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AN ITERATIVE CONSTRUCTION OF GORENSTEIN IDEALS

C. BOCCI, G. DALZOTTO, R. NOTARI, AND M. L. SPREAFICO

Abstract. In this paper, we present a method to inductively construct Goren-
stein ideals of any codimension c. We start from a Gorenstein ideal I of codi-
mension c contained in a complete intersection ideal J of the same codimen-
sion, and we prove that under suitable hypotheses there exists a new Goren-
stein ideal contained in the residual ideal I : J. We compare some numerical
data of the starting and the resulting Gorenstein ideals of the construction.
We compare also the Buchsbaum-Eisenbud matrices of the two ideals, in the
codimension three case. Furthermore, we show that this construction is inde-
pendent from the other known geometrical constructions of Gorenstein ideals,
providing examples.

1. Introduction

A closed scheme X ⊂ P
n defined by the saturated homogeneous ideal IX ⊂ R :=

K[x0, . . . , xn] is said to be arithmetically Gorenstein if its coordinate ring R/IX

is a Gorenstein ring. Arithmetically Gorenstein schemes are a generalization of
complete intersection rings, and indeed the two notions coincide in codimension 2.

The codimension 3 Gorenstein rings are completely described from an algebraic
point of view by the structure theorem of Buchsbaum and Eisenbud in [3], while
in higher codimension no structure theorem is known. Nevertheless, a geometric
description of arithmetically Gorenstein schemes of any codimension is not under-
stood. For this reason, many authors give geometric constructions of some par-
ticular families of arithmetically Gorenstein schemes (cf. [19], [12], [15]). These
constructions are successfully applied in the context of Gorenstein liaison to pro-
duce Gorenstein links of given schemes and to study the Gorenstein liaison classes
of some particular schemes (see, for example, [12], [11], [5], [6], [7], [17], [13]).

A rather natural but naive question is if it is possible to use complete intersection
schemes to produce arithmetically Gorenstein schemes. In the present paper, we
show that if an arithmetically Gorenstein scheme V contains a complete intersec-
tion subscheme W of the same codimension, then, under suitable hypotheses, it is
possible to replace W with a complete intersection scheme W ′ in such a way that
(V \ W ) ∪ W ′ is still arithmetically Gorenstein (see Theorem 3.2, below). Then,
our construction starts with an arithmetically Gorenstein scheme and produces a
new arithmetically Gorenstein scheme of the same codimension, but with different
minimal free resolution (in general, the two ideals have a different number of gen-
erators). For this reason, we consider this construction as iterative. Furthermore,
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we work on ideals more than on schemes, and so our construction can be used in
the Artinian case, too. Of course, the starting ideal can be a complete intersection
ideal, as well. Then, our construction shows that it is possible to obtain arithmeti-
cally Gorenstein schemes starting from complete intersection ones. Our hope is that
such a construction will be successfully applied to study Gorenstein liaison and to
give new insight to obtain a classification result for arithmetically Gorenstein rings
of codimension ≥ 4.

The plan of the paper is the following. In Section 2, we describe the residual ideal
of a complete intersection ideal with respect to a Gorenstein ideal. In fact, V \W is
the residual scheme to W with respect to V. Furthermore, in the same section, we
investigate in some detail the case where V \W is a complete intersection scheme.

In Section 3, we prove the main result of the paper, Theorem 3.2, where we
prove that (V \W )∪W ′ is arithmetically Gorenstein . The idea of the proof is very
simple and consists in producing a free resolution of the ideal we are interested in.
This result is achieved by using the resolutions of the various ideals involved, and
by carefully analyzing the final resolution. The main tool is homological algebra.
In this section, we also prove what are the relations among the Hilbert functions of
the ideals involved in the construction. At the end, as an application of Theorem
3.2, we show that every reduced arithmetically Gorenstein zero-dimensional closed
scheme X ⊂ P

n of degree deg X = n+2 can be obtained from the described iterative
construction.

Section 4, which was the first case we investigated, is devoted to the codimension
3 case. There, we show the relation between the Buchsbaum-Eisenbud matrices of
the input and output Gorenstein ideals of the construction. The main result of the
section is a characterization of the Gorenstein ideals which are output of the itera-
tive construction, via their Buchsbaum-Eisenbud matrix. In Section 5, we compare
various geometrical constructions of Gorenstein ideals. Using the characterization
obtained in Section 4, we exhibit examples of codimension 3 schemes arising from
some of the known constructions but not from ours, and conversely.

2. The residual ideal

In this section we recall some basic definitions used in the paper, and we study
the residual ideal to a complete intersection ideal J with respect to a Gorenstein
ideal I. In particular, we compute the generators of the residual ideal, obtaining
very precise results in the case where I is a complete intersection.

All the ideals we consider in this paper are homogeneous ideals in the graded
polynomial ring R = K[x0, . . . , xn], where K is an algebraically closed field, and
all the xi’ s have degree 1.

To start with, we introduce the Cohen-Macaulay ideals.

Definition 2.1. Let I ⊂ R be a homogeneous ideal. I is a Cohen-Macaulay ideal
if dim(R/I) = depth(R/I). The codimension of I is c = dim(R) − dim(R/I).
Equivalently, we say that R/I is a Cohen-Macaulay ring, and the subscheme of
the projective space that it defines is an arithmetically Cohen-Macaulay (aCM, for
short) subscheme.

Remark 2.2. If I is a Cohen-Macaulay ideal of codimension c, the minimal free
resolution of R/I has length c, i.e., the minimal free resolution of R/I has the form

(1) 0 → Fc −→ Fc−1 −→ . . . −→ F1 −→ R −→ R/I → 0,

where Fi is a free R−module, for every i.



AN ITERATIVE CONSTRUCTION OF GORENSTEIN IDEALS 1419

Now, we define a particular class of Cohen-Macaulay ideals, the Gorenstein
ideals, which are what we are interested in.

Definition 2.3. Let I ⊂ R be a homogeneous ideal. I is a Gorenstein ideal of
codimension c if I is a Cohen-Macaulay ideal of codimension c and Fc

∼= R(−tI)
for some integer tI , that is to say, Fc has rank 1. Equivalently, we say that the
quotient ring R/I is Gorenstein, and the subscheme of the projective space that it
defines is an arithmetically Gorenstein (aG, for short) subscheme.

Now, we stress some well known properties of Gorenstein ideals.

Proposition 2.4 ([14], Proposition 4.1.1). Let I ⊂ R be a homogeneous ideal of
codimension c. Then, the following are equivalent:

(1) I is Gorenstein.
(2) The minimal free resolution (1) of R/I is self-dual up to twisting by n + 1.
(3) R/I ∼= ExtRc(R/I, R)(l − n − 1) for some l ∈ Z.

At last, we define the complete intersection ideals, which are particular Goren-
stein ideals.

Definition 2.5. Let J ⊂ R be a homogeneous ideal minimally generated by the
forms g1, . . . , gc. J is a complete intersection ideal of codimension c if

(g1, . . . , gi−1) : giR = (g1, . . . , gi−1) for i = 2, . . . , c.

It is possible to characterize the complete intersection ideals via their minimal
free resolutions.

Proposition 2.6 ([14], Example 1.5.1). Let J ⊂ R be a homogeneous ideal min-
imally generated by g1, . . . , gc. J is a complete intersection ideal of codimension c
if, and only if, a minimal free resolution of R/J is

(2) 0 → ∧cG −→ ∧c−1G −→ . . . −→ ∧2G −→ G −→ R −→ R/J → 0,

where G =
⊕c

i=1 R(− deg gi).

The free R−module G has rank c, and so ∧cG is a rank 1 free R−module
isomorphic to R(−

∑c
i=1 deg gi). Then we have

Corollary 2.7. A complete intersection ideal J ⊂ R is Gorenstein, and tJ =∑c
i=1 deg gi.

Now, we recall the definition of linked ideals from liaison theory.

Definition 2.8 ([14], Definition 5.1.2). Let I, J1, J2 ⊂ R be homogeneous, unmixed
ideals of the same codimension c. We say that J1, J2 are (directly) CI-linked (resp.
G-linked) by the complete intersection (resp. Gorenstein) ideal I if I ⊂ J1∩J2 and

I : J1 = J2 and I : J2 = J1.

Moreover, we say that J2 is the residual ideal to J1 with respect to the linking ideal
I.

We want to study in detail the residual ideal to a complete intersection ideal J
with respect to a Gorenstein ideal I. With this aim, let I, J ⊂ R be a Gorenstein
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ideal and a complete intersection ideal, respectively, and let I ⊂ J. Hence, we have
a map of complexes, induced by the inclusion
(3)

0 → R(−tI)
δ∗
1 (−tI)−→ F ∗

1 (−tI) −→ . . . −→ F1
δ1−→ I → 0�

αc

�
αc−1 ↓α1 ↓i

0 → R(−tJ)
∧cγ−→ ∧c−1G −→ . . . −→ G

γ−→ J → 0

where F ∗
1 = Hom(F1, R), and α∗ : Q∗ → P ∗ is the natural dual map, defined as

α∗(t) = α ◦ t. Observe that in Proposition 2.4, by the dual of a R-module F we
mean Hom(F, R(−n − 1)).

