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A SHARP WEAK TYPE (p, p) INEQUALITY (p > 2)
FOR MARTINGALE TRANSFORMS

AND OTHER SUBORDINATE MARTINGALES

JIYEON SUH

Abstract. If (dn)n≥0 is a martingale difference sequence, (εn)n≥0 a sequence
of numbers in {1,−1}, and n a positive integer, then

P ( max
0≤m≤n

|
m∑

k=0

εkdk| ≥ 1) ≤ αp‖
n∑

k=0

dk‖p
p.

Here αp denotes the best constant. If 1 ≤ p ≤ 2, then αp = 2/Γ(p + 1)
as was shown by Burkholder. We show here that αp = pp−1/2 for the case
p > 2, and that pp−1/2 is also the best constant in the analogous inequality
for two martingales M and N indexed by [0,∞), right continuous with limits
from the left, adapted to the same filtration, and such that [M, M ]t−[N, N ]t is
nonnegative and nondecreasing in t. In Section 7, we prove a similar inequality
for harmonic functions.

1. Introduction

Most of the paper is devoted to the proof of this sharp inequality for p > 2 in
the simple setting described below. The biconcave function that we construct in
Section 3 is used to obtain the upper estimate pp−1/2 for the best constant in this
setting. In Section 6 the same function is used to show that pp−1/2 is also an upper
estimate of the best constant in the general case. Section 2 contains the proof that
pp−1/2 is a lower estimate in the simple case and therefore must also be a lower
estimate in the general case. Therefore, pp−1/2 is the best constant in both cases.

Let (fn)n≥0 be a sequence, denoted by f , of real integrable functions on a prob-
ability space (Ω,F , P ) and (dn)n≥0 its difference sequence: fn =

∑n
k=0 dk, n ≥ 0.

If for all n ≥ 1, the expectation of the product of dn and ϕ(d0, · · · , dn−1) is zero for
all real bounded continuous functions ϕ on Rn, equivalently, the conditional expec-
tation E (dn|d0, · · · , dn−1) = 0 almost everywhere, then f is a martingale. Given
such a martingale f and a sequence of numbers εn ∈ {1,−1}, the transform g of f
by (εn)n≥0 is defined by gn =

∑n
k=0 εkdk. Notice that g is also a martingale. The

maximal function of g is defined by g∗(ω) = supn |gn(ω)|, ω ∈ Ω, and the p-norm
of f by ‖f‖p = supn ‖fn‖p.

Here are some typical martingale results specialized to this setting. For martin-
gales f as above (see Doob [16] and the references there to earlier work):

(i) ‖f‖1 < ∞ ⇒ f converges a.e.,
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(ii) λpP (f∗ ≥ λ) ≤ ‖f‖p
p if 1 ≤ p < ∞ and λ > 0,

(iii) ‖f∗‖p ≤ q‖f‖p if 1/p + 1/q = 1 and 1 < p < ∞.
For f and g as above, Burkholder [6], [7] proved that:

(i)′ ‖f‖1 < ∞ ⇒ g converges a.e.,
(ii)′ λpP (g∗ ≥ λ) ≤ 2

Γ(p+1)‖f‖p
p if 1 ≤ p ≤ 2 and λ > 0,

(iii)′ ‖g‖p ≤ (p∗ − 1)‖f‖p if 1 < p < ∞ and p∗ = max{p, q},
and the constants in (ii)′ and (iii)′ are the best possible. See Burkholder [8], [9],
Bañuelos and Wang [3], and Wang [22] for some of the later related work. Notice
that (ii) and (ii)′ follow from the special case in which λ is replaced by 1. Also
notice that the best constants in (ii) and (ii)′ are strikingly different. Inequality
(iii)′ implies that the best constant in (ii)′ for p > 2 is less than or equal to (p−1)p.
But what is the best constant? In the first part of the paper, we study this natural
question. Our answer is contained in the following theorem.

Theorem 1.1. Let p > 2 and λ > 0. If f is a martingale and g is a transform of
f by (εk)k≥0 as above, then

(1.1) λpP (g∗ ≥ λ) ≤ pp−1

2
‖f‖p

p

and pp−1/2 is the best constant.

Proof. Let β < pp−1/2. In the next section, we shall show that there is a probability
space, a martingale f defined on this space, a transform g of f as above, and a
positive integer n such that

P (|gn| ≥ 1) > β‖fn‖p
p.

This and the inequality g∗ ≥ |gn| imply that pp−1/2 is a lower estimate of the best
constant.

To prove that pp−1/2 is also an upper estimate, let f be a martingale and g the
transform of f by (εk)k≥0 where εk ∈ {1,−1} as above. We can and do assume
that ‖f‖p is finite. Let Zn = (Xn, Yn) for n ≥ 0 where

Xn = fn + gn =
n∑

k=0

(1 + εk)dk,

Yn = fn − gn =
n∑

k=0

(1 − εk)dk,

so fn = Xn+Yn

2 and gn = Xn−Yn

2 . Define the function v on R2 by

v(x, y) = 1 − pp−1

2

∣∣∣∣x + y

2

∣∣∣∣
p

if |x−y
2 | ≥ 1,

= −pp−1

2

∣∣∣∣x + y

2

∣∣∣∣
p

if |x−y
2 | < 1.

Then

P (|gn| ≥ 1) − pp−1

2
‖fn‖p

p = E v(Zn).

But E v(Zn) ≤ 0 for all n ≥ 0, as we shall show, so

(1.2) P (|gn| ≥ 1) ≤ pp−1

2
‖fn‖p

p
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and (1.1) easily follows by a standard stopping-time argument, which here goes
as follows. Let τ(ω) = inf{n ≥ 0 : |gn(ω)| ≥ 1} so that P (max0≤k≤n |gk| ≥ 1) =
P (|gτ∧n| ≥ 1), apply (1.2) to the martingale (fτ∧n)n≥0 and its transform (gτ∧n)n≥0

and then use the inequality ‖fτ∧n‖p ≤ ‖fn‖p. This yields P (g∗ > 1) ≤ pp−1/2‖f‖p

for all f and g as above and gives (1.1) with strict inequality on the left side. The
limit of ηP (g∗ > η) as η ↑ λ is λP (g∗ ≥ λ) so (1.1) holds as stated. In Section 3, we
show that there exists a biconcave majorant u of v on R2 satisfying u(0, 0) = 0. The
function u has the further property that u(0, y) = u(0,−y) and u(x, 0) = u(−x, 0).
Therefore, E v(Zn) ≤ E u(Zn) and u(x, y) ≤ 0 for all x, y ∈ R satisfying xy = 0.
The next step is to show that E u(Zn) ≤ E u(Zn−1) for all n ≥ 1. To do this
assume that εn = 1, the case εn = −1 being similar. Then by the conditional form
of the Jensen inequality for concave functions, we have that almost everywhere

E [u(Zn)|d0, · · · , dn−1] = E [u(Xn−1 + 2dn, Yn−1)|d0, · · · , dn−1]
≤ u(Xn−1 + 2E (dn|d0, · · · , dn−1), Yn−1)
= u(Zn−1).

