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ABSTRACT. This paper investigates varieties of tori and Cartan subalgebras of
a finite-dimensional restricted Lie algebra (g, [p]), defined over an algebraically
closed field k of positive characteristic p. We begin by showing that schemes
of tori may be used as a tool to retrieve results by A. Premet on regular
Cartan subalgebras. Moreover, they give rise to principal fibre bundles, whose
structure groups coincide with the Weyl groups in case g = Lie(G) is the Lie
algebra of a smooth group G. For solvable Lie algebras, varieties of tori are
full affine spaces, while simple Lie algebras of classical or Cartan type cannot
have varieties of this type. In the final sections the quasi-projective variety of
Cartan subalgebras of minimal dimension rk(g) is shown to be irreducible of
dimension dimg g —rk(g), with Premet’s regular Cartan subalgebras belonging
to the regular locus.

0. INTRODUCTION

In the structure theory of finite-dimensional complex Lie algebras the analysis of
root systems associated to Cartan subalgebras plays a fundamental role. The utility
of this approach partly rests on a conjugacy theorem, which renders root systems
independent of the choice of a Cartan subalgebra. By contrast, the information
obtained from the root system of a modular Lie algebra is well known to be highly
sensitive to the choice of the defining Cartan subalgebra. The schemes of tori
introduced in an earlier work [11] obviate this difficulty to some extent by affording
the systematic investigation of algebraic families of Cartan subalgebras and root
spaces. It is the main objective of this article to establish further properties of
these smooth schemes, and to relate them to structural features of the underlying
restricted Lie algebras.

Cartan subalgebras of modular Lie algebras have been studied extensively in
the course of the last four decades. The main technique employed so far has been
that of toral switching, which rests on generalizations of truncated exponentials
that were first considered by Winter in [30] (see for instance [2] and [22] 23]). One
aspect of our approach via schemes of tori is that it sheds new light on several
results involving switching methods (see (BA), (B7) and (E3)).

Much of our work employs standard facts from classical algebraic geometry,
which we have collected in Section 1. However, the complexity of the defining
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equations for the varieties of interest often necessitates the adoption of the functorial
point of view, even though all schemes considered are reduced. For that reason
schemes occasionally make an appearance at places where we could have equally
well confined our attention to varieties.

Our paper is organized as follows. Having collected basic geometric results in
a preliminary section, we turn in Section 2 to embeddings of tori and algebraic
families of vector spaces. By way of illustration, we identify the scheme 7y of
embeddings of a torus t of a restricted Lie algebra (g, [p]) in the “classical case”,
i.e., when g = Lie(G) is the Lie algebra of a smooth affine algebraic group G.

Section 3 is mainly concerned with the generic containment of arbitrary tori
of a restricted Lie algebra g in tori of maximal dimension u(g). We re-establish
those results from [22] that figure prominently in §4, where we study the geometric
quotient 7; of 74 consisting of the d-dimensional tori of g. If d = u(g) is maximal,
then j’g is an integral scheme, which is also the geometric quotient of a component
Xi C T4 by a finite group S(g,t). The structure group S(g,t) of the principal fibre
bundle X, (k) — 7T4(k) coincides with the Weyl group in case g is of classical type
or the Lie algebra of a smooth group. Its isomorphism type turns out to be an
interesting invariant of a restricted Lie algebra (g, [p]).

The relationship between schemes of tori of an algebra and its factor algebras is
investigated in Section 5. In general, the canonical projection g — g/n induces a
smooth morphism from certain components of the scheme 7, to the scheme 7/,
of the factor algebra g/n. This morphism is étale and an iterated vector bundle
for toral and p-nilpotent ideals, respectively. An analogous result holds for the
morphism ’fg — ’]A'g /n- With this information in hand, we show in Section 6
that the scheme of maximal tori of a solvable Lie algebra of characteristic > 3 is
a full affine space. By contrast, Weyl groups cannot occur as structure groups of
principal fibre bundles X (k) — A™, so that the schemes of tori of simple restricted
Lie algebras of classical or Cartan type are not full affine spaces.

The second part of the paper is concerned with projective varieties. We employ
algebraic families of tori and Cartan subalgebras to study the subvarieties of the
Grassmannian of g that are given by subalgebras of these types. By the classical
conjugacy theorem these varieties are irreducible and smooth whenever g = Lie(G)
is the Lie algebra of a smooth, connected algebraic k-group G. In the general setting,
the quasi-projective variety Car(g) of Cartan subalgebras of minimal dimension
rk(g) is shown to be irreducible and of dimension dim €at(g) = dimy g —rk(g). The
elements of Car(g) have generically isomorphic ascending central series, and their
nilpotency class is generically constant. Moreover, the Cartan subalgebras of €at(g)
admitting a torus of maximal dimension belong to the regular locus of €ar(g). For
solvable Lie algebras and simple restricted Lie algebras of classical or Cartan type
the general structure theory then entails that the variety Car(g) is smooth.

1. PRELIMINARIES

In this section we collect a few basic results on morphisms of varieties that will
be required throughout the paper. We will be working over a fixed algebraically
closed field k. For general background we refer to [2I]. Contrary to [21], however,
a variety is not assumed to be irreducible.

Recall that a map f : X — Ny originating in a topological space X is called
upper semicontinuous if f~1({n € Ng ; n > d}) is closed for every d € Ng. Given
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a morphism ¢ : X — Y of varieties, we denote by e, (x) := dim, ¢! (¢(z)) the
local dimension of ¢~ !(¢(x)) at the point x € X, i.e., the maximum dimension of
those irreducible components of ¢~ !(¢(z)) containing . The following result is
proved in [21], (I, §8, Cor.3)] for irreducible varieties.

1.1. Let ¢ : X — Y be a morphism of varieties. Then the map
X — Ny ; z—e,(2)
is upper semicontinuous.
This readily yields:

Corollary 1.2. Let o : X — Y be a morphism of irreducible varieties such that
dim X = dimY. If there exists a point xo € X such that o= (¢(z0)) is finite, then
© is dominant.

Proof. Let Z :=imy. As X is irreducible, our assumption in conjunction with (1))
shows that U := {z € X ; e,(x) = 0} is a dense, open subset of X. By [21], (I,
§8, Cor.1)] there also exists a dense open subset O C Z such that for every y € O,
every irreducible component of ¢~!(y) has dimension dim X — dim Z. As X is
irreducible, the open sets U and ¢~ !(O) meet. Picking an element = € U Ny ~1(0)
we obtain
dimX —dimZ = e, (x) =0.

Since Y is irreducible of dimension dim X, it follows that Y = Z, as desired. O

Let M and Ens be the categories of commutative k-algebras and sets, respec-
tively. A local k-functor X : My — Ens that admits an open covering by affine
algebraic schemes is called an algebraic scheme (cf. [16, (I, §1)]). For an arbitrary
k-functor X : My, — Ens, z € X(R), and a homomorphism A : R — S of
commutative k-algebras, we will occasionally suppress A and write zg = X (A)(x).

Recall that a morphism ¢ : X — ) between two algebraic schemes is smooth if
the following lifting property holds: For every commutative k-algebra C, and every
ideal I < C with I? = (0), and every pair (v,w) € X(C/I) x Y(C) with {c/;(v) =
wey g there exists an element v € X'(C) such that v = uc/r and (¢ (u) = w. If there
exists at most one such element u € X(C), then ( is unramified. A morphism that
is unramified and smooth is called étale. In view of [6l (I, §4, 4.5, 5.11)]) it suffices
to test the lifting property for finite-dimensional k-algebras C.

The interested reader may consult [21], (III, §5, and III, §10)] for more intuitive
definitions of these notions. Due to the complexity of the defining equations the
functorial definition for schemes is more useful in our context (see for instance [L1}
(L1)).

The coordinate ring of an affine variety X will be denoted k[X]. Similarly, we
will write k[X] for the coordinate ring of an affine scheme X'. If the schemes X
and ) are affine, then the above notions correspond to those of the comorphism
C* : k[Y] — k[X] (cf. [20) p. 193]).

Given an affine variety X and a finite group G acting freely on X via morphisms,
we denote by X/G the geometric quotient of X by G (cf. [16, (I.5.5(6))]). In view
of [16, (I.5.5(6)] the affine scheme X/G is reduced and thus again a variety. For
future reference we record the following result on affine varieties with group action.

Lemma 1.3. Suppose that a finite group G acts freely on the affine variety X.
Then the canonical morphism p: X — X /G is étale and faithfully flat.
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Proof. We put Y := X/G. According to [6, (III, §2, 6.1)] the morphism p is
faithfully flat, and

GxX —Xxy X ; (g9,2) — (gz,2)

is an isomorphism. Since the projection G x X —— X is obviously étale, the
projection pry : X Xy X — X inherits this property. The assertion now follows
by applying [18 (3.6.3.1)] to the universal diagram

X xy X 22, X

| |7

X P vy
O

Lemma 1.4. Let X 15V % 7 be morphisms of varieties. If g o f is étale, and
f is faithfully flat and étale, then g is étale.

Proof. Without loss of generality, the varieties X, Y, and Z may be assumed to
be affine. Owing to [6l (I, §4, 4.7)] it suffices to show that g is flat and unramified.
The étale morphism go f is flat. In view of f being faithfully flat, the flatness of g
follows.

Since f is étale, the algebra k[X] is smooth over k[Y], and [20 (25.1)] yields a
split exact sequence

(0) — Qupyy/kiz) @rpy) KIXT — Qupx)/niz) — Qpxy/wry) — (0)

of Kéahler differentials. As gof is unramified, the middle term vanishes. Accordingly,
we have Qv /k[2] @ry] k[ X] = (0), which, in view of f being faithfully flat, implies
Qi) kz) = (0). Hence the morphism g is unramified. O

The following result is adapted from [26, Chapter I, §6, Thm.7].

Proposition 1.5. Let ¢ : X — Y be a surjective morphism of varieties such that
(a) Y is irreducible, and
(b) the image p(Z) of each irreducible component Z of X is closed in'Y, and
(c) there exists v € Ny such that ¢~ *(y) is irreducible of dimension r for every

yey.

Then X 1is irreducible.

Proof. We decompose X into its irreducible components, X = (J;_, X;, and first
verify

(%) o Hp(X;)) = X; for every i € {1,...,n}.

Consider the nonempty, open subset O; := X; \ U#i X; of X;. Let x € O;. By
property (c) there is £ € {1,...,n} such that o~ 1(¢(z)) C Xp. Asz € o~ p(x))N
O;, we conclude that £ = i.

General theory, applied to the morphism ¢|x, : X; — ©(X;), shows that there
is a dense open subset U C ¢p(X;) of ¢(X;) such that dim¢~!(y) N X; = dim X; —
dim p(X;) for y € U, and dim =1 (y) N X; > dim X; — dim p(X;) for y € o(X;) (cf.
121, (I, §8, Cor., Cor.1)]). Since X; is irreducible, we have O; N (¢|x,) 2 (U) # 0,
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whence dim X; — dim ¢(X;) = r. Consequently,
dim = (y) N X; > r = dimp ™' (y) VY y € p(X;),

so that (c) yields ¢~ 1(y) = »~*(y) N X; C X; for every such y. As a result, (%)
holds.

Since ¢ is surjective and Y is irreducible, condition (b) implies that ¢(X;,) =Y
for some ig € {1,...,n}. Consequently, (x) shows that

X = 8071(}/) = 9071(50(Xi0)) = Xio

is irreducible. O

Remark. The technical condition (b) is essential to the validity of (LH). The variety
X :={(a,b) € k? ; ab=1}U{(0,0)} is reducible with two irreducible components.
If ¢ is the restriction to X of the projection onto the first coordinate, then ¢ is
surjective with each fibre being a singleton. Since p({(a,b) € k*; ab = 1}) = k\{0},
condition (b) of (IH) does not hold.

We conclude this preparatory section by applying the above observations to alge-
braic families of vector spaces. To that end, we let A and V' be a finitely generated
integral domain over k, and a finite-dimensional k-vector space, respectively. We
consider the affine algebraic scheme X := Spec;(A), and let P C V ®; A be an
A-direct summand of the free A-module V ®; A. Given a subvariety Y C V we put

Ypx :={(z,y) € X(k) xY ; I p € P such that (idy ® z)(p) = y}.

Since Ypx = Vpx N (X (k) xY), and Vpxr C X (k) x V is closed, it follows that
Yp x is a subvariety of X(k) x Y (cf. [L1l (2.5)]). The canonical projections induce
morphisms 7y : Ypx — X(k) and 7y : Ypr — Y.

For any x € X (k) we set P(x) := (idy ® z)(P) C V. Since P is a finitely
generated projective module over an integral domain, it has constant rank rk(P)
(cf. [20) p. 166]). This readily implies dimy, P(z) = rk(P) for every = € X(k).

Proposition 1.6. Let Y C V be a closed, conical subvariety.
(1) The function X (k) — No ; x+— dim P(z) NY is upper semicontinuous.
(2) If there exists £ € Ng such that Y N P(x) is irreducible and of dimension £ for
every x € X(k), then Yp x is irreducible and of dimension dim Yp x = dim X' (k)+£.
(3) The variety Vp x is irreducible with dim Vp » = dim X (k) + rk(P).

Proof. (1) As 'Y is closed and conical, we have 0 € Y. Thus, the projection 7y is
surjective and the morphism

1:X(k) —Ypx ; x+— (z,0)
is well defined. It follows from (CT)) that the map
X(k) — Ng ; 2+ dimg g7y (Tx(z,0))

~

is upper semicontinuous. Since 7y induces an isomorphism 73! (z) = P(z) NY
for every element z € X(k), we have dim(, o7y (mx(z,0)) = dimg P(z) N Y.
As P(z) N'Y is conical, each of its irreducible components contains 0, whence
dimg P(z) NY = dim P(x) NY. Consequently, the map x — dim P(xz) NY is upper
semicontinuous.

(2) The connected algebraic group k* operates on Yp x via

a-(x,y) = (z,ay).
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Hence every irreducible component Z C Yp x is k*-invariant, so that (z,0) € Z
whenever (z,v) € Z. Consequently, 7x(Z) = 15"(Z) is closed. Since X (k) is
irreducible, assertion (2) is now a direct consequence of (L)) and [21, (I, §8, Cor.1)].

(3) This follows directly from (2) and the observation preceding (L.6]). O

2. THE SCHEME OF EMBEDDINGS OF A TORUS

Henceforth the algebraically closed field k is assumed to have characteristic p > 0.
A restricted Lie algebra is a pair (g, [p]) consisting of a Lie algebra g and an operator

g—g ; x> al

that satisfies the formal properties of a p-power map. We refer the reader to [29]
Chapter II] for basic facts on restricted Lie algebras. Recall that

Voi={zecg; 2P =0}

is the nullcone of g, and that g is a torus if Vg = {0}. Tori are necessarily abelian
Lie algebras (cf. [29] (I1.3.10)]). We let Tor(g) be the set of maximal tori of g. The
maximal dimension of an element of Tor(g) will be denoted 1(g).

Given a finite-dimensional restricted Lie algebra (g, [p]) over k and a commutative
k-algebra R, the R-module g®j R obtains the structure of a restricted R-Lie algebra
via

[x®7ry®s]:=[z,y] @rs, (:c®7")[p] = glPl @ P Vx,y€g, rs€R.

Accordingly, g can be considered a k-functor M) — Ens.

Let t C g be a torus, R a commutative k-algebra. We define 73(R) to be the
set of homomorphisms t®; R — g ®j R of restricted R-Lie algebras that are split
injective when considered R-linear maps. The resulting k-functor 7y : M} — Ens
is the scheme of embeddings from t to g. According to [LI, (1.4)] the algebraic
affine scheme 7; is smooth. Consequently, the connected components of 7, are
irreducible, and there exists precisely one irreducible component X C 7y such that
the given embedding t — g belongs to X, (k).

An element of 73(R) gives rise to an injective homomorphism ¢ : t — g Qi R
of restricted k-Lie algebras such that Re(t) is a direct summand of the R-module
g ®; R. When convenient, the elements of 73(R) will be viewed in this fashion.

Let X C 7, be an irreducible component. Since X is reduced, it is an integral
affine algebraic scheme, and we write X 2 Specy,(A4), where A is a finitely gener-
ated integral domain over k. By Yoneda’s Lemma the isomorphism is completely
determined by the image j € X(A) of ida € Spec,(A)(A). The corresponding
injective map j : t — g ®j A of restricted k-Lie algebras is referred to as the uni-
versal embedding of t (relative to X'). An element ¢, : t — g ®;, R corresponds to
x € Spec;,(A)(R) if and only if

Y = (idg®x) 0 j.
In the sequel we will often identify elements of Specj(A4)(R) and X (R) in this
fashion.

Consider a restricted g-module M. By definition, each element zP! operates on
M via the p-th iterate of z, i.e., zlPlm = 2Pm for every & € g and m € M. As
M = M ®;, A is a restricted module for the restricted Lie algebra § := g @ A,
the universal embedding j : t — § endows the A-module M with the structure
of a restricted t-module on which t operates via A-linear transformations. To a
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linear form v € t* satisfying v(t)? = ~(t!) for every t € t we associate the A-
module M, = {v € M ; j{t)v = v(t)v V t € t}. There results a weight space

decomposition
it = @ i,
yer

where T' C t* is finite and M, # (0) for every v € T. For = € Spec,(A)(k) the
subspace M, (z) C M is the weight space M_, -1 relative to the torus ¢.(t) C g.

In particular, if X = X and the originally given inclusion t < g corresponds to
xo € Specy(A)(k), then
M = @ M., (o)
yel’
is the weight space decomposition of M relative to t.
By letting g act on itself via the adjoint representation, we obtain a decomposi-

tion
5 =50 ® €D b
acd
where ® C t*\ {0}. For X = X, this decomposition specializes to the root space
decomposition of g relative to t.

Let V' C g be a subset. The p-subalgebra Cy(V) :={zx €g; [z,v]=0 Yv eV}
is called the centralizer of V in g. For example, we have go(x) = Cy(pa(t)) for
every element x € Spec, (A)(k). We write C(g) := Cy(g) for the center of g.

We begin by describing the scheme 7 for Lie algebras of smooth (reduced)
groups, and denote for every commutative k-algebra R the category of all commu-
tative R-algebras by Mpg. Let G be an affine algebraic k-group with Lie algebra
g := Lie(G), and consider its adjoint representation Ad : G — AUT (Lie(G)). If
t C g is a torus, then Centg(t) is the centralizer of the subfunctor t C g. By
definition (see [16] (I.2.6)]) we have

Centg(t)(R) = {9 € G(R) ; Ad(gr/)(t) =t Vtet®y R and all R' € Mg}
for every R € M. If G is smooth, then [I6, (1.2.6(12))] yields Centgx(t) =
Centg(t)(k). The group scheme G operates on the affine scheme 7y via
g-p:=Ad(g) oy VgeG(R), p€Tg(R) and all R € Mj,.

Theorem 2.1. Let g = Lie(G) be the Lie algebra of a smooth, connected, affine
algebraic k-group G, t C g a torus. Then the following statements hold:

(1) The connected components of Ty are the G-orbits in Ty(k).

(2) The action of G on T4 induces an isomorphism G/Centg(t) = X, of schemes.

Proof. Let X C 7y be a connected component, ¢ € X (k) a rational point. Accord-
ing to [16] (1.2.6(9))] the stabilizer Stabg(X) of X in G is a closed subgroup of G.
Since the orbit G(k) - ¢ is connected, we have g-¢ € X (k) for every g € G(k). Thus,
[16, (1.2.6(12))] implies

G(k) = Stabg ) (X (k)) = Stabg (X) (k).

As G is reduced, G(k) is dense in G, so that G = Stabg(X). Consequently, the
group G operates on X.
Note that

Stabgy () = {g € G(k) ; Ad(g)(p(1)) = ¢(t) Ve t]
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Thus, Lie(Stabg)(¢)) C Cy(p(t)), and [I1], (1.6)] yields

dimG(k) - ¢ = dim G(k) — dim Stabg ) (¢) > dimy g — dimy Cy(p(t)) = dim X
Hence every orbit of X' (k) lies dense in X (k). Consequently, every orbit is closed,
and X(k) = G(k) - o.