For completeness, we prove some properties of the ideal Ires = I : J, by special-
izing to our case some well known results.

Lemma 2.9. The ideal Ires = I : J is unmixed of codimension c, and Ires = I +fR
where f is a form of degree tI − tJ which represents the map αc of diagram (3).

Proof. By [14], Proposition 5.2.3, the residual ideal Ires = I : J is unmixed of
codimension c, and the ideals J and Ires are linked by the Gorenstein ideal I.

To show that Ires = I + fR we follow the proof of a result by C. Peskine and
L. Szpiro ([14], Proposition 5.2.10). The resolution of Extc

R(R/Ires, R)(−tI) is ob-
tained by a mapping cone from the complex (3), and the last map of this resolution
is then (

(−1)c+1αc

δ∗1(−tI)

)
: R(−tI) →

R(−tJ)
⊕

F ∗
1 (−tI)

.

As explained in the proof of [14], Proposition 5.2.10, a free resolution of Ires can be
produced by applying HomR(−, R) to the resolution of Extc

R(R/Ires, R)(−tI), and
so we get

(
(−1)c+1αc(−tI), δ1

)
:

R(−tI + tJ)
⊕
F1

→ Ires,

which proves the claim. �
Remark 2.10. Of course, the map αc is determined up to homotopy. In our situa-
tion, this means that f mod I is unique up to invertible elements.

Furthermore, a free resolution (not necessarily minimal) of Ires can be obtained
by a mapping cone from the free resolutions of I and J via the short exact sequence

(4) 0 → J(tJ − tI) −→ I ⊕ fR −→ Ires → 0.

The exactness of this sequence stems from the following lemma.

Lemma 2.11. I ∩ fR = J · fR.

Proof. It is obvious that J ·fR ⊆ I∩fR. To prove the inverse inclusion, we consider
a homogeneous form h such that hf ∈ I. Of course, hg ∈ I for every g ∈ I. Then,
h ∈ I : Ires = J , and so hf ∈ J · fR. �

From the map of complexes (3), we deduce a relation among the various maps.

Proposition 2.12. The map αc satisfies the relation

∧cγ ◦ αc = αc−1 ◦ α∗
1(−tI) ◦ γ∗(−tI),

where α∗
1 : G∗ → F ∗

1 is the map dual to α1.
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Proof. From the map of complexes (3), we get the equalities

∧cγ ◦ αc = αc−1 ◦ δ∗1(−tI) and δ1 = γ ◦ α1.

If we compute the dual maps to the maps of the second equality and twist them
for suitable integers, we get

δ∗1(−tI) = α∗
1(−tI) ◦ γ∗(−tI).

Hence, the claim follows by substitution in the first of the two equalities. �

Corollary 2.13. Let αc : ∧c−1G(tJ − tI) → ∧c−1G be the map which acts as αc

on each free addendum of ∧c−1G. Then,

αc ◦ ∧cγ(tJ − tI) = αc−1 ◦ α∗
1(−tI) ◦ γ∗(−tI).

Proof. By its definition, it is evident that

αc ◦ ∧cγ(tJ − tI) = ∧cγ ◦ αc,

and so we have the claim. �

Now, we consider the special case when I is a complete intersection.

Proposition 2.14. If I is a complete intersection ideal, the residual ideal Ires is
equal to I + (detA)R, where A is a square matrix which represents the map α1.

Proof. Since I is a complete intersection ideal, its minimal free resolution is Koszul,
and so Fj = ∧jF1 for j = 1, . . . , c. Moreover, for the map of complexes, we have
αj = ∧jα1, and so αc = ∧cα1. Hence, the map αc is represented by det A for
whatever matrix A represents the map α1. �

In this last case, it is possible that the residual ideal Ires is a complete intersec-
tion, too. In fact, we have

Proposition 2.15. Let J be generated by g1, . . . , gc. Then, Ires is a complete in-
tersection if, and only if, I is generated by g1, . . . , gc−1, gc detA, up to reordering
the generators of J.

Proof. Let I, J be generated by f1, . . . , fc and g1, . . . , gc, respectively. Let A be a
matrix which represents the map α1 in such a way that (f1, . . . , fc) = (g1, . . . , gc)A.
By Proposition 2.14, Ires is generated by f1, . . . , fc, detA.

The residual ideal Ires is a complete intersection if, and only if, one of the gen-
erators is in the ideal generated by the remaining ones.

If detA ∈ I, then I : J = I, but this is not possible by comparing the degrees of
the involved ideals. Hence, after suitably choosing and reordering the generators of
I, we can suppose that fc = detA f ′

c.
Moreover, we have the following commutative diagram from the sequence (4):

∧2F1

↓
0 → G(tJ − tI)

φ−→ F1 ⊕ R(tJ − tI)
↓ ↓

0 → J(tJ − tI) −→ I ⊕ (det A)R −→ Ires → 0
↓ ↓ ↓
0 0 0
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where φ = (α∗
c−1(−tI), γ(tJ − tI)). But αc−1 = ∧c−1α1, and so α∗

c−1 is represented
by the adjoint matrix adj(A) of A.

The resolution we get by the mapping cone procedure is not minimal. Hence,
an entry of adj(A) is a non-zero constant, and so there exists a (c − 1) × (c − 1)
submatrix of A whose determinant is in K and is non-zero. Then, up to suitable
choice and re-ordering of the generators of I and J, we can say that I is generated
by g1, . . . , gc−1, gc detA. �

3. The iterative construction of Gorenstein ideals

In this section, given a Gorenstein ideal I contained in a complete intersection
ideal J of the same codimension c, we construct a new Gorenstein ideal of codi-
mension c with a minimal set of generators of cardinality different from that of I.
The geometric idea of the construction was explained in the Introduction.

We use the same notation as in Section 2.
Let J ⊂ R be a complete intersection ideal of codimension c minimally generated

by g1, g2, . . . , gc, and let I ⊂ J be a homogeneous Gorenstein ideal of the same
codimension, minimally generated by g1, f1, . . . , fk.

Remark 3.1. Up to a suitable choice of the generators of I, we can assume that
fi ∈ (g2, . . . , gc) for each i = 1, . . . , k.

Theorem 3.2 (Construction of the Gorenstein ideal). Let f be a form which rep-
resents the map αc (cf. diagram (3) and Remark 2.10). We set

(5) A = (g1g2, . . . , g1gc, f1, . . . , fk, f + g1g),

where g ∈ [R]tI−tJ−deg(g1) or g = 0.
If f + g1g, g2, . . . , gc is a regular sequence, then A is a codimension c Gorenstein

ideal.

To prove the result we shall construct a free resolution of the ideal A. For the
convenience of the reader, we divide the proof into lemmas.

Notation. We set B = (g1g2, . . . , g1gc, f1, . . . , fk), and J ′ = (g2, . . . , gc).

Lemma 3.3. Under the hypotheses of Theorem 3.2,

B ∩ (f + g1g)R = (f + g1g)J ′.

Proof. Let F (f +g1g) ∈ B ⊂ J ′ (see Remark 3.1). Hence, F ∈ J ′ : (f +g1g)R = J ′;
that is, F (f + g1g) ∈ (f + g1g)J ′.

Conversely, we have to show that gi(f+g1g) ∈ B, for i = 2, . . . , c, or equivalently,
that fgi ∈ B. From the map of complexes (3) we know that ∧cγ ◦ αc = αc−1 ◦
δ∗1(−tI), and so fgi ∈ I = (f1, . . . , fk, g1) for each i = 2, . . . , c. Then, we have
fgi = hi1f1 + · · · + hikfk + hig1. By Remark 3.1, fi ∈ J ′, and so hig1 ∈ J ′. The
sequence g1, . . . , gc is regular, and so hi ∈ J ′ for i = 2, . . . , c. Hence, fgi ∈ B, and
the claim follows. �

As a consequence, we get

Corollary 3.4. The sequence

(6) 0 → J ′(−tI + tJ )
ψ−→ B ⊕ (f + g1g)R → A → 0

is exact, where ψ(a) = (a(f + g1g),−a(f + g1g)).
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The sequence (6) allows us to produce a free resolution of A via a mapping cone.
At first, we compute a free resolution of J ′ and B.

Notation. The ideal J ′ is a complete intersection ideal, and its minimal free res-
olution is

(7) 0 → ∧c−1P → ∧c−2P → · · · → ∧2P → P
Γ−→ J ′ → 0,

where P =
⊕c

i=2 R(− deg gi), and the maps are ∧jΓ.

Remark 3.5. The minimal free resolution of the ideal J = (g1, g2, . . . , gc) (see (2))
is related to that of J ′ by the following:

∧hG ∼= ∧hP ⊕ ∧h−1P (− deg g1).

