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ELLIPTIC APOSTOL SUMS AND THEIR RECIPROCITY LAWS

SHINJI FUKUHARA AND NORIKO YUI

ABSTRACT. We introduce an elliptic analogue of the Apostol sums, which we
call elliptic Apostol sums. These sums are defined by means of certain elliptic
functions with a complex parameter T having positive imaginary part. When
T — 100, these elliptic Apostol sums represent the well-known Apostol gener-
alized Dedekind sums. Also these elliptic Apostol sums are modular forms in
the variable 7. We obtain a reciprocity law for these sums, which gives rise to
new relations between certain modular forms (of one variable).

1. INTRODUCTION

Let p and ¢ be relatively prime positive integers. First let us recall the defini-
tion of Apostol’s generalized Dedekind sums sy (g, p) from [1], which we will call
throughout this paper the Apostol sums: for a positive integer k,

p—1
—
se(a.p) =Y EBu(MY).
=

Here By (z) denotes the k-th Bernoulli function. That is, By(z) is given by the
Fourier expansion
too e2mim

m=—
m#0

It is well known that for 0 < z < 1, By(z) reduces to the k-th Bernoulli polynomial.
We denote by By the k-th Bernoulli number.

If k is even, si(q,p) is trivial. If k is odd, a reciprocity law for the Apostol sums
was obtained by Apostol [1| p. 149]:

P % som-1(¢,p) + > *s2n-1(p, q)
(1.1) 1 Z (2n - 1)!sz32-7172j 2 g2n=2j | (2n —1)Bay, (n>1).
pq (29)!(2n — 2j)! 2n

Jj=0
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There are a number of different proofs for the Apostol’s reciprocity law (1)) (cf.
[, 2, [6l, 16]). However, we believe that our approach [12] that makes use of the
following trigonometric identity ([L2) provides an elegant proof.

For relatively prime positive integers p and ¢, and for z € C, we have ([7, Theorem
2.4], [111, [12])

1 q—
1% 1
- Z cot(—'uqﬂ) cot(z + —7T - Z Mp ) cot(z + il —)
(1.2) PL= p 1,5 q

1
= — cot(pz) cot(qz) + — csc?(z) — 1.
pq

We are grateful to the referee for pointing out that this trigonometric sum is
nothing but a special case of a reciprocity formula for the so-called Dedekind—
Rademacher sums (which are Dedekind sums with two congruence parameters (z
and 0 in (2))). Introduction of these congruence parameters into the classical
Dedekind sums may be viewed as unifying all Apostol sums into a single sum. In
fact, we expand both sides of (.2)) into Laurent series in z and in addition we apply
finite Fourier transforms to them. Then comparing the coefficients of 22"~2 of both
sides, we arrive at the reciprocity law for the Apostol sums (1) in the case n > 1.
For n = 1, this formula yields the reciprocity law for the classical Dedekind sums
[18, p. 18]:

1¢ 2+¢*+1-3
(1.3) Zcot iz )Cot 'Lm —Z cot( HPT cot('mr) _prret Pa.
P p o q 3pq

I-Q

In view of the fact that (I2)) gives rise to the Apostol reciprocity law (Il), we may
regard the identity ([.2) as a “generating function” for the reciprocity law (IL.1)).

In this paper, we will define an elliptic analogue of the Apostol sums (Definition
B.1)), using Weierstrass p and (-functions. It is defined as a finite sum of terms where
every term is the product of two functions related to elliptic functions (Weierstrass
p and (-functions). Its very definition depends in an essential way on the parity of
two relatively prime positive integers p and g (see Remark 2.1l Definition 1] and
Remark 22). Then we will investigate properties of these sums. First we obtain an
elliptic analogue of the identity (I.2) (Theorem B]). (This new identity will serve
as a “generating function” for a reciprocity law.) Then we establish a reciprocity
law for these elliptic analogues (Theorem 7).

In the mid 80’s, elliptic analogues of the classical Dedekind sums (so-called ellip-
tic Dedekind sums) were studied by several authors (see [19] [14]). Earlier, higher-
dimensional (or multiple) Dedekind sums were discussed in the paper of Zagier [20].
As an elliptic analogue of Zagier’s multiple Dedekind sums, higher-dimensional (or
multiple) elliptic Dedekind sums were introduced and investigated, rather recently,
by Egami [8], and also by Bayad [3]. Unfortunately the reciprocity laws obtained by
Egami (|8 Theorem 1]) and Bayad (|3, Theorem 2.2]) for elliptic Dedekind sums
were incorrect, i.e., the right-hand sides of their formulae should be divided by
ag - - - an. (In the proof of Lemma Bl below (see also Remark [B1]), the reader will
find a reason why their errors occurred.)

Under this circumstance, it would be desirable to establish our results (Theorem
21 and Theorem [ZZ) independently from the papers of Egami and Bayad, and
indeed, this is one of our purposes of the present paper. The strategy of our proof
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for Theorem [ZT1is to apply Liouville’s theorem (that any bounded entire function
on C must be constant), and it differs from the method employed by Egami [8] and
Bayad [3] (who used the residue theorem).