By the above, the morphism
7:G—X ;5 g—Ad(g)oyp
given by
vr(9) =Ad(9)opr VR € My, g€G(R)
induces a bijective G(k)-equivariant map w : G(k)/Stabg ) (@) — X(k) of homo-
geneous spaces. Since

dimy, Cy(p(t)) = dimg g —dim X' (k) = dimy g — dim(G(k) - ¢) = dim Stabg ) ()
= dim Centg ) (x(t)),
we obtain for the tangent space T7(G(k)/Centg(¢(t))) at the image 1 of the

identity element 1 € G(k)
ity T (G(k)/Centgqay (1)) = dim G(k)/Centgg (¢ (1))
= dim G(k) — dim Centg ) (¢ (t))
= dimy, T,,(X).

Let Der,((t),g) be the space of derivations ¢ : ¢(t) — g satistying ((tl?)) =
(adt)P=1(¢(t)) for every t € p(t). Thanks to [T, (1.4),(1.5)] this space coincides
with the tangent space Ty, (X). The differential of  at the identity is given by

(dv)1: 9 — Derp(p(t),8) ;5 z— adz|yy).

Since ¢(t) is a torus (cf. [29] (I1.4.5)]), an application of [13, (2.1)] shows that this
map is surjective. Consequently, the tangent map (dw)i : T7(G(k)/Centg) (¢(t)))
— Der,(p(t), g) also enjoys this property. As both spaces have the same dimen-
sion, (dw)i is bijective, and [28] (4.3.3)] implies that w is in fact an isomorphism.
Now let 4 : G/Stabg(p) — X be the morphism induced by 7. In view of
[6, (IT1, §3, 5.4)] the k-functor G/Stabg(p) is a scheme, whose rational points are
given by G(k)/Stabg () (cf. [6, (III, §1, 1.15)]). By the above, the map ¥ is
an isomorphism of varieties. Since the schemes G/Stabg(¢) and X are reduced, it
follows from [6l, (I, §3, 6.8, 6.9)] that 7 is an isomorphism. This verifies (1) and (2)
follows by considering X along with the given embedding t — g. O

Remark. (1) As a consequence we recover classical facts on centralizers of semisim-
ple elements (cf. [, (IT1.9.1)]). Let s € g be semisimple, and consider the torus t :=
> isg ksPl'. Owing to and [11} (1.6)] we have Cy(s) = Cy(t) = Lie(Centg s (t))
= Lie(Centg(y)(s)). By the same token, the variety G(k)/Centgy(s) is affine.

(2) Theorem T does not hold for an arbitrary finite-dimensional restricted Lie
algebra (g, [p]), that is, the group G may not be replaced by the connected com-
ponent of the automorphism group of g. Consider, for instance, the Witt-algebra
W (1) := @P°, ke; with bracket and p-map

leivej] = (= Deirs 3 el = dieo.
Owing to [7] the space t := keg is a maximal torus of W (1), whose conjugates under
Aut,(W(1))° are contained in the p-subalgebra W (1)) = >_;5,ke;. Hence, if
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Xi(k) is the orbit of the standard embedding, then X (k) is a connected component
of T (1), (k), so that [I1), (1.6)] implies dim X, (k) = p — 2. By applying the same
result to Xy (k) C Ty 1)(k), we have dim X (k) = p — 1, a contradiction.

We return to our general set-up, and let (g, [p]) be an arbitrary finite-dimensional
restricted Lie algebra, t C g a torus.

Proposition 2.2. Let X C Ty be an irreducible component, ¢ an element of X (k).
If P C g is a k[X]-direct summand, then the variety gpx is irreducible and of
dimension dim gp x = dimy, g/Cy(p(t))+rk(P). In particular, we have dim gz, x =
dimyg, g.

Proof. The first statement follows from a consecutive application of (L6[3)) and
[1T, (1.6)]. Since rk(go) = dimy Cy(p(t)) we have dim g3, x = dimy, g. d

If h C g is a p-subalgebra, then 7y (k) will be identified with the closed subvariety
of T4(k) consisting of those injections whose images are contained in b.

Proposition 2.3. Let X C 7y be an irreducible component, v € g. If P C go s
a k[X]-direct summand of g, then the morphism wx : gpx — X (k) induces an
embedding ;' (v) — T, (v) (k).

Proof. We put A := k[X]. Note that (z,b) € w;'(v) if and only if b = v and v €
P(x). Since P is contained in go, we have v € go(z) = Cy(pz(t)), so that ¢, (t) C
Cy(v). Accordingly, the projection mx : gpx — X(k) induces an embedding
7rg_1(v) — TCE(v) (k) O

3. TORI AND SEMISIMPLE ELEMENTS

Let t C g be a maximal torus of the finite-dimensional restricted Lie algebra
(g, [p]). The main result of this section, Theorem [0 asserts that t is “generically
contained” in a torus of dimension pu(g) in the sense that such an inclusion holds
on a dense open subset of Xi(k). While the results of this section substantially
overlap with earlier work by Premet [22], our approach via schemes of tori differs
significantly from Premet’s methods.

Let n := dimy g. For an element v € g we consider the Fitting-0-space

go(v) :=={z €g; (adv)"(z) =0}
of the linear transformation adv : g — g ; x +— [v,z]. For a subset V' C g we put
g0(V) :== Nyey go(v). Since go(V) = Cy (VIPI™) for a suitably chosen m € N, the
space go(V') is a p-subalgebra of g. Observe that go(V) is self-normalizing.
An element a € g is said to be regular if the dimension of go(a) is minimal. The
set Reg(g) of regular elements is a dense open subset of g. For easy reference we
collect a few basic facts concerning Cartan subalgebras and regular elements.

Lemma 3.1. The following statements hold:

(1) For every a € Reg(g) the algebra go(a) is a Cartan subalgebra of g.

(2) Let h C g be a Cartan subalgebra. Then there exists a maximal torus t C g
such that h = Cy(t).

(3) Leth C g be a Cartan subalgebra. Then there exists an element a € g such
that b = go(a).

Proof. (1), (2) This can be found in [29] (1.4.7)] and [29, (I1.4.1)], respectively.
(3) This was proved in [1, Thm.1]. O
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We define the rank of g via rk(g) := dimg go(a), where a € Reg(g). (This is not
to be confused with our earlier notion of the rank of a projective module.)

If W C g is a subspace, then W, denotes the smallest [p]-stable subspace of g
containing W. Thus, W, = (kz), = .5, k2" in case W = ka.

For the reader’s convenience we begin by recording two basic facts that will be
used repeatedly in the sequel. All topological notions are understood to refer to
the Zariski topology of the ambient spaces.

Lemma 3.2. Let t C g be a torus. Then there exists a dense open subset U C t
such that

(a) t= (kt), for everyt € U, and

(b) Cy(t) = Cy(t) for everyt € U.

Proof. By general theory (cf. [29, (I1.3.6)]) there exists a basis {t1,...,t,} of t such
that tgp] — t; for 1 < i < n. Consider the polynomial f := det((X? )i<; <n) €
E[Xq,..., X, Ift =3, a;t; is an element of t, then {t, el ,t[”]%l} is linearly
independent if and only if f(ai,...,a,) # 0. Since f # 0, the dense open subset
U:={>" ait;; flai,...,a,) # 0} has property (a).

Let t be an element of U. If x € Cy(t), then kt C Cy(z). Asthe latter spaceis a p-
subalgebra of g, it follows that t = (kt), C Cy(z), whence x € Cy(t). Consequently,
the set U also satisfies (b). O

Recall that an element s € g is referred to as semisimple if s € (k‘s[p})p. Thus,
the semisimple elements of g are those belonging to some torus. We denote by
Sy the set of semisimple elements of g. Since ads : g — g is a semisimple
transformation for every s € Sg, we have go(s) = Cy(s) V s € Sg. Note that the
set Regs(g) := Sy N Reg(g) of regular semisimple elements is an open subset of Sg.

Given an element = € g, the Jordan-Chevalley-Seligman decomposition provides
a semisimple element xs and a p-nilpotent element x,, such that

r=zs+m, and [v4, 2, =0.

This implies go(z) = Cq4(zs), so that z is regular if and only if x, is regular in the
sense of [, Chap. 2, §1].

If the Lie algebra g is nilpotent, then Sy C C(g) is the unique maximal torus
of g (cf. [29, (IL.4.2)]). In view of [29, (II.3.6)] the algebra g admits only finitely
many tori in this case. Conversely, if g possesses only finitely many tori and t C g
is a maximal torus, then, the finiteness of the automorphism group of t implies
dim X; = 0, and a consecutive application of [11], (1.6)] and [29] (IT.4.1)] shows that
g = Cy(t) is nilpotent. Consequently, the restricted Lie algebra g is nilpotent if and
only if 74(k) is finite for every t C g.

Lemma 3.3. Let t C g be a torus. Then the following statements hold:

(1) dimg C4(t) > rk(g).

(2) tNRegs(g) # 0 if and only if dimy, Cy(t) = rk(g). In that case Cy(t) is a
Cartan subalgebra of g, and there exists t € tN Regs(g) such that t = (kt),.

Proof. Thanks to [B.2) we have Cy(t) = Cy(t) for a suitably chosen element ¢ € t.
Consequently, dimy Cy(t) = dimy Cy(t) = dimyg, go(t) > rk(g). Moreover, if equality
holds, then ¢ is regular, and ¢ € t N Regs(g). Now suppose that t N Regs(g) # 0.
Since t N Regs(g) = t N Reg(g) is an open subset of t, (32) provides an element
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t € tN Regs(g) such that Cy(t) = Cy(t). As a result, Cy(t) = go(t) is a Cartan
subalgebra of dimension rk(g). O

Let h C g be a Cartan subalgebra. According to (BII(2)) there exists a maximal
torus t C g such that h = Cy(t) , and B.3) yields dimy b > rk(g). Thus, rk(g)
is the minimum dimension of all Cartan subalgebras of g. We will see in §7 that
an arbitrary Cartan subalgebra of g always contains a deformation of a Cartan
subalgebra of dimension rk(g).

Lemma 3.4. Let t C g be a torus, X C Ty an irreducible component. If oo € X (k)
is a rational point such that ¢o(t) C g is a maximal torus, then my : ggo.x — @ 15
a dominant morphism.

Proof. Owing to (B2) there exists an element ¢ € ¢ (t) such that ¢o(t) = (kt),. As
@o(t) is maximal, it follows that the algebra Cy(po(t)) = Cy4(t) is nilpotent. Thus,
by (Z3), the fibre m; ! (mg(p0,t)) C Te, 1) (k) is finite, and a consecutive application
of (Z:2) and (I2) yields the assertion. O

We are now in a position to establish the generic containment of tori. Parts (1)
and (2) of the following result were first obtained by Premet [22, Thm.1, Thm.2(i)],
who used generalizations of Winter’s exponentials [30].

Theorem 3.5. Let t C g be a mazimal torus.

(1) If dimyg t = p(g), then dimy Cy(t) = rk(g), and there exists t € Regs(g) such
that t = (kt),.

(2) There exists a dense open subset U C Reg(g) such that p(go(a)) = u(g) for
everya € U.

(3) There exists a dense open subset O C Xy(k) such that u(go(x)) = u(g) for
every x € O.

Proof. (1),(2) Suppose that t has dimension u(g). Thanks to (4 the morphism
Tg © 05,4 — @ is dominant. Accordingly, its image im7my = UxeXt(k) go(x)
contains a dense open subset of g. Since g is irreducible, the intersection U of this
open set with Reg(g) is not empty, and is thus a dense subset of g.

Let a be an element of U. Then there exists an element xg € X (k) such that a €
go(x0). As t has maximal dimension, go(zo) = Cq (¢, (1)) is a Cartan subalgebra of
g. Consequently, go(zo) C go(a), while (1) of B3) implies dimy, go(xo) > rk(g) =
dimg, go(a). Thus, go(zo) = go(a), so that

1(go(a)) = p(go(xo)) = p(g).
Since the map x — dimy, go(x) is constant on X (k), we also obtain
dimy, Cy(t) = dimy, go(xo) = rk(g),
as claimed. In virtue of (B.3) this implies the existence of ¢ € Regs(g) such that
t = (kt)p.

(3) Now let t C g be an arbitrary maximal torus. Owing to Lemma B.4 the map
Tg : 950, — @ is dominant, and its image thereby contains a dense open subset
of g. In particular, im 7y meets the open set U given in (2). As a result, there exist
elements x¢ € X (k) and py € go such that (idg ® zo)(po) € U. The map

¥ X(k) — g ; @ (idg ® 7)(po)
is a morphism of affine varieties. By the above observation O := ¢ ~!(U) is a dense
open subset of the irreducible variety X, (k).
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Let z € O. Then a := ¥(x) is contained in go(xz) N U = Cy(p(t)) NU, so
that @, (t) C go(a). As the element a belongs to U, go(a) is a Cartan subalgebra
with p(go(a)) = p(g). Hence there exists a torus t' of dimension u(g) such that

¢a(t) C t'. Consequently, t' C Cy(px(t)) = go(z), and p(go(z)) = p(g). O

Remark. (1) Let t C g be a maximal torus, O C X (k) a dense open subset such
that p(Cy(e(t))) = p(g) for every ¢ € O. If ¢ € O, then p(t) C C(Cqy(p(t)))
is contained in a torus t, of dimension p(g). Thus, either all tori coming from
elements of X;(k) are maximal, or “most” of these tori do not have this property.

(2) Suppose that dimg t = p(g). In view of (BH(1)) and [11], (1.6)] the variety
T4(k) is equidimensional. We shall see in §4 below that the irreducible components
of 74 are even isomorphic.

We record an immediate consequence that will be generalized in (7.6]) below.

Corollary 3.6. Let t C g be a self-centralizing torus. Then dimgt = u(g), and
o(t) = Cq(p(t)) for every o € Xi(k).

Proof. Since the maps x — dimy, ¢, (t) and x — dimy, go(z) are constant on X (k),
it follows that go(x) = @s(t) for every z € Ay (k). Theorem BH(3) provides an
element xy € X(k) with u(go(zo)) = p(g). Consequently, we obtain dimyt =
dimy, 4, (t) = p(g), as desired. O

We let
N(g) :={z € g; IneNsuch that 271" = 0}
be the conical, affine subvariety of p-nilpotent elements, the so-called nilpotent cone
of g. We next employ schemes of tori to give a short proof of [22] Thm.2(iii)].

Proposition 3.7. The set Sy of semisimple elements of g is irreducible, con-
structible, and of dimension dim Sg = dimy g + u(g) — rk(g).

Proof. Let { := dimy g. We begin by verifying Sy = g[”]z.
Let x be an arbitrary element of g. We decompose x = x5+, into its semisimple
4
and p-nilpotent part (cf. [29, (II.3.5)]), and observe that 2P = 0. Since z, and z,

commute, we have 2P = :c[sp] € Sy4. Consequently, g[p}l C Sq. Let s € §4 be a
semisimple element. Then s € (kslPl),, and the p-map of (ks),, is surjective. Hence
s € (ks)g,p]l c glv)".

The map z — 2P is a morphism of irreducible varieties. Consequently, Sy is,
as the image of an irreducible set, irreducible. Moreover, by Chevalley’s theorem
[21), (I, §8, Cor.2)], the set Sy is constructible. It remains to show that the generic
fibre of this morphism has dimension rk(g) — u(g).

Let t C g be a torus of dimension 1(g), and consider the morphism g : g5, 2, —
g. According to (34) 74 is a dominant morphism of irreducible varieties. By our
observations above the morphism ¢ : g — S’g ;T zP* is also dominant.
Consequently, v := ¢ o my enjoys this property as well.

Let s € Regs(g) be given and suppose that (z,v) is an element of the fibre y~1(s).
Then v is contained in the Cartan subalgebra §o(z) of dimension rk(g) (cf. (335)),
and vlP" = 5. Thus, s € C(go(z)), so that go(x) C Cy(s). Since the element s is
regular, equality of dimensions forces go(z) = Cy(s). Accordingly,

w(Cy(s)) = p(g),



TORI AND CARTAN SUBALGEBRAS 4193

and x belongs to the finite set 7¢_ (s (k). In the nilpotent restricted Lie algebra

£
Cy(s) there exists a central, semisimple element ¢, such that t([)p I" — 5. This readily

implies that v belongs to the variety to + N(Cy(s)), so that
{z} % (to + N(Cy(s))) €771 (s) C Teys)(k) X (to + N(Cqyl(s)))-

Let O C im~y be a dense open subset of S_'g. Since im~y C Sy, the above observation
yields

dim~~!(s) = dim N (Cy(s))
for every element of the dense open subset Reg(g) N O of Sy. For such an element s
the Jordan-Chevalley decomposition within the nilpotent Lie algebra Cy(s) provides
a bijective morphism

Scy(s) X N(Cy(s)) — Cyls) 5 (t,n) —t+n.

In the nilpotent Lie algebra Cy(s), the set Sc,(s) 18 the unique maximal torus, so
that dim S¢_ sy = 1(Cy(s)) = p(g). Consequently, dim N (Cy(s)) = dimy Cq(s) —
dimg S, sy = rk(g) — u(Cq(s)) = rk(g) — p(g), and our assertion now follows
directly from (2:2)). O

Example. Let g = kt @ kx, [t,z] = z, P! = ¢, z[Pl =0 be the two-dimensional
nonabelian restricted Lie algebra. Direct computation shows that (at + 6:6)[”] =
aPt + aP~1 Bz, Since Sy = g[”]z, this readily implies

Sg ={at + fr; a#0pU{0}=((k\{0}) x k) U{(0,0)}.

As g\ Sy contains {0} x (k \ {0}), its closure contains {(0,0)}. Thus, Sy is not
open, and hence not locally closed.

Corollary 3.8. The following statements are equivalent:
(1) There exists a torus t C g such that t = Cy(t).
(2) Sy is a dense subset of g.
(3) Regs(g) is a dense subset of g.
(4) Every torus of g of maximal dimension is self-centralizing.

Proof. (1) = (2). Let t C g be a torus such that Cy(t) = t. Thanks to (80) and
B3(1)) dimy t = pu(g) = rk(g), and we have dim S; = dim Sy = dimy, g, whence
g=295.

(2)g:> (3). Since Sy is constructible and dense, it contains a nonempty open
subset U of g. Consequently, § # U N Reg(g) C Regs(g) lies dense in g.

(3) = (4). Since g D Sy D Regs(g) = g, it follows from (37) that rk(g) = u(g).
By [B3(1)) every torus of dimension p(g) is self-centralizing.

(4) = (1). This is trivial. O

4. THE SCHEME OF TORI OF MAXIMAL DIMENSION

In this section we study a geometric quotient of the scheme 7y in case t C g is a
torus of dimension p(g). Our main result, Theorem 1] will yield a refinement of
BH(1)), see [@2) below.

Let t be a torus of dimension r, G := AUT (t) the automorphism scheme of t,
i.e., the k-group functor Gy : My — Ens that associates to every commutative
k-algebra R the group

G¢(R) = Aut,(t ®; R)
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of automorphisms of the restricted R-Lie algebra t ®; R. Since the group scheme
G} is algebraic and G¢(k) = GL,(F)) is a finite group, the coordinate ring k[Gy] is
finitely generated and of Krull dimension 0. Thus, G¢ is a finite algebraic group. It
acts contragrediently on 7y via

g-p:=pog " VgeG(R), v € Ty(R), R e M.

As Gy is a finite algebraic group acting freely on 7y, the geometric quotient ’]A'g =
T,/ G has the structure of an affine algebraic scheme with function algebra k[7;] =
k[T,]" (cf. [16, (1.5.5(6))]). Owing to [6, (II1,§1,1.15)] 74(k) = T4(k)/G(k) may
be identified with the set {t € Tor(g) ; dimt = r}. The geometric nature of this
correspondence will be elaborated on in §8.

Examples. (1) Let g be nilpotent, t C g a torus. Then ’Z;(k;) is finite, and the
variety 74 (k) is irreducible if and only if dimy t = u(g).

(2) Let g = kt @ ka, [t,2] = =, t) = ¢, z[Pl = 0, and consider the variety
Ty={seg; slP) = s} of toral elements of g. Since (at 4 Bz)Pl = aPt + aP~1 gz,
we have

Ty ={at+ Bz ; a € F,\ {0}, g €k}uU{0}.