Let

πh : ∧hG → ∧h−1P (− deg g1)

be the projection, and let βh : Fh → ∧h−1P (− deg g1) be equal to βh = πh ◦ αh,
h = 1, . . . , c. We can project the map of complexes (3), and so we have the following:

(8)
0 → Fc

δc−→ . . . F2
δ2−→ F1

↓βc ↓β2 ↓β1

0 → ∧c−1P (− deg g1) −→ . . . P (− deg g1)
Γ′
−→ R(− deg g1)

where Γ′ = Γ(− deg g1) and

(9) βj−1 ◦ δj = ∧j−1Γ′ ◦ βj

By Remark 3.1, and from the choice of the generators of I, we have

F1 =
k⊕

i=1

R(− deg fi) ⊕ R(− deg g1) = F̃1 ⊕ R(− deg g1),

and furthermore, β1 : F̃1 ⊕ R(− deg g1) → R(− deg g1) is (0, 1R(−deg g1)).

Lemma 3.6. A free resolution of B is

(10) 0 → Hc
εc−→ Hc−1

εc−1−→ · · · ε2−→ H1
ε1−→ B → 0,

where

H1 = P (− deg g1) ⊕ F̃1,

and

Hj = ∧jP (− deg g1) ⊕ Fj , j = 2, . . . , c,

while

ε1 = (g1Γ′, δ1|F̃1
), ε2 =

(
∧2Γ′ β2

0 δ̃2

)
,

where δ̃2 = proj(F1 → F̃1) ◦ δ2 and

εj =
(

∧jΓ′ (−1)jβj

0 δj

)
, j = 3, . . . , c.
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Proof. H1 and ε1 are well understood, and easily computed. Now, we want to
compute generators for the first syzygies of B.

Of course, the first syzygies of J ′ are syzygies of the first c− 1 generators of B,
up to twist by − deg g1, and so we have rank(∧2P ) first syzygies of B, and a map

∧2P (− deg g1)


 ∧2Γ′

0




−→ P (− deg g1) ⊕ F̃1.

Claim 1. The first syzygies of I can be extended to syzygies of B.
If (s1, . . . , sk, s)t is a syzygy of (f1, . . . , fk, g1), then we have

s1f1 + · · · + skfk + sg1 = 0.

By Remark 3.1, fi ∈ J ′, and so sg1 ∈ J ′. J ′ is a complete intersection
ideal, and so s ∈ J ′. If x ∈ F2 is such that δ2(x) = (s1, . . . , sk, s)t, then
β1 ◦ δ2(x) = s. By (9), Γ′ ◦ β2(x) = s, and so β2(x) extends δ2(x) to a
syzygy of B. Then we can define the map

F2


 β2

δ̃2




−→ P (− deg g1) ⊕ F̃1.

Claim 2. The images of the two maps generate the first syzygy module of B.
If (s′2, . . . , s

′
c, s1, . . . , sk)t is a syzygy of B, then we have

s′2g1g2 + · · · + s′cg1gc + s1f1 + · · · + skfk = 0,

and so (s1, . . . , sk, s′2g2 + · · · + s′cgc)t is a first syzygy of I. Hence, there
exists x ∈ F2 such that δ2(x) = (s1, . . . , sk, s′2g2 + · · · + s′cgc)t. Then,

(s′2, . . . , s
′
c, s1, . . . , sk)t −

(
β2

δ̃2

)
(x)

is a syzygy of the first c−1 generators of B, i.e., it is a syzygy of J ′. Hence,
there exists x′ ∈ ∧2P (− deg g1) such that

(s′2, . . . , s
′
c, s1, . . . , sk)t −

(
β2

δ̃2

)
(x) =

(
∧2Γ′

0

)
(x′),

and so we have the claim.
Then

H2 = ∧2P (− deg g1) ⊕ F2

and

ε2 =
(

∧2Γ′ β2

0 δ̃2

)
.

Now, we compute the kernel of ε2.
Of course, the second syzygies of J ′ are in the kernel of ε2, and so we can define

a map

∧3P (− deg g1)


 ∧3Γ′

0




−→ ∧2P (− deg g1) ⊕ F2.
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Claim 3. The second syzygies of I can be lifted to second syzygies of B.
To prove this, let x ∈ F3 be a second syzygy of I. Now, we prove that

((−β3)(x), δ3(x))t ∈ ker ε2, i.e.,(
∧2Γ′ β2

0 δ̃2

) (
(−β3)(x)

δ3(x)

)
= 0.

By (9), (∧2Γ′ ◦ (−β3) + β2 ◦ δ3)(x) = (−β2 ◦ δ3 + β2 ◦ δ3)(x) = 0. Also,
δ̃2 ◦ δ3(x) = 0 because δ2 ◦ δ3 = 0 and by the definition of δ̃2.
Hence, we can define the map ε3 : H3 → H2 as

ε3 =
(
∧3Γ′ −β3

0 δ3

)
where H3 = ∧3P (− deg g1) ⊕ F3.

Claim 4. Imε3 = ker ε2.
Let (y′, y)t ∈ ker ε2. Then, we have the following relations:

δ̃2(y) = 0, ∧2Γ′(y′) + β2(y) = 0.

First, we compute δ2(y). To this aim, we recall that δ2 =
(

δ̃2

β1 ◦ δ2

)
. Of

course, we have δ1 ◦ δ2 = 0, and so, explicitly,

g1β1 ◦ δ2(y) + δ1|F̃1
◦ δ̃2(y) = 0.

By using the previous relations, we get g1β1◦δ2(y) = 0, and so β1◦δ2(y) = 0.
Therefore, δ2(y) = 0. Hence there exists x ∈ F3 such that δ3(x) = y. By
construction, (−β3(x), δ3(x))t ∈ ker ε2, and so (y′ + β3(x), 0)t ∈ ker ε2, i.e.,
∧2Γ′(y′ + β3(x)) = 0. Then, there exists x′ ∈ ∧3P (− deg g1) such that
∧3Γ′(x′) = y′ + β3(x). Summarizing the results, we get that ε3((x′, x)t) =
(y′, y)t, and so we have computed the second syzygy module, too.

Now, we can go on by induction. We assume that Hj = ∧jP (− deg g1)⊕Fj and
that εj : Hj → Hj−1 is defined as

εj =
(

∧jΓ′ (−1)jβj

0 δj

)
.

We have to compute ker εj.
Of course, the j-th syzygies of J ′ are in the kernel of εj and so we can define a

map (∧j+1Γ′, 0)t : ∧j+1P (− deg g1) → Hj .

Claim 5. The j-th syzygies of I can be extended to j-th syzygies of B.
To this end, we consider x ∈ Fj+1 and its image via ((−1)j+1βj+1, δj+1)t:

εj

(
(−1)j+1βj+1(x)

δj+1(x)

)
=

(
∧jΓ′ (−1)jβj

0 δj

) (
(−1)j+1βj+1(x)

δj+1(x)

)

=
(

(−1)j+1 ∧j Γ′ ◦ βj+1(x) + (−1)jβj ◦ δj+1(x)
δj ◦ δj+1(x)

)

=
(

(−1)j+1βj ◦ δj+1(x) + (−1)jβj ◦ δj+1(x)
0

)
=

(
0
0

)
.

(11)

Hence, we can define the map εj+1 : Hj+1 = ∧j+1P (− deg g1)⊕Fj+1 → Hj

as

εj+1 =
(
∧j+1Γ′ (−)j+1βj+1

0 δj+1

)
.
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Claim 6. Im εj+1 = ker εj.
Let (y′, y)t ∈ ker εj . Of course, δj(y) = 0,, and so there exists x ∈ Fj+1

such that δj+1(x) = y. Then, (y′−(−1)j+1βj+1(x), 0)t ∈ ker εj , and so there
exists x′ ∈ ∧j+1P (− deg g1) such that ∧j+1Γ′(x′) = y′ − (−1)j+1βj+1(x).
Hence, εj+1((x′, x)t) = (y′, y)t, and we get the claim.

�

To compute explicitly a free resolution of A, we need the comparison maps

Φ1 : P (−tI + tJ) → P (− deg g1) ⊕ F̃1 ⊕ R(−tI + tJ )

and
Φi : ∧iP (−tI + tJ ) → Hi = ∧iP (− deg gi) ⊕ Fi, i = 2, . . . , c − 1,

obtained by lifting the map ψ in the exact sequence (6).

Remark 3.7. We define the maps βc−i : ∧iP (tJ) → Fi(tI) as the composition of
maps (

F ∗
c−i

∼−→ Fi(tI)
)
◦ β∗

c−i ◦
(
θi : ∧iP (tJ ) ∼−→ (∧c−i−1P (− deg g1))∗

)
.

From our choice for the minimal resolution of a Gorenstein ideal (see (3)), we
know that the isomorphism on the left side is the identity map. Otherwise, for the
characterization of complete intersection ideals, the isomorphism θi depends on the
choice of bases for ∧iP (tJ) and (∧c−i−1P (− deg g1))∗.

