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PERSISTENCE OF LOWER DIMENSIONAL TORI
OF GENERAL TYPES IN HAMILTONIAN SYSTEMS

YONG LI AND YINGFEI YI

ABSTRACT. This work is a generalization to a result of J. You (1999). We study
the persistence of lower dimensional tori of general type in Hamiltonian systems
of general normal forms. By introducing a modified linear KAM iterative
scheme to deal with small divisors, we shall prove a persistence result, under a
Melnikov type of non-resonance condition, which particularly allows multiple
and degenerate normal frequencies of the unperturbed lower dimensional tori.

1. INTRODUCTION

The present work concerns the study of the persistence of lower dimensional tori
in perturbative, partially integrable Hamiltonian systems of the following normal
form:

)=o)+ o+ 5(1) M@(2) i) + Py ),

where (7,y,2) € T" x R" x R*™ w is a parameter in a bounded closed region
O C R", M(w) is a (n+ 2m) x (n + 2m) real symmetric matrix for each w € O,
h = O(|(y,2)|?), P is the perturbation whose smallness will be specified later,
and both h and P are real analytic in (z,y,z) for (z,y,2) lying in a complex
neighborhood D(r,s) = {(z,y,2) : [Im z| < r|y| < s,|z| < s} of T™ x {0} x {0}.
In the above, all w dependences are of class C' for some Iy > 4m?2, and the
derivatives of h and P up to order [y are uniformly bounded on their domain of
definitions.
With respect to the symplectic form

zn: dz; AN dy; + i dzj A dzm+j,

i=1 j=1
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the equation of motion associated to (L)) is

Ooh OP
T =w+ Mpy+ Mgz + —+ —,
dy Oy
g = oP
T oz’
Oh oP
z =JMoyz+ JMoay+J—+J—,
0z 0z

where My, Mo, Ma1, Mas denote the n x n, n x 2m, 2m x n, 2m x 2m blocks
of M = M(w) respectively, and J is the standard 2m x 2m symplectic matrix.
Clearly, as w varies in O, the unperturbed system associated to (ILI)) admits a
family of invariant n-tori T,, = T™ x {0} x {0} which are parameterized by the toral
frequency w € O.

Hamiltonian (1) can be viewed as a canonical form in studying the persistence
of lower dimensional tori in Hamiltonian systems. Under suitable symplectic coor-
dinates, typical Hamiltonian systems in the vicinity of a family of lower dimensional
tori (e.g., those near an equilibrium point) may be reduced to a system of form (1))
in which there is a natural dependence of M on the tori, or a natural coupling of
M with the toral frequencies w (see Section 6 for more details).

Along the line of the classical KAM theorem (Kolmogorov [17], Arnold [I], Moser
[28]), the persistence problem of lower dimensional tori for is to find appropri-
ate non-degenerate and non-resonance conditions on M and w, respectively, so that
the majority (with respect to the Lebesgue measure on O) of these tori, associated
to w € O, will persist after small perturbations.

Such a persistence problem was studied in various normally non-degenerate cases
(i.e. Ma2 is non-singular over O). A persistence theorem of elliptic tori was for-
mulated by Melnikov ([25, [26]) for Hamiltonian systems of the form ([I]) in which
Mi1(w), Mh2(w), Ma1(w) = 0 and Maa(w) is a diagonal matrix satisfying the so-
called Melnikov’s second non-resonance condition, i.e., the set

(1.2)  {weO:(kw)+ A #£0, for all (k1) € (2" x Z2™)\ {0}, || < 2}

admits full Lebesgue measure relative to O, where A = A(w) is the column vector
formed by the eigenvalues (diagonal) of Mas. Melnikov’s theorem was first proved
by Eliasson in [11]. Refinements of the result with generalizations to infinite di-
mension were made by Kuksin ([19, 20]) and Pdschel ([32], [33]). We note that,
with Melnikov’s second non-resonance condition, all normal frequencies have to be
simple. Recently, Bourgain (|2 [B]) obtained a sharp persistence result (in both
finite and infinite dimensions) of elliptic tori in the above setting only under Mel-
nikov’s first non-resonance condition (i.e., |I| < 1 in ([Z2)), which therefore allows
the multiplicity of normal frequencies.

Following a pioneer work of Moser ([27]), there were also studies on the per-
sistence of normally non-degenerate, lower dimensional tori of general types. For
example, Broer, Huitema and Takens ([5]), Broer, Huitema and Sevryuk ([6], [7]),
Sevryuk ([34]) studied cases where My (w), M12(w), Ma1(w) = 0 and all eigenvalues
of JMas(w) are simple (hence JMas(w) can be smoothly and symplectically diag-
onalized) and satisfy Melnikov’s second non-resonance condition. Jorba and Vil-
lanueva ([I6]) considered a case with generic, non-degenerate perturbation where
Mis(w), Ma1(w) = 0, Mii(w) is non-singular over O, and JMaz(w) is diagonal
with distinct eigenvalues +X;(w), i = 1,2, .-+, m, satisfying a similar Melnikov sec-
ond non-resonance condition. Recently, You ([40]) considered the same persistence
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problem for (LI) with M3 (w), Mi2(w), Ma1(w) = 0, but under the following weaker
Melnikov second non-resonance condition on the eigenvalues \;, i = 1,2,--- ,2m,
of JMQQI

(1.3) V—1{k,w) — \i(w) = \j(w) #0, for all k € Z"\ {0}, 1< 4,5 < 2m,

which in particular allows the multiplicity of these eigenvalues.

