
Now we can formulate the following existence, uniqueness, and continuity theo-
rem for system (9.4).

Theorem 9.1. Let assumptions ([O1)-(Q3) be satisfied. Then problem @A) has a
unique mazimal X -solution, u := u(p, f, w"), satisfying

Uj € LTjaIOC(‘]*7 Ejﬁl’j) n W'rlj,loc(']*a Ej,aj—1)7 mo + 1 < ] <m.

Ifu e X (J(u)), then u is global. The map sending (p, f,w°) into u(p, f,w°) is
Lipschitz continuous from the spaces occurring in [@3) into X ([0, T]).

The proof of this theorem is also postponed to the end of Section [I4.
Clearly, the Lipschitz continuity of the solution w(-,-,-) is to be understood in
the sense made precise in Theorems [Tl 2ZT] and 23] respectively.
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10. WEAKLY COUPLED PARABOLIC SYSTEMS

It is the purpose of this section to show how Theorem can be applied to
concrete situations. For this we restrict ourselves to second order systems, for
simplicity.

Henceforth, (A,B) is said to be a strongly uniformly elliptic boundary
value problem whenever (P0) is satisfied and A and B are given by (P1) and
(P2), respectively. Of course, if (A1, B1) and (Asg, Bz) are two such problems, then
each one can have its own boundary decomposition, that is, I' =T'1 o UI'1; and
I'= FQ’O @] F2,1; with PI,O 75 ].—‘270, in general.

We suppose that

e 0<mo<mi<my

o (A;,B;) is a strongly uniformly elliptic boundary value problem
for1 <j<m;

o 1< g <00, 85,05 €l with0<s; <o;<2forl<j<m

(10.1) o 1<p; <2/(s; —0;+2)for1<j<mg;

o 1<r;<2/(0;—s5) with o —2/r; € I, and
1<p; <2/(s; —0a; +2/r;) for mg+1<j <my;

o 2/(cj—sj)<r;j<ooand0<2p; <o;—s;—2/r;
form +1<j<m.

Then we put

m
Wi Pj 83
p,q,loc H LPJ’IOC qjaBj) x H P, W/;]j’Bj)

j=mi1+1
and assume that
® My € Cl_(Xs p.q; IOC(RJr) MIOC(RJF WUJ )) for 1 < j < mo;

102) * S EWTT <G (B). Lo, e (R W557)
form0+1§]§m,
e u; and fj possess the Volterra property.

pqloc

We denote by A; the W ’B ?_realization of (Aj,Bj), that is, A; is the unique ex-
tension in L(W, qJ B ,WUJ _2) of A; |W ,8,- Then we consider the problem

U + Aju;= pj(ur,. .., uy,) onRT 1 <35 < my,
10.3 w; + Aiu; = fi(ug, ..., u on (0, 00),
( ) J J %3 fJO(l m) ( ) mo+1<j<m.
uj(o):uj

Put 2 := 0 and 28; :=s; for 1 < j < m, and set

2 ‘
Ej¢:= WZ;,.E,BJ» ¢el,, 1<j<m.

Then it follows that (0.2)) is satisfied with p; = p; and X (J) = X, ,(J), where
this space has the obvious meaning. Thus assumption (IT0Z) implies (@3), and it
follows that (I03)) is a particular instance of (@4]). Hence it is clear what is meant

by an X7}, ,-solution of (I0.3).
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Theorem 10.1. Given assumptions (IOTl) and ([02), problem ([03]) possesses a

unique mazimal X3, o-solution w. Ifu € X‘;q(.](u) N[0,7)) for every T > 0, then

u is global. Moreover, u depends Lipschitz continuously on the data.
Proof. This is a consequence of the preceding observations and Theorem O
It is clear that Remarks 3.0 possess appropriate extensions to system (I0.3).

A model problem. As an illustration for Theorem [0.1] we consider the following
model problem:

8{1,1/1 +-A1U1 =gl($7u2)ﬂ .
in Q x (0, c0),
Opuz + Aguz = ga(z,u1, u2)
Bjuj =0 on I' x (0,00),

u;(-,0) = uf on 2

(10.4)

for 7 = 1,2. Here we assume that

e (2 is bounded and n € {2,3};

o (A;,B;) is a strongly uniformly elliptic boundary value problem
for j =1,2;

e n—1<r<ooand y€ Lyoc(RT, M);
g1 € COL(Q x R,R), g € Car'(Q x R R);

o 1<A<2r/(24 (n—2)r);

e #: RT = R" is increasing and |92g2(, &, )| < c(In])(1 + |€*1)
for x € Q and &, € R.

(10.5)

Note that 7 > n — 1 and n € {2, 3} guarantee that the upper bound for A is larger
than 1.

In general, u; will not be continuous in the variable z € 2, due to the singular
right-hand side of the first equation of (IIL4]). On the other hand, in order that
g1(x, u2)pu be well-defined, us has to be continuous in . Thus we will look for
solutions in

Lpl (Ja %811781) X C(Ja %822762)

for appropriate values of p1, g, and s; such that so > n/gs, which guarantees that
C(JW,25,) — C(J,C(Q)). For this reason we need a growth restriction for the
nonlinearity with respect to the ui-variable, whereas no such assumption has to be

imposed with respect to the us-variable.

Theorem 10.2. Let (I0AH) be satisfied. Suppose that 1< g1 <n/(n—2), and
fix s1 such that

(10.6) nfqr+2/r—2/A<s1<2-n+n/q,

and q2 € (1,00) with

(10.7) 1/g2 2 A1/q1 — s1/n).

Also fiz so and p with

(10.8) n/ge < s2<2—=2\r, 0<2p<2—83—2\/r.

Finally, suppose that
(10.9) 2-2/ré¢N+1/q1, 2-2\r¢N+1/g.
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Then problem ([UA) has for each

(10.10) ug = (ud,ul) e W22/

2—2\/r
B X W,

q2,B2
a unique mazimal L,(W:') x CP(W22)-solution u(-,u’), and u(-,u®) is indepen-
dent of the particular choice of s, q;, and p. If

(10.11) sup  ua(t,u’)|eo <00 for every T >0,
t€J(w)N[0,T)

then J(u) = RT.

Proof. First we observe that the upper bound for A in (I0:5) implies that we can
find s; satisfying ({0-6). From this it follows that we can choose g2 € (1,00) sat-
isfying (I0.7). Thanks to the upper bound for ), we also see that condition ([[0.8)
can be satisfied if 1/g» is close to its lower bound in (I07). Clearly, (I0.9) can be

satisfied as well.
Put s:= (s1,82), q:=(q1,92), and p := (r, p) so that

Xzs),q,loc(‘]) = LTJOC(Jv M/;II,BI) X CP(J’ VVqS;,Bz)
Given T > 0, it follows from (I0.7), (I08), and Lemma [T that
(10.12) X3 o(Jr) = Ly (Jr, Lag,) x C(Jr, C(Q)) =: Yyq,(J1).

Set
Fu) = (fi(w), fo(w)) := (9] (uz)p, g5 (ur, uz)).
It is easily verified that

(10.13) f1 € G (Yrgo (1), L (Jr, M), T >0.
An obvious modification of the proof of Proposition [[5.4] shows that
(10.14) f2€C (Yego(Jr), Lyyn(Jr, Lyy)), T >0.

Fix 0; with 1 <01 <2 —n/¢] and s3 < 02 <2 —2)\/r as well as o1 — 2/r € I,
o9 —2\/r €1y, T<2[/(01—51), and 2p < g2 — s2 —2X\/r. Then we infer from

Lemma [£1] and (I0.12)-({@0.14) that
feC (X2 ,(Jr), Li(Jr, W 52) x Lo jn(Jr, W252)), T >0.

q1,B1 92,82

Note that 1 <7 <2/(s1 — o1 +2/r) and 7/A >2/(02 — s2). Thus assumptions
(I0I) and ([IT2) are satisfied with (mg,m1,m) := (0,1,2) and (r1,r2) := (r,7/\),
and Theorem [0.1l guarantees that problem ([0.4) possesses a unique maximal
X g-solution, wu(-,u’), whenever u’ satisfies (I0.10). Remarks B5[a) and (b)
imply that u(-,u") is independent of the particular choice of s and q.

