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ABSTRACT. We prove that

/1 _1ng($)d$, w2
0

T "~ 3ab’
where f(z) is the decreasing function that satisfies f@ — f* = 2* — z?, for
0 < a < b. When a is an integer and b = a + 1 we deduce several combina-
torial results. These include an asymptotic formula for the number of integer
partitions not having a consecutive parts, and a formula for the metastability
thresholds of a class of threshold growth cellular automaton models related to
bootstrap percolation.

1. INTRODUCTION

Let 0 < a < b and define f = fq5 : [0,1] — [0,1] to be the decreasing function
that satisfies

(1) [f(@)* = [f(@)" =2 —2’ 0<z<l.
Our central result is the following.

Theorem 1. For every 0 < a < b,

1 —1 2
/ —logf(x) , ™
0 x 3ab

Note that 2% — x° is increasing on [0, p] and decreasing on [p, 1], where p = p,;, €
(0,1) is defined by
__logb—loga
 b—a

It follows that f is uniquely determined by the above conditions, and satisfies

fO)=1,  f1)=0,  flp)=np

(2) —logp

and

See Figure [Il
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FIGURE 1. An illustration of the definition of the function f.

When « is a positive integer and b = a + 1, Theorem [1] has the following conse-
quences.

Probabilistic application. Let 0 < s < 1, and let C7,C5,... be independent
events with probabilities

Py(Cp)=1—(1— )"

under a probability measure Py. (We can think of C), as the event that at least one
occurs of a further set of n independent events each of probability s.) Let k be a
positive integer, and let Ag be the event

(o]
A, = ﬂ(ci UCit1U---UCiyr—1)
i=1
that there is no sequence of k consecutive C;’s that do not occur.

Theorem 2. For every positive integer k,

2 1

~logPo(di) ~ 55 S

as s — 0.
The next two applications are consequences of Theorem [2

Number-theoretic application. A partition of a positive integer n is an un-
ordered multiset of positive integers (called parts) whose sum is n. Let pg(n)
be the number of partitions of n that do not include any set of k distinct con-
secutive parts. (So for example pa(4) = 4, since the relevant partitions of 4 are
(4),(3,1),(2,2),(1,1,1,1); the partition (2,1, 1) is not allowed because it has the 2
consecutive parts 1,2.)

Theorem 3. For every integer k > 2,

log pi(n) 2 (4 2
O, n)~m - — | N as n — Q0.
&Pk 3 k(k+1)
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Application to cellular automata. Threshold growth models are a class of sim-
ple cellular automaton models for nucleation and growth; see [2], [8], [9], [12] and
the references therein. Elements of the two-dimensional integer lattice Z? are called
sites. At each time step t = 0,1,2,..., a site is either active or inactive. A site
z has a neighborhood N(z) C Z? defined by

NiEz)={z4+w:we N},

where N (= N(0)) is some fixed finite subset of Z2. We also fix an integer 6 called
the threshold. The system evolves over time according to the following rules:

(i) A site that is active at time ¢ remains active at time ¢ + 1.
(ii) A site z that is inactive at time ¢ becomes active at time ¢ + 1 if and only
if its neighborhood N(z) contains at least 6 active sites at time ¢.

Consider the random initial state in which at time 0, each site in the L by L
square {1,...,L}? is active with probability s, independently for different sites,
while all sites outside the square are inactive. Let I(L,s) be the probability that
every site in the square eventually becomes active. A central question is to deter-
mine for various models the behavior of the function I(L,s) as L — oo and s — 0
simultaneously.

Theorem 4. Let k > 2 be an integer, and consider the threshold growth model with
neighborhoods given by

N =Ny = {(—’U,O),(U,O),(0,—’0),(0,1})ZU: 1a27~'~7k_1}

and threshold = k. For L — oo and s — 0 simultaneously we have
(i) of iminf slog L > X then I(L,s) — 1;
(ii) if limsup slog L < X then I(L,s) — 0,

where

7T2

A TR

Further integrals. We can evaluate several other definite integrals using Theorem
M Recall the definition of p in (B).

Theorem 5. For every 0 < a < b,

/” —logf(w) , _ 7  (logp)”
0

T 6ab 2
and

T 6ab 2

/1 —log f(z) , - 7  (logp)?
P

Define f : [0,1] — [0,1] to be the decreasing function that satisfies
(3) —f(x)log f(z) = —zlogz, 0<az<Ll

Theorem 6.

1 3 2
/ log f(z), _ ™
0 x 3
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Theorem 7.

1
x 2’

e ! _ 3 2
/ log f(a) , _ 7 _
0 6

and

I 6 Ty

1 ; 2
/ log f(z) dr =T 1
e

Remarks. As we shall see in the proof of Theorem[], the result for f,; implies that
for fa~ by for any v > 0 via an easy argument. The case a = 1,b = 2 is easy; in that
case we have f(z) =1 — z, and the integral in Theorem [l is standard (7], number
4.291.2). The case a = 2,b = 3 also has an explicit formula for f, and this was
used to prove Theorem [Il in that case in [I2]. Our proof of the general case uses an
entirely different approach.

