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A CLASS OF C*-ALGEBRAS GENERALIZING BOTH
GRAPH ALGEBRAS AND HOMEOMORPHISM C*-ALGEBRAS 1,
FUNDAMENTAL RESULTS

TAKESHI KATSURA

ABSTRACT. We introduce a new class of C*-algebras, which is a generalization
of both graph algebras and homeomorphism C*-algebras. This class is very
large and also very tractable. We prove the so-called gauge-invariant unique-
ness theorem and the Cuntz-Krieger uniqueness theorem, and compute the
K-groups of our algebras.

0. INTRODUCTION

The purpose of this serial work is an introduction of a new class of C*-algebras
which contains graph algebras and homeomorphism C*-algebras. Our class is very
large so that it contains every AF-algebra [Ka2|] and every Kirchberg algebra satis-
fying the UCT [Kad] as well as many simple stably projectionless C*-algebras. At
the same time, our class can be well studied by using similar techniques developed
in the analysis of graph algebras and homeomorphism C*-algebras.

Since J. Cuntz and W. Krieger introduced a class of C*-algebras arising from
finite matrices with entries {0,1} in [CK], there have been many generalizations
of Cuntz-Krieger algebras, for example, Exel-Laca algebras [EL], graph algebras
IKPRR] KPR} FLR] and Cuntz-Pimsner algebras [P]. Among others, investiga-
tion of graph algebras has rapidly progressed these days (see, for example, [BPRS|
BHRS| [HS| [DTT]), and many structures of graph algebras have been characterized
in terms of graphs. As some authors pointed out, it is time to extend the tech-
niques and results on graph algebras to more general C*-algebras. Our work is one
of such attempts. The investigation of homeomorphism C*-algebras has also been
developed mainly by J. Tomiyama [T} [T2] [T, [T4]. These two lines of research
have several similar aspects in common, and our aim in this series of work is to
combine and unify these studies in the two active fields.

In this paper, we associate a C*-algebra with a quadruple £ = (E° E' d,7)
where E° and E' are locally compact spaces, d: E* — E° is a local homeomor-
phism, and r: E' — E° is a continuous map. A quadruple £ = (E° E' d,r) is
called a topological graph. Note that when E° is a discrete set, this quadruple is an
ordinary (directed) graph and the C*-algebra constructed here is a graph algebra of
it (or its opposite graph). In [D], V. Deaconu introduced a notion of compact graphs
and associated C*-algebras with them. Compact graphs are particular examples of
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topological graphs, and his C*-algebras are isomorphic to ours. A triple (E*,d,r)
can be considered as a generalization of continuous maps from E° to itself, and so
a quadruple E = (E° E',d,r) can be considered as a generalization of dynamical
systems. This point of view is essential for the analysis of our C*-algebras, and we
borrow many notions from the theory of dynamical systems (see [Kad|).

In the first paper of our serial work, we give a definition of our algebras and
prove fundamental results on them. We first construct C*-correspondences from
topological graphs. This is done in Section 1 in a slightly more general form. Then
in Section 2, we associate C*-algebras with C*-correspondences constructed from
topological graphs, in a similar way to Cuntz-Pimsner algebras [P]. We, however,
point out two distinctions between our approach and the one for Cuntz-Pimsner
algebras (see also the end of Section 3 in this paper). The first point is that left
actions of our C*-correspondences may not be injective. This is not allowed in
[P] because Cuntz-Pimsner algebras of C*-correspondences with non-injective left
actions often become zero (see [Pl Remark 1.2 (1)]). Note that our algebras are
obtained as relative Cuntz-Pimsner algebras introduced in [MS]. The other point is
that we can examine our algebras in more detail than Cuntz-Pimsner algebras. This
is because our algebras are defined from “topological” data, whereas Cuntz-Pimsner
algebras are arising from arbitrary C*-correspondences. In Section 3, we give one
concrete representation of our algebras by using so-called Fock spaces. In Sections 4
and 5, we prove two fundamental theorems, namely the gauge-invariant uniqueness
theorem (Theorem LR) and the Cuntz-Krieger uniqueness theorem (Theorem (.12)).
Both of these theorems were known for graph algebras [BPRSI| [RaSzl [DT1), [BHRS]
and for homeomorphism C*-algebras [T1] [T2] [T4] (see also [ELQ]). We give a
unified approach to these two active branches. In the final section, we prove that
our algebras are always nuclear and satisfy the universal coefficient theorem (UCT),
and give six-term exact sequences of K-groups which are useful to compute K-
groups of our algebras. In particular, this gives a new proof for the computation of
K-groups of graph algebras.

We remark the following about our notation, which is different from other ar-
ticles. We use d and r for denoting the “domain” map and the “range” map of
topological graphs. These terms suit well when we consider quadruples as general-
ization of dynamical systems. However, our convention is opposite to the one used
in many papers on graph algebras (for example, [KPRR] [KPRI[FLR]). The author
believes that even for graph algebras of discrete graphs, our convention is more
natural than the one used in many papers on graph algebras. One of the reasons is
that our convention behaves well when one considers graphs as a kind of dynamical
systems and graph algebras as crossed products of them. Another reason is that
under our convention, the definition of Toeplitz families (or Cuntz-Krieger families)
{S.},{P,} satisfies that an nitial projection of S, for an edge e is the projection
Py(ey for the domain d(e) of e, and a range projection of S, is a subprojection of
P, (¢y for the range r(e) of e. Note that the strangeness of our definition of paths
comes from the order of the compositions of two maps (see Section 2). The author
is grateful to Ruy Exel for encouraging him to adopt this convention.

We denote the set of natural numbers by N = {0, 1,2, ...} and the set of complex
numbers by C. We denote by T the group consisting of complex numbers whose
absolute values are 1. For a locally compact (Hausdorff) space X, we denote by
C(X) the linear space of all continuous functions on X. We define three subspaces
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C.(X), Co(X) and Cp(X) of C(X) by those of compactly supported functions,
functions vanishing at infinity, and bounded functions, respectively.

1. TOPOLOGICAL CORRESPONDENCES AND C*-CORRESPONDENCES

In this section, we introduce a notion of topological correspondences and give
a method to construct C*-correspondences from them. This method had already
appeared in [Dl [DKM] [Sc] or other papers. They used a completion procedure
to get C*-correspondences. However we need a concrete description of our C*-
correspondences.

A (right) Hilbert A-module X is a Banach space with a right action of a C*-
algebra A and an A-valued inner product (-, -) satisfying

(i) (& nf) =& n)f,
(i) (&n) = (n,€)",
(iii) (£,€) > 0 and [|€]| = [(€, €)'/,
for &,m € X and f € A (for the detail, see [L]). For a Hilbert A-module X, we
denote by L£(X) the C*-algebra of all adjointable operators on X. For £, € X,
the operator 0¢ ,, € L(X) is defined by ¢, () = &(n, () for ( € X. By definition,

K(X) =span{b:, | £&,n € X},

which is an ideal of £(X). For C*-algebras A, B, we say that X is a C*-correspon-
dence from A to B when X is a Hilbert B-module and a left action 7 of A on X,
which is just a #-homomorphism 7: A — L(X), is given. A C*-correspondence
from A to itself is called a C*-correspondence over A. When a C*-correspondence
X from A to B and a C*-correspondence Y from B to C are given, we can define
the interior tensor product X ® Y, which is a C*-correspondence from A to C, as
follows. The algebraic tensor product X ®gY over B is, by definition, a quotient of
the algebraic tensor product X ®Y (as a C-vector space) by the subspace generated
by (£f)@n—£E@ (ny(f)n) for £ € X,n €Y, f € B, where my: B — L(Y) is the
given left action. The image of E ®n € X ©®Y in X ©®p Y is also denoted by £ ® 7.
We define a left action 7 of A, a right action of C and a C-valued inner product on
X opY by

m(f)E@n) = (mx(f)E) @,
E®@n)g=¢®(ng),
Eong )= nmry((&E))

for £,¢ € X,n,W €Y, f € A,g € C. One can show that these operations are well
defined and extend to the completion of X ®p Y with respect to the norm coming
from the C-valued inner product defined above (see [Ll, Proposition 4.5]). Thus the
completion of X ®pY is a C*-correspondence from A to C. This C*-correspondence
is the interior tensor product of X and Y, and denoted by X ® Y.

Definition 1.1. Let E° and E* be locally compact (Hausdorff) spaces. A map
d: E' — E is said to be locally homeomorphic if for any e € E!, there exists a
neighborhood U of e such that the restriction of d to U is a homeomorphism onto
d(U) and that d(U) is a neighborhood of d(e).

Every local homeomorphism is continuous and open. If E° is discrete and there
exists a local homeomorphism d: E' — E°, then E' is also discrete.
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Definition 1.2. Let E° and F° be locally compact spaces. A topological corre-
spondence from E° to FO is a triple (E', d,r) where E! is a locally compact space,
d: E' — E° is a local homeomorphism and r: E' — FY is a continuous map.

When both d and r are surjective local homeomorphisms, (El,d,r) is called a
polymorphism in [AR]. A continuous map ¢: E® — F gives an example of topo-
logical correspondence (E°,id, ). More generally, a set of continuous maps from
(possibly infinitely many) open subsets O; of E° to F gives a topological corre-
spondence by setting E' =[], O; and defining d by natural inclusions. Thus we
consider a topological correspondence as a generalization of (many-valued) contin-
uous maps. The pair (E',d) defines a “domain” of a topological correspondence
(E',d,r). “Locally” we can define a homeomorphism d~! from an open subset of
E° to an open subset of E', and o d~! gives a continuous map from an open
subset of EY to F°. The “image” of a point v € EY under the topological corre-
spondence (E*,d,r) is r(d~*(v)) C FY, which can be more than one point (possibly
infinitely many points) or empty. The “inverse image” of an open subset V of F°
is d(r=1(V)), which is an open subset of E°. When E°? and F° are discrete, a
topological correspondence (E',d,r) is just a directed graph from E° to F°.

Throughout this section, we fix locally compact spaces E°, F© and a topological
correspondence (E',d,r) from E° to F°. We will see that the topological corre-
spondence (E',d,r) naturally defines a C*-correspondence Cy(E') from Co(F°)
to Co(EP). First we define a Hilbert Co(E®)-module C4(E") by using the data of
the “domain” (E',d). For ¢ € C(E"), we define a map (&,¢): E® — [0,00] by
(E)(0) = Soeqsn €O for v e B, and set ] = sup,epo(é, E)(v)/2. We
define

Ca(E) = {€ € C(B") | (§,€) € Co(E°)}.
Note that we have ||£]| < oo for £ € Cyq(E'). We will show that Cy(E!) is a Hilbert
Co(E%)-module. For &,n € Cy(EY), we define (£,7): E° — C by

Emw)= > E&emeecC
ecd—1(v)
for v € E°. This is well defined because (£, &)(v), (n,1)(v) < oo. To prove that
C4(E%) is a linear space, we need to prove (£,1) € Co(EV) for £, € Cy(EY). First
we show that (£,7) € Co(E°) for £, € C.(E").

Lemma 1.3. For any v € E°, the set d~1(v) has no accumulation points.

Proof. 1f d~1(v) has an accumulation point e € E*, then d|y: U — d(U) is not
injective for any neighborhood U of e. It contradicts the fact that d is locally
homeomorphic. ([

Lemma 1.4. For any compact subset X of E' and any v € E°, there exist an open
neighborhood V' of v and mutually disjoint open sets Uy, ..., U, of E' such that the
restriction of d to Uy is a homeomorphism onto V for each k = 1,....n and that
XndYV)cUp_y Us.

Proof. Since X is compact, d~'(v) N X is a finite set {e;,...,e,} by Lemma
[C3. Since d is a local homeomorphism, there exist a neighborhood V' of v and
a neighborhood U}, of e, € E' for each k such that the restriction of d to Uj,
is a homeomorphism onto V’'. We may assume that U}’s are mutually disjoint.
We will show that there exists a neighborhood V of v such that V' C V' and
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XNd (V) c Ui, Uj. To the contrary, assume that for each V' C V' there exists
ey € X Nd Y(V) with ey ¢ Uy_, Uj. Since X is compact, we can find a sub-
net {ev, }rea of the net {ey}vcys which converges to some element e € X. We
see that d(e) = limy d(ey,) = limy d(ey) = v. Hence we have e = ej, for some
k€ {1,...,n}. Then we can find A € A with ey, € Uj. This is a contradiction.
Thus we can find a neighborhood V of v such that V' C V'’ and

Xnd? ( U Uk) nd=1(V).
Then V and Uy = U/, Nd~1 (V) are the desired sets. O

Lemma 1.5. For &, n € C.(EY), we have (£,1) € C.(E°).

Proof. Lemma ensures that for each v € E°, £(e)n(e) = 0 for all but finite
e € d~!(v). Hence we can define (£,7)(v) for v € E°, and we have (¢,7) € C.(E°)
by Lemma [[.4] O

By taking £ =7 in Lemma we have C.(E1) C Cq(EY).

Lemma 1.6. For any & € Cq(E') and any € > 0, there exists n € C.(E') such
that ||l < €]l and [|€ —nl| <.