Let (I0.17)) be satisfied. Then

hy = g? (ua (-, u®))p € L (J(w) N I, M), T>0,
and u1 (-, u®) satisfies the equation
0+ Ajv=hyi(t), teJ(u)nJp, v(0) = uf.
Hence
ur (-, u’) € L (J(uw) N Jr, Wtg ), T >0,

by [5, Theorem 4], for example. From this we infer, by the above arguments, that

hy = g} (ur (-, u), us (-, u’)) € Loy (J(u) N Jr,Ly,), T >0.
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Thus, since uz (-, u) solves the linear problem
W+ Aqw = ho(t), te J(u)NJr, w(0) = ud,
we infer from from [5, Proposition 2(iii)] that
us(-,u’) € BUC? (J(u) N Jp, W2y ).

q2,82
Hence it follows from Theorem [0 that w(-, u) is a global solution. O

Remarks 10.3. (a) The preceding theorem remains valid if we assume instead of

([I010) that

0 (s1—2/r)T (s2—2x/r)*
u- < VthBl x %2752 :

Proof. This follows from the above proof and from Theorem [T0.1] O

(b) It is clear that, by invoking Theorem [.I], we can also handle systems where
the orders of the differential operators differ from component to component of the
solution vector. O

A system similar to ([04) has been studied in [22], where it is assumed that p is
independent of ¢.

11. STRONGLY COUPLED SYSTEMS

In this section we briefly indicate the modifications for Part[Z which are necessary
to deal with strongly coupled systems.

We assume that N is a positive integer and interpret all distributions as having
values in RY. Thus W= W7 (Q, RY), etc. Then we suppose that
(11.1) (a, A) € BUC™(Q,R™" x RV*N),

and a = [ojx] is symmetric and uniformly positive definite, and that there exists
€ > 0 such that

o(A(@)) c{z€C; Rez>¢}, r€qQ,
where o(+) denotes the spectrum. Then we set
aji, = A, € BUC™ (Q,RN*N), 1<j,k<n,

and, using the summation convention with j and £ running from 1 to n,

Au = —0;(a;i0ku), u € D(Q).
We also define the “conormal derivative” by

du = v y(ajpOpu), u € D(Q),
and set

yu on Iy,

(11.2) Bu := {5‘,,u on T,

Then (A, B) is a normally elliptic boundary value system (in separated divergence
from, using the terminology of [2]).
We write @ for the transpose of the matrix a € RY*N. Then we put

Afy = —aj(a;kakv), b= l/j'y(a;kakv)

for v € D(Q) and define B* by replacing 9, in (TL2) by 9%, so that (A%, BF) is the
elliptic boundary value system formally dual to (A, B).
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The spaces W' ;s are now defined in analogy to (B2), except that
Weg:=(W;5,), se I, N[-2,0).
We set Eg := Ly and denote by Ag the L, -realization of (A%, BF), given by
dom(A}) := W:ZQ,’B,@, Alv = A,

Then parts (i) and (ii) of Lemma Bl remain valid with the modification that
Al = AL (cf. [2]).

Assuming again (3.4) and defining A by (Z3), a (weak) L,(WW,*)-solution of
(B8) on J is now an element u € Ly 10c(J*, W,;5) satisfying

/(—8tv+Aﬁv,u> dt:/vdu(u), v e D(J*, Dgt),
T

J
where Dy := {v € D(Q) ; B*v =0}, of course.

Theorem 11.1. Given the above hypotheses and modifications, all results of Sec-
tion [3 remain valid if A is induced by a normally elliptic boundary value problem.

Proof. This is obvious from the validity of the analogue to Lemma B11 O

Remarks 11.2. (a) Clearly, the Dirichlet form a of (A, B) is now defined by

a(w, z) := (Ojw, a;r0k2), w, z € D(Q).

(b) It is also obvious that Theorem M1l remains valid if it is supposed that
(A;, B;) is a normally elliptic boundary value system for 1 < j < m, whose dimen-
sion may depend on j, of course.

(c) The regularity hypothesis (ITI) has been imposed for convenience only.
Everything said above remains true if

(a, A) € BUCH(Q,R™*™ x RNV*N)

and I is a C%-submanifold of R”, provided Dy; is replaced by VVqQ,_Bgn

(d) Of course, Theorem [IUT] can also be applied if (A;, B;) are suitable strongly
coupled elliptic boundary value systems of higher order. O

Part 4. Proofs of the Abstract Theorems

In this part we furnish the proofs for the general theorems presented in Part [
and in Section[d]

We assume throughout that assumptions (A0) and (A1) are satisfied. For ab-
breviation, given a perfect subinterval .J of [0, T] containing 0, we put

CL(J*, (Ey—1,Ey)) = Cc(J*, Ey) N CH(J*, Ey—1).
We also set
My = M([0,T], Eg_1), 0<T<T,
and recall that Jp := [0, T].
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12. GLUING OF SOLUTIONS

First we consider the linear case where p is independent of u, and show that
solutions of

(12.1) U+ Au = p,

defined on adjoining intervals, can be pieced together to yield a solution on the
union of these intervals. Since there is no (explicit) initial value in (IZTI), this is
not immediately clear.

For concise and precise formulations we introduce some further notation. Let I
be a nonempty compact interval and s € R. Denote by 7, the right translation of
functions, that is,

Ts : EI_>EI+S; 90’_}50(_8)
Then we define the right translation of measures
(12.2) Ts: M(I,Eg_1) > M(I +s,Eg_1), p+— Tsi,
by

— #
<7's,U7 ¢>C(I+S,Ef_[,) = <'U7T—850>C(I,Ef_ﬁ)7 pe C(I + s, E1fﬁ)-

It is obvious that (TZ2) is a linear bijective isometry with (75)™1 = 7_5.
Suppose that I; :=[0,s;] for s; >0 and j=0,1, and set I:= Iy U (so+ I1).
Given g € [1,00] and v; € Ly(I;, E,) for j = 0,1, we define vo @ v1 € Ly(I, Ey) by

Vo on I,
Vo D vy = vy By V1 1=
Tso U1 on I + sg.

Below we often simply write p for |[0,5]if 0 < S < T and p € M, if no confusion
seems likely.

Assume that 0 <7 < T and p € My, and let (4)) be satisfied. Then [5] Theo-
rem 4] guarantees that ([2:1)) possesses a unique global weak L;(FE,,)-solution, u(u),
and

(12.3) u(p) € N L,((0,T), Ey).
1<p<1/(a—B+1)

Moreover, from [5, Corollary 2] we know that u(u) has a well-defined trace, u(u)(T),
in Eg_1, and that the map

(1= u(u)(T)) € LMz, Eg_1)

is well-defined and uniformly bounded with respect to T € (0, T].
Now we are ready for the proof of the following “gluing lemma”.

Lemma 12.1. Let (IC4l) be satisfied and suppose that 0 < S <T < T and p € Mr.
Denote by ug the weak Li(E,)-solution of (IZI) on Jg. Set

mr—s (1, uo(S)) = 7—s (| [S, T]) + (uo(S) — u({S})) ® b € Mr_g
and let uq be the weak L1(E,)-solution of
U+ Au = mp_g(p, uo(S)) on Jr_g.
Then ug @ uy is the weak Li(Ey)-solution of (IZI) on Jr.
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Proof. Suppose that v € CL([0,7), (E*,, E! )). Then

11—

/]<(—8+AT)v,uOEBu1>adt
(12.4) r
:/J <(—8+AT)v,u0>adt+/J <(—8+AT)T_Sv,u1>adt.

T—-S

Proposition 1 of [5] and (I2.3)) imply

(12.5) /J <(_8 + AT)U7UO>Q dt = <:’J7U>C(JS,Eﬁ

1-g)

— <’U(S),’LL0(S)>571

and

(126) /JT_S <(_8 + AT)T—SU7 U’1>a dt = <mT—S(Ma UO(‘S))a T—S’U>C(JT,S,E§7ﬁ)
= V) ose_,) + (v(8),u0(S) — ({S})) 5_;-

Note that

(s U>c(JT,E§_ﬁ) = /

J

) vdp = /JS vdu + /[S,T] vdu — <fu(S),u({S})>B_1

= <ﬂvv>c(JS,E§_ﬁ) + <Ma”>c([s,T],Eﬁ y <”(S)aﬂ({5})>g_1

1-5

(12.7)

for all v € CL([0,T), (Eu_a,E%_a)). Consequently, we deduce from ([(2.4)—(I2.7)
that

/J (=0 + AT, ug ®ur), dt = V) o, mt_y U E CL(j0,T), (E* ,, E_,)).