The case k = 2 of Theorem [3] can also be deduced from a certain partition
identity (see Section H]). This raises the possibility of a family of partition identities
corresponding to other values of k. If such identities could be found, they might
also lead to alternative (combinatorial) proofs of Theorems [[l and 2 We discuss
these matters in more detail in Section Bl

The case k = 2 of the threshold growth model in Theorem Hlis called bootstrap
percolation. Theorem [ was proved for that case in [12]. The general version is
proved by a modification of the proof in [12], making use of Theorem [2] above to
obtain the numerical value of A. In Section [0 we give an account of the proof,
omitting some of the details.

Prior to the proof in [12], even the existence of the sharp constant A in Theorem
was not known. On the other hand, analogues of Theorem [ with two different
constants A1, A2 in (i), (ii) were known for a wide class of models. In some cases, the
“scaling function” slog L is replaced by a different function of s, L. In particular,
two-dimensional models are studied in detail in [§], [9]. For neighborhoods as in
Theorem Bl and threshold k& < 6 < 2k — 2 for example, the results in those articles
imply that the appropriate scaling function is s ~**!log L. (The cases § < k and
6 > 2k —2 turn out to be less interesting; in the former case, an active square of side
k will grow forever, while in the latter case an inactive square of side k will remain
inactive forever.) The reason for the particular choices of N, in Theorem Hlis that
our methods (combined with those of [12]) yield the sharp constant A relatively
easily in these cases. The extension to other N, 6 remains an open problem.

2. INTEGRALS

In this section we prove Theorems [Tl [, [6, and [T
It suffices to prove Theorem[T] for the case b = a+ 1. To check this, suppose that
it holds for a given choice of a,b. For v > 0, let

9(x) = [fap(2")]V7.

Replacing z with 27 in (), we see that

9 (@) = g"(x) = 27 — 2™,
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and g is decreasing, so g = fa~,5y. Supposing that the theorem is true for f,p, we
will check it for g:

1 _ 1 v
/ logg(z) 1 / og fap(x") .
0 0

x ~ x
_i/l—logfa,b(y)dy_iﬁ_ ™
72 Jo y v23ab  3(av)(by)

In the second step above, we have made the change of variable y = 27. So we may
without loss of generality take

b=a+1.

Note that in this case, p = a/b. We will use I'(-) to denote the usual gamma
function.
The proof of Theorem [[lis based on properties of the function

L T(b0) (2 — zb)t
) Flw) :;r(fw))e!( ] !

By Stirling’s formula,
T(be) W\ [a
O S
T (al)! (aa> \ 2mbe’ froo

Since the maximum value of 2% — z® = 2%(1 — z) on [0, 1] is

a

a
ﬁa
the series in (@) converges uniformly on [0, 1], and hence defines a continuous func-
tion there. Note that the same cannot be said for the series for F’. In fact, F’ is not
continuous at x = p; one can show using the proposition below that F'(p—) = 1/p
and F’'(p+) = —1/p. This singularity will play an important role in the analysis.
The following result contains the main properties of F' that will be needed in the
proof of Theorem [l

Proposition 8. Let b=a+ 1. The function F has the following properties:
(i) F(f(z)) = F(z) on[0,1].

(i) F(z) = —log f(x) on [0,p].
(ili) F(z) = —logx on [p,1].

(iv
1 2
/ F@) gy - 7
0o 6ab

Proof. Part (i) is immediate from () and the fact that the series in (@) depends on
x through the expression 2% — 2%, Part (ii) is a consequence of (i) and (iii). To see
this, take x € [0,p]. Then f(x) € [p,1]. By (iii), F(f(x)) = —log f(x). Now use
(i)-

Turning to the proof of (iii), define

(5) F(z)=), F(b@m otk

) F
) F
)
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for complex z in the connected component ) of the set

{ZG(C |21 — 2| < bb}

that contains the segment (p,1]. Note that @ is contained in the right half-plane
since for Re(z) = p, |2]%|1 — z| > p®(1 — p) = a®/b’. Therefore 2% can be defined
unambiguously on @) as an analytic function that takes the value 1 at z = 1, and
F' is then analytic in Q. The function —logz is also analytic in @, and can be
chosen to take the value 0 at z = 1. So, it suffices to show that F'(z) = —log z in a
complex neighborhood of z = 1. Write w = 1 — z, and consider the neighborhood
of 0

N:{wec:(1+|w|) o] < bb}
In N

—log(l —w i%

Also, in N, the following rearrangement is justified by absolute convergence of the
series involved:

— _,wa,wé
Rl — 30 (- uru)

p T'(al)?! al

_ i T'(bf) ii T(al+1) (C1)Fukt
— T(al)l! at — I(al — k+1)k!

