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SECOND ORDER PARABOLIC EQUATIONS IN BANACH
SPACES WITH DYNAMIC BOUNDARY CONDITIONS

TI-JUN XIAO AND JIN LIANG

ABSTRACT. In this paper, we exhibit a unified treatment of the mixed initial
boundary value problem for second order (in time) parabolic linear differential
equations in Banach spaces, whose boundary conditions are of a dynamical
nature. Results regarding existence, uniqueness, continuous dependence (on
initial data) and regularity of classical and strict solutions are established.
Moreover, several examples are given as samples for possible applications.

1. INTRODUCTION

Of concern is the inhomogeneous complete second order differential equation
(1.1) u’(t) + Au(t) + Bu/(t) = f(t), t>0,

in a Banach space FE, where A and B are linear operators in E, and f an FE-valued
function. The Cauchy problem for (ILT) has been extensively studied since the end
of 1950s (see H. O. Fattorini [9] [10] and T. J. Xiao and J. Liang [24] 25] for surveys).

In this paper, we consider a mixed initial boundary value problem for (IIJ), in
which besides the usual initial condition

(1.2) u(0) = ug, u'(0) = uy,
there is also a boundary condition given by
(1.3) 2"(t) + A1z(t) + B12'(t) = Gou(t) + Gau/(t) + g(t), ¢ > 0.

Here z(+) stands for the boundary value of the state function u(-), these two func-
tions being connected by a linear boundary operator P (from D(A) to another
Banach space X),

(1.4) 2(t) = Pu(t), t>0;

A; and B are linear operators in X, g an X-valued function, and G; (i = 0,1)
are linear operators (feedback operators) from D(G;) C E to X. The boundary
condition (3] is of a dynamic nature, for which we initially have

(1.5) x(0) = zo, 2'(0) = ;.
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Dynamic boundary conditions occur in diverse practical problems, for instance,
in those modelling the dynamic vibrations of linear viscoelastic rods and beams with
tip masses attached at their free ends; see, e.g., [2, [4, 21]. The study of evolution
equations with dynamic boundary conditions from the mathematical point of view
dates back to 1961, when J. L. Lions [18] p. 117, 118] treated such equations and
gave weak solutions by means of the variational method. Since then, this issue has
been investigated to a large extent (see, e.g., [5l 6] [8 [11], [12] 13}, [15], [16], 17, 18] 22]
and references therein). While most of the previous research concerns the case
of first order in time, there has been little regarding the second order (in time)
case. It seems nontrivial or impractical, as far as dynamic boundary conditions are
concerned, to get solutions for a second order (in time) problem by reducing it to a
first order one, especially to obtain strong solutions with high time regularity and
spatial regularity (cf. [I, Theorem 2.1 and Remark 4.2]). In the present paper,
we shall deal with the second order problem (LT) - (L) in a direct way, without
reduction. This approach will yield strong solutions with desirable regularity, as
well as build up theorems of a general nature.

To begin, write

A= (go fD , D(A) = {(;‘) € (D(A) N D(Gy)) x D(A1): = Pu},

B .= (_l; ;)1), D (B) := (D(B) N D(G1)) x D(By),

0 (08). w0=(05). (3 0= 2)

Then, problem (L)) - (IH) is converted into an abstract Cauchy problem in the
product space E := E x X:

{ y"(t) + Ay(t) + By (t) = h(t), t>0,
y(0) = yo, ¥'(0) = y1.

How can one deal with this problem involving two operator matrices? We shall
present some ideas about it. This paper is confined to equations of parabolic type,
and those of hyperbolic type will be considered in a forthcoming paper.

In order to carry out our strategy, we still need to introduce another boundary
operator Py, a linear operator from D(B) to the quotient space X/Xy (Xo is a
closed linear subspace of X). The P; can be chosen flexibly in applications (see
Examples 1] 23] and [£1]), such that the relation

(1.6) 2 (t) € Piu'(t), t>0,

is implied by (1), (C3)) and (LC4)). The simplest P; is in the case of Xo = X.
For the two operators A and B in the state space E, we define

(17) AQ =A 5 BO =B

ker P ker Py '

Then the elements in the domains of Ay and By have zero boundary values in some
sense. A condition of parabolic type will be given on the operator pair (Ag, Bo)
(also on (A1, By)), which is easy to verify in concrete situations. Moreover, for
equations (CI) and (I3), we regard A, B, Ay, and B as principal operators to
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which Gy and G are subordinated. For a wider applicability, we take four more
perturbing (linear) operators into consideration:

A:D(A)CE—E, B:DB)CE—E,

A :DA)C X —X, B :D(B)CX—X.
Thus, we shall actually study

{ Y () + (A + J&) y(t) + (B + E) Y (t) = h(t), t>0,

(1.8)
y(0) = yo, ¥'(0) =1

in space E, with the main operator matrices A, B and the perturbing operators ;&,
B defined as follows:

A= (‘3 j), D(A) ::{(Z)eD(A)xD(Al); x:Pu},

B .= (lg £1> , D(B):= {(2) e D(B) x D(By); € Plu}.

- A - B
A = 9 , B:= B 9 .
—Go A1 —Gl Bl

In Svection 2, we shall show under suitable conditions that the operator pair
(A + A, B+ B) possesses certain parabolicity (Theorem 23], and then construct
an operator function S(-) (a fundamental solution operator of (L)) having a holo-

morphic extension to a sector ¥y (0 € (0, 5]) and satisfying various nice properties
(Theorem 24). Making use of this, we will formulate and prove, in Section 3, our
main theorem (Theorem [3:3)) with regard to the existence and uniqueness of classi-
cal and strict solutions for (I.8)), also continuous dependence (on initial data) and
regularity of the solutions. Finally, in Section 4 we shall exhibit three applications
of our theorems to damped beam and plate-like equations with dynamic boundary

conditions.