The persistence problem for hyperbolic tori was first considered in the work
of Moser ([27]) and later studied by Graff ([12]) and Zehnder ([41]) for a fixed
Diophantine toral frequency. The hyperbolic case with degeneracy and varying
frequencies was recently considered by the authors in [22].

The aim of the present study is to generalize the result of You ([40]) to allow
normal degeneracy (i.e., the singularity of Mas(w)) of the unperturbed lower dimen-
sional tori. We shall show under the same weaker Melnikov second non-resonance
condition (C3]) that the majority of unperturbed lower dimensional tori in (T1I) will
persist if either Maz(w) or M (w) is everywhere non-singular. In the latter case, the
normal degeneracy of the lower dimensional tori can be made to an extreme. For
example, one can simply take Mas = 0 if M (w) is everywhere non-singular.

The proof of our results uses the classical KAM procedure. However, to be able
to handle a general normal form such as (L)) especially when normal degeneracy
occurs, a modified KAM linear iterative scheme will be introduced in order to con-
struct the desired symplectic transformations. An essential point of this scheme is
to treat the tangential variable y and the normal variable z in the same scale rather
than the traditional way of treating z as a much smaller variable than y. Having
done so, the present problem is in spirit closely related to the KAM problem in
Hamiltonian systems with more action than angle variables (we refer the readers to
[24, 30] and references therein for KAM theory in Hamiltonian or Poisson-Hamilton
systems with a distinct number of action and angle variables).

The persistence problem of lower dimensional tori can also be considered in
the resonance zone of a nearly integrable Hamiltonian system in which the lower
dimensional tori are naturally split from a family of unperturbed, full dimensional,
resonant tori. However, the persistence problem of this nature depends on the
Poincaré non-degenerate condition rather than conditions of Melnikov type. In this
case the normal form near the lower dimensional tori, derived from splitting of the
resonance, is similar to ([T]) but with M being in the same scale as the perturbation
(see [9, 2T, 23, B7] for details).

The paper is organized as follows. In Section 2, we describe our main result
followed by some comments and remarks. We use the modified KAM linear scheme
in Section 3 to construct the symplectic transformation for one KAM cycle and give
estimates to the transformation and the transformed Hamiltonian. In Section 4,
an iteration lemma will be proved to ensure the validity of all KAM steps. We
shall complete the proof of our result in Section 5 by showing the convergence of
iterative sequences and estimating the measure of the limiting frequency set. Some
applications of our results will be discussed in Section 6 for quasi-periodic motions of
Hamiltonian systems near equilibria, in the spirit of the Lyapunov center theorem.

Unless specified otherwise, we shall use the same symbol |- | to denote an equiv-
alent vector norm and its induced matrix norm, absolute value of functions, and
measure of sets etc., and use |- |p to denote the sup-norm of functions on a do-
main D. Also, for any two complex column vectors &, of the same dimension,
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(¢,¢) always stands for £, i.e., the transpose of & times . For the sake of brief-
ness, we shall not specify smoothness orders for functions having obvious orders of
smoothness indicated by their derivatives taken.

We would like to thank the referee for valuable comments and suggestions which
led to a significant improvement of the paper. This work was partially done when
the first author was visiting the Center of Dynamical Systems and Nonlinear Stud-
ies, Georgia Institute of Technology, and the second author was visiting the National
University of Singapore, in 1998. We would also like to thank both Institutions for
their support.

2. STATEMENT OF MAIN RESULTS

Consider (1) and let Ay (w), -, Aam (w) be eigenvalues of JMaz(w). We assume
the weak form of Melnikov’s second non-resonance condition (L3), i.e.,
NR) The set

{we O:vV-1k,w) = X\(w) — A\j(w) #0, forallk e Z"\ {0}, 1 <1i,j<2m}
admits full Lebesgue measure relative to 0.
For v > 0, let O, denote the Diophantine set

{weO:Kth>ﬁ%,bnﬁkeZ"\mH,
n
where |k| = Z |k;] and 7 > n — 1 is fixed. Our main results are stated as follows.
i=1
Theorem 1. Suppose NR) and that either M (w) or Mag(w) is non-singular on O.
For given r,s > 0, a positive integer ly and o¢ € (0,1), if there is a sufficient small
w=p(r,s,lo,00) >0 such that

(2.1) |8£;8;8€y7z)P| < 73(1-&-00)(1”

for all (z,y,2) € D(r,s), w € O, and (1,4, ) € Z} x Z x ZT*™ with |1|+i|+ 5] <
lo, where a = 4m?(lo + 1), then there exist Cantor-like sets O.,, with |0\ O, — 0
as v — 0, on which the following holds:

1) If Mas(w) is non-singular on O, then there exists a C'°~1 Whitney smooth
family of real analytic, symplectic transformations
U, : D(g7 %) — D(r,s), weO,,
which is C uniformly close to the identity, such that

22) Ho, = e. )+ @ 5(*) M) (1))l ) P20,

where ey, and M, are C*~' Whitney smooth with |8ije* - 5‘£je|(gw,
0L (Qu —id)o,, [0L M. — 0L Mo, = O(y*p3), Il < 1o — 1, hu(y, 2,w) =
O(|(y, 2)|?), h« and P, are real analytic in their associated phase variables
and C~1 Whitney smooth in the parameter w, and

i ok
930 Pi|(y,2)=(0,0) = 0

forallz €T, we O,, j € Z}, k€ Zf_m with |7] + |k| < 2. Moreover,
Q.(0,) c O,.
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Thus, for each w € O, the unperturbed torus T, persists and gives rise
to a slightly deformed, analytic, Floquet, quasi-periodic, invariant torus of
the perturbed system with the Diophantine toral frequency Q. (w). These
perturbed tori also form a C'~' Whitney smooth family.

