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HERMITIAN METRICS INDUCING THE POINCARE METRIC,
IN THE LEAVES OF A SINGULAR HOLOMORPHIC
FOLIATION BY CURVES

A. LINS NETO AND J. C. CANILLE MARTINS

ABSTRACT. In this paper we consider the problem of uniformization of the
leaves of a holomorphic foliation by curves in a complex manifold M. We con-
sider the following problems: 1. When is the uniformization function Ay, with
respect to some metric g, continuous? It is known that the metric & induces

the Poincaré metric on the leaves. 2. When is the metric 7 complete? We

extend the concept of ultra-hyperbolic metric, introduced by Ahlfors in 1938,

for singular foliations by curves, and we prove that if there exists a complete

ultra-hyperbolic metric g, then \g is continuous and z§- is complete. In some
g9

local cases we construct such metrics, including the saddle-node (Theorem 1)

and singularities given by vector fields with the first non-zero jet isolated (The-

orem 2). We also give an example where for any metric g, ﬁ is not complete
g

(§3.2).

§1. INTRODUCTION

We will consider the following situation: let F be a holomorphic foliation by
curves in a complex manifold M. We will denote by sing(F) the singular set of F
and by L, the leaf of F through a point p € M \ sing(F) := V. Let

HD,M)={f:D— M; fis holomorphic},
where D is the Poincaré disc {z € C; |z] < 1}, and let
HD,F)={f e HD,V); f(D) C L, where Lis a leaf of }.
Given a hermitian metric g in M, define Ar g = A: V — (0, 400] by
(+) A(p) = sup{lo(0); & € H(D, F) and a(0) = p ),

where |vp|g = \/9p(Vp, vp) denotes the norm of a vector v, € T,M.

The following facts are well known:

(I) A(p) < +o0if, and only if, L, is hyperbolic, that is, its holomorphic universal
covering is the Poincaré disc. In this case we have A(p) = [a/(0)[2, where a: D — L,
is an uniformization of L, such that a(0) = p (cf. [V]).

(IT) If L, is hyperbolic and a: D — L, is a uniformization such that «(0) = p,
then

Mal2) = (1 - [2)? o/ ()2 .

Received by the editors June 19, 2002 and, in revised form, June 2, 2003.
2000 Mathematics Subject Classification. Primary 37F75.
This work was supported by FAPESP.

(©2004 American Mathematical Society

2963



2964 A. LINS NETO AND J. C. CANILLE MARTINS

In particular, Az, is continuous and 479 induces the Poincaré metric on L, (cf. [P],
V], [LN] and [C-GI).

(IIT) A is lower semicontinuous (cf. [C], [C-G] and [V]).

In the case where all leaves of F are hyperbolic we will use the following notation:

U = {a € H(D, F); ais an uniformization of some leaf of F}.

Now, let p be a hermitian metric on M \ sing(F) of class C", r > 2. Define
ku: M\ sing(F) — R by

k.(p) = Gaussian curvature of L, at pin the metric |z, .
The following result is known (cf. [LN]):

Theorem A. Let M, F and sing(F) be as before. Suppose that there exists a
hermitian metric p of class C™ (r > 2) on M \ sing(F), such that:

(a) k, < —a? a>0.

Then all leaves of F are hyperbolic. Furthermore, if

(b) p is complete (that is, the distance induced by p on M\ sing(F) is complete).

(c) M is compact and all connected components of sing(F) are hyperbolic in the
sense of [K].

Then U 1is relatively compact in the topology of uniform convergence in the com-
pact parts of D. Moreover, if sing(F) is finite, then Y =U U S, where

S ={a:D — sing(F); ais a constant} .
Remark 1. If M is not compact, then Theorem A can be stated as follows:

Theorem A.1. Let M, F and sing(F) be as in Theorem A. Suppose that there
exists a hermitian metric p of class C™ (r > 2) on M \ sing(F), satisfying (a), (b)
of Theorem A and

(c.1) sing(F) is discrete.

Then, any sequence (au)n>1 1 U, such that the sequence (o, (0))p>1 is conver-
gent, is normal. Furthermore, we have that:

(1) If limp—oon(0) = p € sing(F), then (an)n>1 converges to the constant p.

(2) Iflimp—ooan(0) = p & sing(F), then any convergent subsequence of (an)n>1
converges to an uniformization of L,. Moreover, the sequence converges if, and only
if, (a},(0))n>1 is convergent.

The proof of the above result is analogous to the proof of Theorem A found in
[LN]. In the next section we will see a generalization of Theorem A.1, in which we
will introduce the concept of “F-ultrahyperbolic metric’, due to Ahlfors, in the case
of Riemann surfaces. Moreover, we will see that in this case the function A = Ax g,
defined in (%), is continuous and that the metric 479 is complete. In fact, in this
paper we will be mainly concerned with the following problems.

Problem 1. Let M and F be as before and let g be a C" (r > 2) hermitian metric
in M. Suppose that all leaves of F are hyperbolic and let A = Ax 4 be as in (x).
Under which conditions on M and F is A continuous?

Problem 2. Let M, F, g and A be as in Problem 1 and suppose that A is contin-

uous. Under which conditions on M, F and g is the metric 479 complete?

So, for instance, if the hypotheses of Theorem A.1 are fullfilled, then A = Ar ,
is continuous and the metric %’i is complete.
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In §3 we will study Problems 1 and 2 in the local case. Before stating our results
in this direction, we will give a definition. We will consider the following situation:

Let X be a germ of holomorphic vector field at 0 € C”, with an isolated singu-
larity at 0 and F the germ of foliation by curves defined by X. Given a bounded
neighborhood U of 0 such that there exists a representative of X defined in U,
then all leaves of F|y are hyperbolic (from Liouville’s Theorem, all holomorphic
functions f: C — U are constant). In this case, if ¢g is a hermitian metric on U, we
can define Ar 4 as in ().

Definition 1. Let X, F be as above, and let g be a hermitian metric defined in
a neighborhood of 0 € C". Given a neighborhood U of 0 such that there exists a
representative of X and g defined in U, let Fy be the restriction of F to U and
Au = Ary,g- We will say that X or F satisfies property P.1 with respect to g, if
there exists a neighborhood U of 0 as above, such that Ay is continuous on U \ {0}.

Let h be a hermitian metric on W\ {0}, where W is a neighborhood of 0 € C™.
We say that h is complete at 0, if for any C*! path v: [0,1] — U such that v(0) =0
and y(t) # 0 for ¢ # 0, then the length of v with respect to h is +oo, that is,

6(7)2/\/%24-00.

Let g be a hermitian metric on a neighborhood U of 0 and uy = %. We say
that X or F satisfies property P.2 with respect to g, if there exists a neighborhood
U of 0 such that pp is complete at 0.

Remark 2. In most cases we will consider g = |dz|*> = E?Zl |dzj|* the euclidean
metric on C". It is not difficult see that, if F satisfies property P.1 or P.2, with
respect to |dz|?, then it satisfies property P.1, or P.2, with respect to any other
hermitian metric. Due to this fact, we will say that F satisfies property P.1 (resp.
P.2), if it satisfies property P.1 (resp. P.2) with respect to some metric.

Remark 3. It follows from the Corollary of Proposition 4 of §2.3 that if the germ
of F satisfies property P.2, then it satisfies property P.1.

In the direction of Problems 1 and 2 (in the local case), the following result is
known (cf. [LN]):

Proposition B. If X has a nondegenerated singularity at 0 € C™, then X satisfies
properties P.1 and P.2.

In §2 we will introduce the notion of “F-ultrahyperbolic” metric (cf. [AL-2]).
This notion, togheter with a lemma due to Ahlfors, will allow us to generalize
the above result for continuous metrics. We will apply this generalization in some
results which will be proved in §3. Our main result in §3 will be the following;:

Theorem 1. Let X be a holomorphic vector field with a saddle-node at 0 € C2.
Then X satisfies properties P.1 and P.2.

Recall that p is a saddle node for X, if DX (p) has eigenvalues \; # 0 and A2 = 0.
Another result that we will prove in §3 is the following:

Theorem 2. Let X be a holomorphic vector field with a singularity at 0 € C™
and Taylor series at O of the type X = Xy + h.o.t., where the components of Xy
are homogeneous polynomials of degree k and h.o.t. means “highter order terms”.
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Suppose that 0 is an isolated singularity of Xy. Then X satisfies properties P.1
and P.2.

In §3 we will also see that the foliation in C2?, whose leaves are the level surfaces of
y? — a3, given by the vector field X = 2yd/dz + 3220/0y, does not satisfy property
P.2 at 0.

Another problem that we will consider is the following:

Problem 3. Find the growth order of Ar 4(z) = A(2), or of %, near an isolated
singular point p of F, when z goes to p. \

In this direction we will prove the following result:

Theorem 3. Let X be a holomorphic vector field in an open bounded ball B =
B(0,r) = {z € C*; |z| < r} C C" with a singularity at 0 € B and let F be the
foliation defined by X . Suppose that X = X+ h.o.t. is as in Theorem 2. Let g be a
C"™, m > 0, hermitian metric in B, A= Ar 4 and p = 4—)?. We have the following:

(a) If k =1, that is, 0 is a nondegenerated singularity, then there exist K > 1
and 0 < p < r such that

_ dz|? |dz|?
K 1|7 <u<K—m—m ¥ B(0 .
FEnEE =" S Ky 77 € 500
(b) If k > 1, then there exist K > 1 and 0 < p < r such that
P dzf?
- < K—— .V B(0 .
FRQnElE =M S K vE e B0.p)

Remark 4. Tt is possible to prove that the inequalities in (b) are the best possible
in the general case (involving expressions which depend only on |z]). In §3 we will
sketch the proof of this fact (Example 2).