Notation. For Banach spaces E' and X, L(E, X) is the space of all bounded linear
operators from F into X. The space L(E, E) is abbreviated to L(E). For a
linear operator A in E, D(A), ker A, and p(A) stands for its domain, kernel, and
resolvent set, respectively. The operator A‘ , means the restriction of A to a space
Z. C*([0,T]; E) (a € (0,1)) is the Banach space of Holder continuous functions
q:[0,T] — E with exponent o and norm given by

sup |lg(t)e+ sup (t—s)"%[q(t) —q(s)|e.
0<t<T 0<s<t<T
Write
Yp:={Ae€C; X#£0, |arg)| <06}, 6¢€(0,7],
Ri(\):= (N 4+ A;+AB)", i=0,1, AeC,
~ ~ o\ 1
R()\) = ()\24— (A+A) +/\(B+B)) . MecC,
if the inverse operators exist, and

p(Ag, Bo) := {\ € C; Ro()) exists and belongs to L(F)}.
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By [D(A)] we denote the space D(A) equipped with the graph norm, [D(A)]p the
space D(A) with the norm

[ulla,p = llull + [[Au]] + [| P,
[D(B)]p, the space D(B) with the norm

[ullg,py o= [lull + | Bull + | Prullx/x,

[D(A) N D(B)] the space D(A) N D(B) with the norm

lulla,p == l[ull + [[Aul| + | Bu],
and [D(A) N D(B)]p the space D(A) ND(B) with the norm

[ulla,p,p = [lu] + [[Au]| + [ Bul| + || Pu].

2. PARABOLICITY
We first give some basic properties of the operators A, B and P.

Lemma 2.1. Suppose that the following (Hy) is satisfied.
(Hy) [D(A)]p and [D(B)]p, are complete, P(D(A) ND(B)) = X, and Pu € Piu
for any v € D(A) ND(B).
Then
(1) The space [D(A) N D(B)]p is complete.
(2) If A € p(Ao, Bo), A # 0, then we have that P

ker(A\2 + A+ AB) onto X, and

s a bijection of
ker(A2+A+AB)

-1

D)\ = (P )
ker(A2+A+AB)

is bounded from X to (ker(A\2 + A+ AB), | - |la,B,p)-
(3) For every A\, pu € p(Ap, By) with A, u # 0,

(2.1) D =D, + (1t — NRo(\) (i + A+ B)D,.

Proof. (1) Suppose that {uy,}nen is a Cauchy sequence in [D(A) N D(B)]p. Then
it is easy to see that {u,}nen is a Cauchy sequence in [D(A)]p. So there exists
u € D(A) such that

(2.2) Uy — u, Au, — Au, Pu, — Pu, as n — oo.

Moreover, {un }nen is also a Cauchy sequence in [D(B)]p,, because of
| Pranll < 1Pl

by (Hj); therefore there is v € D(B) such that

(2.3) lim w, =v, lim Bu, = Bv.

n—oo n—oo

Combining (Z2) and (Z3)) shows that v = v, and so
u € D(B), lim Bu, = Bu.

n—oo

This verifies the completeness of [D(A) N D(B)]p.
(2) Assume that u,v € ker(A\? + A 4+ AB), with Pu = Pv. Then

M+ A+AB)(u—v)=0 and P(u—wv)=0,
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which implies P;(u — v) = 0. Therefore u — v € D(Ap) N D(By) by the definitions
of Ag and By. Thus we have

()\2 + Ay + )\Bo)(u — U) =0.

This yields that u — v = 0 since A € p(Ap, By). Hence P is injective.
ker(A2+A+AB)

Next take z € X. Then there is u € D(A) N D(B) such that Pu =z, by (H;y). Put
v = RoyA) (A2 + A+ AB)u, vy =u — ;.
We see easily that v; € D(Ag) and (A2 + A + AB)vz = 0. So
Pvi =0, Pvy=Pu— Pvi =z,

and vy € ker(A\2+A+\B). This indicates that P is surjective. Finally,
ker(A2+A+AB)

we observe that (ker(A\? + A+ AB), ||ulla,5,p) is a Banach space in view of (1), and

P is a bounded linear operator from (ker(A? + A + AB), | - ||la.5.p)
ker(A\2+A+AB)

onto X. So an appeal to the open mapping theorem gives the boundedness of D).

(3) Write
Q=11+ (i~ NRo(N) (i + A+ B)|D,.
Then for each x € X,
N +A+AB)Qr = [NV +A+AB)+p? =N+ (u—NB|D,z

= (W + A+ pB)Dyz =0,

since D« € ker(u?+ A+ uB). Thus we see Range(Q) C ker(A?+ A+ AB). Moreover,
we have PQ) = PD,, = I, noting PRy(\) = 0. Therefore, we deduce Q = D, as
claimed. The proof is then complete.

