TRANSACTIONS OF THE

AMERICAN MATHEMATICAL SOCIETY

Volume 356, Number 10, Pages 4055-4073

S 0002-9947(04)03501-9

Article electronically published on February 27, 2004

CONSERVATION LAWS FOR A CLASS OF THIRD ORDER
EVOLUTIONARY DIFFERENTIAL SYSTEMS

SUNG HO WANG

ABSTRACT. Conservation laws of third order quasi-linear scalar evolution equa-
tions are studied via exterior differential system and characteristic cohomology.
We find a subspace of 2-forms in the infinite prolongation space in which every
conservation law has a unique representative. Analysis of the structure of this
subspace based upon the symbol of the differential equation leads to a univer-
sal integrability condition for an evolution equation to admit any higher order
(weight) conservation laws. As an example, we give a complete classification of
a class of evolution equations which admit conservation laws of the first three
consecutive weights —1, 1, 3. The differential system describing the flow of a
curve in the plane by the derivative of its curvature with respect to the arc
length is also shown to exhibit the KdV property, i.e., an infinite sequence of
conservation laws of distinct weights.

INTRODUCTION

For a second order scalar evolutionary differential system (equation), it is known
that every conservation law can be defined on the second jet space [BG2]. In fact,
there is an upper bound on the order of the conservation laws for the even order
scalar evolution equations [E]. However, it is not true in the case of odd order
equations, as is illustrated by the KdV equation, and the infinite prolongation
becomes necessary.

The lowest order conservation laws of the general quasi-linear third order scalar
evolution equations are considered in [F], where the normal forms for the equations
admitting such conservation laws are found. [K] considers the evolution equations
with higher order conservation laws, and [M] provides an extensive list of the equa-
tions that possess some kind of formal symmetry.

The purpose of this paper is to study the conservation laws of the third order
scalar evolution equations of the form

(1) Uy = f(xvua uz)uxxx + g(xa uvuxvuxx)

via exterior differential systems and characteristic cohomology. The differential sys-
tem and characteristic cohomology approach not only facilitates the computations
involved, but it naturally gives rise to the notion of weight of a conservation law,
which plays the role of the order of a conservation law in our treatment.
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We find a universal integrability condition for equation (1) to admit a higher
weight conservation law, which is expressed in terms of a curvature of a frame
bundle associated to the equation. For instance, if this curvature does not vanish,
every conservation law can be defined on the second jet space of solutions. Explicit
computation of examples suggests the following conjecture:

Suppose a differential equation (1) has three conservation laws of distinct weights
greater than or equal to 1. Then it has an infinite sequence of conservation laws of
distinct weights.

In Section 1, we solve the problem of equivalence, up to point transformations,
for the differential systems that locally correspond to (1). Equivalence problem
is solved on a principal bundle with certain two-dimensional group G as fibers,
and we find a complete set of invariants whose functional relations determine the
differential system up to the admissible transformations. The structure equations
on the infinite prolongation space developed in Section 2 enable us to find a certain
subspace, rather than a quotient space, in which every conservation law has a unique
representative. We compute a rough normal form of a conservation law, and this
leads to the universal integrability condition to admit any higher order conservation
laws. The representation of the structure group G on the conservation laws gives the
aforementioned notion of weight. In the final section, we compute the conservation
laws of two classes of differential systems using the general theory. In particular,
the k1 flow, the flow of the curve in the plane by the derivative of its curvature
with respect to arc length, is shown to exhibit the KdV property, i.e., an infinite
sequence of conservation laws of distinct weights.

In this paper, we only consider scalar conservation law, which is a special case of
a Lie algebra g-valued conservation law. It would be interesting to study the case
g = sl(2,R) or g = su(2) for equation (1). Geometrically, a g-valued conservation
law for (1) induces a map from (simply connected) solution surfaces to a Lie group
with g as its Lie algebra.

We thank Professor Robert Bryant for his guidance and support throughout this
work.

1. STRUCTURE EQUATIONS ON F — M
Consider the following 1-forms on (¢, z,u, p, q) space, where p and ¢ stand for u,
and u,, respectively, and f(z,u,p) # 0:
w2 = f(x7 u’p)dt’
o = f(xvuap)(du —pdl'),
w! = dx,
m = f(xvuap)(dp - qu)v
Y2 = f(xv uap)dq + g(xv u, p, Q)dx
Then the integral manifolds of the differential ideal

(2) I={mAw" +7vAw* g Aw? noAw*} U {mAno}
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on which w! Aw? # 0 correspond to the solutions of the pde (1). Note the 1-forms
introduced above satisfy the following structure equations:
(3) dw? =0 mod  w?,

dw' =0 mod  w', no,

dno = —m Aw' mod 1,

dm =—y Aw' mod o, M,

. _ 0
and if we put T' = &,

(4) Tow? #0,
Tano=Tow' =T =Ty =0,
T adny = Tadw* = Tadmy = Tadys = 0.