= Z bpw™,
m=1

where

zm: 1)m—€
e'm elrbe m+1)

So, it suffices to prove that bm =1/m for m > 1.
To do so, use the property I'(a 4+ 1) = aI'(«) to rewrite b, as

Wm = E'HM m + i].

The summand above that would correspond to ¢ = 0 is —1/m. Therefore, b,, = 1/m
is equivalent to

(6) Z m WHbZ m +i] = 0.

Now write

m(1m€m1
l=

1

(1—ah)™ —~ (m £, bl—1
= _]_ .
. ; P ICOR
To check (@), it is then enough to show that
dmfl (1 _ xb)m
dxm—1 x
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Let

and h(1) = b™, so that

1— bym
% = h(z)(1 —2)™.
Since h is C* in a neighborhood of z =1,
dm—l
Bl 1 )™ -
T h(z)(1 —x) . 0

as required.
To prove part (iv) of the proposition, we use the standard beta integral

/1 u(yl—l(l _ u)ag—ldu _ F(al)F(O‘Q)
0

I‘(a1 + ag)
(see [11]], p. 148). This gives

/1@@:
0 T

|
(]2
=
o
5
N\/
N
>
Y
R
_
|
&
P’
~
—_
jsW
5

O

Proof of Theorem [11 As remarked at the beginning of the section, we may assume
b= a+ 1. By Proposition [8[iv), it suffices to show that

1 1
(7) / Mdm - 2/ Mdm.
0 z o
To do so, let
p_ 1_
Il = / Mdﬂ?, IQ = / logf(m) dﬂ?,
0 x o x
P 1
Ji :/ @) e :/ F@) e
0 x p x

By Proposition [B[ii),
(8) I = Ji.
Making the substitution y = f(x) and then integrating by parts gives

(9) I = /p logyj;/((g)) dy = —(log p)* + I,

since the boundary term at y = 1 vanishes as a result of

fy)~ @@=y, y1L
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By Proposition [Bf(iii) and another integration by parts,

1 2
-1 1
(10) J2=/ 08 ;. (08P)"
P x 2
Combining (@) and () gives Is — I; = 2Jo, and this, together with (8], gives
I + I = 2J1 + 2J5, which is (@). O

Proof of Theorem [Al This follows immediately from (@) above (which holds for all
0 < a < b) and Theorem . O

Proof of Theorems [@ and [ We will take the limit a/b — 1 in Theorems [l and Bl
Let € € (0,1), and write f(x) = f11+(x) and
xr—xlte

p(r) = e

so that by () we have
(11) o(f(2)) = p(x).
Recall that ¢(x) is increasing on [0, p] and decreasing on [p, 1]. Note that
o(x) — —xlogx ase |0
uniformly in z € [0, 1], and hence
)= f@)  aselo.

Note also (from @) that p | e~ as e | 0.
We will use dominated convergence. First observe (by differentiating) that (z)
is decreasing in € for each x. Hence

x—x2< o(z) < —zloga.

Therefore there exists a fixed constant ¢ satisfying

O<c<el<p<l/2<l-c<1
such that for all € € (0,1) we have

u/2 < p(u) < Vu for u € [0, ],
and

1-w)/2<pu)<l-u foruel—cl.

It follows from (II]) and the definition of f that there exist fixed positive constants
¢, ¢ with ¢ < 1/4 such that for all € € (0,1) we have

1—2y/z, x<d,
flx) > , d<zr<l-¢,
(52)?, a>1-d.

Here, the bounds in the first and third cases are obtained by using the bounds for

¢ above, and solving (1 — f(z))/2 < /x and (1 — x)/2 < +/f(z), respectively.
Therefore for all € € (0,1) we have

—log(1—2+/x) ’
— v r<d,
_Ing(x)< mo d<r<1-=¢
z | z2les-n)/2) o1 _

x>1-—¢,

x
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where ¢’ > 0. The function on the right is integrable on [0, 1] (see [7] for example).

Hence taking € | 0 and using the dominated convergence theorem, Theorem [0l
follows from Theorem [I, and Theorem [ follows from Theorem [G. O

One may ask what Theorem [ yields in the limit when a/b — 0 (or co). In
fact, it yields nothing new. Taking a — 0 with ab = 1 say, an argument similar to
the above shows that the limit of the integral is 72/3, using only the (easy) case
a=1,b=2 of Theorem Il

3. PROBABILITY

In this section we prove Theorem [2.

We say that a (finite or infinite) sequence of events has a k-gap if there are k
consecutive events none of which occur. Thus Ay is the event that the sequence
C1,C5, ... has no k-gaps.