The following is the hypotheses of parabolic type on Ag, By (see (7)) and on
Al, Bj.
(Hz) The operators Ag and By are closed, and for each ¢ € (0,0) (6 € (0, 3]),
there exist M, w, > 0 such that

IARo(N|, A AoRo(N)|| < MyA ™", A€ wy + Sz

(H3) The operators A; and B; are closed, and for each ¢ € (0,60) (6 € (0, 3]),
there exist M, w, > 0 such that

INRL V[, AT AL R (V)| € MIA™Y, A€ wy + Sz

Remark 2.2. In concrete problems, it happens quite often that A; and Bj are
bounded operators on X. In this situation, (Hs) holds automatically.
Prior to stating Theorem 23] below concerning (among others) the parabolicity of

(A + .&, B+ ]§), we recall (cf., e.g., [, p. 169]):
A linear operator B in a Banach space Y is called A-bounded, for a linear operator
AinY, if D(A) C D(B) and there exist constants a, b > 0 such that

(2.4) 1Byl < allAyl| + bllyll
for all y € D(A); the A-bound of B is
inf{a > 0; there is b > 0 such that ([2-4) holds}.
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Theorem 2.3. Let 6§ € (0, 5]. Suppose that (Hy) — (Hs) hold. Let
(2.5) Ae L([D(A)]p,E), Be L(D(B)p,E),
(2.6) Go € L([D(A)]p,X), GieL([D(B)]p,X),
(2.7) Ay € L([D(A)],X), By e L([D(B1)],X),

P
P,

such that /Nl, G0~a7"e Ag-bounded with Ag-bound zero, E, G1~ are By-bounded with
By-bound zero, Ay is Aq-bounded with Ai-bound zero, and By is By-bounded with
Bi-bound zero. Then

(1) A and B are closed, and
(2.8) A € L([D(A),E), B e L([D(B),E).

(2) There exist Mj, > My, w,, > w, such that

(29) AR, [ ARQY

: HBf{(A)HgM;p\rl, PRCTRANE SE

Proof. We let

un . un Uu . un v
( > C D(B), hm< )—<>, hmB( )—<>
Tn nEN n—oo \ T, T n—o00 Tn Y

Then
lim z, =, lim u, = u,
n—oo n—oo
lim Bz, =y, lim Bu, = v,
n—oo n—oo

and {Pyuy, }nen is a Cauchy sequence in X /X since
Ty € Pru, and  ||Pr(un — un)|| < ||2n — Tm|l, m,m € N.
This combined with the closedness of By and the completeness of [D(B)]p, indicates

that
x €D(B1), weDB), Bix=y, Bu=wv, lim Pu,= Pu.

n=00
We observe that
dist(z,, Pru) = ||Prun — Prullx/x,,
because of x,, € Piu,. It follows that
dist(xz, Piu) = lim dist(z,, Piu) =0,
n—oo
and therefore x € Pyu. Thus we know that B is closed. A similar and simpler

argument shows the closedness of A.
Next, we observe that

1)
)

u u

and that < ) € D(A) (resp. ( ) € D(B)) implies x = Pu (resp. z € Piu). From
x x

this and ([ZH) — (), we see easily that ([Z3) is true.

U
=l + el + el + aral) or () € DA,
[D(A)]

U
—lull + el + 18l + [ Bra] tor (%) € DB
[D(B)]
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Now, fix ¢ € (0,0) and let A € w, + X5 4. If Cz) € D(A) N D(B), then by
Lemma [2.1] (2),
(M + A+ AB)Dyx =0,
u— Dyx € (ker P)ND(A) ND(B) = D(Ap) N D(By);

+A+/\B 0 U
/\2+A1+)\Bl) x
A2 —l—A—l—/\B u— D)\J?
/\2+A1+)\Bl
A2 —|—Ao+>\Bo u—D)\x
)\2+A1+)\Bl

)
- (T ) 6 )
(

A2 + Ay + A\By I —DA)
0

0 AN+ A+ >\Bl>
(é ?) <) € (D(40) N D(Bo)) x (D(A1) N D(B1)

SO

(\2+ A +AB) (Z)

We then get
AN +A+)B= (

noting that

T

implies <Z> € D(A) N D(B). Tt follows that A% + A + AB is invertible and
R(\) = (A2+A+AB)"
(2.10) B (I ) ( . RfEA))
(b ey
- (0 a2

Take p € wy + Yz 4,. Then
(2.12) AD,, BD, € L(X,E),
by Lemma 2.1] (2). Using ([2.12) and (Hs), we get from (2.1]),
sup (DAl + A~
This combined with (Hs) and (Hs) yields that
(2.13) AR, [[ATTARWN)|| < M/IA7Y, A€ wy + Sz,

i A€ wp +Bz4p) < o0
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for some constant M’ > M. From (ZI0) we have

(2.14) AR()) = < ARy(3) ZDARMZ ) :
—G()Ro()\) —GoDy\Rq (/\) + AlRl(/\)

(2.15) BR()\) = ( BRo(%) BDARi(3) ) :
—GlRQ()\) —GlD,\Rl()\) =+ BlRl(/\)

Since A (resp. B) has Ag-bound (resp. Bo-bound) zero, there exists a(8) > 0, for
each § > 0, such that for A € wy, + Xz 44,
|AR)| = sl A0Ro )] + a@) [ Ro(M
(5sup{||A0R0()\)||; A€ w, + 2%4_4@}
+a(8)sup {[NRo(N)[l; A € wy + g0} A2,
S[[ABoRo (M| + a(d) AR (M)l
§sup {|[ABoRo(A)[; A € w, + E%Jr(p}
a@)sup {IN2RoN) s A€ wip+ S50} A

IN

IN

o]