We also calculate the limit of the elliptic reciprocity laws (2.3) and ([24) at ioco.
We show that the limit formula indeed coincides with the reciprocity law (I.2)) for
Apostol sums. (This fact may justify our terminology “elliptic Apostol sums”.)

Finally we will briefly interpret elliptic Apostol sums in terms of modular forms,
and observe that they give rise to some new relations between modular forms. (We
refer the reader who are interested in modular forms aspects of elliptic Dedekind
sums to the paper of Bayad [3], where the author has carried out investigations on
elliptic Dedekind sums and their reciprocity laws in terms of Jacobi forms.)

We should mention that the elliptic analogues of the Apostol sums treated in
this paper are strictly speaking analogues and generalizations of the cotangent sums
(C32), which involve trigonometric sums (i.e., degenerate elliptic functions). It is
still an open problem to find true analogues in the elliptic world of the classical
Apostol sums which involve Bernoulli polynomials.

2. THE MAIN RESULTS

First we recall the three elliptic functions which play central roles in our dis-
cussion. Fix a complex number 7 with positive imaginary part. The Weierstrass
p-function (introduced by Weierstrass) is a meromorphic function of a complex
variable z given as follows:

1 1 1
o=t ¥ ()
ye2mi(ZT+1Z)
¥#0

Associated to p(7, z), the function e;(7) is defined by putting z = i in p(7, 2):

e1(r) := p(7, 7).
It is known that the p-function has the following expansion at z = 0:

oo

@ _ Z TL—].GQ ) 271727

where Ga,(7) is the Eisenstein series of weight 2n, namely,

Gon(T) = Z %

yEe2mi(ZT+1L) v
¥#0

Let I'(n) and T'g(n) be the congruence subgroups of SLz(Z) defined respectively by
(n):={(2Y) €SLa(Z) la=d=1(n), b=c=0(n)},
(n):={(2%) € SL2(Z) | c=0 (n)}.

It is well known that Ga,(7) (n > 1) and e;(7) are modular forms for SL(Z) and
T'o(2) of weight 2n and 2, respectively.
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The Weierstrass (-function (also introduced by Weierstrass) is a meromorphic
function of a complex variable z given as follows:

1 1 1 z
<(Taz)::;+ E (74-—4'—2)-
yE2Ti(ZT+1Z) v v v
¥#0

Then it is easy to see that the two functions p(7, z) and {(7, z) have the following
relation:

8<(Ta z)/&‘z = _@(Ta Z)

We see that the p-function p(7,z) is periodic with respect to 2mi(Z1 + Z). The
¢-function ((7, z) is subject to the following identities:

(72 +2mi) = ((7,2) +m(7), (7,2 +2miT) = (7, 2) + n2(7),

where 71 (7) and n2(7) are independent of z. This implies that the function (7, 2)
is not periodic but quasi-periodic with respect to 27i(Z7 + Z).
Now we define the function (7, z) in a complex variable z as follows:

(1, 2) = V(T 2) — ex(7),

(2.1)
o(r,2) = % + 0(1) (z—0).

It is therefore easy to see that the function ¢(7,z) is periodic with respect to
2mi(2Z7 + Z) and that it has the following Laurent expansion at z = 0:

(2.2) o(1,2) = % > Hap(r)2™",
n=0

where Hs,(7) is determined recursively using (Z1):

1
Ho(r) =1, Hy(r) = —ge(r),
n—1
1 2n —1
Hay (1) = —5 z:l Haj(T)Han—2;(T) + 5 Gon(T) (n>1).
=
Clearly Ha,(7) is a polynomial in e1(7), Ga(7), Go(7), ..., Gan(7) with rational

coefficients. Furthermore, we see that Ha,(7) is a modular form of weight 2n for
To(2). Also ¢(r, z) satisfies the following transformation formulae:
50(7—; _Z) = _90(7—7 Z)
and
o(T, 2 + 2mitT) = —(T, 2).

For a fixed 7 with positive imaginary part, to ease the notations, we will simply
write p(z), ((2), ¢(z), e1, N1, N2, G2, and Ha,, dropping the variable 7. We denote
by f’(z) the first derivative of a function f(z) with respect to z, and more generally,
by f)(2) the k-th derivative of a function f(z).
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Retaining these notations we can now formulate our results:

Theorem 2.1. Let p and q be relatively prime positive integers, and z € C.

(1) Suppose that p+q =1 (2). Then we have

27 27
mq(ApT + 1) Yolz + M(A; + 1)

- (=1)*( )

= —p(p2)p(qz) (2)-

bq

(2) Suppose that p+q =0 (2). Then we have

1_1) (_1))\50(2mq(p7+u))g(z+2m(;‘-i-u))
0.0
(2.4) 1 N 2mip(AT + p) 2mi(AT + 1)
+- > (=DM )¢z + )
g q q

=
(X p)#(0,0)

L, .

where C(p,q;T) is a constant with respect to z.

Remark 2.1. In Theorem Z7], the parity conditions on the relatively prime positive
integers p and ¢ turn out to be rather essential. As we see, the only difference in
two identities lies in the second factor on the right-hand side. Indeed, in (Z3), the
second factor is the derivative of the ¢-function, while in ([Z4)), the second factor is
the derivative of the ¢-function. If we drop the parity conditions, the identity (23)
(resp. (Z4))) no longer holds true.