Hence ug @ u; is the unique weak L;(FE,)-solution of (I21]) on Jr. O

13. PROOF OF THEOREMS [[.1] AND

Assume that E is a Banach space and that F' < L joc(J7, F). Then we write
Volt(F, M) for the set of all maps p: F' — My possessing the Volterra property.
Recall that this means that, given T' € (0, T] and u € F,

p(uw)Jr = p((ulJr) ©0) | Jr.
We also set
Lory = Le(Jr, Ey), - gy =l £, 1

for 0 <T <T and —1 <~ <1, and recall that Bg is the open unit ball in F.
We denote by My (A, w) the set of all u € Volt(Ly 7., M) satisfying

(13.1) [|#(O)[mr <@,  [p(@)=p@)[mr < AR) lu=v]lp 10, u,v € RBy 1.0,
for each R > 0. Note that
(13.2) UMr(\w) = Cp~ nVolt(Ly 1,0, Mr).

A,w

Henceforth, ¢ denotes positive constants whose values may differ from occurrence
to occurrence, but they are always independent of all free variables of a given
situation.
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Proof of Theorem [[Jl Choose A and w such that g € Mt := Mt(\w), and fix
Ry > 0. Thanks to (I3:2), this is possible. Also put Br:=Bp,1.q, || -7 :=1 - |
and

p, T,y
ar,r(v) = sup [v(0)|mrs v € Cy T (Lpras Mr).
vERB

(a) Given v € RoBr, the linear problem u + Au = pu(v) possesses a unique weak
Ly(Eq)-solution u(u(v)) on Jr. From [5, Corollary 3], the Volterra property, and

([I3])) we infer that
o), < v, aoto)) = et < e o - uil

for v,w € ._ROIE%T, T € Jr, and i € M, where ¢ := 3 —a—1/p’. Since € > 0, we
find Ty € Jt such that

1
(13.3) [u(p@)]ly, < Ro,  [Ju(n()) = u(uw) |, < 5 llv—wln,
for v, w € RoBt and € M.
Put ¢, (v) := u(u(v @ 0)) for v € RyBr,. Since
(134) Lp,To,a — Lp,T,a; vi—vd0,

is a linear isometry, it follows from (I3.3) that ¢, is for each 1 € Mt a contraction
mapping RoBr, into itself. Hence Banach’s fixed point theorem guarantees the
existence of a unique uo(p) € RoBr, satisfying uo(p) = ¢, (uo(p)). It is clear that
up(p) is a weak Ly, (E,)-solution of (EV) on Jr,, and the only one in RoBr,.

(b) Suppose that v € Mt(A,w) and u(v) is a solution of 4+ Au = v(u) on Jp
for some T' € (0, T). Fix R > ||u(v)||r and set T; := T — T. Consider the map

NT1 (V) : Lp,Tl,Ot - MTU U= mT, (V(u(l/) DT v),u(y)(T)),

where mT, has been defined in Lemma Note that

o () © ) [ (1. Ty, <0+ BXR)
and
I (o v) © v) — () ©w)) [17,T]) gy, < MR + R o~ wl,

for all v,w € R'Br,. From u(v) = u(v(u(v))) and [5, Corollary 3] we infer that
there exists k > 1 such that

@) D)ls1 < &)y, < 5+ RAER)).
Thus, setting
wi(R) :=3k(w + RMR)), M(R):=AR+"),
it follows that wy(R) > w and A (R) > A, as well as
NT1 (V) S MT1 (/\1 (R), w1 (R))
Note that A (R) and w;(R) are independent of T’ € Jr.

(c) Assume Ty < T, and put 7' := T and R := Ry in (b). Then it follows from (a)
and (b) that there exists T € Jy_g, such that @ + Au = Nt_q, (1) (u) has for each
€ M1(A\,w) a unique weak L,(E,)-solution w1 , on Jr, belonging to RoBr,.

Set u1(p) := uo(p) @ u1,,. Then LemmaZTand (IZ3)) guarantee that uq(u) is

a weak L,(E,)-solution of @+ Au = u(u) on Jry4+, lying in 2RoBr,+1,, and the
only one coinciding on Jy, with wo(u).
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(d) Suppose that 0 < T < T and u € L, 1, is a weak L,(E,)-solution of (EV)
on Jr. Then we can apply the extension procedure of step (¢) to u to obtain
a uniquely determined extension to a weak L,(E,)-solution @ on Jg for some
S € (T, T], and @ belongs to Ly s,qa.

(e) Let u and v be weak L,(E,)-solutions of (EV) on Jr. Choose Ry > 0 such
that ||u||p.7.a V ||v]lp.7.a < Ro. Then step (a) guarantees that there exists Ty € Jp
such that v and v coincide on Jr,,. Let T* € Jr be the supremum of all Ty € jT for
which u = v on Jp,, and suppose that T* < T'. Since u|Jr« belongs to Ly, 7+ o, we
can apply step (d) to obtain a unique extension of u|Jp« to a weak L, (E,)-solution
on Jg, where T* < S < T. Thus u|Jg = v|Jg, contradicting the maximality of T*.
Hence u = v. This shows that there is at most one maximal solution of (EV).

(f) An obvious argument, based on step (d), now guarantees the existence of a
unique maximal solution u := u(p) of (EV). Moreover, J(u) = Jy if u belongs to
Lp(J (u), Ea), since, otherwise, the extension procedure of step (¢) would lead to a
contradiction. This proves Theorem [[-1] O

Proof of Theorem For € > 0 we set

Ue) = {7eMrAw) i swp (7 - m)®)lar << ).

Il a<R

(a) Fix T € J(u(p)) \ {0} such that T < sup(J (u(x))) if u is not global. Also fix
R > |lu(p)||r =: R*. Set Ry := (R — R*)/2 as well as A := A\1(R) and wy := w1 (R).
We infer from (a) of the preceding proof that we can find Ty > 0 and m € N satisfy-
ing mTy = T such that @ + Au = v(u) has for each v € Mg, (A1,w1) a unique weak
L,(E,)-solution on Jz, belonging to RoBr,. We also deduce from (I[3:3) that

lu@) = u@lz, < [[ul(u(r))) = (@), + [u@@E) - u@ @)y,
< 3 1u@) = u@)m, + (v (@@) - u@w@)l,

for v, € Mg, (A1,w1). Thus u(v),u(v) € RoBr, and [5, Corollary 3] imply the
existence of ¢; > 0 such that

(13.5) lu(v) —u@)||r < crat,r(v —7), v, v € M1(A1,w1).
Hence there is €1 > 0 with
(13.6) lu@)lmy < lu(pllr, +aarr(v —p) S R*+Ro =R <R

for v € U(e1), and (I33) is true for v,v € U(e;) as well.
(b) Suppose that m > 2. It follows from (b) of the preceding proof that

(137) NT,T0 (l/) S MT,TO()\l,wl), IS U(€1).
Furthermore, (I33) and (I3T) imply
l7—o ([ (u(v) @ ) P (u@) & )] [ [To, T)| ug,

< lp(u) @ v) —v(w@) @ 0)]| 1, +[|(v =) (@) S 0)]| 1,
< A(R) ||U( ) —u@)|ln, +ar,r(v — D)
< ()\(R)C1 + 1)qT,R(1/ — l/)
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for v € RyBr_7, and v,v € U(gy). Similarly,

[u(v)(To) — u(@)(To)|lg-1 < & ||v(u ) M,
< kv (u DMz, + Kar,r(v =)
< RAR) lu(v) —u(@)lln, + KT R(V — V)
< n(cl)\(R) —+ 1)qT,R(1/ —7)

v(u(v
v(u(v

(v)) -
(v)) -

for v,v € U(e1). From this we infer that there exists k1 > 0 such that

(13.8) at—1,70 (NT—1, (v) = N1—1, () < K191, R(V — D), v,v € U(er).
Thanks to (I370) we can apply the arguments of (a) to

(13.9) 4+ Au = Ny_1, (v)(u)

for v € U(e1). Thus we find a unique weak L, (Eq )-solution u; ,, of (I3.3) belonging
to RoBr,. From (I3.8) and the analogue of (I3.5) we deduce that

(13.10) Hul,y_ul,ﬂnTo < CllﬁqT,R(l/—;), v, U € U(&l).
Since
w(w)|Jar, = w(v)[Jr, © urp,
we see from ([33) and (I3I0) that, setting co = ¢1(1 + K1),
lu(v) —u@)llor, < c2qr.r(v =7), v, v eU(er).
Hence there exists €2 € (0,e1] such that
lu@)llar, < [lu(p)ller, + coar r(v —p) < R*+ Ro = Ri < R

for v € U(eq).

(c) Suppose that 2 < j <m —1 and put Tj := jTy. Also suppose that it has
already been shown that there exists €; € (0,e;-1] such that J(u(v)) D Jr, and
u(v) € RiBr, for v € U(g;). Then it follows from (b) of the preceding proof and
the arguments used in (b) that

NT—Tj (V) € MT—Tj ()‘hwl)a Ve U(Ej)a
and that there exists ¢; > 0 such that
dT—T;,Ro (NT—Tj (l/) — NT—Tj (g)) < Iiqu,R(V - 5)7 v, ve U(Ej).