Proof. Since (£,€) € Co(EY), there exists a compact subset Y of E® such that
(£,8)(v) < e?forv ¢ Y. Take v € Y. We will show that there exist a neighborhood
V, of v and a compact subset X, of E! such that

> Kl
ecd=1 (v )\ X,
for all o' € V,. Since ({,€)(v) = X ocg-1(n |€(e)]? < oo, there exist eq,...,e, €

d~!(v) such that
2

Z|§€k <—

For each kK = 1,...,n, we can find a compact neighborhood Uy, of e such that
the restriction of d to Uy is injective and ||¢(ex)[> — [£(e)[?| < €2/3n for e € Us.
By replacing U’s by smaller sets if necessary, we may assume that Uy N U; = ()
for k # 1. Since d is a local homeomorphism, (,_; d(Ux) is a neighborhood of
v. Hence we can find a neighborhood V;, of v such that V, ¢ (,_, d(Ux) and
(& (W) — (€,€)(v)] < €2/3 for v/ € V,,. Set X, = [J;_, U which is a compact
subset of E'. For v € V,,, there exists a unique element e} € Uy with d(e},) = v'.
We have

Y kP =@Eo0) - DY Ke)P

eed—1 (v )\ Xy eed—1(v)NX,
<m@ww@@whk@w—2mmﬁ
k=1
2
<—+@am +Zm% > — |¢(er) ]
k:l
g2 g2 e
<o+ 5 +ng-=c¢
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Hence we have found a neighborhood V, of v and a compact subset X, of E' such

that
Yo P <<
e€d=1 (v )\ Xy
for all v' € V,,. Since Y is compact, there exist v1,...,v, € Y such that Y C

Ui, Va. Set X = J{-, X,, which is a compact subset of E'. We can find
7 € Ce(E') such that 0 < 1/ < 1 and n/(e) = 1 for e € X. We set n = n/¢ €
C.(E1). Then we have |n(e)| < |£(e)]. Hence we get ||n|| < [|£]]. We will prove
|€ — n]] < & which completes the proof. Note that (£ — n)(e) = 0 for e € X and
|(€ —n)(e)|] < |&(e)] for all e € EL. For v ¢ Y, we have

<§_777§—77>(’U) S <£7£>(’U) < 82.

For v € Y, we can find k with v € V,,,. Hence we have

E=né&=—m)= Y 1E-mEPF= > =@

eed—1(v) eed—1(v)\X
< D kePs Y el <
ecd—1()\X e€d=1(v)\ X,
Therefore we have ||€ — || < e. We are done. O

By Lemma [[L6] we see that the linear space C.(E") is dense in Cy(E").
Lemma 1.7. For £,n € Cy(E"), we have (£,71) € Co(E®).

Proof. For &,n € Cgq(E'), there exist sequences {&x }ren, {m}ien in C.(E1) such
that limg o ||€ — &kl = 0 and lim;—, o |7 — mi]| = 0 by Lemmall6l By Lemma [[H]

(€k,m) € Co(E®) for k,1 € N. Since [[(&x,m) — (€, m)ll < 1€kl - 17 — mll, we have
(€kym) € Co(E°) for each k € N. Since [[(€,n) — (e, )|l < [1€ = &l - [Inll, we have
(]

<£an> € CO(EO)
By Lemma [[C7] we see that Cy(E") is a linear space.

Lemma 1.8. The linear space Cy(E') is a Banach space with respect to the norm
-1l

Proof. Tt is easy to see that || - || satisfies the conditions for norms. Take a Cauchy
sequence {&}tken of Cy(E'). Since sup.cp|¢'(e)] < [|€] for & € Cq(E"), the
sequence {&x}tren converges uniformly to some ¢ € C(E!'). We will show that
€ € Cg(EY) and {&x}ren converges to € with respect to the norm || - ||. For any
e > 0, there exists K € N such that

> lele) = &le)f <&,
eed—1(v)
for all k,1 > K and all v € E°. Hence we have
> lekle) =€) <&,
eed—1(v)

for all k > K and all v € E°. This implies that [|& — &|| < € and ||{&, &)Y/2 —
(€,6)12| < e for all k > K. Hence & € Cy(FE') and {&; }ren converges to & with
respect to the norm || - ||. Thus we see that Cy(E?!) is a Banach space. O
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Note that we have C.(E') C Cyq(E') C Co(E') and that Cy(E") is isomorphic
to the completion of C.(E') with respect to the norm || - ||.

Lemma 1.9. For & € Cg(E') and f € Co(EY), we define f: EY — C by (£f)(e) =
&(e)f(d(e)). Then &f € Ca(E") and (n,&f) = (n,&)f for n € Ca(E").

Proof. Tt is easy to see that (£f,&f) = f(£,€)f. Hence £f € Cy(E'). The latter
part is also easy. O

Now we have proved the following.

Proposition 1.10. The Banach space Cq(E') is a Hilbert Co(E°)-module under
the operations in Lemma[I7 and Lemma [ 3.

Before going further, we state a couple of lemmas on Hilbert modules arising
from local homeomorphisms, which will be frequently used. Let d be a local home-
omorphism from E' to EY, and X° be a closed subset of E°. Set X! = d~1(X0)
which is a closed subset of E'. The restriction of d to X! is a local homeomorphism
to X0. Hence we can define a Hilbert Cy(X°)-module Cy(X') as in Proposition
[I0. We use the notation | - ||x and (-,-)x for denoting the norm and the inner
product of Cy(X1).

Lemma 1.11. In the same notation as above, the natural map Cq(E') 3 & — E €
Ca(X1) defined by restriction is a surjective map. Moreover, for n € Cq(X1), we
can find € € Ca(E") with € = and || = |n]1x.

Proof. Tt is easy to see that the restriction map Cy(E') 3 € — & € Cy(X') is a
well-defined norm-decreasing linear map. First we will show that for n € C’d( b,
if there exists & € Cyq(E') with £ = 7, then we can find ¢ € Cy(E') with ¢ = 5
and ||¢|| = ||n]|x. Take & € Cy(E") with £ =17. Set L = ||||x and define functions
fig: E® — [0,00) by f(v) = min{(¢, £)(v), L?} and g(v) = L?/ max{L?, (£, £)(v)}.
Then we have f € Co(E®), 0 < f < L% g€ C(E), 0 < g <1and f = (£&)g.
We define ¢ € C(E") by ((e) = &(e)g(d(e ))1/2 Then we have (¢, () = (£,£)g = [.
Hence we see that ¢ € Cy(E') and ||¢|| < L = |n||x. For e € X' we have
g(d(e)) = 1 since (£, €)(d(e)) = n, m)x(d(e)) < L7. Hence we have ¢ = £ = 5 and
this implies that ||| > ||n]|x. Thus we have shown that ¢ € Cy(E") satisfies both
¢ = and ¢ = Il |

Next we show that the map Cy(E') > € — £ € Cg(X1!) is surjective. Take
n € Cq(X1) with n # 0. Set L = ||n||x. By Lemma [, we can find n; € C.(X?)
such that || — m|lx < L/2 and || ||x < |nllx = L. Using Lemma [[.6] again, we
can find 72 € C.(X1!) such that

L L
17 =m) —mellx < - and el < fn—mlx < 5
Recursively, we can find 7, € C.(X*') such that

b5,

Then we have n = Z rey Mk Since elements in C.(X ') can be extended to elements
in C.(EY), we can find & € Cy(E") such that &, = g and ||| = [m]|x < L7281
by the former part of this proof Since Cy(E') is complete, we can define & =
Y rey &k € Ca(E'). We have €= oo 1§k = 7. Hence the map Cy(E') 3¢ — £ €

L
gm—1"

<
b'e

m—1
<o and < [n- o n
k=1
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Cq(X1) is surjective. The last statement has been already proved in the argument
above. d

Since the restriction of d to the open set E'\ X! is a local homeomorphism to
E°%\ X° we can define a Hilbert Co(E? \ X°)-module Cyq(E* \ X!). The space
Cq(E* \ X1) is naturally considered as a subspace of Cy(E?),

Ca(B*\ X1 = {6 € Cy(E") | £(e) =0 for e € X'},
Thus Cy(E!' \ X1!) is a Hilbert Cy(E®)-submodule of Cy(E') and we see that
K(CalE'\ X)) = Spam{0e. | €1 € Cal B\ X1)} € K(Ca(EY)).
Note that we cannot consider £(Cy(E'\ X)) as a subspace of £L(Cy(E')) in general.

Lemma 1.12. For £ € Cy(E?), the following conditions are equivalent:
(i) € Cdz(E1 \ X1,

(i) ¢
(i) (1 €) € Co(BY\ X°) for all n € Cal B,

(iv) (€,€) € Co(E”\ X?),

(v) £ =¢'f for some & € Cy(E) and f € Co(E®\ X9).

Proof. Clearly (i) is equivalent to (ii). (i)=-(iii)=(iv) is obvious. For & € Cy(E*)
with (€,&) € Co(E°\ X0), we set f = (¢,£)1/3 and

£le) = £(e)f(d(e))™" if f(d(e)) # 0,
Lo if f(d(e)) =
Then we have f € Co(E?\ X0), ¢ € Cy(E') and ¢ = ¢f. This proves the
implication (iv)=(v). Finally it is easy to see that (i) follows from (v). O

By (v) in Lemma 12 the submodule Cy(E! \ X1) of Cy(E") is closed under
the action of £(C4(E')). From this fact and Lemma LTI, we can define a *-
homomorphism w: £(Cq(EY)) — L£(C4(XY)) by w(a)é = (af) for a € L(Cq(EY))
and £ € Cy(E').

Lemma 1.13. For a € K(C4(E%')), the following conditions are equivalent:
(i) o € K(Ca(B*\ X)),
(ii) w(a) =0,
(iii) a& € Cq(EY\ X1) for all £ € Cy(EY),
(iv) (1, a€) € Co( B0\ X0 for all €, € Ca(EY).

Proof. By the definition of w, we have (ii)<(iii). By Lemma [12] (iii)<(iv).
Clearly (i) implies (iii). We will prove (iii)=>(i). Take a € K(Cy(E')) such that
a& € Cy(EY\ X1) for all £ € Cy(E'). There exists an approximate unit {u;};es of
K(C4(E')) such that for each i € I, u; is a finite linear sum of elements of the form
0¢ . Since we have a = limau;, to prove a € K(Cq(E' \ X1)) it suffices to show
that afe ,, € K(Cq(E* \ X)) for arbitrary &,n € Cy(E'). By the proof of Lemma
[C12, we can find ¢ € Cy4(E') and a positive element f € Co(E° \ X°) such that
aé =¢'f. Set & = ¢ f1/2 and " = nf'/?. We have ¢’ 0" € Cy(E* \ X') and so

b,y = Oag,y = O € K(Ca(ET\ X))
Thus we have a € K(Cy(E* \ X1)). O

Lemma 1.14. The restriction of w to K(Cy(EY)) is a surjective map to K(Caq(X1)),
whose kernel is K(Cy(E'\ X1)).
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Proof. The routine computation shows that w(fe,) = 6, for &n € Cq(EY).

Hence by Lemma [I.TT] the restriction of w to K(Cq(E')) is a surjective map onto
K(Cy(X1)). We have K(Cq(EY)) Nkerw = K(Cy(E* \ X)) by Lemma 13, O

There exists a x-homomorphism 7: Cp(E') — L(Cy(E")) defined by (7(f)¢)(e)
= f(e)é(e) for f € Cp(E) and € € C4(E'). Note that 7 is injective. We will show
that for f € Cp(EY), m(f) € K(Cy(EY)) if and only if f € Co(E?!).

Lemma 1.15. If f € Cy(EY) and &k, mx € Cy(EY) for k = 1,...,m satisfy f =
Yo &k and Ek(e)ni(e’) = 0 for any k and any e,¢’ € E' with e # €, d(e) =
d(e’), then we have 7(f) =Y, Ocy .-

Proof. For ¢ € Cyq(E') and e € E', we have

((kfj_lefk@c)( =3 (6l Tj <5k > nk<e'><<e')>

k=1 e'ed=1(d(e))

= f: > (Gle)mlen i (& (e)m(e)C(e))

k=1e’ed=1(d(e)) k=1
fle)i(e) = (x(f)C)(e).
Thus we have 7(f) = > 11 gy - O

Lemma 1.16. For f € C.(EY), we can find &k, ni € Co(EY) for k=1,...,m such
that f = >"7", &Mk and &(e)ne(e’) = 0 for any k and any e, e’ € E* with e # ¢’
and d(e) = d(e’).

Proof. We denote the support of f by X = supp(f), which is a compact subset
of E'. Since d is a local homeomorphism, for each e € X there exists an open
and relatively compact neighborhood U, of e such that the restriction of d to U, is
injective. Since X is compact, we can find e, ..., e, € X such that X C (J;-, U,.
Take (1,...,C(m € Co(EY) satisfying 0 < ¢, < 1, supp((x) C Ue, for each k, and

S Ck(e) =1 for all e € X. For each k, we define & = fC,i/Q and n = Q;/Q.

Then we have . .
kaﬂ_k =f> G=1{
k= k=1

For k =1,2,...,m, we have fk( Jnk(e’) = 0 for e, e’ € E' with e # ¢’ and d(e) =
d(e’) because supp(&y),supp(ni) C Ue, and the restriction of d to Ue, is injective.
We are done. (]

Proposition 1.17. For f € C,(E'), we have n(f) € K(Cq(EY)) if and only if
fe CQ(El).