Conversely, if a coframe { w?, 19, w',m1,72 } of a five manifold M satisfies equations
(3) and (4) for a nonzero vector field T', then the differential system (2) with
independence condition w! A w? # 0 corresponds (locally) to the pde

Ut = f(xauvpaQ)uzzz +g(x7uapv Q)a

which includes (1) as a special case. We call such differential systems quasi-linear
time-independent third order evolutionary differential systems.

Given such a differential system Z on M, M has a Gy C GI(5,R) structure, where
G is a subgroup whose induced action on /\2 T*M preserves the subspace defined
by Z. Equivalently, the principal right G1(5,R) bundle on M can be reduced to a
Gy bundle via Z. Let Fy denote the Gy bundle. A direct computation shows the
elements of Gg act on { w?, no, wt, 1, v2 } by

... . w?
a o
e b ) w! |,
h A yit
l mo gz Y2

where ‘. denotes 0. Note that if we allow the equivalence up to full contact
transformations, 7; term can be added to w'. Thus on Fy, we have the following

structure equations:

w? 36 . . . . w?
90 « . 90
dlw'] =- o B . Al wt
91 . (bl o — ﬁ . 91
S92 . w . ’Lﬂl o — 25 S92
0
—64 A wl + 6o A €
+ rt ,

—82/\w1+90/\61+91/\62
Iy
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with
dp = 0,
da=—¢ /\w1+¢/\91 mod 6.

Here w?, 6y, w', 01, s» are tautological 1 forms, o, 8, ¢, ¢1, ¥, 11 are pseudo-
connection forms, and

_ 1
€0, €1, €2 =0 mod 90,&) 791;327
I, r, quadratic in 6y, w?, 01, s2,

representing the torsion of the pseudo connection defined by «, 3, ¢, ¢1, ¥, 1.

This pseudo-connection is not uniquely defined, and modifying the pseudo-
connection forms by the tautological 1 forms 6y, w', 61, so , the torsion can be
arranged as follows:

eg=¢€1 =0,
' = a160; Aw! + Rso Aw?,
€2 = asw' + Rso,
I's =agss A wl,
where a1, ag, as, R are functions on Fy. Note that since the equivalence up to point

transformations is allowed, the differential ideal generated by { 6y, w! } is integrable.
The original differential system corresponds (locally) to an equation of the form

Uy = f(x7u7p)uxxx +g(xauvpaQ)

iff R =0, which we assume from now on.

At this stage, no more absorption is possible without changing the form of the
torsion given above. By taking the exterior derivative of the structure equations
with the reduced torsion, we get

day = ¢+ ai(a—B) mod by, w', by,
daQ = 2¢1 - wl + a/25 mod 90) w17 91; 52,
das = ¢y + 1 + asB, mod by, w', 01, so.

Hence, the Gy structure can be reduced to a G; C Gq structure by requiring
a1 =0, ap =0, ag = 0. In other words, we restrict to the sub-bundle F; of Fy cut
out by these relations. The structure equations on F} now become

w? 33 . . i ) w?
90 « . 90
dlw'|=-]. . pB . . Al wt
91 . . . o — 5 . 91
S92 R . a—20 S2
0
—01 A wl
+ Oo N @ ,

—82/\w1+90/\¢1
WA
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where ¢ =0 mod 0y, w',8; and ¢1,71 =0 mod by, w!,d:, s2. By modifying o, 10,
we can arrange so that

¢ = Ew' + Fé,,
¢1 = asw’ + Kso,
Y1 = Gw' + 2K so,

where F, F,G, K, a4 are now functions on Fj that represent the unabsorbable tor-
sion. Taking the exterior derivative again of the structure equations with this
modified torsion gives, among other things, that a4 can be translated to 0 by the
group action corresponding to ¥. Thus we can reduce the G structure Fj to a two-
dimensional G C G; structure F on which a4 = 0, and ¢y = 0 mod 6, w?, 01, sa.
The elements of G are of the form

b3

a

b2
Summarizing the results, we have the following proposition.

Proposition 1.1. Let M be a five manifold with a quasi-linear time-independent
third order evolutionary differential system I that locally corresponds to the equation
of the form

Uy = f(xvuap)u;c;c:c +g(x,u,p,q).
Then there is an induced G C GI(5,R) bundle F — M with the structure equations

w? 38 . . . . w?
90 « . 90
dlw'|=-. . 8 . Al wt
91 . . . o — ﬁ . 91
So . .. . a—243 So
0
—(91 A wl
+ 0o A (Ew! + Foy) ,

—52/\w1+K90/\52
01 /\(Gwl +2K82)+90/\ (Lwl + M6, +N82)

d3 =0,
do=—-FEf0 ANw' — Kso Aw' + 6y Ae,

where € = 0 mod w!, 6y, so. The complete set of invariants of this G structure
consists of e, B, F, G, K, L, M, N and their successive covariant derivatives. If all
of the invariants are 0, the differential system is equivalent to the system generated
by Uy = Ugzzz vVia a point transformation, which preserves the ideals generated by
{w?} and {0y, w'}. By construction, if T and I' are two differential systems such
that ©*7' =T for a point transformation ¢ of M, then the induced G structures F
and F' are equivalent.