Taking expectations of both sides gives E u(Zn) ≤ E u(Zn−1). So

E u(Zn) ≤ · · · ≤ E u(Z0).

But E u(Z0) ≤ 0 since u(Z0) = u((1 + ε0)d0, (1 − ε0)d0) ≤ 0, in which the product
of (1 + ε0)d0 and (1 − ε0)d0 is zero. Therefore, E v(Zn) ≤ E u(Zn) ≤ 0. �

The function u that we have used in this proof is concave along horizontal and
vertical lines; it is also concave along every line of positive slope as we prove in Sec-
tion 4. We use this property in Section 5 to generalize Theorem 1.1 to differentially
subordinate martingales. A sharp weak type inequality for martingale transforms
more general than the plus-and-minus-one transforms of Theorem 1.1 follows at
once, and by approximation, so does a similar inequality for stochastic integrals.
The results of Section 4 and 5 lead to the proof in Section 6 of the following theo-
rem, the main result of this paper. In this theorem the probability space (Ω,F , P )
is complete, the filtration (Ft)t≥0 is right-continuous, and F0 contains all the sets
of measure 0.

Theorem 1.2. Let p > 2 and λ > 0. If M and N are right-continuous martingales
with limits from the left, adapted to the filtration (Ft)t≥0, and [M, M ]t − [N, N ]t is
nonnegative and nondecreasing in t for t ∈ [0,∞), then

(1.3) λpP (N∗ ≥ λ) ≤ pp−1

2
||M ||pp

and the constant pp−1/2 is the best possible.

For background on the quadratic-variation process [M, M ], see Dellacherie and
Meyer [15] or Protter [20]. The condition that [M, M ]t− [N, N ]t is nonnegative and
nondecreasing in t for t ≥ 0 was introduced and used by Bañuelos and Wang [3]
and Wang [22]; see also [4], [5].

In the differential subordination setting of Section 5, the Bañuelos-Wang condi-
tion takes the form

n∑
k=0

(d2
k − e2

k)
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is nonnegative and nondecreasing in n and is equivalent to the condition (5.1). In
the stochastic integral setting of [9] where the Lp-norm of

∫ t

0
UsdMs and

∫ t

0
VsdMs

are compared under the condition that the predictable processes U and V satisfy

(1.4) |Vs(ω)| ≤ |Us(ω)| for all ω ∈ Ω and s ≥ 0,

it takes the form ∫ t

0

(|Us|2 − |Vs|2)d[M, M ]s

is nonnegative and nondecreasing in t. The Bañuelos-Wang condition makes it
possible to obtain sharp inequalities for a larger class of martingale pairs (M, N). In
this setting the special functions needed for the stochastic integral and discrete-time
cases again come into play. It is not known for most sharp martingale inequalities,
however, if the less restrictive condition (i) [N, N ]t ≤ [M, M ]t for all t ≥ 0, or the
even less restrictive condition (ii) [N, N ]∞ ≤ [M, M ]∞ would suffice; see Section 6
of [9].

In Section 7, we use the inequality (1.3) to prove an analogous inequality for
harmonic functions.

2. A lower estimate of the best constant

Let p > 2 and 0 < β < pp−1/2. Then choose θ ∈ (0, p−1
p ) so that

(2.1) β < (1 − θ)ppp−1/2.

Finally, choose an odd positive integer M satisfying both M > p and

(2.2) (M − 1)2 >
4
θp

(
p − 1

p

)p−1

p(p − 1)(p − 2)(θp−3 + θ3−p).

In this section, we construct a martingale F such that G, the transform of F by
the sequence (−1, 1,−1, 1, · · · ), satisfies

P (|GM | ≥ 1) > β‖F‖p
p,

showing that the best constant for the inequality (1.1) must be greater than or
equal to pp−1/2. For convenience in the proof, we define δ by (M − 1)δ = p−1

p − θ.
Consider the following R2-valued martingale Z, one that is also Markov. Here

Zn = (Xn, Yn), a function with all of its values in the set

{c1, · · · , cM , c∗, z0, · · · , zM−1} ⊂ R2

where the elements of this set are defined as follows: z0 = (θ,−θ); if n is an odd
integer such that 1 ≤ n ≤ M − 2, then

zn = (θ + nδ,−θ − (n − 1)δ);

if n is an even integer such that 2 ≤ n ≤ M − 1, then

zn = (θ + (n − 1)δ,−θ − nδ);

if n is an odd integer such that 1 ≤ n ≤ M , then

cn =
(

p − 3
p − 1

(θ + (n − 1)δ),−θ − (n − 1)δ
)

;

if n is an even integer such that 2 ≤ n ≤ M − 1, then

cn = (θ + (n − 1)δ,−p− 3
p− 1

(θ + (n − 1)δ));
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and

c∗ =
(

p + 1
p

,−p − 1
p

)
.

c1

c2

c3

c4 cM�1

cM

c�

z0

z1

z2

z3

zM�1

Figure 1. One of the paths of Z for the case p = 3

Before describing the probability framework, we remark that intuitively Zn rep-
resents a Markov particle’s location at time n; Z starts at z0 and then moves to z1

or c1; if not c1, then it moves successively through z1, z2, · · · , zn−1 and then to zn

or cn if 1 ≤ n < M − 1; once it arrives at a cn it stops; if it ever arrives at zM−1,
then it moves to cM or to c∗ and then stops. Figure 1 illustrates one of the paths
of Z in the case p = 3.

Let Ω denote the set {c1, c2, · · · , cM , c∗}, F the σ-algebra of all subsets of Ω, and
P the probability measure that assigns weight πn to cn if 1 ≤ n ≤ M and weight
π∗ to c∗. The weights depend on p, θ, and M as does Ω. These weights need not
be given explicitly here because the probability structure will be described below
in a more useful way.

We define Z on Ω as follows: Z0(ω) = z0 for all ω ∈ Ω; if 1 ≤ m ≤ n ≤ M , then
Zn(cm) = cm; if 1 ≤ n ≤ M − 1, then Zn(ω) = zn for all ω ∈ {cn+1, · · · , cM , c∗};
ZM (c∗) = c∗; if n > M , then Zn = ZM .