Proof. For f € C.(E'), we have m(f) € K(C4(E")) by Lemma [[.15 and Lemma
.16l Hence we have w(f) € K(Cyq(E")) for every f € Co(E'). Conversely take
f & Co(E'). Then there exists € > 0 such that the closed set

U={ecE"||f(e)l 2 ¢}

is not compact. Take &1,...,&m, M1, - ., Nm € Ce(EY) arbitrarily, and we will show
that || 7(f) — > peq Ocpme |l = €. Since the closed set U is not compact, we can find
eo € U such that eg ¢ supp(ng) for every k = 1,...,m. Take an open neighborhood
Uy C E* of e such that the restriction of d to Uy is injective and Uy Nsupp(nx) = 0
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for every k = 1,...,m. Set ¢ € C.(Up) C Cq(E') with 0 < ¢ < 1 and ((eg) = 1.
We have

1/2
_ 2 _ _
ISl = sup, <66d§_1(v) I¢(e)l > = swp [Cle)] =1,

and
1/2

"(W(f)—kil(’gk,nk)CH—||7T(f)€||—Sup( > i)

0
vEE ecd—1(v)

= sup [f(e)¢(e)] > e.

ecU

Hence we get

> €.

m(f) - Z Oc. i
k=1

Since C.(E%) is dense in Cy(E'), we have K(Cy(E')) = span{fe,, | £&,n € C.(EY)}.
Hence we get m(f) ¢ K(Ca(E"Y)). O

Remark 1.18. We can show that K(C4(E')) is a continuous trace C*-algebra over
the open subset d(E') of E°. For each v € E, there exists a *-homomorphism
K(C4(EY)) — K(H,) where H, is a Hilbert space whose dimension is the cardinality
of d=1(v) (when v ¢ d(E'), we set H, = 0). Hence elements of K(C4(E')) can be
considered as “compact operator valued” continuous functions on E° which vanish
at infinity. Similarly elements of £(C4(E")) can be considered as “bounded operator
valued” bounded continuous functions on E°.

Each f € C,(E') defines a topological correspondence (E',d, f) from E° to
C. The element f € Cy(E') also defines 7(f) € L(C4(E')) which can be consid-
ered as a “diagonal operator valued” continuous function on E°. Thus topological
correspondences from E° to C can be identified with “diagonal operator valued”
continuous functions on E°.

So far, we only used the data of “domain” (E*,d) of the topological correspon-
dence (E',d,r). Now we will use the continuous map r: E* — F? to define a left
action 7, of Co(FY) on the Hilbert Co(E®)-module Cy4(E!). The continuous map
r: B! — FY gives us a *-homomorphism Cy(F°) > f — for € Cy(E"). Denote the
composition of this map and 7: C,(E') — L(Cyq(E')) by 7,1 Co(F°) — L(Ca(EL)).
Explicitly, (m(f)€)(e) = f(r(e))é(e) for e € EY, f € Co(F°) and &€ € Cy(EY). In
this way, we get a C*-correspondence Cy(E') from Co(F°) to Co(E®) by using a
topological correspondence (E',d,r) from EY to F°.

Remark 1.19. For f € Co(F°), we can identify a “diagonal operator valued” con-
tinuous function 7,.(f) with a topological correspondence (E*,d, f o) from E° to
C (see Remark [[LI8). Thus, the map m,: Co(F°) — L(Cq(E')) is given by just
composing a topological correspondence (E*,d,r). This observation is useful when
we compute the K-groups of O(F), and will be further studied in Section [2] for two
special examples.

Lemma 1.20. The left action 7,: Co(F°) — L(C4(EY)) is non-degenerate.

Proof. Take £ € C.(E'), and set K = supp(§) which is a compact subset of E*.
Since r(K) is compact in F°, we can find f € Cy(F°) such that f(v) = 1 for all
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v € r(K). Then we have 7,.(f)¢ = €. Since C.(E') is dense in Cy(E*), we see that
{m ()6 € Ca(E") | | € Co(F°),€ € Ca(B")}
is dense in Cy(E'). We are done. O
We define two open subsets Fo.,, F{: of FO by
FO, ={v e F°| v has a neighborhood V such that »—*(V) = 0},
FP, = {v € F° | v has a neighborhood V such that r (V) is compact}.
We will justify the notation in Section Bl Obviously FQ, C Fg and FC, =

sce sce

FO\ r(E1). Since FY,_,
ideals of Co(FY).

Lemma 1.21. Let v € F, and U be an open subset of E' with r='(v) C U. Then
there exists a neighborhood V' of v such that r—1(V) C U.

F{ are open, we can consider Co(F2.) and Co(F}.) as

Proof. Since v € F{ , there exists a neighborhood Vi of v such that r=1(V;) is
compact. To derive a contradiction, suppose that for all neighborhoods V' of v with
V C Vi, we can find ey € v~ 1(V) with ey ¢ U. Since the net {ey} is in the
compact set 77 1(V1), we can find a subnet {ey, } of {ey} such that ey, converges
to some e € r~1(V3). Since U is open, we have e ¢ U. By the continuity of r, we
have r(e) = v. This contradicts the fact that r—!(v) C U. Hence we can find a
neighborhood V' of v such that r=}(V) C U. O

Lemma 1.22. Forv e F2 \ F2, we have r~!(v) # 0.

Proof. 1f v € FY satisfies 1 (v) = ), then there exists a neighborhood V' of v such
that r=1(V) = 0 by Lemma[[:21l Thus we have v € F_ O

sce*

Lemma 1.23. For a compact set X C F{. | the subset r=1(X) of E' is compact.

Proof. For each v € X, there exists a neighborhood V, of v such that r=1(V;) is
compact. Since X is compact, we can find vq,...,v, € X with X C U?:l Vi, -
Since r~1(X) c Ui, r~1(V4,), the set r~1(X) is compact. O

Proposition 1.24. We have ker m,, = Co(FZ,) and 7 (K(Cq(E"))) = Co(F,).
Proof. We have ker ,, = Cy(F2,) because

sce

f€kerm, <= f(r(e)) =0 forall e € E'

<= f(v) =0 for allv € r(E')
— fe CQ(FS%e).

To prove the latter, it suffices to show that for f € Co(FY), for € Cy(E!) if and
only if f € Co(F{.) by Proposition [LT4. If f € Co(F}. ), we have

{ee B'[f(re)l = e} =r""({v € B | |f(v)] = €})

for any e > 0. Since {v € E° | |f(v)| > ¢} is a compact subset of F? , Lemma
shows that {e € E* | |f(r(e))| > €} is compact. Hence for € Co(E!). Now
suppose f ¢ Co(Fp,). There exists vg ¢ Fy, such that |f(vo)| > 0. Take € > 0 with
e < |f(vo)| and set V = {v € E° | |f(v)| > €}. Then V is a neighborhood of vy.
Since v ¢ F , r~1(V) is not compact. Since {e € E' | |f(r(e))| > e} = r~1(V),
we have f or ¢ Co(E"). Therefore we have Co(Fp,) = 7' (K(Cq(E'))). O
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Finally we define a composition of two topological correspondences and prove
that this relates to the interior tensor products of C*-correspondences. Let E°, F°,
G° be locally compact spaces, and (E',d,r), (F!,d’,r") be topological correspon-
dences from E° to F° and F? to GO respectively. Namely, d: E' — E°, d': F! —
FY are local homeomorphisms and r: E* — F° r': F! — G° are continuous maps.
We define

E?={(e/,e) € F* x B* | d'(¢) = r(e)},
which is a closed subset of F'* x E'. We define amap d’: E? — E° andr”: E? — G°
by d’((¢’,e)) = d(e) and r"((¢/, e)) = r'(€') for (¢',¢e) € E.

Lemma 1.25. The triple (E?,d"”,r") is a topological correspondence from E° to

G°.

Proof. Since E? is a closed subset of F' x E', it is a locally compact space. Clearly
r"": E? — GO is continuous. We only need to show that d”: E2 — E° is locally
homeomorphic. Take (¢’,e) € E?. There exists an open neighborhood U’ of ¢’ € F!
such that the restriction of d’ to U’ is a homeomorphism onto d’'(U’), and that
d'(U’) is an open subset of F°. We can find an open neighborhood U of e € E*
with U C r7(d’'(U’)) such that the restriction of d to U is a homeomorphism
onto d(U), and that d(U) is open. Set U” = E? N (U’ x U) which is an open
neighborhood of (¢’,e) € E2. For v € d(U), there exist a unique element e, € U
satisfying d(e,) = v and a unique element e/, € U’ satisfying d’(e},) = r(e,). The
map d(U) > v — (el,e,) € U” is a continuous map which is the inverse of the
restriction of d” to U”. Hence the restriction of d” to U” is a homeomorphism onto
d(U) which is open. Therefore d”: E? — E° is a local homeomorphism. O

The topological correspondence (E?2,d”, r"") defined above is called the composi-
tion of two topological correspondences (E*, d,r) and (F*,d’,r"). This composition
clearly satisfies associativity. When F'' = F© and d’ = id, the composition of two
topological correspondences (E',d,r) and (F°,id,r’) is (E,d,r’ or). We will show
that the compositions of topological correspondences correspond to the interior
tensor products of C*-correspondences. We need one lemma.

Lemma 1.26. Let d be a local homeomorphism from E' to E°. Suppose that a
subset X of C.(E') has the property that for every open subset U of El, every
element of C.(U) can be uniformly approzimated by elements of X N C.(U). Then
X is dense in Cq(EY) with respect to the norm || - ||

Proof. Let U be an open subset of E' such that the restriction of d to U is injective.
Then, we have [|£]| = sup.cy |£(€)] for € € C.(U) C C.(E'). Hence we see that
elements in C,(U) can be approximated by elements in X N C.(U) with respect to
the norm || - ||. By using a partition of unity, we can show that an arbitrary element
in C.(E') is a finite sum of continuous functions whose supports are compact sets
on which d is injective. Hence X is dense in C.(E') with respect to the norm || - ||.
This completes the proof because C.(E') is dense in Cyq(E!) with respect to the
norm || - || by Lemma .6 O

Proposition 1.27. We have
Cyn (EQ) = Cy (Fl) & Cd(El)
as C*-correspondences from Co(G°) to Co(EP).
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Proof. There exists a linear map ¥: C.(F!) ® C.(E') — C.(E?) defined by

V(E@n)(e e) =E(mle)  for (¢ e) € B
Since d'(¢') = r(e) for (¢/,e) € E?, we have

v((&f) ©@n) = (@ (m(f)n)

for ¢ € C.(F'),n € C.(E') and f € Co(F"). Hence ¥ factors through the
map ¥': Ce(F') Ocyroy Ce(E') — C.(E?). Routine computation shows that
(z,y) = (¥'(2),¥'(y)) for z,y € Co(F') Ocyroy Ce(E'). Hence ¥ extends to
the isometric linear map ¥ : Cy (F') ® Cy(E') — Cyr(E?), which is easily shown
to be a bimodule map. To prove that ¥ is surjective, it suffices to show that the
image of ¥’ is dense in Cy»(E?) because ¥" is isometric. It is well known that for
each open subset U of E?, the intersection of the image of ¥ and C,(U) is dense in
C.(U) C C.(E?) with respect to the sup norm. By Lemma [Z6, the image of ¥’
is dense in Cyv(E?) with respect to the norm || - ||. Hence ¥ is surjective. Thus
Cuy (F') ® C4(E?) is isomorphic to Cyr (E?) via . O

2. C*"-ALGEBRAS ARISING FROM TOPOLOGICAL GRAPHS

In this section, we introduce a notion of topological graphs and give a method
to define C*-algebras from them. This construction is a generalization of ones of
both graph algebras and homeomorphism C*-algebras.

Definition 2.1. A topological graph is a quadruple E = (E°, E*, d, r) where E°, E*
are locally compact spaces, d: E' — EC is a local homeomorphism and r: E* — E°
is a continuous map.

Note that d,7: E' — E° are not necessarily surjective nor injective. We think
that E° is a set of vertices and E' is a set of edges and that an edge e € E! is
directed from its domain d(e) € E° to its range r(e) € E°. When EY is a discrete
set, then E' is also discrete. In this case, we call E = (E°, E',d,r) a discrete graph.

For a topological graph E = (E°, E' d,r), the triple (E',d,r) is a topologi-
cal correspondence from E° to itself. Hence we can consider a quadruple E =
(E°, E',d,r) as a kind of dynamical systems. This point of view is very important
and we extend many notions and results from ordinary dynamical systems defined
by homeomorphisms to our setting (see Section Blin this paper or [Kad)).

Take a topological graph E = (E°, E',d,r). For n = 2,3,..., we define a space
E™ of paths with length n by

E" ={(en,...,e0,e1) EEYx - x B x B | d(egy1) =r(ex) (1 <k <n-—1)}.

We define domain and range maps d",r": E" — E° by d"(e) = d(e1) and r"(e) =
r(en) for e = (en,...,e1) € E". We write d! = d and r! = r. We sometimes
consider E° as the set of paths with length 0. The domain and range maps
d°,70: E9 — E° are defined by d° = r% = id. Note that the order how to de-
note paths is the same as the one of composition of maps.