2) If M (w) is non-singular on O, then 1) holds with Q. = id, i.e., for each w €
0, C (;)7, the perturbed torus also preserves the unperturbed (Diophantine)
toral frequency w.

Theorem 2. Suppose that the Hamiltonian (L) is also real analytic in parameter
w. Then the conclusions of Theorem 1 hold for a = 4m? and any ly > 1, provided
that condition Z1I) is replaced by

(2.3) [P| < 7205900, (2,,2) € D(r, ), w € O.

Remark. 1) Part 1) of Theorem 1 becomes the result of You ([40]) when M1, Mia,
Ms1, h = 0. There are certainly cases in application that some of these terms
are non-zero and are not able to be eliminated via a smooth family of canonical
transformations or via rescaling (see Section 6). In the case that Mag is everywhere
non-singular, our results hold for arbitrary smooth matrices My, M1 = MQ—E and
apply to non-degenerate lower invariant tori of all types. Similar to [40], the results
also allow multiple eigenvalues of JMas (or Mas), for example, when k # 0, i can
be equal to j in NR).

2) Part 2) of Theorem 1 is of particular interest in the presence of normal de-
generacy. As a simple example, we let M(w) be any smooth, non-singular, real
symmetric, (n+ 2m) X (n + 2m) matrix on O such that Mz (w) = 0 (in particular,
all normal eigenvalues equal to 0), say,

o0 --- 01
00 --- 10
M = Do Do
o1 --- 0 0
10 --- 0 O

Then the non-resonance condition NR) holds automatically, which therefore assures
the persistence of n-tori when the perturbation is sufficiently small.

With respect to normal degeneracy, an essential point of the result in part 2) of
Theorem 1 is that possible normal degeneracy can be compensated by the overall
non-degeneracy of M(w). Unless there are further non-degenerate constraints in
the perturbation, such non-degeneracy is generally needed in the presence of normal
degeneracy to eliminate first order resonant terms in the Hamiltonian, for otherwise,
there would not be any persistent n-torus. For example, in (ICTI) if M1 = My, = 0,
Moy =0, h=0, P =¢(, 2), where £ is a non-zero 2m vector, then for any matrix
M1 (w), no invariant n-torus can exist when e # 0.

3) Like the classical KAM case, Theorem 1 concludes that perturbed tori are
actually Floquet (i.e., the quadratic terms in their normal forms (Z2) are indepen-
dent of angle variables)—a useful structure characterizing the normal spectra of the
perturbed tori which may be used in studying problems such as bifurcation from
tori, stability and integrability etc. (see [7]).

The non-resonance condition NR) seems to be a best possible condition in general
for the persistence of Floquet lower dimensional tori in Hamiltonians of form ().
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A parallel first non-resonance condition of Melnikov-Bourgain type with respect
to the general setting (II]) can be described as follows: on a frequency set of full
measure,

(2.4) V=1{k,w) = \ij(w) #0, forall ke zZ™\ {0}, 1<i<2m,

where \;’s are as in NR). Thus, the condition NR), when restricted to the elliptic
case, is weaker than Melnikov’s second condition but is stronger than the first
condition.

At this point, it is not clear to us whether it is possible to generalize the Bour-
gain’s theorem and our results to obtain a persistence result for general type of
non-degenerate, lower dimensional tori in Hamiltonian system of general form (LTI,
by only imposing the first non-resonance condition (Z4)). Even if it does, we sus-
pect that the perturbed tori under the first non-resonance condition (Z4)) would in
general be non-Floquet. This is because, as far as KAM type of symplectic trans-
formations are concerned, the non-resonance condition (24 is not sufficient for the
elimination of the angular dependence among quadratic order perturbative terms
of a Hamiltonian system.

Some exciting developments of the quasi-periodic Floquet theory were made
recently (e.g., [10l [13] [15] [I8] [29] [38]) concerning the reducibility of certain linear
systems with quasi-periodic coefficients including some cases of quasi-periodic linear
Hamiltonian systems. With these developments, one might obtain the Floquet tori
alternatively by first obtaining the invariant tori then reducing their normal parts to
Floquet forms. However, since the quasi-periodic Floquet theory gives no particular
information on the reducibility near a given invariant torus, we feel that the weak
second Melnikov condition NR) is still needed for the reducibility near all invariant
tori corresponding to the set O,. Besides, the Hamiltonian system near each of
these perturbed tori will not be quasi-periodically forced in general.