Given an evolutionary pde (1), we mention that K = 0 iff the pde is of the form
w = (f(2,4,p)0)z + g(, u,p)q + h(z, u, p).
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In this case, E = —N, and N =0 iff

4f;3 = Sffppa
4( fpf:c +pfpfu) = 3f(fp:c +pfpu - fu)

2. STRUCTURE EQUATIONS ON F'y(y — F — M
Consider the linear pde
Ut = Uggx-
Since every t derivative of u can be replaced by xxx derivative for any solution wu,
we may define the (k + 3)rd jet space Ji43 of u as the space with coordinates
{x7 t7 U = po, P1, P2, P3, - -+, Pk+3 }a

where p1 = ug, po = Ugzsz, and P; = Ugzzsr..». In terms of differential forms, we
introduce the following 1-forms on Jiy3.

wh = dx, w? = dt,

v, = dp; for 0<i<k+3,
N =% — Pit1dx for 0<i<k+2,
bi =1 —piadt for 0<i<k.

Then {wh, w?, ¢o, 1, -, ks Mht1, Met2s Vetr3} is a basis of T*Jpy3, and they
satisfy the following structure equations:

—dmzmﬂ/\wlzmﬂ/\wl for 0<i<k+1,

—dNr2 = Yips Aw',

—dgi = ¢iy1 ANw' + giy3 Aw?,
=nig1 Aw' + i3 Aw? for 0<i <k —3,
—dpp—2 = dp—1 Aw' + i1 Aw?,
—dpp—1 = ¢p A W'+ N2 Aw?,
—ddr = N1 Aw' 4 Yeps AW

The original differential system for u; = uyq, on (,t, u, p1,p2 ) space is generated
by

{no Aw' +y2 Aw®}
U{m Aw?, no Aw?}
U{771/\770}7

and the structure equations show the (k + 3)rd prolongation of this differential
system on Jy43 is generated by

{ b0, ¢, b2, 01 }
U{mes1 Aw' +yrps Aw? }
U{ Mhr2 Aw?, mra Aw® }
U{ Mk+2 A k41 }-

For a general quasi-linear evolutionary differential system Z on a five manifold
M, let My13 denote the (k + 3)rd prolongation space, My, = limg_ oo Mgts, and
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let ps,p4,ps, ... be the prolongation variables. Also define Fyi3andF, as the
pullback of Mgy3 and My, via 7 respectively, where 7 is the projection map  :
F — M of the G structure defined earlier. Motivated by the linear example above,
we observe the following.

Theorem 2.1. There is a sequence of time-independent functions ri43 on Fiio
for k > 2 such that if we define

s; =dp; +pi(a—iB) fori>3,

02 = 83, 03 =853, 04=54+p3Kso,

Ohts = Skas + Thysw Jor k > 2,
O = o —pk+1w1 for k> 2,
T = O — prgsw?  for k>0,
then
1. {a, B, w, w? 7, T1,. ., Tk, Okrt, Okio, Okys } is a basis of T*Fiy3 for
k> 0.
2. For k>0,
—dm; = g1 Awt +migz Aw?  mod m,...,m for 0 < i <k-3,
—dmp_o = Th_1 Aw' + Or+1 N w? mod TQy - v vy Th—2,
—drp_1 =T A w1+9k+2 A w? mod 7o, ..., Tk_1,
—dry = g1 Awl + opps Aw?  mod o, ..., Tk
3. For i >0,

—df; = (o —iB) A O; 4+ 0;1 A w? mod  6g, 01,...,0;_2, 0;_1.
Note that 2. implies the (k + 3)rd prolonged ideal i3 on Fiys is generated by
Tirs = {mo, m, m2,..., 7}
U{ 01 Aw' + 03 Aw?}
U{ Oky2 A w?, Op+1 A W2 }
U{ Oks2 A Okt }-
Also by definition,
i A w! +0iy2 Aw? =0; Nw' + 0it2 Aw?,
0; Aw! = ai/\wl,
i Aw? = 0; AP
Proof. 1. It follows from the definition, as long as ryys € C*®(Fj42), which is
checked below.