Thus, similarly as in (b), we find that J(u(v)) D Jr,,, and that there exist con-
stants c;41 > 0 and €41 € (0,¢;] with

lu(v) —uw@)zy, < g r(v —v),  v,veU(g)),
and
lu@)llzy0 < llu(pllzyy, + cjrram,r(v —p) SR+ Ry =R <R

for v € U(gj41). This implies that we can proceed inductively, so we obtain the
assertion for j =m — 1. O
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14. THE CASE OF STRONG SOLUTIONS

In this section we prove the remaining abstract theorems of Part[I. For this we
denote by @, 7(A,w) the set of all f € Volt(Lp 1,a, Lr1,3-1) satisfying

(14.1) LFO)lrrp-1 < w, [1f(w) = f)llrr-1 < AR) [[u=vllp7,0
for all u,v € RB, 1, and R > 0. Hence
(14.2) U @rr(hw) =Cp~ nVolt(Ly 1as Lerg—1)-

Aw

We also set B, := Bg, .

Proof of Theorem [2l Thanks to ([Z2) we can find A and w such that (z, f) €
Yt = wBﬁ,l/T x @, where &1 := @, 7(\,w). We can also assume that + is close
to B; more precisely, p < 1/(a — v + 1/7).

(a) Fix Ro > 0. Then, given v € Xg, 1 := RoB, 1.4, we denote by ug (x, f(v))
the unique strong L, (E,)-solution of the linear Cauchy problem

i+ Au= f(v) in Jr, u(0) =z,

whose existence is guaranteed by Theorem 5 of [5].
Similarly as in part (a) of the proof of Theorem [Tl we see, by invoking Proposi-
tion 2(ii) of [5], the Volterra property, and (IZI)), that there exists Ty € Jt such that

1
||u0(x’f(v))Hp,TO7a < RO; ||’LLO((E,f(’U)) - uo(x7f(w))Hp7To,a < 5 ||’U - w”p,To,a

for v,w € Xpg, 1 and (x, f) € Y7. Thus, setting
@(x,f)(v) = u(x,f(v S2] 0)) =Uzx+Ux* (f(’U S2] O))7 (NS XRO,TO7

we infer from ([3:4]) and the contraction mapping principle that for each (z, f) € Yt
there exists a unique fixed point uo(z, f) of Y, 5 in Xg,1,. Fixing (z, f) and
setting ug := ug(z, f), we see that the Volterra property implies

(14.3) ug = Uz + U * f(ugp) on Jr,.

Thus, thanks to Theorem 5 of [5], ug is a strong L, (E,)-solution of (2.2)), and the
only one belonging to Xg, 7.

(b) Suppose that Ty :=T — Ty > 0. From ug(z, f) € Xg,1, and f € @7 we in-
fer that

Hf(UO(%f))||,,,TDﬁ,1 <c (z, f) € Y7.

Hence [5, Proposition 2(i)] guarantees that
(14'4) ”uo(xvf)HWi)TOW e (xuf) € Yr,

where

W, =L ((0,7), Ey) N W,H((0,T), Ey_1).

Choose 31 # 1/r and ~; satisfying

Y>> >y=1/r n>a, p<l/la=mn+1/r).
Set (Xo, X1) :== (Ey—1,E,) and 0 := 31 — v+ 1/r'. Then [4, Lemma 1.1] implies
(14.5) (X0, X1)o1 — Eg,—1/r-
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Also pick s satisfying 1/r <s<~vy—01+1/r=1-6. Then we deduce from [5]
Theorem 3] and (I4.35) that

(146) W}’,To,'y — C(JTan[31—1/7")'

It follows from ([4:4]) and (I4.6) that there exists w; such that
(14.7) luo(z, /)(To)llg—1/r Swr, (2, f) € V7.
Set

f;(’l]) = T_Tof(UO(l‘,f)@’U), UELTl? (th) € YT.
Then f € &7 and ug(z, f) € Xg, 1, imply that we can choose wy such that
(14.8) £, r, 51 Sw1, (@, f) €Y.
Similarly, we find that
(149) [ Fal0) = (@)1 5 4 < MRo+ B lo—

for R > 0 and (z, f) € Yt.
Put A; := A(Rp + ). Then it follows from (I4.7)-(14.9) that

(1410) (UO(xaf)(TO)vfm) ewlgﬂﬁ—l/r X (I)T,T1(>‘17W1)7 (xvf) € YT'
Since a <71 <f1 < and r <1/(8 — ) <1/(B1 — a), we deduce from ([ZLI0)
and step (a) that there exists 77 € Jr, such that the Cauchy problem

U+ Au = fo(u) in Jr,, u(0) = uo(x, f)(To)

has for each (x, f) € Yt a unique strong L, (E,, )-solution v(z, f) on Jr, belonging
to Xg,,m, . Fixing (x, f) and setting ug := uo(z, f) and v := v(z, f), we see that the
Volterra property implies

p,T1,005 v, W € XR,TU

(14.11) v=Uuo(Ty) + U * fx(v)  on Jp

(cf. Remark 24]f)). Observe that E,_y — E,,_; and U D U,,_1 D U,_1, where
Us is the semigroup generated by —As on Ej for s € R. Hence we can interpret
([[43) as an equation in E, ;. Since (I4I]) is also an equation in E,, 1, we
obtain by inserting uo(Tp) = U(Tp)z + U * f(uo)(Tp) in (IZII) that

o(s) = U(s)U(To)z + / " U()U(Ty — ) f(un) (r) dr + / (s - 1) Falo)(r) dr

for s € Jp,, thanks to the Volterra property of f. Thus, by using the Volterra
property once more, we find for Ty <t < Ty 4+ T3 that

ot — Ty) = Ut)e + /0 Ut — 1) f(wo)(7) dr + /0 U - Ty - ) () () dr

To
Ul + /0 Ut — 7)f (uo @ v)(7) dr + /T Ut — 5) (o ® v)(s) ds
=U(t)r + U x f(uo ® v)(t).

Set ui(z, f) :==uo(z, f) ®v(z, f) for (z, f) € Yr. Then ui(x, f) € Xog, 1,+1, and
the preceding considerations show that

ui(z, f) = Uz + U * f(ui(z, f)) on Jry 41, ,
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where this equality holds in E.,, _1. Since f € ®t and ui(z, f) € Xor, 1p+11, WE
deduce that

||f(“1(1"vf))Hr,TOJrTl,ﬁq =6 (z, f) € Yr.

Hence we infer from [5], Proposition 2(i)] that
||7.L1(£C,f)||w11 < c, (xvf) € YT;

and that uy (, f) is a strong L, (E,)-solution of (2.2) on Jr, 17, lying in Xor, 1o+11
and the only one coinciding on Jr, with ug(z, f).

(c) Now the assertions follow by the arguments of steps (d)—(f) of the proof of
Theorem [T O

s To+T1,v

Proof of Theorem [ZZ2l By invoking [5 Proposition 2(ii)] instead of [5] Corollary 3]
it is easily verified that the arguments of the proof of Theorem [[2 yield the assertion
in this case also. U

Proof of Theorem The reader may easily check that the proofs of Theorems 2]
andP2remain true if the spaces L,,(J, E,) are everywhere replaced by BUC?(J, E,,).

For example, denoting by || - ||,,7 the norm in BUC?(Jr, E,), one obtains the
second inequality in ([33)) from the estimate

lue. () = ule, f@D], 0 < T e, f(2)) = ule, fw)
< TP ||f () = f(w) -1

/ 1
ST Pl —wllpr < 5 o —wl

P\ T

p, T

where p < p' < —a —1/r and T is small enough (cf. [5, Proposition 2(iii)]). No-
tice also that [5| Theorem 3] implies W} (J, (Ey—1, Ey)) < BUC*(J, E,) if v is
close to (. O

Proof of Remarks[27. (a) The stated conditions are obviously necessary. Since
u=Uxp(u) (cf. B]) and u = Uu® + U % f(u), respectively, it follows from Corol-
lary 1 and Proposition 2(i) of [5] that they are sufficient as well. O

(b) It is easily verified that the continuation arguments of the proofs of these
theorems allow us to construct a solution on [0, T]. O

(c) Since u:=u(z, f) € W}, (J(u), (Ey_1, E,)) for a <~y < f3, it follows from
) that u € C(J(u), (Eo, E1)1/s,) for a <+ < 3. Now the assertion is a conse-
quence of the embedding (Ey, E1)e¢,r — Ey, for n <§&. O

(d) The assertions concerning Theorems[[Tland [[.2 follow from the obvious fact
that the linear problem @ + Au = p has for each p € M7 a unique solution belong-
ing to Lz 1 5, and that [5, Corollary 3] remains valid if L, 1 o is replaced by Ly 1.4
and ¢ by min{l/pj —1/(a;—B+1); j=0,1,... ,m}. Similar arguments imply

the other assertions. (]
(e) This follows from [5, Proposition 3] and the construction of the solution in
the proof of Theorem [T.1] O

Proof of Theorem [91l It should be clear by now how obvious adaptions of the
preceding proofs yield the asserted results. [l
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Appendix

In this appendix we first derive the mapping properties of Nemytskii operators
which we used in Sections BH8l Then we present extensions of the results of [5]
to the case of nonautonomous principal parts. They are needed for the proof of
the positivity theorem which we used in Part In addition, we include some
compactness results for solutions of linear evolution equations involving measures
and low regularity data. They are required for applying the existence and continuity
results of this paper to control problems.