IN

Recalling (Hs), which implies
|BoRo(N)|| < (1+2My)A™', A€ew, + DOE- U

we see that the above supremums are all finite. Hence, for each ¢ > 0, there exists
B(g) > 0 such that for A € w, + Xz 4o,

|Aro)||, [ABR|| < 2+ BN
The same is true of each of |GoRo(A\)|, [ING1Ro(N]], H/LRl(A)H, H/\f?lRl()\)H.
Note that
(2.16) AD,, BD, € L(X,E),

by ([£3) and Lemma 2] (2). We deduce from @1)), (212) and (21d) that for
)\ S (U4p + 2%4‘%7

|ADAR )| < || 3D IR )1+ || AR ) | 1Dl 112 = X2 Ra )|
+{| AR | 1BDLII e = N RV

H/\EDARl(/\)H < HED“

IR+ [ABRo || 1Dl ]2 = 32) R (V)|
+[[AB RO 1BDL G = MR
Then, by (Hs) there is a constant Cp > 0 such that for A € wy, + Xz 44,

o] o o+ 0]

MBDARI V)| < Co (1171 + |ABRo(Y)) -
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Similarly, we have
[GoDARL(N)|| < C1 (A2 + [GoRo(N)) ;A € wp + B4,
[AG1DARI(N)[| < C1 (A 7" + [IAG1Ro(N)]]) A € wy + Tz 10,

for some constant C7 > 0.

The above arguments imply the existence of a constant w(o > w, such that
HAR(A)H n H)\ER(/\)H < % New, + Ny,
by the use of (ZI4) and (ZI5). Accordingly, we see that for A € w), + X = 4o,
X+ (A+A)+A(B+B) = [I+AR() + ABR(\)| (A2 + A + AB)
is invertible, and
R()) = RO [1+ AR(Y) + ABR(Y)] .
This, together with (ZI3), yields that for A € wi, + ¥z 1,

H)\f{()\)

—1Aﬁ(A)H < 2M'|\|7 Y,

Hﬁﬁ(A)H < Hxl S AR(N) = ATTAROY|| < (14 20
The proof is now complete.

By virtue of Theorem 233, we can obtain a fundamental solution operator of ([L3)
as below.
Theorem 2.4. Assume that the conditions of Theorem hold. Define
~ ~ 1 -
(2.17) S(0)=0, S(t)=-— / eMR(N)dN (t > 0),
r

211

where T' is any piecewise smooth curve in w, + Xz1, (¢ € (0,0)) going from
Wy + oc0e™ ™ to Wy + oce'® (for some & € (g, 5+ 90)), and leaving w, on its left.
Then

(1) The operator function S(-) can be extended analytically to Sg such that
S(z)y e DIA)ND(B) foryeY, z € Sy,

and AS(-), BS() are analytic in Xo;
(2) for any ¢ € (0,0), S(-) is strongly continuous in Yo;
(3) for each y € D(A) ND(B),

t

2.18 lim S'(t)y =y, lim BS(t)y=0, lim A [ S(s)yds=0;

(2.18) Jim Sty =y, Hm BS(t)y =0, Hm A | S(s)yds = 0;
(4) for each o € (0,0), there exists M/, > 0 such that

‘A/Oz S(r)dr

(2.19) ‘

§/(z)H, HBé(z)

< M;e““’Rez, for z € Xy;
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(5) for any k € {0,1,2,3,4}, there exist M, w > 0 such that
(2.20) H§<’€> (t)H , HBg(k’l)(t)H , HA§<’€*2> (t)H < Mt=FDewt 50,

where

SCEI(t) = /Ot(t — ) 1S(s)ds, i=1,2;
(6) for every z € g,
(2.21) S"(z) + (B + E) S'(2) + (A + 11) S(z) =0,
(2.22)  §"(2)y +S'(2) (B + ﬁ) y+S(2) (A + A) y=0, yeDA)NDB).

Proof. By means of Theorem [2.3, the arguments similar to those in the proof of
the implication (ii) = (i) of [24], Theorem 1.1, Section 4.1] justify assertions (1) -
(4) and (6). In order to show assertion (5), we choose I' = w,, +I' with

T = {peﬂ%e; p> 1} U {ew; 0] < (5}.
From (2Z17) we get

S®(t) = ZL / AFAMR(A)dA
™ Jr

t—lew¢t

_ ko=
- 2m /tF1 (t 1M+w<ﬁ) "Rt 1u—|—w¢,)du

t*lewwt

= - / (t*1u+w¢)ke“f{(t71u—l—w@du,
211 r

~ 1 ~
BS* D) = ﬂ//\k‘le“BR(A)d/\
™ Jr

t*lewwt _ ~
N ' /p (" i+ wp) e BR(E i+ wy)dp,
1

211

1

2mi

ASF=2) (1) / M2 AR(N)dA
T

t*lewwt

= : / (t'u+ w@)k_Q AR 4wy )dp.
2me Iy

Therefore, using Theorem 23 yields that for ¢ > 0,

s 5 0] =

IN

1 -
_tf(kfl)ewwt/ ‘/.L—l—f?‘k 26Reu|d,u|
2w r

< const t—* 1 (1 + t2) ewel,

The proof is then complete.
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3. THE MAIN THEOREM FOR PROBLEM ([[.8))

Definition 3.1. Assume that A, B are closed, and A, B satisfy ([ZX). Let h €
C((0, 7] E).
(i) A function y(-) is called a classical solution of (L) if y(-) € C?((0,T]; E) N
([0, T]; E),
y(-) € C((0, T [D(A)]), /0 y(o)do € C([0, T}; [D(A)]),

y'(-) € C((0, T [D(B))), y() —»(0) € C([0,T};[D(B)]),
and ([CH) is satisfied.
(ii) A function y(-) is called a strict solution of (LX) if y(-) € C%([0,T}; E) N
C([0,T]; [D(A)]), ¥'(-) € C([0,T]; [D(B)]), and (1) is satisfied.