(67“ Cn—1y...,€2, 61) e En sy r(‘?"t) €n . €n—1 . (D) . e1 d(‘.fl)

For n = 2,3,..., the triple (E™,d",r™) is nothing but the n-times composition
of the topological correspondence (E*,d,r). Hence by Lemmal[[Z5 E" is a locally
compact space, d" is a local homeomorphism and 7™ is a continuous map for each
n € N. From the topological correspondence (E', d, r), we get a C*-correspondence
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Ca(EY) over Cy(EY) whose left action is denoted by 7,.: Co(E®) — L(Cy(E")) as
in Section [ The C*-correspondences Cgyn(E™) defined by the topological corre-
spondence (E™,d™, r™) have the property that for any n,m € N

Cgntm (E"™) 2 Cyn (E™) @ Cgm (E™) (as C*-correspondences over Cy(E"))
by Proposition [27 and for n > 1
Car (E") = 5pan{&n ® - ® & @ &1 | & € Can (B}

Note that the C*-correspondence Cyo(E®) coincides with Co(E?), and left and
right actions are just multiplication. As long as no confusion arises, we omit the
superscript n and simply write d, r for d"™, r™.

Definition 2.2. Let E = (EY, E',d,r) be a topological graph. A Toeplitz E-pair
on a C*-algebra A is a pair of maps T = (T°,T?) where T°: Co(EY) — A is a
*-homomorphism and T': C4(E') — A is a linear map satisfying
(i) THE)* T () = T°((&,m)) for &, € Ca(EY),
(ii) T°(N)TH(E) = T (mr(f)€) for f € Co(E®) and € € Cq(E?).
We denote by 7 (E) the universal C*-algebra generated by a Toeplitz E-pair.

For a Toeplitz E-pair T = (T°,T"), we see that |[T°(f)| < ||f|| and [|T*(¢)| <
||€]| because TV is a *-homomorphism and

ITH I = 1T T O = 1T, N < 1K )l = lIgN™.
Hence the universal C*-algebra 7T (E) generated by a Toeplitz E-pair exists (see
Section Bl for a concrete construction of 7 (E)). We have T(&)TO(f) = T(¢f) for
f € Co(EY) and € € Cyq(E') because

(THEOT(f) = THEMN (THEOT(f) =T (€f) =0
by the condition (i) above. We write C*(T') for denoting the C*-algebra generated
by the images of the maps 79 and T'. Let n be an integer greater than 1, and

&1,y €ny M1,y ..., Mn be elements of Cyg(EY). Set € = £,®---®&, 1 =1,®---@n €
Cq(E™). By using conditions (i) and (ii) in Definition 2] we can prove

(TH (&) - T &) (T (n) - TH(m)) = TO((E,m)).
Therefore we can define a norm-decreasing linear map T": Cy4(E™) — C*(T) by
T(&) =T"&,) T (&) for £ =&, ®--- @& € Cqg(E™). For n € N, we define a
linear map @™ from span{f¢,,, € KK(Cq(E™)) | &, n € Ca(E™)} to C*(T') by
" (0c.n) = T™(E)T" ()"

One can check that this map is a well-defined norm-decreasing *-homomorphism
(see [P, Lemma 3.2] or [KPW| Lemma 2.1]). Hence it uniquely extends to a
*-homomorphism @": K(Cy(E™)) — C*(T). Note that ®° = T? if we identify
K(Cy4(E®)) with Co(E®) in the natural way. We summarize properties of 7" and
®" in the following lemma. The proof is left to the reader.

Lemma 2.3. Let E = (E°, E',d,r) be a topological graph and T = (T°,T') be
a Toeplitz E-pair. Then the maps T™: Cq(E™) — C*(T') and &™: K(C4(E™)) —
C*(T) defined above satisfy the following (n,m € N, &, ¢ € Cq(E™),n € Cq(E™), f €
Co(E%),x € K(C4(E™))):

(i) T™(&)T™(n) = T"*™(€ @),

(i) T™(Q)*T™(€) = T°((¢,€)),
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(iii) TO(f)T"(§) = T (mrn (£)€),
(iv) TO(f)P" () = @ (mpn (f)),
(v) @"(x)T"(§) = T"(xf).
We say that a Toeplitz E-pair T = (T°, T') is injective if T is injective. It is
easy to see that for an injective Toeplitz E-pair T, T™ and @" are isometric for all
n € N.

Lemma 2.4. Let n,m € N be integers with n < m, and § € C4(E™), n € C4(E™).
Then we have T*(() = T™(€)*T™(n) where k = m —n € N and ¢ € Cy(E*) is
defined by

()= >, &enee) (ecEY).
d(z')e:Er?e)

Proof. Take &,m1 € Cq(E™) and 12 € Cyq(E*), and set n = m @ 2 € Cq(E™).
The element ¢ € Cy(E*) defined by the above equation satisfies ¢ = m,.({£,71))n2
because we have

Ce)= > &eme)mle) = (& m)(r(e)na(e) = (m((&m))n2) (e),

e/ EE"L
d(e")=r(e)

for e € E*. By Lemma 3] we get
™) T™ () = T™(&)* T (m)T* (m)
(€ m)T*(m)
* (e (€ m)2)
=T*(Q).
The set of linear combinations of elements of the form m ® n2 (m1 € Cy(E™),
n2 € C4(E¥)) is dense in Cy4(E™). Hence the equation holds for all ¢ € Cy(E™) and
n € Cqy(E™). O
By the above lemma, we have
CH(T) =span{T"({)T™(n)" | & € Ca(E™), n € Ca(E™), n,m € N}.

Combining this fact with Lemma [ 20, we can easily show that the hereditary C*-
algebra generated by T°(Co(E®)) € C*(T) is C*(T). From this fact, we get the
following.

Proposition 2.5. A net {w;} in the multiplier algebra M(C*(T)) of C*(T') con-
verges in the strict topology if and only if uw;To(f) and To(f)u; converge to elements
in C*(T) in the norm topology for every f € Co(E°).

To introduce Cuntz-Krieger E-pairs of a graph F, we need the following notion.

Definition 2.6. Let E = (E°, E',d,r) be a topological graph. We define three
open subsets EO., E2 and E?g of E° by EV = E°\ r(E1),
EQ, = {v € E°| there exists a neighborhood V of v
such that r—*(V) C E' is compact},

and Ey, = E, \ EQ... We define two closed subsets E{; and EJ, of E® by EJ; =
E°\ Ef, and EY, = E°\ E{,.



4302 TAKESHI KATSURA

A vertex in B0 is called a source. When E is a discrete graph, EJ_ is the set

of vertices which receive finitely many edges, while E ; is the set of vertices which

receive infinitely many edges. A vertex in E?g is said to be regular, and a vertex
in E, is said to be singular. We see that EY, = ES,, U EQ ;. Since EQ,, C Ey,, we

sce mn sce

have EO., N EY; = (. However it may happen that E9 N EY

sce sce inf
example shows.

Example 2.7. Define a topological graph E = (E°,E',d,r) by E° = R, E' =
(0,00) C R and d,r are natural embeddings. Then we have EO., = (—00,0), B}, =

sce

R\ {0}. Hence E?; = {0} and EO,, = (—00, 0] have a non-empty intersection. The

1
set of regular vertices is Ey, = (0, 00).

(), as the following

Proposition 2.8. For v € E°, we have v € E?g if and only if there exists a
neighborhood V' of v such that r=(V') is compact and r(r=1(V)) = V.

Proof. If there exists a neighborhood V' of v such that r—1(V) is compact and
r(r='(V)) =V, then v € Ef, and V N E{, = ). Hence we get v € EJ,. Conversely
ifv e Efg, then a compact neighborhood V of v with V' C E?g has the property that

r~1(V) is compact by Lemma and that r(r~%(V)) = V by Lemma[[22 O

PropositionZ8 means that the open set Efg is the largest among the open subsets
U of E° such that the restriction of r to r~!(U) is a proper surjection onto U. Note

that for v € E?g, r~1(v) is a non-empty compact set by Proposition 28]

Definition 2.9. Let E = (E°, E',d,r) be a topological graph. A Toeplitz E-pair
T = (T° T1) is called a Cuntz-Krieger E-pair if T(f) = &' (m,.(f)) holds for all
f e Cy (Epg)

Note that the restriction of m,. to Co(E,) is an injection into K(Cy(E")) by
Proposition [[.24

Definition 2.10. We denote by O(E) the universal C*-algebra generated by a
Cuntz-Krieger E-pair t = (t°,t1).

For n € N, we write t": C4(E") — O(E) and ¢": K(Cq(E™)) — O(E) for
denoting the maps corresponding to 7" and &™. For a Cuntz-Krieger E-pair T' =
(T°,T1), we denote by pr the unique surjection from O(E) to C*(T) satisfying
prot! =T for i = 0,1. The map pr satisfies pr ot = T™ and pr o " = P"
for all n € N. At this point, we do not know whether there exists an injective
Cuntz-Krieger E-pair, or even an injective Toeplitz E-pair. In the next section, we
will construct one injective Cuntz-Krieger E-pair 7 = (7°,71). This implies that
the universal Cuntz-Krieger E-pair t = (t°,¢!) is injective. The next lemma may
help us to understand a role of E?g and the definition of Cuntz-Krieger E-pairs.

Proposition 2.11. Let T be an injective Toeplitz E-pair. If f € Co(E°) satisfies
TO(f) € &* (IC(Cd(El))), then f € C’O(Efg) and T°(f) = &1 (7 (f)).

Proof. Let f be an element of Co(E®) satisfying T°(f) € &' (K(Cq(E"))). Take
x € K(Cy(EY)) with TO(f) = &*(z). For £ € Cy(E"), we see that
TH(m(£)€) = T°())TH(E) = @' ()T (§) = T ().

Since T is injective, we get 7,.(f) = z. Thus we have T°(f) = & (7.(f)). By
Proposition [[24, we have f € Co(Eg,). We will show that f € Co(EY,). To
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derive a contradiction, assume that there exists v ¢ Ep, such that f(v) # 0. Since
J € Co(EY.), we see that v € EY. . Hence we can find v' € EO, such that f(v') # 0.

sce* sce

The element v’ € EJ,, has a neighborhood V with 7=1(V) = 0. Take g € Co(V)
with g(v') # 0. Then we have fg # 0 and

T°(fg) = T°(f)T(g) = @' (m-(f))T°(g) = ' (- (f)7r(9)) = O,
because m,(g) = 0. This contradicts the fact that T is injective. Therefore f €
CO(E?g). O

Remark 2.12. In our sequel [Ka2], we will show that O(FE) is the smallest C*-algebra
which is generated by an injective Toeplitz E-pair which admits a gauge action
(which means that there exists an automorphism 3, of C*(T) with BL(T°(f)) =
TO(f) and BL(T*(€)) = 2T(€) for every z € T).

We give two fundamental examples of topological graphs and C*-algebras asso-
ciated with them. More elaborated examples can be found in [Ka2].

Example 1 (graph algebras). When EY is discrete, E' is also discrete and E =
(E°, E',d,r) becomes an ordinary (directed) graph. We have

E), = {ve E’|r ' (v) is a finite set},
Ege ={v € E" |17 (v) = 0},
0 _ 0 [ =1(1 : :
By, ={v € E"[r (v) is a non-empty finite set}.

For a Toeplitz E-pair (T°,T?), define P, = T°(6,) for v € E° where 6, € Co(E°)
is a characteristic function on {v}. Then {P,},cpo is a family of mutually or-
thogonal projections. Similarly set S. = T'(d.) for e € E'. Then the family
({Po}vero, {Se}ecrt) is a Toeplitz-Cuntz-Krieger E-family in the sense of [FR]
where E is the opposite graph of E, that is, the set of vertices and edges of E
are the same as those of E, but the range map of E is d and the source map of
E is r. Conversely, from a Toeplitz-Cuntz-Krieger E-family ({P,},cz0,{Se}tecr1),
we can define a Toeplitz E-pair (T°,T") by T°(f) = 3. ,cpo f(v)P, and T*(£) =
> ecr &(e)Se. Thus there exists a one-to-one correspondence between the set of
Toeplitz E-pairs and the set of Toeplitz-Cuntz-Krieger E-families. Under this corre-
spondence, Cuntz-Krieger E-pairs correspond exactly to Cuntz-Krieger E-families
in the sense of [FLLR]. Thus O(F) is isomorphic to the graph algebra of the graph
E.

We can describe K(Cy(E')) explicitly in this case. For e,e/ € E!, we define
Ue,er = 05,5, € K(C4(E")). Then we have

K(C4(E")) = span{uce | e,e’ € B'}.
Lemma 2.13. We have uee # 0 if and only if d(e) = d(e’).

Proof. When e’ # ¢/, we have e/ (der) = 0 because (Je/,de#) = 0. We have
Ue,er (0er) = 0edq(ery, and dcdg(ery is non-zero if and only if d(e) = d(e’) (and in this
case 0c04(ery = 0c). Hence ue s # 0 if and only if d(e) = d(e’). O
Lemma 2.14. For ey, e}, ea, el € EY with d(e1) = d(€}), d(e2) = d(e}), we have

Ueyer  if €] = €2,
Uey o Uey e, = T2 Ty
€1 eRE 0 if e} # ea.

Proof. Clear by the computation in the proof of Lemma 213 O
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For v € E° define K, = span{uce | e,¢’ € d~*(v)}. By Lemma T3] and
Lemma [2.T4] we have the following.