15. NEMYTSKII OPERATORS

In this section we derive sufficient conditions for the validity of (&H]) in the cases
where F' and G are Nemytskii operators possessing only a little regularity.

Lemma 15.1. Suppose that
0<t<mn/q, 1<r<p<oo, 1<k<gq.
Put 1/m:=1/r —1/p. Then the following maps are bilinear and continuous, uni-
formly with respect to T > 0:
(i) Lx(Jr,Loo) X Ly(Jr, W;It) — L.(Jr,L,), (a,u)— au;
(11) Lﬂ'(JTv LV) X Lp(JTa VVqt) - LT’(JT7 LK)’ (a’a U) = au,
if 1/k—1/q<1/v <1/k—1/q+t/n, where the lower bound can be re-
placed by 0 if Q is bounded.
(ili) Lx(Jr, L+(T1)) X Lp(Jr, W) — Ly (Jr, Le(T1)), (a,u) — ayiu, provided
t>1/q and 1/7 <1/k—(n/q—1t)/(n—1).

Proof. (i) and (ii) follow immediately from Hoélder’s inequality and Lemma 11
(iii) is obtained by similar arguments, using the trace theorem in addition. [

We denote by |- |¢,, and | - ¢ p,r the norm in W and WS (T'), respectively, where
[ lp=1"lopand |- [pr:= [ ]opr

Lemma 15.2. Suppose that tg,t1 € [0,n/q), 1 <r<p<oo, 1<k <gq, and vy,
v1, 7o, and 71 belong to [1,00]. Also suppose that 1 < A < co and

1 1 1 1 1 A 1 1 1 1 1 t
sy o —---i Ll A1 1 1 1 1.4
o r p st T p K q 123 K q n
as well as
1 ¢ 1 1 A—1
(15.2) A-D(z-2)g—-—<
q n Vo V1 q

where the last upper bound can be omitted if ) is bounded.
Finally, assume that

(153) mo € L7ro (JT, Luo + Loo)a mi € LW1 (JT, Ll,l),
and a € Car((2 x Jr) x R,R) satisfies
(15.4) la(, &)l < mo+m [T, EER.

Then (u,v) — a*(u)v maps Ly(Jr, Wlo x Wh) into L.(Jr, L + Lg), and

A—1
a2 (@0l sy < (U420 Vol s
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Proof. Define ay € Car((2 x Jr) x R,R) by ai(-,-,€) :=mq [{[*"!. Then, given
U € W:;O, Holder’s inequality implies

i () ()] < [ma ()] [P, = moC, Ol [u@)5 ),
where 1/p :=1/vy — 1/v1. If (A — 1)p < 1, which can occur if € is bounded, then we
deduce from Holder’s inequality, applied to w(t) - 1, that |u(t)|E\;fl)p < clu(t)}L.

Hence it follows from (I5.2) and Sobolev’s embedding theorem that

|ad (W) )]y < clma( )], [u@®)h s, teJr.

Thus, by applying Holder’s inequality once more,

laf@)llz,, (7220 < cllmallc,, (e, Ul zg(lJT’tho)v

because
1 1 A 1 A—1

™ T p 7o p
Now we infer from Lemma[I5.9]and the last condition in ([I51]) that

A—1
o @l e, < Ml o Tl ey

for (u,v) € Ly(Jp,W)° x W/'). Hence the assertion is a consequence of ([5.3),
([54)), and Lemma [I5.11 O

Remark 15.3. If m = oo, then we can assume, by increasing A if necessary, that
the first inequality in (I52) is an equality.

Proof. Suppose that A < X\. Then my = 7\ > r\ =: 7. Furthermore, v, > yg im-
plies L,, < L,, + Lo, by Holder’s inequality. Thus, since [¢[}~! < 1+ [¢]2 ! for
& e R, it follows that

mo +my [€27 <o +ma €07
where Ty 1= mo + m1 € Lz,(J7, Ly, + Ls). Now the assertion is obvious. O

First we consider Nemytskii operators depending on w only.

Proposition 15.4. Suppose that 0 < s <n/q and 1 <r < co. Also suppose that
k€ [l,q], ve(l,00], and X € (1,00) with
1 s 1 1 A_s 1 1
AMe-2)g2-o, 2x24mo2
q n kK Vv q¢g n K Vv
where the lower bound for A/q is to be omitted if § is bounded. Let
f € Car' (2 x RT) x R,R)

)

satisfy
(15.5) f(,0) € Lijoc(RT, Ly + Ly).
Put 1/vy:=1/k — 1/q+ s/n and assume that there are
mo € Ly toc(RY, Luy 4+ Loo), M1 € Lootoc(RT, Ly)
such that
0sF (Ol Smo+malg*™, €ER.

Then
fh € C[}_ (LT‘)\,IOC(R+7 %8)7 Lr,loc (RJF, Lﬁ + Lq))
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Proof. By the mean-value theorem,

o) = F(oom) =/0 of (7€ + (1= 7)) (€ — ) dr

for £, € R. From this we infer that

FH(u) — fi(o) = / (@) (ru+ (1 — 7)) (u— v) dr.

Hence, setting a := (93 f)%, it follows from Lemma (with p:= Ar, mo:=7rN,
m =00, v1:=v,and tg:=t; := s) that, given T > 0,

175(u) = FHO b bt ng) < (U X+ oY1) [lu = o]
for u,v € L,(Jr, W), where || - || denotes the norm in that space. Thus the asser-
tion is implied by (DEE) O

Remark 15.5. It should be observed that Proposition [5.4 is true for 1 < ¢ < oo,
that is, without restriction (ETI). O

Next consider Nemytskii operators depending on w and Vu. For p:= (po, ..., k)
and §:= (sg,-..,Sk) put
k
Litoc(J, W) ﬂ o, (JW59)

=
Proposition 15.6. Suppose that sj € [0,n/q) for j€{0,...,3} with s; >1 if
j > 1. Also suppose that k € [1,q], v; € (1,00], and Aj € (1,00) satisfy

AO(__S_O)SE_L, dog s 11
q n K 12 q n R o
w(Eoaslycl Lyl Ayl L
q n K 1 n q n Kk
(15.6)
w(omycl Lol deumol 11
q n K Vo n q n K 1]
p(fozmsty oL Ao ssml 11
q n K V3 q n R V3

where the second column in (I5G) is to be omitted if ) is bounded. Sett; ; :=s;
forj=0,1, and t1 ; :=s; — 1 for j = 2,3, and put

/v :=t1;/n+1/k—1/q, 0<j<3.
Let f € Car' (2 x RY) x R x R™,R) satisfy
(15.7) £(5+,0,0) € Lyjoc(RY, L + Lg)
for some r € [1,00), and assume that there are
M; € Loojoc(RT, Lyy.j + Loo), m; € Loo’loc(RJr,Ll,j), 0<7<3,

such that - -
|83f('7'7§777)| Sm3—’—777‘0 |€| °” +m |77| e ’

100 f (- &) < Ta +ma €271 4+ my ™!
for (&,m) € R x R™. Then, setting F(u) := f%(u, Vu),
F € Cy (L5160 RY, W), Litoc(RY, Ly + Ly)).
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Proof. Fix T > 0 and set
aj(,-8) = 4+ my (€N an(m) =m0 5=0,2, k=1,3,

for £ € R and n € R". Also set tg ; := s; for j = 0,2, and ¢ ; :=s; — 1 for j =1,3.
Then (I5.0)) is equivalent to

(Aj—l)(l_m)ﬁi—lﬁAj_la 0<j<3.
q n VQJ‘ l/j q

Also put mp ; := 7")\;- and m j := oo for 0 < j < 3. Then
mj € Lﬂ'o,j (JT7LVO,_] + LOO)7 m; € Lﬂ'l,j (JT,LVJ‘)) 0 S] S 3.