4) Part 2) of Theorem 1 also gives a general result on the preservations of toral
frequencies, which has been known mainly in the classical KAM case and hyperbolic
cases (see [12, 41]). However, it does not mean the persistence of any fixed lower
dimensional torus satisfying the Melnikov condition NR).

Nevertheless, unless there are further non-degenerate constraints in the pertur-
bation, the non-degeneracy of M assumed in part 2) of Theorem 1 is a sharp
condition for the preservation of toral frequencies in Hamiltonian systems of form
(L) in the sense stated in the theorem. Indeed consider (L)) and let M = M (w)
be any (n + 2m) X (n + 2m) real symmetric matrix depending smoothly on w and
satisfying NR). Take h = 0, P = ¢({yo, y) + (20, 2)), where € # 0 is sufficiently small
and yp = yo(w) € R™, 20 = z0(w) € R*™. Then the equation of motions associated
to the Hamiltonian becomes

T =w+ Myy+ Miaz + eyo,
y =0,
2z = JMasz+ JMo1y + eJ 2.

Suppose that the Hamiltonian admits a family of invariant n-tori T ., which pre-
serves the toral frequencies w of the corresponding unperturbed tori. Let (z(t), y(t),
2(t))" be an orbit on a perturbed torus T .. Then y is a constant and z must be a
quasi-periodic function with basic frequencies chosen from components of w. Since
NR) implies the condition (Z4)) (see Lemma 5.1 in Section 5), i.e, none of the eigen-
values of JMss can rationally depend on the basic frequencies, it is easy to see that
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z must be a constant solution of the last equation above, i.e.,
(2.5) Mooz + Mory + €29 = 0.

Substituting the constant solutions y, z into the x-equation above, we see that the
frequencies of x will drift unless

(2.6) M1y + Myoz + eyo = 0.

Now, if M is singular on a positive measure set @ C O, then by choosing (yo, z0) "
as a basis vector of kerM (w) (which varies smoothly in w) we see that the system
{E3), [Z8)} admits no solutions on @ for any e, which leads to a contradiction.
In other words, we have shown that, given any (n+2m) x (n 4+ 2m) real symmetric
matrix M depending smoothly on w and satisfying NR), if M is singular on a posi-
tive measure set, then there exists an arbitrary small perturbation which preserves
no toral frequency lying in a positive measure set.

3. KAM STEP

We shall only prove Theorem 1 in the sequel. The proof of Theorem 2 can be
carried out by similar arguments along with the standard Cauchy estimate.

Due to the presence of small divisors, one cannot remove all z-dependent terms
in a finite number of steps. An essential idea of the KAM theory is to construct a
symplectic transformation, consisting of infinitely many successive steps (referred to
as KAM steps) of iterations, so that the z-dependent terms are pushed into higher
order perturbations after each step. As all KAM steps can be carried out induc-
tively, below, we only show detailed constructions of the symplectic transformation
for one KAM cycle (i.e., from one KAM step to the successive one).

Initially, WeSGtNO = ZV7 €y) =€, QO = Zd, MO 21\47 M§2 = MQQ, h() = h,PO = P,
Oo=0,179=1, 00 =8, S = ’y(H"O)“u%, o = ’y"o/ﬁ, Yo = 7. Without loss of
generality, we assume that 0 < rg, 8o, o, 70 < 1, so < By and write pu, = . For
je Z_T_"’Qm, define

i X . a, ] :07]-;27
o = att—sndisendil - Dsendil - 2) = { ¢ 1123
2, |j| =0,
ko= 1-salil D=4 L L=1
0, lil =2,
. . ) 1, i|=0,1,2,
& = 1= dasmn(ihsendil - sl -2 = { 1, S

where Ao € (0,1) is fixed. Then by (21)),

) j aj Kj dj . .
|8i18;8€y72)P0|D(r0,so)><Oo <Y S0 g’ > |l| + |Z| + |J| < lo.

Suppose that after a vth KAM step, we arrive at a real analytic, parameter-
dependent Hamiltonian
(3.1) H=H,=N+P,
1
N =N, = e+ (9} + (1) 1) (V) + bl ),

z

where (x,y,2) € D =D, = D(r,s), r =1, <rp,s =8, < s9, w € O =0, C Oy,
e(w) = e, (w), Q(w) = N, (w) are smooth on O, M(w) = M¥(w) is real symmetric
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and smooth on O, h = h,(y,z,w) = O(|(y,2)|?), h and P = P,(x,y, 2,w) are real
analytic in (y,z) € D = D(s) = {(y,2) : |y| < s,|2| < s} and in (z,y,2) € D
respectively and smooth in w € O, and moreover,

(3.2) |8i)8;8€y’z)P|on <% b1+ [i] + |5] < lo,

for some = p, >0, v=", > 0.

We wish to construct a symplectic transformation & = &, 1, which, in smaller
frequency and phase domains, should carry the above Hamiltonian into the next
KAM cycle. More precisely, the transformed Hamiltonian should be of a form
similar to with a smaller perturbation term satisfying an inequality similar
to (3:2). Thereafter, quantities (domains, normal form, perturbation, etc.) in the
next KAM cycle will be simply indexed by + (=v+1), and we shall not specify the
dependence of M, M, P, P, etc. on their arguments. Also, all constants ¢; — ¢35
below are positive and independent of the iteration process. For simplicity, we
also use ¢ to denote any intermediate positive constant which is independent of the
iteration process.