We would like to propose the following questions:
Question 1. Does every isolated singularity satisfy property (P.1)?

For the next question, let F be a holomorphic singular foliation in a compact
manifold M of complex dimension n > 2. Suppose that sing(F) is finite and that
all leaves of F are hyperbolic.

Question 2. Is H(ID, F) normal?

Question 3. Let g be a hermitian metric in M, A = Ar 4 and p = 479. Are )\ and

4 continuous?

§2. PRELIMINARY RESULTS

In this section we state some results which will be used in the proofs of the
theorems stated in §1.

§2.1. The generalized Ahlfors lemma. In 1938 Ahlfors introduced the concept
of an wltrahyperbolic conformal metric in a Riemann surface (cf. [Ah-1] and [Ah-2]).
A conformal pseudo-riemannian metric in a Riemann surface S is a quadratic form
g in S, which can be written in a holomorphic coordinate system (z,U) as g, =
f(2)|dz|?, where f is a continuous function on the open set z(U) C C, such that
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f > 0 and the set f~1(0) is discrete. In this case, we define the length of a C!
curve v: [a,b] — S with respect to g by

Eg(’Y):/v\/EZ/ab\/h’(t)@dt.

It is not difficult to see that if y(a) # v(b), then £(v) > 0. Therefore we can define
a distance in S by

dy(p,q) = inf{ly(7); vis aC" curve joining p and g}.

Definition 4. Let g be a conformal pseudo-Riemannian metric in S. We say
that g is ultrahyperbolic of curvature bounded by a < 0 if for every p € U with
gp # 0, there exist a holomorphic coordinate system (z,U) around p with z(p) = 0,
glv = f(2)|dz]?, f >0, in z(U) = V, and a positive C? function h in V, such that
h(0) = f(0), h < f,in V and the gaussian curvature of the metric h(z)|dz|?, say k,
satisfies k < a < 0 in V. We say that g is ultrahyperbolic, if it is ultrahyperbolic of
curvature bounded by a < 0, for some a < 0.

Remark 5. We would like to observe that Ahlfors’ definition is more general, in the
sense that he demands that f is just upper semicontinuous. However, in this paper
all metrics that will appear will be continuous.

Remark 6. Tt is not difficult to see that this concept is well defined and invariant by
biholomorphisms. Moreover, if S; and S; are two Riemann surfaces, F': S — S
is a holomorphic nonconstant map and ¢ is a conformal pseudo-Riemannian metric
in S, ultrahyperbolic of curvature bounded by a < 0, then F*(g) is also.

The following result was proved by Ahlfors:

Theorem (Ahlfors Lemma). Let S be a Riemann surface and suppose that there
is a conformal pseudo-Riemannian metric g in S which is ultrahyperbolic of cur-
vature bounded by —a® < 0. Then S is hyperbolic and g < a—12775, where Pg s the
Poincaré metric of S. In particular, we have

1
dg(p;Q) < Edp(pv Q) ; Vp,q € Sv
where dp is the Poincaré distance in S.
Let us state anoother result that will be used.

Proposition 1. Let S be a Riemann surface and let g1, ..., gr be ultrahyperbolic

on S of curvature bounded by —a; < 0,...,—ap < 0, respectively. Define g4 =
g1+ - + gk and gy = max{g1,...,gx}t.- Then gy and gy are ultrahyperbolic of
curvature bounded by —ay < 0 and —aps < 0, where i = a_11 + ...+ % and

ap = min{ay, ..., ar}, respectively.
Proof. We observe that if g; = f;(z)|dz|?, locally, then
maz{gi,...,gx} = max{fi, .., fu}|dz|?.

Therefore, in the case of gp; the proof follows directly from Definition 4. The case
of g4 follows from [K]| (chapter I), in the case where ¢1, ..., gi are positive and of
class C2. In the general case, the proof follows from this case and the definition. [
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§2.2. Foliated Ahlfors lemma. We now introduce the notion of an F-ultrahyper-
bolic metric for a foliation F.

Definition 5. Let M be a complex manifold of dimension > 2 and let F be a
singular holomorphic foliation on M. We say that a continuous hermitian form H
on M is a F-pseudo-metric if for any leaf L. C M \ sing(F) of F, the quadratic form
hy, defined on L by the restriction H |, is a conformal pseudo-riemannian metric on
L. We say that H is F-ultrahyperbolic of curvature bounded by a < 0 if for any leaf
L of F, hy, is ultrahyperbolic of curvature bounded by a < 0. We say that H is
F-ultrahyperbolic if it is F-ultrahyperbolic of curvature bounded by a < 0 for some
a <0.

Before state the result let us give a definition.

Definition 6. Let M and F be as above. Suppose that all leaves of F are hyper-
bolic. We say that U is normal in compact parts (briefly NCP) if U satisfies the
following property:

(*) Any family H C U, such that {«(0); a € H} is relatively compact in M, is
normal.

In particular, if ¢ is NCP, then any sequence (v, )n>1 in U, such that (a;,(0))n>1
converges in M, has a convergent subsequence.

Example 1. If M is complete hyperbolic in the sense of Kobayashi (cf. [K]), then
all leaves of F are hyperbolic and ¢ is NCP. In particular this is true if M is a
bounded ball or polydisc in C”.

The next result is a generalization of Theorems A and A.1.

Proposition 2. Let F be a singular holomorphic foliation on a complex manifold
M. Let p be a continuous F-ultrahyperbolic hermitian metric on M \ sing(F).
Then the following properties are true:

(a) All leaves of F are hyperbolic.

(b) Suppose that there exists a complete hermitian metric g on M such that
g < p on M\ sing(F). Then U is NCP.

In particular, any sequence (o )n>1 in U, such that the sequence (an(0))n>1 s
convergent, has a convergent subsequence.

(c) If p is complete on M \ sing(F) and sing(F) is discrete, then, for any
convergent sequence (Oén)n21 in U, we have that:

(1) If limp—oon(0) = p € sing(F), then (an)n>1 converges to the constant p.

(2) If limp—ooan(0) = p & sing(F), then (an)n>1 converges to an uniformiza-
tion of Ly.

Proof. Assertion (a) is immediate from Ahlfors’ Lemma. Let us suppose (b) and
prove that U is NCP. Let p be an F-ultrahyperbolic metric of curvature bounded
by —a? < 0 and g be as in (c). Fix a € Y. It follows from Ahlfors’ Lemma that

(1) d(alz2),a(z1)) < d(aze), a(z1)) < dia(z), a(z1)) < %dp(@,h)a

where 0 and d are the distances induced by g and g on M and M \ sing(F),
respectively, dy, is the distance induced by d on L = «(D) and dp is the Poincaré
distance in D. In particular U/ is equicontinuous with respect to 6 and dp. In
order to prove that U is NCP, it is enough to consider the case H = {an; n > 1}
where (an)n>1 is a sequence in U such that lim,_con(0) = p € M. Let us
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prove that such sequence has a subsequence which converges in the compact parts
of D. To do that, it is enough to prove that for any fixed 0 < p < 1 the set
V = U,>1 @n(D,) is relatively compact in M, where D, = {z € D; |z| < p}. In
fact, if this is true, it follows from the theorem of Arzela-Ascoli that the sequence
of restrictions (an|5p)n21 has a convergent subsequence, for any 0 < p < 1. On the
other hand, if we apply this fact and diagonal Cantor’s method to {0‘"|5pm Fmon>1,
where p,, = 1 — 1/m, we get a subsequence of (&, ),>1, which converges in the
compact parts of ID.

Let us prove that V' = J,,»; an(D,) is relatively compact in M. Suppose by
contradiction that V is not relatively compact. This implies that there exists a
sequence (pr = o, (2k))k>1 in V which tends to infinite in M. On the other hand,
it follows from (1) that

5(0(1(0),]%) < d(al (O)vpk) < d(al (0)7 Qny, (0)) + d(ank (0)7 Qny, (Zk))
< d(@1(0), 00, (0)) + 5 (0, 21) < d(01(0), 0, (0)) + ~dp(0.p).

This contradicts (b), since the set {§(a1(0), @, (0)); » > 1} is bounded and g is
complete. Therefore V' is relatively compact.

Let us suppose (c). We observe that the proof of assertion (2) is similar to the
proof of Theorem A of [LN]|, so that we will prove only assertion (1).

Let (o )n>1 be a sequence in U such that limy, oo, (0) = p, where p € sing(F).
We will prove that in this case (ay,)n>1 converges to a = p in the compact parts of
D. Fix p, € M \ sing(F) and let

By ={q € M\ sing(F); d(q;po) <7}
Since 1 is complete B, is compact for all r > 0 and |J,. By = M \ sing(F). Let
W, be the connected component of M \ B, which contains p. Clearly W,., C W,,
if r; > ro. Moreover, since ﬂr>0M\§ = sing(F), we have that (., W, = {p}.
Therefore, it is enough to prove that given 0 < p <1 and r > 0, there exists n, > 0
such that if n > n,, then a,,(D,) C W,., where D, = {z € D |z| <p}.