It is clear that Z is Markov with P (Z0 = z0) = 1. To force Z to be a martingale,
we assume that (here (an, bn) = cn, (a∗, b∗) = c∗, and (xn, yn) = zn)

P (Z1 = z1) =
x0 − a1

x1 − a1
,

P (Z1 = c1) =
δ

x1 − a1
;
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if n is an even integer such that 2 ≤ n ≤ M − 1, then

P (Zn = zn|Zn−1 = zn−1) =
bn − yn−1

bn − yn
,

P (Zn = cn|Zn−1 = zn−1) =
2δ

bn − yn
;

if n is an odd integer such that 3 ≤ n ≤ M − 2, then

P (Zn = zn|Zn−1 = zn−1) =
xn−1 − an

xn − an
,

P (Zn = cn|Zn−1 = zn−1) =
2δ

xn − an
;

and

P (ZM = c∗|ZM−1 = zM−1) =
xM−1 − aM

a∗ − aM
,

P (ZM = cM |ZM−1 = zM−1) =
a∗ − xM−1

a∗ − aM
.

Observe that E[Zn|Zn−1] = Zn−1 so by the Markov property

E[Zn|Z0, . . . , Zn−1] = Zn−1 if n ≥ 1.

Therefore, Z is a martingale. Also, Z0 = (X0, Y0) = (θ,−θ) and if n ≥ 1, then

Xn = θ +
n∑

k=1

(1 + εk)dk and Yn = −θ +
n∑

k=1

(1 − εk)dk,

where εk = (−1)k+1 and dn is given by Xn −Xn−1 = (1 + εn)dn if n is odd and by
Yn − Yn−1 = (1− εn)dn if n is even. Consequently, f and g defined by f0 = g0 = 0
and, for n ≥ 1, by

fn =
n∑

k=1

dk and gn =
n∑

k=1

εkdk,

are also martingales with g being a transform of f by (εk)k≥0. For n ≥ 0,

fn =
Xn + Yn

2
and θ + gn =

Xn − Yn

2
.

Using the function v defined in (1.2), we have that

E[v(ZM )] = P

(∣∣∣∣XM − YM

2

∣∣∣∣ ≥ 1
)
− pp−1

2
E

[∣∣∣∣XM + YM

2

∣∣∣∣
p]

= P (|θ + gM | ≥ 1) − pp−1

2
‖f‖p

p.(2.3)

Here ‖fM‖p = ‖f‖p because ‖f0‖p ≤ · · · ≤ ‖fM‖p = ‖fM+1‖p = · · · . The main
step in the proof that pp−1/2 is a lower estimate for the best constant is to show
that

(2.4) E[v(ZM )] > 0.

If (2.4) holds, then by (2.3),

P (|gM | ≥ 1 − θ) ≥ P (|θ + gM | ≥ 1) >
pp−1

2
‖f‖p

p.
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Using this and (2.1), we obtain

(2.5) P (|GM | ≥ 1) > (1 − θ)p pp−1

2
‖F‖p

p > β‖F‖p
p

where F is the martingale (1 − θ)−1f , and G = (1 − θ)−1g, the transform of F by
(−1, 1,−1, 1, · · · ). So provided (2.4) holds, pp−1/2 is a lower estimate of the best
constant.

To prove (2.4), define φ : R × [− p−1
p , 0) → R and ψ : (0, p−1

p ] × R → R by

φ(x, y) = [(p − 2)y + px](−y)p−1,

ψ(x, y) = [(2 − p)x − py]xp−1,

and notice, for example, that φxx(x, y) = 0 but that

(2.6) ψxx(x, y) = −p(p − 1)(p − 2)(x + y)xp−3,

(2.7) ψxxx(x, y) = −p(p− 1)(p − 2)[−y + (x + y)(p − 2)]xp−4.

These imply that ψxx(−y, y) = 0 and ψxxx(x, y) < 0 if x ≥ −y > 0. If − p−1
p < y <

0 and 3−p
p−1y ≤ x ≤ −y, let

u(x, y) =
1
4

(
p

p − 1

)p−1

φ(x, y)

and also if y = − p−1
p and p−3

p ≤ x ≤ p+1
p . If 0 < x ≤ p−1

p and −x < y ≤ 3−p
p−1x, let

u(x, y) =
1
4

(
p

p − 1

)p−1

ψ(x, y).

By the definitions of φ and ψ, the function u is continuous, and has continuous first
and second partial derivatives on the interior of its domain of definition.

Observe that u(ω) = v(ω) for all ω ∈ Ω: both u(c∗) and v(c∗) are equal to
(2p − 1)/(2p) and if 1 ≤ n ≤ M , then both u(cn) and v(cn) are equal to

−pp−1

2(p − 1)p
(θ + (n − 1)δ)p.

Therefore, E[v(ZM )] = E[u(ZM )] and the problem is reduced to showing that

(2.8) E[u(ZM )] > 0.

The calculation of E[u(Z0)] shows that

E[u(ZM )] =
θp

2

(
p

p − 1

)p−1

+
M∑

n=1

E[u(Zn) − u(Zn−1)].

So (2.8) will follow if we can prove that

(2.9)
M∑

n=1

E[u(Zn) − u(Zn−1)] > −θp

4

(
p

p − 1

)p−1

.
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By Taylor’s formula with Lagrange’s remainder,

E[u(Z1) − u(Z0)] = [u(z0 + (δ, 0)) − u(z0)]
x0 − a1

x1 − a1

+[u(c1) − u(z0)]
δ

x1 − a1

= [ux(z0)δ +
δ2

2
R1]

x0 − a1

x1 − a1

+[ux(z0)(a1 − x0)]
δ

x1 − a1

=
δ2

2
R1

x0 − a1

x1 − a1
(2.10)

where, for some δ∗ ∈ (0, δ), R1 = uxx(z0 + (δ∗, 0)). By (2.6) and (2.7),

0 > R1 > uxx(z0 + (δ, 0)) = −p(p − 1)(p − 2)δxp−3
1 .

So (2.10), (x0 − a1)/(x1 − a1) ∈ (0, 1), and θ < x1 ≤ p−1
p < 1 < 1

θ imply that

(2.11) E[u(Z1) − u(Z0)] > −1
2
p(p − 1)(p − 2)δ3xp−3

1 > −Cp,θδ
3

where Cp,θ = p(p − 1)(p − 2)(θ3−p + θp−3). If 2 ≤ n ≤ M , then

(2.12) E[u(Zn) − u(Zn−1)] > −Cp,θδ
3

also holds as we shall see. Since Zn(ω) 
= Zn−1(ω) if and only if Zn−1(ω) = zn−1,

E[u(Zn) − u(Zn−1)] = E[u(Zn) − u(Zn−1)|Zn 
= Zn−1]P (Zn 
= Zn−1)
+E[u(Zn) − u(Zn−1)|Zn = Zn−1]P (Zn = Zn−1)

= E[u(Zn) − u(zn−1)|Zn−1 = zn−1]P (Zn−1 = zn−1).