Lemma 9. Let Wy,..., W, be independent events each of probability u € (0,1).
Then the probability gn(u) that the sequence Wi, ..., Wy, has no k-gaps satisfies

[ferer(1—w)]" < gn(u) < [forsr (1 —u)]" L
Proof. Writing f = fr x+1(x), we have from (I that

k k+1 k k+1
f_f+:x_x+a

and rearranging gives
(f —2)f" = A —2)(f* - 2").
Provided = # p we have f # x, so we may divide through by f — = to obtain

(12) fFr=Q-a)(f +aff2 4?0 e,
and (I2) holds when = = p also by continuity (or ()).
We now prove the statement of the lemma by induction on n. Forn =0,...,k—1

we have g, (u) = 1, so the statement holds because fi r+1(1—u) € (0,1). Forn > 0,
we may compute g, 4 by conditioning on the first W; to occur:

Gntk = Ugnsk—1+ (1= wugnir—2 + (1= uw)*ugnir—s + -+ (1 - u)*

= (1—2)(gnth-1+ TGntk—2 + P2 gnir_z + - + 2" 1g,),

UGn

where we have written = 1 — u. Comparing this with (IZ) we deduce that if the
lemma holds for gy, ..., gn+k—1, then it holds for g, 4. O

Proof of Theorem [2 The idea of the proof is that when s is small, Ps(C),) varies
only slowly with n, so we may use Lemma [ to deduce that Ps(Ax) behaves ap-
proximately like [T 7 | fre41(1 — Ps(Cy)), and this in turn may be approximated
using the integral in Theorem [II (after a change of variable).

It is convenient to write

q=—log(l—s)
so that P;(C,,) =1 —¢e " and ¢ ~ s as s — 0. Note that the indicator of Ay is

an increasing function of the indicators of C, Cs, . . ., so if we increase (respectively
decrease) the probabilities of the C; while retaining independence, then we increase
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(respectively decrease) the probability of Ai. We write
r= Lsil/ 2]

and let C;¥, C be independent events with probabilities

P(CH) = 1—e ™  (i—1)r<n<in
_ s, O0<n<r,
P,(C,) = { 1 —e7ira, ir<n<(i+1r,

for i = 1,2,.... Then we have Py(C,;) < Py(C,) < Py(C)1), and so Py(A;) <
Pi(Ar) < Py(A{), where A (respectively A; ) is the event that the sequence
C,CF ... (respectively C;,C5 ,...) has no k-gaps.

Now we may bound PS(AZ') above by the probability that

-+

Gi—1)rt1 ,C;' has no k-gaps.

for every i > 1, C
And we may bound P,(A, ) below by the probability that

Cy,...,C. all occur, and

for every i > 1, Cy 4, ..., Cy .y has no k-gaps, and C;, . occurs.

ir+r

Hence, applying Lemma [9 and writing f = f x+1 we have

s TI0 = e e < PuAg) < [[1F(e )=+,
i=1 i=1

hence
(r—k+1)) —log f(e™"") < —log Py(Ay)
i=1
(13) < —rlogs+ ) —log(l—e ")+ (r—1)) —log f(e”").
=1 i=1

Applying the change of variable x = e™% to the integral in Theorem [ (with
a=k, b="k+1) gives

2

—lo e ?)dz = =
and in the special case k = 1,

2

/ —log(l —e ®)dz = —.
0 6

Using the fact that —log f(e™#) and —log(1 — e™#) are decreasing functions of z,

(I3) implies

(14) m/ —log f(e™*)dz < —log Ps(Ay)
rq rq

r—1

T[> >
< —rlogs + — / —log(1 — e *)dz + / —log f(e™*)dz.
rq Jo 0
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Now we let s — 0. Using the facts that ¢ ~ s, 7 ~ s~/2, and both integrals are
convergent, we obtain that the upper and lower bounds in (4] are both asymptotic
to

1 [ 2 1
Z 1 Ny = — =
s /0 og f(e%)dz 3k(k+1)s’
and hence the same holds for —log P(Ay). O

4. PARTITIONS
In this section we prove Theorem 3.
Lemma 10. For any k > 2, pr(n) is a non-decreasing function of n.

Proof. For k > 3, the following transformation defines an injection of the set of
partitions of n not containing & consecutive parts into the set of partitions of n + 1
not containing k consecutive parts, thus establishing the claim. If the partition
does not contain all of the numbers 2,3,..., k as parts, then we may add another
part equal to 1, transforming the partition of n into a partition of n + 1. If the
partition does contain 2,3, ..., k as parts, then we may transform it into a partition
of n + 1 by taking one of the parts equal to 2 and changing it into a 3. It is easy
to verify that this is an injection.