Now let t = kt. Then t is a torus of maximal dimension, and the map

Ty(k) — T\ {0} 5 ¢ = (t)

is an isomorphism, so that 7g(k) is the disjoint union of p — 1 copies of A'. The
above map also induces an isomorphism 74 (k) — A! (cf. also (6.I) below).

Definition. Let (g, [p]) be a finite-dimensional restricted Lie algebra, t C g a torus
of maximal dimension. Then S(g, t) := Stabg, ) (Xi(k)) is called the toral stabilizer
of g (relative to t).

Remarks. (1) Since the smooth scheme X; is reduced, an application of
[16, (1.2.6(11))] shows that S(g, t) is the finite group of rational points of the finite
algebraic group Stabg, (X}).

(2) Let ¢ : t — g be the given embedding and identify the set G¢(k) with
Gi(k) - v C T4(k). As T4(k) is smooth, X (k) is a connected component of 7y (k).
Consequently, g € G¢(k) belongs to S(g,t) if and only if Lo g = g~ -1 € X (k).
Hence we obtain

S(g,t) = Gi(k) N X (k).

Theorem 4.1. Let (g, [p]) be a finite-dimensional restricted Lie algebra, t C g a
torus of dimension u(g). Then the following statements hold:

(1) Z3(k) = Ugea.x) 9 - Xe(k), and Tg(k) has [Gi(k) : S(g,1)] irreducible com-
ponents.

(2) The scheme ’]A'g is smooth, integral, and of dimension dimy g — rk(g).

(3) Xu(k)/S(g,t) = Tg(k).

Proof. (1) Let X C 74 be an arbitrary irreducible component, j : t — g®y, k[X] the
corresponding universal embedding. As before, we consider the canonical projection

Tg ¢ Okx]j(0),x — Sg- In view of 22), BE(1)) and (B7) the varieties grxyj(o),x
and Sy are irreducible and of equal dimension.
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Let ¢ be an element of X' (k). Since t is a torus of maximal dimension, the torus
©(t) also has maximal dimension, and (B.5(1)) implies the existence of an element
t € Regs(g) N ¢(t). By (Z3) and the nilpotency of Cy(t) the fibre 7 ! (w4 (e, 1)) is
finite, and (I2)) ensures the dominance of the morphism 7y. Accordingly, Sy :=
im7my C Sy contains a dense open subset of S_g. Since Reg(g) N S_g is a nonempty
open subset of the irreducible variety Sy, we see that ) # Sy N Sx, N Reg(g) =
Sx N Sx, N Regs(g).

Let tp be an element of Sy N Sy, N Regs(g). Then there exist rational points
o € X (k) and ¢y € X (k) such that tg € po(t)Ng(t). For ¢ € {©o, 0} the Cartan
subalgebra Cy(¢(t)) is contained in the nilpotent Lie algebra Cy (o). Consequently,
Cy(p(t)) = Cy(to), and the maximality of ¢(t) implies p(t) = Sg N Cy(to) for ¢ €
{¢0,%0}. Thus, g := ¢y ' othg belongs to Gi(k), and g-1hg = g0y oo = po. This
shows that X (k)Ng- Xy (k) # 0. Owing to [I1} (1.4)] the scheme 7 is smooth. Hence
its irreducible components are its connected components, and X' (k) = g - X (k).

Let g,h € Gi(k) be two elements such that g - X(k) = h - X(k). Then gh™!
belongs to S(g,t). This completes the proof of (1).

(2) Consider the canonical morphism g : Ty (k) — T4(k). Thanks to (1), we
have T4(k) = 7 (X(k)), so that the variety T4(k) is irreducible. By (L3) m is
étale and thus sends regular points to regular points. The smoothness of ’fg(k')
now follows from [T} (1.4)]. Accordingly, the reduced algebra k[7] C k[T,] is an
integral domain, so that ’]; is integral. Since each fibre of 74|y, (1) is finite, we have
dim 74 (k) = dim X (k) = dimy, g — rk(g).

(3) Owing to (L3) the restriction h : X(k) — T4(k) of 7}, to the connected
component X (k) is étale. According to (1) it induces a bijective morphism

Xi(k)/S(g,t) — T,(k),

whose composite with the projection Xi(k) — X((k)/S(g,t) is h. Thanks to
Lemma [T.4] this map is étale, and [18] (3.6.3.4)] (which states that every étale and
universally injective morphism is an open immersion) shows that it is in fact an
isomorphism. O

Remark. According to ([EII(1)) the stabilizers of the components of 74 (k) are con-
jugate. Hence the structure of S(g, t) does not depend on the choice of t and is thus
an invariant of the restricted Lie algebra (g, [p]).

Example. Theorem EI]does not hold for tori that do not have maximal dimension.
Consider the restricted Lie algebra g := kt ® kx ® kz, with Lie bracket [t,z] =
z, [t,2] =0 = [z,2] and p-map tPl = ¢, 2Pl =0, 2IP) = 2 as well as the variety
T4(k) associated to the torus t := kt. According to [11], (1.6)] we have dim X, =1
for the component containing the inclusion t C g, while the component Y C 7
having the embedding t <— g ; ¢ — 2 as a rational point is zero-dimensional. Direct
computation shows that j’g(k;) has p irreducible components of dimension one, and
one irreducible component of dimension zero.

The general fact underlying our example is the following direct consequence of
[T, (1.6)]: Let t C g be a torus. The variety 74(k) has an irreducible component
of dimension zero if and only if dimy t < u(C(g)).

Our first application, which slightly generalizes [23] Cor.1], concerns the distri-
bution of weight spaces.
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Corollary 4.2. Let t and t' be two tori of g of mazrimal dimension. If M is a
restricted g-module with weight space decompositions M = @, Mx, and M =
Dy car My relative to t and t', respectively, then there exists an isomorphism ¢ :
t — ' such that A — Aoy ™! defines a bijection A — A satisfying dimy Myo,-1 =
dimy, M), for every A € A.

Proof. We put A := k[X], and let

¥ = @ i,

yer
be the weight space decomposition of M := M ®; A induced by the universal
embedding j : t — § of X;. Since t and t' have maximal dimension, Theorem B
provides an element ¢ € Xy(k) such that t' = p(t). Let z¢ € Spec;(A4)(k) be the
corresponding element, so that ¢ = (idg ® zo) o j. According to our introductory
remarks of Section 2, the weight space decomposition of g relative to t’ is given by

M = @Mv(xo);

yel’

where ]\;L, (rg) = Mo, is the weight space relative to t'. By applying the same
reasoning to the canonical embedding t < g we obtain A = T, and A’ = {Xo
©~1; A€ A}. Since the functions & — dimy, M, () are constant on X;(k), we have
dimg Myo,—1 = dimy, My for every weight A € A. (]

Corollary 4.3. Let t and t' be two tori of g of mazimal dimension, g = Cy(t) ®
Docr da; and g = Cy(t') & Dsc s 95 the root space decompositions of g relative to
t and ¥, respectively. Then dimy Cy(t) = dimg Cy(t'), and there exists a bijection
0: R — R’ such that dimy, g, (o) = dimy g for every o € R. a

We continue by recovering the conjugacy theorem for maximal tori of restricted Lie
algebras of smooth algebraic groups and the characterization via tori of the group
(cf. [14] (13.3), (13.5)]).

Corollary 4.4. Let g = Lie(G) be the Lie algebra of a smooth, connected, algebraic
k-group.
(1) Any two mazimal tori and any two Cartan subalgebras of g are conjugate.
(2) Given a mazimal torus t C g, there exists a mazimal torus T C G such that
t = Lie(T).

Proof. (1) Let t be an arbitrary maximal torus of g, s C g a torus of dimension
1(g). Thanks to (B3HI(3)) there exists an element ¢ € X, (k) such that the torus p(t)
is contained in a torus of dimension u(g). By () the tori t and ¢(t) are conjugate,
so that t is also contained in a torus of dimension u(g). From the maximality of t
we obtain dimy t = pu(g).

According to (BII(1)) there thus exists an element ¢ € X¢(k) such that so = 9 (t).
Another application of (Z1I) shows that t and sy are conjugate, as desired.

Since any Cartan subalgebra of g is the centralizer of a maximal torus (31, the
conjugacy of maximal tori implies the corresponding fact for Cartan subalgebras.

(2) Let T7 C G be a maximal torus. Thanks to [I4} (13.2)] the torus t' := Lie(T")
is maximal. Since t and t' are conjugate, t has the required form. O
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Example. Suppose that p > 5, and let L be a simple Lie algebra of Cartan type.
Then L contains a subalgebra g such that

(a) g is a restricted Lie algebra,

(b) there exists a p-nilpotent p-ideal n <1 g such that g/n = gl(n),sl(n),sp(n),
sp(n) @ kz, where the last algebra is a direct sum of restricted Lie algebras with
2Pl — 5.

In view of (b) and (#4)) any maximal torus of g has dimension p(g). Thus, every
Cartan subalgebra has dimension rk(g) (35). Since the roots of L relative to a
certain standard maximal torus ty C g form a vector space over the prime field F,
of dimension dimy t5, an application of ([f.2) shows that this statement obtains for
every maximal torus of g. These facts were established in [2], (2.34)] via switching
methods.

We turn to two closely related classes of restricted Lie algebras; classical Lie
algebras and Lie algebras of reductive groups. Recall that a restricted Lie algebra
(g, [p]) of characteristic p > 5 is referred to as classical if

(1) C(g) =0and [g,g] =g, and

(2) g has an abelian Cartan subalgebra ) C g relative to which

(a) 9=b®@,ckba, with go ={z €9 [h,2] =a(h)z Vh € b}, and

(b) dimg[ga,8-—o] = 1 for every a € R, and

(¢) if o, B € R, then there exists n € F,, such that o +nfS ¢ R.
Any Cartan subalgebra of g satisfying (a) through (c) is called a classical Cartan
subalgebra.

According to [25, (IV.1.2)] all Cartan subalgebras of a classical Lie algebra are
conjugate under its automorphism group. Thus, all Cartan subalgebras are classi-
cal. Thanks to [25, (IL.3.1)] every root « of a Cartan subalgebra fj C g gives rise to
a unique element hy € [ga, §—ao] such that a(hq) = 2.

Lemma 4.5. Suppose that g is classical with Cartan subalgebra §y. Then we have
hL’f] = hy, for every a € R. In particular, b is a torus of dimension p(g).

Proof. In view of [25] (IL.3.2)] the subspace g% := g_o®kho Dy, is a subalgebra of g
that is isomorphic to s[(2). Moreover, (a) and (c) yield (ad e)?~! = 0 for every root
vector e. Standard s(2) representation theory now implies that the eigenvalues of
ad hq lie in the Galois field F,,. We conclude that 8(hy) € F, for every root § € R.

This yields B(hg)] — ha) = B(ha)P — B(ha) = 0 for every 8 € R, so that
WPl —hy € () ker g = C(g) = (0),

BER
as desired.
Thanks to axioms (1) and (2), the abelian Lie algebra b is generated by the hq,
proving the surjectivity of the p-map on h. Consequently, the p-map is bijective
and b is a torus. As b is self-centralizing, (B implies dimy b = p(g). O

Let g be a classical Lie algebra, t C g a Cartan subalgebra, a € R a root.
According to Lemma 5 the map
Sait—t ;5 t—t—a(t)ha
belongs to G(k). We define the Weyl group W (g, t) to be the subgroup of G(k)

that is generated by {ss ; a € R}. Let ¥ C R be a fundamental system of roots (cf.
[25], p. 33]). Following Seligman (cf. [25] p.45]) we define W (g, t,X) = (so ; o € ).
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We consider the canonical action of G := Aut,(g)° on g along with its induced
action on Tg(k). We put Norg(t) :== {g € G ; g(t) = t} and Centg(t) := {g €
G ; g(t) =t Vt et} Our next result identifies the stabilizer of X (k).

Theorem 4.6. Let t be a Cartan subalgebra of a classical Lie algebra (g, [p]). Then
we have W (g, t) = S(g,t) = Norg(t)/Centg(t).

Proof. According to [25] p. 52f] every element w € W (g, t, X)) gives rise to an element
Py € G such that 1y, |¢ = w. We fix a map w — t,,.
(a) We have Norg(t) = {¢w ;w € W(g, t,2)} Centg(t).

Set g1(t) := D, cp 9a- One inclusion being clear, we let g be an element of Norg(t).
A consecutive application of [25, (II1.5.1)] and the Bruhat-Chevalley decompo-
sition [25], (IT1.2.1)] provides elements w € W(g,t), and v,h,u € G such that
g = v ', hu. By definition, the elements v and u are products of exponentials of
positive root vectors such that

v(t)=t=wu(t) modgi(t) Vtet,

while h|¢ = id;. Let ¢t be an element of t. Since g(t) € t and v, h permute the root
spaces, we obtain

9(t) = v(g(t)) = thu(h(u(t)) = Yu(h(t)) = Pu(t) modgi(t),
so that g(t) = 1, (t). This implies (¢0,,) "'g € Centg(t), as desired.
(b) We have W(g,t) C S(g,1).
We put ¢ := s, for @ € R. Let ¢ : t — g be the canonical embedding. Since the
orbit G.v is connected, we have G.. C Xi(k), whence

Sa L =1084 =1o 0L =14t € X(k).

Thus, s, - X (k) = Xi(k), and our assertion follows.

We continue by showing that S(g,t) C W(g,t,X). The connected group G
operates on the variety Xy(k) in such a way that this action commutes with the
one of S(g,t). Accordingly, the map ¢ — h - ¢ is a G-equivariant automorphism
of Xy (k) for every h € S(g,t). If ¢ is an element of X;(k), then ¢(t) is a classical
Cartan subalgebra, and [25], (III.4.1)] provides an element g € G such that

p(t) = g(t) = (g-1) (1)
Accordingly, ¢ € G.(h - 1) for a suitably chosen h € S(g,t). This shows that the
variety Xi(k) decomposes into finitely many G-orbits, all of which have the same
dimension. Since Xi(k) is irreducible, one of these orbits must lie dense in (k).
Consequently, this is true for all of them, and there is only one orbit. It follows
that Xy (k) = G.¢.

Now let h € S(g,t) be given. Then there exists an element g € G with h-¢ = g...
In particular, g € Norg(t), and (a) shows that g = 1),,¢’ for some w € W(g,t, %)
and ¢’ € Centg(t). Thus,

h'bz(wwgl)-b=¢woglob=¢wob=w71-07
so that h = w™! € W(g,t,3). Observing (b), we thus obtain
Wi, t,X) CW(g,t) C S(g,t) C W(g,t,X).

Since G.. = X (k), the canonical restriction map induces a surjective homomor-
phism Norg(t) — S(g, t), whose kernel clearly coincides with Centg(t). O
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We conclude this section by studying the scheme ’Z} for Lie algebras of smooth
groups. Given such a group G, and a torus t C g := Lie(G), we let Norg(t) be the
normalizer of t in G, that is, the subgroup functor given by

Norg(t)(R) := {g € G(R) ; Ad(gs)(t@x S) =t®@x S for all S € Mg}

for every R € Mj. Thanks to [16], (I.2.12(5))] Norg(t) is a closed subgroup of G.
Since the actions of Gy and G on 7y commute, the universal property of quotient
faisceaux provides an operation (cf. [T6, (1.5.5(5))])

gx'j;—>'j;.

Let X : My — Ens be the k-functor given by R — T4(R)/G(R). Then 7, is
the faisceau associated to X, and G operates on ’fg in such a way that the natural
transformation n : X — j'g is G-equivariant. According to [16 (I.5.4, 1.5.5)] each
map g : X (R) — T4(R) is injective. Moreover, 7, is an isomorphism (cf. [6] (III,
§1, 1.15)]). Given ¢ € 74(k), we denote by [p] and [/go\] the corresponding elements
of X (k) and T,(k), respectively. Since the image of [¢] in X (R) is sent via 7z onto
the image of [/go\] in 7,(R), we have

Norg(i(t)) = Stabg ([¢]) = Stabg([«])-
Given a smooth, connected, affine algebraic group G we recall that the correspon-
dence T' +— Lie(T) is a bijection between the sets of maximal tori of G(k) and
Lie(G) [14, (13.2), (13.3)]. If T C G(k) is a maximal torus, then W(G,T) :=
Norg i) (T')/Centg ) (T') denotes the Weyl group of G relative to T'.

Theorem 4.7. Let g = Lie(G) be the Lie algebra of a smooth, connected, algebraic
k-group, t = Lie(T') a torus of dimension u(g).

~

(1) There exists an isomorphism G/Norg(t) = T, of schemes.

(2) S(g,t) = Norg)(t)/Centg s, (t).
(3) Ifp>5, then S(g,t) 2 W(G,T).

Proof. (1) Let ¢p : t <— g be the canonical embedding. The operation of G on ’Z;
induces a morphism

(:G—1Ty ; g—g-[u]
which, in view of the above observation, factors through to a map
¢ G/Norg(t) — 1.
It follows from (2.)) and (41]) that the map (j is a surjective, equivariant morphism
with surjective differential (d(y)1. Accordingly,
G G(k)/Norgi) (t) — Tq(k)

is a bijective, G(k)-equivariant morphism whose differential at 1 is surjective. Since
the automorphism group of t is finite, the connected component Norg(t)° of
Norgx)(t) is contained in Centg ) (t). Hence

dim G(k)/Norg ) (t) = dim G(k) — dim Centg ) (t) = dimy g — rk(g) = dim 74 (k),

so that (d(x)1 is in fact an isomorphism. Thanks to [28, (4.3.3)] this implies that
(. is an isomorphism. Since G/Norg(t) and 7, are schemes, we conclude that ¢ is
the desired isomorphism (cf. [6], (I, §3, 6.8)]).
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(2) Consider the homomorphism
J : Norgy(t) — G(k) 5 h— Ad(h)]

of groups. Thanks to (ZJ) the image of f is contained in S(g,t). If g is an
arbitrary element of the latter group, then the product g - o is contained in X (k).
According to (ZI) there exists an element h € G(k) with g-tp = Ad(h) o ¢g. Thus,
h € Norgx)(t), and the image of f coincides with S(g, t). The assertion now follows
from the equality ker f = Centgy)(t).

(3) Under the assumption that G is reductive, we first show that the canonical
morphism W (G, T) — Norg ) (t)/Centg)(t) is surjective. It obviously suffices to
verify Norg)(t) C Norgy)(T)Centg()(t). To that end, we let B O T be a Borel
subgroup of G(k) and N C Norgx)(T) a complete set of representatives of the Weyl
group W(G,T). There results the Bruhat decomposition

G=J BnB
neN
of G (cf. |4 (14.12)]).

Let g be an element of Norg)(t). Then there exist by,b2 € B and n € N such
that g = binbe. Letting g1(T') := @aeRga be the sum of the root spaces relative
to T, we have

bit=t modg(T) Viet 1<i<2.
Let t € t. Observing g.t € t as well as n.g1(T') = g1(T"), we thus obtain
gt="by".(g.t) = (nb2).t =n.t modg (T),

so that g.t = n.t. Consequently, n"'g € Centg)(t), and g € nCentgy(t) C
Norg ) (T') Centgx) (1)-

We now claim that Centg)(T) = Centgx)(t). One inclusion being obvious,
we consider an element g € Centgi)(t). As before, we may write g = binbs
with b; € B and n € N. The above reasoning then shows that n € Centgy)(t).
Thanks to [14, (3.7)] the root space decomposition of g relative to t is given by
g =tOD cp bd(a), Where d(a) € t* is the differential of the root or. Moreover, [14}
(5.2)] yields go = gq(a) for every a € R. By the above, the element n sends gg(q)
onto itself. Consequently, the element w € W(G,T') corresponding to n induces the
identity on R. This implies w = 1, so that n € Centg)(T) = T. Hence g € B,
and Centgy)(t) = Centp(t). The latter group is a closed, T-stable subgroup of B
containing T'. In view of [4, (14.4)] it is thus directly spanned by 7' and the root
subgroups U, with g, C Lie(Centp(t)) C Crie(p)(t). Consequently, Centg)(t) =
Centp(t) =T, as desired.

As an upshot of the above, the canonical homomorphism W (G, T) — Norg ) (t)/
Centgy)(t) is an isomorphism, so that (2) implies our assertion in case G is reduc-
tive.