Lemma 2.15. (i) Ifd*(v) =0, then K, = 0.
(i) If d=1(v) is infinite, then K, = K.
(iii) If d=1(v) consists of n edges, then K, = M,,.
(iv) For distinct v,v' € E°, K, and K, are orthogonal to each other.
(v) K(Ca(EY)) = Dyepo Ko

By LemmalZTH, it is easy to see that there exists a natural isomorphism between
the K-groups of K(Cy(E")) and the ones of Cy(d(E')). This is the case for general
topological graphs E because the Hilbert module Cy(E!) gives a strong Morita
equivalence between K(Cy(E')) and Co(d(EY)) C Co(EY) (see [E]). The map
7 Co(ES,) — K(C4(E")) can be described as

()= Y fr(e)tee = E #(f)(v),

e€E1l vEEO

where 7(f)(v) = X cq-1(s) f(r(€))uec,e is a diagonal operator of K, for v € EY.
This formula makes sense for the map m,.: Co(E°) — L(Cq(E')), where infinite
sums converge in strict topology.

Example 2 (homeomorphism C*-algebras). Take a topological dynamical system
¥ = (X, o) where X is a compact space and o: X — X is a homeomorphism. We
can define an automorphism « of C(X) by a(f)(x) = f(o~'z). The crossed product
C(X) Xqo Z is called a homeomorphism C*-algebra and denoted by A(X) in [T3]
T4]. A representation of A(X) corresponds bijectively to a covariant representation
{m,u} of the topological dynamical system ¥ where 7 is a representation of C(X)
and v is a unitary satisfying m(a(f)) = un(f)u*. A homeomorphism o defines a
topological correspondence on X, hence we get a topological graph Ex from 3. We
will see that the homeomorphism C*-algebra A(X) is isomorphic to O(Ex).

We treat a more general setting, namely when X is a locally compact space,
and o is a proper continuous map from X to X. Define a topological graph Eyx, =
(E%, EL d,r) by EY = FL = X, d =idx and r = o. For a natural number n > 2,

E ={(zp,...,71) EX X+ x X |2 =0(x)_1) for k=2,...,n}

is homeomorphic to X by E{ 3 (2, ...,21) — z1 € X. We will identify EY with X
by this map. Under this identification, we see that d” = idx and ™ = ¢". In other
words, (X,idx,oc™) is the n-times composition of the topological correspondence
(X,idx,0). We identify Cyn (EL) with Co(X) for every n € N as (right) Hilbert
Co(X)-modules. We define an endomorphism 6: Co(X) — Co(X) by 6(f) = foo.
If we identify K(Cq(F%)) with Co(X), then the map & coincides with the left action
71 Co(X) — K(Ca(EL)) C L(C4(EL)) defined by r (= ). Let us take a Toeplitz
Es-pair T = (T°,TY).

Lemma 2.16. For £,n € Cy(X) and n,m € N, we have the following.

(i) T"(€)*T" () = T°(En).
(i) TET™(n) = T+ (6™ (E)n).
(it}) T7()*T™ (n) = T™~"(6™"(€)n) when n < m.

Proof. (i) Clear by d™ = idx.



A CLASS OF C*-ALGEBRAS I, FUNDAMENTAL RESULTS 4305

(i) We have T™(&)T™(n) = T"*™ (¢ ® n) and

E@n(z) =E@n(@" " (2),...,0(x),2) = (0™ (@))n(x) = (6™ (E)n) ().
Hence we have T™(&)T™(n) = T"T™(6™(&)n).
(iii) Since the set {6™ " (n1)n2 | n1,1m2 € Co(X)} is dense in Cp(X), it suffices

to show the equation for n = 6™ " (n1)n2 where 01,12 € Co(X). We have T™(n) =
T"(m)T™ ™(n2) by (ii). Hence

(&) T™ () = T" (&) T (n)T™ " (n2) = T°(€m)T™ " (112)

= T @) = T (6 @)

Proposition 2.17. Take an approzimate unit {u;} of Co(X). Then the net {T"(u;)}
in C*(T) converges strictly to an element Ur € M(C*(T)) satisfying UrT°(f)
TY(f) and T°(f)Ur = T'(6(f)) for f € Co(X).

Proof. For f € Cy(X), we have T (u;)T°(f) = T*(u; f) which converges to T(f)
in the norm topology. We also have that T9(f)T*(u;) = T'(6(f)u;) converges to
T1(6(f)) in the norm topology. Now the assertion follows from Proposition[ZH [

Proposition 2.18. The element Ur € M(C*(T')) defined in Proposition [2.17 sat-
isfies the following.
(i) UzUr = 1.
(i) T°(f)Ur = UrT°(5(f)) for f € Co(X).
(i) T"(f) = URTO(f) for f € Co(X).

Proof. (i) For an approximate unit u; of Co(X), |u;|? is also an approximate unit.
Hence T (u;)*T (u;) = TO(Ju;|?) converges strictly to 1 € M(C*(T)). Thus we
have UyUr = 1.

(ii) By Proposition 217, T°(f)Ur = T (6(f)) = UrT°(6(f)).

(iii) Similarly to the proof of Proposition EI7, we have UrT™(f) = T"(f).
Hence we get T"(f) = URT(f). O

O
)

Thus from a Toeplitz Ex-pair T, we get an isometry Ur € M(C*(T)) satisfying
TO(f)Ur = UrT°(6(f)). Conversely, we have the following.

Proposition 2.19. Let A be a C*-algebra. Suppose that a *-homomorphism  :
Co(X) — A and an isometry u € M(A) satisfy n(f)u = un(6(f)) for all f €
Co(X). Define TO,T': Co(X) — A by T° = 7 and TY(f) = un(f). Then T =
(TO,TY) is a Toeplitz Ex-pair.

Proof. Since u is an isometry, T satisfies the condition (i) in Definition B2 The
condition (ii) is easily checked from the relation #(f)u = un(6(f)). Thus T =
(TY,T1) is a Toeplitz Ex-pair. O

A pair {7, u} that appeared in Proposition can be considered as a kind of
covariant representations of (X, o). These representations correspond to Toeplitz
Ex-pairs. We study which representation {m,u} corresponds to a Cuntz-Krieger
FEs-pair. Since o is proper, we have (F2)g, = X and (E2)sce = X \ 0(X). Hence
(FY)e = X \ X \ 0(X) which is the interior of the image o(X) of o. It is not
difficult to see that the map @': K(Cy(EL)) — C*(T) can be expressed as &' (f) =
UrT°(f)Us for f € Co(X) by identifying (Cy(EL)) with Co(X). Hence we have
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DL (. (f)) = UrT°(6(f))Us for f € Co(X). We write Pr = 1—UrpUz € M(C*(T))
which is a projection. For f € Co(X), we have

T°(f)Pr =T°(f) = UrT°(6(f))Us = PrT°(f)
by Proposition T8 (ii). By the above argument, we have the following.

Proposition 2.20. For a Toeplitz Ex;-pair T, the following are equivalent.
(i) T is a Cuntz-Krieger Ex-pair.
(i) TO(f) = UrT°(6(f))Us for all f € Co(X) with f(x) =0 for x ¢ o(X).
(iii) T°(f)Pr = 0 for all f € Co(X) with f(z) =0 for x ¢ o(X).

Proposition 2.21. The C*-algebra O(Ey) is the universal C*-algebra generated
by products of a copy of Co(X) and an isometry u satisfying

(i) fu=wuo(f) for f € Co(X),
(ii) f=wus(f)u* for f € Co(X) with f(x) =0 for z ¢ o(X).

When o is surjective, for a Cuntz-Krieger Fx-pair T" we have Py = 0, that is,
Ur is a unitary. Hence, we have the following.

Corollary 2.22. When o is surjective, the C*-algebra O(FEyx) is the universal
C*-algebra generated by products of a copy of Co(X) and a unitary u satisfying

6(f) =u*fu for f € Co(X).

Corollary 2.23. When o is a homeomorphism, Cuntz-Krieger Ex,-pairs correspond
to covariant representations of the dynamical system X, and we have a natural
isomorphism between O(Eyx) and the homeomorphism C*-algebra A(X).

It is complicated to describe Toeplitz Ex-pairs or Cuntz-Krieger Ex-pairs when
o is not proper, or when o is defined just on some open subset of X.

3. FOCK REPRESENTATIONS

The purpose of this section is a construction of an injective Cuntz-Krieger E-
pair 7 = (7%, 71) of a graph E by using the so-called Fock space Cy(E*). The map
pr: O(FE) — C*(7) is called the Fock representation. In the next section, it will
turn out that the Fock representation is faithful. Hence the construction done in
this section gives us a concrete description of O(E). The results here will be used
in Section [6l to compute K-groups.

Definition 3.1. For a topological graph E = (E°, E',d,r), we denote by E* the
disjoint union of E°, E',...,E™, .. ..

The set E* is called a finite path space of a topological graph E. We can define
d,r: E* — EY by using d",r". The C*-correspondence Cy(E*) over Co(E°), which
is called a Fock space, is isomorphic to @, , Can (E™). We denote the left action
of Co(E®) on Cyq(E*) by 0°: Co(E®) — L(Cy(E*)). Explicitly, for f € Co(E®) we
see that

a®(f)¢ = f¢, for £ € Cpo(E°) C Ca(E™),
A (f)E@n) = (m(f)E) @n, for & e Cp(E),ne Can(E™) (n€N),

where m,. is the left action of Co(EY) on Cyq(E!) defined in Section B. We define a
linear map o': Cq(E1) 3 € — ol (&) € L(C4(E*)) by o1 (6)n = £@n € Cynia (E™H)
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for n € Cgn (E™) C Cq(E*). The routine computation shows the following formulae
of the adjoint o!(&0)* of o1 (&) for & € Cy(EL):

o' (&) =0, for ¢ € Co(EY),
o' (&) (E@n) = °((§, E))n,  for £ € Car(E'),n € Cgn(E™) (n € N).
Now, it is easy to see the following.
Proposition 3.2 (cf. [P, Proposition 1.3]). The pair o = (0°,0') is a Toeplitz
E-pair.
Recall that the map @' : K(Cy(E"')) — C*(0) C L(Ca(E™)) is defined by & (0 ,,)
= ol (&)ol(n)*. For x € K(Cq(E')), we see that

PL(x)€ =0, for £ € Cyo(EY),
P (z)((®n) = (x§) @n, for £ € Cp(E'),n € Can(E") (n €N).

From this computation, we get the following lemma, which measures how far the

Toeplitz E-pair o = (0¥, 0!) is from being a Cuntz-Krieger E-pair.

Lemma 3.3. For f € Co(EY,), take &,m0 € Cao(E°) C Cy(E*) with &io = f.
Then we have Og, », = o°(f) — & (7 (f)).

Proof. By the computation above, it suffices to show that ¢, ,,(§) = fEif £ €
Cypo(E®) C Cq(E*), and O¢y 1, (€) = 0 if £ € Cyn(E™) C Cq(E*) for n > 1. The
former is verified by

Oco.m0(§) = &€ = [,

and the latter is obvious. The proof is completed. ([

For each n € N, we define an open subset EJ% of E" by Ep, = (d")~'(E},) and an
open subset B, of E* by Ef, = d~'(E,). Note that C4(E},) = @, Can (ElL) C
Ca(E*) and that K(Cy(E,)) is an ideal of L(Cq(E¥)).
Proposition 3.4. We have K(Cy(Ey,)) C C*(0).
Proof. Tt suffices to show that 0, € C*(0) for £ € Cun(Ey,) C Cu(E},) and
n € Cam (EYy) C Cy(Ey,) for n,m € N. By Lemma [[.T2, we can find ¢’ € Cyn (E™),
n € Cqgm(E™) and f,g € C’O(E?g) with £ = &f and n = 1'g. Once we consider
f, g as elements of Cyo(E®) C Cy(E*), we have £ = o™(¢')f and n = o™ (n')g. By
Lemma[33] we have that

01,9 = 0°(h) — &' (m:(h)) € C*(0),

where h = fg € Co(EY,). Hence we get

Oy = 0" (§)0r.90™ (n')" € C*(0).
The proof is completed. O
Let

70 Co(E%) — L(Ca(E"))/K(Ca(ELy))
and

mh: Ca(B') — L(Ca(E"))/K(Ca(EL))
be the compositions of the natural surjection £L(Cy(E*)) — L(Ca(E*))/K(Ca(Eyy))
with o and o respectively. By LemmaB3, the pair 7 = (7%, 71) is a Cuntz-Krieger
E-pair. We will show that this pair is injective.
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Lemma 3.5. Let n be a natural number, and f be an element of Co(EY) with
e (f) € K(Can (EYy)). If e € E™ satisfies f(r"(e)) # 0, then e € EJ,,.

Proof. To the contrary, assume that e € E" satisfies f(r"(e)) # 0 and e ¢ Ej,.
Take &1, .-, &m, My - -+, N ID C’C(E;Lg) arbitrarily, and we will show that

7T7"(f) - Z eﬁkmk
k=1

which contradicts the fact that m(f) € K(Can(EL)). Set X = UyL, supp(nx)
which is a compact set with X C EJ,. We can find a neighborhood U of e such
that X N U = () and that the restriction of d” to U is injective. Take ¢ € C.(U) C
Cgn(E™) with 0 < ¢ <1 and ((e) = 1. Similarly to the proof of Proposition [[.17]
we have that ||(]| =1 and

(o () — Zemk)cH = e ()N = 1F G D).
k=1

We are done. 0

> [f(r"(e))],

Proposition 3.6. The Cuntz-Krieger E-pair 7 = (7°,71) is injective.