2. First, we consider the original differential system Z = Zo on F = F5. (For
simplicity, we use the same letter Z to denote 7* Z on F, where 7 : F — M)

IT=1,= {90/\w1+02/\w2},
U{6; Aw?, B Aw?}
U{6, Anbp}.
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Since 0y Aw? € T , 6 is a multiple of w? on every integral manifold of Z on which

w! Aw? # 0. This suggests introducing
Fs=Fx{ps}
7o = 0y — p3w>.
But,
Oo Aw! + 593 Aw? =05 Aw? mod g
by definition of 85. Also from the structure equations on F,
—dmg = —d(y — psw?) = 01 Aw! + o3 Aw? mod .
This implies Z3 is generated by
Is= {mo}
U{f Aw' +o3Aw?}
u{ 6, Aw?, 6, /\w2}
U{b2/A6 1},
which is the p3 prolongation I3 of Z. From the arguments above, it is clear that
every integral manifold of Z3 in F3 on which w! Aw? # 0 is a graph over an integral
manifold of Z in F. Note that
{a, B, wh, W2, m, 01, 02, 03 }
is a basis of T*F3.
Next, we define the ps prolongation by a similar procedure, introducing
Fy=F3x{pa},

2
T = 01 — paw”.

Then,
01 Aw' + o3 Aw? =05 Aw? mod g, Ty
and
—dm = —d( 61 —p4w2) =0 Aw! + 04 Aw? mod 7, 7.
Hence,
Iy= {mo,m}
U{fs Aw' + 04 Aw?}
U{03Aw? O Aw?}
U{f0sn6}.
The claim for ps, pg, pr prolongations can also be checked as above by direct
computations.
Inductively, suppose there exists a sequence of time independent functions rs,
r6, - .., Tkts3, k >4, such that the structure equations in 2. of the theorem is true.

It suffices to show there exists time independent 7444 € C°°(Fi43) such that
—dmg41 = Opyo Awt + Ok+a Aw? mod Ty« v vy Mht1-

We only verify the claim mod «, 8 for simplicity. The terms containing « and (3
can be checked by counting the weights of the representation of the structural group
G on F. For brevity, we use { p; } to denote a time independent function on F;,
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i.e., it’s an algebraic function of p3, p4, ..., p;, and the complete set of invariants of
the original G structure F — M.
Notice from the structure equation on F — M,

dw? =0,
dby = psw* A W2,
dw' = {p3 ' Aw?,
df; = { ps Jw' A w?,
dsa = {4 }wl Aw?,
do = {ps }w' Aw? mod a, B, o, T, .

Thus,
drpy1 = d(Opy1 — prraw®)
= d(dpes1 +prri(a— (E+1)B) + repw' — pryow’ — pryaw?)
= pry1{ps Jwl Aw? Fdrpp Awt + e {p3 ot Aw?
+ prra{ps tw' Aw? — dpgao Aw' — dprya Aw?
= —dppyo Aw' —dppya Aw? +drp Awt + {pras wh A w?
mod «, (8, T, 1, T2
since 11 € C*(Fy) is time independent by induction hypothesis and k& > 4. Also,
Ok A wh+ Okta N W= dprta N Wl + dprta N w4+ rk+4w1 Aw? mod a, (3,
by definition of r;44. Now, it is sufficient to show
drii1 Aw' = {pris yw Aw? mod a, B, m,..., T
But, again, 7,41 € C°(F}) is time independent and by definition of the 1-form 7,
dp; = pirsw® mod a, 8, W', m.
In particular,
dpr = prysw?®  mod o, §, w!, m,

and ri4q4 € C°°(Fi43) is uniquely determined.
3. Straightforward computations. We omit the proof. O

3. CONSERVATION LAWS

In this section, we compute a rough normal form of conservation laws using the
structure equations on F, — F. This leads to a universal integrability condition to
admit any higher weight (to be defined in 3.2) conservation laws in terms of van-
ishing of certain invariants of the bundle F— M defined in Section 1. Throughout
this section, we denote by A” Zx13 the space of p-forms on Fy 3 in the ideal Zj3.

3.1. A*Zoo/dZos. Following [BGI], we start with a definition.

Definition 3.1. A conservation law is a class [ ® | € A\°Zso / dZs generated by a
closed 2-form ®. The space of conservation laws is denoted by Cs..
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Here we say dZ. is the subspace of exact 2-forms in the ideal of the form
d( XAomo + M1 + -+ A7 ) for some functions A; on Foo. For such a closed
2-form @, consider a 1-form 6 such that

dg = ®.
If N is an integral manifold of Z, hence of Z., it follows by Stokes theorem that

0=/¢z/d9: 0,
N N ON

which becomes a classical conservation law for an evolutionary pde once we impose
nice decay conditions on the solutions. [BGI] shows that, at least locally, the
cohomology C, defined as above is isomorphic to the classical space of conservation
laws

Coo 2{0€ N\ Fuo | d0=0 modZo} /{{\ T }U{df | feC=(Fuc)}}.

Instead of dealing directly with the quotient /\2 Zoo / dZo, we introduce a section

of the projection
2 2
/\ Too — /\ Too /dTo.
Theorem 3.2. There exists a sequence of subspaces Hyys C /\2 Tivs for k>0
such that
. Hipz = Hir2 ©{Ok2NOkr1} © {Oki2 A0k }
D {Uk+3/\7ri| 0<1< k‘}
® {Opi2 AW?Y, and

2
Miys = \ Tirs/dTirs for k > 0.
2. Set Hoeo = lim Hpiys then,
k—oo

Hoo = N\ T /dTec.
We define
Hy ={0Aw' + o9 Aw?}
@ {0, Aw? 0y AP},
Ho =H1 & {61 N6}

In this theorem, the expression {61 A 6y}, for example, means the subspace
generated by the 2-form 67 A 6.