Now suppose G is arbitrary, and let &/ C G be the unipotent radical of G. We
put G’ := G/U and denote by 7 : G — G’ the canonical projection. Then G’ is
reductive and T” := 7(T) is a maximal torus of G’ (cf. [4, (11.14)]). Moreover,
g’ := g/ Lie(ld) is the Lie algebra of G’ with maximal torus t' := Lie(T") (cf. [4]
(6.7)]). Let Xy C Ty be the irreducible component containing the inclusion ¢’ C g¢’.
Since Lie(U/) is p-nilpotent, the canonical projection dr : g — g’ induces an
injective homomorphism

n:S(g.t) — S(g't)



TORI AND CARTAN SUBALGEBRAS 4201

such that n(g) o dm = dm o g for every g € G(k) (cf. also (&8])) below. Since
Ad'(n(h)) odn = dmr o Ad(h) for all h € G(k), we obtain a commutative diagram

W(gaT) - W(glvT/)

| s

Norg(k) (t)/Centg(k) (f) ;) NOl"g/(k) (t’)/Centg/(k) (f,)

ANdl lAaf

S(g, 1) —— S(g',¥).
By (2) the maps Ad and Ad’ are isomorphisms, so that the lower square yields the
injectivity of . According to [4, (11.20)] and the first part of our proof, the top

horizontal map and (§ are isomorphisms. As a result, v is surjective. Hence 7 is
bijective, and « is also an isomorphism. O

Remark. (1) The proof of (3) in conjunction with (2) also shows that the morphism
Norg ) (T) — G(k) ; g — Ad(g)|¢ induces a surjection W(G,T) — S(g,t) for
any p > 0. Moreover, since for p > 3 the root space decomposition of a reductive
group of semisimple rank 1 coincides with the one of its Lie algebra, the above
arguments also imply that S(g,t) is not trivial whenever G is not solvable.

(2) For p = 2 the Lie algebra g = sl(2) of G = SL(2) is nilpotent, so that the
toral stabilizer is trivial, while the corresponding Weyl group is Z/(2).

Example. For p > 3 we consider § = SL(2) with its standard torus T. Let
g = s[(2) be the Lie algebra of G, and put t := Lie(T) as well as t := < (1) _01 >
If U :={zx cg\{0}; zl") =z}, then

Ty(k) — U 5 o= o(t)

is a G(k)-equivarant isomorphism. According to (1) the connected components
of U are the G(k)-orbits, hence the elements of a given component V' C U have
the same eigenvalues and the same determinant. Since each orbit is represented by

a 0 .
( 0 —a > with o € Fp, \ {0}, and

0 1 a 0 0 -1\ [ —-a O
-1 0 0 —« 1 0 o 0 «a )’
we see that U possesses exactly ”2;1 components parametrized by {a? ; a € F, \
{0}}. In particular, the component Vj corresponding to X(k) is given by
Vo:={Aecg; A’ = L},
so that Vj is isomorphic to Wy := {(a,b,c) € k* ; a® + bc — 1 = 0}.

According to ([#1)(3)), which in our context also holds for p = 3, the stabilizer
of Vo = X(k) is generated by the residue class of the matrix < _01 (1) > Its
operation on Wy is induced by the automorphism

(a,b,c) — (—a,—c,—b)
of A3. Consider the automorphism

7 A — A3 i (zyy,2) = (2,y — 2,y + 2).
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Then
W=7 W) = {(z,y,2) € & ; 2® +y* — 2> —1 =0},
and the operation on W is effected by the transformation
g Ag - Ag ; (l‘,y,Z) = (—ib, _yvz)
Let G be the group generated by the comorphism
Vi RX,Y, 2] — KXY, Z] 5 XX, Y > -Y,Z—Z
of 0. Since ideal I = (X? + Y2 — Z? — 1) of the variety W is generated by a
G-invariant element, G naturally operates on k[W]. According to (@) the coor-
dinate ring of 74(k) is isomorphic to the algebra k[W]% of invariants. As p > 3,
Maschke’s Theorem implies that the canonical projection k[X,Y, Z] — k[W] in-
duces an isomorphism k[X,Y, Z]9/I¢ = k[W]% of k-algebras. Since I is generated
by the invariant f := X2+Y2— Z2—1, we have I¢ = k[X,Y, Z]% f. Direct compu-
tation shows k[X,Y, Z]¢ = k[X2,Y2, XY, Z]. Using Grobner basis techniques the
morphism
A—X? B—Y? C—XY,Dw—Z
is seen to induce an isomorphism k[A, B,C, D]/(AB — C?) = k[X2,Y?2 XY, Z].
Consequently, this map also induces an isomorphism
k[A,B,C,D]/(A+ B - D* - 1,AB — C?) = k[W]°,
so that we have an isomorphism
To(k) = {(a,b,c,d) € k*; a+b—d>—1=0, ab—c* = 0}.

We shall see later (cf. (B3), (67)) that neither Xy(k) nor 74(k) is isomorphic to
some A",

5. THE PASSAGE FROM g TO g/n

5.1. General facts. Let L be arestricted Lie algebra over a commutative k-algebra
R. A p-ideal N < L is called strongly abelian if [N, N] = {0} = N?I. In that case,
every element x € N defines an automorphism

exp(z): L— L ; yry+[z,y

of restricted R-Lie algebras whose composite moexp(x) with the canonical projection
m: L — L/N coincides with .
Throughout this subsection we fix a finite-dimensional torus (t, [p]) over k.

Lemma 5.1. Let L be a restricted Lie algebra over a commutative k-algebra R,
N <L a strongly abelian p-ideal. If o, ¢’ : t — L are homomorphisms of restricted
Lie algebras over k such that mo @ = 7o ', then there exists an element x € N
such that
@' = exp(z) o .

Proof. We put ¥ := mo . Since N is abelian, the adjoint action of L on N factors
through to an action L/N — gl(N). Pullback along ¢ gives N the structure of a
restricted t-module. The k-linear map

yit— N ; t—o(t) —¢'(t)

satisfies
sy(t)—ty(s)=0 Vs, tet
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Moreover, since NN is strongly abelian, we have

p(t?) = o)V = (') + () = &' (OF + (ad ' (1))" (v(2))
#() + 17 A (1),
implying that - is a p-derivation. As t is a torus, the restricted enveloping al-
gebra u(t) is semisimple, so that the restricted cohomology group H}(t,N) =
Exti(t) (k, N) vanishes. Thanks to [13], (2.1)] this implies that 7 is an inner deriva-

tion. Accordingly, there exists an element x € N with y(¢) = t.x for every t € t,
whence

@' (t) = @(t) = v(t) = p(t) =tz = p(t) — [p(t), ] = (exp(z) o p)(1),
as desired. O

We fix a finite-dimensional restricted Lie algebra (g, [p]) over k, and a p-ideal
n < g. Let Liey(t, g) be the k-functor that assigns to every commutative k-algebra
R € My, the set of homomorphisms t — g ®j, R of restricted Lie algebras over k.
The canonical projection 7 : g — g/n induces a morphism

IT: T, — Lie,(t, g/n)

such that IIg(¢) = (7 ® idg) o ¢ for ¢ € T3(R) and R € Mj,.
To see that the above morphism affords a comparison between the schemes of
embeddings of g and g/n, we require the following subsidiary result.

Lemma 5.2. For every irreducible component X C Ty, there exists a subtorus
ty C t such that =1 (n) =ty for every element ¢ € X (k).

Proof. Since the scheme 7y is smooth [II] (1.4)], the k-algebra A := k[X] is a
finitely generated integral domain. We let j : t — g be the universal embedding
of t relative to X', and consider the morphism

0 : Specy,(A) — Liey(t,g/n) ; x+— (dg/m ® ) o (7 ®ida) oy
of affine algebraic schemes. According to [I1), (1.3)] there exists a subtorus ty C t
such that
ker o (z) = tx V x € Specy (A)(k).
Let ¢ be an element of X' (k). Then there exists € Spec;(A)(k) such that ¢ =
(idg®z)oj. Since Toyp = gk (x), we have ker(mop) = tx, whence =t (n) = ty. O

For a subtorus s C t, we let J* be the union of all components X C 7 such that
ty = 5. By general theory, there exists a subtorus s’ C t with t = s ® s’. There
results a morphism

II:Y° — Liey(s',g/n)
which sends ¢ € Y*(R) onto (7 ® idg) o ¢|s.

Given a commutative k-algebra A and an ideal I < A, we denote by D(I) the
open subfunctor of Spec;(A) associated to I (cf. [16} (I.1.5)]). By definition, we
have

D(I)(R) := {x € Spec(A)(R) ; Rx(I) = R}
for every R € Mj,.

Lemma 5.3. The morphism 11 induces a morphism 11 : Y — Ty /.
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Proof. According to [I1} (1.4)] 74/, is an open subfunctor of Lie,(t,g/n). In view
of [16} (I.1.7(2))] the subfunctor ¢ := II"'(7,,,) of the algebraic affine scheme )°
inherits this property. Hence there exists an ideal I <0 k[Y*] such that & = D(I).
From [16, (1.1.5(5))] we obtain D(I) = D(+/I). Since k[Y?] is finitely generated
and k is algebraically closed, Hilbert’s Nullstellensatz and [16, (I.1.5(8))] imply
VI = ﬂaequ)\u(k) ker . Thus, U is completely determined by U(k). In other
words, we have Y°* = U whenever U(k) = Y° (k).

Let ¢ be an element of Y*(k). To verify the injectivity of Il (p) = 7 o p|s, we
let s be an element of ker(m o ¢) Ns’. Then we have s € p~1(n)Ns’ CsNs’ = (0),
so that ¢ € U(k). Consequently, Y = Y°, and II factors through the subfunctor
Zy/n- -
Lemma 5.4. The morphism 11 : ¥* — 71y, is smooth.

Proof. Let C be a finite-dimensional k-algebra, I <t C' an ideal such that I? = (0).
The corresponding projection C' — C/I will be denoted pr. Consider ¢ € Y*(C/I)
and ¢ € Tg/n(C) such that Io/(¢) = ¢c/r. Since the scheme )* is smooth, there
exists an element v € Y*(C) such that

v =cyr = (idg ® pr) 0.

As II is a morphism, we have

(idg/n @ pr) o e (y) = lgyr((idg @ pr) o y) = ey (p) = Yoyr = (idg/m @ pr) o 9.
In view of (g/n) ®; I being a strongly abelian p-ideal of (g/n) ®j C, Lemma BT
provides an element ¢ € (g/n) ®j I such that

Y = exp(q) o (7).

Let ¢’ € g ®y I be an element with (7 ® id¢)(¢’) = q.

We next show that exp(¢’) oy € Y*(C). Let j : t — g be the universal
embedding of 7y and put A := k[7g]. Since Y* C 7 is an open subfunctor, there
exists an ideal J<1A such that D(.J) is the inverse image of J* under the isomorphism

Specy(A) — Ty ; z— (iddg®x)oj.
Let 2 be an element of Spec, (C)(k). Since x annihilates the nilpotent ideal I, we
have
(idg ® x) oexp(q’) oy = (idg ® x) 0 v € Y*(k).
Thus, writing exp(q’) oy = (idg ® y) o j for a suitable y € Spec, (A)(C), we obtain
xoy € D(J)(k) for every x € Specy,(C)(k). Consequently, Cy(J) is not contained
in any maximal ideal of C, whence Cy(J) = C, and y € D(J)(C). This implies
exp(q') oy € Y*(C), as desired.
We now obtain
I (exp(q’) 0 y) = (r @ide) o exp(q’) o y]er = exp(q) o e (7) = 1),
as well as
(exp(q") 0 Y)eyr = (idg @ pr) o exp(q) oy = ey = ¢.
Consequently, IT satisfies the lifting property, and is thus a smooth morphism. [
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5.2. p-nilpotent ideals. Throughout this subsection, n <1 g is assumed to be a p-
nilpotent p-ideal of the finite-dimensional restricted Lie algebra (g, [p]). As before,
we fix a finite-dimensional torus (¢, [p]). Given an irreducible component X C 7y,
Lemma [5.2] yields ¢~ (n) = (0) for every ¢ € X(k). According to Lemma [5.4] the
canonical projection 7 : g — g/n gives rise to a smooth morphism II : 7y — 7y,
which will turn out to be an iterated vector bundle.

Lemma 5.5. The morphism 11 : Ty — 1y, admits a section ¥ : Ty, — Ty.

Proof. Setting A := k[7y/,], we consider the universal embedding j : t — ;/?1 of
the affine scheme 7 /,,. Accordingly,

I': Specy(A) — Tg/m 3 x— (idg/m®x) 0y
is an isomorphism. The projection 7 := 7 ® id 4 induces an exact sequence
(0) — n@x A — 7L (8) — j(t) — (0)

of restricted Lie algebras over k. By virtue of (32]) there exists an element v €
771(4(t)) such that j(t) = (k7(v)),. We can thus find a nonzero p-polynomial f,
so that f(v) € n®j A. Suppose that nlPl” = (0). Then we have 21" € [n,n], ®x A
for every element z € n ®; A, and induction on dimy n provides a natural number
¢ € N such that (n ®j A)[p]e = (0). It follows that (kv), is finite-dimensional. By
choosing a maximal torus s C (kv), we see that the exact sequence

(0) — (n@x A) N (kv)p — (kv)p — (1) — (0)
splits. Hence there exists a homomorphism w : j(t) — g ®x A of restricted k-Lie
algebras such that
Towoj=j.
Let m t@r A — g Aand j: t®p A — g ®p A be the homomorphisms
of restricted A-Lie algebras corresponding to w o j and j, respectively. Since j €
Ty/n(A) there exists an A-linear map 7 : g/n — t ®; A such that

;}'/Oj - idt®kA-

The above identity gives rise to 7 ow o j = j, whence

—_—

:Yoﬁowoj:ﬁo.;:idﬂ@kz‘h
proving that w o j € 74(A). Accordingly,
®: Spec(A) — Ty ;3 z— (dg®zx)owoy

is a morphism of affine schemes. We set ¥ := ® oI'"! and consider, for R € Mj
and x € Specy(A)(R), the element ¢ = I'r(x) = (idg/n ® x) 0 j of Ty/n(R). Then
we have

Ma(Sr() = (r®idg)o®r(x)=(r®idr)o (idy ®2)owoj = (@) owo
= (dg/n®z)oTowoj=(idg/m ®x)0j=1p,
sothatHOZ:idTg/n. O

Suppose that n C Vg (q). In view of (B)) the map Ilg is injective for every R € M.
Thus, II is an isomorphism in that case.
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If the ideal n is strongly abelian, then n®y, R is strongly abelian for every R € My,
and there results a morphism

exp:n— AUT(g) ; n+— exp(n)

of affine group schemes. In particular, exp; : n — Aut,(g) is a homomorphism of
algebraic groups. Since n is connected, we have exp,(n) C Aut,(g)°.

The following result corresponds to the invariance of the Weyl group under pas-
sage to the reductive factor group.

Proposition 5.6. Let t C g be a torus of dimension p(g). Then we have S(g,t) =
S(g/n.b).

Proof. We proceed by induction on dimgn. Assuming n to be strongly abelian,
we put g’ := g/n. Since the G{(k)-equivariant morphism II; sends Xi(k) to the
component X{(k) of 7y (k) containing the inclusion 7|, we readily obtain S(g,t) C
S(g',t).

According to (£5) there exists a section X}, : Ty (k) — T4(k) of ;. Owing
to (@I(1)) we can find g € G¢(k) such that X} (X{(k)) C g - Xi(k). Application
of Iy, yields X{(k) C g - X{(k). We have equality for dimension reasons, so that
g € S(g’,t). Consequently, the section

Si ot Ty (k) — Tg(k) 5 g7 - S(g-¥)

sends X{ (k) to Xy (k).
Let h be an element of S(g’,t). Then we have

i (h - Se(wle)) = h-7wle = (S (h - 7o),
and Lemma Bl provides = € n with
h - 3g(rl) = expi(x) o X (h - 7|¢).

Since h € S(g¢’,t) and exp,(n) C Autp(g)°, the right-hand side is contained in X (k).
The left-hand side belongs to h - Xi(k), so that (h- X(k)) N X(k) # 0. As Ty(k) is
smooth [IT], (1.4)], its irreducible components are its connected components. Hence
(h- X(k)) = X(k) and h is contained in S(g, t).

Now let n be arbitrary. Then there exists a strongly abelian ideal (0) # ng C n of
g. We consider g’ := g/ng as well as the p-nilpotent ideal n’ := n/ng of g’. Thanks
o [12, (3.3)] we have u(g) = u(g’). Consequently, the above in conjuction with the
inductive hypothesis yields

S(g,t) = S(g',t) = S(g'/n', t) = S(g/n, 1),
as desired. O

Our next result implies that the smooth morphism Il : T4(k) — Zg/n(k) is
an iterated vector bundle. The reader is referred to [19, Chap. 1] or [27, Chap.
VI] concerning basic properties of vector bundles. The Grassmann variety of (-
dimensional subspaces of a finite-dimensional k-vector space V will be denoted

Gre(V)(F).

Proposition 5.7. Let t C g be a torus of dimension u(g), and suppose that n < g
is strongly abelian. Then Iy : Tg(k) — Tg/u(k) is an algebraic vector bundle of
rank dimy n/Cy (t).
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Proof. We put B := k[Tg], and denote by ¢ : t — g the universal embedding
corresponding to the isomorphism A : Spec,(B) — 73. Thanks to (&5 the
morphism II admits a section ¥ : 7y, — 7y.

As n is abelian, the algebra g/n operates on n, such that

Cug R(ITR(#) (1) = Cagy r(9(1) VR e M, ¢e€T4(R)

The universal embedding defines, via the weight space decomposition of the t-
module n ®; B, a decomposition

n®, B = Chg,B(i(t) ©Q

of B-modules.
Since n ®; B is a strongly abelian ideal, Lemma [B.1] provides, for the elements
i,2p(IIg(i)) € T4(B), an element g € @ such that

i = expp(q) o Xp(Ilp(7)).
Let Aq : Spec,(B)(k) — n be the morphism given by A;(z) = (idg ® z)(q),
so that A\g(z) € Q(x) for every x € Specy(B)(k). Since (idg ® x) o expp(q) =
expy, (Ag(2)) o (idg ® ) we have
(g @ ) 01 = exp,(Ay()) © STy © ) o)
for every x € Spec,(B)(k). Consequently,

(1) p = expr(Ag (A5 (9))) © Bk (i () V ¢ € Tg(k).

According to Lemma the morphism Il : 74(k) — T3/ (k) is surjective, and
the foregoing identity shows that exp;, : n — Aut,(g) induces a bijection

o 0/Ca((t) — TN (¥) 5 7 expy(n) o By ()
for every ¢ € Tg/4(k). The maps ¢y endow II; with the structure of a linear
fibration.
Since dimy t = p(g) = p(g/n) (cf. [12, (3.3)]), Theorem [.d]implies that the map
Tgn(k) — Gre(m)(k) ;5 ¢ = Cu(d(t),
with £ := dimy Cy(7(t)), is a morphism. Accordingly, given ¢y € 7g/n(k) and
My C n such that Cq(¢o(t)) @ My = n, the set
Uy := {7/} € ’Tg/n(k) ; Cn(w(t)) @ My = n}

is an open neighbourhood of .
We consider the morphism

¢: Uy x My — I (Uo) 3 (¢, m) — expy(m) o Sk(1)),

and observe that Iy o ¢ is the projection Uy x My — Uy.

We first show that ¢ is injective. Suppose that (1, m), (¢/',m’) are elements of
Uy x My with (v, m) = ((¢’',m’). Application of IIj implies ¢»p = ¢', whence
ad(m —m') o ¥y (¢) = 0. Consequently,

m —m' € Mo N Co(Zx(¥) (1) = Mo N Cu(eh(t)) = (0),

as desired.
Next, we construct the inverse of (. Recall that

U .= {X S Grg(n)(k) N X ® My = n}
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is an affine open subset of the Grassmannian such that U 2 Homy(n/Mg, My). Tt
follows from this identification that

U — Homg(n, Mp) ; X — pry,

with pry being the projection n — My induced by the decomposition n = X & M,
is a morphism of affine varieties. Given ¢ € Uy we set pry, := pre, (4(y)- I this
fashion we obtain a morphism

w: Uy — Homy(n, Mp) ; ¢+ pry,.
We now consider the morphism

v I (Uo) — Uo x Mo 5 ¢ = (Ik(9), (I ()) (Aq (A% (9))))-
Given ¢ € Uy, we have Cy(¥p(t)) = Cn(Zr(1)(t)), so that

expy (W) (n)) 0 Tp(¥) = expy(m) o Dp(¥)  Vmen.