Remark 3.2. It can be seen from (28] that
(1) if y(-) is a classical solution of (L.g), then

By'(-), Ay() € C((0,T];E),
B(y(-) — y(0) ,A/ o)do € C([0, T); E);
(2) if y(-) is a strict solution of (LJ)), then
By'(-), Ay(-) € C([0,T];E).

Now we introduce a subset Y of E, which is closely related to the Brezis-Fraenkel
condition in [3] (see also [14] Appendlx] [19]). Put

(3.1) Y= {y € D(B); 11151 U(t,y) = O}
t—
where
(3.2)
U(t,y) = inf t — t~ Yy —vl]),
(t,y) veD(i‘ng(B)( [vllipcaynpm) + 1y — vlipm@) + 1ty — )

€ (0,T], y € D(B).
It is not difficult to see that
D(A)ND(B) c Y c D(A) ND(B).
We are now in a position to present our main theorem.

Theorem 3.3. Let the hypotheses of Theorem [Z3 hold, h € C*([0,T;E) (o €
(0,1)), yo € D(A)UTY, and y1 € D(A)ND(B). Then
(1) problem (IL.8) has a unique classical solution y(-), given by

(3.3) y(t) = C(t)yo + S(t)ys +/O S(t — s)h(s)ds, t€10,T],
where for t € [0,T],
i~ [ SO+ Rwds, if e D(A)

(3.4) é(t)yo = _Jo _
@wHS@m+BDW if yoe.
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(2) the function y(-) satisfies the following reqularity property and estimates:

(35) y"(), By'(), Ay(-) € C*(. THE), =€ (0,T);

56 ly®l < const (1Alleqorym + vl + vl
if yoe X, tel0,T];

37 ly @)l < const (blloqo.rym + 19ollpeay + lnll)

Zf Yo € D(A)a te [O7T]7
ly" O+ 1y Oll oy + 1y llipeay,

(3.8) < const (Htha([O,T];E) + HyO”[D(A)] + ”yl”[D(A)r‘]’D(B)] )a
Zf Yo € D(A)v Y1 € D(A) n D(B)v te (OaT]

(3) the function y(t) is a strict solution of (I8) provided yo € D(A), y1 € Y,
and

(3.9) (A +A)yo + (B + B)y, — h(0) € D(A) N D(B).

Proof. We will use frecly the closedness of A, B and the fact (ZJ) concerning A
and B. Put

Y (1) ;:/O S(t — s)h(s)ds, te[0,T).

We then have (noting S(0) = 0)

(3.10) y*(t):/o §(o)h(t)da+/0 S(t — o) (h(0) — h(t))do, te [0,T),

(3.11) yh(t) = S(t)h(t) +/0 §’(t —0o)(h(o) — h(t))do, te]0,T],

(3.12) Y (t) = S (t)h(t) + /0 S"(t — o) (h(c) — h(t))do, te (0,77,

in view of the estimates
(3.13) [[h(o) — h(t)|| < const (t—0)*, 0<o<t<T,

and (Z20). Thus, we infer by (B.I3), (Z20), (Z2I) and Theorem [Z4 (1) and (2)

that

(3.14) vl (), By.(), Ay.() € C((0,T];E),

(3.15) .00 B0 A [ (oo e C(0.TIE)

(3.16) Y (t) + (B + ﬁ) (1) + (A + A) yo(t) = h(t), te(0,T).
Clearly

(3.17) y.(0) =0, y.(0) =0,
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by (BI0), BII) and (ZIM). Next, we fix e € (0,T). Using (812), BI3)) and (Z20)

yields that for e < s <t <T),

[y () =y ()l

< [s]inw -+ | [ 8@ 1ne)
+ 57 =0)= 5" = o[ Ito) o)
+| |87t~ aydo I1(s) ~ nio)
+ [ 8o Into) = nioyiao
< const (t—s)“+/:01da+/os /::Ter (s — 0)%do
+[se=s -8 -9+ [ t(t—cr)a—lda]
< const (6= ) e =9+ (0 9) [ (0 0) ) o]
< const (t — ).

In a similar way, we obtain from (3.I0) and (BI1I)

IBY, (1) ~ By ()|, 1Au.(t) — Ayu(s)] < const (t—5)°, e<s<t<T.
Therefore
(3.18) yi (), Byi(), Ay.() € C*([e, THE), £€(0,T).

We now take care of C(-)yo and S(-)y;. By (@) and the related properties of S(-)
(see Theorem 24)), we get

(3.19) C(0)yo = yo. S(0)y1 =0, C'(0)yo =0, S'(0)y1 =y,
(3.20) C"()yo, BC'(-)yo, AC(-)yo € C((0,T}; E),
(3.21) S”(-)y1, BS'(-)y1, AS()y1 € C((0,T]; E),

and

C"(t)yo + S" (t)y1 + (B + fs) (6’(t)yo + §’(t)y1)
(3.22) +(A+A) (Ctwo+Stn)
= 0, te(0,7].
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Moreover, using (220)), we see easily that fore < s <t < T,
|€ 90— € (s
(3.23) ‘ BC'(t)yo — Bé’(s)yOH < const (t — s),

AC(t)yo — AC(s)uo

S"(t)y1 = 8" () |
(3.24) ‘Bg’(t)yl —BS'(s)i H < const (t — s).