The case n = M is easy: u is affine on the line segment with endpoints cM and c∗,
so E[u(ZM ) − u(zM−1)|ZM−1 = zM−1] = 0 and

(2.13) E[u(ZM ) − u(ZM−1)] = 0.

Now let 2 ≤ n ≤ M − 1 and γn = zn+zn−1
2 . If n is odd, then

E[u(Zn)|Zn−1 = zn−1] = u(zn)
xn−1 − an

xn − an
+ u(cn)

2δ

xn − an

= [u(γn) + ux(γn)δ +
δ2

2
Rn]

xn−1 − an

xn − an

+[u(γn) − ux(γn)(xn−1 + δ − an)]
2δ

xn − an

= u(γn) − ux(γn)δ +
δ2

2
Rn

xn−1 − an

xn − an

where, for some δ∗n ∈ (0, δ), Rn = uxx(γn + (δ∗n, 0)). Here

0 > Rn > uxx(γn + (δ, 0)) = −p(p − 1)(p − 2)δxp−3
n

and 0 > E[u(Zn)−u(zn−1)|Zn−1 = zn−1] > −Cp,θδ
3 follows. But this implies that

E[u(Zn) − u(zn−1)] > −Cp,θδ
3P (Zn−1 = zn−1)

> −Cp,θδ
3.

The same inequality is obtained by similar means if n is even.
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Consequently, by (2.11), (2.12), (2.13), (2.2), and (M − 1)δ = p−1
p − θ < 1,

M∑
n=1

E[u(Zn) − u(Zn−1)] > −(M − 1)Cp,θδ
3

> −Cp,θ

(
p

p − 1
− θ

)3 1
(M − 1)2

> −θp

4

(
p

p − 1

)p−1

and (2.9), hence (2.8), holds. This completes the proof that if p > 2, then the best
constant for the inequality (1.1) is greater than or equal to pp−1/2.

3. A biconcave majorant of v

Here p > 2 and v is the function on R2 defined in the proof of Theorem 1.1. The
function identically 1 on R2 is a biconcave majorant of v but more is needed as can
be seen from that proof. In this section we show there is a biconcave majorant u
of v on R2 with u(0, 0) = 0. Our first step is to prove that there is a function

g : [p−1
p ,∞) → [− p−1

p ,∞)

with the following properties:

g is strictly increasing and continuous on [p−1
p ,∞),(3.1)

g(x) > x − 2 for all x ≥ p−1
p ,(3.2)

g is differentiable on (p−1
p ,∞) and satisfies

g′(x) = 4
pp(p−1) (g(x) − x + 2)−2(g(x) + 1)2−p for all x > p−1

p ,

(3.3)

g(p−1
p ) = − p−1

p , g′(p−1
p +) = 1

p−1 .(3.4)

An equivalent problem is to show there is a function

G : [− p−1
p ,∞) → [p−1

p ,∞)

such that

G is strictly increasing and continuous on [− p−1
p ,∞),(3.5)

G(y) < y + 2 for all y ≥ − p−1
p ,(3.6)

G is differentiable on (− p−1
p ,∞) and satisfies

G′(y) = pp(p−1)
4 (y + 2 − G(y))2(y + 1)p−2 for all y > − p−1

p ,

(3.7)

G(− p−1
p ) = p−1

p , G′(− p−1
p +) = p − 1.(3.8)

To see the equivalence of the two problems, note that if g satisfies (3.1)–(3.4), then
its inverse function satisfies (3.5)–(3.8), and if G satisfies (3.5)–(3.8), then its inverse
satisfies (3.1)–(3.4).

Notice that the differential equation for G in (3.7) has the Riccati form. Using
the transformation

(3.9) h(y) = exp[
∫ y

− p−1
p

pp(p − 1)
4

(z + 1)p−2(z + 2 − G(z)) dz]
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(see, for example, Polyanin and Zaitsev [19]) we obtain the following differential
equation for h(y):

(3.10) (y + 1)h′′(y) + (2 − p)h′(y) − pp(p − 1)
4

(y + 1)p−1h(y) = 0.

Two linearly independent solutions of this differential equation on the interval
(−1,∞) are given by

h1(y) =
√

(1 + y)p−1I− p−1
p

(z0),

h2(y) =
√

(1 + y)p−1I p−1
p

(z0),

where z0 =
√

pp−2(p − 1)(1 + y)p and Iα is the modified Bessel function of the first
kind (see Abramowitz [1]). Here α ∈ {(p − 1)/p,−(p− 1)/p},

Iα(z) =
∞∑

k=0

( z
2 )2k+α

k!Γ(α + k + 1)
,

and

(3.11) z2I ′′α(z) + zI ′α(z) − (z2 + α2)Iα(z) = 0.

If α > −1, then Iα is infinitely differentiable on (0,∞), which implies that h1 and
h2 are infinitely differentiable on (−1,∞). By (3.11), h1 and h2 satisfy (3.10):
substitute hi for h on the left side of (3.10) to obtain

(3.12)
1
4
p2(1 + y)

p−3
2 [z2

0I
′′
α(z0) + z0I

′
α(z0) − (z2

0 + α2)Iα(z0)] = 0.

Let h = a1h1 + a2h2 where a1, a2 are real numbers such that

(3.13) h(− p−1
p ) = 1 and h′(− p−1

p ) = p(p−1)
2 .

Then, for y > −1,

(3.14) (y + 1)h′′(y) = (p − 2)h′(y) +
pp(p − 1)

4
(y + 1)p−1h(y)

so if we can show that h > 0 and h′ > 0 on [− p−1
p ,∞), then h′′ > 0 on [− p−1

p ,∞)
and

(3.15) h is strictly increasing and convex on [− p−1
p ,∞).

By (3.13) and the continuity of h′, there is an interval [− p−1
p , c) on which h′ > 0.

Let
b = sup{c : h′ > 0 on [− p−1

p , c)}.