Observing (), we now obtain for an element ¢ € IT, ! (Up)

() = CMe(p) w(Ti(2) (Mg (AL (1))

expy,(w(Ik (9)) (A (A7 (#)))) 0 Zie(Tk ()
= expr(A\g(A;1(9))) 0 Tu(lli()) = ¢,

so that ( oy = idngl(UO). On the other hand, ¢ is injective, and

Co(yol)=(Cor)ol=¢

whence v o ( = idy,xa,- Accordingly, v and ¢ are isomorphisms. If py, : Uy X
Moy — Up denotes the projection, then py, oy = II;. It remains to show that,
for every ¢ € Uy, the map ~ induces an isomorphism H;l(w) — My of k-vector
spaces. Let m be an element of My. Then ((¢,m) = expy(m) o Li(¢)) = (yp(m)
so that the map induced by ¢ corresponds to the isomorphism My — n/C,,(¢¥(t)).
Consequently, v has the requisite property, and the linear fibration IIj : 74(k) —
7,

o/n(k) is an algebraic vector bundle of the given rank. O

Remark. The interested reader may note that 7, — 7/, is in fact a scheme-
theoretic vector bundle.

Let T be the set of sections of the Gy(k)-equivariant morphism IIj : 74(k) —
Tg/n(k). The group Gy(k) operates on T via

(9-2)(¥) = gS(g ) VgeGuk), SET, ¥ e Tymlk).
If n < g is strongly abelian, then n acts on T via

(n.2)(¢) := expy(n) o Z(¢)) Vnen Ye¥, e Tymk).
We collect a few basic properties of these actions.

Lemma 5.8. Let n < g be strongly abelian, ¥ : t — g/n an embedding.
(1) If%,%":Tg/n(k) — T4(k) are sections, then there exists n € n such that

(@) = (n.2)(¢).
(2) Ifnen and g € G(k), then
(n-(g- 2) (@) = (g - (n.5))(¥).
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(3) Let g € Gi(k). Then there exists ng € n such that

(g-2)(¥) = (ng.2)(¥)
for every section ¥ : Ty (k) — Tg(k) of .
Proof. (1) Let m : g — g/n be the canonical projection. Since ¥ and ¥’ are
sections, we have 7o X(¢) = I (2 (¢)) = ¢ = (X' (¢)) = 7w o ¥/(¢), and Lemma

B.1] yields the assertion.
(2) We have

(n.(g-2)(W) = exp(n)o(gS(g~")) = exp(n) o (’111))09’1
= (X)(g7 ) og ! =g((nD)(g7 ') = (g~ (n.2)(¥),

as desired.
(3) Let X be a section. By (1) there exists ngy € n such that

(9 %0)() = (ng-X0) ().
Now let ¥ be another section. Part (1) provides m € n with
%) = (m-30)(¥)-
In view of Part (2) we have
(g-2)(¥) (g - (m.X0)) () = (m.(g - %0))(¥) = exp(m) o (g - ¥o)(¥)
exp(m) o exp(ng) o Xo(¢) = exp(ny) o X(¢),
as desired. ]

Lemma 5.9. Suppose that n < g is strongly abelian, and let ¥ : Ty (k) — Tg(k)
be a section of . If p # 2 or u(g) # 2, then we have

qg- 2 = E
for every g € Gi(k).

Proof. Let ¥’ be another section, ¥ € 7g/,(k) an embedding. Since n is abelian,
we have

(%) Ca (X' (W) (1) = Cu(Z(¥)(1)).
We choose a subspace m C n with
n=m®d Ch(X(¥)(1)).

Given g € G¢(k), Lemmal[5.8(3) now provides a uniquely determined element m, €
m such that

(g-2)(¥) = (mg-E)(¥).
We consider the resulting map
D:Gi(k) —m ; g my.
Thanks to (5:8(2),(3)), and (*) we have

(mgn-X)(¥) = (gh-E)(@) = (g- (h- )W) = (my.(h-X))(¥) = (h- (my.2))(
= (mn-(my.5))(¢) = ((mg + mn).2) (),

so that ® : Gy(k) — m is a homomorphism of groups. Recall that G¢(k) =

GL(1(g))(Fp). Thus, [I7, p.358] implies that, for p # 2, (G¢(k),G(k)) =

SL(u(g))(F,) is a subgroup of index p — 1. Since (G¢(k), G¢(k)) C ker ® and m

is a p-group, it follows that ®(g) = 0 for every g € G((k). By Lemma 2 of [17]

£
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p. 358], we have G((k) = (G(k),G(k)) for p =2 and pu(g) > 2. Since G((k) = {1}
for 1(g) = 1, we obtain ®(g) = 0 for all g € G¢(k) unless u(g) = 2.
Consequently,

(9- X)) =2(¥) Vg€ Gik).
As 1) was chosen arbitrarily, we obtain g - ¥ = X for every g € G¢(k). O
The G¢(k)-equivariant morphism ITj induces a morphism I, : j'g (k) — Ag/n(k).

Our next result extends (51 to the varieties of schemes of tori of maximal dimen-
sion.

Proposition 5.10. Let t C g be a torus of dimension u(g), and suppose that n <1 g
is strongly abelian. If u(g) # 2 orp # 2, then 11y, : Ty(k) — Tg/q (k) is an algebraic
vector bundle of rank dimy n/Cy(t).

Proof. Let £ := dimy C,(t). As noted in the proof of (5.1), whose notation we adopt
here, the map

Ty/n(k) — Gre(n)(k) 5 ¢ = Cu(d(t))
is a morphism of varieties. This map factors through to a morphism
0 Ta(k) — Gre(m) (k).
Given [ty € T4(k), we let My C n be a subspace of n such that Cy (1 (t)) ® Mo = n.
Then
U:={X € Gry(n)(k) ; X ® My =n}

is an affine open set of Gry(n)(k), so that

Uo = {[¥] € Ty/u(k) ; Ca(t(t) © Mo =n} =0~ '(U)

is an open neighbourhood of [#)] € ’fg/n(k).

Thanks to (B35) the Gi(k)-equivariant morphism Il : 7 — 73/, admits a
section ¥ : 7y (k) — Z4(k). In view of Lemma 5.9 the section X is also G(k)-
equivariant and thereby induces a morphism

S Tgm(k) — Ty(k) 5 W] = [E@)].

In particular, ¥ is a section for the morphism Iy, : ’fg(k') — Ag/n(k).
Given m € My, we denote by expj(m) the automorphism of 74 (k) defined by

[¢] = [expy,(m) o ¢].

There results a commutative diagram (cf. [57 for the notation)
Uy x My —— I (Up)
| s
Uy x My . 11, (Uo),
where a and ( are the canonical maps while ¢ and (f are defined via

C(h,m) = expy,(m)(E()) and C([¥],m) = espy (m)(E([¢])),

respectively. By the proof of (B7) ¢ is an isomorphism, so that (f is a bijective
morphism. Since [ is étale (cf. (L3)), the same applies to

Bo¢=Coa.
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Observing the faithful flatness of « (cf. (IL3)), [20, p. 46]) we may now apply (L)
to see that C is also étale. Consequently, [18, (3.6.3.4)] ensures that ¢ is an iso-
morphism. As a result, IT, : 75(k) — Ag /n(k) is an algebraic vector bundle of the
given rank. O

Remark. By the proof of the foregoing result II), is an algebraic vector bundle
whenever II; admits a Gy(k)-equivariant section. This is, for instance, always the
case, if there is a homomorphism 7 : g/n — g of restricted Lie algebras with
moy =idg/y-

5.3. Toral ideals. In this subsection we turn to toral p-ideals, that is, to p-ideals
of g that are tori. Such ideals are necessarily contained in the center of g. Given a
finite-dimensional torus (t, [p]), we recall that G¢(k) = Aut,(t) denotes the (neces-
sarily finite) automorphism group of t.

For a decomposition t = s®s’ of t by subtori we consider the subgroup Norg, ) (s)
={g € G(k) ; g(s) = s} of Gi(k). If pr,, : t — &’ and pr, : t — s are the
projections with kernels s and s’, respectively, then

1 : Norg, (k) (s) — Gs (k) 5 g (pres o g)ls
is readily seen to be a surjective homomorphism of (finite) groups.

Given t = s ® s’ we recall that )® is the union of those components X C 7y such
that ty = s. Note that }*(k) is a Norg, (x)(s)-subset of 7y(k). If we let Norg, i) (s)
operate on 7y, (k) via 7, then ITy, : Y*(k) — Tg/u(k) is a Norg, (i) (s)-equivariant
morphism.

If dimy t = p(g), and &y C Y (that is, s C n), then we have S(g,t) C Norg, 1)(s).
As II;(X¢(k)) is contained in the component X, (k) containing the embedding 7|,
we have 7(S(g,t)) C S(g/n,s’). We let Go (k) act from the right on the additive
group Lie,(s’,5)(k), and consider the subgroup Centg, (1) (s) := {g € G¢(k) ; gls =
idg}. The map

fs : Cente,(r)(8) — Gor (k) x Liey(s',5)(k) 5 g — (1(9),prs 0 gls)
is an embedding of finite groups.

From now on we assume n to be a toral p-ideal of g, and let t C g be a torus of
dimension p(g). Then n is contained in ¢(t) for every element ¢ € T4(k). We pick
a subtorus s” of t such that t = n®s’. Since p(g) = p(g/n) + dimg n (cf. [12} (3.3)]),
we have dimy " = p(g/n).

Lemma 5.11. Let n < g be a toral p-ideal, t C g a torus of dimension u(g). If
X C Tq4 is an irreducible component, and @9 € X(k) is a rational point, then
©ln = @oln for every ¢ € X(k). In particular, we have S(g,t) C Centg, ) (n).

Proof. By (5.2) there exists a subtorus ty C t with ¢~!(n) = tx for every element
p € X(k). Accordingly, restriction to ty defines a morphism

X (k) — Lie, (tx, n) (k).

Since X (k) is connected and Lie(ty, n)(k) is finite, this map is constant, as desired.
If g is an element of S(g,t), then (g - ©o)|n = @oln, so that g|y = idy. O

Proposition 5.12. Ifn C g is a toral p-ideal, and t = n@® s’ C g is a torus of
dimension u(g), then the following statements hold:

(1) Iy - YY(k) — Tg/m(k) 5 @ = (mo@)|s is a surjective morphism, whose
fibres are the (kern)-orbits of V" (k).
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(2) The homomorphism n|g(qg,v) : S(g,t) — S(g/n,s") is surjective.
(3) The homomorphism fn induces an embedding
S(g,t) — S(g/n,s") x Liey(s',n)(k).
(4) Let Xo (k) be the component of Ty/y(k) containing w|s. Then Il induces
isomorphisms Tg(k) = T, (k) and X(k)/(kern N S(g,t)) = Xo (k).

Proof. (1) Let ¢ : ' — g/n be an element of Ty ,(k). Then 7~ (¢(s')) is, as an
extension of tori, a torus of dimension p(g). Hence there exists an element A € 7g(k)
such that (m o A)(t) = (s’). Since dimy A™'(n) = dimy n, there exists g € Gy(k)
such that v :=g- X € Y"(k). It follows that ¢(s’) = (w0 y)(t) = IIx(y)(s’). Since
n is surjective, we can find h € Norg, () (n) such that ¢ = n(h) - Hx(y) = He(h - 7).
As h -~ € Y"(k), the surjectivity of ITy follows.

Each fibre of the Norg, (1) (n)-equivariant morphism Il is a (kern)-subset of
Y*(k). Now let ¢, ¢’ € Y"(k) be given such that II;(¢) = II;(¢’). Then we have
mow = mog', whence ¢'(t) C ¢(t) +n C ¢(t). Thus, there exists an element
g € G(k) such that ¢’ = g- . Consequently,

n=(g-9)"'(n) =g(¢™" (n) = g(n),
so that g € Norg, () (n). Moreover, the identity
I () = k(g - ) = n(g) - k()

implies g € kern.

(2) Let h be an element of S(g/n,s’). Then there exists g € Norg, ) (n) such
that 7(g) = h. Consequently,

(g - X(k)) = n(g) - M (Xi(k)) C h- Xor (k) = Xor (K).
Since rk(g/n) = rk(g) — dimy n, [I1], (1.6)] and (1) imply that IIx|x ) : Xi(k) —
X (k) and Ig|g.x k) : 9 - Xe(k) — Ao (k) are dominant morphisms of irreducible
varieties. Accordingly,
g (X (k) NIk (g - Xe(k)) # 0,
and there exist ¢1, g2 € X((k) such that
Topo g71|51 =m0 Y|y
Consequently,
prog T (s) = pa(s) +(s) Vses
for some ¢ € Liey(s’,n)(k). According to (1) we have 1|y = idn = @2|n. Thus,
the homomorphism w € Liey(t, t)(k) given by
ws+n):=gs)—w(s)+n Vses, nen
satisfies
P1owW = Pa.
In particular, w is injective, so that w € Norg, () (n). Since w™'- X (k) N X (k) # 0,
we conclude that w € S(g, t). Directly from the definitions we obtain
N(w) = prg owlsr = pry 0 g~ o =71,

whence n(w=1!) = h.
(3) According to (2.II), we have S(g,t) C Centg,x)(n). The assertion now
follows from the inclusion n(S(g,t)) C S(g/n,s’).
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(4) Since Y"(k) C T4(k) is open, (B4) and (1) imply that II; is a smooth
morphism with finite fibres, which, owing to [0, (I, §4, 4.7)] is thereby étale. By
virtue of Lemma the morphism

U Y (k) — Tym(k) 5 ¢ [i(p)]

is, as a composite of étale morphisms, étale. In view of the equivariance of II;, ¥
is constant on the Norg, (x)(n)-orbits of Y"(k) and thus induces a morphism

[y : V" (k) /Norg, gy (n) — Tg/a(k) 5 [¢] = (o)),
whose composite with the étale and faithfully flat morphism Y*(k) — Y"(k)/
Norg, (r)(n) is just W. Thanks, to Lemma [[4 the morphism IIj is étale. By part

(1) I}, is bijective, and [I8, (3.6.3.4)] shows that IIj, is an isomorphism.
Consider the morphism

A:YM(k) — To(k) 5 @ [o).

Since Y"(k) C T4(k) is a union of connected components, Lemma [[-3]shows that A
is étale. As before, we see that the induced morphism

A Y (k)/Norg, ) (n) — Ty (k)

enjoys the same property.

Let [¢)] be an element 7;(k). In view of dimyt~'(n) = dimyn, there exists
g € Gik) with (g ) '(n) = n. Thus, g% € Y™(k), and Alg - %) = [u].
Consequently, A is surjective.

If @, ¢’ belong to Y" (k) such that A([¢]) = A([¢']), then there exists g € Gy(k)
with ¢' = g-¢. Hence n = (g-¢)~'(n) = g(n), so that g € Norg, ) (n). Conse-
quently, [¢] = [¢'], and A is injective.

As before, the bijective, étale morphism A is an isomorphism. Thus, I o A1
is the desired isomorphism.

To verify the last assertion we consider the commutative diagram

I
X(k) 2 )

| |
To(k) —— Tym(k),

whose vertical arrows are surjective and whose bottom horizontal arrow is bijective.
It follows that for any ¢ € Xy (k) there exist h € S(g’,s") and ¢ € X (k) such that

¥ =h-1(p).
In view of (2) we may write h = n(g) for some g € S(g,t), whence
¥ =1k(g - ¢) € Mp(Xi(k)).
In view of (1), (54)) and [6], (1,§4,4.7)] ILx|x, (k) is étale and thus induces a bijective,

étale morphism Iy : Xy (k)/(kern N S(g,t)) — X (k), which, by [I8, (3.6.3.4)], is
an isomorphism. (I

Remark. The example following (£.1]) shows that (£12(4)) does not hold for arbi-
trary tori of g.
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6. THE STRUCTURE OF g AND 7

In this section we study the interplay between the structure of a restricted Lie
algebra (g, [p]) and that of its varieties of tori. We have already observed that
nilpotent Lie algebras are characterized by their varieties being finite.

6.1. Solvable Lie algebras. We apply the results of §5 to study the scheme of
(embeddings of) tori of maximal dimension in case the underlying finite-dimensional
Lie algebra g is solvable. By way of illustration, we first consider the case when
g = Lie(G) is the Lie algebra of a connected, smooth, solvable group G. According
to general theory [28, (6.11)] the group G decomposes into a semidirect product

G=UXT,

with a normal, unipotent subgroup & and a maximal diagonalizable subgroup 7.
Since g = Lie(id) @ Lie(T), the p-subalgebra t := Lie(7) is a maximal torus of g.
Theorem 2.1 now provides an isomorphism X (k) = U(k)/Ceny()(t). The general
structure theory of smooth unipotent algebraic groups entails that the latter space
is isomorphic to the (dimy g — rk(g))-dimensional affine space (cf. [6l (IV, §4, 3.4,
3.16)]).

For any natural number n, we let ¢,, be the order of the group GL,(F,). Recall
that g is referred to as trigonalizable if every simple restricted g-module is one-
dimensional. We say that g is supersolvable if g possesses a filtration by p-ideals with
one-dimensional factors. Trigonalizable restricted Lie algebras are supersolvable.

Theorem 6.1. Let (g, [p]) be trigonalizable of dimension ¢, t C g a torus of dimen-
sion p(g). Then the following statements hold:

(1) Ty(k) is the disjoint union of c,q) copies of Al—rk(e),

(2) T(k) = AL,

Proof. (1) By general theory (cf. proof of [29, (V.8.6)]), the Lie algebra g decom-
poses into a semidirect sum g = t & m with a p-nilpotent ideal m. We proceed by
induction on dimj m, with the case dimym = 0 following from the isomorphism
Gi(k) = GL,(g)(Fp). Assuming dimzm > 0, we let (0) # n C m be a strongly
abelian p-ideal of g. Then g’ := g/n = t® (m/n) is trigonalizable, and the inductive
hypothesis implies that the connected component X{(k) of 7y (k) containing the
standard embedding is an affine space A”.

Owing to Proposition (.1 the morphism Hk|H,:1(X{(k)) DI N (R)) — XL (k)
is an algebraic vector bundle. It thus corresponds to a finitely generated projective
module P over k[X{(k)] = k[X1,...,X,] (cf. [ p.623]). Thanks to the Quillen-
Suslin theorem (cf. [24, Thm.4]) the module P is free. Accordingly, the above
bundle is trivial, whence I, ' (X{(k)) = &{(k) x A" = A™™" for some n € N. In
particular, IT, ' (&{(k)) is an irreducible variety containing the component X (k).
This implies X;(k) = A" where r+n = £ —rk(g) for dimension reasons (cf. (3,
[11, (1.6)]).

In view of (B1]) and the G{(k)-equivariance of II;, we see that the inverse image
of each connected component of 7y (k) is 7y4(k) is a connected component of 7y (k).
Consequently, the number of these components is the same for 73(k) and 7y (k), as
desired.

(2) Owing to () [Gi(k) : S(g,t)] is the number of components of the variety
T4(k). In view of (1) S(g,t) = {1} is the trivial subgroup, so that our assertion
follows directly from (1) and (@II(3)). O
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Remark. The triviality of the toral stabilizer S(g,t) corresponds to the fact that
the Weyl group W (G, T) of a connected, solvable, smooth k-group is trivial (cf. [I5]

(19.4)).

Theorem 6.2. Let (g, [p]) be a solvable, restricted Lie algebra of dimension £, t C g
a torus of dimension u(g). Then the following statements hold:

(1) S(g,t) is a p-group.

(2) Ifp >3, then Ty(k) =2 Al-rk(0),

(3) If g is supersolvable, then ’fg(k') =~ AR and S(g,t) is an elementary
abelian p-group.

Proof. (1) We proceed by induction on ¢, the case £ = 1 being trivial. Let n C g be
a minimal p-ideal. As g is solvable, n is abelian, so that n?’! ¢ C(g). Consequently,
n is either strongly abelian or toral.