It remains to prove the claim when k& = 2. For that case, we define the following
transformation, taking partitions of n without two consecutive parts injectively into
partitions of n + 1 without two consecutive parts. If the partition does not contain
any 2’s, then we may add a 1. If the partition does contain 2’s, we add 3 to the
largest part in the partition and remove one 2. (This fails for the special partition
2 =2 of n = 2; for that case verify the claim directly.) O

Proof of Theorem [3l Denote by
Gi(z) = Zpk(n)x”
n=0

the generating function of pi(n) (k fixed). Let p(n) be the total number of (unre-
stricted) partitions of n, and denote its generating function

G(z) = Zp(n):c”
n=0

By [14], p. 18, we have

71
(15) G(x):[[ll_—xi, 0<z<l.
We now observe that G () is closely related to the probability Ps(Ax) in Theorem
Bl Let s =1 —x. We may write the event Ay as a disjoint union over the countable
set S of all binary strings ajasazas--- € {0,1}" that contain only finitely many

0’s, and in which there are never k consecutive 0’s, of the event

N ¢n () ¢
i a;=0

1 a;=1



3360 ALEXANDER E. HOLROYD, THOMAS M. LIGGETT, AND DAN ROMIK

(By the Borel-Cantelli lemma, with probability one only finitely many of the C;’s
will fail to occur.) Therefore

P,(Ax) = Z < ﬂ Cin ﬂ C’C>
aiasaz---€S i a;=1 i
= Z H (1—2a%) H z’
ajasas---€S Li: a;=1 i a;=0

ﬁa—w] > I

i=1 aiasas-: i:a;=0
1 . .
= Z H (' +a* 2% 4 ) (by ()
G(J?) aiazas- i a;=0
Gl
G(z)’

since on expanding out the sum of the products, the different ways to get x™
correspond exactly to partitions of n without k consecutive parts (choosing the
power of z' corresponds to choosing the number of times the part i appears in the
partition). Now using Theorem Pland the standard fact ([14], p. 19)

7T2

IOg G(l‘) ~ m,

asx T1,

we obtain ) ) .

i
We now use (a special case of) the Hardy-Ramanujan Tauberian Theorem [10],
which says that if H(z) = .-, b,2", where b, a positive non-decreasing sequence,
and log H(z) ~ ¢/(1 — z) as « T 1, then logb, ~ 2y/cn as n — oo. Theorem 3
follows (using Lemma [I0). O

The case k& = 2 and partition identities. The special case k = 2 of Theorem [3|
can be deduced (and from it the corresponding cases of TheoremsRland [I)) using the
following elementary partition identity due to P. A. MacMahon ([3], p. 14, examples
9, 10).

The number of partitions of n not containing 1’s and not contain-

ing two consecutive parts is equal to the number of partitions of

n into parts all of which are divisible by 2 or 3.

Denote by r(n) the number of such partitions of n. It is straightforward to check
that r(n) < r(n+ 2) for all n, since given a no-ones, no-consecutive-parts partition
of n one may add 2 to its largest part to turn it (injectively) into such a partition of
n+ 2. Furthermore, we will argue that the restriction of containing no 1’s does not
influence the exponential rate of growth of the partition counting function, since
we have the inequalities

(16) max {r(n —1),7(n)} < pa(n) Zr
=0

For the non-obvious part 7(n — 1) < pa(n) of the lower bound, use the (injective)
transformation that adds 1 to the partition if there are no 2’s, and otherwise takes
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a 2 and adds it, together with an additional 1, to the largest part. For the upper
bound, use the transformation that takes a partition and deletes all the 1’s.

Let R(z) = Y..° ,7(n)z™ be the generating function of r(n). By the above
partition identity we have for 0 < x < 1

> 1
R(z) = 11) (1 — 207F2)(1 — 26143 (1 — g6i+4)(1 — 61+6)

or
oo
log R(z) = Z Z —log(1 — 2517).
§=2,3,4,6 i=0
It can be shown in a manner analogous to the asymptotic behavior of G(x) cited
above that for any j > 1,

i—log(l—x6i+j)~1~7r72 asz 11
£ 6 6(1—2) '

Therefore, summing over j = 2,3,4,6 gives

4 72
76 6(1-a)
By the Hardy-Ramanujan Tauberian Theorem applied to the function R(z)+zR(x)
(the generating function of the non-decreasing sequence r(n — 1) 4+ r(n)), we get

log R(x) asz T L

log (r(n — 1) + r(n)) Nﬂg\/ﬁ as n — 0o

which by (I6) gives Theorem B for k = 2.

Now Theorem[2]may be deduced by following the arguments of the proof of Theo-
rem [B]in the opposite direction (with the slight adjustment of replacing Py(A3) with
P,(C1 N Az) to account for the modified definition of the partitions), and Theorem
[Mmay be deduced by following the steps of the proof of Theorem 2 (adapted to fit
the modified statement) in the opposite direction. Note also that, as a consequence
of MacMahon’s identity, Ps(Cy N Ag) has the intriguing factorization

(oo}
P,(CiNAy) = H(l — 2R (1 — 2% ) = (1 —2)(1 — 25)(1 —27)(1 — ) - -
k=0
(where again z = 1 — s). Can this fact be given a direct probabilistic proof?