In fact, if the opposite parity for p + ¢ is taken in (Z3]) (resp. (Z4), the left-
hand side and the right-hand side of the equation end up having different periods,
namely, 2wi(Z7 + Z) and 27i(2Z1 + Z), respectively. This implies that the identity
does not hold under this parity. For instance, (24) is not valid if we take p = 2
and ¢ = 1, while ([2.3) does not hold for p = g = 1. Therefore, the parity condition
on p + ¢ is rather essential for the validity of the identity.

Next we define the “elliptic Apostol sums” which we may regard as elliptic
analogues of the Apostol sums.

We need two different types of elliptic Apostol sums depending on the parity
conditions of relatively prime positive integers p and q.

Definition 2.1. Let p and ¢ be relatively prime positive integers, and let k£ be a
positive integer.
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Depending on the parity of p + ¢, we define the sum §;(q, p; ) as follows:
Sk(q.p; 7)

—E ST e (F1) (BT (k1) (2HOTEM) (if 4 g = 1 (2)),
= (A1) #(0,0) A ‘
— RSP e (RN BTy (e D) (2HOTEL) (if 4 g = 0 (2)).
(A,1)#(0,0)

We call §x(q,p; T) the elliptic Apostol sum.

Remark 2.2. We adopt the notation 3y (g, p; 7) for the elliptic Apostol sum, although
this notation really stands for two different sums. We are sticking to this notation
mainly because of the following two reasons: (1) we wish to emphasize the fact
that our sum is indeed an elliptic analogue of the classical Apostol sums (which
was denoted by sk (p,q)), and (2) even though there is no single defining formula
for elliptic Apostol sums which represent both odd and even parities for p+ ¢ , we
believe there is no danger of confusing the two cases. As we see, the difference is
the second factor in each sum, namely, the (k — 1)-th derivative of the ¢-function
in the first case, and the (k — 1)-th derivative of the {-function in the second case.

Remark 2.3. As we will show in Section Bl below, the functions ¢(2mig(AT + p)/p),
©F=D (27i(At4p) /p) and ¢~V (2mi (AT +p)/p) are modular forms for the principal
congruence subgroup I'(p) (or I'(2p)) of weight 1, k and k, respectively. In fact, we
see that
C(kfl)(%ri()n' + u)) _ —p(k72)(2m(>\7 + M))
p p

is a “level p Eisenstein series” (cf. [I5, pp. 131-135]). Hence $x(q,p;7) is also a
modular form for the same congruence subgroup I'(p) (or I'(2p)) of weight k + 1.

Moreover we can show that the limit of $x (g, p; 7) is the classical Apostol sum

(25) Tligloo §2n71(%p; T) = Sanl(q’p)

for any n > 1. This fact may justify our terminology of “elliptic Apostol sums” for
the sums 8 (g, p : 7).
Another fundamental property of Apostol sums is that they satisfy the equality

Son—1(q +p,p) = s2n—1(¢, p)-

This implies that an Apostol sum is a (generalized) Dedekind symbol (cf. [10]). As
for elliptic Apostol sums, we see that they also satisfy a similar equality:

§2n71(q + 2]7717, T) = §2n71(%p; T)'

Indeed, this follows easily from the identity that ¢(z + 2 - 2wi(m7 4+ n)) = ¢(z) for
m,n € Z. An implication of this formula is that an elliptic Apostol sum is not a
Dedekind symbol.

Recall that if k is even, then the classical Apostol sums are trivial [I} p. 156].
As for the elliptic Apostol sums: if k is even, we have that 5;(q,p;7) = 0. When k
is odd, there was a reciprocity law for the Apostol sums. This property should be
generalized to the elliptic Apostol sums. Indeed, this is the case, and establishing
a reciprocity law for the elliptic Apostol sums is one of our main results and is
formulated in the following theorem.
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Theorem 2.2. Let p and q be relatively prime positive integers.

(1) Suppose that n is an integer with n >0 and p+q =1 (2). Then we have
PP 2501 (405 7) + ¢ B0 1 (D g5 T)

(2.6) om—1) | & . .
= @Gn-1) Z HojHap—2;p™ ¢*" % 4+ (2n — 1)Ha,
pq —
7=0
(2) Suppose that n is an integer with n > 1 and p+ q =0 (2). Then we have
P 2E2n-1(q, pi7) + ¥ 2001 (p, 45 7)

2.7 om—1) | & . .
@7 = @Gn-1) Z HojHon—2;p™ ¢*" % — (2n — 1)Ga,
B =

Remark 2.4. Another interpretation of (2.6) and (2.7) is in terms of modular forms.
The left-hand sides of (2.6) and (2.7)) represent modular forms for I'(p) if p is even
(resp. I'(2p) if p is odd) and for I'(q) if ¢ is even (resp. I'(2q) if ¢ is odd) of weight
2n, while the right-hand sides represent modular forms for I'g(2) of weight 2n. We
may view the equations as the identities between these specific modular forms. We
are not able to find any literature dealing with these kinds of relations between
these specific modular forms, and these relations appear to be new. One intriguing
question arises: Is there any geometric interpretation of these formulae?