A8ty — AS ()

In the following, we will show that

(3.25) CWMLB@@m—@%AAéwmw—HO

ast — 0", When yo € D(A), (328) follows immediately from (B4) and Theo-
rem 24 (2) and (4). Now let yo € Y. Making use of (220), (Z22) and noting
S(0) =0, S’'(0)v = v for v € D(A) N D(B), we obtain

[sqom|
= oo €O -1 =50) (a+ &)
b (P15 48) i 0| (34 8)
< const ¥(t,y0), te€(0,T] (by B2),
|B (w0 —w)
= veD(j‘Sme(B) BC(t)(yo —v) — B /01t S(0)(A + A)vdo + B(v — 1)
< const ¥(t,yp), te€ (0,7,
HA/t C(0)yodo
0
~ t ~ ~
= o A (S(t) +/O S(0) (B + B) da) (yo — )
t
—A/ (t — 0)S(0) (A + K) vdo + tAv
0
< const ¥(t,y), te€(0,T].

This leads to (325) in view of the definition of X (see (Bl)). Combining (ZI3),

B13) - I, B19) - B22), and [B2) together, we deduce that the function
y(-) defined by (B3) is a classical solution of problem (L3).
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In order to show the uniqueness, let v(-) be another classical solution of (LJ].
Then

V() —y' () + (B + E) (0(t) — y (1)) + (A n A) /Ot(v(s) —y(s))ds =0, telo,T.

So a calculation involving integration by parts shows that for ¢t € [0,T], A large
enough,

(A + (B + ]§) +A7t (A + K)) /01t M) (v(s) — y(s))ds

= vt +y)+ A (A+A) / (4(0) - y(o))do

Hence for ¢ € [0,T],

lim e_)‘/o A=) (u(s) — y(s))ds = 0

A—00

since limy o0 A2 *R(AN)w = 0 (w € E). This yields that v(t) = y(t) for all
t € [0,T], in view of [20, Lemma 1.1, p. 100]. Therefore, assertion (1) is valid.

The regularity property (3.5)) comes from B18), (3:23) and (3:24)). Based on the
expression (B3) of y(¢), we derive the estimates (3:6) — B:8) by (2:19) and (Z:21]).

Finally, assume yo € D(A) and y; € Y satisfying (8d). To prove that y(-) (in
this case) is a strict solution, we observe by ([B3), 222) and (BI2) that
') = SO ((A+A)w+ (B+B)y - h0)
+§" (O +8'(t) (B + B) 1 + 8/ () (h(1) - h(0)
t
+/ S"(t — o)(h(o) — h(t))do, te (0,T].
0
The same reasoning as for ([8:25) (in the case of yo € Y) gives that

lim (g”(t)yl +8(%) (B + fa) yl) —0.

t—0+
Therefore
: " _ A _ B
(3.26) lim y"(t) =~ (A+ &) yo— (B+B)yr +h(0),
by 218) — (2:20) and B:I3). Analogously, we obtain
3.27 lim By'(t) =B lim Ay(t) = Ayo.
(3.27) Jim By'(8) =Byy,  lim Ay(t) = Ayo

Thus, (B26) and ([B27) together with assertion (1) justify assertion (3). This fin-
ishes the proof.

4. EXAMPLES

In this section, we present three examples, which do not aim at generality but
indicate how our theorems can be applied to concrete problems.
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Example 4.1. We consider a linear viscoelastic beam with a tip mass whose dy-
namic evolution is described by the following system:

O u+ Ogu + IO = f, t€0,7], £ €(0,1),
u(t,0) = deu(t,0) = 0, t€[0,T],
(4.1) kOFu(t, 1) — dgu(t, 1) — BOOu(t,1) =0, te[0,T],
Y07 eu(t, 1) + BZu(t, 1) + BOFdu(t, 1) =0, te[0,T],
u(0,8) = ¢o(§), 9u(0,€) = p1(§), §€0,1],

where 3, k and 7 are positive constants, and f € C%([0,7]; L*(0,1)) (a € (0,1)).
Take
E=120,1), X =C?

4

A:j_g with D(A) = {p € H*0,1); (0) = ¢'(0) = 0},

_ (PN .
Py = <¢,(1)> for ¢ € D(P) :=D(A),

Hilsﬁm(l)
= f D :=D(A

Goy (—’y_l@//(l)) or ¢ € D(Go) (A),

B=pA, P =P G;=p0Gy,

A1:O7 31:07 AVZO, Avl:Oa EZO; g120

Then we see easily that By = 34¢ (see (1),
4

Ao = Ger

with  D(4g) = {p € H*(0,1); ¢(0) = ¢'(0) = p(1) = ¢(1) = 0},

and
|- llap ~ 1 ll5p ~ I |lma-

Obviously (H;), (Hs) and (2.6) hold. From the fact that — By generates a strongly
continuous analytic semigroup on L?(0, 1), it follows that (Hz) holds too (cf. [24]
Corollary 1.6, p. 149]). It is clear that Gy : [D(Ag)] — C? is bounded and so
compact. By [7] Lemma 2.16, p. 179] (with a slight improvement), we deduce that
Gy is Ag-bounded with Ag-bound zero. Likewise, GG; is Bp-bounded with By-bound
zero. Moreover, we note that D(A) N D(B) = E (see Section 1 for the definitions of
A, B and E), since D(Ag) N D(By) is dense in L%(0,1) and P(D(A) ND(B)) = X.
Setting

v =(U0) w0 =ue a0 =(00). ren.

we apply Theorem B.3]to conclude:
For every oo, 1 € H*(0,1) with ¢;(0) = ¢}(0) = 0 (i = 0,1), problem (&I)) has
a unique solution

(4.2) u e C?([0,T); L*(0,1)) N C*([0,T); H*(0,1));
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moreover,