If n is strongly abelian, then (B58) yields S(g,t) = S(g/n,t), and the inductive
hypothesis implies the assertion.

Alternatively, we write t = n @ s’ and apply (BI2(3)) in conjunction with the
inductive hypothesis.

(2) As in (1) we proceed by induction on ¢ and let n < g be a minimal p-ideal.
If n is toral, then the inductive step follows from (5I2(4)). Alternatively, (&10) in
conjunction with the inductive hypothesis provides an algebraic vector bundle

j—g(k) — Aqa

which, by the arguments of the proof of Theorem [6.1] is trivial. Consequently, we
have T4 (k) = A", with r = £ — rk(g) for dimension reasons.

(3) Let T(g) be the largest toral ideal of g. As g is supersolvable, the factor
algebra g’ := g/T(g) is trigonalizable (cf. [10} (2.3)]). By combining Theorem
with (E12(4)), we obtain Ty (k) 2 Ty (k) = AL-@),

In view of (EI) the stabilizer of the standard component of 7y (k) is trivial.
Thus, (EI12(3)) implies that S(g,t) — Lie,(s’,n)(k) is elementary abelian. O

Examples. (1) Consider the three-dimensional Lie algebra g := kt ® kx @ kz with
product and p-map given by

tx]=x, [t,2] =0=[z,2] ; tPl =t zlPl=z=_:P

Then t := kt ® kz is a torus of maximal dimension, and direct computation shows
that kz = C(g) is the only one-dimensional p-ideal of the solvable Lie algebra g.
Consequently, g is not trigonalizable, and thus cannot be the Lie algebra of a smooth
solvable group. If p > 3, it follows that g is not the Lie algebra of any smooth group
(cf. [14} (12.1)]). We have seen at the beginning of §4 that the connected component
Xyt (k) of the Lie algebra g’ := g/C(g) consists of those elements ¢ € Ty (k) such
that ¢(t) = t + ax for some « € k. According to (6.I) the variety 7y (k) has p — 1
irreducible components, each of which is isomorphic to Al.

Now let ¢ be an element of X (k). By (EII) we have ¢(z) = z, and since
I (p) € Xie(k), the above computations imply ¢(t) = t + ax + 8z, with o, € k
satisfying 8P — 8+ af = 0. We call this map ¢, g)-

The variety V := {(a,8) € A? ; 37 — 3+ o = 0} is isomorphic to Al. In
particular, V is irreducible, and by the above, the image of morphism

Vi — Ty(k) 5 (a,0) = P(ap)
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contains the connected component Xi(k). Hence the image equals X (k) and we
have an isomorphism V 2 X, (k), sending (0,0) onto the standard embedding ¢.

Let g be an element of S(g,t). Then we have g(z) = z as well as g € X (k).
Accordingly, ¢g(t) =t + vz with v € F,,. Conversely, we have g -« € X (k) for every
such g, so that S(g,t) = Z/(p) and T4(k) possesses Z = (p*> —1)(p — 1) irreducible
components.

(2) Let b := kx & ky @ kz be the three-dimensional Heisenberg algebra, whose
structure is given by

eyl =2, 1,2 =0=[y,2] ; P =0 =y, 20—,

This algebra possesses a p-dimensional simple restricted module V, on which z
operates via the identity. We consider the semidirect product g := h x V| where V'
is strongly abelian and note that g is not supersolvable. By the proof of (G.1]) the
variety T4(k) given by the maximal torus kz is the disjoint union of p—1 copies of AP.
In view of (56) we have S(g, kz) = S(h, kz) = {1}, so that T (k) = Xy (k) = AP.

6.2. Lie algebras whose varieties of tori are A". Let (g,[p]) be a finite-
dimensional restricted Lie algebra, t C g a torus of maximal dimension. Aside
from s[(2) the examples of the varieties of tori X;(k) and 7, (k) computed so far are
full affine spaces. In this section we investigate this situation more systematically.
By choosing a basis of t consisting of toral elements, we identify the automor-
phism group G¢(k) with the general linear group GL(1(g))(F,) over the Galois field.
Given a finite group G, we denote by Ab(G) := G/(G, G) its abelianization.

Theorem 6.3. Let (g,[p]) be an (-dimensional restricted Lie algebra such that
Ty (k) = A=%@) . Then Ab(S(g,t)) is a p-group, and S(g,t) C SL(u(g))(F,).

Proof. We put n := £ — rk(g). Let F be an algebraic k-group. Following [6] (III,
§4, 4.1)] we denote by H' (A", F) the set of isomorphism classes of principal fibre
bundles (torseurs) over A™ with structure group F (respectively). In the following,
we let pp = Spec, (k[T]r) be the multiplicative group. For each m € N the group
scheme i, := Spec(k[T]/(T™ — 1)) is the kernel of the morphism puy — py ; 7 —
.

Let ¢ be a prime power not divisible by p, N <0 S(g,t) a normal subgroup such
that S(g,t)/N = Z/(q). We consider the variety Y := X (k)/N. Owing to [6], (III,
§2, 6.1)] the morphism ¥ — ’fg(k') is a principal fibre bundle with structure group
2/(a) = (k).

According to [6l, (ITI, §4, 5.5)] we have an exact sequence

E[X1,. . X" Jk[X1, .. X" — HY(A™, p,) — Pic(A"),.

Here the left-hand group is the factor group of invertible elements by its subgroup
of g-th powers, Pic(A™) denotes the Picard group of A™ (cf. [6l (III, §4, 4.4)])
and Pic(A™), := {z € Pic(A") ;29 = 1}. In view of (cf. 201 (20.7)]) and the
surjectivity of k* — k* ; a +— af the extreme terms of the sequence are trivial,
whence H'(A™, uy) = {1}. As a result, the principal fibre bundle Y — T, (k) is
trivial, so that ¥ 22 Z/(q) x T4(k). Since Y is irreducible, we have ¢ = 1, whence
N = S(g, ).

We now decompose Ab(S(g, t)) into a direct product of cyclic subgroups of prime
power order. By the above, only factors of order a power of p occur, so that
Ab(S(g,t)) is a p-group.
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The restriction of the homomorphism det : G(k) — TF) to S(g,t) factors
through to a homomorphism Ab(S(g,t)) — F,\. By the first part of the proof this
homomorphism is trivial, so that S(g,t) C SL(u(g))(Fp). O

Corollary 6.4. Let (g, [p]) be an £-dimensional restricted Lie algebra with u(g) =1,
tCgisa gne—dimensional torus.

(1) If Ty(k) = A=) then S(g,t) = {1}, and Xi(k) = AL—k@),

(2) If g is solvable, then S(g,t) = {1}, and X (k) = A'~@) = 7 (k).

Proof. (1) By assumption S(g,t) C ) is an abelian group, which, in view of (6.3)),
is also a p-group. Consequently, S(g,t) = {1}, and @) yields X (k) = T4(k) =
Afl—rk(g)

(2) This is a combination of Theorem [6.2] whose proof in this situation also
works for p = 2 (cf. (510)), and (1). O

By combining ([@l) and (G4) we obtain that the variety of embeddings of a
solvable Lie algebra g of multiplicative rank p(g) = 1 is the disjoint union of p — 1
copies of some A",

The following result provides a partial converse to Theorem [E2.

Theorem 6.5. Suppose that p > 3. Let g = Lie(G) be the Lie algebra of an (-
dimensional smooth group G, t C g a mazimal torus. If ’]A'g(k') =~ ALK then G
is solvable.

Proof. Owing to [I4, (13.3)] there exists a maximal torus 7 C G such that t =
Lie(T'). Moreover, () implies dimy, t = p(g).
We consider the homomorphism

fW(G,T) — S(g.t) 5 [g] — Ad(g)le

Let R be the set of roots of G relative to 7' (in the sense of [28] (9.1.4)]). The
group Hom(k*,T) of cocharacters of T will be denoted Y (7). Given o € R we
let «¥ € Y(T) be the corresponding coroot. For each A € Y(T) the element
hx == d(M\)(1) € t satisfies h[)f)] = hy, and t is generated by {hy ; A € Y(T)}. As
usual, we put h := hov for every a € R.

Let o € R be a root, sq € W(G,T) the corresponding reflection. Then s, acts
on Y(T) via

Sa(A) = A — (o, \)a¥ VY AeY(T).

If n, € G(k) represents s, and i,_ denotes the inner automorphism of G(k) effected
by ne, then we have

flsa)(ha) = Ad(na)(ha) = d(in, )(d(A)(1)) = d(in, o N)(1) = d(A = {a, \)a”)(1)
= hx— (o, A)hqa.
Direct computation shows (o, \) - 1 = d(«)(hy), so that
f(sa)(t) =t —d(a)(t)ha Viet

Since d(a)(hq) = (@, a¥) = 2 and p > 3, we can thus find a toral basis of t such that
f(sa) & SL(p(g))(Fp). As this contradicts Theorem [6.3] we conclude that R = (0.
A consecutive application of [28] (9.1.2)] and [28] (7.3.5)] yields the solvability of
G(k). The assertion now follows from [, (IV, §4, 2.4)]. O
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Remark. (1) The example SL(2) shows that (6.5) does not hold at even character-
istic.

(2) Let t C s[(2) be the standard torus. By (63) the variety t[(Q)(k), which we
computed in §4, is not isomorphic to A? whenever p > 3.

(3) Suppose that p > 3, and let G be a smooth group with maximal torus T' C G.
In view of (@7) and (G5) the assumption G(k)/Norg, (T) & AtmI=rk() implies
the solvability of G.

Corollary 6.6. Suppose that p > 5, and let (g, [p]) be an £-dimensional restricted
simple Lie algebra of classical or Cartan type. If t C g is a torus of mazximal
dimension, then Ty (k) % A=k,

Proof. If g is classical, then (6] shows that S(g,t) is generated by reflections, so
that S(g,t) ¢ SL(u(g))(F,). Thanks to (B3) this yields 7 (k) 3 Al—k(@),
Alternatively, g is of Cartan type, and by Demuskin’s work [7],[8] all maximal tori
have the same dimension. Accordingly, [29, (IV.2.5, IV.3.6, IV.4.6, IV.5.7)] shows
that we can choose t in such a way that there exists a p-subalgebra q C g containing
t, which is a direct sum of a classical Lie algebra h and a torus n of dimension
< 1. (In case of the Witt algebra W(1;1), we have q = sl(2).) Consequently,
S(g,t) C S(g,t). Choose a torus s/ C h with t = s’ & n. There results a morphism

Ty(k) — T(k) 5 @ — ¢ D idn,
which gives rise to an embedding
A:S(h,s") — S(a,t) 3 g g@ida.

Since det(A(g)) = det(g) for every g € S(h,s'), the first part of the proof yields

S(a,t) ¢ SL(u(g))(F,). Consequently, S(g,t) ¢ SL(u(g))(F,), and (G3) implies
the desired result. O

We conclude this section by considering restricted Lie algebras whose varieties
of embeddings are disjoint unions of full affine spaces. The following result shows,
in particular, that the irreducible components of Z;((2)(k) are not isomorphic to A2,

Theorem 6.7. Let (g,[p]) be an ¢-dimensional restricted Lie algebra such that
X(k) =2 A% Then the following statements hold:

(1) S(g,t) is a p-group.

(2) If g = Lie(G) is the Lie algebra of a smooth group G and p > 3, then G is
solvable.

(3) Ifp>5, then g is not simple of classical or Cartan type.

Proof. (1) Let ¢ # p be a prime and suppose that H C S(g,t) is a g-subgroup.
According to [6, (IV, §4, 4.3)] there exists a fixed-point z € X (k). As S(g,t)
operates freely on X(k), it follows that H = {1}. Thus, by Sylow’s Theorem, ¢
does not divide the order of S(g,t), and S(g,t) is a p-group.

(2) This is a direct consequence of (1) and the remark following (7).

(3) Let g be simple of classical or Cartan type. According to the proof of (6.6)
the group S(g,t) is not a p-group. O

Remark. According to the Block-Wilson classification theorem [3] every restricted
simple Lie algebra g of characteristic p > 7 is either classical or of Cartan type.
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Corollary 6.8. Let G be an {-dimensional smooth algebraic k-group of charac-
teristic p > 3, t C Lie(G) a maximal torus. Then the following statements are
equivalent:

(1) i) () = A'HE(),

(2) G is solvable.

(3) Xt(/f) o Af—tk(Lie(G))

Proof. (1) = (2) See (G.5).

(2) = (3) By the Lie-Kolchin Theorem the Lie algebra Lie(G) of the smooth
solvable group G is trigonalizable. Hence (6.1]) implies X (k) =2 A~ k(Lie(9)),

(3) = (1) See (67) and (G). O
Example. We show by an example that Corollary does not hold for arbitrary
supersolvable restricted Lie algebras. Consider the “diamond algebra” g = kt @
kx ® ky @ kz, whose bracket and p-map are given by

[t,(E] =T, [tvy] =Y, [t,Z] =0, [xvy] =z, [xvz] =0= [y,z]
and
thl=¢ 2Pl ==yl 20l =
respectively.

The algebra g is supersolvable, and n := kz is a toral ideal of g. Since t := kt@Skz
is a self-centralizing torus, (B3) and @8] imply p(g) = rk(g) = 2. Consequently,
[62) yields T4 (k) = A2.

The factor algebra g’ := g/n is trigonalizable of rank rk(g’) = 1 and with maximal
torus &' := kt. In view of (6I) 7y (k) is the disjoint union of p — 1 copies of A%, In
fact, every ¢ € Ty (k) is given by

p(t) = M)t + alp)r + B(p)y

with A(¢) € F), a(p), B(w) € k. Accordingly, the elements of &;, (k) are of the
form

p(t) =t +alp)r + B(e)y.
Now let 1 be an element of X;(k). Then (EI1]) and (EI2(4)) imply
() =t+a@)z+ By +v(W)z ; P(z) ==
For p > 3, the p-map on the Heisenberg algebra b := kx & ky & kz is p-semilinear,
so that Jacobson’s formula for the p-map yields
v = (t+a@)e+ BT + ()
= t+a@)z+ W)y —a(@)B()z + ()2

This formula also holds for p = 2. As a result, we obtain
V(@) =) — a(¥)B(¥) = 0.
We consider the irreducible variety
Vi={(e,0,7) €k’ ; /" = —af =0}
The foregoing observations provide a morphism
V — Ty(k),
whose image contains the irreducible component Xy (k). Accordingly, the above

map induces an isomorphism
V= X(k).
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It now follows that S(g,t) = X (k)NG(k) = Z/(p) (see remark (2) preceding ([@1])).
We continue by showing that V is not a full affine space. To that end we consider
its coordinate ring

A:=Kk[X,Y,Z])(Z° - Z — XY).

Thus, A is an integral domain, which is generated by the residue classes z,y, z of
X,Y,Z. Using the fact that the canonical projection restricts to an embedding
E[X,Z]) — A as well as 2™ f € k[x,y] for all f € A one shows that z € A is
irreducible. Applying the automorphism that interchanges x and y and fixes z one
sees that y is also irreducible. The identity

zy=2(zP"1 =1 =z2(z-1DA+z2+---+2P2)

now shows that A is not factorial (this also holds for p = 2). Hence A is not
isomorphic to a polynomial ring, and (6.8) does not hold for g.

7. VARIETIES OF p-SUBALGEBRAS

In the following sections we are going to employ schemes of tori to study subva-
rieties of the Grassmannian Grg(g)(k) of d-dimensional subspaces of a given finite-
dimensional restricted Lie algebra (g, [p]). Let Subg(g)(k), Solva(g)(k), Nila(g)(k),
and Abg(g)(k) be the subsets of Grq(g)(k) consisting of all d-dimensional p-
subalgebras, all d-dimensional solvable p-subalgebras, all d-dimensional nilpotent
p-subalgebras, and all d-dimensional abelian p-subalgebras of g, respectively. A
p-subalgebra b C g is said to act triangulably on g if every composition factor of the
h-module g is one-dimensional. We let Trig;(g)(k) be the set of those d-dimensional
p-subalgebras of g that act triangulably on g. As a consequence of the following
results, the five sets defined above are projective varieties.

Let Gry(g) : My — Ens be the Grassmann scheme, i.e., the k-functor that
assigns to every commutative k-algebra R the set Grq(g)(R) of R-direct summands
of g ®; R of rank d (cf. [16, (I1.1.9)]). We begin by considering the subfunctor
Subg(g) C Grg(g) that is given by

Subg(g)(R) := {M € Grq(g)(R) ; [M,M] c M, M" < M}

for every commutative k-algebra R € Mj. Recall that the R-Lie algebra g ®j R
carries the structure of a restricted Lie algebra via

(z @ r)P) = zlPl @ P Vxeg, reR.

Proposition 7.1. Let (g, [p]) be a finite-dimensional restricted Lie algebra. Then
Subg(g) is a closed subfunctor of Grg(g).

Proof. Let ¢ : R — S be a homomorphism of k-algebras. Since (g®; R)®rS —
gQKS; xR®T®s— z® @(r)s is an isomorphism of restricted k-Lie algebras, it
follows that Grg(g)(¢) sends Subg(g)(R) to Subg(g)(S). Consequently, Subg(g) is
a subfunctor of the k-functor Grg(g).

To verify the closedness of Subg(g), we show that for every commutative k-
algebra A and every morphism f: Spec, (A) — Gr,(g), the subfunctor f~!(Subga(g))
C Specy(A) is closed (cf. [16, (I.1.12)]). By Yoneda’s Lemma [16, (I.1.3)] the
morphism f corresponds to an A-point M € Gry(g)(A).
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For a basis {v1,...,v,} of g let aj¢ € k be the structure constants that are given
by

vz,vj Za”gw, 1<4,5 <n.

We denote by {my,... ,md} a set of generators of the locally free A-module M of
rank d, and define elements a,;, b,.; € A via

n
:Zvi®ari; ].S?“Sd,

and

[p]zzvi®bri; 1<r<d,

respectively. By definition of Gry(g)(A), there exists an A-submodule N C g ®; A
such that
g ®k A=M &) Na

and we denote by pr: g®r A — N — g ®j A the corresponding projection. This
A-linear map is given by

pr(v; ® 1) = sz®c”, 1<j<n.

We let I C A be the ideal generated by the elements

n n n n
Ryst 1= Z Z Z QijeQriQsiCee 5 Gtr = ZCtEbTZ; 1<t < n, 1< r,s < d.
(=1

=1 i=1 j=1
Now let ¢ : A — R be a homomorphism of k-algebras. Then we have
g @k R = (Mg) & (Ng),

where Xp = X ®4 R for X € {M,N}. The corresponding projection pry : g ®x
R — Np — g®y, R is given by

erv]®1 sz(@gpcw 1<5<n.
In view of
me @ 1Lms@1]=> 0@ (DY aijep(ar)plas;))
=1 i=1 j=1
we have

er([mT ®1L,ms® 1]) = Z'Ut & So(hrst)-

Similarly, we obtain
prg((m, @ 1)) th ® @(ger)-

Now suppose that ¢(I) = (0). Then the foregomg identities imply [Mg, Mg] C
kerprp = Mp as well as (m, ® 1)lPl € My for r € {1,...,d}. By general prop-
erties of the p-map (cf. [29, (I, §1)]), this entails MI[%)] C Mpg. Consequently,

= Grg(g)(p)(M) belongs to Subg(g)(R). The same arguments show that
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Mpr € Subgy(g)(R) implies I C ker p. Consequently, f~!(Suby(g)) is a closed sub-
functor of Spec,(A), as desired. O

Remark. Consider the k-functor Id,4(g) : My, — Ens given by
Ida(g)(R) := {M € Subq(g)(R) ; [g @ R, M] C M}

for every commutative k-algebra R. As in (1) one readily sees that Id4(g) is a
closed subfunctor of Subg(g) and Grg(g).

Recall that the nilpotency class of a nilpotent Lie algebra f is the smallest number
¢ such that the (c+1)st term h(c+1) of the lower central series of h vanishes. Given
¢ > 1, we consider the subfunctor Nilj(g) C Subg(g) of p-subalgebras of nilpotency
class < ¢. Note that Nil}(g) =: Abg(g) coincides with the subfunctor of abelian
p-subalgebras of g. The proof of the following result, being analogous to that of
(1), will be omitted.