3. PROOF oF THEOREM 2.1
In this section we will give a proof for Theorem 211

Proof of Theorem [2.1(1). We will establish the identity ([23). We let f(z) and g(z)
stand for the left-hand side, and respectively, the right-hand side of (Z.3]). Namely

1 = 2miq(AT + 2mi(AT + p)
fe =t S (AT, 2T ),
P p p
s
(AR)#(0,0)
1 2mip(AT + 1 2mi(AT +
+- (—1)%(#)@@ + Q)
¢ q q
(A)#(0,0)

and

9(2) = —p(p2)p(qz) (2).

ya
f(z) =g(2).

First note that both f(z) and ¢g(z) are meromorphic functions, and both have
simple poles at the points z = —2wi(A7 + ) /p + 2mwi(m7 +n) with A, p =0,1,...,
p—1; (A p) #(0,0); myn € Z and at z = —2mi(A7 + p)/q + 2mi(m7 + n) with
Auw=0,1,...,9—1; (A pun)#(0,0); m,n € Z. Furthermore, at these points, both
functions have the same residues, that is,

We claim that

(=D 2mig( AT + p)
( )
p p
= Resz:—27ri()\7+p)/p+27ri(m7'+n) (g)

Resz:727ri()\‘r+p,)/p+27ri(m7'+n) (f) =
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and

(=D 2mip(M\ + )
Resz=—27ri(/\7—+u)/q+27ri(m7—+n)(f) = q 50( q )

= Resz:—27ri()\7+p)/q+27ri(m7'+n) (g)

Next we investigate other poles. We may assume without loss of generality that
g(z) has no pole of order greater than 1. Indeed, the principal parts of —p(pz)p(gz)
and —(1/pq)¢’(2) at z = 0 are —1/(pqz?) and 1/(pgz?), respectively, and therefore,
they cancel out in g(z). Further notice that the principal part of —p(pz)p(qz) at
z = 2miT is 1/pq(z — 27miT)? (note that p+ ¢ = 1 (2)), while the principal part of
—(1/pq)¢'(2) at z = 2miT is —1/pq(z — 27iT)?. Hence, again these principal parts
at z = 2miT cancel out in g(z). Since g(z) is periodic with period 27i(2Z1 +Z), any
poles at z = 2mi(m7 4+ n) (m,n € Z) also cancel out in g(z). On the other hand,
clearly f(z) has no pole of order greater than 1. Thus it follows that the principal
parts of f(z) and g(z) coincide at all of their poles. Therefore f(z) — g(z) is an
entire function.

Summarizing the above discussion, we can conclude that f(z)— g(z) is a doubly
periodic entire function on C. Then by the well-known Liouville theorem it must
be a constant. Hence

f(2) —g(z) = Ap, ¢; 7),

where A(p, ¢;7) is a constant with respect to z.

Next we will determine the constant function A(p, ¢; 7). First note that ¢(7, 2)
has the expansion at z = 0 given by the formula (2:2)). This implies that the
function g(z) = —p(pz)e(qz) — (1/pq)¢’(z) has the expansion of the form

1
=— 1+ Hop?22 4+ - )(1 4+ Hog?2%2 + - -+ 1—Hyz?—--2).
9(2) = = (L Hop™s" b - (L4 Hag'z 4 ) 4 5 (1= Hoz )

Tending z — 0, we obtain

lim () = ——(p? + ¢*) By — — Hy.

z—0 pq pq
Now look at the limit of f(z) as z — 0. We have that lim,_o f(z) = f(0). Since
A(p, g; 7) is independent of z, we then obtain

Alp;7) =l {(2) — 9(2)}

1 = omigONr + ). 2mi(AT + )
=- (=1)*p( )e( )
P p p
S
(A,1)#(0,0)
1 2mip( AT + 1 2mi( AT + P’ +q¢?+1
> (1A 2TOT ), L gy,

A,u=0
(Au)#(0,0)
Proof of Theorem [2.I[1) will be complete if we show that A(p,q;7) is indeed
equal to 0, and this will be done in Lemma [3.1] below. O
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Lemma 3.1. Let p and q be relatively prime positive integers such that p+q =1 (2).
Then we have

1 = omigONr + ). 2mi(AT + p)
- Z (—1)*( )e( )
P, p p
N7
(A,1)#(0,0)
(31) 1 q—1 27 )\ . 2 2
P(AT + 1 2t (AT + pP+q+1
PO (BT ) 2T ) 1,
¢~ q q Pq
N
(A,u)#(0,0)
= 0.