O*u € O ([E,T];LQ(O, 1)) , OueC” ([E,T];H4(O, 1)) , e € (0,7),
||81€2U’(t5 .)||L2(0,1) + ||8tu(ta ')HH“(O,l)

< const (|| flleeo,rrp200,0)) + leollgao,) + leallgao,ny) » € 10,7

For the uniqueness, we have made the observation that if u is a solution of problem

1) satisfying (£2), then
/ — u/ x = on(l) x’ - 501(1)
2 (t) = Py/(t) (t€(0,T]), z(0) <%(1)> > #(0) (@(1)) '

Remark 4.2. In [Il, Theorem 5.1], problem (I was discussed in a much weaker
form. The weak solution v obtained there satisfies that

v, 0" € L*((0,T):6),  (Qu)', (Qu)" € L*((0,T); &),

and

{ (Qv)" + (Mv) + Nv=f in L2((0,T);&"),

Qu(0) = Qvo, (Qu)'(0) = Qer,
where € := {p € H2(0,1); ¢(0) = ¢'(0) = 0}, the dual space & D> L*(0,1) D €&,
and the operators Q, M, N : £ — £’ are defined by

Qo ) = /0 ot + ro(1)p(1) + 46 (L (1),
(Mo, ) = /O B de,

1
(N, 1) = /0 oY de, 0, €.

Example 4.3. Let 2 be a bounded domain in R™ with smooth boundary 92, and
let p > 0. We consider the mixed boundary control problem for a structurally
damped plate-like equation:

O?u + A%u — pAdyu = 0, in [0,T] x Q,

02 (ul,,) = w, in [0,7] x 09,
W) ? (o) 0.7]

Aul,, =0, in [0,77] x 99,

u(0,+) = o, Ou(0,-) =1, in
where w is the control force.
The objective is to show that problem (£3]) (with a suitable w) is well posed in
LP(Q) (1 <p < o0).
We consider the case where w is built up by a feedback control law:
w = (Au,a)b+g
with
11 )
a € L1(Q) EJF];: , be W=P(0Q),
g€ C([0,T); W?P(9Q)) (a € (0,1)).



4804 TI-JUN XIAO AND JIN LIANG

When a = 0, [@3]) becomes an open loop problem.
In order to apply our theorems, we take

E=1IF(Q), X=W>?0Q),

B = —pA with D(B)=W?P(Q),

A=A with D(A) ={peDB?); Ag|,, =0},
Gop = (Ap,a)b for ¢ € D(Go) :=D(A),

Pp=¢yp 0 for ¢ € D(P):=D(A), P1=P,

A, =0, Bi=0, A=0, A,=0, B=0, B =0, G;=0.

We claim that (H;) is satisfied. In fact, a trace theorem [23] Section 5.5.2, pp. 390,
391] says that

P (Ap, @ly)
is an isomorphic mapping from W?2?(£2) onto LP(Q) x szi’p@(l). Hence, given
x € WQ_%”’((?‘Q), there exists p € W2P(Q) such that
Ap =0, 50‘89 =zx.
It follows immediately that
v € D(A) and Py =z.

So P(D(A)ND(B)) = X. Next we show the completeness of [D(A)]p. To this end,
we take a Cauchy sequence {¢n}nen in [D(A)]p. Then, there exist r, rg € LP(£2)

and v € W27i’p(89) such that

(4.4) lim {|thn —7|[Lr(e) =0,
n—oo

(4.5) nhjrolo HA2'¢n - TOHLP(Q) =0,

(4.6) Jim [on 50 = ’UHWQ_%”’(BQ) -

(4.7) Awn‘an =0.

According to (£H) and (47), the isomorphism P implies the existence of ry, ro €
W?2P(Q) such that

(4.8) nlgrolo [ Adpy, — 7"1||Lp(Q) =0,
(49) A?“l =70, 7“1‘8Q = 0.

Using (4)), (46) and (£8) yields that
re W2P(Q), Ar=r,

From this, (9) and (@4) — (@), we deduce that
r€D(A) and lim ||¢p, —r|la,p =0.
n—oo

T|8Q =0
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Therefore [D(A)]p is complete. The completeness of [D(B)]p, can be verified in
the same way. Moreover, using the P again we find that

(4.10) I llap ~ - llwze@) + 1A - llwae@s (- IB,e0~ (- lwee @)

Clearly By := B|kerP1 = —pAp and Ag := A‘kerp = A% (Ap is the Dirichlet
Laplacian). By [14, Theorem 3.4], (Hz) holds. The first equivalent relation in (FI0)
tells us that Gy € L([D(A)]p, X). Obviously, Gy is relatively A%-bounded with
A2 -bound zero. Thus the hypotheses of Theorem R3] are fulfilled. So Theorem 2.3
is applicable to this situation, in which D(A) N D(B) = E,

y@—(““)), wlt) = ult, ), x(t):=ult,)],, te0,T)

Noting (£I0), we then obtain the following conclusion:
For every g, p1 € W2P(Q) with Apg, Ap; € W2P(Q) and A500|89 = Ay
= 0, problem (Z3) has a unique solution

P

(4.11) ue C?([0,T]; LP(Q)) n C* ([0,T]; WP(Q)) ;
Au € C([0,T]); WP(92)),
O*u € C*([e,T); LP(Q)), O, Au € C¥([e, T]); W2P(Q)), € (0,7),

and for ¢ € [0, T7,

||8t2u(ta ')HLP(Q) + ”atu(tv ')”W?sP(Q) + ”Au(tv ')”Wlp(ﬂ)

1

< const | [lgllcaqoriweron) + D Iilwar@) + 1Ag;]Iw2r @)
§=0

Here, for getting the uniqueness we used the fact that if u is a solution of prob-

lem (£3) satisfying (@II), then (dyu(t,-)) |89 = 0 (u(t,~)|8ﬂ), by virtue of the
isomorphism P, and therefore

o'(t) = P (t) (t€[0,T]), @(0)= @olyy, 2'(0) = 1]

Remark 4.4. To our knowledge, the result in Example[4.3] is new even for the case
of p=2anda=0.