We remark finally that, in light of the above argument and the neat form of the
exponential growth constant for pi(n) in Theorem B it is tempting to conjecture
the existence of partition identities for other integer values of k that would give
an alternative proof of Theorem B (and therefore of Theorems 2land [I) for integer
a =k and b = a + 1. This would imply, by analytic continuation, the general
case of Theorem [l thus giving an independent proof of Theorem[. Presumably,
such partition identities would equate the number of partitions of n not containing
k consecutive parts and possibly satisfying some other “mild” conditions, with
the number of partitions of n whose parts satisfy some congruence restrictions
modulo k(k+1) (there should be two forbidden congruence classes) and other mild
restrictions. The discovery of such identities would be an interesting positive use
of partition asymptotics in the study of partition identities. See [6] for an example
of a negative use of partition asymptotics, where they were used to prove the non-
existence of certain partition identities. Also, see [4], [5], [I3] for discussions of
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connections between partition theory and various models in geometric probability,
random matrix theory and statistical mechanics.

5. CELLULAR AUTOMATA

In this section we describe the proof of Theorem ll The argument is a modifica-
tion of that in [I2]. We therefore omit many of the details, concentrating instead
on the differences compared with [I2]. The basic strategy is as follows. Roughly,
an L-by-L square will become fully active if and only if it contains at least one “nu-
cleation center”. A nucleation center should be thought of as a local configuration
of active sites that will grow to occupy the entire square. One way for a nucleation
center to occur involves the occurrence of (two independent copies of) the event Ay
in Theorem [2 Hence the estimate of Ps(Ag) in Theorem B leads to the value of .
The above ideas lead to the bound Theorem [4(i). Most of the work in [12] is in the
proof of the bound (ii), which involves ruling out the possibility of other types of
nucleation centers with substantially higher probabilities than the event described
above.

The following set-up will be convenient. Let X be a random subset of Z? in which
each site is independently included with probability s. More formally, denote by
P, the product probability measure with parameter s on the product o-algebra of
{0,1}%°, and define the random variable X by X (w) = {z € Z2 : w(z) = 1} for
w € {0, 1}22. A site x € Z? is said to be occupied if r € X.

Consider the threshold growth model as in Theorem [dl For a set of sites K, let
(K) denote the set of eventually active sites if we start with K as the set of initially
active sites. We say that a set K C Z? is internally spanned if (X N K) = K.
A rectangle is a set of sites of the form R(a,b;c,d) := {a,...,c} x{b,...,d}; in
particular we write R(c,d) = R(1,1;¢,d). Thus

I(L,s) = Py(R(L, L) is internally spanned).

Lower bound. Theorem [4(i) is a consequence of the following lemma, which is
the analogue of Theorem 2(i) in [12].

Lemma 11.

lim sup sup —slogI(m,s) < 2.
s—0 m>1

(Here A is as in Theorem Hl) Theorem [(i) is deduced from Lemma [Tl exactly
as in the proof of Theorem 1(i) in [I2], which in turn is based on an argument in
[2]. The ideas are as follows; see [12] or [2] for more details. Let S = S(L,s) be
the event that R(L,L) contains an internally spanned square of side [s]. The
lemma implies easily that for L, s as in Theorem H{i) we have P;(S) — 1. On the
other hand it may be shown that

P, (R(L, L) is internally spanned | S) — 1,
proving the required result. Next we turn to the proof of the lemma.
Proof of LemmalIll Let H = H(m) be the event that all the following occur:
all sites in R(k, k) are occupied,
the sites (m, 1), (1, m) are occupied,

Ci,...,Cp_g—1 has no k-gaps,
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1 k m

FIGURE 2. An illustration of the event H with k =3, m = 12.

Ci,...,C! _._; has no k-gaps,
where C; is the event that (k + i,7) is occupied for some 1 < j < i, and CJ is the
event that (j, k4 14) is occupied for some 1 < j <i. See Figure[2l If H occurs, then
R(m,m) is internally spanned; to check this note that we may find an increasing
sequence of internally spanned rectangles R(7,j) with ¢,5 € [k,m] and |i — j| < k,
starting with R(k, k) and ending with R(m,m). On the other hand, we have

P,(H) > s* 12P,(A;)2,

where P, (Ay) is as in Theorem 2l Therefore applying Theorem B yields the result.
U

Upper bound. We now turn to the proof of Theorem Hii). We start by defining
a new cellular automaton model called the enhanced model. We will explain how to
prove the statement in Theorem H(ii) for the enhanced model, and this will imply
the statement for the original model.