Proof. Let h(z) be an elliptic function defined by

h(z) = ¢(p2)p(q2)¢(2)-
Since p+ g =1 (2), h(z) is periodic with period 27i(Z7 4+ Z). Then it follows that
the sum of the residues of h(z) in any fundamental domain is zero. For instance,
we may take the following fundamental domain:

1 1
) — -1 < —".
{2mi(sT + 1) | 207 1<s,t< 2pq}
In this fundamental domain, h(z) has simple poles at z = —2mi(A7 + p)/p with
Apo=0,1,....,p—1; (\,u) # (0,0) and at z = —2mi(AT + p)/q with A\, p =
0,1,...,¢g—1; (A, u) # (0,0). The residues of h(z) at these poles can be computed
as follows:

(-1 2migOM 4+ p), 2mi(MT + p)
Res.— ori(ar+u)/p(h) = o( )eo( )
p p p
and \
-1 2mip( AT + p 2 (AT + p
Res—aritre s jalh) = o p(ZTPETE L, ZROTE L))

Next we ought to calculate the residue of h(z) at z = 0. For this we note that
h(z) has the following expansion at z = 0 (which can be derived from the expansion

for ¢(z) given in 22)):
h(z) = o(p2)p(qz)p(z) = ]é(l—l—ngQzQ—l—- (U4 Hag? 22 4 ) (14 Hop2? +--+).

This enables us to compute the residue of h(z) at z = 0. We have

24 2
1
Res,—o(h) = MH}
pq
Finally summing over the residues for h(z) at all poles, we obtain (B]) that we are
after. d

Remark 3.1. The formula in Lemma [B] is a special case of Egami’s result [8]
Theorem 1]. Unfortunately Egami’s original formula as well as its proof contained
errors (e.g., the right-hand side of his formula [8] Eq. 5] should be divided by
ap - - ay). In the above lemma and its proof, we reproduced Egami’s result by a
different method from that of Egami, correcting all the errors in Egami’s paper.

We will need another lemma corresponding to Lemma Bl to prove the case
p+q =0 (2) in Theorem [ZT]2).
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Lemma 3.2. Let p and q be relatively prime positive integers such that p+q =0 (2).
Then we have

p—1

—1
1 omigqA\T + ). 1 < 2mip(AT +
(32) L T cape Ty L 2T
p A,p=0 p q A,p=0 q
(A,u)#(0,0) (A,u)#(0,0)

Proof. Let h(z) be an elliptic function defined by

h(z) = ¢(pz)#(g2)-
Since p + ¢ = 0 (2), h(z) is periodic with period 27i(Z7 + Z). Hence the sum of
the residues of h(z) in any fundamental domain is zero. We may take the same
fundamental domain as in the proof of Lemma Bl namely,

1 1
; S 1<st<—1.
{2mi(sT + 1) | 507 1<s,t< 2pq}
In this fundamental domain, h(z) has simple poles at z = —2mi(A7 + p)/p with
Ap=0,1,...,p—1; (\,u) # (0,0) and at z = —2mi(A7 + p)/q with A\, u =
0,1,...,¢g—1; (A, u) # (0,0). The residues of h(z) at these poles can be computed
as follows:

1) 2migM 4+ p
ReS.—_arigar /() = (2T 1),
p p
and
-1 2mip(A\T 4+ p
Resz:727ri()\‘r+p,)/q(h) = ( ) 50( ( ))

q q
We need to calculate the residue of h(z) at z = 0. For this we expand h(z) at
z=0:

h(z) = @(pz)p(qz) = (1+ Hop®22 + -+ )(1+ Hyg?22 + - -).

pgz*
Then we obtain that Res,—g(h) = 0. Finally summing over the residues for h(z) at
all poles, we arrive at the equation (3.2)). O

In the rest of this section, we will give a proof for Theorem 2.1](2).

Proof of Theorem [2.12). We will establish the identity (2:4]) in the case p + ¢ =
0 (2). Our proof is along the same line as for Theorem 2.1(1) in the case p+¢ =1 (2)
(although we need to use the first derivatives f’(z) and ¢’(z) in place of f(z) and
g(z) to establish the assertion that f(z)— g(z) is a constant). Let f(z) and g(z) be
the functions defined, respectively, as follows:

1 o 2mig(AT + ) ; 21 (AT + )
f(2) RS (1) @(7]) )¢z + — )
(A,1)#(0,0)
N é Z (—1)’\30(27Tip();T+M))C(z+ 27Ti()\;'+u))

A,u=0
(A,u)#(0,0)
and

1 !
9(2) = —p(pz)p(qz) — p—qC (2).
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We claim that
f(z) —g(z) is a constant.

First note that both f(z) and ¢g(z) are meromorphic functions, and both have
simple poles at the points z = —27wi(AT + p)/p + 2wi(m7 +n) with A, p =0,1,...,
p—1; (A p) #(0,0); myn € Z and at z = —2wi(AT + p)/q + 2mi(m7 + n) with
Au=0,1,...,9—1; (A, p) # (0,0); m,n € Z. Furthermore, the residues at these
points are equal, that is,

(=) 2mig(\T +
P 1),
p p
= Resz:727ri()\‘r+/1,)/p+27ri(m’r+n) (g)

Resz=—27ri(/\7—+u)/p+27ri(m7'+n) (f) =

and

(=D 2mip(AT + )
Resz=—27ri(/\7—+u)/q+27ri(m7—+n)(f) = q 50( q )

= Resz:—27ri()\7+p)/q+27ri(m7'+n) (g)

Next we investigate other poles. We may assume without loss of generality that
g(z) has no pole of order greater than 1. Indeed, the principal parts of —p(pz)p(gz)
and —(1/pq)¢’(z) at z = 2mwi(m7 + n) (m,n € Z) are —1/pq(z — (m7 + n))? and
1/pq(z — (mT+n))?, respectively, and moreover, they cancel out in g(z). (This can
be seen easily at z = 0. At z # 0, this follows from noticing that g(z) is periodic
with period 27i(Z7 + Z) (because of the hypothesis p + ¢ = 0 (2)).) Clearly f(z)
has no pole of order greater than 1. Hence the principal parts of f(z) and g(z)
coincide at all of their poles. Therefore f(z) — g(z) is an entire function.