Corollary 3.3. Every conservation law has a unique representative in Hoo.

Proof of Theorem 3.2. 1. Suppose ® € /\2 Zy+s for some k > 0. Then
k
b=mgNeg+mI NeL+ - +T ANep + Z Cij T3 NT5
i,j=0
+ 0 (Op1 Aw' + opiz Aw?)
+y9k+2 A w? +39k+1 A w?
+wOkt2 A Okt



CONSERVATION LAWS FOR A CLASS OF THIRD ORDER 4065

where ¢, = 0 mod w!, w?, Oxy1, Oki2, ok+s and ¢;j = —cjiy v, Y, 2, w are func-
tions on Fy 3. Since

—dm = 041 Aw! + Ok+3 Aw? mod TOy Ty Tk,
we may take v = 0 by modifying ¢; and ¢;; if necessary mod dZy13. Also, since
—m Aw! = Oito Aw? mod dmi_1, Ti_1,...,T0 forl < i <k,

we may take ¢; = 0modw?, Oyy1, 040, o3 for 1 < i < k by successively mod-
ifying €; and c¢;; if necessary. At this stage, no more modification mod dZj3 is
possible. We denote this subspace by Hyys C /\2 Zi+s for each k > 0, which
satisfies

Hits ® dToys = Ny

Next, we modify Hgy3 by dZ3 to construct another subspace Hy3 C /\2 Tits
complementary to dZys, but which satisfies

Hit3 C Hita.
First, note that as we prolong from Zy13 to Zy44,
m — m; for 0<i <k,
Ok+1 — T,
Ok+2 — Ok2,
Okt+3 — Okys,
Okt4-
This observation together with the fact
Ty A Tpr1 = AOg11 mod m; A w?,
i N Ogys =T A oggrs mod m; A wl,
—mAwt = 0ito Aw? mod dm;_1, Ti_1,...,m for 1<i<k,
O3 A Trps1 = Opys AOpyr mod Oz Aw?
implies
Hpys = Hipgz ©{Op3NOii2} & { ki3 ANOyr }
S{oppu AT |0< i< k+1}
® {03 Aw?} mod dZy4.
We inductively define Hy4 by
Hipa = Higs ©{Oki3 A Opi2} & {Opy3 AN Opy1}
S {opa AT |0< i< k+1}
® {0z ANW? ).
2. Suppose
d( Xomo + M1+ -+ AT ) € Hir .
There exists | > k such that every \; € C*°(Fj43) and
AoTo + A+ o+ AT € Zigs.
But Hi4+s C Hits, Hiys N dZy+s3 = 0 implies
d( Aomo + M1+ + A ) = 0. O
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3.2. Sequence of linear differential systems. Consider a generator ® of a con-
servation law that belongs to Hy4s only pointwise:
d = A(@o/\w1 + o9 /\w2) — BO, Aw? + C 0y Aw?
k+1

+ Z Tit1,i0i41 N O;
i=0

k ko J
+ Z Xit2,i0ip2 NO; + Z Z Xjy3,i 0543 N
i=0 =0 i=0
k2
+ Z YtL 91' A w25
i—2

where A, B,C, Tj11,i, Xit2,i, Xjy3,i, and Y; are functions on Fo,. We first note that
all of the coefficients A, B, C,Tj11,i, Xiy2,i, Xj+3,4, ¥i must be functions on Fpy3
in order for ® to be closed, which in turn justifies the decomposition of /\2 Zoo in
Theorem 3.2. Moreover, the coefficient Ty 2 41 of highest weight 2k 4 3 under the
representation corresponding to the connection form [ of the original G structure
F — M turns out to indicate exactly when ® € Hyio C His.

Throughout this section, ® will always be assumed to be closed, and for the
reasons to follow, we call A, B, C, and {T;+1,; }32, the principal coefficients.

Theorem 3.4. For ® € Hy43, k> —1,

1. ® € Hpr2 C Hpys  iff T2k =0.

2. dTgyo k41 = Thropir (20— (2k+3) 6 + 2N 6y —2K6;) mod w?.
Corollary 3.5. If dla+ N6y — K6,) #0, every conservation law belongs to H; .

Corollary 3.5 follows from the fact the differential system is time independent
and df = 0. In local coordinates, an evolution equation (1) satisfies

(5) dla+Nby— Kb ) =0

iff g(x,u,p, q) is at most quadratic in ¢, and f(z,u,p) and g(x,u,p, q) satisfy some
fifth order partial differential relations. We also mention that if K is not 0, there
is no conservation laws in H.