Let b,0,d, d be positive constants such that

d=1—-d, o—(b+0)4b+50)>0, 06(1+b+0)>1,
Jo—L(1+Uo)a>0, I4+o00)1+b+0)(1—(b+20)) > 1.

b+o
Define
52
7"+ = (57' —+ d(]. — 3)7“07
5. = 81+b+a7
B o
ﬁ—i— = §+Z,
)
Y+ = 54‘1,
1
Ki o= (log ]+ 1),
D, = D),
Dy = D(ry,sy),
~ 5
DJF = D(T++§(T—T+),ﬁ+)7
 — 1
Dy = D(ry+—=(r—ry)isy), i=1,2,--,8,
7
D) = D(T++§(7”—7”+),>\)7
Py = TS e,

0<|k|<K 4

where A > 0, x = 2(lp + 1)(2m? + 1)1, and 7 > n — 1 is fixed.

3.1. Outline of the construction. The transformation ®; will be constructed
in two steps. The first step is to average out terms in P up to quadratic order.
First order resonant terms will then be removed in the second step by a translation
of coordinate.
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We first consider the averaging process.

Let R be the truncation of the Taylor-Fourier series of P up to quadratic order,
ie.,

R = Z pk”yzzaew—mm
[kI<K 4, [o|+]s]<3
>~ (Proo + (Prao,y) + (Pror, 2) + (y, Przoy)

|k| <K+
(3.3) +(z, Peary) + (2, Pugzz))eY 102,
where K is the truncation order in x to be specified later.

We shall seek for an averaging transformation as the time 1-map ¢ of the flow
t. generated by a Hamiltonian F of the form

(3.4) F = Z (Froo + (Fr10,y) + (Fro1, 2)
0<|k|<K4+
+<y’ Fk20y> + <Z, Fk11y> + <Z, Fko22>)e\/_iuk’gc)7

where Fj;5, 0 <44 j < 2, are w-dependent vectors or matrices of obvious dimen-
sions.
We wish to determine F' through the following linear homological equation:

(3.5) {N,F}+R—-[R]|—-Q=0,

where [R] = R(z,-)dz is the average of R with respect to 2 € T™ and Q consists
T’!L
of all terms in { NV, F'} of size O(s31) including those of order O(y*2?) for 2| +]j| > 3.
We note that, by taking the term @ into account, (BX) modifies the usual linear
homological equation adopted in standard KAM linear schemes.
At the moment, let us suppose that (B3 is solvable on a suitable frequency
domain. Then

Hog¢l, = (N+R)o¢h+(P—R)oo¢h
_ N+[R]+({N,F}+R—[R]—Q)+/O (1= O{{N, F}, F} o ¢hdt
+ [ AR FYodpat+ (P-R)osh+Q
0

1
- N+[R]+/{Rt,F}o¢%dt+<P—R>o¢%+Q,
0

where
(3.6) Ri=(1-t){N,F}+R=(1-t)(Q+[R]—R)+R.
Therefore, if we let
N, = N+IR],
(37) Poo= [(RaFyookat (P-mosk+aQ
then

HO¢};‘:N++F)+.

This completes the averaging process.
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Write M into blocks:

M1 Maa
where My1, Mio, My, Moo are n X n,n X 2m, 2m X n, 2m X 2m blocks of M respec-
tively.
As for the second step, we need to eliminate the first order resonant terms in
[R]. Assume the following condition:
H1) If M, (M° resp.) is non-singular on Oy, then so is May (M resp.), and
moreover,

[M3' o < 2/(M3y) o, (1M o < 2/(M°) ™o, resp.).

M:<M11 M3 )7

Let (yo, z0) satisfy

P
(38)  (M(w)+ 2, _,h(yo, z0,w)) <yo) Oy b5 20,0) = — <Pom)
%0 001

if M is non-singular on O, or

(3.9) yo = 0, (diag(O, Mas(w)) + 8, . h(yo, 20, w)) <ZZ>

0
+ 8(y7z)h(y0a Zva) == <P001>

if Mao is non-singular on O. By the implicit function theorem, (yo,20) = (yo(w),
zo(w)) exist and depend smoothly on w.

Let
er = e+ Pyo + h(yo,20,w) + (24 (w), y0) + (Poo1, 20)
1, (yo Pozo  FPo11 )(yo)
3.10 - , )
(3.10) +2<<z0) < Py Pooz ) )
(3.11) Qy = Q+ P,
P, P,
MY = M42 020 fo11 >7
( Py Poo2
h+ = h(y + Yo, 2 + Zva) - h(yOa Zva) - <8(y7z)h(y0, ZQ,(U), (Z)>
1 Yy 2 Yy
(3.12) —§<<Z>,8(y,z>h(yo,207w)<z)>a
where

pr_ Pyig, if Mss is non-singular on O,
0, if M is non-singular on O.