Now note that ((z) is not periodic, but if we take the derivative ¢’(z), then
it is periodic with period 2mi(Z7 + Z). Take the first derivative f’(z) — ¢'(2) of
f(2) — g(2). Then f'(z) — ¢'(2) is periodic with period 27i(Z7 + Z). Thus we can
conclude that f’(z) — ¢’(z) is a doubly periodic entire function on C, and then it
must be a constant by the well-known Liouville Theorem. Hence we may write

f(z) —g(2) = B(p,¢;7)z + C(p, ¢;7),

where B(p, q;7) and C(p,q; T) are constants with respect to z.
We claim that B(p,q;7) = 0.
By the periodicity of ¢ and the quasi-periodicity of {, we have:

(83)  Clz+2mi) = C(2) +m, @(z+2mi) = p(z) and ('(z+2mi) = C'(2).
This gives rise to the identity
2miB(p, ¢;7) = {f(z + 2mi) — g(z + 2mi)} — {f(2) — g(2)}

1 2 2miqg( AT + 1

LS ot
p A,pu=0 p
(A,n)#(0,0)

Ju

q—

3 <—1W<W>

+

| =

A, u=0
(A,1)#(0,0)
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The second identity is derived from (B3) and the third from Lemma B2 This
proves our claim that B(p,q;7) = 0.
Finally this establish (3:2) that we are after. O

Remark 3.2. At the moment we do not know how to determine the exact value
of the constant C(p,q;7). The difficulty stems from the fact that {(z) is only
quasi-periodic and that we do not have a reciprocity law for

1

p—1 . .
2miq(AT + 2mi( AT +

Y (AT ) 2T )

A,p=0 p p

(A,n)#(0,0)

4. PROOF OF THEOREM

In this section we will give a proof for Theorem 2.2

Let f(z) be a meromorphic function on C. (In what follows we will consider the
case where f(z) = ¢(z) or {(z).) If f(z) does not have a pole at z = «, then f(z)
can be expanded at z = a:

(k) (g,
(4.1) ere) = f@)+ 3 2@,

We now give proof for Theorem[2.2(1), that is, the case p+ ¢ =1 (2).

Proof of Theorem [22Z(1). We expand both sides of (Z3) and compare the coeffi-
cients of 22”72 to obtain the claimed identity (2.8).
The first term of the left-hand side of (Z3]) is expanded as follows:

1 Z (—1))‘4,0(2mq(>\7—+u))30(z+ 2m'()\7'+u))

P P p
(A)#(0,0)
1 =2 omiqAr + 1), 2mi(A + )
=: (—1) o )
P P D
N7
(A )#(0,0)
< 1 [1 r= 2mig(AT + p) 2mi(NT + 1)
R S e
k=1

A,u=0
(A1) #(0,0)
We obtain a similar expansion for the second term of the left-hand side of [23).
Then the coefficient of 22"~2 in the left-hand side of ([Z3) is given by

1 1 = 2mig(\T + 1)\ (om0
CEORY > (—Uﬁo(%)w‘ )

A,u=0
(A,1)#(0,0)

2mi( AT + )

PR

1 q
T
q x

-1 . .
2mip(AT + 1) Jp2n-2)( 2mi(AT + 1)
,u=0
(X1)#(0,0)

A
(=1)7¢( p .

)



ELLIPTIC APOSTOL SUMS AND THEIR RECIPROCITY LAWS 4249
Further we see by Deﬁnition 2 that this is equal to
(4.2) {p %5on-1(0;pi7) + 47" 25201 (D, g 7) } -
Next we expand the rlght—hand side of ([Z3)) into the following form:

1,
—p(p2)p(qz) — P (2)

1
22 (1 —+ H2p222 + H4p424 -+ - )(1 + H2q222 + H4q4Z4 B )
1
pgz*
Then the coefficient of 22"~2 in the right-hand side of (23 is given by

(1 - HQZ2 - 3H4Z4 - 5H626 — )

1
4.3 —— HyiHap_2ip¢®" % — —(2n — 1)Ha,,.
(4.3) pqz 2jHon—2; pq( )JH>

Now comparing the coefficients of 22"~2 in both sides of (2.3), we see that the
expressions ({2) and (£3) are indeed equal. This yields the identity of Theorem

22(1). O
Proof of Theorem [22(2). The proof is similar to that of Theorem[22(1). The detail
is left to the reader. O

5. LIMITS OF ELLIPTIC RECIPROCITY LAWS

In this section we will calculate the limits of elliptic reciprocity laws ([23) and
24) as 7 — ico. We show that the limits indeed coincide with the original reci-
procity law for Apostol sums ([C2). This fact may justify our terminology that
Definition [ZTlis an elliptic analogue of Apostol sums.