Fix 0 < p<landr > 0. Let ¢ = at.dp(0,p) and r; = ¢+ r. Since
limy,— 0o, (0) = p, there exists n, > 0 such that «,(0) € W,,, if n > n,. It
follows from (1) that if |z| € D, and n > n,, then

o)

( ( ) ( ( ) po)_d(an('z)van(o)) >T1—a71dp(z,0)27’1—027“.

>
Therefore an(D,) C M\ B,. From connectedness of a,(D,) it follows that
an(D,) C W,. O

§2.3. Properties of the function Az 4. In this section we consider a singular
holomorphic foliation F on a complex manifold M and a continuous hermitian
metric g on M. As before, define

(2) Ar,q(p) = sup{|a/(0 )|g7 a € H(D, F)and a(0) = p }.

As we have seen in §1, Ar 4 satisfies the following properties:

(I) Ar ¢(p) < +o0if, and only if, L, is hyperbolic. In this case we have Ax 4(p) =
|/ (0)|?, where a: D — L, if, and only if, o is an uniformization of L, such that
a(0) = p.

(IT) If L, is hyperbolic, then % induces the Poincaré metric on L.

(IIT) Ar 4 is lower semicontinuous.
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In general Az 4 is not continuous. In this section we will see some conditions for
the continuity of Ar 4 in M \ sing(F). We will assume that sing(F) is discrete and
that all leaves of F are hyperbolic. In this case Ar 4 < +00 and % induces the
Poincaré metric on the leaves of F, so that the continuity of Az 4 is equivalent to
the continuity of the Poincaré metric on the leaves.

Proposition 3. Let M, F, g and Ar 4 be as before. Suppose thatU is NCP. Then
the following assertions are equivalent:

(a) Ax,q is continuous in M \ sing(F).

(b) For any sequence (an)n>1 in U, which converges in the compact parts of D
to some a: D — M and p = a(0) ¢ sing(F), then a(D) C Ly, where L, is the leaf
of F through p.

(c) For any sequence (an)n>1 in U, which converges in the compact parts of D
to some a: D — M and p = a(0) ¢ sing(F), then o is an uniformization of L,.

(d) For any sequence (an)n>1 in U, which converges in the compact parts of D
to some a: D — M and p = a(0) € sing(F), then a = p.

Proof. Let us prove first that (b), (c) and (d) are equivalent. Clearly (c¢) = (b).

(b) = (c). Suppose (b) and let (ay,)n>1 be a sequence in U which converges
in the compact parts of D to some a: D — M, where a(0) = p ¢ sing(F) and
aD) C L,. Set A = Ary and p, = an(0), n > 1. Let 3: D — L, be an
uniformization of L, such that 3(0) = p, so that |[3'(0)|]2 > [a/(0)[2. Since A is
lower semicontinuous, we have

Ly —cop, (07, (0)) = limy—ccX(pn) = o’ (0)[5 > Mp) = |6'(0)[7,
and this implies that |o/(0)|2 = A(p) = |6'(0)|2 and that « is an uniformization of

L,.
(b) = (d). We need a lemma.

Lemma 1. Let (an)n>1 be a sequence in U which converges in the compact parts of
D to some a: D — M. Then a(D) C LUsing(F), where either L =0 or L is a leaf
of F. If L =10, then a(D) = q € sing(F). If L is a leaf of F, then o(D) C LU S,
where S is some subset of sing(F) and L contains at least one local separatriz of
any q € S.

Note. A local separatrix of a singularity g of F is an analytic curve y contained
in a small neighborhood W of ¢ such that ¢ € v and v\ {¢} is a leaf of F|w (cf.
[C-9)).

Proof. Suppose that « is not constant. Since sing(F) is discrete, it follows that
a(D) contains some p ¢ sing(F). Let U = {z € D; a(z) ¢ sing(F)}. Denote by L,
the leaf of F through a(z).

Assertion 1. If z, € U, then the set U,, = {z € U; L, = L, } is open.

Proof. Let z1 € U,,. Take a local chart (z,y): W — D, x D*~! around «(z1) = p1,
such that the leaves of F|w are the sets y = cte and (x(p1),y(p1)) = (0,0) €
D, x D" 1. Let V be the connected component of a~!(W) which contains z;. It
is enough to prove that y(a(V)) = {0}. Suppose the opposite, by contradiction.
In this case, since y(a(z1)) = 0, we have that y o a: V' — W is not constant. This
implies that d(y o a)(z2) # 0 for some z2 € V near z;. Since a, converges to «, it
follows that d(y o ay,)(z2) # 0, for n big enough, so that a,, (D) cannot be contained
in a leaf of F, a contradiction. This proves the assertion. O
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Now, let F = a~!(sing(F)), which is a closed subset of D. Since a is not
constant and sing(F) is discrete, it follows that F' is discrete. Therefore D\ F = U
is connected. It follows from the assertion that U = U,, for some z, € D, which
proves the lemma. O

Now, suppose (b) and let (a,)n>1 be a sequence in U which converges in the
compact parts of D to some «: D — M, where a(0) = p € sing(F). Let us prove
that @« = p. Suppose by contradiction that « is not constant. It follows from
Lemma 1 that p € a(D) C LU sing(F), where L is some leaf of F. Moreover a(D)
contains a point ¢ = a(z,) ¢ sing(F). Let 3 be an automorphism of D such that
B(0) = z,. Since limy, oo, = o we get limy,_ooan 0 § = ao . On the other
hand, a0 3(0) = q ¢ sing(F), so that awo (D) C L, which contradicts p € aco 8(D).
Therefore (b) = (d).

(d) = (b). Let (an)n>1 be a sequence in U which converges in the compact
parts of D to some a: D — M, where a(0) = p ¢ sing(F). Let us prove that
a(D) C Lp. It follows from Lemma 1 that a(D) C L, U sing(F). Suppose by
contradiction that «(D) contains some point ¢ € sing(F). Let z, € D be such
that a(z,) = ¢ and 8 be an automorphism of D such that 3(0) = z,. Then
limp— ooty 0 B = a0 B, where a0 3(0) = q € sing(F). It follows from (d) that
a o 3 = ¢, which is a contradiction. Therefore (d) = (b).

(a) = (b). Let (an)n>1 be a sequence in U which converges in the compact
parts of D to some a: D — M, where a(0) = p ¢ sing(F). It follows from Lemma
1 that a(D) C L, U sing(F). Suppose by contradiction that a(D) contains some
nonempty subset S of sing(F). Let S = a~'(S) and & = alprg: D\ S — L, We
need a lemma.

Lemma 2. & is a covering map.

Proof. Since lim, ..o, = « and «, € U, it is not difficult to see that & is an
immersion, that is, @ (z) # 0 for all z € D\ S. Therefore it is sufficient to prove that
& satisfies the property of path lifting (cf. [EIL]), that is, for any path v: [0,1] — L,
such that v(0) = p, there exists a path 7: [0,1] — D\ S such that 5(0) = 0 € D and
& o4 = . Let us prove this fact. Fix a path « as before. We can suppose that ~ is of
class C1. Let u = 479. It follows from (a) that p is continuous. Moreover u induces
the Poincaré metric on the leaves of 7. Let k = sup{p)((7)'(t)); t € [0,1]}. Since
~[0, 1] is compact and does not contain singular points of F, it is possible to find a
compact neighborhood V' of 4[0,1] in L, and a tubular neighborhood 7: W — V/
such that if ¢ € 7=!(p) is near p, then we can lift v to a C' curve v,: [0,1] — L,
such that 7oy, = =, where L, is the leaf of F through ¢ (cf. [C-I.N]). We have
limg—.pyg = 7, so that

(3) limg—p(sup{fiy, 1y (79)'(t)); t € [0,1]}) = k.

Since limp—o00n (0) = a(0), there exists a sequence (2p,)n>n, in D such that g, =
an(zn) € 7= (p) and limy,—oo2n, = 0. Now, oy, is a covering for all n. Therefore we
can lift the curve v, = ~,, to a curve 7, in D such that 4,,(0) = z,, for all n > n,.
From (3) we can suppose that

Sup{fy, (1) (1) (1)); t € [0, 1]} < 2K

for all n > n,. Since p induces the Poincaré metric on the leaves of F, this implies
that the set {£p(35); n > n,} is bounded, where £p(d) denotes the length of a curve
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§:10,1] — D in the Poincaré metric. Now, this fact and lim, .09, (0) = 0 imply
that the sequence (¥,)n>n, has a convergent subsequence, say

limk—»oo;ynk =7: [Oa 1] —-D,

such that 4(0) = 0. Now, the fact that lim, .o, = a in compact parts of D
implies that

0y = liMg— 000y, © Y, = UMk—o0oYn, =7
It follows that & o = ~. O

Let 8: D — L, be a uniformization of L, such that 5(0) = p. Since A is
continuous we get g,(a’(0)) = A(p) = ¢,(3'(0)).

Now, let 7: D — D\ S be a uniformization of D\ S such that (0) = 0. Since
S # () we have |7/ (0)| < 1 (the Schwarz Lemma). On the other hand, if 7: D — I
is a lifting of @ o w: D — L, by the universal covering 3, such that 7(0) = 0, then
we have |7/(0)| = 1 (because & o 7 is a covering map) and

18'(0)f5 = 180 7) (05 = |ao ) (0)I7 = |&/ (0) 3|7’ (0)|* < [a"(0)[3 = [a (0)[3

which is a contraction. This implies that S = (. Therefore (a) = (b).