For a finite set of sites F, let R(F') be the smallest rectangle containing F'.
Recall the definition of Nj in Theorem dl The enhanced model is defined by the
following rules:

(i) A site that is active at time ¢ remains active at time ¢ + 1.
(ii) For any site z, if F' is any set of k sites in Ny(z) that are active at time ¢,
then all sites in R(F') are active at time ¢ + 1.
(iii) For any site 2/, if F’ is any set of two sites in Na(z’) that are active at
time ¢, then 2’ is active at time ¢ + 1.
(iv) Otherwise, inactive sites remain inactive.

We define (-) and internally spanned for the enhanced model in the same way
as for the original model. It is clear that any set that is internally spanned for the
original model is internally spanned for the enhanced model. Hence it is sufficient
to prove that the statement in Theorem HYii) holds for the enhanced model. On the
other hand, the enhanced model has the following useful property not shared by
the original model: if K is a connected set of sites (in the sense of nearest neighbor
connectivity on Z?), then (K) = R(K). Furthermore, the rectangle R(F) in (ii) is
of course connected.

We work with the enhanced model from now on, and our goal is to prove the
statement in Theorem Hl(ii). (As a consequence, both parts of Theorem H hold
for both the enhanced model and the original model, with the same A. This is in
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contrast with the situation for critical probabilities of percolation models, where
any “essential enhancement” of a model strictly lowers the critical probability; see
[1].) The proof follows the lines of [I2], and uses the following four lemmas, which
we prove below. The first three are deterministic properties of the enhanced model,
and are analogues of Lemmas 9,10 and Proposition 30 in [12], respectively.

Lemma 12. For the enhanced model, if a rectangle is internally spanned, then it
has no k consecutive unoccupied columns and no k consecutive unoccupied rows.

The long side of a rectangle R = R(a, b; ¢, d) is defined as
long(R) = max{c—a+1,d—b+1}.

Lemma 13. Let ¢ be a positive integer and let R be a rectangle satisfying long(R) >
L. For the enhanced model, if R is internally spanned, then there exists an internally
spanned rectangle R' C R with long(R’) € [¢,2¢ + 2k].

For rectangles R, R’ we write dist(R, R') = min{||z — 2'||oc : ® € R, 2’ € R'}.

Lemma 14. Let R be a rectangle with |R| > 2. For the enhanced model, if R is
internally spanned, then there exist distinct non-empty rectangles Ry, ..., R,, such
that

)

) the strict inclusions R; C R hold for each 1,
i) (Ri1U---UR,) =R(R1U---UR,) =R,
)

)

Ry,..., R, are disjointly internally spanned; that is, there exist disjoint
sets of occupied sites K1, ..., K, with (K;) = R; for each i.

Lemma 15. For k > 1, the function fi 41 s continuously differentiable and
concave.

Once Lemmas[I2HIH are established, the proof of Theorem HYii) for the enhanced
model requires only minor modifications to the proof in [I2], so we omit the de-
tails. The main modifications are as follows, referring to the terminology in that
article. The definition of a rectangle being “horizontally (respectively vertically)
traversable” should be replaced with statement that no k consecutive columns (re-
spectively rows) are unoccupied. The function “g(z)” in [12] should be replaced
with —log fi k+1(e~*) in our notation (as in the proof of Theorem [2)). The varia-
tional principles in Section 6 of [12] require that this function be convex; this follows
from Lemma [T8l Finally, in the definition of a “hierarchy”, a vertex may have up
to k children (corresponding to having up to k rectangles in Lemma [[4] above), and
a vertex is declared a “splitter” if it has two or more children.

Finally we give proofs of Lemmas[T2HI5.

Proof of Lemmal[I2l Suppose that a rectangle R has k consecutive unoccupied
columns, say. Then it is easy to see that even if all other sites in R are occu-
pied, then no site in these columns lies in (R). O

Proof of LemmalI3 This is a straightforward corollary of Lemma [4. Apply
Lemma [T4 to R, choose the resulting rectangle R; with the longest long side, then
apply the lemma again to R;, and so on, until the required R’ is obtained. (]
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Proof of Lemma[I4} The proof is adapted from [12]. Let K = RN X. By assump-
tion we have (K) = R. We will construct (K) via the following algorithm. We
introduce a new time parameter T" not directly related to ¢ in the definition of the

model. For each time step T' = 0,1,...,7, we shall construct a collection of mp
rectangles RY .. RZIT, and corresponding sets of sites K{,.. KZLT, with the

following propertles
(i) K{,...,K]  are pairwise disjoint;
(ii) KT C K
(iii) R (KT)
(iv) fz # j, then RI' ¢ R
(v) K CU” C (K), where

mr

_ T

U
i=1

Initially, the rectangles and sets of sites are just the individual sites of K. That is,
let K be enumerated as K = {z1,...,2,}, and set mg =n and R} = K? = {z,},
so that in particular

U =K.
The final set of rectangles will have the property that
(17) U™ =(K)=R.