First we recall a number of formulae for elliptic functions. Put

q=e"7 and &=,
Then the functions ¢(z) and ((z) have the following expansion (see [13), pp.144,147]):

151/2+£ 2 A 1+q”€ 1+q"§ H—q")?
(5.1) p(z) = ez g L — & (1+qn)?

1§1/2+§ 1/2 00 _ nf n§_1
(5.2) ((2) = 2G2z + §1/2 —1/2 T Z (1 —qqnf - qnfl) .

Define yet another function w(z) by

151/2 +£—1/2 s _ nf ngfl
(5.3) w(z) = C(Z) — 2G22 <— Em + Z <1 _qqn§ + 1 iqn§—1>> .

n=1
We are interested in the limits of ¢(z) and w(z) for z = 2mwi(z7 + y) as 7 — ico.

Lemma 5.1. (1) Suppose that x > 0. Then

{—%(—UM, v ¢ 7,

li 2 +
e @miler +y)) = 5 cot(my), =z € Z.

T—100

Here [z] denotes the largest integer not exceeding x.
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(2) Suppose that 0 < ax < 1. Then

1
-5 0<ax<l1
lim w(2mi(zr +y)) =< 2 r=b
o0 5 cot(my), x=0.

Proof. (1) This limit is obtained by Egami in [8, p. 102], using the expansion (5:2)).
(2) This limit can be proved similarly as for (1). In fact, the terms

—q"¢ gt
Z <1 —e T —q”§‘1>

in (5.3) tend to 0 as 7 — ico. Furthermore, for z = 27i(z7 + y), we see that as
T — 100,

151/2_’_5—1/2 1 e2mi(@T+y) 4 {_%, 0<x <,

— = — - — i
2612 _g-1/2 2 e2mi(aT+y) _ ] %% = - cot(my), x=0.

These facts yield the limit as claimed. [l

Now we apply Lemma ET] to obtain the limits of elliptic reciprocity laws (2.3)
and ([24) as 7 — ico.

The case p+¢g =1 (2). Consider the case p+ ¢ =1 (2). We see that the left-hand
side of the identity (23) has the following limit when 7 — ioc:

1 Z (—1)A<p(27riq(>\T+u))<p(z+ 2m’()\7'+u))

p Aopi=0 p p
(A1) #(0,0)
B lgg(—l)A 2rOT ) 2T ),
Y 4 p 4 p
(5.4) =0 A=1
152 2miqu 2L
+ - @ w(z+
L5 ottty 2
1 pz_:l( 1)/\+1+[q)\/p] + 1 pz_:l 1 t(ﬂ—q:u‘) 1 ( + 7'('/1,)
oz _ INT 2 oMk ™"
4 2i ¢ 2i O\ 2
A=1 gt p p

On the other hand, noting that cot/(z) = — csc?(2), we see that the right-hand
side of the identity (23) tends to the following limit when 7 — ioco:

1, pz, 1 qz 1 1 9, 2
5 - - — ——cot(= — 2.
(5:5) —pp2)pla) ~ 9/ () = —gzeot(§) g eot(G) 4 - ese®(5)
We also need to recall the fact due to Berndt-Evans [3, p. 3] that for relatively

prime integers p and ¢ with p + ¢ = 1 (2), the sum Y27} (—1)M1+eV/2l in (53)
satisfies the following reciprocity law:

p—1 q—1
(5.6) Z( P)AMLHaA/P] Z ) AV
A=1 A=1

Then concocting (), (55) and (2.6]), and rescaling the variable z by z/2i, we
arrive at the reciprocity law given in (T2).
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Furthermore, expanding the last term in (5.4]) and then showing that its coeffi-
cient of 22”72 is equal to (—p*"~2/(2n — 1))s2,—1(q, p) (cf. [12} L1} 2] for detailed
calculations), we obtain (Z3):

lim §2n71(%p; 7—) = 32n71(Q7p)'

T—100

This proves our assertion that Theorem 2.1(1) is an elliptic analogue of the
classical reciprocity law ([L2) in the case p+ ¢ =1 (2).

The case p+ ¢ =0 (2). Now consider the case that p+ ¢ = 0 (2). First note that
we can reformulate (2:4]) in the following form:

(5.7)
1 = 2mig(A 2mi(A 2mi(A
: (_1)A¢(M){C(Z+M)_2G2(Z+M)}
P ) ) )
M
(A,1)#(0,0)
g—1 . . .
N 1 (_1))\s0(27rzp()\7' + u)) {§(z+ 2mi (AT + M))—2G2(2+ 2mi( AT + ) )}
qa =, q q
M
(A,1)#(0,0)

= —o(p2)plaz) - piqc'o:) + D(p, ;7).

To obtain this reformulation, use the following identity (which is deduced from

B2):
1 = L 2migOhr + ), 1 1 L 2mip(AT + p)
- (D o(———=)+ - Y (D) (———) Gy
P p ¢ q
et NG
(A)#(0.0) (A)#(0.0)
= 0.

Here D(p,q;7) is a constant with respect to z. Actually, D(p,q;7) is explicitly
given as follows:

p—1

1 2miq( AT + 2mi (AT +
D gr)=Clogr) —20 3 (c1) (2T ¥ i) 2miAT )
p Yoo p p
N
(A )#(0,0)
1 mip(AT + ) 2mi( AT +
_’_E Z (_1))\90( (q :u‘)) ( p M) GQ.