(c) = (a). Let p e M \ sing(F) and (pn)n>1 be a sequence in M \ sing(F)
converging to p. Since A is lower semicontinuous we have limin fn, oo A(Drn) > A(p).
It is enough to prove that any subsequence (pn, )r>1 has a subsequence (pnkz) >1
such that lime—ecA(pn,, ) = A(p).

Let (gx = pn,)k>1 be a subsequence of (pp)n>1. Let (ax)r>1 be a sequence
in U such that ay(0) = ¢ for all & > 1. Since U is NCP the sequence (ag)r>1
is normal, and hence it has a convergent subsequence (ag,)r>1. It follows from
(c) that (cu,)r>1 converges to a uniformization of L,, say a: D — L, such that
a(0) = p. On the other hand

lime—oo\(dk,) = lime—cogay, ((ak,)'(0)) = | (0)|F = A(p).
This finishes the proof of the proposition. O

Corollary 1. Let F be a holomorphic foliation on a complex manifold M such that
sing(F) is discrete. Suppose that all leaves of F are hyperbolic and that U is NCP.
Let g1 and g2 be two hermitian metrics on M and M1 = A g,, A2 = AF g,. If A1 s
continuous, then Ao is also continuous.

The proof of the above corollary is immediate from Proposition 3.

Corollary 2. Let V' be a bounded Stein open subset of C", n > 2, and let F be
a singular holomorphic foliation on V' such that sing(F) is discrete. Let g be a
continuous hermitian metric on V and A = Ar 4 be as before. Then:

(a) All leaves of F are hyperbolic and U is NCP.

(b) A is continuous if, and only if, for any sequence (an)n>1 in U, which con-
verges in the compact parts of D to some a: D — M, then either o is an uni-
formization of some leaf of F or « is a constant contained in sing(F).

Proof. Since V' is bounded, it follows from Liouville’s Theorem that every holomor-
phic map f: C — V is constant. This implies that all leaves of F are hyperbolic.
Moreover, Montel’s Theorem implies that H(ID, V) is normal, that is, any sequence
(n)n>1 in H(D, V) has a convergent subsequence, say limg—ooQn, = a: D — V.
Now, if {a,(0); n > 1} is relatively compact in V, then a(0) € V. Since V is
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Stein, we must have o(D) C V. This implies that I/ is NCP. Part (b) follows from
Proposition 3. U

Corollary 3. Let F be a holomorphic foliation on a complex manifold M such
that sing(F) is discrete. Suppose that there exists on M \ sing(F) a continuous
complete F-ultrahyperbolic metric. Let g be a hermitian metric on M and A = Ar 4
be as before. Then all leaves of F are hyperbolic, U is NCP and X is continuous.

The proof of the above corollary is immediate from Propositions 2 and 3.

Next we will see how the function Ar 4 behaves in terms of the domain in which
we consider the foliation. We will consider the following situation: let F, M and g
be as before. Given a connected open subset U of M, denote by Fy the restriction
of F to U and by Ay the function Az, 4.

Proposition 4. Let M, F, g and Ar 4 be as before. Suppose that all leaves of F
are hyperbolic.

(a) Let U C V be two connected open subsets of M. Then Ay(p) < Av(p) <
Arg(p) for allp e U.

(b) Let (Up)n>1 be an increasing sequence of connected open subsets of M and
U = U,>1Un- Then limp,_cAvu, (p) = Au(p) for all p € U. In particular, if
all \y, and Ay are continuous, then (A, Jn>1 converges uniformly in the compact
parts of U \ sing(F) to \u.

Proof. Let us prove (a). Fix p € U. Let Ly and Ly be the leaves of Fy and
Fy through p, respectively. Let ay and ay be uniformizations of Ly and Ly,
respectively, such that ay (0) = ay (0) = p. If i: Ly — Ly is the inclusion, then we
can lift ioay: D — Ly to amap §: D — D such that 4(0) =0 and ay o 8 = ioay.
From the Schwarz Lemma we have |3'(0)] < 1, so that

M (p) = (0 av) (0)]5 = [(av © B) (0)[7

(4) o 2 |t 2 / 2 _
= lav (0)[5-18°(0)" < [ay(0)[5 = Av(p),

which proves (a).

Now, let (U, )n>1 be an increasing sequence of connected open subsets of M and
U=U,>1Un- Set A\y = X and Ay, = A,. It follows from (a) that A\, < A1 < A,
for all n > 1. Fix p € U and n, such that p € U,, for all n > n, and let us prove
that limp—ccAn(P) = A(p). Since An(p) < Apy1(p) < A(p) for all n > n,, there
exists 1imy . oodn(p) = A(p) < A(p). Denote by L (resp. L,,) the leaf of Fy; (resp.
Fu,, n > n,) through p. Observe that L = {J, 5, Ln. In fact, it is easy to see
that L O |UJ,,>,,, Ln- On the other hand, if ¢ € L there exists a curve 4 C L joining
p to q. Since 7 is compact, it follows that v C U, for n > ny, so that v C L, if
n >ny and q € UJ,,~; Ln. With the same type of argument, we can prove that for
any compact subset K C L there exists ny > n, such that X C L,, for all n > n;.

Let a: D — L (resp. a,: D — L,,) be a uniformization of L (resp. L) such that
a(0) = p (resp. a,(0) =p). Fix 0 <r < 1 and let D, = {2; |z| < r}. Since a(D,)
is compact, there exists n, > n, such that a(D_,,) C L, for all n > n,. For each
n > n,, let B,: D, — D be a lifting of «|p, : D, — Ly, such that a,, o 8,, = «a|p,
and 3, (0) = 0. It follows from the Schwarz Lemma that |3}, (0)] < 1. On the other
hand,

Ln(®) 2 [ O I8,(0) = [(an 0 5 (O)F2 = |/ O = M),
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which implies that :\(p) > r2X(p). Since 0 < r < 1 is arbitrary, it follows that
Alp) > A(p), and so A(p) = A(p). The last assertion in (b) follows from Dini’s
Theorem. O

Corollary. Let F be a germ of foliation at 0 € C™. If F satisfies property P.2,
then it satisfies property P.1.

Proof. Let g = |dz|? be the euclidean metric on C". Since JF satisfies property P.2,
there exists a neighborhood U of 0 such that F is defined in U and py = f\—g is
complete at 0, where Ay = Az, 4. Let B = B, = {z € C"; |2] < r} C U and
up = j\l—z. It follows from Proposition 4 that up > uy, and so up is complete at 0.
Let us prove that Ap is continuous. Since B is Stein, it follows from Corollary 2 of
Proposition 3 that it is enough to prove that if (ay,),>1 is a sequence in U, which
converges in the compact parts of D to some a: D — M, where a(0) = 0 € C",
then @ = 0. On the other hand, the proof of this fact is similar to the proof of
(¢)(1) in Proposition 2. We leave the details for the reader. O

§3. PROOF OF THE THEOREMS

§3.1. Estimates in the local case. Proof of Theorems 2 and 3. In this sec-
tion we will consider a germ of foliation F at (C™,0), given by a germ of holomorphic
vector field X with an isolated singularity at 0 € C". Let e = |dz|? = Z?Zl |dz;|?
be the euclidean metric on C". Given a neighborhood U of 0 where we can define
a representative Fyy of F, we will denote by Ay the function Az, . and by py the

2
metric 4‘:3;' . In most cases we will suppose that U is either a ball B, = {z =

(21 ey 2n) € C; |2]? = Z?Zl |z;|> < r?}, or a polidisk P, = {z € C"; |z;| < r}. In
what follows, we are going to estimate the growth of Ay and py when z — 0. The
next proposition implies Theorem 2.

Proposition 5. Let F and X be germs as before. Suppose that X = X + h.o.t.,
where the components of Xy are homogeneous polynomials of degree k, 0 is an
isolated singularity of Xy, and h.o.t. means “higher order terms”. If U = B,,
where X is defined in B,, A\, = Ay and pu, = pu, then there exist r > p and K >0
such that
d 2
[y > K#”‘ V2
[22(In(5))?

In particular F satisfies properties P.1 and P.2 at 0.

€B,.

Proof. Consider the hermitian metric h, defined on B, \ {0} by

o |Z|(2k72)|dz|2

T X ) PInA(l2l /)

where 7 > p and |z|> = Z?Zl |z;]?. Let us compute kj,, the gaussian curvature of
the leaves of F|p,. Fix z € B,\ {0}, and let Z(t) be the solution of % = X (Z) such
that Z(0) = z, which can be defined in a disk D, = {t € C; [t| < €}. If we consider

the leaf of F through z locally parametrized by t — Z(t), then Z*(h) = ¢(t)|dt|?,
where

o) = 0] i A O] N VO] i
X @) Pm2(Z@)|/r) — m2(1Z@)|/r)
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It follows that

2 82 2 0°
kn(Z(t)) = ~500) ot In(o(t)) = o0 oot

By a direct computation, we get
—kn(z) = —kn(£(0))

[(k=D)in(|Z(t)]*) = In(in*(|Z(t)|/7))] -

l|?2k)'X” Tl

where above we use the notation (z,w) = ZFI
|(2,w)|?. In particular, since r > p, we have kj,(z) < 0 for all z € B, \ {0}. Let us
prove that if p is small enough, then there exists a > 0 such that k,(z) < —a for
all z € B, \ {0}.