Then h′ > 0, hence h > 0, on [− p−1
p , b), implying, by (3.14), that h′′ > 0 on

[− p−1
p , b). Therefore, h′ is strictly increasing on [− p−1

p , b). Consequently, b is infi-

nite; otherwise, there is a c > b such that h′ ≥ p(p−1)
2 > 0 on [− p−1

p , c) contradicting
the maximality of b. So h, h′, and h′′ are strictly positive on [− p−1

p ,∞).
These properties of h imply the existence of a function G with the properties

(3.5)–(3.8). This function is defined on [− p−1
p ,∞) by

(3.16) G(y) = y + 2 − 4h′(y)
pp(p − 1)h(y)(y + 1)p−2

.
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The function g : [p−1
p ,∞) → R is the inverse of G. We now define a biconcave

majorant u of v on R2, first on the subdomains D0, · · · , D5:

D1 = {(x, y) | 0 < x < p−1
p , −x < y < 3−p

p−1x},
D2 = {(x, y) |x > p−1

p , g(x) < y < 2g(x) − x + 2},
D3 = {(x, y) |x > p−1

p , 1−p
p ∨ (x − 2) < y < g(x)},

D4 = {(x, y) |x > p−1
p , (−x) ∨ (x − 2) < y < 1−p

p },
D5 = {(x, y) | − x < y < x − 2},
D0 = {(x, y) |x > 0, −x < y < x} ∩

(
D̄1 ∪ · · · ∪ D̄5

)c
.

On D0 ∪ · · · ∪ D5, the function u is defined as follows:

u(x, y) =




− pp−1

2

∣∣∣ x+y
2

∣∣∣p if (x, y) ∈ D0,

1
4

(
p

p−1

)p−1
[(2 − p)x − py]xp−1 if (x, y) ∈ D1,

pp−1

4
(g(x) + 1)p−1 ((p − 2)g(x) − px + 2p − 2) 2(g(x)+1)−x−y

g(x)+2−x

− pp−1

2
(g(x) + 1)p y−g(x)

g(x)+2−x
if (x, y) ∈ D2,

pp−1

4
(y + 1)p−1 ((p − 2)y + 2p − 2 − pG(y)) y+2−x

y+2−G(y)

+
(
1 − pp−1

2
(y + 1)p

)
x−G(y)

y+2−G(y)
if (x, y) ∈ D3,

1
2p(p−1)

(pp(y + 1)p − p3(y + 1) + 2p(p − 1)) y+2−x
2y+2

+
(
1 − pp−1

2
(y + 1)p

)
x+y
2y+2

if (x, y) ∈ D4,

1 − pp−1

2

∣∣∣ x+y
2

∣∣∣p if (x, y) ∈ D5.

This function u can be extended to a continuous function on {(x, y)|−x ≤ y ≤ x}.
We use the same letter u to denote this extension and define it further on R2 by

(3.17) u(x, y) = u(y, x) = u(−x,−y) = u(−y,−x).

The function u is continuous on R2 and the partial derivatives ux and uy exist and
are continuous on the set S = {(x, y) ∈ R2 : |x−y| 
= 2}. Furthermore, u(0, 0) = 0.
The proof of these properties of u is routine and is omitted. Note that u is not C1

on R2. For example, if y > − p−1
p , then

ux((y + 2)−, y) = ux((y + 2)+, y) +
1

y + 2 − G(y)
(3.18)

> ux((y + 2)+, y).

We now show that u is a biconcave majorant of v on R2 and begin by showing
that on each of the subdomains D0, · · · , D5 the function u is biconcave. On D0

and D5, the function u is biconcave since on these subdomains

uxx(x, y) = uyy(x, y) = −pp(p − 1)
8

∣∣∣∣x + y

2

∣∣∣∣
p−2

< 0.

We notice that u is a linear function of y for (x, y) ∈ D1 ∪ D2, and is a linear
function of x for (x, y) ∈ D3 ∪D4. So uyy = 0 on D1∪D2 and uxx = 0 on D3∪D4.
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Therefore the biconcavity of u on D1 and D4 follows from the calculations

uxx(x, y) = −1
4

(
p

p − 1

)p−1

[p(p − 1)(p − 2)xp−3](x + y) < 0 on D1,

uyy(x, y) = −1
4
pp(p − 2)(1 + y)p−3(x + y) < 0 on D4.

Here we have used the assumption that p > 2. It remains to show that uxx ≤ 0 on
D2 and uyy ≤ 0 on D3. The common boundary of D2 and D3 is the graph of g
and the common boundary of D0 and D2 is the graph of f , where f is defined by
f(x) = 2g(x) − x + 2 (so g(x) is the average of f(x) and x − 2).

We now show that uxx ≤ 0 on D2. If x ∈ (p−1
p ,∞) and g(x) < y < f(x), then

uxx(x, y) =
pp(p − 1)

4
(g(x) + 1)p−3[−2g′(x)(g(x) + 1)(3.19)

−(g′(x))2(−2p + px + 2 − 2x − 2(p − 1)g(x))
−(−2g(x) + x − 2)g′′(x)(g(x) + 1)
−[(g′(x))2(p − 2) + (g(x) + 1)g′′(x)]y].

This is linear in y. Therefore, to show that uxx(x, y) ≤ 0 for all (x, y) ∈ D2,
we need to show only that uxx(x, f(x)−) ≤ 0 and uxx(x, g(x)+) ≤ 0. Indeed,
uxx(x, g(x)+) = 0 as can be seen from (3.19) by using the differential equation
(3.3) for g. Similarly,

uxx(x, f(x)−) =
1
2
pp(p − 1)(g(x) + 1)p−2(g′(x) − 1)g′(x).

By (3.1) and (3.4), g(x) + 1 ≥ 1
p > 0 so, by (3.2) and (3.3), g′(x) > 0. Also, as we

shall show, g′(x) ≤ 1. Therefore uxx(x, f(x)−) ≤ 0.
The inequality g′(x) ≤ 1 for all x ∈ (p−1

p ,∞) is equivalent to the inequality

(3.20) G′(y) ≥ 1 for all y ∈ (− p−1
p ,∞).

Suppose that (3.20) does not hold. Then there exist numbers a and b such that

inf{G′(y) : y > − p−1
p } < b < a < 1.

Let

y1 = inf{y > − p−1
p : G′(y) = b},

y0 = sup{y > − p−1
p : G′(y) = a, y < y1}.

Recall that G′(− p−1
p ) = p − 1 > 1. This and the continuity of G′ imply that

− p−1
p < y0 < y1. Moreover,

(3.21) b < G′(y) < a = G′(y0) < 1

for all y ∈ (y0, y1). But there is a number ε > 0 such that

G(y) − G(y0)
y − y0

< 1 for all y ∈ (y0, y0 + ε)
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which, by (3.7), implies that for such y,

4
pp(p − 1)

G′(y) = (y + 2 − G(y))2(y + 1)p−2

=
(

y0 + 2 − G(y0) + (y − y0)
[
1 − G(y) − G(y0)

y − y0

])2

(y + 1)p−2

> (y0 + 2 − G(y0))2(y0 + 1)p−2

=
4

pp(p − 1)
G′(y0),

and gives G′(y) > G′(y0). For y ∈ (y0, y0 + ε) ∩ (y0, y1), this is a contradiction to
(3.21). Therefore, (3.20) holds.