A, pn=0
(A,1)#(0,0)
Now we are ready to prove that (@) is an elliptic analogue of the classical
reciprocity law (2) (up to addition of constant) in the case p+ ¢ =0 (2). We are

interested in evaluating the limits of both sides of (B7) as 7 — ioco. For this first
note that {(z) —2G2z = w(z). Now we apply Lemma B.11(2) to (57). The left-hand
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side of (B1) tends to the following limit when 7 — doco:

ey | 0 1 z 0w
Z — cot(ﬂ)—, cot(= + —'u)
o 21 p

On the other hand, to find the limit for the right-hand side of (5.7) as 7 — 700,
we will make use of the fact that

lim —{'(2) = lim p(z) = —

T—100 T—100 (2i)2

Then the right-hand side of (B.7) approaches the limit

802(2—2,).

1 pz, 1 qz 1 z
~ 55 cot(2) - cot($) esc () + elp ),

5.9 1.1
(5.9) 2i2; “Y90) T 5 i) 2%

where ¢(p, ¢) is a constant with respect to z.
Finally concocting (5.8), (59) and (56]), and rescaling the variable z by z/2i,
we arrive at the reciprocity law (L2) in the case p +¢ =0 (2).

We summarize the above discussion in the following proposition.

Proposition 5.2. (a) Suppose that p+q = 1(2). Then the limit of [23) as T — ico
yields the identity (L2) on cotangent sums.

(b) Suppose that p+ q = 0(2). Then the limit of (BX) (equivalently 24)) as
T — i00o yields the identity (I.2) on cotangent sums.

Therefore, (23) and (24) are indeed elliptic analogues of the classical reciprocity
laws for Apostol sums.

6. NEW RELATIONS BETWEEN MODULAR FORMS

We can state some new relations between modular forms from the reciprocity
laws established in Theorem 2.2. Here we give some interpretation of our results
from the point of view of modular forms. Let H be the upper half complex plane.
A function f : H x C — C is called a Jacobi form of weight k and index O for the
congruence subgroup I' of SLy(Z) if it satisfies the following two conditions:

at+b z
(6.1) JE= ) =+ d)ff(nz) ((2h) eD),
(6.2) flr,z+ 2mi(m7 +n)) = f(71,2) (m,n € Z)

together with some regularity conditions. The reader is referred to [9] [13] for more
detailed accounts about Jacobi forms.

It is known that the function ¢ is a Jacobi form of weight 1 and index 0 for
I'y(2) while the Weierstrass p-function is a Jacobi form of weight 2 and index 0 for
SLa(Z) (see [13] and [9]). It is easily shown that if f is a Jacobi form of weight w
and index 0, then f*) is a Jacobi form of weight w + k and index 0. Hence ¢(*)
and ¢ = —p(k*=1) are Jacobi forms of weight k + 1 and index 0.
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Lemma 6.1. Suppose that f(7,2) is a Jacobi form of weight k and index O for
SLo(Z), and suppose that it has poles only at z = 2wi(Zt + Z). Then, for A\, =
0,1,....,p—1; (\p) # (0,0), f(r,2wi(Ar + p)/p) is a modular form for T'(p) of
weight k.

Proof. This follows from the following identities for (‘Cl g) e I (p):

f(aT—i—b 27ri()\%+ﬂ))_f(a7'+b 2mi )\(a7—+b)+u(c7_+d))
et +d’ P I T o+ d 5
= (er + ) f(r, ZEHALTE b;Jr uler + )}y
— (er + ), 2T,

(Notice that the second identity follows from (G1I), and the third from (@2)).) O

Similarly we know that if f(7,z) is a Jacobi form of weight k and index 0 for
To(2), f(r,2mi(AT + p)/p) is a modular form of weight &k for I'(p) (resp. I'(2p)) if
p is even (resp. odd).

Now we apply the above argument to f = ¢, or ¥ or ().

Proposition 6.2. The elliptic Apostol sum 82,-1(q,p;T) is a modular form of
weight 2n for T'(p) (resp. T'(2p)) if p is even (resp. odd).

Since Ha,, is a modular form for I'g(2), the reciprocity law for elliptic Apostol
sums (Theorem [Z2)) gives rise to new relations between modular forms for I'(p) (or
T'(2p) if p is odd), '(q) (or T'(2q) if ¢ is odd) and T'y(2).

Remark 6.1. The classical Dedekind sums s(q, p) first appeared in the transforma-
tion formula of logn(7). The Apostol sums si(g,p) also appeared in the transfor-
mation formula of some kinds of Lambert series. We will end the paper by posing
a natural question.

Question. The classical and generalized Dedekind sums appeared in a formula due
to Mordell [I7], which counts the number of lattice points in a tetrahedron. Also
there are many generalizations of Mordell’s formula to higher-dimensional cases. Is
there any geometrical interpretation of the elliptic Apostol sums introduced in this
paper?

Another question is: Are there generalizations of Lambert series whose transfor-
mation rules are described in terms of elliptic Apostol sums?
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