Since 9y, € LW, W) for s > 1 and 1 < k < n, we easily infer from Lemma [5.2
(which is obviously also true if £ € R is replaced by n € R™) that (93 f)%(u, Vu)v
and (04f)%(u, Vu)Vv belong to L,(Jr, L, + L,) and can be estimated by ¢(B) ||v||
for u in a given bounded subset B of L _s(Jr, VV(f) and v € L _5(Jr, W} ), where
I - || is the norm in that space.

From the mean-value theorem we infer that

1
Plu) = F(0) = [ {00 (1. 01(7) (a = 0) + @) (o)) (V= Vo)
where
[u,v](T) :== 7(u, Vu) + (1 — 7) (v, Vv), 0<7<1.
Thus, thanks to (I5.7]), the assertion follows. O
Finally, we investigate Nemytskii operators on I'y.

Proposition 15.7. Suppose that 1/q < s <n/q and 1 < r < co. Also assume that
k€ [l,q], ve(l,00], and X € (1,00) satisfy

(15.8) A (g - s) <(n—-1) (% - %)
and that
(15.9) ogégé—%(g—s).

Assume that g € Car' (I x RT) x R,R) is such that

(15.10) 9(-+,0) € Lyjoc (R, L (1)),

and there are

(15.11) mo € Lyxjoc(RY, Ly(T1)),  m1 € Loojoc(RT, L, (T'1))
satisfying

(15.12) |03g(-, -, &)l <mo+m [§,  ER.

Then, setting G := g% o7,
Ge Cbl_ (LT/\JOC(RJra V[/;]S)a Lr,loc (RJrv Ln(Fl)))
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Proof. Recall that v, € E(WZIS, VVqS*l/q(Fl)). Hence, given u € LT,\(JT,I/V;B) for
some T > 0 and setting 1/v:=1/7 — 1/v for 1 < 7 < v, Lemma FEI{iv) implies
o (®) PP < @l @R, < el @l w27

for t € Jr, provided

(15.13) 1—1:%2’\_1(@—5).

T v

Hence, by Holder’s inequality,

A-1 A-1
(15.14) |1 [yl ”LM/(JT,LT(Fl)) < cllmillze e,z ||u||L1,>\(JT7I/Vq.;)-

From ([58) we infer that we can find 7 satisfying (I5.13) and
1 1 1 n
L N BN
T kK n—1\¢q

Thus Lemma [I5T](iii), with ¢ :== s and p := r), guarantees that

< clull* vl

([ [rauA ™ o] Ly (J7,Lw(T1))

for u,v € Ly (J7, W), where || - || denotes the norm of that space.
Similarly, (I59), Lemma EIJ(iv), and Hélder’s inequality imply
(15.15) [lmoy1v]

for v € Lyx(Jr, W:;B).
By the mean-value theorem,

Lo(Jr L) < ImollL,,, (5r,0,@0) ]l

1
G(u) — G(v) = / 83gu (T’ylu +(1- T)’}/l’U) dr (yu — y1v).
0
Thus we deduce from ([E11), (I512), (II4), and (I5I5) that, given a bounded
subset B of L,»(Jr, VI/:;B),

1G(w) = G) L, sz Le(rr)) < €(B) [lu =
for u,v € B. Now the assertion follows from (I5.10). O

Observe that, being local operators, the nonlinear maps of Propositions[I5.4HI5.7
trivially possess the Volterra property.

16. NONAUTONOMOUS EQUATIONS

Throughout this section we suppose that hypotheses (A0) are satisfied. More-

over, given Banach spaces Xy and X7 satisfying X3 SN Xo, we denote by H(X1, Xo)
the set of all B € £(X1, Xy) such that —B, considered as a linear operator in Xy
with domain X7, generates a strongly continuous analytic semigroup, usually de-
noted by {e= B ; t >0}, on Xo.

We denote by [(Eg,Ag) ; —1 << 1] the interpolation extrapolation scale gen-
erated by (FEp, Ap) and a fixed choice of admissible interpolation functors (-, ),
0 < 6 < 1. Then we suppose that

AeC?([0,T),H(Eq, Ba-1))
for some p € (0,1).
It should be observed that now the map A is independent of the operator Ag. The

latter is employed for constructing the interpolation extrapolation scale of which
only some of the spaces E¢ are used.
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Setting A := {(t,7); 0 <7 <t < T}, it is known [3} Corollary I1.4.4.2] that
there exists a unique parabolic evolution operator

U e C(A-T—, ﬁ(Ea_l, Ea)) N C’(AT7 Es(Ea—l))7

where At is the closure of A% in R?, and L4(E,—1) is the space L(E,—1) endowed
with the strong operator topology.
It is not difficult to see that

AT =AY e cr(0, T, H(EL_,, E",)).
Thus, given T € (0, T], there exists a unique parabolic evolution operator U% for

(t— AT(T —t)) € CP(Jr, H(E_,, EL,)).

Put
Vr(t, 1) = UL(T — 7, T — t), (t,7) € Ar,
and
t
U f(t) = / UL f(r)dr,  0<t<T, feLi((0,T)Eay),
0
as well as

T
Vewgt)i= [ Vintgdr,  0<t<T, geLi(©.1).E,)
t

Lemma 16.1. Suppose that
l<p<l/(a—p+1).
Then, setting e := 3 —a —1/p’, we have
(16.1) T=*Vr® € L(Ly (Jr, E* ), C(Jr, B _,))
T-uniformly; that is, these linear operators are bounded independently of T € (0, T].

Proof. Let X and X; be Banach spaces such that X; — X, and suppose that
Be C”(JT,H(Xl,Xo)) for some T € Jt and some p € (0,1). Let Up be the
parabolic evolution operator for B. Then (cf. [3, Theorem II.5.1.1])

||UB(t;7—)HL(Xj)+(t_T)HUB(t;T)HL(XO,Xl)Sca 0§’7’<t§T, jIO,]..

This is the analogue for the nonautonomous case to formula (23) in [5]. Thus, by
arguing as in [5], we see that [5] Lemma 1(i)] holds for Ug. Now we apply this to
(X0, X1):= (E*,,E}__) and B := (t+— AT(T —t)) to obtain the assertion. O

—a) Tl
From (I6]) we infer that
(16.2) [VT®]I S l:(M(JT,Eg_l),Lp(JT,Ea)).

The proof of [5, Lemma 6] remains valid in this case also to show that
Vr®)'f=U * f, f € Li(Jr, Es_1).
Moreover, ([I6.2) is independent of T in the sense that
[Vs®] | M([0,T], Eg—1) = [Vr®), 0<T<S<T.

It is also independent of p € (1,1/(a — 3+ 1)) in the obvious sense, because
L,(Jr,E3_1) — Ly(Jr,Eg_1) for 1 < g < p. For this reason we put

Ux := [VT®],.
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Then Lemma [T6.1] implies
T°U* € L(M([0,T),E3-1),Ly((0,T),Es))  T-uniformly.

Lemma 16.2. Corollary 2 and Proposition 1 of [B] remain valid in the nonauton-
omous case.

Proof. Tt is not difficult to verify that the trace theorem, that is, Corollary 2 of [5],
remains valid.

To show that also Proposition 1 continues to hold, we have to modify its proof
(cf. |5, Proposition 1]) by observing that now w := (=9 + AT )v is no longer infin-
itely smooth but belongs to CP(JT,Eu_a). By invoking [3, Theorem II.1.2.1 and
Proposition V.2..5.2] we find again that

v=V(T, )o(T) + Vr ® w.
Now the remainder of the proof of [5, Proposition 1] gives the assertion. O

Observe that now (I21)) is nonautonomous, usually written as
(16.3) U+ At)u=p on [0,T].

It is now clear that the proof of [B, Theorem 4] remains valid to show that, given
T € (0,T] and p € M([0,T], Eg—1), problem (I63) has a unique weak Lq(E,)-
solution u (), namely u(p) = U * p, and

u(p) € ﬂ L,((0,T), Ey).
1<p<1/(a—B+1)
Suppose that Fy is an ordered Banach space. Then A is said to be resolvent positive

if A(t) has this property for each ¢ € [0, T].

Proposition 16.3. Let Ey be an ordered Banach space and suppose that A is
resolvent positive. If p is positive, then u(p) is positive as well.