Now we check that uyy ≤ 0 on D3. Fix y ∈ (− p−1
p ,∞). Then uyy(G(y)+, y) = 0

and, on D3, u(x, y) = A(y) + B(y)x where A(y) and B(y) are functions of y only.
For G(y) < x < y + 2, uyy(x, y) is a linear function of x. Since uyy(G(y)+, y) = 0
and

uyy((y + 2)−, y) =
2

(y + 2 − G(y))2
− 1

2
(p − 1)pp(y + 1)p−2 =

2(1 − G′(y))
(y + 2 − G(y))2

,

we see from (3.20) that uyy ≤ 0 on D3.
The function u is biconcave not only on D0, · · · , D5, but also, by (3.17), on each

of the reflected subdomains. As can be checked, the function u is concave on each of
the horizontal and vertical line segments included in the complement of the union
of these open sets. The following elementary lemma easily yields the completion of
the proof that u is biconcave on all of R2.

Lemma 3.1. Let a < c < b. If φ : (a, b) → R is concave on (a, c), concave on
(c, b), continuous at c, differentiable on (a, c) ∪ (c, b), and φ′(c−) ≥ φ′(c+), then φ
is concave on (a, b).

We now prove that u is a majorant of v on R2. By (3.17), it is enough to prove
this for {(x, y) : −x ≤ y ≤ x}. On D̄0 and D̄5, we have equality: u = v. So by the
continuity of u and v on {(x, y) : |x−y

2 | < 1}, it is enough to show in the following
that u ≥ v on D1, · · · , D4. To do this, we use that uyy = 0 on D1∪D2 and uxx = 0
on D3 ∪D4 as well as vxx < 0 and vyy < 0 on D1 ∪ · · · ∪D4. For example, consider
D1. On the upper part of its boundary, that is, on D̄0 ∩ D̄1,

(3.22) uy(x, y) − vy(x, y) = 0.

This follows from the continuity of uy on the closure of D1 ∪ D2 and the equality
u = v on D̄0. On D1, uyy(x, y) − vyy(x, y) = −vyy(x, y) > 0, so uy(x, y) − vy(x, y)
is strictly increasing in y. Therefore, by (3.22),

uy(x, y) − vy(x, y) < 0 on D1.

This implies that u(x, y) − v(x, y) is strictly decreasing in y, so the equality u = v
on D̄0 ∩ D̄1 gives

u(x, y) − v(x, y) > 0 on D1.

The proof that u > v on D2 is the same if D1 is replaced by D2.
Now consider D3. Let y > − p−1

p and let w be the linear function on the interval
[G(y), y + 2] such that w(G(y)) = u(G(y), y) and w(y + 2) = v((y + 2)−, y). Then,
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as we shall show,

(3.23) v(x, y) < w(x) < u(x, y)

for all x ∈ (G(y), y + 2), proving that u > v on D3. Because u(·, y) is also linear on
[G(y), y + 2] and

(3.24) w(y + 2) = u(y + 2, y) − 1 < u(y + 2, y),

the right side of (3.23) holds. The left side of (3.23) also holds since v(·, y) is strictly
concave and

(3.25) wx((y + 2)−) = vx((y + 2)−, y).

This equality can be checked by using

vx((y + 2)−, y) = vx((y + 2)+, y) = ux((y + 2)+, y),

and (3.18), which is equivalent to

u(y + 2, y)− u(G(y), y)
y + 2 − G(y)

= vx((y + 2)−, y) +
1

y + 2 − G(y)
.

By the equality in (3.24), this is equivalent to

w(y + 2) − w(G(y))
y + 2 − G(y)

= vx((y + 2)−, y).

Therefore, (3.25) holds and u > v on D3.
Now consider the remaining subdomain D4. If y ∈ (−1,− p−1

p ), then u(·, y) is
linear and v(·, y) is concave on [−y, y + 2]. Therefore, u(·, y) − v(·, y) is a convex
function on [−y, y+2]. To finish the proof that u > v on D4, it is enough to observe
that

u(−y, y)− v(−y, y) =
1

2p(p − 1)
(pp(y + 1)p − p3(y + 1) + 2p(p − 1))

≥ 1
2p(p − 1)

[2p(p − 1) − p3(y + 1)]

≥ p − 2
2(p − 1)

> 0

and

ux(−y, y) − vx(−y, y) =
p2 − pp(y + 1)p−1

4(p − 1)
> 0.

This completes the proof that u is a biconcave majorant of v on R2 with u(0, 0) = 0
and the proof of Theorem 1.1.

4. Concavity along the lines of positive slope

This property of u, stronger than biconcavity, will be used in the proof of The-
orem 5.1. Here of course u is the function defined in Section 3 and p > 2.

Lemma 4.1. If x, y, h, k ∈ R and hk ≥ 0, then the function ϕ : R → R defined by

ϕ(t) = u(x + ht, y + kt)

is concave on R.
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Proof. If (x, y) ∈ D0∪· · ·∪D5, then uxx(x, y) ≤ 0, uyy(x, y) ≤ 0, and uxy(x, y) ≤ 0.
The first two inequalities have been proved in Section 3, and the third also holds:

uxy(x, y) =




− p2

4 ( p
p−1 )p−2xp−2 for (x, y) ∈ D1,

− 1
(2−x+g(x))2 for (x, y) ∈ D2,

− 1
(2+y−G(y))2 for (x, y) ∈ D3,

− pp

4 (1 + y)p−2 for (x, y) ∈ D4,

− pp(p−1)
8 (x+y

2 )p−2 for (x, y) ∈ D0 ∪ D5.

Therefore, if (x + ht, y + kt) ∈ D0 ∪ · · · ∪ D5, then

(4.1) ϕ′′(t) = uxx(x+ht, y+kt)h2+2uxy(x+ht, y+kt)hk+uyy(x+ht, y+kt)k2 ≤ 0.