Proposition 7.2. Nilj(g) is a closed subfunctor of Suby(g) for every c > 1. O

Remark. The above results imply that the sets Subg(g)(k), Nilg(g)(k) = Nil%(g) (k)
and Abg(g)(k) of rational points of these functors are closed subsets of the Grass-
mann variety. The following argument shows that triangulably acting p-subalgebras
also enjoy this property.
Setting n := dimy, g, we note that a p-subalgebra b C g belongs to Trig,(g)(k) if
and only if 2[P" € C(g) for every = € [h, b]. Consider the morphism
d
fra—a s (@, mayn o ya) — O [y
i=1
Since X, := {(V,2z1,...,2m) € Gra(g)(k) x g™ ; (x1,...,2m) € V™} is a closed
subset of the variety Grg(g)(k) x g™ for any m > 1, the set Z = {(V,z) €
Yauq ; f(2) € C(g)} is closed in Grg(g)(k) x g?¢. The fibres of the projection
7w Z — Grq(g)(k) are given by

mHa(Viv)) 2 {2 € V25 f(2) € Cla)}-
Upper semicontinuity of fibre dimension then implies that the set
L:={(Viv)e Z; f(V*') C C(g)}
is closed. By considering the inverse image of L under the morphism Grq(g)(k) —
Z ; V — (V,0), we see that K := {h € Suby(g)(k) ; f(52?) C C(g)} also enjoys

this property. Since [, b] = {2, [, 3] ; @:,y: € b} for every b € Suby(g)(k), we
have K = Trig,(g)(k).
Similar arguments show that Solvg(g)(k) is a closed subset of Subg(g)(k).

In the sequel we want to define open subfunctors of Nilj(g). To that end we
require subsidiary results on subvarieties of the Grassmannian.
Let Y C g and X C Grg(g)(k) be closed subsets. We consider the closed subva-
riety
XY ={yV)eYxX;yeV}

of Y x X. The projections of ¥ x X onto the two factors induce morphisms
7y : XY — Y and mx : XY — X, respectively. Since the projective variety
Gra(g) is complete (cf. [21), (I, §9)]), my is a closed map.
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Lemma 7.3. Let Y C g be a closed, conical variety. Then the map
Grg(g)(k) — Ny ; Vi=»dimVNY
18 upper semicontinuous.
Proof. Since my induces isomorphisms
7T(_;rld(g)(k) (Tara(@)(0) (¥, V) =V NY
sending (y, V') to y, (LI) yields the upper semicontinuity of the map
Gra(@)(F)Y — No ; (4, V) — dim, V(Y.

As every irreducible component of the closed, conical variety V' NY contains the ori-
gin, we obtain the assertion by considering the inverse images under the morphism
Gra(g)(k) — Gra(g)(k)" ; V= (0,V). O

We next consider the sets SNorg(g)(k), Carq(g)(k), and Torg(g)(k) of d-dimen-
sional self-normalizing p-subalgebras, of d-dimensional Cartan subalgebras, and of
d-dimensional tori of g, respectively.

Lemma 7.4. Let (g,[p]) be a finite-dimensional restricted Lie algebra.
(1) SNory(g)(k) is an open subset of Subg(g)(k).
(2) Carq(g)(k) is an open subset of Nily(g)(k).
(3) Tora(g)(k) is an open subset of Abg(g)(k).

Proof. We consider the morphism

¢ : Endy(g) x Gra(g)(k) x g — Gra(g)(k) x g 5 (f,V.z) — (V, f(2)),
and recall that 31 = {(V,z) € Gry(g)(k) x g ; = € V} is a closed subvariety of
Gra(g) x g. Thus, () = (Bnde(g) x 21) N1 (S1) = {(, Vo) ; = € VS~ (V)}
is a closed subset of Endy(g) x Gra(g)(k) x g. We denote by 7 : Q(¢) — Endj(g) x
Gra(g)(k) the restriction of the projection onto the first two factors. Then we have
Y y(f, Vi) 2 VN f7Y(V), so that e,(f,V,z) < d. Upper semicontinuity of
fibre dimension implies that the set

C:=A{(f,V.z) e Q) ; &y(f,V,2) =d} ={(f, V,z) € Q) ; f(V) CV}
is closed in Q(¢)). By considering the morphism
w : Endy(g) x Gra(g)(k) — Q) ; (f,V) — (f,V,0),
we conclude that
D:=w (C) = {(f,V) € Endy(g) x Gra(g)(k) ; f(V)CV}
is closed. Since the adjoint representation ad : g — Endy(g) induces a morphism
¢ g9 x Gra(g)(k) — Endk(g) x Gra(g)(k) ; (2,V)— (adz,V),
the set
E:= (7' (D N (Endy(g) x Suba(g)(k))) = {(z,h) € g x Suba(g)(k) ; [z,b] C b}

is a closed subvariety of g x Subg(g)(k). Let 7 : E — Subg(g)(k) be the restriction
of the projection g x Subg(g)(k) — Subg(g)(k). Then we have m=*(rw(x, b)) =
Norg(h), the normalizer of b in g. Consequently,

ex(z,h) = dimy Norg(h) for every (z,h) € E,
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so that d < eq(z,h) < dimpg. Observe that SNorg(g)(k) and Id4(g)(k) are
the inverse images of the sets {(z,h) € E ; dime,(z,h) = d} and {(z,h) €
E ; dime,(x,h) = dimg g} under the morphism h — (0, ), respectively. Thus,
the assertions (1) and (2) now follow from (LI).
(3) Since Vy = {x € g ; 2P = 0} is conical and V, = h NV, for every h €
Subg(g)(k), Lemma [[3 implies that
U :={h € Suby(g)(k) ; dimV, =0}

is open in Subg(g)(k). As Vy is conical, we have Vy = {0} for every h € U. In view
of 29 (3.6), (3.10)] the set U therefore coincides with Torg(g) (k). O

For a torus t C g of dimension d, we consider the subfunctors Torg(g) and Carg(g)
of Suby(g) that are given by

Tory(g)(R) := {m € Abg(g)(R); m(z) is a torus V x € Spec,(R)(k)}
as well as
Carg(g)(R):={meNild(g)(R); m(z) Cgis a Cartan subalgebra V¥ x € Spec, (R)(k)}.

In view of [T6] (I.1.9(2), I.1.12(6))] the following proposition shows that these func-
tors are subschemes of Grg(g).

Proposition 7.5. The following statements hold:
(1) Torg(g) is an open subfunctor of Abg(g).
(2) Carg(g) is an open subfunctor of Nil%(g).

Proof. Tt is clear that Torg(g) and Carg(g) are subfunctors of Aby(g) and Nil(g),
respectively.

(1) By definition the set of k-rational points of Tory(g) coincides with the
Torg(g)(k) which we have defined before. Thanks to Lemma [Z4(3) Tory(g)(k) C
Aby(g)(k) is open, and we may now apply [6, (I, §3, 6.8)] to obtain our assertion.

(2) This follows as in (1) by employing (T4(2)). O

Proposition 7.6. Let (g, [p]) be a finite-dimensional restricted Lie algebra. Then
the following statements hold:

(1) Sa = UpeTor, @ DN -

(2) Ewvery Cartan subalgebra of g contains an abelian p-subalgebra of dimension
1(g)-

Proof. (1) Setting X := Tor,4)(g)(k) we consider the variety X5s along with the
projection mg_ : X% — S'g. Since the map mg, 1s closed, we see that im 5, =
Upex b N Sy is a closed subset of .

We let t C g be a torus of dimension u(g) and consider the morphism
Tg * Qk[xj(t), X — 597
whose image is given by immy = UgoeXt(k) o(t). We put Y := immg, and apply
([Z2) to see that T4 : gr[x,)j(),x, — Y is a dominant morphism of irreducible
varieties. Thanks to (B5(1)) im my meets the open set Regs(g) of Sq. Since Cy(t) is
nilpotent for every ¢ € Regs(g), Proposition [Z3] ensures the finiteness of the fibres
7y '(t), t € Regs(g) Nimmy. Accordingly, the generic fibre of 74 has dimension
0. We therefore have dimY = dim gg[x,)j(¢),x,, and a consecutive application of

B3(1)) and (Z2) yields dimY = dimy g — rk(g) + u(g).
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It now follows from (B.7) that immg_ contains the dense subset UteTor,,(g)( L

of Sy. Consequently, (1) holds.

(2) Let h C g be a Cartan subalgebra. In view of (3.2 we can find a semisimple
element s € Sy such that h = Cy(s). According to (1), the element s is contained
in an abelian p-subalgebra s C g of dimension p(g). Thus, s C Cy(s) = b, so that
assertion (2) follows. O

Since a self-centralizing torus is a Cartan subalgebra, (Z6) immediately implies
that such a torus has maximal dimension (cf. (3.6)).

Let (g,[p]) be a finite-dimensional restricted Lie algebra, t C g a torus with
centralizer Cy(t) of dimension d. According to our observations of Section 2, the
map

Co: Xi(k) — Gra(g)(k) 3 = — go(x)
is well defined, and its image contains the p-subalgebra Cg(t). We denote by €
the closure of im (¢ in Grqy(g)(k). Part (2) of the following result generalizes [30]
(3.11)].

Proposition 7.7. Let t C g be a torus. Then the following statements hold:

(1) The map (; is a morphism of varieties, and the variety Q is irreducible with
dim Q¢ = dimy, g — dimy, Cy(t).

(2) If t is a maximal torus, then g = Ugcq, b-

Proof. (1) Recall the Grassmann scheme Grg(g) : My, — Ens, i.e., the k-functor
that assigns to every commutative k-algebra R the set Gry(g)(R) of R-direct sum-
mands of g ® R of rank d (cf. [I6] (I1.1.9)]). Let A := k[X{] be the function algebra
of the affine scheme X;. As noted in Section 2, the p-subalgebra go C g ® A is an
element of Grq(g)(A) for d = dimy, Cy(t). By Yoneda’s Lemma (cf. [16], (I.1.3)]) the
point gg defines a natural transformation

A :Specy(A) — Grq(g) ; = — Gra(g)(z)[go]-

Thus, Ag(z) = go®4 R with R being viewed as an A-module via = € Spec;,(A)(R).
In view of [16], (I.1.11)] Ay = (¢ is a morphism X (k) — Grq(g)(k) of varieties. In
particular, € is irreducible.

Let j : t — g be the universal embedding of t relative to &}, and put ¢, =
(idg ® 2) o j for every z € X(k). Let x € Xy(k). If y € ¢ (C(x)), then the p-
subalgebras b := go(x) and go(y) coincide. Consequently, ¢, (t) U ¢, (t) C C(h), so
that ¢z, ¢, € To) (k). Since C(b) is abelian, the variety 7¢(y)(k) is finite. Thus,
the fibre ¢! (¢i(z)) is finite, and [T, (1.6)] now implies

dim Q¢ = dim Xy (k) = dimy g — dimy, Cy (1),
as desired.

(2) According to Lemma B4l the morphism 75, x, : 85,4 — 8 is dominant, so
that the set D := J, ¢, () 80(2) lies dense in g. On the other hand, Of is a closed

subset of g x Gra(g)(k), and the projection 7y : Qf — g is closed. In particular,
immy = UbeQ‘ b is a closed subset of g containing the dense subset D. O
8. CARTAN SUBALGEBRAS OF DIMENSION rk(g)

8.1. The variety Car(g). In this section we are going to apply the results of §6 to
study the variety €ar(g) := Cary(q)(g)(k) of Cartan subalgebras of g of minimal
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dimension. We begin by providing a characterization of these Cartan subalgebras
in terms of the set ).

We denote by T'(g) the toral radical of g, that is, the largest p-ideal of g which
is a torus. Note that T'(g) C C(g) and that T'(g) = Sq whenever g is nilpotent (cf.
129, (I1.4.2)]).

Lemma 8.1. Let h C g be a Cartan subalgebra. Then the following statements are
equivalent:

(1) dimy b = rk(g).

(2) Q) C Nilig)(9) (k).

(3) @o(x) is nilpotent for every x € Xpgy) (k).

Proof. (1) = (2) Owing to (8.5(3)) there exists a dense open set O C Xy (k) such
that u(go(z)) = p(g) for every x € O. Given z € O, we can thus find a torus t,
of dimension p(g) with ¢, (t) C t,, so that Cy(t;) C Cy(ws(t)) = go(x). Observing
B3(1)) we obtain

rk(g) = dimy Cy(t) < dimy, go(z) = dimy h = rk(g),

proving that go(z) = Cy(t;) is nilpotent. In view of (ZZ) and ([Z7) the set C,
consisting of those elements 2 of X'y (k) such that go(x) is nilpotent, is closed.
As O C C, we obtain C' = Xpy)(k). Thus, im {7y C Nilykg)(g)(k), and another
application of (T.2)) yields the assertion.

(2) = (3) Trivial

(3) = (1) Thanks to (Z3(3)) there exists an element xg € X7y (k) such that
1(go(xo)) = p(g). As go(xo) is nilpotent, it is a Cartan subalgebra and thus equal
to Cy(T'(go(z0))). Since dimy T'(go(zo)) = p(g), (1) of (BH) implies

dimyg, h = dimg go(xo) = I‘k(g),

as desired. 0

Let t C g be a torus of dimension p(g). By the arguments of (’7[1)) the map

Xt(k) - Toru(g)(g)(k) ;Y Sa(t)

is a morphism of varieties. Owing to (@I(1)) this map is surjective with finite
fibres. In view of [IT} (1.6)] and (B35(1)) the variety Tor, 4 (g)(k) is irreducible of
dimension dimy g — rk(g). The following result establishes analogous properties for
the variety €ar(g) of Cartan subalgebras of dimension rk(g). By Corollary .4l both
varieties are homogeneous G(k)-spaces in case g = Lie(G) is the Lie algebra of a
smooth connected group G. In particular, Tor, 4 (g)(k) and Car(g) are smooth and
irreducible in the classical case.

Theorem 8.2. Let (g,[p]) be a finite-dimensional restricted Lie algebra.

(1) We have Q = €ax(g) for every torus t € Tor, 4 (g)(k).

(2) The variety Car(g) is irreducible of dimension dimy g — rk(g).

(3) Lett be a torus of dimension u(g). Thenim(, = {h € Car(g) ; pu(h) = u(g)}
is a dense, open subset of Car(g).

Proof. Let t C g be a torus of dimension u(g). By virtue of (85(1)) the centralizer
h := Cy4(t) is a Cartan subalgebra of dimension rk(g) with T'(h) = t. Thanks to
(BIl) we thus have Q¢ C Nily(q)(g) (k).

Let h be a Cartan subalgebra of dimension rk(g). By (B2) there exists a semisim-
ple element s € Sy such that h = Cy(s). In view of (T7(2)) we can find 5 € O
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containing s. As s is nilpotent, we have s C b, whence h = s by equality of
dimensions. Thanks to (81¥3)) we now obtain

im ¢ C Car(g) C Q.

Thus, Q¢ = Car(g), and (1)) yields the irreducibility of the variety €ar(g) as
well as dim Car(g) = dim Q¢ = dimy, g — rk(g). This completes the proof of (1) and
(2).
(3) Let d > 0. Since N(g) is conical with N(g) N h = N(h) for every b €
Suby,i(g)(g)(k), Lemma [Z3] shows that
Uq :={bh € Car(g) ; dim N(h) < d}

is an open subset of Car(g). As semisimple elements lie centrally in nilpotent
algebras, the Jordan-Chevalley decomposition readily yields rk(g) = dim N(h) +
u(h) for every h € Car(g). Consequently,

Urk(g)—u(g) = {h € Q:Clt(g) ; :u‘(h) = ‘LL(g)}

is a dense, open subset of the irreducible variety €at(g). The identity Uyi(g)—p(g) =
im (; is a direct consequence of (@II(1)). O

8.2. Generic properties. The group Aut,(g) of automorphisms of the restricted
Lie algebra g operates on the variety Car,(g)(g)(k). If this action affords only
finitely many orbits, then (82) provides a dense, open orbit, so that generically all
Cartan subalgebras of minimal dimension have the same structure. Demuskin [7], 8]
has shown that the automorphism group acts with finitely many orbits for each of
the simple Lie algebras of Cartan type.

In view of (B) Cartan subalgebras are also generically isomorphic whenever
the underlying Lie algebra admits a toral Cartan subalgebra. We now turn to the
general case and study the ascending central series of Cartan subalgebras. Given a
finite-dimensional restricted Lie algebra (g, [p]) and m € Ny, we consider the conical
variety

V= {zeg; 2" =0}
Thus, we have V) = {0}, V; =V, as well as V" = N(g) for m = dimy g. Recall
that the ascending central series (Cp(g))n>0 of g is inductively defined via

Co(g) == (0) and Chyi(g):={reg; [g,2] CCnlg)}
In other words,
Cn(g) ={z €g; (adyr) o (adyz) o--- o (adya)(z) =0 Vuy1,...,yn € g}
Note that each C),(g) is a p-ideal of g. We put C_1(g) := (0).
Lemma 8.3. Let (g, [p]) be a finite-dimensional restricted Lie algebra. If Suby(g)(k)
# 0, then there exist vy, , € No for all m,n € Ng such that
() Om,n = {h € Subg(g)(k) ; dim Ve o)/, ) T dime Cno1(h) =Tmn} isa

nonempty open subset of Subg(g)(k), and
(b) dim Vg ). ) + dimk Cro1(h) = rmn for every b € Suba(g)(k).

Proof. For ¢ > 1 we consider the closed subset

Sq = 1{(0,51,--,yq) € Suba(g)(k) x g7 5 (y1,---,9q) € h7}
of Subgy(g)(k) x g?. Since the set

X :={(f,h,2) € Endy(g) x £1 ; f(z) =0}
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is closed in Endy(g) x 21, its inverse image Y C 2,41 under the morphism

Sn1 — Endi(@) x £1 5 (0,91, ym,2) = ((adyr) o (adyz) o -+~ o (ady,), b, 2)
is also closed. Consider the projection
7Y — %1 ; Byt ynsx) = (b, ).
As
7 w(B, Y1, yns ) 2 {(a1,...,a,) €H"; (adar)o (adag)o---o(aday)(x) = 0}
is a conical subvariety of §™, (ILT]) implies the upper semicontinuity of the map
¥ — Ny ; (b,2) — dim{(ai,...,a,) € b" ; (ada;)o(adag)o---o(aday)(z) = 0}.
In particular,
Zy = {(h.2) €15 (adyr) o (adya) o -+~ 0 (adyyn)(z) = 0 for all y1,....y, € b}
= {(h2) €X1; 2 €Cu(h)}
is a closed subset of 3;. Moreover, for each m € Ny, the set
Zy = A{(h,2) € Zy 3 (9,2"") € Zy1}

is a closed subvariety of Z,,. If v : Z" — Subg(g)(k) denotes the projection onto
the first factor, then

7 (0, 20)) = { € Cu(h) ; 2" € Coa ()}
Since the factor algebra C,,(h)/C,,—1(h) is abelian, the latter variety is readily seen
to be a subspace of Cy,(h) of dimension dim Vén‘n(h)/cnfl(h) + dimy Cp—1(h). Tt
follows that the map

m

Suba(g)(k) — No 5 b — dim V& /e, @) + dimg Cn1(b)
is upper semicontinuous, so that
Tm,n = min{dim V! gy /0. ) + dimg Co—1(h) 5 b € Suba(g)(k)}
has the requisite properties. O

Our next result supports the following conjecture on generic stability of the
structure of Cartan subalgebras of minimal dimension.

Conjecture. Let (g,[p]) be a finite-dimensional restricted Lie algebra. Then there
exists a dense, open subset O C Car(g) such that h1 = bha for any h1, ha € O.

Theorem 8.4. Let (g,[p]) be a finite-dimensional restricted Lie algebra. There
exists a dense, open subset O C Car(g) such that for any n € {1,...,1k(g)} and
b1,h2 € O we have Cp(h1)/Cr—1(h1) = Cn(h2)/Cn-1(h2).