Proof of Theorem 3.4. We assume k > 1. The cases k = —1, 0 can be checked by
direct computations.
1. From the results in the preceding section, we need to show

Xiyok = Yipo = Xpy3: =0 for 0<i<k

assuming Ty 2 r+1 = 0. Rather than getting into the detail of the computation, we
present a sketch of the arguments involved.

(a) d® = 0modw?, mo, ..., gives X2k = Xpi3x = 0.

(b) d® = 0modmg, ..., 7Tk, 0k11, Okr2 gives Yiio = 0. Here we note that df; =
dm; mod w?.

(c) First,

dd =0 mod w2, 90;'~'79k79k+17 Ok+2

gives Xj43 k-1 = 0. Inductively,

— 2 0
d® =0 mod W, 007 s 701'; 0i+17 9i+27 Oi4+3y -3 0k+2
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gives Xp434,-1 =0 for k—1 >4 > 1. Other than the structure equations in
Theorem 2.1, we make use of the fact

do; = dri N\ w? mod «, (3, 6g, 01, 02

=0 mod a, ﬁ7 007"'a6i—27 Oi—1,

for r; is a function on F;_; that is time independent.
2. We only show

di-‘rQ,k-‘rl =0 mod a, ﬁ7 WQ, 90) 01.
The rest of the assertion follows easily from this. Put
_ -1 1 0 k+2 k+3
ATht2h+1 = Tify @' + Tipa 100 + oo+ Tl Oz + T3 1 0k4s
mod «, 3, w?

to express the covariant derivative of T2 p+1.

First, d® = 0mod w?, mg, ..., T, gives
E+3 _ _ _ -1
Lo k1 =0, Xigs e = —Thto k1, Xivok = —Tpio g
Upon successively evaluating d® = 0 mod g, ..., Tk, Okt1, Ox+2 and modmg, ..., 7k,

0141, w' with these relations, we get

Yirz = petaTiya prns Xetah-1 = =Ty i
Now, d® = 0modw?, 7o, ..., Tk_1, Opy1, Onyo gives

Tk_—i—12,k+1 =0,
and we have
AThy2, 641 = T,SJFQ’,QHHO + .. +T£i22,k+19k+2 mod a, 3, w2

Finally,

d(dTk425+1) =0 mod «, 3, w?, o, ...,0;
fori =k+2,k+1,...,2 implies T,i+2’k+1 = 0. U

Since the equation d® = 0 is a linear differential system for the coefficients A,
B, C, Tit1,i, Xit2,i, Xjt3,, and Y;, we have the following corollary.

Corollary 3.6. For a conservation law ® € Hyys, all of Xipoi, Xj43,4, and Y;
can be expressed in terms of the principal coefficients A, B, C, {Tit1, }f:ol and
their successive covariant derivatives.

Thus, for each k + 3, k > —2, there is a linear differential system
Dyts = Dyt Thv2,k+1, Tht1ps - T10, A, B, O]

on Hy3 whose solutions correspond to the conservation laws in Hy 3.
The theorem also suggests and justifies the following definition.

Definition 3.7. Let ® € H,, be a conservation law. We define

weight ® = |®| =  max  2i+ 1.
Tit1,i#0,i>0
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For a conservation law ® € Hy, we set |®| = —1.
We also define

Co=0,
{®e€Hiss | dP=0}

= { conservation laws of weight at most 2k + 3 },

Crs

Cit3 = Ciy3/Crgz
= { conservation laws of weight 2k + 3}.

Corollary 3.8.
Crys={P€Ciy3 | Thyout1 #0},

and

Coo = lim Ck+3
k—oo

= U Cry3-

k=-2

The results in this section can be summarized as follows. Along with the pro-
longation tower Fy3,

Fow = Fris = Fa =F,
we attach the subspaces Hg.3,
/\21'C>O D Hoo — Hi43 — Ha — Hi,
and a sequence of linear differential systems Dy 3,
Do — Dpy3z — D2 — Dy

whose solutions are the conservation laws of weight at most 2k 4+ 3. The sequence
{Dr+3}32 _, enjoys the property

Dyi3 =Dy

Tiy1..=0 for i>k+2

We finally mention that the weight of a conservation law roughly corresponds
to the number of x derivatives of u involved in local coordinate expression, which
agrees with the fact the orders of the conservation laws of the KdV equation jump
by two.

4. EXAMPLES

We compute the conservation laws of weight at most 3 for two classes of differ-
ential systems. A differential system will be called type (n_1, n1, ng ) if it has n;
conservation laws of weight 7.
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4.1. Nonlinear differential systems with invariant N = 0 that have at
least one conservation law of weight —1, 1, and 3 respectively. A complete
classification can be given for this class of differential systems, where essentially the
nonlinearity assumption allows us to close up the linear differential system D3. First
of all, a necessary condition to have a conservation law of weight —1 is K = 0, and
imposing the condition N = 0 and (5) of Corollary 3.5, the structure equations in
Proposition 1.1 become

w? 0

) —601 A wl
dlw' | = 0

91 —S92 A wl

S9 (G(gl + LGQ) Awl

on a section a = (3 = 0, which exists since da = dB = 0. It is easily verified
that these equations imply the following simple local normal form:

w? = dt, w' = dz,
0y = du — pdzx,

th
s2 = dg+ g(z,u,p)dx

dp — qdx,

which corresponds to the evolutionary pde

Ut = Ugzz T g(a:,u,p).
Notice the admissible point transformations at this stage are, up to scaling by
constants,

r =z + xg,
u=u+ ¢z),
where xq is a constant and ¢(x) is an arbitrary function of .
Following the general theory developed earlier, a conservation law ® € Hg takes
the form

b = A(Ho/\cu1 + s Aw?) — Bl Aw? + Chy Aw?
+T6, N6y
+P(02N01 + s3sAmo),

where
o = b - p3w?,
0 = s3 — psw',
s3 = dps.
A direct computation shows d® = 0 if
dP =0 mod w2,

T°=T*=0,T"'= A" + g.P,

A3 =0, A2=1T, 4" =B,

B*=0,B*=P?- A" B!'=0C— g,A— p3P?,
C°=0,02=A,C"=T7?-B", 0" =g A+ A2
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where we express the covariant derivative of a coeflicient X by
dX = X7 'w' + X727 + X% + X0 + X7s0 + X3ss.
Note by Theorem 3.4,
® e Hy if P=0O,
beH if P=T=0.

From now on, we give only the sketch of the procedure of overdetermined pde
machinery that is applied to find the compatibility conditions to admit the desired
conservation laws. When X, Y, ... are the coefficients of the conservation laws and
their covariant derivatives, the notation { X, Y;...} for simplicity would mean an
expression that is linear in X, Y, ... with the coefficients algebraic in g( x, u, p) and
its derivatives. For example, an expression like g2P + g,A~2 will be denoted by
{ P, A=2}. We also mention that, if there exists a compatibility condition of the
form

{A7 T’ P} = 07
all of the coefficients of A, T, and P must be 0 if the differential system would
admit each of the conservation laws of weight —1, 1, and 3.

1. d(d(A)) = 0 mod w?, Oy, 61 gives A} = {P, P72}.
d(d(T)) = 0 mod w?, By, b1 gives T* = 0.
d(d(T)) = 0 mod w?, Oy gives T® = { P}.
d(d(T)) = 0 mod w!, w? gives gppu = 0, which implies

g(z,u,p) = h(z,u)p + a(z,u) + c(x,p)

for some functions h, a, and c.
But, d(d(T)) = 0 mod w? gives a,, = hgy, which suggests writing

9(x,u,p) = f(z,u)e + c(z,p).

2. d(d(B)) = 0 mod w?, g, 61 gives B = { P, T, A" }.
d(d(A)) =0 mod w? gives A1 = {B°, T}, A% = {P}, A% = {P}.
d(d(B)) = 0 mod w?, 6, gives B = {P, P72, T, T2, A}.
d(d(B)) A w' Aw? + 2d(d(T)) A w* Ay = 0 gives A% = {P, P2, T, A}.

d(d(A%)) = 0 mod w', w? P gives cpppp = 0 = Cpppa, which implies c(z,p) is
at most cubic in p.
We consider the case ¢(z,p) is quadratic in p, for example, and write

g(z,u,p) = f(x,u)e + c2(2)p®/2 + c1(z)p
after adding some function of x to w if necessary.
3. d(d(A%) = 0 mod w?, 01, P, T gives ca(z) = 0.
d(d(A%) = 0 mod w, w?, gives fuwuu = 0 = fuuuz, and f(z,u) is at most
cubic in wu.
We again consider the case f(z,u) is quadratic in u and write
g(z,u,p) = (fo()u?/2 + fi(z)u + fo(z))e + ci(2)p,
assuming fo(x) # 0 for nonlinearity. Again by adding a suitable function of z to
u, we may write
g(a?,u,p) = (fQ(x) ’LL2/2 + fo(ﬂU) )2? + Cl(l‘)p-
4. d(d(A%) A w? + 2d(d(T)) A w' = 0gives P72 = {P}, f; = 0.



CONSERVATION LAWS FOR A CLASS OF THIRD ORDER 4071

Hence f5 is a nonzero constant and after scaling, we may write

g(x,u,p) = (U2/2—|—f0($))x + Cl(x)p'

d(d(P)) = 0 gives ¢ = 0, and we put ¢1(x) = mz + ro with constants ry,

d(d(B)) Aw? + 2d(d(T)) A by = 0 gives C° = { P, A, A°}.
d(d(C)) A w? + d(d(A)) A w' 4+ 2 d(d(T)) A 61 = 0 gives
A>=2 = [P, T, T2 A° B}.

(u + c1(2)d(d(T)) AN w! = 0gives T-2 = {P, T}.
0 gives f) = —2r? and we put

g(z,u,p) = (0?/2 + (=rfa® + biz))s + (r1z + 10)p

for some constant b;.