Proof. To the contrary, assume that there exists f € Co(E°) with f # 0 and 0°(f) €
K(Ca(E},)). The fact o°(f) € K(Ca(E},)) implies that m(f) € K(Can(E})) for
every n € N. We can find € > 0 and a non-empty open subset V of E° such
that |f(v)] > € for any v € V. We will show that (#*)~}(V) is a non-empty
subset of Ey, for every n € N by induction. For n = 0, we have V' C E?g because
mo(f) € K(Cao(EY,)) = Co(EY,). Assume that (r")~'(V) is a non-empty subset
of Ef. Then we have d"((r")~"(V)) C EJ, C r(E'). Since d"((r")~'(V)) is
non-empty and open, there exists e € (r™)~!(V) such that d"(e) € 7(E'). Hence
(r"*t1)=1(V) is non-empty. Since |f(r"*1(e))| > € for e € (r"*1)7H(V), we have
(r"t1)~1(V) € Eft! by Lemma[3.3l Thus we have shown that (r")~' (V) is a non-
empty subset of E7. for every n € N. We will show that [|0®(f) — >/, g me |l > €
for any &, mx € Ca(E},), which contradicts the fact that ¢°(f) € K(Cu(E},)). To
this end, it suffices to find ¢, € Cyn (E™) with [|(a]] = 1, [[6°(f)¢n]| > € for each
n € N. Since (r")~1(V) is not empty, we can find ¢, € Co((r")"1(V)) C Cyn (E™)
with ||¢n]| = 1. Since

(@ (F)Ca)(e)l = 1£ (" (€)) Cale)l = el¢ale)]
for e € (r™)~1(V), we have ||0°(f)Call > ¢]|¢ull = &. We are done. O

As claimed in the previous section, Proposition implies the following.
Proposition 3.7. The universal Cuntz-Krieger E-pair t = (t°,t!) is injective.

The map p,: O(E) — C*(7) is called the Fock representation. In the next

~

section, we will show that the Fock representation gives us an isomorphism C*(7) =
O(E) (Corollary E.T).

We finish this section by stating a relation between our C*-algebras 7 (E), O(E)
and ones defined in [P]. The C*-algebra C*(o) C L(C4(E™)) is exactly the same
as the augmented Toeplitz algebra ’fg o(e1) of the C*-correspondence Cy(EY) over
Co(E®) defined in [P, Remark 1.2 (3)]. Hence Theorem 3.4 of [P] gives the following
because the conditions there are the same as the ones of Toeplitz E-pairs.
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Proposition 3.8. The pair o = (0°,0') is the universal Toeplitz E-pair. Hence
C*(o) is isomorphic to T(E).

Therefore we see that 7 (E) is isomorphic to the augmented Toeplitz algebra
’fc .(e1)- Of course one can show Proposition [3.§ by using a similar argument in
Section [4 (which is actually the same as the proof in [P]). One can also deduce
Proposition 3.8 from Theorem [£5], by proving that Toeplitz pairs correspond bijec-
tively to Cuntz-Krieger pairs of a certain topological graph (see [Ka2]).

The augmented Cuntz-Pimsner algebra (50 .(E1) is isomorphic to the univer-
sal C*-algebra generated by a Toeplitz E-pair T = (T°,T*) satisfying T°(f) =
P! (7 (f)) for every f € Co(ER,), not only f € Co(EY,) (see [P} Theorem 3.12]).
Hence there exists a surjection O(F) — 6Cd(E1)~ In this sense, (5cd(E1) is “smaller”
than O(FE). Sometimes 600,,(131) is too small and can be 0. If there exists a
source, then t: Co(EY) — 600,,(131) never becomes injective because 7,.(f) = 0
for f € Co(EY,) by Proposition [Z4. In the case that there exist no sources, we

sce
have the following.

Proposition 3.9. If r(E1) = E°, then O(E) = (5cd(E1),

Remark 3.10. In [D], V. Deaconu introduced compact graphs which are topological
graphs E = (E° E',d,r) such that both E° and E! are compact, and both d
and 7 are surjective and locally homeomorphic. He associated a C*-algebra with a
compact graph by constructing a certain groupoid, and showed in [D} Theorem 4.3]
that this is isomorphic to the Cuntz-Pimsner algebras of the C*-correspondence
defined by the compact graph. Hence Proposition B9 implies that his C*-algebras
are isomorphic to our C*-algebras. As he pointed out in the last part of [D], the
C*-algebras arising from polymorphisms defined in [AR] are different from our C*-
algebras in general.

Remark 3.11. We should note that the C*-algebra C*(7) is the same as the relative
Cuntz-Pimsner algebra O(Co(EY,), Ca(E")) determined by the ideal Co(EY,) C
Co(E®) [MS| Definition 2.18], and Proposition 3.8l follows from [MS], Proposition
2.21]. By Corollary E7] we have the isomorphism O(E) = O(Co(EY,), Ca(E'))
(this also can be proved using [MS| Theorem 2.19]).

4. THE GAUGE-INVARIANT UNIQUENESS THEOREM

In this section and the next section, we investigate for which Cuntz-Krieger E-
pair T', pr gives an isomorphism C*(T') =& O(E). Such a pair is necessarily injective,
but this condition is not sufficient in general. In this section, we give two kinds
of extra conditions for the isomorphism C*(T') = O(FE), namely the existence of
gauge actions and the existence of conditional expectations (Theorem [L5). In the
next section, we deal with the problem of determining topological graphs for which
injectivity of T' is sufficient for the isomorphism C*(T') = O(E).

By the universality of O(F), there exists an action 5: T ~ O(F) defined by
B:(t°(f)) = t9(f) and B.(t*(€)) = 2t1(€) for f € Co(EP), € € Cy(E") and 2 € T.

The action  is called the gauge action. It is easy to see that

B(t" ()" (n)") = 2" (™ ()" (§ € Ca(E™), n € Ca(E™)).
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We define a linear map ¥: O(F) — O(E) by
U(x) = /@(x)dz
T

where dz is the normalized Haar measure of T. Then we have
T (M)*) = Snmt™ (™ ()T (£ € Ca(E™), n € Ca(E™)),

where 0, ,, is the Kronecker delta. Hence ¥ is a faithful conditional expectation
onto a subalgebra

F = span{t*()t" ()" | £,n € Ca(E"), k € N}.

Definition 4.1. For a Cuntz-Krieger E-pair T = (T° T'), we define subalgebras
Fi,Gh for n € N and Fr of C*(T') by

Gr =span{T"(§)T"(n)" | &, m € Ca(E™)},

Fp = soEm{THET ()" | &n € Ca(EY), 0 <k < n},

Fr =span{T™(E)T*(n)" | &n € Ca(E"), k € N}.
We simply write F*,G™ for n € N and F for the corresponding subalgebras in
O(E).

Note that G is an ideal of the C*-algebra Fp and that Fpt' = Grtt + F2 for

each n € N. We also see that Fr = (J,-, F#. Note that G}t is the image of ",
hence K(Cy(E™)) = G} when T is injective. We will show that if a Cuntz-Krieger
E-pair T is injective, then the restriction of pr to F is an isomorphism onto Fr

(Proposition [£.4)).
Lemma 4.2. For an injective Cuntz-Krieger E-pair T, we have
G2 NGr =T°(Co(Ey)).
Proof. This follows from the definition of Cuntz-Krieger pairs and Proposition 21Tl
O
Lemma 4.3. If a Cuntz-Krieger E-pair T is injective, then FF N g;ﬁ‘“ =GN
Grtt =on (K(Ca(EL,))) for every n € N.

Proof. Take x € F} N g;ﬁ‘“. Let {u;}ier be an approximate unit of Gt. Since
P =span{T ()T (T (i)' T ()" | & n € Ca(E"), €0 € Ca(EY)},

{ui}ier is also an approximate unit of g;i“. Hence we have x = lim; u;x. Since
x € F} and G is an ideal of F7, we have u;xz € G} for ¢ € I. Hence x € G}t. Thus
we have 2 N GHT = Grngptt,

Take &1 € Cy(EY,) arbitrarily. We can find ' € Cy(E™) and f € C'O(E?g) with
& =¢'f. Since T is a Cuntz-Krieger F-pair, we have
D" (Og,n) = T™(E)T™(n)* = T™(ENTO (/)T ()" = T )P (mr (f))T™ ()" € G
Thus &" (K(Ca(ER))) C G NGt Conversely take x € K(Cy(E™)) with " (z) €
Gr NG For &,n € Cy(E™), we have

TO((g, 2m) = T™()* @™ (x)T™" (1) € G7 N Gr-

By Lemma 2] we have (¢, 2n) € Co(EY,). Therefore we get € K(Cy(E)) by

Lemma T4 Thus we have shown that F2NG7 = GRNGHT = & (K(Ca(EL))).
(]
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Proposition 4.4. For an injective Cuntz-Krieger E-pair T, the restriction of pr
to F is an isomorphism onto Fr.

Proof. First note that the restriction of pr to G™ is an isomorphism onto G} for
every n € N because pr o 9" = @" and ¢",d" are isomorphisms onto G" and G}
respectively. To finish the proof, it suffices to show that the restriction of pr to F™
is an isomorphism onto F7}. for every n € N. We will prove this by induction with
respect to n € N. The restriction of pr to F° is an isomorphism onto F9 because
FO =G0 and .7-'% = g%. Assume that the restriction of pp to F™ is an isomorphism
onto F7. We have the following commutative diagram with exact rows:

0 gn—i—l ]:'n+1 ]:n-i—l/gn—i—l 0

J,pT JVPT J{
0 g;+1 Jf—_';Jrl Jf;Jrl/g;Jrl 0.

To prove that the restriction of pr to F"*t! is an isomorphism onto .7-";54'1, it is

sufficient to see that the map Fn+!/gntlt — .7-';“/955*1 induced by pr is an

isomorphism. Since Frtt = Fr + Grtt

Fpit Gyt = Fp/(Fr0 Gt = Fp/(Gr 0 Gpt).

By the assumption of the induction, the restriction of pr to F™ is an isomorphism
onto F7. By Lemma 3] we have

gr NGt = K(Cy(BL)) = G ngatt.

, we have

Hence the restriction of pr to G"NG"*1 is an isomorphism onto g;mgg&“. Therefore
the map F"/(G" N G"+Y) — F/(GE N G induced by pr is an isomorphism.
Hence the map F1/Gntl — F2H /G2t induced by pr is also an isomorphism.
Thus we have shown that the restriction of pr to F"*! is an isomorphism onto
FrHL We are done. O

Now we have the following gauge-invariant uniqueness theorem.

Theorem 4.5. For a topological graph E = (E°,E',d,r) and a Cuntz-Krieger
E-pair T = (T°,TY), the following are equivalent:
(i) The map pr: O(E) — C*(T) is an isomorphism.
(i) The map T° is injective and there exists an automorphism 3. of C*(T)
such that BL(T°(f)) = T°(f) and BL(T(€)) = 2T (€) for every z € T.
(iii) The map TV is injective and there exists a conditional expectation Wy from
C*(T) onto Fr such that Tp(T™(E)T™(N)*) = OnmIT™(§)T™(n)* for & €
Cq(E™) andn € Cq(E™).

Proof. (1)=(ii): Already shown.
(ii)=(iii): Set ¥p(z) = [, L (x)d=.
(iii)=>(i): Since the map T is injective, we see that the restriction of pr to F is

an isomorphism onto Fp by Proposition 4. Now we see that the map pr: O(E) —

C*(T) is an isomorphism by the standard argument of conditional expectations (see,

for example, |Kall, Proposition 3.11]).

O

Remark 4.6. If there exists an automorphism 3. of C*(T') such that B8.(T%(f)) =
TO(f) and BL(T(&)) = 2T*(&) for every z € T, then 3': T 3 z +— (3, € Aut(C*(T))
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becomes automatically a strongly continuous homomorphism. This fact is used
implicitly in the proof of the implication (ii)=-(iii) in the above theorem.

Corollary 4.7. The Fock representation p. of O(E) is faithful.

Proof. We check the condition (ii) in Theorem We have already seen that 7°
is injective in Proposition B.@. For z € T, define a unitary u, € L(Cy(E*)) by
uy(§) = 2"¢ for € € Cyn(E™) C Cy(E*) (n € N). We define an automorphism
B, = Ad(m(uz)) of L(Cu(E*))/K(Ca(E},)) by BL(z) = m(uz)zm(us)*, where 7 is
the natural surjection

L(Ca(E")) — L(Ca(E"))/K(Ca(Ey))-

One can easily see that BL(7°(f)) = 7°(f) and B.(71(€)) = 271(&) for f € Co(EP)
and ¢ € Cy(E"). This implies that 3, fixes C*(7) globally for each z € T. Hence
the restriction of 8, to C*(7) is an automorphism of C*(7). By Theorem EH, we
see that p,: O(E) — C*(7) is an isomorphism. O

5. THE CUNTZ-KRIEGER UNIQUENESS THEOREM

In this section, we see that if a graph E satisfies a certain condition, then the
condition that T is injective is not only necessary but sufficient for C*(T') =2 O(E).
To this end, we need a more precise description of F7 for an injective Cuntz-Krieger
E-pair T. Let us fix an injective Cuntz-Krieger E-pair T for a while.