Proof. Letting n; denote the nil-cyclic restricted Lie algebra of dimension ¢, we
observe that
1 iftm<i
: m o J; m—1 _ =5
dim V| — dim V[ { 0 ifm>i,
for every m > 1. If b is an abelian p-subalgebra of g, then [6l, (IV,§2,2.14)] implies
that

¢
) gT(h)@@Sini, ¢, s; € Np.
i=1
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Consequently,
¢
dim V" — dim V"t =) sy (dim VI — dim V) = > s
i=1 i>m

is the number of nil-cyclic components of dimension greater than or equal to m.
Accordingly, the isomorphism type of § is completely determined by the tuple
(dimy, b, dimV%, ..., dim V), where ¢ := dimy, h.

In virtue of the obvious generalization of (8.3) there exist, for m,n > 0, natural
numbers 7., , € Ny such that

O = {bh € Car(g) ; Aim Ve, 4y/c,_,(p) + dimg Cro1(h) = rmn}
is a nonempty open subset of €ar(g). Thanks to (R2(2)) the open set

rk(g) rk(g)
0= ) Omn
m=0 n=1
lies dense in €ar(g). Let h be an element of O. Since h € Oy ,, for all n, it follows that
dimy, Cp,—1(h) = ro,n. Thus, the containment § € Oy, ,, entails dim Vgtz(h)/cn_l(h) =
Tmn — Ton = Sm,n for all m € {0,...,1k(g)}, n € {1,...,rk(g)}. In view of our
above observations, the identity
(dimy, Cp(h)/Cr—1(b), dim Ve, () /¢, (9) - - - » dim Vélf,f&f)/cn,m)
= (To,n+1 —To,n,S1,my - - - 75rk(g),n)

shows that O has the desired properties. O

Remark. 1f €ar(g) C Ab,k(g)(g)(k), then the Cartan subalgebras of dimension rk(g)
are generically isomorphic. The following observation slightly generalizes our earlier
remark on self-centralizing tori:

If b C g is a Cartan subalgebra such that dimVy < 1, then every Cartan subal-
gebra of dimension rk(g) is abelian.

Let t C g be a maximal torus such that h = Cy(t). According to (6]

O = {z € Xi(k) ; dim V5, () < 1}

is a dense, open subset of X;(k). Theorem [3.5[3) provides an element zy € Oy such
that u(go(x)) = u(g). Hence there exists a torus tg C g of dimension p(g) such that
Yz (1) C to. Owing to BE(1)) ho := Cy(to) is a Cartan subalgebra of dimension
rk(g), which also satisfies dim Vy, C dim Vy(5,) < 1. It now follows from (Z.3)), and
B2) that
U :={bh e Car(g) ; dimVy < 1}

is a dense, open subset of Car(g). According to [12, (3.1)] each element of U is
abelian. Since the set of abelian p-subalgebras of dimension rk(g) is closed, our
assertion follows.

Corollary 8.5. Let (g, [p]) be a finite-dimensional restricted Lie algebra.

(1) There exists a dense open set O C Car(g) such that any two elements of O
have the same generic nilpotency class ng. Moreover, we have H(0TD) = (0) for
every h € Car(g).

(2) Ewvery Cartan subalgebra of dimension rk(g) has nilpotency class < rk(g) —

n(g) + 1.
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Proof. (1) Thanks to (82) and (83)) there exist natural numbers r,, € Ny such that
O, :={h € Cax(g) , dimy C,(h) =7}

is a dense, open subset of €ar(g). Thus, O, N On11 # 0, so that 7, < r,11. Let
ng :=min{n > 0; r, =rk(g)}. Then we have Cy,(h) = § for every element of O,,,
and the elements of O,,, have nilpotency class ng. Since Nllnﬁ’( )(g) (k) is closed, the
second statement also follows.

(2) Let h € Car(g) such that dimy T (h) = w(g). Since h/T'(h) is nilpotent of
dimension rk(g) — u(g), we have hk@=#@)+1)  7(h). Thus, hrk@—r@)+2) — (o),
so that b has nilpotency class < £ := rk(g) — pu(g) + 1. It follows that im (pe) is
contained in the closed subset Nilfk(g) (g)(k) of nilpotent p-subalgebras of nilpotency
class < ¢. In view of (BZ(1)) we thus have Car(g) C Q¢ C Nilfk(g)(g)(k;), as
desired. ]

The estimate given in (835(2)) is rather rough. By results of Demuskin [7] all
Cartan subalgebras of the Cartan type algebra S(n;1) (cf. [29) (IV.3)]), the so-
called special algebra, are abelian and of dimension rk(S(n;1)) = (n—1)(p—1). On
the other hand, each maximal torus of S(n;1) has dimension p(S(n;1)) =n — 1.

8.3. Deformations. The foregoing results raise the problem of determining the
structure of the elements of the variety €ar(g). For instance, if g admits a self-
centralizing torus, then our variety consists entirely of abelian algebras. We shall see
in B(2)) below that Car(g) also contains p-nilpotent algebras in case g = Lie(G)
is the Lie algebra of a smooth group G with T'(g) = (0). The structure of the
deformations on the boundary is in part determined by the number

fimin(g) == min{p(h) ; b € Car(g)},

which is also related to the degree of nilpotence of the p-nilpotent elements of g.

Corollary 8.6. The following statements hold:
(1) Ewery Cartan subalgebra of g contains a p-subalgebra belonging to Car(g).
( ) ( )[p rk(g) Fmin (8) {0}
(3) dimg(kx), < 1k(g) for every x € g.
(4) If there exists an element xy € g such that dimy(kxo), = rk(g), then
Car(a) © Abri()(9) ().

(5) If there is ¥y € N(g) such that x[
Abyi(g) (8) (K)-

Proof. (1) Let h C g be a Cartan subalgebra. In view of (B2) we can find a
semisimple element s € Sy such that h = Cy(s). By B2A1)) and ([ZZ(2)) the
element s is contained in a suitably chosen nilpotent p-subalgebra n € Car(g). As
s is semisimple, we have s € C'(n), whence n C Cy(s) = h.

(2) Let  be an element of N(g). Owing to (B2[1)) and (ZZ(2)) there exists

h € Car(g) such that z € N(h). Since the factor algebra h/T(h) of the nilpotent
rk(g)—p(bh)
S

pl* k(g)—Hmin(9)—1

# 0, then Car(g) C

algebra b is p-nilpotent and of dimension rk(g) — u(h), we obtain 2!
N()NT(h) ={0}. As u(h) > pmin(g), our assertion follows.

(3) According to (T70(2)) every element of g is contained in a p-subalgebra of
dimension rk(g).
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(4),(5) Thanks to (82((1)) and (Z0(2)) there exists by € €ar(g) such that zo € ho.
In case (5) we have (kzo), N T (ho) = (0), so that dimy((kzo), ® T (ho)) > rk(g) —
Umin(@) + dimg T'(ho) > rk(g). Consequently,

hO - (kxO)p 57 T(bO)a

whence dim Vg, < 1.

Alternatively, ho = (kzo), and the abelian Lie algebra by decomposes into a
direct sum by = Sy, & N(ho) of restricted Lie algebras. Consequently, N(ho) is
generated by the nilpotent part of xp, and dim Vg, < 1.

In view of (82(2)) and (Z3)) the set

O :={h e Car(g) ; dimVy <1}
lies dense in €ar(g). Thanks to [12, (3.1)] the set O is contained in Aby(q)(g)(k),
and we may now apply (Z.2) to obtain the desired result. O

Remark. Let h C g be an arbitrary Cartan subalgebra. By (8.8) there exists a

p-subalgebra n € €ar(g) such that n C h. Hence we have pimin(g) < p(n) < u(h), so
that

fimin () < min{p(b) ; b Cartan subalgebra of g}.
This inequality is usually strict (cf. (87 below).

Example. Let W(1,m) be the p™-dimensional Zassenhaus algebra. For p > 3
this algebra is simple, and it is restricted if and only if m = 1. By construction,
W(1,m) C Derp(A(1,m)) is a subalgebra of the restricted Lie algebra of derivations
of the commutative k-algebra A(1,m) = f:ofl kx® of “divided powers” (cf.
[29, (IV.2)]). (The algebra A(1,m) can also be viewed as the distribution algebra
H(apm) of the m-th Frobenius kernel of the additive group oy := Specy(k[T]).)
If D denotes the derivation defined by D(z(®) = z(*=1 then the restricted hull
g := W(l,m), C Derg(A(1l,m)) is given by g = @:’:11 EDP" @ W(1,m). As
noted in the introduction of [23], the algebra g possesses Cartan subalgebras b1, ho
such that b is toral of dimension m, and by has dimension p™~! + (m — 1) with
pu(h2) = 1. (One can, for instance, take by := @, kD' @ @?ZO 1 kx®i+t1) D))
For m > 2 the Cartan subalgebra b is not abelian. From (33]) and (86) we obtain
rk(g) = m = p(g). On the other hand, we have DP™ =0 # DP" " so that (B6(2))
yields m — pmin(g) > m. Thus, pmin(g) = 0, and Car(g) affords a p-nilpotent
deformation. By the same token, we see that the bound given in (86]2)), although
often being far from optimal, can in general not be improved. (The latter fact can
of course also be seen by considering nil-cyclic Lie algebras.)

Theorem 8.7. Let (g, [p]) be a finite-dimensional restricted Lie algebra. Then the
following statements hold:

(2) If g = Lie(G) is the Lie algebra of a smooth group G, then we have pimin(g) =

w(C(g))-

Proof. (1) We put Y := €ar(g) and Q := T for ease of notation. The desired
inequality will follow from the identity

No=Ns

heY heQ
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One inclusion being trivial, we consider the subspace V := ﬂheT h of g. Owing to
([Z.3)) the subset

A:={heQ; dimyVNnh=dimgV}
is closed. Since A contains T, we have A = 2, whence V' C ) for every h € Q.

As every Cartan subalgebra h C g contains the center C(g), it follows that
T(g) C b for every h € 2. Consequently, pimin(g) > dimg T'(g) = u(C(g)).

(2) Now suppose that g = Lie(G) is the Lie algebra of a smooth algebraic group
G. Without loss of generality, the group G may also be assumed to be connected.
Let B C G be a Borel subgroup. The group G(k) acts on the projective variety Q via
the adjoint representation. By Borel’s Fixed Point Theorem [4] (10.4)] there exists
an element ho € 2 such that b-hy = b for every b € B(k). Accordingly, b is a B(k)-
submodule of g. Since B(k) acts on by via automorphisms of restricted Lie algebras,
the toral radical T'(ho) is also B(k)-invariant. As tori are rigid (cf. [4, (8.10)]), we
see that the connected group B(k) acts trivially on T'(ho). Differentiation yields
[T(bo), Lie(B)] = (0), so that T'(ho) is contained in the center C(Lie(B)) of Lie(B)
(cf. 14} (13.3)]).

Let U C G be the unipotent radical of G. Evidently, Y C B (cf. [4, (11.21)]),
and we put G’ := G/U as well as B’ := B/U. Thanks to [4, (11.20)] B’ is a Borel
subgroup of the reductive group G’. We consider g’ := Lie(G’) and note that g’
is isomorphic to g/Lie(Ud). It follows that the image of T'(ho) in g’ is contained in
the center of the Borel subalgebra Lie(B’). Basic properties of the root systems
of reductive groups (cf. [4, §14]) now imply that C(Lie(B’)) coincides with C(g’).
Observing Lie(Ud) C Lie(B), we therefore obtain

(ad)*(g) C (ad t)(Lie)) = (0)

for every t € T(hp). Since the elements of T'(hy) are semisimple, we conclude
T(hy) C C(g). Consequently, T'(hy) C T(g), so that pmin(g) < dimyT(g) =
1(C(g))- O

Suppose that pmin(g) = u(C(g)) and let hy € Car(g) be a p-subalgebra with
u(ho) = pu(C(g)). As ho is nilpotent and contains T'(g), we have T'(ho) = T'(g).
Consequently, hy operates nilpotently on g in that case. The author is not aware
of an example of a Lie algebra g, for which the Cartan subalgebras of dimension
rk(g) do not afford deformations acting on g via nilpotent transformations.

The arguments of ([BZ) also show that the number

Vmin(0) := min{pu(h) ; b € Tor, g (8)(k)}

coincides with p(C(g)) in the classical situation.

9. REGULAR POINTS

Let (g, [p]) be a finite-dimensional restricted Lie algebra. We have seen in the
foregoing section that the quasi-projective variety €at(g) of Cartan subalgebras
of minimal dimension is irreducible. The main result of this section, Theorem
0.3, identifies an open subset of the smooth locus of €at(g). For solvable and
simple Lie algebras of classical or Cartan type this information suffices to ensure
the smoothness of Car(g).

Recall that, given a torus t C g of dimension p(g), the morphism

(2 Ty — Subug)(9) 3 @ — go(2)
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factors through to a morphism
e Ty — Subyi(q)(a)

such that (n¢)s induces an injective, dominant morphism 74(k) — Car(g). We
propose to show that this morphism is étale, thereby establishing that those Cartan
subalgebras of €ar(g) having a maximal torus of dimension u(g) belong to the non-
singular locus of €ar(g). Thus, the centralizers of tori of maximal dimension are
regular points of the variety €ar(g), providing additional justification for Premet’s
terminology [23].

Lemma 9.1. Let t C g be a torus of dimension u(g). Then t induces a morphism
G : Ty — Carygy(g) ;5 =+ go(2)
of schemes.

Proof. In view of [11] (1.4)] 74 is a smooth affine algebraic scheme, whose function
algebra will be denoted A. Thus, 7y = Spec;,(A4), and (; is the morphism associated
to go € Gru(g)(9)(A) via Yoneda’s Lemma. It remains to show that go(x) €
Car,y(q)(g) for every = € Specy (A)(R) and R € My,

We put ¢ :=rk(g)+1, and begin by showing that ﬁéé) = (0). Let {v1,...,u,} C g
be a basis of g, and consider an element m := Y1 v;®a; € ﬁ((f) C g® A. Thanks
to ([B.5[1)) the subalgebra go(z) C g is a Cartan subalgebra of dimension rk(g) for
every © € Specy,(A)(k). Consequently,

n
Y alaivi = (idg ® 2)(m) € go()!) = (0),
i=1
for every z € Specy(A)(k), so that the ideal Y . , Aa; lies in the intersection
ﬂxESpeck(A)(k) ker z. In view of Hilbert’s Nullstellensatz the latter ideal is the nilpo-
tent radical of the finitely generated k-algebra A. As 7 is smooth, the algebra A
is reduced, implying m = 0.

Since Q((f) = (0), it readily follows that (go ®4 R)*) = (0) for every homomor-

phism A — R of commutative k-algebras. As a result, (¢ sends 7y to Cary(q)(9).

Let t C g be a torus of dimension p(g). Since the morphism (; is constant on the
G-orbits of the scheme 7y, it factors through to a morphism 7 : 7g — Cary(g)(g)-
By the same token, a torus t C g of dimension d gives rise to morphisms

Yo Ty — Tora(g) 5 ¢ = @(b)
and wy : Ty — Torg(g).

Our next result amounts to a refinement of [I1l (1.4)]:

Lemma 9.2. Let t C g be a torus of dimension d.
(1) The morphism ¢ : Ty — Torg(g) is étale.
(2) If d = p(g), then the morphism ( : Ty — Caryg)(g) is étale.

Proof. We only verify (2); the proof of (1) is analogous. Let C be a finite-
dimensional commutative k-algebra, I < C' an ideal with I? = (0). The canoni-
cal projection 7 : C — C//I induces an exact sequence

0) — gl — g C — g@, C/I — (0)
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of finite-dimensional restricted k-Lie algebras. To verify the lifting property, we
let ¢ € Ty(C/I) and m € Cary(g)(g)(C) be given such that (idg ® 7)(m) =
Cae,c/r(im ). Since Ty is a smooth scheme (cf. [T} (1.4)]), there exists an el-
ement 1) € 74(C') such that

(idg ® T) 09 = p o (id¢ @ 7).
By definition, m is a finite-dimensional nilpotent restricted Lie algebra over k, whose
unique maximal torus will be denoted t,. Owing to [29] (I1.4.5)] (idg ® 7)(tw) is the

unique maximal torus of the nilpotent Lie algebra Cyg, c/r(im¢p). Consequently,
we have [(idg ® m) o ¢](t ® 1) C (idg ® 7)(twm), so that

PAR1) Ctn + 9@ I =t ® (g @4 1),

with the latter identity following from the fact that the p-ideal n := g® I of g®; C'
is strongly abelian. Thanks to (&) there exists an element = € n such that

[exp(z) 0 Y@ 1) C tm.

We consider the map ¢’ := exp(x) o 9. As exp(z) is an automorphism of the
restricted C-Lie algebra g ®;, C satisfying (idg ® 7) 0 exp(z) = idg ® 7, we have

(a) ' € T,(C), and

(b) (idg®@m) o9’ = po(id¢ ® ), and

(c) ¥'(t®rC) C CY'(t®r 1) C Cty C m.

The nilpotent Lie algebra m is contained in Cyg, o (¢’ (t®1)) = (((¢"). Moreover, m
and ((¢") are C-direct (hence projective) summands of g®;,C such that m@cC/I =
Coarc (V' (t® 1)) ®c C/1. Consequently, m = ((¢'), while (b) implies 1/, = ¢.
As a result, the morphism (; is smooth.

Let ¢, ¢’ € Ty(k) be rational points belonging to the same fibre of (¢;)r. Then
¢'(t) € Cy(p(t)), so that ¢'(t) = ¢(t). Accordingly, ¢’ belongs to the G(k)-orbit
of . Hence the fibres of ((()r are finite, and we may apply [0, (I, §4, 4.7)] to see
that (; is étale. O

Theorem 9.3. Let (g, [p]) be a finite-dimensional restricted Lie algebra. Then the
following statements hold:

(1) Ift C g is a torus of dimension d, then there is an isomorphism ’fg(k) &
Torq(g)(k). In particular, Torgy(g)(k) is a smooth, affine variety.

(2) The map

Cq : Tory,(g)(8) (k) — Car(g) ; t— Cy(t)

is an €tale morphism.
(3) Let h € €ar(g) be a Cartan subalgebra. If u(h) = u(g), then b is a regular
point of Car(g).

Proof. (1) A consecutive application of (@.2) and ([4) shows that the morphism
(wo)r : Ty(k) — Torg(g)(k) is étale. Since it is also bijective, it is an isomorphism
(cf. 18] (3.6.3.4)]).

(2) Let t C g be a torus of dimension p(g). Arguing as in (1) we see that
)k = Tg(k) — Car(g) is étale. Since Cy o (C)r = (M )k, the assertion follows
directly from (1).

(3) Since Cy is étale, it induces bijections Ti(Tor, ) (g)(k)) = T¢, ) (Car(g))
(cf. [6) (I, 84, 3.4)]) between the tangent spaces at t and Cy(t), respectively. As
both varieties have the same dimension, Cy takes regular points to regular points.
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Accordingly, imCy = {h € €ar(g) ; pn(h) = u(g)} is contained in the smooth locus
of Car(g). O

Corollary 9.4. Let (g,[p]) be a finite-dimensional restricted Lie algebra. If all
mazimal tori of g have the same dimension, then the variety €ar(g) of Cartan
subalgebras of g is smooth.

Proof. By assumption, all maximal tori have dimension u(g). Applying [BI) and
(BIH(2)) we see that all Cartan subalgebras of g have dimension rk(g), so that
Car(g) is the variety of all Cartan subalgebras of g. In view of [@3(3)) Car(g) is
smooth. d

Corollary 9.5. Let g be a finite-dimensional restricted Lie algebra.

(1) If g is solvable, then Car(g) is smooth.

(2) Ifp>5 and g is simple of classical or Cartan type, then Car(g) is smooth.
In either case, Car(g) coincides with the set of all Cartan subalgebras of g.

Proof. Our results follow from (9.4) once we have established that every maximal
torus t C g has dimension u(g). According to [30 (2.17)] this is the case whenever
g is solvable.

Now let g be simple. If g is classical, then [14], (5.4)] shows that either g = Lie(G)
is the Lie algebra of a smooth algebraic group G, or g 2 sl(pn)/C(sl(pn)) for some
n € N (see also [25] p. 132]). Since C(sl(pn)) = T(sl(n)) the desired property
follows from a consecutive application of ({4l) and [29] (II.4.5)].

Alternatively, g belongs to one of the four series of Lie algebras of Cartan type.
In this case Demuskin’s results [7, [§] ensure the applicability of (9.4). O
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