By dualizing the equation (9), we obtain

β∗
i ◦ (∧i−1Γ′)∗ = δ∗i ◦ β∗

i−1.

By composing the left hand side with the isomorphisms θi we can write

β∗
i ◦ θc−i ◦ θ−1

c−i ◦ (∧i−1Γ′)∗ ◦ θc−i+1 = βi ◦ (∧c−i+1Γ′(tJ)),

and hence we get

(12) βi ◦ ∧c−i+1Γ(tJ ) = δ∗i ◦ βi−1 = δc−i+1(tI) ◦ βi−1.

Before computing the comparison maps, we prove the existence of some maps
with prescribed properties.

Lemma 3.8. There exist maps ϕi : ∧iP (−tI + tJ) → ∧iP (− deg gi) such that

Γ′ ◦ ϕ1 = β1 ◦ βc−1(−tI)

and

∧iΓ′ ◦ ϕi = ϕi−1 ◦ ∧iΓ(−tI + tJ) − (−1)iβi ◦ βc−i(−tI), i = 2, . . . , c − 1.

Proof. The existence of ϕ1 stems from the inclusion

Im(β1 ◦ βc−1(−tI)) ⊆ Im(Γ′) = J ′.

Because of the definition of βc−1, we have

Im(β1 ◦ βc−1(−tI)) = Im(β1 ◦ β∗
c−1(−tI)).

If βc−1 is represented by the matrix B = (bi,j), then, by (9), we have

bi,1f1 + · · · + b1,kfk + bi,k+1g1 = fgi, i = 2, . . . , c.
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By Remark 3.1, fi ∈ J ′, and so bi,k+1g1 ∈ J ′, i.e., bi,k+1 ∈ J ′ : g1R = J ′, for
i = 2, . . . , c. The map β1 ◦ β∗

c−1(−tI) is represented by (b2,k+1, b3,k+1, . . . , bc,k+1),
and so the inclusion follows, and ϕ1 exists.

Now, we go on by induction. Thus, we assume the existence of ϕi−1 and we prove
the existence of ϕi such that ∧iΓ′ ◦ϕi = ϕi−1 ◦∧iΓ(−tI + tJ)− (−1)iβi ◦βc−i(−tI).

As before, we can define the map ϕi if, and only if,

Im(ϕi−1 ◦ ∧iΓ(−tI + tJ) − (−1)iβi ◦ βc−i(−tI)) ⊆ Im(∧iΓ′) = ker(∧i−1Γ′).

But, we have

∧i−1Γ′ ◦ (ϕi−1 ◦ ∧iΓ(−tI + tJ) − (−1)iβi ◦ βc−i(−tI))

= ∧i−1Γ′ ◦ ϕi−1 ◦ ∧iΓ(−tI + tJ) − (−1)i ∧i−1 Γ′ ◦ βi ◦ βc−i(−tI)

= (by induction hypothesis)

= ϕi−2 ◦ ∧i−1Γ(−tI + tJ) ◦ ∧iΓ(−tI + tJ )

−(−1)i−1βi−1 ◦ βc−i+1(−tI) ◦ ∧iΓ(−tI + tJ )

−(−1)i ∧i−1 Γ′ ◦ βi ◦ βc−i(−tJ) = (by (9))

= (−1)iβi−1 ◦ βc−i+1(−tI) ◦ ∧iΓ(−tI + tJ ) − (−1)iβi−1 ◦ δi ◦ βc−i(−tI)

= (by (12)) = 0.

Hence, we can define the map ϕi with the prescribed property. �

Now, we compute the comparison maps.

Proposition 3.9. The comparison map Φi : ∧iP (−tI + tJ ) → Hi can be defined
as

Φ1 =
(

g · id + ϕ1

p ◦ βc−1(−tI)

)
, Φi =

(
g · id + ϕi

βc−i(−tI)

)
, i = 2, . . . , c − 1,

where p : F1 → F̃1 is the projection.

Proof. It is enough to verify that

ε1 ◦ Φ1 = (f + g1g) ◦ Γ(−tI + tJ),(13)

εi ◦ Φi = Φi−1 ◦ ∧iΓ(−tI + tJ), i = 2, . . . , c − 1.(14)

We have

ε1 ◦ Φ1 = (g1Γ′, δ1|F̃1
)
(

g · id + ϕ1

p ◦ βc−1(−tI)

)
= gg1Γ(−tI + tJ) + g1Γ′ ◦ ϕ1 + δ1|F̃1

◦ p ◦ βc−1(−tI)

= (by the construction of ϕ1)

= g1gΓ(−tI + tJ) + g1β1 ◦ βc−1(tI) + δ1|F̃1
◦ p ◦ βc−1(−tI)

= (by definition of δ1|F̃1
)

= g1gΓ(−tI + tJ) + δ1 ◦ βc−1(−tI) = (by (12))

= g1gΓ(−tI + tJ) + βc(−tI) ◦ Γ(−tI + tJ)

= (by definition of βc) = (f + g1g) ◦ Γ(−tI + tJ),

and so we get the relation (13).
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Now, we prove the equation (14). At first, we assume i ≥ 3. We have

εi ◦ Φi =
(
∧iΓ′ (−1)iβi

0 δi

) (
g · id + ϕi

βc−i(−tI)

)

=
(

g · ∧iΓ′ + ∧iΓ′ ◦ ϕi + (−1)iβi ◦ βc−i(−tI)
δi ◦ βc−i(tI)

)

=


g · ∧iΓ′ + ϕi−1 ◦ ∧iΓ(tJ − tI) − (−1)iβi ◦ βc−i(−tI)

+(−1)iβi ◦ βc−i(−tI)
βc−i+1(−tI) ◦ ∧iΓ(−tI + tJ)




=
(

g · id + ϕi−1

βc−i+1(−tI)

)
◦ ∧iΓ(−tI + tJ),

(15)

and so the relation (14) holds true for i ≥ 3.
If i = 2, we have

ε2 ◦ Φ2 =
(
∧2Γ′ β2

0 δ̃2

) (
g · id + ϕ2

βc−2(−tI)

)

=
(

g · ∧2Γ′ + ∧2Γ′ ◦ ϕ2 + β2 ◦ βc−2(−tI)
δ̃2 ◦ βc−2(−tI)

)

=
(

g · ∧2Γ′ + ϕ1 ◦ ∧2Γ(−tI + tJ) − β2 ◦ βc−2(−tI) + β2 ◦ βc−2(−tI)
p ◦ δ2 ◦ βc−2(−tI)

)

=
(

g ∧2 Γ′ + ϕ1 ◦ ∧2Γ(−tI + tJ )
p ◦ βc−1(−tI) ◦ ∧2Γ(−tI + tJ)

)
= Φ1 ◦ ∧2Γ(−tI + tJ),

(16)

and hence the claim follows. �

Proof of Theorem 3.2. Using the free resolution of B computed in Lemma 3.6, the
exact sequence (6), and the comparison maps computed in Proposition 3.9, we can
compute a free resolution of A, by a mapping cone. In particular, the last map in
the resolution of A is

∧c−1P (−tI + tJ)
∧c−1Γ(−tI+tJ )−→ ∧c−2P (−tI + tJ)

⊕ ↘(−1)cΦc−1 ⊕
Hc

−→
εc Hc−1

Of course, the following equalities hold:

∧c−1P (−tI + tJ) ∼= R(−tI + tJ − t′J) = R(−tI + deg g1),(17)

Hc = ∧cP (− deg g1) ⊕ Fc = Fc = R(−tI),(18)

Φc−1 =
(

g · Id∧c−1P + ϕc−1

β1(−tI)

)
.(19)

The map β1 : R(deg g1) → R(deg g1)⊕F̃ ∗
1 is the identity onto the first addendum,

by Remark 3.5, and so the last free module in the resolution of A has rank 1.
Now, we want to prove that A is a codimension c ideal. The minimal free

resolution of A has length at most c, and so the codimension of A cannot be greater
than c.
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Let P be a minimal prime ideal associated to A, of the same codimension. Then,

(g1g2, . . . , g1gc, f1, . . . , fk, f + g1g) ⊆ P.

If g1 ∈ P, then (g1, f1, . . . , fk, f) ⊆ P, and so codim(P) ≥ c.
If g1 /∈ P, then (g2, . . . , gc, f + g1g) ⊆ P, and again we have codim(P) ≥ c.
But codimA =codimP ≥ c and codimA ≤ pd(A) = c. Hence, A has codimension

c, and it is a Gorenstein ideal of codimension c. �

Remark 3.10. From the computation of the resolution of A we get that the last free
module is R(−tI), and so A and I have the same free module at the last place in
their minimal free resolutions.

Remark 3.11. The ideal A is generated by ν(I)+c−1 generators, where ν(I) = k+1
is the minimal number of generators of I. It may happen that some of them are
not minimal. Then, we can only say that A is minimally generated by ν(A) forms,
where c ≤ ν(A) ≤ ν(I) + c − 1. In some cases, it may happen that ν(A) < ν(I)
(see, for example Proposition 3.17 below).