For each n € N, we define a *-homomorphism #: F — L(Cq(E™)) by
Ty (x)¢) = «T™(&) for x € Fp, &€ Cq(E™).

Note that T™: Cq(E™) — C*(T) is injective and that 2T™(§) lies in the image
of T" for x € F}, & € C4(E™). The restriction of ' to G coincides with the
isomorphism &": G — K(Cq(E™)).

We define a closed subset EZ, of E™ by El = (d")"'(E,) = E™\ E}, for each
n € N. Recall that there exists a x-homomorphism w”: L(Cq(E"™)) — L(Ca(EZ,)),
and that the restriction of w" to K(Cq(E™)) is a surjective map to K(Ca(EY,)),
whose kernel is K(Cq(Ey,)) (LemmallTd)). We denote by 7, : Fp — L(Ca(EY,)) the
composition of the map 777 : Fft — L(Cy(E™)) and the surjection w™: L(Cy(E™)) —
L(Ca(EL)).

Lemma 5.1. For each n € N, we can define x-homomorphisms
m: Fp — L(Cq(EL))
fork=0,...,n—1 such that ﬂz;é ker 7} = G7.

Proof. The proof goes by induction with respect to n € N. For n = 0, we need to
do nothing because G = F2.. Assume that we have *-homomorphisms 7} : FJ} —

L(Cq(EL)) for k=0,...,n— 1 such that ﬂz;é ker ;) = G7. Then we have
n—1
ﬂ ker i Nker 7] = Gf Nker 7 = &™(K(Cy(E™)) Nkerw™)
k=0
=" (K(Ca(EL))) = G NGt
Hence the maps n{,...,m,_; and 7)r factor through maps

Tt FR/(GENGET) — L(Ca(EY)) (k=0,...,n),
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and we see that (;_, ker%,’c”r1 =0. For k =0,...,n, we define 71'2“: .7-'?“ —
L(C4(EL,)) by the composition of the quotient map FAt — FrL/GRtt | the iso-

morphism F7: T /Gt = F1/(GR NG, and 7. Then we have () _, ker 7}
n+1 0

=97
For k =0,...,n—1, the *-homomorphism 7} : Ff — L(Cq(EL,)) defined in the
proof of Lemma [5.1] is determined by
<k : k
n, | w(x) ifxzeFE,
7Tk("””){o if z € Gh for k <1 <n.

Proposition 5.2. For n € N, the map

n n—1
Dri: 7 — P L(CalEL)) @ L(Ca(E™))
k=0 k=0
18 injective.

Proof. This follows from

n

n
ker (@w,’j) = ﬂ ker mj; = GF Nkerm;, = 0.

k=0 k=0
]

Definition 5.3. Let F be a topological graph. A path e = (ey,...,e1) € E™
for n > 1 is called a loop if r(e) = d(e), and the vertex r(e) = d(e) is called the
base point of the loop e. A loop e = (ey,...,e1) is said to be without entrances if
r~(r(ey)) = {ex} for k=1,...,n.

It is easy to see that when FE is an ordinary dynamical system, every loop is
without entrances and v € EY is a base point of a loop if and only if it is a periodic
point. We generalize the notion of topological freeness of homeomorphisms to
topological correspondences. Recall that a homeomorphism on a space is called
topologically free if the set of periodic points has an empty interior (see [AS], [T1],

[ELQ)).

Definition 5.4. A topological graph F is said to be topologically free if the set of
base points of loops without entrances has an empty interior.

One can easily see that topological freeness coincides with Condition L when a
graph E is discrete (see [KPR]). We will show that when a topological graph E
is topologically free, pr is an isomorphism if and only if 7V is injective (Theorem
B12). To do so, we need the following notion and many lemmas.

Definition 5.5. Let n be an integer with n > 1. A path e = (e,,...,e1) € E™ is

said to be returning if e; = ey, for some k € {2,...,n}. Otherwise e is said to be
non-returning. A non-empty set U C E™ is said to be non-returning if e; # e}, for
every k =2,...,n and every (enm,...,e1),(el,,...,e}) € U.

Lemma 5.6. Let V be an open subset of EY, and e = (ey,...,e1) € E™ (n > 1)
be a non-returning path with r"(e) € V. Then there exists a non-empty open set
U C (r)~Y(V) C E™ which is non-returning.
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Proof. Take open subsets Ui, ...,U, of E! such that e, € Uy for k = 1,...,n,
U.NU; =0 for k=2,...,n, and r'(U,) C V. Then a non-empty open subset
U= (U, x---xU;)NE™ of E™ is non-returning. O

Lemma 5.7. Suppose that an open set U C E™ is non-returning. Take ( €
C.(U) C C4(E™) and & € Cq(E™) for 1 <n <m —1. Then T™()*T™(&)T™(()
=0 for any Toeplitz E-pair T .

Proof. By Lemma 2.4, we have T™({)*T™(£)T™(¢) = T™(n) where n € Cq(E™) is
defined by

n(env"'vel) = Z ((enera'"76n+1)£(6n+m7'"7em+1)<(ema"'761)'

(entmsreny1)EE™
d(ent1)=r(en)

For each (e, ...,e1) € E™, we see that (€n4m, ..., ent1) € U implies (€m, ..., e1) ¢
U by the assumption on U. Hence we have n = 0. Thus T7()*T™(&)T™(() =
0. (]

Lemma 5.8. Suppose that an open subset V of E° satisfies (r*)"1(V) # 0 and
(") =Y (V) = 0 for some k € N. Take ¢ € C.((r*)"1(V)) C C4(E*) and ¢ €
C4(E") for 1 > k. Then we have T*(¢)*T' (&) = 0 for any Toeplitz E-pair T.

Proof. By Lemma [Z4, we have T*(()*T'(¢) = T™(n) where m = [ —k > 0 and
1 € Cq(E™) is determined by

ne)= > (e e) (e E™).
e/eEk
d*(e')=r" (e)
For e € E™, there exists no ¢’ € (r*)~Y(V) C E* with d*(e’) = r™(e) by the
assumption. Hence nn = 0. Thus Tk(g)*Tl (&) =0. 0

Lemma 5.9. Suppose that a topological graph E = (E°, E',d,r) is topologically
free. For an open subset V of E° and a positive integer n, either (r™)~1(V) =0 or
there exists a non-returning path e € E™ with m > n such that r"™(e) € V.

Proof. To the contrary, assume that an open subset V of E° satisfies (r")~1(V) #
§ and that every path in (r™)~'(V) is returning for every m > n. Take e =
(€ny- .- e1) € (r")~Y(V) arbitrarily. Since e is returning, there exists ko with 2 <
ko < n such that e, = e;. We will show that r=1(r(e;)) = {e;} forl =1,...,kg—1.
To derive a contradiction, assume that there exist an integer [ with 1 <1 < ky and
e € E' such that r(e) = 7(e;) and e # ¢;. Set v = r(e) = r(e;). Let ki be
a maximum integer satisfying r(eg,) = v. We have d(eg,+1) = v and e, # e for
k=ki+1,...,n. Since (eg,—1,...,e1) is aloop, we can find aloop e’ = (e}, ..., €})
such that e}, = ¢; and r(e},) # v for k = 1,...,m — 1. Hence we have ¢}, # e for
k=1,...,m. Set
¢ = (en,...,ems1,€.€¢,....¢,¢)€ E”

where €’ is repeated so that n’ > n. Then ¢’ € E" is a non-returning path
with r(e’”) € V. This is a contradiction. Therefore, we have shown that for every
(Eny-..,e1) € (r")~1(V), there exists an integer ko with 2 < ky < n such that
(éky—1,---,€1) is a loop without entrances. Thus each element in a non-empty
open subset d"((r")~(V)) of E° is a base point of a loop without entrances. This
contradicts the fact that E is topologically free. O
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Proposition 5.10. Let E = (E°, E',d,r) be a topologically free topological graph,
and T = (T°,TY) be an injective Cuntz-Krieger E-pair. Take n;,m; € N, & €
Cy(E™) and n € Cq(E™) forl=1,2,...,L. Define

L
r= Y TET™ (), wo= > TME)T™ ()"

=1 ny=m;

Then for arbitrary ¢ > 0 there exist a,b € C*(T) and f € Co(E°) such that
lall, 16l < 1, 11l = llzoll, and ||a*zb — T°(f)|| < e.

Proof. Set n = max{ni,...,nr, mi,...,mr}. We have zg € FJL. Since
n n—1
Drit: 7 — D L(Ca(BS) © LICA(E™)
k=0 k=0
is injective, there exists an integer k with 0 < k < n such that |zo|| = |7} (z0)]-

Case 1, k <n — 1. There exist £',n' € Cq(EL,) with [|¢'|| = ||['|| = 1 such that

[¢€" 7k (wo)n) || > |77 (zo) || — & = [[zol| — &
By Lemma [[LTT] we can find &, € Cyq(E*) with ||€|| = ||| = 1 such that §|E§g =¢
and 77|E§g =1n'. Foreachl =1,..., L, there exist nj,m; € Nand { € C’d(E”Z), n €
Cy(E™) such that
T ENT™ ()" = TH(E)* T™ (&)™ ()" T* ().

We set
L

y= Y THENT™ ()" and TOg)= S T™(E)T™ ()",

=1 nj=m;=0

Then we have y = T*(&)*2T%(n) and g|Egg = (¢, (zo)n’). Since |lzo|| — e <

||g|Egg|| < lzoll, we can find v € EY, with |lzof — e < [g(v)] < [lzol|. Since
Egg = B9, U E? . there are two cases, namely the case that v € EO,, and the case

that v € Eionf.

Subcase 1.1, v € EY.,. There exists v’ € ES, with ||zo| — & < |g(v')| < ||zo]|. Since
v' € E2 ., we can find a neighborhood V of v’ such that r=(V) = () and |g(v")| <
lzo|| + & for all v € V. Take h € Co(V) with 0 < h < 1 and h(v') = 1. We
set a = T*(&)T°(h) and b = T*(n)T°(h). Then we have ||al|, ||b|| < 1 and a*zb =
TO(h)yT (k) = T°(h)T°(g)T°(h) because if either nj or m] is greater than 0, then
TO(R)T™ (€))T ™ (n})*T°(h) = 0 by Lemma [5.8 Define f’ = hgh. Then we have
[[€oll — & < [l < l[zol| +&. Set f = [lzol[f/||l /|| Then we have |[f|| = [[zo|| and
1f = £/l = [llzoll = [Ifll] < e. Thus we get

la*2b = T()I| = IT°(f") = T°(H)]| < e

Subcase 1.2, v € E .. Choose a positive number § such that § < ¢ and ||| — 6 <
|g(v)|. There exists a neighborhood V' of v such that ||z — 6 < [g(v')| < ||zo|| + 6
for all v € V. For | with nj = 0, we set &’ = . For | with nj > 1, we set
! e C.(E™) sufficiently close to &. Similarly, we set 7/ = n for | with m} = 0,

and set 7' € C.(E™) sufficiently close to 7 for I with m) > 1. We set ¢/ =
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Zle T (€))T™ (n)')*. We can choose & and 7/’ so that ||y — /|| < € — . We
have T%(g) = Zni:mi:O T™(E)T™ (n)')*. Set
K = U {en; € E' | there exists € = (e, ..., e1) € supp(&’)}
n;>1
U U {em; € E' | there exists e = (e, ..., e1) € supp(n;) },
m;>1

which is a compact subset of E'. Since v ¢ EY , we have r—1(V) \ K # (. Take
an open set U C r~1(V) \ K such that the restriction of d to U is injective. Let
¢ € Ce(U) C C4(EY) be an element with 0 < ¢ < 1 and ¢(e) = 1 for some e € U.
We have |[¢]| = 1. We get T (¢)*T™ (€))T™ () )*T*(¢) = 0 if either n} or m) is
not zero. We set a = T*(&)T(¢), b = T*(n)T*(¢) and f' = (¢, 7-(g)¢). Then we
have ||a||,]|b]] < 1 and
la*zb = T°(f)|| = T ()" yT(¢) = T () T°(9)T (O
=T yTH Q) =T Q) YT Ol < lly =y <e -

For ¢/ € U, we have

[f(d(e))] = I¢(eg(r(e))S(eN] < lg(r(e))] < llzoll +

because the restriction of d to U is injective. We also have

[F(d(e)] = [C(e)g(r(e))S(e)l = lg(r(e))] > llzoll — o
Hence we get ‘||f’|| - ||x0||‘ < §. Therefore f = |Jzo||f'/|If|| satisies ||f]] = ||zol|
and ||f — f’|| < 6. Thus we have

la*ab = TO(F)I < lla*zd = TO(f) + If" = fll <e.
Case 2, k = n. Next we consider the case that ||zg| = |72 (zo)|. We can find
§n € Co(E") with [[]| = [In]| = 1 such that [|(€, 75 (zo)m)|| > [lzol| —e. Set

g = (&, 7" (x0)n) € Co(E). There exists a non-empty open set V of E? such that
lg(v)| > ||xo|| — € for v € V. When n; > m;, we have

T (&) T (&)T™ ()™ T (n) = T" (&)

for some & € C’d(E"E) where nj = n; —my. Similarly when n; < my, we have
T (&) T (&)T™ (m)*T™ () = T™ (n])*

for some 7] € C’d(Em;) where m; = m; — n;. We have

TME) @I () = T(g) + D T™(E) + D T™(m)".

ny>mg ny<mg

Subcase 2.1, (r"*t1)=1(V)=0. Take an integer k with 0 <k <n satisfying (r¥)~1(V)
# 0 and (r*1)"H(V) = 0. Take ¢ € C.((r*)~1(V)) C Cyq(EF) such that [|¢| = 1
and ((e) = 1 for some e € (r*)=3(V). Set a = T™(&)T*(¢) and b = T"(n)T*(¢).
Then we have ||a||, ||b]| < 1. We see that
THO T HE)TH(C) =0 and  THQ T™ () TH(() =0
by Lemma B8 Hence we get
a*ab = T*()"T"(9)T*(¢)-
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Set f" = (¢, mrx(9)C). Then we have || f'|| <|g]| < [|zo]| and

1F1 = 1 £ (d(e)] = [¢(e)g(r* (e))¢(e)] = flzol| —e.
Therefore we get ||| f/|| — [lzoll| < e. Hence f = |lzollf'/|If'|| satisfies || f|| = [[zoll
and |la*xb —TO(f)| < e.