5. d(d(A%) = 0 gives C = {P, T, A, A°, B}, and the exterior derivative of
this relation gives A2 = { P, T, A, A%, B}. Now, by successively taking d(d(A)),
d(d(B)), the remaining variables B2 and C~2 are determined in terms of the free
variables P, T, A, B, A°, and the linear differential system for these free variables
becomes completely integrable. Since

dP =0 mod P,
dl' =0 mod P, T,

this class of differential systems (equations) are type (3, 1, 1).
Computations similar to the one demonstrated above determine the following
list of (nonlinear) differential systems (equations) and their types.

1
(6) Uy :umx—i—(§u2—r§m2+r1m)x+mmp (3,1,1),
1
im :uxmi(gug—i—mxu—l—rou)x (2,2,1),
! ! . 1 3
Ut = Ugge + (M cos(u) + n'sin(u)), + =p° + bp (2,1,2),

8
1
Ut = Ugge + (M cosh(u) + nsinh(u)), — §p3 +bp (2,1,2),

1
Ut = Ugge T (exp(u))y — 3 P>+ (riz+10)p+ 2r (2,1,2),

1
u = umxigp3+(7“1m+ro)p+b (2,1,2),

where ry,71,70,b,m',n’, m,n are constants such that m? # n2.

4.2. Flow of a curve in the plane by the derivative of its curvature with
respect to the arc length. Consider the two-dimensional abelian group R? with
a translation invariant Finsler structure, i.e., a translation invariant norm on the
tangent vectors [B]. It is known that there exists a coframe { %, n%, 13 } on the
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unit circle bundle B — R? with the structure equations

dn' = n* An?,
an — _773/\(,'71 _ 1772),
dn® =0,

where [ is the fundamental invariant satisfying
dl =0 mod 7.

Here ! is the Hilbert form and n? is the canonical pseudo-connection form.
Given an immersed curve v in the plane, 3*(n') # 0, we define as usual the
curvature of v by
F(*) = kY ('),
where 7 is the canonical lift of v to B. We also define k1, the derivative of k with
respect to the arc length, by

dk = k7" (n").

The ki-flow we are interested in is the following. Given v C R?, first lift it
to 4 C B. Then flow 4 along the Finsler normal, or the vector dual to 52, in the
amount of k;. The image of this flow under the projection B — R? will be called
k1-flow of ~.

ki-flow can be expressed in terms of a differential system on a five manifold
M? = {t} x {k} x B as follows:

I = {90/\(4)1 + 02/\w2, 0, /\(,«127 HQAwQ}U{Hl/\HQ},

where
w? = dt,
90 = 772)
w' = ' = I,
0 = (n* —kn') — kI,
09 = dk,

with the independence condition w! A w? # 0. Tt is clear an integral manifold of Z
on which w! A w? # 0 is locally the graph over the canonical lift of a k; flow.
Computation as in example 4.1, i.e., repeated application of the identity d?> = 0,
yields the following results.
(a) case I = 0.
The Finsler structure in this case is the flat Riemannian metric on R?. The differ-
ential system is type (4, 1, 1). If the initial curve v is simply closed, the first five
conservation laws represent the preservation under the flow of

/ 1+ cox + sy + ca(z® + y?) dr A dy,
D

and the length of the curve, where (z,y) are the orthonormal coordinates of the
plane, D is the region enclosed by the curve, and ¢; are constants. We also mention
v admits a self similar k;-flow if

1
k%+1k4+a2k2+a1k+a020
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for some constants a;. It is interesting to note that upon imposing as = a; = 0, the
above ordinary differential equation for k becomes the Fuler-Lagrange equation for

the functional
/ L2,
L2

In [ChT], it is shown the curvature of the ki-flow satisfies the mKdV equation
under a suitable local coordinates system.

In case I # 0, the differential system does not have any conservation laws
of weight —1. Below are the Finsler structures whose ki-flow have at least one
conservation law of weight 1 and 3.

(b) case I # 0,dl = (=3 + L1*)n’.
It is type (0, 3, 2), and also has one conservation law of weight 5. There does not
exist a Finsler structure realizing this structure equation [B].

(c)case I # 0,dI = Isn® # (=3 + 1), dI; = (—I+313)n’.

It is type (0, 3, 1), and also has one conservation law of weight 5.

Remark. Each of the differential systems presented in the list (6) of example 4.1
and (a), (b), (c) of example 4.2 also has exactly one conservation law of weight 5.
After computing the conservation laws of these and other similar examples, it is
tempting to conjecture the following.

Consider a differential system that locally corresponds to a monlinearizable
(nonlinear) evolutionary pde of the form

ur = fa, u, Uy ) Ugze + g T, Uy Uy, Ugy ).

If the differential system has conservation laws of weight —1, 1, and 3, then it has
a conservation law of weight 2k + 3 for each k > 1. In general, if the differential
system has three conservation laws of distinct weights greater than or equal to 1,
then it has an infinite sequence of conservation laws of distinct weights.
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