Now, we want to relate the Hilbert functions of I, J , J ′, Ires, A and J ′′ =
(g2, . . . , gc, f + g1g).

Proposition 3.12. Let I, J, J ′, J ′′, Ires, A be as above. Then:

(1) hR/A(z) = hR/I(z) + hR/J′(z − deg g1) − hR/J′(z − tI + tJ);
(2) hR/A(z) = hR/I(z) + hR/J′′ (z) − hR/J(z);
(3) hR/A(z) = hR/Ires(z) + hR/J′(z − deg g1) − hR/J′(z − tI + tJ − deg g1).

Proof. From the exact sequence

∧c−1P (− deg g1)
Fc ⊕

0 → ⊕ → Fc−1 → . . .
∧c−1P (−tI + tJ ) ⊕

∧c−2P (−tI + tJ )

∧2P (− deg g1) P (− deg g1)
⊕ ⊕ R

· · · → F2 → F1 → ⊕ → R/A → 0
⊕ ⊕ R(− deg g1)

P (−tI + tJ) R(−tI + tJ )

we obtain

hR/A(z) = hR/I(z) +

[
c−1∑
i=0

dim[∧iP (− deg g1)]z

]
−

[
c−1∑
i=0

dim[∧iP (−tI + tJ)]z

]

= hR/I(z) + hR/J′(z − deg g1) − hR/J′(z − tI + tJ)

= hR/I(z) + hR/J′(z − deg g1) − hR/J′(z) + hR/J′(z) − hR/J′(z − tI + tJ )

= hR/I(z) − hR/J (z) + hR/J′′(z);

(20)
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then (1) and (2) follow. For (3) it is enough to remember the relation between the
h-vectors of Ires, J and I ([14], Corollary 5.2.19), and so we have

hR/A(z) − hR/Ires (z) = hR/A(z) −
[
hR/I(tI − c − z) − hR/J(tI − c − z)

]
= hR/A(z) −

[
hR/I(z) − hR/J (tJ − c − (tJ − tI + z))

]
= hR/A(z) −

[
hR/I(z) − hR/J (tJ − tI + z)

]
= hR/A(z) − hR/J(z) + hR/J′′ (z) − hR/I(z) + hR/J(tJ − tI + z)

= hR/J′(z − deg g1) − hR/J′(z − tI + tJ − deg g1).

�

From the previous relations on the Hilbert functions, we deduce a relation about
the degrees of the corresponding rings.

Corollary 3.13. Let I, J, J ′′, A be as above. Then,

deg(R/A) = deg(R/I) + (tI − tJ − deg g1)
c∏

i=2

deg gi.

Proof. The rings R/I, R/J, R/J ′′, and R/A have the same dimension, and so, look-
ing at the leading coefficients of their Hilbert polynomials, from Proposition 3.12(2)
we get

deg(R/A) = deg(R/I) − deg(R/J) + deg(R/J ′′).
The ideals J and J ′′ are complete intersection ideals, and so their degrees are

deg(R/J) =
c∏

i=1

deg gi deg(R/J ′′) = (tI − tJ )
c∏

i=2

deg gi.

By substituting in the previous relation we get the claim. �

Remark 3.14. From Proposition 3.12(1), it follows that if deg g1 < tI − tJ , then
hR/A(z) ≥ hR/I(z), for each z ∈ Z.

In fact, the Hilbert function hR/J′(z) is non-decreasing, because dim(R/J ′) ≥ 1,
and so, under our hypothesis, hR/J′(z − deg g1) ≥ hR/J′(z − tI + tJ ).

Of course, if deg g1 > tI − tJ , then the reverse inequality holds.

Now, we show that Ires and J ′′ are linked by the Gorenstein ideals A.

Proposition 3.15. A : Ires = (g2, . . . , gc, f + g1g) = J ′′.

Proof. Obviously, J ′′ ⊆ A : Ires. On the other hand,

hR/A:Ires (z) = hR/A(tI − c − z) − hR/Ires(tI − c − z)

= hR/A(z) −
[
hR/I(tI − c − tI + c + z) − hR/J (tI − c − tI + c + z)

]
= hR/J (z) + hR/J′′(z) − hR/J (z) = hR/J′′ (z),

and so the equality follows from the equality of their Hilbert functions. �

Remark 3.16. If the link is geometric, then a stronger relation holds:

Ires ∩ J ′′ = A.

Now, we study what happens if we reverse the construction of Theorem 3.2. In
particular, we have the following.
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Proposition 3.17. Let I, J, J ′′, A be as above. Then, A ⊂ J ′′, A : J ′′ = A + g1R,
and the ideal constructed as in Theorem 3.2 using the complete intersection ideal J
is the (Gorenstein) ideal I.

Proof. The inclusion A ⊂ J ′′ is trivial. By Proposition 3.15, it follows that A :
J ′′ = Ires. Then the equality A : J ′′ = A + g1R follows by Ires = A + g1R, which
is trivial. At last, if we apply the construction of Theorem 3.2 to A ⊂ J ′′ using
as new complete intersection the ideal J, we immediately get the ideal I, because
fgi ∈ I for every i = 2, . . . , c (compare with the proof of Lemma 3.3). �

Of course, this proposition shows that the number of generators of the new
Gorenstein ideal obtained from the construction of Theorem 3.2 can decrease with
respect to the number of generators of the starting Gorenstein ideal (compare with
Remark 3.11).

To conclude this section, we want to give an example of Gorenstein ideals arising
from Theorem 3.2.

Example 3.18. As an example, we show that every reduced zero-dimensional
arithmetically Gorenstein scheme of degree n+2 in P

n arises from the construction
described in Theorem 3.2.

Let X = {P1, . . . , Pn+2} ⊂ P
n be such a scheme, with Pi �= Pj for i �= j, and let

A ⊂ R be the defining ideal of X. It is known that X is an arithmetically Gorenstein
scheme if, and only if, no n+1 of them are contained in a hyperplane ([8], Theorem
5).

Let r be the line through Pn+1, Pn+2 whose ideal is J ′ = (g2, . . . , gn), where
g2, . . . , gn are, of course, linear forms. Let H = V (g1) be the hyperplane containing
P1, . . . , Pn. Then r ∩ H = {A} is a point not in X defined by the ideal J =
(g1, . . . , gn). We set Y = {A, P1, . . . , Pn} ⊂ H, and we denote by I ⊂ R its defining
ideal. We can choose I generated by (g1, f1, . . . , fk).

Claim. Y is an arithmetically Gorenstein scheme.

The claim is equivalent to showing that no subset of Y of degree n is contained
in a codimension 2 linear subspace of P

n.
By contradiction, if {A, P1, . . . , Pn−1} ⊂ W is a linear subspace of codimension 2,

then {A, P1, . . . , Pn−1, Pn+1, Pn+2} ⊂ W ′, where W ′ is the linear subspace spanned
by W and r. W ′ is a codimension 1 linear subspace by the Grassmann formula, and
so we get that X is not arithmetically Gorenstein. The contradiction proves the
claim.

The point {A} is a complete intersection scheme contained in Y, and the residual
scheme is {P1, . . . , Pn} ⊂ X defined by the ideal Ires = I : J. The minimal free
resolutions of I and J have the following shapes:

0 → R(−n− 2) → F ∗
1 (−n − 2) → · · · → F1 → I → 0,

0 → R(−n) → ∧n−1G → · · · → G → J → 0,

and so Ires = I + fR, where deg f = 2.
Now, we consider the ideal generated by f + g1g, g2, . . . , gn, where g is a linear

form. If we choose g /∈ J ′ in such a way that f(Pi) + h(Pi)g(Pi) = 0 for i =
n + 1, n + 2, we have that J ′ + (f + g1g)R = IPn+1,Pn+2 , and it is a complete
intersection ideal. Hence, (J ′ +(f +g1g)R)∩Ires = A, and X can be obtained from
Theorem 3.2.
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4. The codimension 3 case

In this section, we want to relate the Buchsbaum-Eisenbud matrices of the Goren-
stein ideals I and A, in the Pfaffian case.

To obtain the result we want, first we rewrite diagram (3) in the codimension 3
case, and so we have

(21)
0 → R(−tI)

δ∗
1 (−tI)−→ F ∗(−tI)

δ2−→ F
δ1−→ I → 0

↓α3 ↓α2 ↓α1 ↓
0 → ∧3G

∧3γ−→ ∧2G
∧2γ−→ G

γ−→ J → 0.

Now, we compute matrices representing the maps α1, α2, α3 in terms of the
matrices representing the other maps. First, we state some notation.

Notation. We set g1, f1, . . . , fm a minimal set of generators of I, and g1, g2, g3

a minimal set of generators of J. Because the codimension is 3, m is even ([22],
theorem on p. 229). Then, it is straightforward that

F = R(− deg g1) ⊕
(

m⊕
i=1

R(− deg fi)

)
and G =

3⊕
i=1

R(− deg gi),

and the maps δ1 and γ are represented by

D1 = (g1, f1, . . . , fm) and C1 = (g1, g2, g3).