Since X = Xy + h.o.t., where X}, is homogeneous of degree k and 0 is an isolated
singularity of X}, there exists C' > 1 and p > O such that if |z| < p, then C~1|z|* <
|X(2)] < C.|z|¥. On the other hand, if |z| < 7z, we have

(k1) P+ o X, 5P + nZDxe ANEP

z;w; and |z A w|? = |z]2.|w|* —

2 2 P
mZ>1 = xe), —|>|2+|1n<' X AP
> [(X(2), TP +1X () A P = 1X P
so that )
Ckn(2) > ')l‘-';'m{' > 02

if |z| < mz’n{p,%}. This implies that limsup,_okn(z) < —C~2 < 0. Since

kn(z) <0 for all z € B, \ {0}, it follows that kj, < —a on B, \ {0}, for some a > 0.
2

Let A\, be such that u, = % induces the Poincaré metric on the leaves of

F, = Flp,. If L. is the leaf of F, through z € B, \ {0}, it follows from Ahlfor’s
Lemma that

|Z|(2k72) 4

X (2)[21n2( 2] =)

1
h < =
L. < aMp|L2

AXEP () 4, 0 o L2l
= M(2) = al2|@2) < —C7fint(7)
d 2
— upZKil Z||| Vz € B,,
|22 (In(51))?
where K = #.
It remains to prove that F satisfies property P.2 at 0 (cf. the Corollary of
2
Proposition 4). This follows from the fact that the metric % is complete
at 0 (cf. [LN]). ' O

Now we prove a result that will be used to obtain estimates for 4|d;‘2 in the other
direction. This result will be also used in the next section to study an example that
does not satisfy Property P.2.

Let us consider the partial order relation < on R™, defined by

= (T1,.0 Tn) Y= W1, Un) = x; <y, Vj=1,..,n
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We will use the notation R} = {(z1,...,2,); 2; >0, Vj =1,...,n}.

Proposition 6. Let F': [0,7] x R — R be a continuous function with the follow-
ing properties:

(a) Ift € [0,7] and x Xy, x,y € RY, then F(t,x) = F(t,y).

(b) The differential equation %X = F(t,X) with initial condition X(0) =
(x1,...,xp) € R} has a unique solution.

Let z: [0,7] — R’} be a continuous function which satisfies the following inequal-

ity:

t
(%) z(t) 2z, —|—/ F(s,z(s))ds, ¥Vt <r,
0

where x, € R, Let y: [0,a) — R’} be the solution of

d

d—‘z =F(t,y), y(0) = 2o,
where [0, &) is mazimal interval of definition of y. Then
(I) z(t) 2 y(t), Yt € [0,a'),

where o = min{r,a}. If o =r, then (I) is true for all t € [0,7].

Proof. Let € = (e1,...,€,) besuch that ¢; > 0forallj =1,...,n and let y.: [0, ac) —
R be the solution of % = F(t,Y), Y(0) = z, + €, where [0, ) is the maximal
interval of definition of y.. Let o, = min{r,a.}. It is clear that xz, = x(0) <
Ye(0) = 2, + €. Let

Ae ={t € [0,00); 2(s) 2 ye(s) Vs € [0,8)}.

Since z(0) < ye(0), there exists § > 0 such that [0,) C A.. Therefore A, is a
nonempty interval of the type [0,a) or [0,a|, where a < o, a = supA.. We assert
that a = o.

In fact, suppose by contradiction that a < al. We have

w(®) =alt) = e [ [Plou(s) = Fs.a(o)]ds . ¥t € 0.00).
On the other hand,
s<a. = z(s) 2ye(s) = 0= F(s,yc(s)) — F(s,x(s)).

Hence, if t < o, we have 0 < € < y.(¢t)—x(¢), and so a = .. Now, let t, = o/ —4.
Since y(t) is defined in [0,¢,], there exists 6’ > 0 such that if |e| < ¢’, then y. is
also defined in [0,¢,]. Therefore x(t) < y.(t) for |¢] < ¢ and t € [0,t,]. Since
lime—oye(t) = y(t), we obtain z(t) < y(t), for all ¢ € [0,%,]. Since t, = o/ —d and
§ are arbitrary, we have that z(¢t) X y(t) , t € [0,&/). It is clear that if &' = 0, then
x(t) < y(t) in [0,7r]. O

Remark 7. Tt is not difficult to see that Gronwall’s Lemma (cf. [M-P]) is a conse-
quence of Proposition 6.

4|dz|?
)‘P

In the next result we will use Proposition 6 to obtain estimates for p, =
near 0, in the other direction. This will finish the proof of Theorem 3.
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Proposition 7. Let F and X = Xy + h.o.t. be germs as in Proposition 5. Let
U = B,, where X is defined in B,, A\, = Ay, pp = pu and v > p. If k =1, then
there exist K > 0 and 0 < s < p such that
|dz|?
ERGICEN
If k > 1, then there exist K >0 and 0 < s < p such that
(b) gl oo p
:u’P _ |Z|2 9 S -

(a) pp < K

S -

Proof. We need a lemma.

Lemma 3. Let F be a holomorphic foliation on a complex manifold M whose
leaves are hyperbolic, and let g be a hermitian metric on M and A = Ar 4. Fiz
p € M\ sing(F) and a holomorphic vector field X, which represents F in an open
setp e U C M. Let z(t) be the complex solution of % = X (z) with initial condition
z(0) = p. Suppose that z(t) can be extended to a disk Dy = {z € C; |z| < b}. Then
A(p) = b2.IX (p) 2.

Proof. Let « be a uniformization of L, such that «(0) = p. Consider the lifting of
B: Dy — D by « such that (0) = 0 and awo § = z. It follows from the Schwarz
Lemma that |3'(0)| < 7. On the other hand,

X ()l = 120 = 18"(0)]*.|e" (0)] < b%A(P)a
and so A\(p) > b%.|X (p)|2. O

Let us continue the proof of the proposition. Since X = X + h.o.t., there exists
0 < s < p such that C~1.|2|% < |X(2)] < C.|z|¥, for all 2z € B, where C' > 1. Fix
z € B,\ {0} and let Z(T') be the solution of the complex equation % = X (Z) with
initial condition Z(0) = z.

Assertion. If k =1, then the solution Z(T') can be extended to the disk of radius

1 s
= —=In(+—).
If k > 1, then Z(T') can be extended to the disk of radius
sh=1 — |2kt 1 1 1
Rk(z) = | | =

(k—1Clz[F-1sk=1 — C(k — 1)[|z|k—1 =t

Proof. Fix w with |w| = 1 and let W (t) = Z(t.w), t € R. Then W is a solution of
the real differential equation &Y = w.X (W) with initial condition W(0) = z. Let
[0, a) be the maximal positive interval of definition of this solution. It is enough to
prove that a > Ry(z) for all w with |w| = 1.

‘We have
t
W(t) = z+/ wX(W(r)dr = |[W()| < |z —I—/ | X (W (r))|dr .
0

Let [0,b) be the maximal positive interval (b < a), such that |[W(¢)| < s for all
telo b) If t € [0,b), then

W |<|z|+/|X |dT<|Z|+/C|W m)|*dr.
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Let us consider the case k = 1. In this case, y(t) = |z]e“? is the solution of
dy = Oy with y(0) = |z|. Tt follows from Proposition 6 that |W ()| < |z]e“* for
all t € [0,b), so that if |2]e“* < s, then, a fortiori, |W (¢)| < s. This implies that if
t< L oln(5), then [W(t)| € Bs. It follows that b > L ln(‘ ‘) Ry (2).

Let us consider the case £k > 1. In this case, the solution of dy = C.y* with
y(0) = |z| is "

z
v = [1— (k — 1)C|z|th-Dg] =T |
so that |[W(t)| < y(¢). On the other hand, the solution of the inequality y(t) < s is
sh1 ||kt
(k = 1)C|z|F~1sk-1

This implies that b > Ry(z), and proves the assertion. O

t <

= Rk(z) .

Let us finish the proof of Proposition 7. Since A = Ax, ., we get from Lemma 3
that

Mz) = Ri(2)| X (2)] = C2.Ri(2). |21,
for any z € Bs\ {0}. Let us consider the case k = 1. In this case Ri(z) = %ln(ﬁ),
so that A\(z) > C~%. an(ﬁ).|z|2. Since A > 0 in By \ {0}, A is continuous and
lim,_o(In? ( ))/( (‘ ‘)) = 1, it is not difficult to see that there exists K > 0
such that /\( ) > 4K~ tin? ( ‘).|z|2, for all z € By \ {0}, which implies that

4]dz|? dz|?
_ Hdal® _ |Z|H ¥z e B\ {0},
A(z) |22 (In(:5))?
which proves (a). In the case k > 1 we have,
—2 p2 2k —4 2|2 L
Az) 2 C77.Rig(2).|o]™ = O (k = )71 = =17,

k—1

for all z € B,\{0}. Since A > 0in B,\ {0}, X is continuous and lim, _o[1— |j| -2 =
1, it is not difficult to see that there exists K > 0 such that A(z) > 4K ~1.|2|?, for
all z € Bs \ {0}, which implies that
Ald=* _ | |dz?
= <K )
A(2) |22
which proves (b). O

vz € B, \ {0},

Example 2. Let X be a homogeneous vector field of degree k > 2 in C", n > 2,
with an isolated singularity at 0 € C™. Let F be the foliation defined by X on
the ball B; = {z; |z| < 1}. In this example we will see that if we assume that X},
is generic, then the estimates in (b) of Theorem 3 are the best possible. We will

2
see that in some directions the order of growth of u is exactly %, whereas
2
in other directions its order is ‘ldjlz .