Subcase 2.2, (r"*t1)~1(V) # (. By Lemma [5.9] there exists a non-returning path
e € E™ with m > n+ 1 and r(e) € V. By Lemma (5.6, we can find a non-empty
open set U C (r™)~1(V) c E™ which is non-returning. Choose ¢ € C.(U) C
Cy(E™) such that ||¢]] = 1 and {(e) = 1 for some e € U. Set a = T™(&)T™((),
b=T"(m)T™() and ' = ((,mrm(g)¢). Then we have ||a|,||b]] < 1 and a*xb =
T()*yT™(¢) = T°(f') by Lemma 571 Similarly to the proof in Subcase 2.1,

we have |||f’|| — ||x0||‘ < e. Hence f = |lzol|f'/||f'|| satisties ||f]] = |lzo| and
[a*xb —T°(f)] <e.
The proof is completed. O

Remark 5.11. For a positive element = € £(X) where X is a Hilbert module, we
have (§,x§) > 0 for any £ € X and [[z| = sup¢j=y [(§; 2€)[. Therefore if we
further assume that o > 0 in the hypothesis of Proposition EI0, then we can take
a,b € C*(T) and f € Co(E®) in the conclusion there so that @ = b and f > 0
because we can take £ = 7 in both Case 1 and Case 2 in the above proof. We will
use this fact in [Kad].

The following is our version of the Cuntz-Krieger uniqueness theorem.

Theorem 5.12. If a topological graph E = (E°, E',d,r) is topologically free, then
the map pr: O(E) — C*(T) is an isomorphism for any injective Cuntz-Krieger
E-pair T = (T°,T").

Proof. We check the condition (iii) in Theorem E.5. By Proposition [5.10] for any
e > 0 we have laol| = | f]| < [la"ab]| + ¢ < [Jo + & for @ = Y5, T™ (&)T™ ()"
and xo = >, . T"(&)T™ (m)* where § € Cy(E™) and m € Cq(E™). Hence
T +— x( gives us a well-defined norm-decreasing linear map from

span{T™(§)T™(n)* | & € Ca(E™), n € Ca(E™), n,m € N},

to Fr C C*(T). It extends a linear map ¥r from C*(T') to Fr which is the identity
on Fr. Hence ¥r is a conditional expectation onto Fr such that U (T7(£)T™ (n)*)
= O T™(&)T™(n)* for & € C4(E™), n € Cq(E™). By Theorem E3, pr is an
isomorphism. ([

Remark 5.13. In the theorem above, the assumption that a topological graph F
is topologically free is needed. When FE is not topologically free, there exists an
injective Cuntz-Krieger E-pair T such that the map pr: O(E) — C*(T) is not an
isomorphism (see [Kad]).

6. KK-GROUPS OF O(FE)

In this section, we prove that our C*-algebras O(E) are always nuclear and satisfy
the Universal Coefficient Theorem (UCT) of [RoSc|, and compute their K K-groups.
To this end, we need a short exact sequence which is (almost) established in Section
Bl Take a topological graph E = (E°, E',d,r). In Section Bl we defined a Toeplitz
E-pair o on L(C4(E*)) which was shown to be universal (Proposition [38]). Hence
we can identify C*(o) with 7(F). The C*-algebra 7 (F) = C*(o) has an ideal
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K(Ca(Ey,)) which we will denote I. The quotient 7(E)/Ir is the C*-algebra
C*(7) which was shown to be isomorphic to the C*-algebra O(F) in Corollary E.T]
Hence we have the following short exact sequence:

0 Ip —— T(E) —— O(E) —— 0.
Proposition 6.1. The C*-algebra O(E) is nuclear.

Proof. The C*-algebra 7 (E) is isomorphic to the augmented Toeplitz algebra
’Z~’C o(eY)- There is a folklord] that an augmented Toeplitz algebra Tx of a C*-
correspondences X over A is nuclear if and only if A is nuclear (the proof goes
similarly as in [DS]). Hence the C*-algebra %Cd(El) is nuclear because Co(E°) is

nuclear. Since nuclearity inherits to quotients (see, for example, [W] Corollary
2.5]), the C*-algebra O(FE) is nuclear. O

It is well known that a C*-algebra Cy(E?) is separable if and only if E° is second
countable. Similarly we have the following.

Lemma 6.2. The Banach space Cy(E') is separable if and only if E* is second
countable.

Proof. If {&}ren is a countable dense set of Cy(E'), then {Up}ren is a countable
open basis of E* where Uy, = {e € E' | |¢(e)| < 1}. Hence if C4(E") is separable,
E' is second countable. Conversely if E' is second countable, we can find a count-
able subset X of C.(E') such that for every open subset U of E*, every elements of
C.(U) can be uniformly approximated by elements of X NC,(U). By Lemma [[ZG]
we see that the countable subset X is dense in Cy(E?!) with respect to the norm
| - |I. Hence C4(E") is separable. O

We say that a topological graph E = (E° E',d,r) is second countable if both
EY and E' are second countable.

Proposition 6.3. The C*-algebra O(E) is separable if and only if E is second
countable.

Proof. If O(E) is separable, then both Cy(E?) and Cy(E?!) are separable because
t? and t! are isometric. Conversely if both Co(E®) and Cy(E?) are separable, then
O(E) is separable because O(E) is generated by the images of Co(EY) and Cy(E!).
Now the proof ends by Lemma B2l O

In the rest of this section, we assume that E is second countable.

Lemma 6.4. The Hilbert Co(EY,)-module Cy(E},) is full. Hence it gives a strong
Morita equivalence between Ip = K(Ca(Ef,)) and Co(EY,).

Proof. 1t is easy to verify. O

We denote by [Cy(E},)] € KK (Ig, Co(EY,)) the element defined by the imprim-
itivity bimodule Cy(E},). This element gives a K K-equivalence of I and Co(EY,).
Next we see that the inclusion ¢%: Co(E°?) — T (E) gives a K K-equivalence from
Co(E®) to T(E) following [P]. We define a graded Kasparov module (Cq(E*) ®
Cy(E*),m® 74, T) as follows. A Toeplitz E-pair o on L(Cq(E*)) gives an injective
map 7: T(E) — L(Cq(E*)). Define E% =[]~ E™ which is an open and closed

n [Kab], we give a proof of this folklore.
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subset of E*. Hence Cy(EY) is a direct summand of Cgq(E*) and we can consider
L(C4(E7)) C L(Cq(E~)). This summand Cy(E?) is closed under the maps ¢, 0.
We write the restrictions of 0, 0! to Ca(E?}) by (TE)H o} respectively. Since the pair
o4 = (0%, 0L) is a restriction of a Toeplitz E-pair o = (¢, o), it is also a Toeplitz
E-pair on L(C4(E?})). This gives a *-homomorphism 74 : T(E) — L(Cq(E?)).
Since L(Cq(E7})) C L(Ca(E*)), we regard 74 as a *-homomorphism to £L(Cy(E£™)).
Define an odd operator T' € L(C4(E*) & Cq(E*)) by T(( & n) = n® & By [P
Lemma 4.2], the triple (Cq(E*) ® Cq(E*), 7 ® 4+, T) is a Kasparov module, and so
it gives an element 3 in KK (7 (E), Co(E)).

Lemma 6.5. The element 3 € KK(T(E),Co(EP)) is the inverse of the element
00 € KK(Co(E®), T(E)). Hence T(E) is K K -equivalent to Co(EY).

Proof. See [P, Theorem 4.4]. O

Proposition 6.6. For a second countable topological graph E, the C*-algebra O(E)
satisfies the UCT.

Proof. Since I and T (E) are K K-equivalent to commutative C*-algebras Co(EY,)

and Co(E°) respectively, they satisfy the UCT. Now “two among three principle”
shows that O(FE) satisfies the UCT. O

Finally we compute the K K-groups of O(F) in terms of the topological graph
E. To do so, we examine the element j, € KK (Ig, 7 (E)) defined by the inclusion
j: Iz — T(E). We denote by [r,] the element of K K(Co(EY,), Co(E®)) defined by
a triple (C4(E"),7,,0) and denote by ¢: Co(Ey,) — Co(E°) a natural embedding.
We have the following.

Lemma 6.7. With the notation above, we have
[Ca(Ere)] @co(mgy) (bx — [mr]) = Ju O7() B
in KK(Ig,Co(E?)).
Proof. The proof is exactly the same as in [P, Lemma 4.7], hence we omit it. [

Remark 6.8. When E' = E° and d = id, there exists a natural isomorphism
K(C4(E")) = Co(E®). Under this isomorphism, the restriction of m, to Co(Ep,)
coincides with a s-homomorphism 7: Co(ES,) 3 f — for € Co(E®). We see that
the element [r,] € KK (Co(EY,), Co(E®)) is defined by this *-homomorphism 7. For
a general topological graph E, K(Cy(E")) is strongly Morita equivalent to the ideal
Co(d(E"Y)) of Co(EP) via the Hilbert module Cy(E"). Thus we have an element of
[Ca(E")] € KK (K(Ca(E")),Co(E)). The element [r,] € KK (Co(ES,),Co(E))
is the Kasparov product of the element (). € KK (Co(EY,), K(Ca(E"))) induced
by m: Co(EY,) — K(Ca(E')) and [Ca(E')).

Proposition 6.9. Let E be a second countable topological graph. For any separable
C*-algebra B, we have the following two exact sequences:

KKo(B,Co(EPg)) T) KK()(B,C()(EO)) t—0> KK()(B,O(E))

I l

0 — | Ty
KK\(B,O(E)) «—“— KFK(B,Co(E®) <"\ KK (B,Co(EY,))
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and
KKO(CO(EPg),B) ——— KKo(Co(E®),B) «——— KKo(O(E),B)

Lo—[mr] t0

! I

0 — | Ty
KK\(O(E),B) —=— KEKi(Co(E®), B) “—™L KK\(Co(EY), B).

Proof. From the short exact sequence

0 Ig —— T(E) —— O(E) —— 0,
we have two 6-term exact sequences of K K-groups because O(E) is nuclear. As
we saw above, Ig and T (E) are K K-equivalent to Co(Ey,) and Co(E°) respec-
tively. Under these isomorphisms, the element j. € KK (Ig, 7 (F)) coincides with
ts — [m] € KK(Co(EY,),Co(E®)) by Lemma [61 The composition of the map
0%: Cy(E®) — T(E) and the quotient map 7 (E) — O(E) is t°: Co(E°) — O(E).
Now we have the desired 6-term exact sequences. O

Corollary 6.10. For a second countabldl topological graph E, we have the following
exact sequence of K-groups:

Ko(Co(EY,)) L——[7'r]> Ko(Co(E?)) ——  Ko(O(E))

19

*

I l

K(OE) " Ki(Co(E%) <L ey (co(E2)).

rg

Finally we give a new proof of the computation of K-groups of graph alge-
bras by using Corollary G101 Let E = (E°, E',d,r) be a discrete graph. The
group Ko(Co(EP)) is isomorphic to a free abelian group ZE° whose generators
are {[6,]}oepo, and K1(Co(E®)) = 0. We also have Ko(Co(Ey,)) = ZP% and
Ki(Co(EY,)) = 0. For v € EY, we have w.([0,]) = [6,]. We will compute
[7:]([62]) € Ko(Co(EY)). By the computation done in Section ] we have ,.(5,) =
(v) Us..6. for v € EY, (note that 7~'(v) is a non-empty finite set). There

ecr—1
exists an isomorphism

b Ko(K(Ca(EY))) = Ko(Co(d(EY))) = 24F) ¢ 27°
defined by 9([65, 5.]) = [6a(e)] for e € E*. Using this map, we have

[mr]([60]) = 9 ([mr(60)]) = w( > [966,@]) = Y [bue) € Ko(Co(E)).

ecr—1(v) eer—1(v)
Now Corollary [G.10] gives us the following.
Proposition 6.11 ([Sz, Proposition 2], [DT2, Theorem 3.1]). Let E = (E°, E',d,r)
be a discrete graph. Define a homomorphism A: 7P — 7. by A([0,]) = [0] —
Yeer—1(w)l0de)]. Then we have isomorphisms Ko(O(E)) = coker A and K1(O(E)

=~ ker A.

2In [Ka5], we prove this corollary without the assumption of second countability.
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