If I is a Pfaffian ideal, and if we choose suitable bases for F and F ∗(−tI), the
map δ2 is represented by a skew-symmetric matrix

D2 = (dij)0≤i,j≤m,

while the last map δ∗1(−tI) is then represented by the matrix

D3 = Dt
1.

If we choose the canonical basis {e1, e2, e3} for the module G, {e2∧e3, e3∧e1, e1∧
e2} as basis of ∧2G, and {e1∧ e2∧ e3} as basis of ∧3G, then the maps ∧2γ and ∧3γ
are represented by the matrices

C2 =


 0 −g3 g2

g3 0 −g1

−g2 g1 0


 and C3 = Ct

1.

Now, we prove a lemma in which we relate the entries of the various matrices.

Lemma 4.1. With the above notation, we have:
(1) There exist a2j , a3j ∈ R such that

fj = a2jg2 + a3jg3 for j = 1, . . . , m.

(2) There exist b2j , b3j ∈ R such that

d0j = b2jg2 + b3jg3 for j = 1, . . . , m.

(3) There exist λj ∈ R such that

b2jg1 +
m∑

l=1

a2ldlj = λjg3 for j = 1, . . . , m,
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and

b3jg1 +
m∑

l=1

a3ldlj = −λjg2 for j = 1, . . . , m.

(4) There exists c ∈ R such that
m∑

l=1

a2ldl0 = cg3,

m∑
l=1

a3ldl0 = −cg2.

(5) There exists c′ ∈ R such that

c +
m∑

l=1

a2lb3l = c′g2,

m∑
l=1

a2lb2l = −c′g3.

(6) There exists c′′ ∈ R such that

c −
m∑

l=1

a3lb2l = c′′g3,

m∑
l=1

a3lb3l = c′′g2.

Proof. The first equality follows from Remark 3.1.
From D1D2 = 0 we get

(22) g1d0j +
m∑

i=1

fidij = 0 for j = 1, . . . , m.

Again from Remark 3.1, fi ∈ J ′, and so d0j ∈ J ′ : (g1)R = J ′. Then, there exist
b2j, b3j ∈ R such that

(23) d0j = b2jg2 + b3jg3 for j = 1, . . . , m,

and so we have the second equality.
By substituting the first two equations in (22), we have

g1(b2jg2 + b3jg3) +
m∑

i=1

(a2ig2 + a3ig3)dij = 0,

and hence

g2(b2jg1 +
m∑

i=1

a2idij) + g3(b3jg1 +
m∑

i=1

a3idij) = 0.

The sequence g2, g3 is regular, and so there exists λj ∈ R such that

b2jg1 +
m∑

i=1

a2idij = λjg3, b3jg1 +
m∑

i=1

a3idij = −λjg2

for each j = 1, . . . , m, and then the third equality follows.
Again from D1D2 = 0 we get

m∑
i=1

fidi0 = 0.

By substituting the first equation, we get

g2

m∑
l=1

a2ldl0 + g3

m∑
l=1

a3ldl0 = 0,
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and so there exists c ∈ R such that

(24)
m∑

l=1

a2ldl0 = cg3,

m∑
l=1

a3ldl0 = −cg2.

Because of the skew-symmetry of D2, and the equations (24), (23), we get

cg3 = −
m∑

l=1

a2l(b2lg2 + b3lg3)

and

−cg2 = −
m∑

l=1

a3l(b2lg2 + b3lg3).

These two equations give syzygies of (g2, g3), and so we have also the last two
equations. �

Remark 4.2. The previous equalities don’ t have unique solutions, in general. How-
ever, from now on in this section, we choose a solution for every equation, and we
work with that one.

Now, we can compute matrices which represent the maps αi. Of course, the
maps αi are chosen once for ever and are unique up to homotopy.

Proposition 4.3. The map α1 is represented by

A1 =


 1 0 . . . 0

0 a21 . . . a2m

0 a31 . . . a3m


 ,

α2 is represented by

A2 =


 c λ1 . . . λm

0 −b31 . . . −b3m

0 b21 . . . b2m


 ,

and α3 is represented by
A3 = (c − c′g2 − c′′g3).

Proof. The map α1 is easily computed, and so A1 is obvious using Lemma 4.1(1).
To compute the matrix A2 we use the commutativity of the diagram (21), which

gives C2A2 = A1D2. If aj is the j-th column of A2, the previous relation on matrices
can be written as

(25) C2a0 =


 0∑m

l=1 a2ldl0∑m
l=0 a3ldl0




and

(26) C2aj =


 d0j∑m

l=1 a2ldlj∑m
l=1 a3ldlj


 .

By Lemma 4.1(2),(3), and (4), we can write
 0∑m

l=1 a2ldl0∑m
l=0 a3ldl0


 = C2


 c

0
0



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and 
 d0j∑m

l=1 a2ldlj∑m
l=1 a3ldlj


 = C2


 λj

−b3j

b2j


 .

Hence, a possible choice for A2 is

A2 =


 c λ1 . . . λm

0 −b31 . . . −b3m

0 b21 . . . b2m


 .

To compute A3 we have to lift the matrix A2. From the diagram (21), we have
that C3A3 = A2D3, i.e.

 fg1

fg2

fg3


 =


 cg1 +

∑m
j=1 λjfj

−
∑m

j=1 b3jfj∑m
j=1 b2jfj


 .

We have the following equalities:
m∑

j=1

b2jfj = by Lemma 4.1(1)

=
m∑

j=1

b2j(a2jg2 + a3jg3) = g2

m∑
j=1

a2jb2j + g3

m∑
j=1

a3jb2j = by Lemma 4.1(5),(6)

= −c′g2g3 + (c − c′′g3)g3 = g3(c − c′g2 − c′′g3).

Hence, f = c − c′g2 − c′′g3 gives the only element of A3. �

To apply the results of Section 3, we have to compute the maps β1, β2, β3 in our
case.

Corollary 4.4. The maps β1, β2, β3 are represented respectively by the matrices

B1 =
(

1 0 . . . 0
)
,

B2 =
(

0 b21 . . . b2m

0 b31 . . . b3m

)
,

and
B3 = (c − c′g2 − c′′g3).

Proof. By its definition (cf. Remark 3.5), βh = πh ◦αh, and so we have to compute
the projections πh.

π1 : G → R(− deg g1) is defined by setting π1(ej) = δ1j , where δij is the Kro-
necker symbol, and so the associated matrix is

(
1 0 0

)
.

The map π2 : ∧2G → P is defined as π2(a1e2 ∧ e3 + a2e3 ∧ e1 + a3e1 ∧ e2) =
a3e2 − a2e3, and so the associated matrix is(

0 0 1
0 −1 0

)
.

The map π3 : ∧3G → ∧2P is defined as π3(ae1 ∧ e2 ∧ e3) = ae2 ∧ e3, and so the
associated matrix is (1).

The result follows by multiplying the corresponding matrices. �
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Now, we can show that A is a Pfaffian ideal.

Theorem 4.5. Let I be a codimension 3 Gorenstein ideal generated by the Pfaffians
of the skew-symmetric matrix D2, and let J be a codimension 3 complete intersec-
tion ideal containing I generated by the entries of C1. Let D̃2 be the submatrix of
D2 obtained by erasing the first row and the first column of D2. Furthermore, let
B̃2 be equal to

B̃2 =
(

0
B2

)
,

where 0 is the 1 × m zero matrix, and let B be equal to

B =


 0 −g3 g2

g3 0 −g
−g2 g 0


 .

If A is constructed as in Theorem 3.2, then its generators are the Pfaffians of
the skew-symmetric matrix

D =
(

B B̃2

−B̃t
2 D̃2

)
.

Proof. To obtain the result, we make explicit the resolution obtained in Section 3.
First, we show that the maps ϕ1 and ϕ2 defined in Lemma 3.8 are the null maps,

according to our choices for the maps βi.
By their definition, we have

Γ′ ◦ ϕ1 = β1 ◦ β2(−tI)

and
∧2Γ′ ◦ ϕ2 = ϕ1 ◦ ∧2Γ(−tI + tJ) − β2 ◦ β1(−tI).

By Remark 3.7, we have β1 = β∗
1 ◦ θ2 and β2 = β∗

2 ◦ θ1, where θ1 is represented
by the matrix (1) while θ2 is represented by the matrix(

0 1
−1 0

)
.

Hence, it is a straightforward computation that the maps β1 and β2 are repre-
sented by the matrices

B1 =




1
0
...
0


 and B2 =




0 0
−b31 b21

...
−b3m b2m


 .

Then, the maps β1 ◦ β2(−tI) and β2 ◦ β1(−tI) are the null maps, and so we can
choose ϕ1 and ϕ2 as the null maps.