We call a set of distinct rectangles {R;,..., R, } a clique if they satisfy conditions
(i) and (iv) in Lemma [[4 and in addition (R; U---UR,) = R(R1 U---U R,.).
The algorithm proceeds as follows. Suppose RY, .. R%T and KT,..., KYET have
already been constructed.

Step (I). If there does not exist a clique among RT, .. RﬁT, then stop, and set
T="T.
Step (IT). Suppose there does exist a clique; after reordering indices if necessary,
denote it R,...RT. Write R = (RT U---URI) =R(R 1 U---UR,),
1 T 1 T
and K'=KIu---UKT.
Step (IIT). Construct the state (RI ™1, KT 1), .. (Rﬁi}rl,K%}ril) at time T + 1

as follows. From the list (R{,K{),...,(RL, , KL ) at time T, delete
every pair (R}, K]) for which R} Q R’. This 1ncludes (R, KT for
i=1,...,r, and may include others. Then add (R’, K') to the list.

Step (IV). Increase T by 1 and return to Step (I).

It is straightforward to see that properties (i)—(v) are preserved by this procedure.
Also mp is strictly decreasing with T, so the algorithm must stop eventually. We
must check that ([I7) is satisfied. Suppose not; then there exists a site in R\ U”
which would become active in one step of the enhanced model if we start with U™
active. Hence there exist z, F or 2/, F’ as in rule (ii) or (iii) of the enhanced model.
But the sites of F or F’ must lie in at most k different rectangles R7,..., R say;
then it is easy to see that these rectangles form a clique, so the algorithm should
not have stopped. We claim that furthermore we must have m, = 1 and R] = R.
If not, since U™ = R, there must exist two distinct rectangles R], RT whose union
is connected, but these two form a clique, so again the algorithm should not have
stopped.
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Finally, considering the last time step of the algorithm (from time 7 — 1 to time
T), we obtain a set of rectangles with all the required properties. O

Proof of LemmalIA Tt is sufficient to check the following:
() F'(x) <0 for z# p.
(ii) f’ is continuous at p.

Let ¢(x) = 2¥(1 — z), so that ¢(z) = ¢[f(x)], and recall that ¢'(x) = 0 only at
x = p=k/(k+1). Differentiating ¢(x) = ¢[f(x)] twice gives for x # p:

L P
%) T = Str@r
po (@) — @@ ()]
[l = S @)
_ @R
= STy Y@ @,
where

_ @) k(-1 —-(k+1e
T R R
We have ¢'(f(x)) < 0 for x < p and ¢'(f(z)) > 0 for = > p, therefore to prove (i)
we need to show that

(19) $a) > O[f(@)] for 0<a<p

and

P(x) <P[f()] for p<a <l

Since f[f(x)] = z, these two statements are equivalent, so we will prove the first.
The first observation is that v is decreasing on [0, p) and increasing on (p, 1]. To
see this, compute

() = E k—1+((k+D[(k+ 1Dz —(k—1)]?
o ghtl [w(k+1) — k3 ’
and note that the numerator is non-negative for all  and the denominator is

negative for ¢ < p and positive for z > p. This immediately gives (I9) for
0<z<(k—-1)/(k+1) <p:

0@ 2 v (357 ) = 0> ~2k =00 = vl )

To prove [[) for (k—1)/(k+1) < x < p, we need the following two facts:

(20) p(p—0)>d(p+o) and Y(p—0)>Y(p+o0)

for 0 < 0 < 1/(k + 1). Before checking this, we will show that they imply (19)
for (k—1)/(k+1) <z <p. Let x = p—o0,sothat 0 < o <1/(k+1). Then
f(z) < p+ 0 =2p— x by the first statement in (20). Using the second statement
and the fact that 1 is increasing on (p, 1] then gives

V(@) =v(p—0)>v(p+0)>P[f(x).
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It remains to check (20). A little algebra shows that

o) — o= L p—0)—d(p+0)
Ylp—0) =vlp+o)=— (2 = o2y :

so the two statements in (20) are equivalent. To check the first, compute

a4

do

so that ¢(p — o) — ¢(p + o) is increasing in o. Since this quantity is zero when
o =0, it follows that it is non-negative for 0 < o < 1/(k + 1).

We have established (i). This implies that the limits f’(p+), f'(p—) exist (but

are possibly infinite); to check (ii) it remains to show that they are equal. Since ¢”
is continuous and non-zero at p, applying I'Hépital’s rule to (I8) gives

e

¢"(p+)f(p=)  f(p=)
and similarly for f'(p+). But f is decreasing, so we must have f'(p—) = f'(p+)
—1.

[b(p—0) = dlp+0)] =k +D[(p+0) " = (p—a)*],

(21) f'(p=)

Ol
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