Proof. Theorem V.2.7.2 in [3] guarantees that A" is also resolvent positive. Hence

we infer from [3] Theorems I1.6.4.1 and 11.6.4.2] that Vr is positive for 0 < T < T.

Now the proof of [5, Proposition 3] applies to show that g > 0 implies U x x> 0. O
17. COMPACTNESS

We continue to presuppose the hypotheses of the preceding section. Furthermore,
given Banach spaces X and Y, we denote by K(X,Y) the space of all compact linear
maps from X into Y.

Proposition 17.1. Suppose that Ay has a compact resolvent and assumption (L)
is satisfied. Then

@+ A)~ e KM([0,T], Ez-1),Ly((0,T), E)).
Proof. Since (04 A)~' = Ux = [V7®]’, it suffices to prove that
Vr® € K(Ly ((0,T), E* ), C([0, T], E_4)).

Fix pin (1,1/(a — 8+1)) and f; in (o, B) satisfying p < 1/(a — 1 + 1), and set
g1 := 01 —a—1/p’. Then [I6I) holds with 3 and ¢ replaced by (31 and &1, respec-
tively. From this and an obvious translation of the independent variable we deduce
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that, setting V := V7,

t
(17.1) } /S V(T7 5)9(7’) dT} Ef_ﬁ < C(t — S)El ||g||Lp,(]T,Eu_a)
for 0 < s <t <T. We also observe that

(17.2) V(rs)=Vits)V(nt), 0<s<t<r<T,

and, given any g € EL,@? that V(¢,$)g — g in ELB as t — s — 0+. Indeed, this
follows by interpolation, thanks to (L), from the strong continuity of V' on EEa
and ELQ (cf. [3, Theorems I1.4.4.1 and V.2.5.3]). Consequently, if (yx) is a con-
verging sequence in EL 8 then

(17.3) (V(tk,sk) — 1)yk — 0 in Eg_ﬁ as ty — s, — O0+.

Now let M be a bounded subset of L, (Jr, E* ). Then (I6.1) (with 8 and ;)
implies the boundedness of V .® M in C(Jr, Ef_ﬁl). By [3, Theorem V.1.5.1] the

embedding EL 5 < EL 5 is compact. Hence, by the Arzela-Ascoli theorem, it

suffices to show that the set V ® M is equicontinuous in C'(Jr, Ef_ﬁ).

Assume to the contrary that there exist 0 < s < tp < T and gx € M such that
tr — s — 0 and

(17.4) IV ®gils) =V @grlti)llgs  2e>0, kel

Since the sequence (V@gk (tk)) is bounded in Eii—ﬁl we can assume that it is

convergent in EL - Consequently,

IV ® gr(sk) =V ® gr(tr) | g

/ ' V (7, sk)gk(T) dT‘
< c(tx — sk)°t + o(1)

as k — oo, thanks to (IZI)-({I7Z3). But this contradicts (I7.4]) and proves the
assertion. ]

el

<]

+|(V(ty,sk) — 1)V ®9k(tk)”ELB
3

E}_,

Suppose that 1 <r < oo and a <y < 3. Given (x, f) € Eg_1/, X L.(J7, Eg_1),
set u(z, f) :=u(f + 2 ®d). Then it is not difficult to verify that the proof of [5
Theorem 5] carries over to the present situation. Hence

(175) (({E, f) = U(IE, f)) € ‘C(Eﬂ—l/r X LT(JTvEﬁfl)vwa{(JTv (E“/flvE“/)))'

Denoting by 7o the trace operator at t =0, we also write (0 + A,79)~! for the
map ([7.5), since u(z, f) solves the nonautonomous initial value problem

(17.6) u+At)u=f(t), 0<t<T, u(u) = .
Now we can prove the analogue of Proposition [[7.1] for strong solutions of (7.6l

Proposition 17.2. Suppose that Ag has a compact resolvent.
(i) If 1<r<1/(B—a) and 1 <p <1/(a—B+1/r), then

(8 + Aa’YO)_l € K:(E,Bfl/r X LT((OvT)vEﬁ—l)vLP((OaT)aEa))-
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(i) If 1/(B—a)<r<ocoand 0< p<fB—a—1/r, then
(a+ Av’)’O)_l € ’C(Eﬁ—l/r X Lr((oaT)aEﬁfl)vcp([OvT]aEa))
Proof. In case (i) fix v € (a, 8) such that p <1/(aw—~+1/r). In case (ii) choose

v € (a, 8) such that 1/(v — a) < rand p <y — a—1/r. Then the assertions follow
from (IZH) and [5, Theorem 3]. O

18. A PERTURBATION THEOREM

In this section we prove a general perturbation theorem for generators of analytic
semigroups. It is the basis for the proof of the positivity result of the next section.

Theorem 18.1. Let Xy and X1 be Banach spaces such that X, < Xo, and suppose
that Xg = {Xo, X1}e for some 0 € (0,1) and some interpolation functor {-,-}g of
exponent 0. If A € H(X1,Xo) and B € L(X1, Xy), then A+ B € H(X1,Xo). Fur-
thermore, given r > 0, there exists w > 0 such that {2z € C; Rez > w } belongs to
the resolvent set of —(A+B) for B € B, := rB.(x, x,), and the map

(18.1) B, — L£(Xo,X1), B— (A+A+B),
is analytic for each A with Re A > w.

Proof. Since A € H(E1, Ey), there exist wg > 0 and M > 1 such that the half-plane
{z€ C; Rez > wg} belongs to the resolvent set of —A, and

R(\) == (A+A)"" € L(Xo,X1)
with
(182)  [[RN)llex;,xp) S MNP Red>wo, 4 ke{0,1}, j<k
(cf. [3} Section I.1.2]). Thus, by interpolation,
IR 2xo,x) < KM AT Red > wo,
for some k > 0. Consequently, for k > 2,
(&R < e[ (BRO) | ox, x,)
< BRI xy) IBRO | £(x0,x0)
< e(r IRV eexexn) ™ r RO ecx,x)
<crM(reM |)\|671)k_1

for Re A > wg and B € B,.. Thus there exists w := w(r) > wo with reM [A[f~1 < 1/2
for Re A > w. Hence

k
)Mz

D) = (-1)*(BR(M))" € L(Xo)
k=2
and
1D 2(x,) < crM, ReX > w.
It is easily verified that
(1+BR(X) (1 —BR(N) + D(\) =1=(1-BR(\) + D(\))(1+BR(}))
for Re A > w. Thus 1 4+ BR(\) is invertible and

(1+BR()) ™" =1—BR(\) + D()\) € L(Xo)



SEMILINEAR PARABOLIC EQUATIONS INVOLVING MEASURES 1115

with
-1
(18.3) |(1+BR(N) HL(XO) <1+ 2crM =: M;(r)
for ReA > w and B € B,. Now A+ A+ B = (1 + BR(\)) (A + A) implies
(18.4) (A+A+B) ' =R\N(1+BR\) ", Rer>w,

and we infer from (I82) and (IZ3) that
[N +A+B) Hoxoxy) < MMi(r)[AMF!,  ReA>w, BeB,.
Thanks to [3, Remark 1.1.2.1(a)], this proves that A+ B € H (X, Xy). Further-
more, given A with Re A > w, the analyticity of the map
,C(Xl, Xg) — ﬁ(Xo), B—1 + BR(A),
the analyticity of the inversion map C' — C~!, (I83), and (IZ4) imply the analy-
ticity of (IRI). O
19. PosiTivity

In this last section we presuppose hypotheses (P0)—(P2) and use the notations
of Part [J. Furthermore, given a Banach space Xg, we denote by H(Xy) the set
of negative generators of strongly continuous analytic semigroups on X;. Conse-
quently, H(X1, Xo) = H(Xo) N L(X1, Xo) if X1 <, Xo. If Xy is an ordered Banach
space, then H*(Xj) is the set of all resolvent positive operators in H(Xy), and
H+(X1, Xo) = H(Xl, Xo) n HJr(Xo)

Lower order perturbations of elliptic generators.

Lemma 19.1. Suppose that

(19.1) (@, a0,b) € (Loo)™ % (C3)" x Lo x CH(T)
and define (A*, B*) by
(19.2) A w = Au+d-Vu—V - (Cu)+ apu, B*u:= Bu+ byu,

where b|To := 0. Let A} be the Eg-realization of (A*,B*). Then A} € HT(Ep).