Consider first a direction z, € 9B; such that Xy (z,) = a.2,, a # 0. In this case
F has a leaf L of the form L = {w.zo; w € C, 0 < |w| < 1}, that is, L ~ D* =

{w € C; 0 < |w| < 1}. Since the Poincaré metric in D* is % (cf. [K]) and
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2
u induces the Poincaré metric on L, it follows that u|;, = %| 1. Therefore,

2
in this direction the order of growth of y is exactly Izl’é’(‘&%

Consider now a direction z; € 9B; such that Xj(z1) # 0 and is not parallel
to z1. Denote by Fj, the foliation defined by Xj, on C" and by L. the leaf of Fj,
through z € C™"\{0}. Let Hy(z) = t.z, t € C, z € C™. Observe first that, since X}, is
homogeneous, then Hy(L.) = L., for allt € C* and z € C™\ {0}. We will see at the
end that, under generic conditions on Xy, the leaf L., (z; as above) is uniformized
by D. So, suppose that izl is hyperbolic. Given w € C and 0 < |w| < 1, denote
by L., the leaf of F through z = w.z; € By. Let a,: D — Ly, and a: D — I~/Zl be
uniformizations of L, and L., such that a,,(0) = w.z; and a(0) = 21, respectively.
As we have seen Hy,—1 (L) C L., , so that we can consider the lifting 3: D — D of
Hy,-100ay:D — L., such that «o 8 = H,—1 0@, and $(0) = 0. This implies that
£(0).a/(0) = wt.al,(0) and so

Mw.21) = |07, (0)* = [w[*. |8 (0)*.|o" (0)* < C.Jw]* ,
where C' = |o/(0)|? and |3'(0)| < 1 by the Schwarz Lemma. This implies that
|dz]?
lw.z1]?

MwAzl > 4071

2
which proves that the order of growth is ‘ldjlz in the direction of z;.

It remains to prove that generically the leaf f/zl is hyperbolic. Consider first the
case n = 2. Let m: C?\ {0} — CP(1) be the canonical projection. Consider the set

P = {n(2); z € C?\ {0} and Xy () is parallel to z} .

Since k > 2, under generic conditions on X, we have that P is finite and has
N > 3 elements. In this case Fy is transversal to the fibers of 7 in the open set
V = C?\ 7~Y(P). This implies that if L. is a leaf of Fy, where z € V, then
. L. — CP(1)\ P is a covering map. Since the universal covering of CP(1)\ P

is D, it follows that L, is hyperbolic.

Suppose now that n > 3. In this case, let M = (C™\ {0}) UCP(n — 1) be the
complex manifold obtained by blowing-up once at 0 € C"*, P: M — C" be the
blowing-up map and 7: C™ \ {0} — CP(n — 1) be the canonical projection. Then
m lifts to a projection 7*: M — CP(n — 1) = D such that 7 o P = 7*, in such a
way that (M, 7*, D) is a line bundle. Let F* = P*(F}) be the strict transform of
Fi by P. Under generic conditions on X, the divisor D = CP(n — 1) is invariant
by F* and the foliation F*|p is a foliation of degree k on D = CP(n — 1), whose
singularities are nondegenerated, that is, with Milnor’s number 1. Since k& > 2, it
follows from Theorem B of [LN| that all leaves of F*|p are hyperbolic. On the
other hand, if V = 7= 1(CP(n — 1)) \ sing(F*|p)) and L is a leaf of Fi|y, then

w(L) = L, aleaf of 7*|p, and 7|; : L — L is a covering map. Since L is hyperbolic,
it follows that L is also hyperbolic. We leave the details for the reader.

83.2. An example which does not satisfy Property P.2. In this section we
consider the foliation F defined by the level surfaces of G(z,y) = y? — 27 on the
polydisk P = {(z,y) € C?; |z| < 1,|y| < 1}, where 1 < p < gq. We will prove that
4|dz|?
Ap

P.2.

is not complete at 0 and that the germ of F at 0 does not satisfy property
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Assertion. There exists a constant a > 0 such that Ap(0,y) > a.|y|?*/9 if |y| < 1/2.

Proof. The leaves of F are the integrals of the complex equation

dv  0G dy  0G 4

- = = p—1 — = —— = q
(*) dT Oy Py ' dT 9z ¢

Let X (z,y) = py? ‘0z + qz?'dy. Fix a point (0,%,), 0 < |y,| < 1, and let us
estimate r > 0 such that the solution of (x) with initial condition (0,y,) can be
extended to D,., in such a way that its image is contained in P. Denote this solution
by ((T"),y(T)). For a fixed w € C with |w| = 1, we have

(%) x(t.w):/o pw(y(s.aw))P~'ds and y(t.w):yo+/0 qu(z(s.w))?ds.

Set X (t) = |z(t.w)| and Y (¢t) = |y(t.w)]|. It follows from (xx) that

(x * %) X(t) S/O p(Y(s))P"tds and Y (t) < |y, +/o a(X (s))7 ds.

Let (Z(t), W(t)) be the (real) solution of (x) with initial condition Z(0) = 0, W(0) =
|yol|. It follows from Proposition 6 that X (¢) < Z(t) and Y (t) < W(t) for ¢ € [0, b),
where b > 0 is the maximal interval of definition of (Z(t), W(¢)). In particular,
(z(t.w),y(t.w)) can be extended to this interval. Now, since y? — z? is a first
integral of (), we must have (W (¢))? — (Z(t))? = (W(0))? — (Z(0))? = |y,|?, which
implies that Z(t) = [(W(t))? — |yo|?] Y < (W(t))P/2. Therefore,

t

W (t) = [yol +/O q(Z(s))? Vs < |y, +/O (W (s))PlaD/ags.

Let A(t) be the solution of % = q.APl=D/9 with A(0) = W(0) = |y,|. Then
W (t) < A(t) (Proposition 6) and

Yol
[1 - %|90|N/q-t

]Q/N ’

where N = pq — p — q. Now, suppose that A(t) < 1 for ¢ in some interval [0, ¢).
It follows that Z(t) < (W (t))P/7 < (A(t))P/9 < 1, so that |z(t.w)| < Z(t) < 1 and
ly(t.w)] < W(t) < 1, which implies that (z(t.w),y(t.w)) € P. On the other hand,
the solution in ¢ of the inequality A(t) <1 is

N 1- |yo|N/q

t< o Wl
% Jyo|N/a

so that if |y,| < 1/2, we get that (z(t.w),y(t.w)) can be extended to the interval
< N1-Wwol™ i qe= qﬂQ(l — (1/2)N/9). This proves that

‘yorN/q - q_2 [yo|N/4
the solution (z(T),y(T)) can be extended to the disk of radius r, in such a way
that its image is contained in P. It follows from Lemma 3 that

[0,7), where r =

2(p—1)
~ Yo .
Ap(0,90) = 12| X(0,5,)[* = a~||y||w = a.|yo /7 if [yo| < 1/2,

where a = p?.c2, which proves the assertion. O
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Now the assertion implies that
4]dz|? < |dz|?
Ap(0,y) = "yl

where C' > 0 is some constant. Consider the curve v(t) = (0,t), t € [0,1/2]. If £ is
its length in the metric pup, then

(= [ ar<ve [ J1EL _ gz [
- = o\ ly[2la 0 W<+OO,

because p/q < 1. This implies that pp is not complete at 0.

We observe that the same type of argument works for arbitrarily small polydisks
P, = {(z,y); |z| < p, |yl < p}. This implies that the germ of F at 0 does not
satisfy property P.2 at 0. We leave the details for the reader.

In fact, based in the above argument, we can state the following:

,U'P|(O,y) =

Proposition 8. Let F be a holomorphic foliation in a complex surface M, and
let g be a (continuous) hermitian metric on M. Suppose that all leaves of F are
hyperbolic and that F has a singularity p with the following property: there exists a
holomorphic coordinate system (¢ = (z,y),U) around p such that x(p) = y(p) =0
and G(z,y) = y? — a9 is a first integral of |y, where 1 < p < q. Let X = A g 4 and

w= 479. Then u is not complete at p.

Proof. After composition of ¢ with a homothety of C2, we can suppose that ¢(U) D
P, where P = {(z,y); |z| < 1|y| < 1}. Let \; = AF|p.gs AP = AF|p.|dz|2s M1 = %
and pup = % (|dz)? = |dz|? + |dy|?). Tt follows from Proposition 4 that A\; < A,
so that g < pu1. On the other hand, g|p is equivalent to |dz|?, in the sense that
there exists a constant K > 1 such that K~[v|? < g,(v) < K|v|? for any z € P
and any v € T, M. This implies that K~1Ap(z) < A1(2) < KAp(2) for all z € P,

so that 5 5
AP Aga0) _ o 4
Ap(2) A1(2) Ap(2)

Let v be the curve of the previous example. From the above inequalities we get

/V\/ESL\/MTSK.L\/E<+OO.