As mentioned in Section 3, ux and uy exist and are continuous in the open set
S = {(x, y) ∈ R2 : |x − y| 
= 2}. Therefore, the first derivatives of ϕ exist and are
continuous on the set {t ∈ R : (x + ht, y + kt) ∈ S}, so by (4.1) and Lemma 3.1,
ϕ is locally concave on this set. It follows from Lemma 3.1 and calculations such
as (3.18) that u is concave on the graph {(x + ht, y + kt) : t ∈ R} of any line with
(x, y) ∈ S and hk ≥ 0. The continuity of u then assures the concavity of u on the
graph of each of the lines with (x, y) /∈ S and h = k = 1. Therefore, ϕ is concave
on R under the condition hk ≥ 0. �

In the next section, we shall use the smooth approximation um of u obtained by
convoluting u with the Gaussian density m exp[−mπ(x2 + y2)]. The function um

is infinitely differentiable, and um → u pointwise as m → ∞. Moreover, um has
the concavity property of Lemma 4.1 since the integration that gives um preserves
this property of u. Let hk ≥ 0. Then the function ϕm associated with um satisfies
ϕ′′

m ≤ 0 on R, so

(4.2) um
xx(x, y)h2 + 2um

xy(x, y)hk + um
yy(x, y)k2 ≤ 0.

Thus, ϕ′
m is decreasing which gives ϕm(1) − ϕm(0) ≤ ϕ′

m(0) by the mean value
theorem. Therefore,

(4.3) um(x + h, y + k) − um(x, y) ≤ um
x (x, y)h + um

y (x, y)k.

Using the equality um
x (0, 0) = um

y (0, 0) = 0, which follows from the analogue of
(3.17) for um, and the inequality (4.3), we obtain

(4.4) um(h, k) ≤ um(0, 0).

The condition hk ≥ 0 is necessary for (4.2), (4.3), and (4.4) to hold. Also, there is
a positive real number cp, the same number for each m, such that

|um(x, y)| ≤ cp(|x|p + |y|p) + cp,(4.5)

|um
x (x, y)| ≤ cp(|x|p−1 + |y|p−1) + cp,(4.6)

with a similar bound for |um
y |. To prove (4.5) and (4.6), use, for example, the

biconcavity of um so that um
x (·, y) is nonincreasing on R, and the definition of u on

the set {(x, y) ∈ R2 : |x−y
2 | > 1}.
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5. Differential subordination

In this section, we give a simple application of the results of the previous section
to martingales f and g where g is not necessarily a transform of f . Let (Ω,F , P )
be a probability space and (Fn)n≥0 a filtration of F : a nondecreasing sequence of
sub-σ-algebras of F . We assume that fn and gn are Fn-measurable, fn =

∑n
k=0 dk

and gn =
∑n

k=0 ek for all nonnegative integers n, and that

E (dn|Fn−1) = E (en|Fn−1) = 0

almost everywhere for all n ≥ 1, that is, f and g are martingales adapted to this
filtration. If f and g satisfy

(5.1) |en(ω)| ≤ |dn(ω)|
for all ω ∈ Ω and n ≥ 0, then g is differentially subordinate to f . One example
is given by en = εndn, n ≥ 0, as in Theorem 1.1. Another example, which leads
in many contexts to sharp inequalities for stochastic integrals (see, for example,
[7], [9], [13]), is given by en = vndn where vn is F(n−1)∨0-measurable and satisfies
|vn(ω)| ≤ 1 for all ω ∈ Ω and all n ≥ 0.

Theorem 5.1. Let p > 2 and λ > 0. If f and g are martingales adapted to the
same filtration and g is differentially subordinate to f , then

(5.2) λpP (g∗ ≥ λ) ≤ pp−1

2
‖f‖p

p

and the constant pp−1/2 is the best possible.

Proof. That pp−1/2 is a lower estimate for the best constant is a consequence of
Theorem 1.1. That it is also an upper estimate can be seen as follows. Assume as
before that ‖f‖p is finite. As in the proof of Theorem 1.1, it is enough to show that

(5.3) P (|gn| ≥ 1) ≤ pp−1

2
‖fn‖p

p.

This is equivalent to proving that E v(Zn) ≤ 0, where v is defined in Section 1,
and Zn is defined here by Zn = (Xn, Yn) with Xn =

∑n
k=0(dk + ek) and Yn =∑n

k=0(dk − ek). The function u of Sections 3 and 4 is a majorant of v, therefore
the theorem will be proved if we can show that

(5.4) E u(Zn) ≤ 0

for all n ≥ 0. The first step of the proof of this is to show that

(5.5) E um(Zn) ≤ · · · ≤ E um(Z0)

for all positive integers m and n. Let Hn = dn + en and Kn = dn − en. By (5.1),
HnKn ≥ 0, and by (4.3),

um(Zn) = um(Xn−1 + Hn, Yn−1 + Kn)
≤ um(Zn−1) + um

x (Zn−1)Hn + um
y (Zn−1)Kn.

By (4.5), (4.6), and the finiteness of ‖f‖p, each term of this inequality has fi-
nite expectation. By the martingale condition, E Hn = E Kn = 0. Therefore,
E [um(Zn)|Fn−1] ≤ um(Zn−1), which implies that E um(Zn) ≤ E um(Zn−1). Con-
sequently, (5.5) holds for m, n ≥ 1. By (5.1), X0Y0 ≥ 0 which gives, by (4.4), that
E um(Z0) ≤ um(0, 0). Thus, by (5.5),

(5.6) E um(Zn) ≤ um(0, 0)
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for all m ≥ 1 and n ≥ 0. By (4.5),

E [ sup
m≥1

|um(Zn)|] ≤ cp(E |Xn|p + E |Yn|p) + cp,

in which E |Xn|p and E |Yn|p are finite, a consequence of the finiteness of ‖f‖p.
Therefore, taking the limit of both sides of (5.6) gives E u(Zn) ≤ u(0, 0) ≤ 0 and
(5.4) is proved, which completes the proof of the theorem. �

6. Proof of Theorem 1.2

The proof has the same pattern as the proof of Theorem 5.1. Let Z = (X, Y )
where

X = M + N and Y = M − N.

The inequality (1.3) will follow if we can show that for ‖M‖p finite,

E um(Zt) ≤ um(0, 0).

This holds for t = 0 just as in Section 5, so it remains to show that for t > 0,

(6.1) E um(Zt) ≤ E um(Z0).

By Itô’s formula as extended by Kunita and Watanabe [18] and Meyer (see [15]
and the references given there),

(6.2) um(Zt) = um(Z0) + It + Jt + Qt/2 + St,

where

It =
∫

(0,t]

um
x (Zs−)dXs,

Jt =
∫

(0,t]

um
y (Zs−)dYs,

Qt =
∫

(0,t]

(um
xx(Zs−)d[Xc, Xc]s + 2um

xy(Zs−)d[Xc, Y c]s + um
yy(Zs−)d[Y c, Y c]s),

St =
∑

0<s≤t

(um(Zs) − um(Zs−) − um
x (Zs−)∆Xs − um

y (Zs−)∆Ys).