Proof. Tt is known that A* € H(Ey), and (A4 A*)~' € L(L,, W;?) for p € (1,00)
and every sufficiently large A > 0. Fix any A > |ag|oo + |V - €| belonging to the
resolvent set of —A*. Then, given f € D" :={veD; v>0}, it follows that
u:= (A + A*)"'f € W2 for p > n. Thus we infer from [I, Theorem 6.1], by observ-
ing that the proof given there remains valid under conditions (I3I), that u > 0,
provided  is bounded. If Q is unbounded, then we obtain v > 0 by using, in
addition, the arguments of the proof of Lemma [3.[(iii). Since D7 is dense in the
positive cone of Ey, the assertion follows. O

For B € L(E4, Es_1), we denote by By the restriction of B onto Ejy, considered
as a linear operator in Fjy; that is, By is the Ey-realization of B. We write

[ (Ee(Ao + Bo), (Ao + Bo)e) ; —1 <€ <1]

for the interpolation extrapolation scale generated by (Eo, Ag + Bp) and the inter-
polation functors (B3), if Ag+ Bo € H(Ep). We also set

Ha”g = {B S L:(Ea,ngl) i Ao+ By € H+(E0),
E¢(Ao + By) = E¢ for £ € {a, 5 — 1} },
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and ﬁaﬂ is the closure of Hq g in L(Eq, Eg—1). Observe that Theorem I8 implies
A+ B € H(Ey, Eo—1) for B € L(E,, Eg—1), hence for B € H, g
Now we suppose that
e s€(0,2—n/d)NI,, vo,v1,p € [1,0);
1 1 1 S
< <

q’_l/o_ / n’
19.3 _
(19.3) o Lot ol Tlyes
g ¢
1 1
e 0K -<1- (ﬁ—s>ifs>1/q,
p n—11%\q

where the lower bounds for 1/ and 1/v; are to be replaced by 0 if © is bounded.
For abbreviation, we set L(,, o) := L, + Lo for v € [1,00). Then

{0} % (Luy)" X Lyy,00) % {0}, 0<s<1-n/q,
% {0} x {0} XLy, x {0},  1-n/d <s<1/q,
{0} x {0} XLy,00) X Lp(T'1), 1/g<s<1,
(L, ,00)" X {0} XLyy,00) X Lp(T'1), 1<s<2-n/q.

Given b := (@, ¢, ag,b) € B, we define B := B(b) by
(v, Bw) == (v,d - Vw + apw) + (Vv, ¢w) + (yv, byw)r,

for (v,w) € Dg x Wj5.
Recall that 2a = s and 20 = 0.

Lemma 19.2. Suppose that

{1—n/q' if s<1-—n/q,
s<o<

19.4
(19.4) 2—-n/q  otherwise.

Then B(b) € L(Es, Eg—1) for b€ B and (b B(b)) € L(B, L(Eqs, Es—1)).
Proof. Tt is an easy consequence of (I9.3), Lemmal]l, and Holder’s inequality that
%2/1;" xWeg—R, (v,w)— (v,B(b)w)
is a well-defined continuous bilinear form depending continuously on b € 9B. Since
I/VqQ,TB‘I X W;;S,B = ELB x FE, the assertion follows. O
Lemma 19.3. Let assumptions ([93) and (I9.4) be satisfied. Then B(b) € Ho

for b e B.

Proof. Let b € 9B be given. Since C} x C*(T'y) is dense in L,, x L,(I'1), there exist
bj € (Loo)" X (CJ)" X Lo x C1(T1),  jEN,

such that b; — b in B. Define (A}, B) as in Lemma [19.T} but with (d, ¢, ao, b) re-

placed by b;. Then that lemma guarantees that Af ;» the Ep-realization of (.A;7 B ),

belongs to H*(Ep). Observe that, because ¢;|I' = 0, the formally dual problem
((A}’f)u, (B;‘)u) satisfies (B;-‘)u = B; (cf. [2, Section 7]). Since Bj = B if b = b; =0,
it follows from (B:2) that

(19.5) Ee(Ay ;) =Ee,  &e{a,B-1}, jeN,
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provided we choose b; such that b; = 0 if b = 0, which we do. (Note that (A ;)
is different from E,, in general.)

Lemma 9.2 implies B; := B(b;) € L(Eq, Eg—1). Furthermore, it follows from
([[@3) that A ., the E, reahzatlon of Af ;,is given by A + Bj (cf. [2 Theorem 8.3]).
This proves that Bj € Ha,3. Now the assertlon follows from Lemma O

The generalized maximum principle. Now we fix any T > 0, set J := [0, 7],
and introduce the following assumption:
o 1<r<oowitho—2/rely
. l.:{l/r—l/p ifr<p<2/(s—o+2/r),
(19.6) T 1/r ifr>2/(c—s);
o 0<2p<o—s—2/rifr>2/(c—s);
b= (a,c, ap,b) € L,(J,B).

We also set
M ._{/\;lsing, 0<s<1l-n/{,
Tl M+ Ly) x {0} x M(Ty), 1—n/qd <s<2—-n/q.
Finally, we put
{0} x M(J, M), r=1,
My, = My g,0(J) == {I/I/QO'B 2/ Lo(J,M,), > 1.

Then, given (u°, i) € M, 4., we consider the nonautonomous linear problem
Opu + A*(t)u = po +u’ @ & in QxJ,
B*(t)u = pur on T 'xJ,
where (A*(t), B*(t)) is defined by (19:2).
After these preparations we can prove the main result of this section, the fol-

lowing generalized maximum principle. Although the above hypotheses seem to be
rather technical, they are precisely the ones one arrives at by linearizing problems

[B23) and @20).

Theorem 19.4. Let assumptions ([[9.6) be satisfied and suppose that (u°, i) be-
longs to My q.o. Then problem (I9.7) has a unique X  -solution on J. It is positive

if (u® i) =0.

Proof. Given b € L.(J,B), define B(b) pointwise, that is, B(b)(¢) := B(b(t)) for
t € J. Lemma casily implies that B(b) € L (J, L(Eqa, Es—1)) and

(19.8) (b — B(b)) € L(L(J,B), L (], L(Ea, Ez-1))).
Set

(19.7)

p(w) := —B(b)u + X(ji) + v’ @ do, ue X, (J),
where

. xsing (0, /1) if s <1—n/q,
X(f) =

x(0, /1) otherwise.

Then it follows from (T0.8), Lemma [5.11iii), the assumptions on (u°, i), EIH),
#22), and Remark E3[a) that

ned,( Xp.q(9), M(J, Ea-1)) ifr =1,
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and

peCy (X5 ,(0),Lr(J, Eqz1)) otherwise.
Furthermore, Theorems 4] and guarantee that u € X, (/) is an X, -solution
of (T7) on J iff it is such a solution of & + Au = p(u) on J. Hence the asserted
unique global solvability of (I3.1) is a consequence of Theorems and Re-
mark ZZ|(b).

Let b € L(J,B) be fixed. Then there exists a sequence (b;) in C*(J,B) con-
verging in L. (J,B) towards b. Set B; := B(b;) for j € N, and B := B(b). Then
we infer from ([9:8) that B; — B in Ly (J, £L(Eq, Eg—1)). Also define y; by replac-
ing B in the definition of p by B;. It is an obvious consequence of Lemma [5.7](iii)
that pj — p in Gy~ (X3 ,(J), M(J, Eq_1)), resp. in C}~ (X3 ,(J), Lr(J, Ea—1)),
uniformly on bounded subsets of X . Hence the continuity assertions of The-
orems B2HEAlimply that u; — u in X (J), where u; is the X -solution of (T9.7)
with b replaced by b;. Consequently, u; > 0 for all j € N implies u > 0. Hence it
suffices to prove the positivity assertion for the case that b = (@, ¢, ag,b) € C1(J,B).
It is an obvious consequence of Lemma [T9.2] that this implies

(19.9) B € C'(J,L(Ea, Eg_1)).
Thus let (I39) be satisfied. Then we infer from Theorem [I8T] that
(t— A(t) :== A+ B(t)) € C'(J,H(Ea, Ea-1)).

Furthermore, Lemma [33]shows that A(t) is resolvent positive for each t € J. Now
we deduce from Proposition [6.3 that the nonautonomous problem

(19.10) v+ At =xX(i)+u’ @6, te

has a unique weak L1 (E,)-solution %, and that it is positive if X(f) + u® ® dp > 0.
Note that, thanks to Remark EE3[b), the latter inequality is satisfied if (u°, @) > 0.
Thus @ > 0 if (u°, i) > 0. Clearly, (ITI0) coincides with the weak formulation
of (IZLT). Thus the unique X, -solution u of (IXLT) on J is a weak Li(Eq)-
solution of (ITI0). Consequently, v =T by uniqueness, which shows that u > 0 if
(u®, i) > 0. This proves everything. O
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