The free resolution of A obtained by a mapping cone is

0 →
F3

⊕
∧2P (−tI + tJ)

Ψ3−→

∧2P (− deg g1)
⊕

P (−tI + tJ)
⊕
F2

Ψ2−→

R(−tI + tJ)
⊕

P (− deg g1)
⊕
F̃1

Ψ1−→ A → 0,
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where

Ψ1 = ((f + gg1), g1Γ′, δ1|F̃1
),

Ψ2 =


 0 −Γ(−tI + tJ ) 0

∧2Γ′ g · id β2

0 p ◦ β2 δ̃2




and

Ψ3 =


 −β3 −g · id

0 ∧2Γ(−tI + tJ)
δ3 −β1


 .

Of course, the map Ψ1 is represented by the matrix

E = (f + gg1, g1g2, g1g3, f1, . . . , fm),

whose entries are exactly the generators of A.
The map Ψ2 is represented by the matrix

D′ =




0 −g2 −g3 0 0 . . . 0
g3 g 0 0 b21 . . . b2m

−g2 0 g 0 b31 . . . b3m

0 −b31 b21 d10 d11 . . . d1m

...
0 −b3m b2m dm0 dm1 . . . dmm




,

while the map Ψ3 is represented by the matrix

E′ =




−f −g
0 g3

0 −g2

g1 −1
f1 0
...

fm 0




.

To cancel the addendum ∧2P (−tI + tJ) from the resolution we have to modify
the matrix E′ in such a way that one of its rows is (0,−1). To this end, it is enough
to add g1 times the second column to the first one. Then we obtain the matrix

E′′ =




−(f + gg1) −g
g1g3 g3

−g1g2 −g2

0 −1
f1 0
...

fm 0




.

If we cancel the addendum in the resolution, we erase the 4-th row and the 2-nd
column of E′′ and the 4-th column of D′. Then, we get the claim by exchanging
the rows of E′′ and by changing the signs of its first two entries, so that we have
Et as the last matrix in the resolution. Of course, we have to modify the columns
of the matrix D′ according to operations on the rows of E′′. �
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Remark 4.6. In the proof of Theorem 4.5, we construct the Buchsbaum-Eisenbud
matrix associated to A using the matrix D2 associated to I, the polynomials g2, g3

and some relations induced by the inclusion I ↪→ J. The main feature of D is
Property P: one of the columns of D has all but two entries equal to zero.
Of course, if D is any skew-symmetric matrix of order 2k + 3 with the property

P , we can construct a matrix D2 skew-symmetric of order 2k + 1, using the block
structure of D and Lemma 4.1.(2).

Now, we can state the main result of the section.

Theorem 4.7. Let A ⊂ R be a codimension 3 Gorenstein ideal, and let D be a
skew-symmetric matrix of order 2k +3, k > 0, whose Pfaffians are a minimal set of
generators for A. Without loss of generality, assume that D satisfies the property P
with respect to the first column. Then, A arises from the construction of Theorem
3.2 if, and only if, the ideal I generated by the Pfaffians of D2 obtained from D as
in Remark 4.6 has codimension 3.

Proof. If A arises from the construction of Theorem 3.2, then there exist I1, J1 and
g which satisfy the hypotheses of Theorem 3.2. By Theorem 4.5, the Buchsbaum-
Eisenbud matrix D of A can be constructed from that of I1. If we apply the con-
struction of Remark 4.6 to D, we get the Buchsbaum-Eisenbud matrix of I1, and
so we get the “only if” part of the statement with I = I1.

To prove the “if” part, we assume that the ideal I generated by the Pfaffians of
D2 has codimension 3, where D2 is obtained by D as in Remark 4.6. From the proof
of Theorem 4.5, we know that the Pfaffians of D and D2 are related as follows: the
last 2k Pfaffians f1, . . . , f2k of D2 are respectively equal to the last ones of D; the
first Pfaffian g1 of D2 is a factor of the second and third Pfaffian g1g2 and g1g3 of
D, where g2 and g3 are the non-zero entries of the first column of D; and the first
Pfaffian of D has the shape f + gg1 for some f.

By hypothesis, the ideal I = (g1, f1, . . . , f2k) has codimension 3, and being Pfaf-
fian, it is Gorenstein. Moreover, I ⊂ (g1, g2, g3) = J, and hence J has codimen-
sion 3 too, i.e., J is a complete intersection ideal. For the same reason, since
A ⊂ (f + gg1, g2, g3), the ideal (f + gg1, g2, g3) is a complete intersection ideal,
where g = (D)23. Then, we can apply Theorem 3.2 to I, J, and (f + gg1, g2, g3),
and we get exactly the ideal A we started with. �

Remark 4.8. By [14], Proposition 1.3.7, the general hypersurface sections of an
arithmetically Gorenstein scheme are arithmetically Gorenstein , too, and so we
can obtain arithmetically Gorenstein schemes of higher codimension by cutting
with general hypersurfaces the schemes arising from the construction of Theorem
3.2. These ideals correspond to the same construction for higher codimension, with
more than one common generator (compare with Remark 3.11).

5. Comparison with other constructions

In this section we want to compare the Gorenstein codimension 3 ideals aris-
ing from Theorem 3.2 with Gorenstein codimension 3 ideals coming from other
constructions, well known in the literature.

First, we recall a construction introduced in [19], which has been successfully
used by many authors (see, among others, the paper [18]). This construction was
studied also in [20].
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Theorem 5.1 ([14], Theorem 4.2.1). Let I1, I2 be Cohen-Macaulay ideals of codi-
mension c with no common minimal associated primes, and assume that I1 ∩ I2 is
a Gorenstein ideal. Then, I1 + I2 is a Gorenstein ideal of codimension c + 1.

To compare the two constructions, we restrict ourselves to the case where I1 and
I2 have codimension 2.

Now, we exhibit an example to show that there are Gorenstein ideals arising
from the construction of Theorem 3.2 which do not arise from Theorem 5.1.

Example 5.2 ([20], Example 4.1). Consider the ideal A ⊂ R = k[x, y, z, w] gener-
ated by the Pfaffians of the matrix

D′ =




0 x4 0 w2 0
−x4 0 w3 x y
0 −w3 0 y z

−w2 −x −y 0 0
0 −y −z 0 0


 .

As explained in [20], Example 4.1, A does not arise from the construction of
Theorem 5.1, but it does come from the construction of Theorem 3.2. In fact, if we
reorder rows and columns of D′, we obtain the matrix

D =




0 −y −z 0 0
y 0 w3 x −x4

z −w3 0 y 0
0 −x −y 0 −w2

0 x4 0 w2 0


 .

As in Remark 4.6, we construct the matrix ∆ from D, and we obtain

∆ =


 0 y2 − xz x4z

−y2 + xz 0 −w2

−x4z w2 0


 .

The ideal generated by the Pfaffians of ∆ is I = (w2, zx4, y2 − xz), and it is a
complete intersection ideal of codimension 3. Then, A satisfies the hypotheses of
Theorem 4.7, and so A arises from the construction of Theorem 3.2.

On the contrary, now we give an example to show that there are Gorenstein
ideals arising from the construction of Theorem 5.1 which cannot be obtained from
the construction of Theorem 3.2.

In [20], Theorem 4.3, the authors prove that every arithmetically Gorenstein
scheme X on a smooth quadric Q comes from Theorem 5.1. In particular, they
prove that IX , the saturated ideal of X, is minimally generated by 5 generators of
degrees 2, a, a, b, b with 2 ≤ a ≤ b, and IX = IC + ID, where, if C is a divisor on Q
of type (a − 1, a), then D is a divisor of type (b, b − 1). Of course, the types could
be (a, a − 1) and (b − 1, b), as well.

Example 5.3. Let Q ⊂ P
3 be the smooth quadric surface defined by xw − yz,

and let C, D be divisors on Q defined by I1 = (xw − yz, z2 − yw, y2 − xz) and
I2 = (xw − yz, wz2 − yx2, x3 − z3). C is a twisted cubic, and so it is irreducible,
and it is not a component of D. Then, C and D have no common component.
Furthermore C ∪ D is the complete intersection scheme defined by

J = (xw − yz, x3z − z4 − y2x2 + yz2w).
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Then, C ∩ D is an arithmetically Gorenstein scheme associated to the skew-
symmetric matrix

D =




0 z2 x2 y z
−z2 0 0 x y
−x2 0 0 z w
−y −x −z 0 0
−z −y −w 0 0


 .

Neither D nor any matrix obtained from D by operations on its rows and columns
satisfies the hypotheses of Theorem 4.7, and so IX cannot be obtained from the
construction of Theorem 3.2.

Remark 5.4. It may happen that a Gorenstein codimension 3 ideal arises from both
constructions. For example, a reduced set X ⊂ P

3 of five general points can be
obtained both as an intersection of two aCM curves whose union is a complete
intersection (for example, choose C as a divisor of type (1, 2) and D as a divisor of
type (2, 1) on a smooth quadric Q), and as the union of a complete intersection with
a residual scheme (for example, consider the residual of a complete intersection of
type (1, 1, 1) with respect to a complete intersection of type (1, 2, 2) joined with a
complete intersection of type (1, 1, 2)). For more details on the second construction,
see [1] or Example 3.18.