Here Xc is the continuous part of X and ∆Xs = Xs − Xs− for s > 0. The
Bañuelos-Wang condition that [M, M ]t − [N, N ]t is nonnegative and nondecreasing
in t implies that (∆Ms)2 − (∆Ns)2 ≥ 0 for all s > 0 (see Lemma 1 of Wang [22]).
Therefore, (∆Xs)(∆Ys) ≥ 0 and, by (4.3), St ≤ 0. Also, [Xc, Y c]s, which is equal to
[M c, M c]s − [N c, N c]s, is nonnegative and nondecreasing in s. Therefore, Qt ≤ 0.
We now show that E It = 0. A similar argument shows that E Jt = 0 so the
expectation of the right side of (6.2) is less than or equal to E um(Z0) and (6.1)
holds. Using the Bañuelos-Wang condition, we see that [N, N ]∞ ≤ [M, M ]∞ so

‖N‖2 = E [N, N ]∞ ≤ E [M, M ]∞
= ‖M‖2 ≤ ‖M‖p < ∞,

and X , the sum of M and N , is a martingale satisfying ‖X‖2 < ∞. Thus, (It)t>0

is a local martingale (see Theorem 20 on page 56 of [20]). In fact, (It)t>0 is a
martingale as we now show. By (4.6),

|um
x (Zs−)| ≤ cp(|Xs−|p−1 + |Ys−|p−1) + cp

≤ cp((X∗)p−1 + (Y ∗)p−1) + cp.
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We denote the last expression by W . Let q = p/(p − 1). By Doob’s maximal
inequality,

‖(M∗)p−1‖q
q = E[(M∗)p] ≤ qp‖M‖p

p < ∞.

Therefore, (M∗)p−1 ∈ Lq. By a special case of the Burkholder-Davis-Gundy in-
equality (see, for example, page 287 of [15]),

E [(N∗)p] ≤ c′pE ([N, N ]
p
2∞)

≤ c′pE ([M, M ]
p
2∞)

≤ c′′pE [(M∗)p],

so (N∗)p−1 also belongs to Lq. This implies that (X∗)p−1 and (Y ∗)p−1 belong to
Lq. Thus, W ∈ Lq. Using the Burkholder-Davis-Gundy inequality again, we see
that

E [ sup
0<s≤t

|Is|] ≤ cE [(
∫

(0,t]

W 2d[X, X ]s)
1
2 ]

= cE [W (
∫

(0,t]

d[X, X ]s)
1
2 ]

≤ cE [W ([X, X ]t − [X, X ]0)
1
2 ].

By Hölder’s inequality, E[W [X, X ]
1
2∞] ≤ ‖W‖q‖[X, X ]

1
2∞‖p ≤ c′‖W‖q‖X∗‖p < ∞.

Therefore, by the dominated convergence theorem, the right continuity of [X, X ],
and

|E It| ≤ cE[W ([X, X ]t − [X, X ]0)],

E It converges to 0 as t → 0. Moreover,

E [sup
t>0

|It|] ≤ E [W [X, X ]
1
2∞] < ∞,

which implies that the local martingale (It)t>0 is a martingale. Consequently,
E Is = E It for all s, t > 0 so E It = lims→0 E Is = 0 completing the proof of (6.1)
and Theorem 1.2.

7. An inequality for harmonic functions

Let D be an open connected set of points x = (x1, · · · , xn) ∈ Rn, u and v
harmonic functions on D, and |∇u(x)| the Euclidean norm of the gradient vector
(ux1(x), · · · , uxn(x)). Then v is differentially subordinate to u if, for all x ∈ D,

|∇v(x)| ≤ |∇u(x)|.

Fix a point ξ ∈ D and let D0 be a bounded connected subdomain of D satisfying
ξ ∈ D0 ⊂ D0 ∪ ∂D0 ⊂ D. Denote by µξ

D0
the harmonic measure on ∂D0 with

respect to ξ. If 1 ≤ p < ∞, let

(7.1) ||u||p = sup
D0

[
∫

∂D0

|u(x)|pdµξ
D0

(x)]
1
p

where the supremum is taken over all such D0. Assume that |v(ξ)| ≤ |u(ξ)|.
For any such D0, let τ(ω) = inf{t ≥ 0 : |Zt| /∈ D0}, Mt = u(Zt∧τ ), and

Nt = v(Zt∧τ ), where (Zt)t≥0 is a Brownian motion in Rn that starts at ξ : Z0 = ξ.
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Then M and N are martingales. They also satisfy the Bañuelos-Wang condition
as can be seen from

[M, M ]t = |u(ξ)|2 +
∫ t∧τ

0

|∇u(Zs)|2ds,

[N, N ]t = |v(ξ)|2 +
∫ t∧τ

0

|∇v(Zs)|2ds.

Theorem 7.1. Let p > 2. If u and v are harmonic functions on D such that
|v(ξ)| ≤ |u(ξ)| for some ξ ∈ D0 as above, and v is differentially subordinate to u,
then

(7.2) µξ
D0

({x ∈ ∂D0 : |v(x)| ≥ 1}) ≤ pp−1

2
‖u‖p

p.

Proof. Since D0 is bounded, we have that P (τ < ∞) = 1, P (Zτ ∈ ∂D0) = 1, M is
a uniformly integrable martingale, and ‖M‖p = ‖u(Zτ)‖p < ∞. The distribution
of Zτ on ∂D0 is the harmonic measure µξ

D0
. Therefore, by Theorem 1.2,

µξ
D0

({x ∈ ∂D0 : |v(x)| ≥ 1}) = P (|v(Zτ )| ≥ 1)

≤ P (N∗ ≥ 1)

≤ pp−1

2
‖M‖p

p

=
pp−1

2

∫
∂D0

|u(x)|pdµξ
D0

(x)

≤ pp−1

2
‖u‖p

p.

�

Remark. The best constant for the inequality (7.2) is unknown if n > 2 and p > 2.
It is also unknown if n > 2 and 1 < p < 2 (but see [21]). If n ≥ 1 and p = 1, it is
known to be 2 (see [10] and page 1023 of [12]). In the classical case in which n = 2,
D is the open unit disk, u is harmonic on D, v is its conjugate with v(0) = 0, and
ξ = 0, Davis proved that for p = 1, the best constant is

1 + 1
32 + 1

52 + 1
72 + · · ·

1 − 1
32 + 1

52 − 1
72 + · · ·

.

Later Baernstein [2] gave another proof. Modifying Baernstein’s method, Toma-
szewski [21] found the best constant in a related case in which 1 < p < 2. In the
conjugate harmonic function case, the best constant for p > 2 is still unknown as
far as we know, although Essén [17] has some deep results that may lead to the
answer.
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