Therefore p is not complete at p. O

K—2

,Vze P,YveT,M.

§3.3. Proof of Theorem 1. In this section F will be a germ of foliation at 0 € C?
with a saddle-node at 0. This type of foliation can be defined by a germ of vector
field Y at 0 € C? whose eigenvalues of DY (0) are A\; = 0 and Ay # 0. The main
reference for this type of singularity will be [M-R]. It is well known that, after
dividing Y by a germ of function v € O, then, for any k > p + 1, there exists a
coordinate system (z,y) around 0, such that

%.Y = X(z,y) = 2710/0z + [y(1 + az?) + zR(z,y)]0/dy ,

where R has multiplicity at least k at 0 € C2. This form is known as “Dulac’s normal
form”. As a consequence, it is possible to prove that Y is formally equivalent to a
vector field of the type flzP1189/0x + y(1 + aa?)d/dy], where f is a formal series.
The vector field

2P0 /0x + y(1 + axP)d/dy
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is known as the formal normal form of F. We will prove that F satisfies property
P.2, and therefore it also satisfies property P.1. Let us begin with the case in
which F has two local separatrices through 0. In fact we will prove a more general
result. (]

Proposition 9. Let F be a germ of holomorphic foliation at 0 € C™ with an isolated
singularity at 0. Suppose that F has n smooth hypersurfaces invariant, which meet
in general position at 0. Then F satisfies property P.2.

Proof. Consider a local coordinate system at 0 € C™, say (z1, ..., zn), such that the
invariant hypersurfaces are (z; = 0), j = 1,...,n. In this case, F is defined by a
vector field X as below:

X(2) = 2Py (2)0/021 + ... + 25 .P,(2)0/ 0z,

where Py, ..., P, € O, and kq,...,k, € N. Let us fix a ball B, such that X has a
representative defined in B,., still denoted by X, such that 0 is the unique singularity
of X in B,. After a homothety, if necessary, we can suppose that B, contains the
polydisk P = {(z1,...,2n); |2| < 1,7 =1,..,n}. Let A = Ar, 4 and p = %.
Define ¢;: P\ {0} — R by

_ PR R )P

Yil) = )

It is not difficult to see that 1; is continuous in P\ {0}. Let ¢(z) = maz{¢1(z), ...,

¥n(2)}. Since 0 is the unique singularity of X in B,, it follows that ¢(z) > 0 for

all z € P\ {0}. Moreover v is continuous. Consider the metric g, = %.WP.

if z; #0and ¢;(2) =01if z; =0.

Assertion 1. g is F-ultrahyperbolic with curvature bounded by —1. In particular,
g, < p, forall z € P.

Proof. Fix zo = (#1,...,2n) € P\ {0} and j € {1,...,n} such that ¥(z) = ¢;(2).
Let 2(T) = (z1(T), ..., 2o(T)) be the solution of j—; = X(z) with initial condition
2(0) = 2,, which can be defined in some disk D, C C. Then z*(g) = 1 (2(T))|dT|* >
¥;(2(T))|dT|?. Now, observe that ¢(z(0)) = 1,(2(0)) and

_m@PYIR )R IR DP _ el
[z (P2 (z(T)) ~ [Pz T)) 7wl n2(jw])

W;(2(T)|dT|?

Since % is the Poincaré metric of D* = D\ {0} (cf. [K]), it follows that the

gaussian curvature of ¢;(2(T"))|dT|? is —1. Therefore g is F-ultrahyperbolic with
curvature bounded by —1. Now, p induces the Poincaré metric on the leaves of
F|p. This fact and Ahlfors Lemma imply that for any z € P\ {0} and v € T,(L,),
we have
4|v|? X(2)]?
— VO = am < KU s

p1=(v) AG) = 9:(v) = IX(z)2 T AY(z)

which proves the assertion. (I

Assertion 2. u, > g, > #ﬂ‘;lzl) if |z| < 1/e. In particular p is complete at 0
and F satisfies property P.2.
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Proof. Fix z = (21,...,2,) with |2]? = Y0 | |z]? < 1/e* and j € {1,...,n} such
that ¥(z) = ¥;(2). Since |z;|2.In?(|zi|) < |z|%.In?(|z]) for all i = 1,...,n such that
0 < |z < |z| < 1/e, we have

) _PSIBGPE | AR
e e (C R E T (B

for all : = 1,...,n such that z; # 0. It follows that

1 - - | X (2)?
. >+ 2R P ()2 = 2B
") 2 T & IROF = G
which implies that
¥(z) 2 d=* .
= Jdz|* > flz| <1/e,
= X 1 2 e TS

2 2
so that p, > %, if |z| < 1/e. Since % is complete at 0, this proves
Assertion 2 and the proposition. ([

Proposition 9 proves Theorem 1 in the case where the saddle-node has two local
separatrices through 0 € C2. However, in general, a saddle-node has just one
local separatrix through 0. In this case, in order to construct an F-ultrahyperbolic
metric g as in Proposition 9, we have to use the construction of Martinet-Ramis
(cf. [M-R]), which gives the analytic moduli in terms of the formal normal form.
Next we describe the construction of Martinet-Ramis.

Let us consider a saddle-node given by a vector field

X(z,y) = 2?10 /0x + [y(1 + aa®) + xR(z,y)]0/0y ,

where R has multiplicity at least p 4+ 1 at 0 € C2. The construction of Martinet-
Ramis is based on a Theorem of Hukuara, Kimura and Matuda (cf. [H-K-M]).

Theorem. Let S C C be a sector of the form
S={x=|zle;0<|z|<randb, <0 <0,y U{0},

where r is small and 61 — 0, < 2mw/p. Then there exists an analytic change of
coordinates ¢g: S x D — S x C, where D is a disk with center 0 € C, such that

</5S(96,y) = ($,¢(l‘,y)) and
(65)+(X)(2,y) = u(z,y).[2710/0x + y(1 + az?)d/dy] |

where u(0,0) # 0. Moreover, ¢s is asymptotic at O to the formal transformation
which sends X to its formal normal form.

In other words X is equivalent to its formal normal form in S x D by a trans-
formation of the type ¢g(z,y) = (x,¥(z,y)). We will call a transformation of this
type a fibered transformation. We say that ¢g is a sectorial normalization of X.

Corollary. Let S be as in the Theorem and qﬁ};, Q% be two sectorial normalizations
of X. Then ¢% o (¢5)~! sends the formal normal form to itself in S x D and is
asymptotic to the identity along the azis (x = 0).

Observe that ¢% o (¢5)~! is fibered, that is, ¢% o (¢5) ' (z,y) = (z, gs(z,y)).
We call the transformation gg, as above, a sectorial isotropy of X. We have the
following theorem.
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Theorem ([M-R]). Let S be a sector as above and let gs be a sectorial isotropy.
Let ®(z) = a*.exp(—1/pzP) be a univalent branch of solution of g—z = %
defined in S. We have:

(a) If S C {z € C; Re(aP) > 0}, then gs(x,y) =y + c.®(z), where c € C.

(b) If S C {z € C; Re(z?) < 0}, then there exists a convergent series h(y) =

Y+ oo any™ = yuly) such that gs(z,y) = y.uly/®(z)).

In case (a), that is, S C {z € C; Re(aP) > 0}, we say that S is an attracting
sector, whereas in case (b) we say that S is a saddle sector. Observe that, in any
case, gs sends solutions of the linear equation % = % on S onto solutions
of the same equation. The space of such solutions is C, in the case of an attracting
sector, and a disk D centered at 0 € C in the case of a saddle sector. In the first
case, gs acts as a translation in the space of solutions, whereas gg acts as h(y) in the
second case. We will denote by H the set of convergent series h(y) = y+> ooy any™.

Now consider a covering of D, = {x; |z| < r} by 2p sectors S1, ..., Sop:

Sj = 8j(r) = {z = |zle”; || <rand§; —a <0 < 6; +a},

where 7/2p < a < 7w/p and 0; = 2@—;1#, so that cos(pf;) =0, j =1,...,2p. Set
Aj=Ai(r)={z= |x|ei0; || <rand]—7r —-b<l< ‘Y—W—l-b} ,
p p

where b = a—%, sothat A; = S;NSj41 (Sop1 = S1) ifp > 2, and S1NSy = A1UA,
if p=1. Observe that Re(zP) > 0if z € A; and j is even, and Re(zP) < 0ifz € A;
and j is odd. It follows that A; is a saddle sector if j is even and an attracting
sector if j is odd. Therefore, for j even the isotropy ga; acts in the space of leaves
as an element h; € H, and for j odd ga; acts as a translation h;(y) = y + ¢;.
Therefore we can define a map M from the space of germs of vector fields X as
above into C? x HP by M(X) = (c1, ..., cap—1, h2, ..., hap).
Now we can state the classification Theorem of Martinet-Ramis.

Theorem ([M=R]). The map M is a bijection.

Another way of stating the above result is that any saddle-node X with a fixed
formal normal form, say 2?*19/dz + y(1 + azP)d/dy, can be obtained by glueing
the foliations defined by the normal form in the sectors S; and S;11, in A; by using
the the sectorial isotropy ga,. In particular, we get the following result:

Corollary ([M-R]). X has two local analytic separatrices through 0 if, and only if,
M(X) =(0,...,0, ha, ..., hap), that is, all translations vanish.