In more generality, for zero dimensional arithmetically Gorenstein schemes on a
smooth quadric, we have

Proposition 5.5. Let Q ⊂ P
3 be a smooth quadric surface, and let X ⊂ Q be an

arithmetically Gorenstein 0-dimensional scheme. If IX comes from the construction
of Theorem 3.2, then X = C ∩ D, where C, D are divisors on Q and at least one
of them is the union of a line and a divisor of type (α, α).

Proof. By [20], Proposition 4.4, IX is generated by the Pfaffians of a skew-symmetric
matrix

D =




0 h1 h2 h3 h4

−h1 0 0 g1 g2

−h2 0 0 g3 g4

−h3 −g1 −g3 0 0
−h4 −g2 −g4 0 0


 ,

where q = g1g4 − g2g3 defines the smooth quadric surface Q.
Up to some elementary operations on rows and columns of D, we can suppose

that at least one of the hi’s is zero, because IX can be obtained from Theorem 4.7.
Assume h4 = 0. Then, either C or D is defined by

I = (q, h3g2, h3g4) = (q, h3) ∩ (g2, g4),

and so the claim follows. �

Remark 5.6. 1) The converse holds if the matrix D satisfies the hypotheses of
Theorem 4.7, i.e., if h3, h1g4 − h2g2, g

2
2 − g1g4 is a regular sequence.

2) A similar statement holds for 0-dimensional arithmetically Gorenstein schemes
on a smooth surface of minimal degree, whose ideal is minimally generated by five
forms. The proof is the same and is based on [20], Proposition 4.4.
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The second construction with which we want to compare the construction of
Theorem 3.2 was introduced in [12], and used by many authors to study Gorenstein
liaison classes of projective schemes (see, among others, [5], [6], [7], [13]).

Theorem 5.7 ([14], Theorem 4.2.8). Let S be an aCM subscheme of P
n satisfying

condition G1, and let X be a twisted canonical divisor on S (i.e., a subscheme
of S defined by the vanishing of a regular section of ωS(l) for some l ∈ Z). Let
F ∈ IX be a homogeneous polynomial of degree d such that F does not vanish on
any component of S. Let HF be the divisor cut out on S by F. Then the (effective)
divisor HF −X on S, viewed as a subscheme of P

n, is arithmetically Gorenstein. In
fact, any effective divisor in the linear system |HF −X | is arithmetically Gorenstein.

As before, to show that the constructions of Theorems 3.2 and 5.7 are indepen-
dent, we exhibit examples of Gorenstein codimension 3 ideals arising from one of
the two constructions but not from the other one.

Example 5.8. In S = k[x, y, z], we consider the complete intersection ideals J =
(x, y, z) and I = (x2 − z2, xz, y). Of course, I ⊂ J and I : J = (x2 − z2, xz, y, x2) =
(x2, xz, z2, y). The ideal (x, z, x2 − y2) is a complete intersection ideal, and so
(I : J) ∩ (x, z, x2 − y2) = (x2 − z2, xz, yz, xy, y2 − z2) = A is a codimension 3
Gorenstein ideal obtained as in Theorem 3.2. Let R = S[w], and by abuse of nota-
tion let A be the extended ideal AR. The projective scheme X defined by A in P

3 is
a degree 5 0-dimensional scheme supported on A(0 : 0 : 0 : 1). X is not contained in
any smooth quadric (and so not in any rational normal curve nor any degeneration
of such a curve with the property G1). On the other hand, X is contained in the
union of three lines L1 = V (y, x + z), L2 = V (y, x − z), L3 = V (x, z) through the
point A. As observed in [14], Example 4.2.7, L1 ∪ L2 ∪ L3 doesn’t satisfy G1 but
only G0, and so Theorem 5.7 doesn’t apply.

Remark 5.9. As shown in Example 5.8, Theorem 3.2 can be used to construct
Artinian Gorenstein codimension 3 ideals, as well.

An example which shows that there are arithmetically Gorenstein schemes arising
from Theorem 5.7 and not from Theorem 3.2 is the previous Example 5.3. In the
setting of Theorem 5.7, C is a twisted cubic curve, and so it is aCM, smooth, with
the property G1, and C ∩ D is a 0-dimensional scheme of degree 8. C ∩ D is in
the linear system |HF − X |, where F = x3 − z3 and X = (0 : 0 : 0 : 1) with the
reduced scheme structure. As previously observed, C ∩D cannot be obtained from
the construction of Theorem 3.2.

The third construction with which we compare Theorem 3.2 is the following.

Theorem 5.10 ([14], Theorem 4.2.3). Let s be a regular section of a Buchsbaum-
Rim sheaf Bφ of rank r on P

n, and let I be the ideal corresponding to s. Let Y be
the subscheme of P

n defined by I. Let J be the top dimensional component of I,
defining a scheme X.

(a) If r = n, then X = Y is a zero scheme and J is the saturation of I.
(b) If r is even, r ≤ n, then I = J is saturated and Y = X is arithmetically

Cohen-Macaulay. Its Cohen-Macaulay type is ≤ 1 +
(
r/2+t−1

t−1

)
.

(c) If r is odd, r ≤ n, then I is not saturated. If r < n, then Y is not
arithmetically Cohen-Macaulay. However, the top dimensional part, X, is
arithmetically Gorenstein.
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This construction, presented in [15], was further investigated in [16].
In [15], Example 5.3, the authors construct a smooth 3-fold in P

6 using Theorem
5.10. Of course, using Theorem 3.2, it is not possible to obtain smooth schemes,
because if they are irreducible then they are not reduced. However, we give an
example of a zero-dimensional scheme in P

3 constructed using Theorem 5.10 which
cannot be constructed using Theorem 3.2.

Example 5.11. Let Bφ the Buchsbaum-Rim sheaf associated to the map φ :
O4

P3(−1) → OP3 defined by (x, y, z, t). Of course, the cokernel of φ has codimen-
sion 4. The module Bφ = H0

∗ (P3,Bφ) is generated by the columns of the matrix
associated to ∧2φ. We consider the ideal I associated to the regular section s given
by (t2, zt,−z2, yz, xy, x2). The top dimensional part (or its saturation, in this case)
is defined by the ideal J generated by x3 − xyz − zt2, x2y + yz2 + t3, xy2 + xyz +
z2t, z3 − yzt − xt2, x2z2 + yz2d − xyt2, which is arithmetically Gorenstein , with
h-vector (1, 3, 6, 6, 3, 1). The Buchsbaum-Eisenbud matrix of J is


0 z2 −t2 −yz −y

−z2 0 −zt −xy x
t2 zt 0 x2 −z
yz xy −x2 0 t
y −x z −t 0


 ,

which doesn’t satisfy property P. Hence, J cannot be obtained using Theorem 3.2.

Now, we give an example to show that there are arithmetically Gorenstein ideals
constructed using Theorem 3.2 which cannot be constructed using Theorem 5.10.

Example 5.12. In [15], Remark 5.1, the authors prove that the ideal

J = (x2, y2, z2, xy − yz, xz − yz)

cannot be obtained from Theorem 5.10.
The ideals I = (z2, x2 + xy − yz, x − y) and J ′ = (z, x + y, x − y) are complete

intersection ideals of codimension 3, with a common generator, and I ⊂ J ′. By
applying Theorem 3.2 to them, with g = x− z, we get A = J, and so we obtain the
independence of the constructions of Theorems 3.2 and 5.10.

As our last comparison, using notation as in Theorem 4.7, we show that A is
not a basic double G-linkage either of I or of Ires. For the definition of basic double
G-linkage see, for example, [14], Definition 5.4.6.

It is evident that A is not a basic double G-linkage of I, because A �⊆ I, while in
a basic double G-linkage the resulting ideal is contained in the starting one.

To prove that A is not a basic double G-linkage of Ires, we consider the following
example.

Example 5.13. Let P
3 = Proj(k[x, y, z, w]) and let S be the aCM curve defined

by IS = (x, y) ∩ (x, z) ∩ (z, w). S satisfies the property G1. Let

I = (x, yz, w(y − w)(2y − w)(y + w))

be a complete intersection ideal, contained in J = (x, z, w). The residual ideal I : J
is

Ires = (x, yz, w(y − w)(y + w)(2y − w), y(y − w)(y + w)(2y − w)),
and the corresponding scheme C has degree 7. By applying Theorem 3.2, we obtain
an arithmetically Gorenstein scheme of degree 11, contained in S. This scheme is
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not a basic double G-linkage of C on S for degree reasons, because the degree of
every basic double G-linkage of C on S is ≡ 7 (mod 3).

Remark 5.14. In Example 5.8, we constructed an Artinian Gorenstein codimension
3 ideal A = (x2 − z2, xz, yz, xy, y2 − z2) ⊇ (x, y, z)3, in k[x, y, z]. If we extend it in
R = k[x, y, z, t, u], we obtain schemes which are not G0, and so our construction
can be applied in the non-G0 case, too.
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