We consider the translation

ormn (- ()+(2)

Then &, = ¢L o ¢ will transform H into the Hamiltonian Hy in the next KAM
cycle, i.e.,
H+:HO¢+:N++P+,
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where

< Y Pozo  Fois Yo
3.13 N, = N.oo—2(Y),
1y N = Neos-x(Y).( e ) ()

= v+ (1) M (V) +hetrze)
roeorn(l). (B2 A ) ()

3.2. Solving the linear homological equation. In (B3], we let

N <

(3.14) P,

oh
Q = V=1 > (k,Muy+Mpyz+ a_>(FkOO + (Fr10,y) + (Fkot, 2)
0<[KI<K 4
+{y, Fizoy) + {2, Feny) + (2, Froaz) eV 00
oh —_—
(3.15) - Z <&, J(Fro1 + Fenry + Froaz + Fyppz))eY =10,
0<|k|<K 4

Then substitutions of (33), (4), (15) into (3.3H) yield
- > V=R Q) (Froo + (Fro,y) + (Fror, 2)
0<|k|<K4+
+ (4, Frooy) + (2, Fenny) + (2, Fropz))eV 1)
T Z (Ma1y + Mazz, J(Fro1 + Fru1y + Frozz + F];BQZ)>6‘/7_1<]€’I>

0<|k|<K 4

=- Z (Proo + (Pr10,y) + (Pro1, 2)
0<|k|<K4

(316) + <ya Pk20y> + <Z, Pk11y> —+ <,z7 Pk02z>)e\/—71(k,x).

By comparing the coefficients of (BI6), we obtain the following linear equations
for all 0 < |k| < K4

(3.17) vV =1{k, Q) Fio0 = Pxoo,
(3.18) vV =1k, Q) Fr10 + M12J Fro1 = Prio,
(3.19) (V=Uk, Q) L2y, — M22J)Fro1 = Prot,

1
(320) vV —1<k, Q>Fk20 + §(M1—;JF]€11 — F]IHJMgl) = Pyoo,
(321) (\/ —1<k, Q> — MQQJ)Fk;ll + (FI;E)Q + Fkog)JMgl = Pkll;
(3.22) V =1k, Q) Frop — M2 J Fro2 + FrozJJ Maa = Prog.

For any given matrix A = (a;;)pq, let 0(A) denote the pg-vector which lines up
the row vectors of A from left to the right, i.e.,

o(A) = (a11 - aiq - ap ...am)T.
Then for any matrices A, B, C such that ABC' is well defined, we have
(3.23) 0(ABC) = (A® CT)o(B),
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where ® denotes the usual tensor product of matrices, i.e.,
(324) UV = (uijV), U= (uij)

for any two matrices U, V.
For 0 < |k| < K, define

F, = 0(Fro2),

P, = 0(Pro2),

Low = V-1{k,Q),

Lir, = =1k, Q) 2, — MaalJ,

Lox = V=1{k, Q2 — (ManJ) ® Loy, — Loy @ (MaoJ).

Using (3:23)), (324) and the above notions, the linear equations (3.17)-(B22)

can be rewritten equivalently as

(3.25) Lok Fro0 = Proo,

(3.26) L1y Fro1 = Prox,

(3.27) LoxFr10 = Prio — M12JF1¢017

(3.28) Loy Fra0 = Prao + = (FkllJM21 M, JFi),
(329) LixFri1 = Prn — (FkOQ + FkQQ)JMgl,

(3.30) Lo Fy, = Py,

0 < |k| < K4, which are clearly solvable as long as all Loy, L1k, Loy are invertible.
Consider the set

2m
O =OK,) ={weO:|Lo| > W, \detLyy,| > “Z'QW,
,y4m2
(3.31) |det Lok | > 7|k|4m2T, forall 0< |k|] <Ky}

Then, on Oy, equations (3.25)-(B.30) can be solved uniquely to obtain solutions
Fpi;, depending smoothly on w € O, and satisfying Fy;; = F_j,;, for all 0 < |k| <
K4, 0<i+j <2, which uniquely determine the Hamiltonian F in (3.4).

3.3. Estimate on the truncation R.

Lemma 3.1. Assume that

H2) Sy S -

o0 T
H3) Ao AT ) < .
Ky

Then there is a constant c¢1 such that for all || + || + |7] <lo, w € O,

105,0,8], (P = R)|py < exy® (s + 57253 )u.
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Proof. Denote

I = Z pk”yzzge\/——um,
‘k‘>K+
II = Z pk”y’zje\/jl<k’”>
|BI<K 4 ]el+]9]23
o)

Z pkzje\/jl<k7x>yzzjdydzv
[k|<K 4, |2]+]5]>3

OyP0z1

where / is the obvious anti-derivative of 22 for |p| + |g| = 3. Then,

ypazq
P—-R=1+1I.
Since, by H2), Ds C D(s), and by Cauchy’s estimate and (3.2]),
0L07 ST pray'e?| <1010, Plogae "
WEZT gEZT™

Tyl le] < s,

S ,yaj Sﬁj /,I/dje
for all k and |I| 4 || < lo, H3) implies that

|0 9o (yz)I|D(s) < Z ,yaj|k.|\ilsnjudj6—\k\re\k\(r++§(r—r+))

K>
S aJSKJ/J’ Z nnJrlo
n=Ky
o0 T—T+
é ,yajsﬁjudj/ )\n‘i’lOe*)\ 6 d)\
Ky
< s il 1] < o

It follows that
0L0.07, (P = D)l p(s)

IA

13 ’L
|0.,0:.0 (y Z)P|D(7n 5) T |0} o8 8(y Z)I|D(S)
< 2yt 1|+ il + 1] < lo.
By performing Cauchy’s estimate of d%,9; 8] (P I) on D(s), we have
|0Lolo? IT|p,

wrz(y,z)
o)
I 90 8
|8waxa(y z) aypazq Z

[k <Ky ,[o+]5123

<1 [ 1 0%, (P~ Dy,

1 S
< 2< ) W“JSKJudJI/ddeIDS
s — 8s

< cy®ptis®i 383 |1+ |i] + 14| < lo-

Proyy' eV TR Ay dz| p,

Thus,
|0l Lo

&y (P = R)|py < ey (s™Hh 5% ) (1] + |i] + |j] < lo.