Example 4.5. Let p >0, a € (0,1), f € C%([0,T]; C[0,1]),
9gj, hjeca([ovT];C)a ]:071
For each i, j = 0, 1, let A;;(0¢) (resp. B;;(0¢)) be a linear differential operator

in [0, 1] with complex coefficients of the order not exceeding 3 (resp. of the order
1). We consider a damped Euler-Bernoulli beam equation with dynamic boundary
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conditions:
(4.12)
Ou+ Ogu — pdidu = f, in (0,7] x [0,1],
Q?u(t, ) + Aoj (0g)ult, 5) + Boj(0¢)Owu(t, §) = g5, in (0,7] x {0,1},
afagu(td) + Alj(ag)u(tvj) + Blj(af)atu(taj) = hjv in (Oa T] X {07 1};
U(O, ) = $0, atu(oa ) = ¥1, m [07 1]7
atagu(oa]):wjv ]:071
Take
E=C[0,1], X =C*
A= a ith D(A) = C*[0,1]
d§4 w ) )
B= L th D(B) = C?[0,1]
pd£2 w1 P b
«400(8&)@(0)
Ao1(9¢)e(1)
Gop = — f € D(Gy) :=D(A),
0P Aro(90)(0) or ¢ € D(Go) (A4)
A1 (9¢)p(1)
Boo(0¢ )0 (0)
Bo1(9¢ ) (1)
Gio= — f € D(G1) := D(B),
=  Bu@geny | O PO =PE)
B11(0¢) (1)
©(0)
e(1)
Py = f D(P) :=D(A
SD (p//(o) or SD 6 ( ) ( )’
©"(1)
©(0)
1
Prp— ‘pz( ) . 23, 4 €Cy for ¢eD(P):=DB),
3
24
A1 =0, Bi=0, A=0, A, =0, B=0, B1=0
Then we have
.
Ao = 27 with Do) = {p € CH0,1]; 9(0) = p(1) = ¢"(0) = ¢"(1) =
d2
By P e with D(By) = {¢ € C?[0,1]; ¢(0) = ¢(1) = 0},
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Obviously (Hy) and (Hj) are satisfied. So is (Hg) from [I4}, p. 1017, line 4]. Fur-
thermore, we know that Gy (resp. Gp) is Ag-bounded (resp. Bg-bounded) with
Ap-bound (resp. Byp-bound) zero (cf. [7} p. 170]). Thus the hypotheses of Theo-
rem 2.3 are all satisfied. Therefore Theorem B.3 is applicable. In this case,

u(t,0)
(MY e e e | AED
w0 = () wo=u = et Lt
O2u(t,1)
(4.13) D(A) N D(B) = {(‘;’) €Cl0,1]x C% ze Plga} ,
(4.14) Y5 {(i) € C?0,1] x CY; Py = x} .

It is not hard to verify (£13). For [@I4)), we exploit the fact (shown in the proof
of [I4] Theorem 5.1]) that
(4.15)

tlif(g inf {t[|9||cajo,1] + I — ¥llc2j01] + o — Yllcp; Y eD(A)} =0
for every
peQi={y€C?0,1); ¥(0)=2(1)=1"(0)=4"(1)=0}.
Given ¢ € C?[0,1], we put
£2(6) = 9(0) + (1) — 0(0)€ + 3¢ (0 + (" (1) ~ " (O)€', € €[0,1]
Then ¢ — ¢, € . This in combination with (LI5)) yields that

. @
lim W (¢ -0
- ( ’ (W))

and so < ];'0 ) € Y. We now use Theorem to conclude:
'

(i) For every ¢o € C?[0,1], ¢1 € C*0,1], ¢; € C (j = 0,1), problem (EI2)
has a unique solution

2 1
(4.16) we ()¢ ((0,7);C*[0,1]) () (ﬂ C* ([0, T]; C*~ 20, 1])) .

=0 k=0
(i) Ofu € C™ ([¢,T);C*2[0,1]) (¢ € (0,T),i=0, 1, 2) and
1

[u(t; )l cp,1) < const [|f|c<[o,T];C[o,1]) +y (ng”C([O,T];C)
=0

+lhjlleqo,m;e) + ijl) + [lwolle2p0,1) + ||901||C[0,1]‘|7 t€0,7].

(iii) If o € C*[0,1], 1 € C?[0,1], 95 = ¢/(j) (j =0,1), and

24 (7) + Aoj (0)20(7) = p2 () + Boj (0)e1(7) = £(0,5) =95, J=0,1,
then the solution u belongs to ﬂ?:o C* ([0,T); C*~210,1]) .
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Here, for getting the uniqueness, the following fact was taken into account: if u

is a solution of problem ({I2) satisfying (16, then

z(t) = Pu(t), 2'(t)= Pu'(t), te(0,T],

©0(0) ©1(0)

o 500(1) ' @1(1)
O =lao | TP v
©p (1) (3}

Remark 4.6. In the case of zero boundary value, i.e., when A;;, Bij, gi, hj, ©i(j),

ar

d ¢; (4, j =0, 1) are all zero, conclusion (i) and a weaker form of conclusion (iii)

are due to [14, Theorem 5.1].
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