2
Let us now prove that the metric i\g(zzl) is complete, in the case that X has

just one local analytic separatrix through 0. Let S;(r) and A,(r), j = 1,...,2p, be
as before. Consider coordinates (z,Y;) in S;(r), and the sectorial normalizations
oi(z,y) = (z,Y;(z,y)) = (z,Y;), j =1,...,2p, which send X to the formal normal
form. Observe that, since we can suppose that X is tangent to the formal normal
form up to any order, we can suppose that ¢; is asymptotic to the identity in order
k > 2 in the sector S;(r), that is,

limxesj(r),xeoT =0.
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Define in S;(r) x D, j =1, ...,2p, r < 1, the following metrics:

il |da]? + |d Y|

5w = M Ty Y o T PP

where ¢(z,Y) = % if ¥ #£ 0 and 9(z,Y) = 0if Y = 0. It is not difficult to
see that h; is continuous for j =1, ..., 2p. Moreover, it follows from Assertion 2 in

the proof of Proposition 9 that

|dz|? + |dY;]®
where Z; = (z,Y;). Since F; is asymptotic to the identity in order 2 when z — 0,
it follows that there are constants C' > 1 and p > 0 such that

S ldz? . |dz|?

s < 95(hy). < Cimsimin )

e = 909 = O
where z = (x,y), |z] < p. To complete the proof, it is enough to prove there exist
a polydisk P = {(z,y); |z| < r,|y| < r} such that if A = Ap, then

4|dz|? .

(%) SYER > ¢j(hj). for z € Py = PN (S;(r) x C).
We will prove this fact in the case p = 1 and leave the proof of the general case for
the reader. In this case, since p = 1 and X has just one local analytic separatrix
through 0, we have M(X) = (¢,, h) € C x H, where ¢, # 0. Therefore, the glueing
maps F;: Aj(r) x D — A;(r) x C can be written as

Fi(2, Y1) = (2,1 + co®(2)) = (2, Yy (2, Y1) if (z,Y1) € A1 (r) x C

h if]Z;] < 1/e,

and
Fy(z, Y1) = (2, Yi.u(Y1/®(2))) = (,Y5 (2, Y1) if (2,Y1) € As(r) x D,
where h(y) = y.u(y) and ®(z) = 2*.exp(—1/z). Observe that

Yy (2,Y1) = V1|

=0
|| ’

limzeA](r),xHO
for j = 1,2 and m > 1, so that F; is asymptotic to the identity on A;(r) x D.
Denote by F the foliation defined by X.

Assertion 3. There exists v > 0 with the following property:

(P) Let P = {(z,y); |z| < n|y| < r} and P; = PN (S;(r) x D). Given
Zo = (%o, Yo) € Pj, qo = ¢5(20), if L1 is the connected component of L., N P;
which contains z,, then the function

Uup) O¢j|L§U: L‘g,o — (C
has an analytic extension to L, where L,  denotes the leaf of F|p through z, and
mo the map mo(x,Y;) =Y.

Let us assume Assertion 3 and prove (k) from it. We have seen in Assertion 1
of the proof of Proposition 9 that the metric h; is F-ultrahyperbolic of curvature
bounded by —1. This implies that qﬁ;‘f(hj) is also F-ultrahyperbolic of curvature
bounded by —1. Lemma 4 implies that, for any z, € P;, the metric ¢} (hj)|LJZU
extends to a metric g,, on L, , the whole leaf of F|p through z,. This metric is
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F-ultrahyperbolic of curvature bounded by —1. It follows from Ahlfors Lemma
that

4|alz|2| <

B\ L., = 9z, 5

which implies

Aldz|? ) Sy dz?

W'LJZO Z¢](hj)|LJZO >C 1W|Lio — /\(Z)§4C|Z|2ln2(|z|), Vz! EPj ,

so that
4]dz|? > o1 |dz|?
Az) — |2[2in?(|2])’
which concludes the proof of Theorem 1.

Vze P,

Proof of Assertion 3. Let us first consider the foliation Fp, obtained by glueing
the formal normal form by using the maps F} and F>. Fix branchs of solutions
®,(z) = 2%.exp(—1/z), j =1,2, of

dY Y1+ ax)
() d = e
in the sectors S;(r). Any other solution of (xx) in S;(r) can be written as c.®;(z),
¢ € C, and this solution gives origin to a leaf of Fy in the set U;(r,s) = s,(r) x
D, which we denote by L;(r,s,c). It is not difficult to see that L;(r,s,c) is the
intersection of the graph of ¢.®;(x) with U;(r,s). Let us denote by D;(r, s, c) the
set m1(L;(r, s, c)), where m; is the first projection. Observe that

Li(r,s,c) ={(z,c.®;(x)); x € Dj(r,s,¢)}
and

Dj(r,s,c) ={z € Sj(r); c.®;(x) € Ds} = {z € S;(r); |P;(z)| < |—Z|}, ifc#£0.

This implies the following facts:

(i) If |e2| > |e1] > 0, then Dj(r,s,c2) C Dj(r, s, c1).

(ii) If so > s1, then D;(r, s1,¢) C D;(r, s2,¢).

(iif) Dj(r,s,0) = S;(r).

(iv) Dj(r, s, c) is never empty. This fact follows from limyea z—0|®;(z)| = 0, if
A is an attracting sector.

(v) There exists M = M(r,s) > 0 such that if |¢| > M, then

Lj(r,s,c) N (Az2(r) x D) = 0.

This follows from the fact that lim,eca,(r),2—0|®;(x)] = +oo (A2(r) is a saddle
sector).

It follows from (v) that if |c| > M (r, s), then the leaf L;(r, s, ¢) “ends” somewhere
between the extreme directions of Sj(r). Observe also that

(vi) limy_oM(r,s) = 0.

Now fix a leaf Ly(r,s,c) in Ui(r,s) and let us see how this leaf continues in
Us(r, s), after the identifications Fy and Fy. Since ®; and @5 are solutions of ()
in the sectors A;(r) and As(r), we have that ®5(z)/P®q1(x) are constants in these
sectors, say ®o(x)/®1(z) =¢; #0in A;(r), j =1,2.

We have
Fil,c1(2)) = (@, (4 )1 (@) = (0,

Dy(2))
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so that Li(r,s,c) continues as La(r, s,Ti(c)), after the identification Fj, where
Ti(c) = % With the same type of argument, it is possible to prove L;(r, s, ¢)
continues as La(r, s, T2(c)), after the identification Fs, where Th(c) = éh(c). There-
fore the leaf L1 (r, s, ¢) continues in the negative diretion of the angle according with

the following scheme:
Ly(r,s,¢) = La(r,s,Ti(c) — La(r,s, Ty " 0 Ti(c))

=) — Ly(r,s,Ty o Ty P o Th(c)) — ...

and in the positive direction of the angle as
Li(r,8,¢) — La(r, s, Ta(c)) — Lyi(r, 8, Ty o Ta(c))

+
) — Ly(r,s, Ty o Tt 0 Tu(c)) — ...

Since Ti(c) = ¢/c1 + k1 and Tl_l(c) = c¢i.c + ko, where k1 = ¢,/c1 # 0 and
ko = —c,, it follows from (vi) that if » and s are small, then

inf{IT (O], [T, (©)]: ¢ € Do} > M(r,s).

In this case, we get from (v) that all leaves L;(r, s, ¢) have at most one continuation
in the negative direction and two continuations in the positive direction. Similarly,
if » and s are small, then any leaf La(r, s, c) has at most one continuation in the
positive direction and two in the negative direction.

Now fix r,, 5o > 0 as above and let r be so small that ¢;(P;) C (S;(ro) x Ds,).
Denote by Fu the foliation obtained by the process of glueing described before and
by F the foliation in P defined by X. Fix z, € P, say z, € P; (for z, € P, the
argument is similar) and let L be the leaf of F through z, and L; be the connected
component of L N P; which contains z,. If Z, = ¢1(2,), then Z, belongs to some
leaf Lq(c) := L1(ro, So,¢) of Fnl|u,. It is clear that ¢1(L1) C Li(c). The leaf Ly(c)
is parametrized by

T e Dl(C) g (x,c.(I)l(x)),

where D1 (c) := D1(r,, So, ¢). This implies that, in this parametrization, we have

72 0 @11, (T) = c.P1(x).

On the other hand, Li(c) continues in the negative direction as Lo(Ti(c)) :=
Lo(ro, 80, T1(c)), and, in this direction, it ends in this step. This implies that,
if L1 continues in the negative direction (in P), then it has at most one continua-
tion in this direction, say Ly C P, where ¢2(Ly ) C Lo(T1(c)). Since Lo(T1(c)) is
parametrized by

T € DQ(Tl(C)) — ($7T1 (C)‘I)Q(l‘)) s

it follows that, in this parametrization, s o ¢1|1,, can be continued analytically as
Ti(c).®2(x). Similarly, in the positive direction, L;(c) and Ly can be continued
at most twice, the first as La(Tz(c)) and Ly (T, ' o Tz(c)), and the second, say as
L and LT, where ¢o(L3) C La(To(c)) and ¢y (L) C Li(T; ' o Tu(c)). Therefore
79 0 ®1]1, can be continued analytically in the positive direction as T»(c).®2(x) in
L3 and as T, ' o Ty(c).®1 () in L. Since (at most) four pieces cover the leaf L,
this proves the assertion.

This finishes the proof of Theorem 1. O
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