1577
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3.4. Estimate on the transformation ®,.
Lemma 3.2. Assume H3) and also that

H4) [0, M — 0L MO, [0L(Q — id)|o < i, 1| < lo.

If F is the Hamiltonian defined in Sections 3.1 and 3.2, then there is a constant c
such that

(3.32) |8i)8;8gy Z)F|D(5)X@+ < s ul(r —ry),
(3.33) 05050, .\ Flp@yxo, < coul(r—ry)

for all 0 < k| < Ky, |I| <lo, |i] + 5] < lo + 1.

Proof. Let ¢ =0,1,2,0 < |k| < K;. By H4),

(3.34) 105 Laklo, < clkl, |1 <lo,
and by (B3,
_ 1 L
L1 = |— <
| 0k |O+ |<k,Q(w)> |O+ =cC y )
_ adlek |k|2m7—+2m—1
L} =
| 1k |O+ |detL1k |O+ = C ,ygm ’
2 2
. _ adjLQk |k|4m T4+4m*—1
|L2k |O+ - |detL2k |O+ < 74m2 ’
ie.,
k 2m)Ir+(2m)7-1
(3.35) 1L lo, < oM

7(2’”1)‘1

Using (B.34)) and (B.35)) and applying the identity
V'] /
V-1 V1" p 11" —1
OLL, =—- Y (Z”) (0L L 0L Lar) Ly,
=1

inductively, it is easy to see that

R @my

U r— /
(3.36) L < = ISl

By Cauchy’s estimate, we also have
(337) 10LPuylo < 0L Pln(reyos™ e < 52 e W 0 <oty < 2.

It now follows from (3:26)—-3:30), (3:30), (B:37) that

. |k||z\+(|l\+1)4m2r ) |
a —1— — T
10 Frslo, < e = mrmymme s he

IN

ol | (U DAmEr 2=y o =lKIr 1 <0 <04y < 2.
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Since F is of quadratic orders in y, z, we have, on D(s) x O, that

0L0i07 Fl<e > [k[VI(1L Fool + [0, Fiaols™ (9D
0<|k|<K4

+ |0 Fro|st7582 (1D 4|98 Fygo|st—sen31=1) |9l Fyy | st —sen(lil=D)
+ |3i)Fk02|81—sgn(\j\—1))elkl(r++§(r—r+))

Sestp 0 (e <es (e =), JU < o, Jif 4[] < do+ 1.
0<|k|<K 4

This proves (332). The proof of (B33)) is similar. O

Lemma 3.3. Assume H1)-H4) and also that

H5) coul(r — 1) < Hr— 1),
H6) cospl'(r —ry) < sy,
HT7) copl'(r —ry) +cop < B — By

1) Let ¢ be the flow generated by F. Then for all 0 <t <1,

(thIDg — 1)47
¢:D1 — D3

are well defined, real analytic and depend smoothly on w € O.
2) Let & = ¢k o¢. Then for allw € O,

D+ — D
3.38 D, = ’
(3.38) “* Dy — D(r. )

3) There is a constant c3 such that for all 0 <t <1, |I| <lo,

o cssul(r —ry), il +1j|=0, || >1,
(3'39) |8L@;8€yyz)¢%|p3xo+ < C3MF(T - 7”.;,_), 2< |l| + |Z| + |.7| <lo+1,

cs, otherwise,
(3.40) 0,08 (@4 —id)|p, o, < caul(r—r4), [Pl <lo+1,
(3.41) 0L,6Ip, xo, < csv"su,

where £ = (z,y, 2).

Proof. Let ¢k, ¢hey, @by be components of ¢4 in x,y,z planes respectively. We
note that

t
(3.42) ¢ =1id + / Xp o ¢pphd),
0

where X = (F,, —F,, JF,)" denotes the vector field generated by F'.
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For any (z,y,2) € D3, let t, = sup{t € [0,1] : ¢’-(x,y,z) € D4}. Since, by H2),
Dy C D(s), it follows from H5)-H7) and (832) that

t
a2l = Jal+] [ By oohd <lel + I lo
2 3
< 7’++§(7”—7”+)+023MP(7"—7’+)<T++§(7”—7”+)7
t
ool = Iyl +1= [ Fro}dd < Iyl +|Fulogy
0
< 35y +cos?ul(r —ry) < 4sy,
t
Srs(e,n 9 = Lal+ | [ TF 0N < Jo] + Bl
0

IA

35y 4+ cos?ul(r —ry) < 4sy,
ie., ¢t(z,y,z) € Dy for all 0 < ¢ < t,. Thus, t,. = 1 and ¢%(z,y,2) € Dy,
0<t<1.
Next, we note by H3), H4) and (8:31) that
10L20l0,» 10Ly0lo, < ey sp, |1 < o,

where yo, z¢ are as in (3.8)). It follows from H2) that ¢ : D; — Ds is well defined and
satisfies (3.41). Thus, @4 : Dy — D is well defined. Using H5), H7), (3:33) and a
similar argument as above, one sees that ¢4, : ﬁ+ — D(r, ) is well defined for all
0<t<1, where Dy = D(ry + 2(r—r4), B4 + cop). Thus, O : Dy — D(r, ) is
also well defined.

As the proofs for (B39) and ([B40) are similar, we only consider ([B40).

Observe that
0

Oy —id=(¢pp —id)op+ | Yo
20

Let w € Oy, 0 <t < 1. By (B41), to prove (340), it suffices to show that
0L08(8h — id)]p, < cul(r —14), ol <lo+1, I < lo.
Note that
’ Ul+1
(3.43) DXk |py o, < elDE T Flpy 0. U] <o
Using (B42) and ([B33), we immediately have
0 —idl, < cul(r —1+).

Differentiating (B:42) yields

t

t
Dedfe = Ianiam + | (DXr)Debbd) = Faiam + | J(DEF)Despar
0 0

It follows from (B.33) and Gronwall’s inequality that
t
|DE¢§7 - 12n+2m|ﬁ+ < /0 |D§F|D(ﬁ)|DE¢}\7 - 12n+2m|§+d)‘ + |D§F|D(ﬁ)

t
< / |DZF|p(s)| Dt — Tonsamlp, AN+ copl'(r — 1) < epl(r — ).
0
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Similarly, by using ([B33)), Gronwall’s inequality and (3:43) inductively, we have
LA 5, o, < eHT(r—74), 2 < ol + |1 Slo+ 1, 1] <lo, or, p] =0, 1] > 1.
O
3.5. Estimate on the new Hamiltonian. We now estimate the new Hamiltonian
Hy=Ho®, =N, + Py,
where N, P, are as in (B13) and (BI4).

Lemma 3.4. There is a constant ¢4 such that for all |I] <lo,

05024 =0, 0o, < eaysp,
Oer —Ouelo, < cars’p,
OLMT =0, Mo, < iy,
0L, (s —W)lp, o, < e L3 <o,
Proof. The lemma follows easily from FI0)-GI2) and B37). O

Let
(3.44) Ap = (v"s" + s2senliD—sen(l51=2)) 23 )
1 sl sun(13D 2-sgnlsl)sen(ll~1)~sen(lisen(ls1-sen(lil -2 4D ., )
+ ’}’aj (sanrl 4 snjf?;sii)‘udj .
Lemma 3.5. Assume H1)-HG6). Then there is a constant cs such that
|agaiaj Pylp xo, <csAy, U+ (i + [5] < lo.

7 (y,z)
Thus, if
H8) csApy <Ay s,
then

105,050, .y Prlpy xor <AL sl us s U+ il + 13] < lo.

Proof. Let ||+ |i|+|7] < lo. Similar to the proof of (B.32)), we have, by H4), (315)),
(B38) and Lemma 3.4 that
(3.45) 10007, Qlpuxo.

< cst o8 ) g2sgn(liDsen(131—1)—sen(l3sen(lsl~Vsen(151-2) . P — ),

(346) [0L0:07  Qlpsxo, < es? e =il yr ),

Using the expression of R in (B3]), we also have
(3.47) |0 o' o [R]|p(s)xo + |0 o; ol R|psyxo < ey*s™ul(r —ry).

Wz (y,z) wrr(y,z)
It follows from (B.32) and (B.47) that
(0L00,  {R], F}| + 10,0002, (R, F} ) oo, < ers™ T2 (r — ry),
and from (332) and B46) that

|8L@;8€y,z){Q, F}|D(S)><O+ < CSQ_Sgn(‘jD—Sgn(‘j‘—Q)HQFQ(T _ T+).
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Hence, by (B39), we have on Dy x Oy that

90501, [ U Py o obat| = | [ 10 0@+ 18]~ B) + B F) o
(3.48) < (st + g2senllih—sen(lil=2)) 23 (0 _ .
Combining (3:45), B48) and Lemma 3.1 with (31), we have

OLOLD?  Pilpyxo, < c((y7s" + s2sen(liD=sen(lil=2)) 203 )
_‘_Si Sgn(l]|)52—Sgn(|j|)sgn(\j\—1)—Sgn(|j|)Sgn(ljl—l)sgﬂ(\j\—Q)MF(T —ry)
oy (s 5353 ),

which, together with ([8:45) and ([B:41), implies that

|81818] P+|D+><O+ SCAM

wrT Y (y,z)

3.6. Estimate on the new frequency domain. Define

L(J)rk = V-Uk,Qq),

L, = V=1(kQp) Lo — Mz,
L;rk = \/—1</€, Q+>I4m2 — (MQJEJ) ® I2m - I2’m & (M2+2J)7

we OO, kez™\ {0}
Lemma 3.6. If

2m 2m
8m?7+8m? s ory=ye Y '
H9) 3ciuKY <min{122, —t, =1},

then for all 0 < |k| < Ky, we Oy,

e %"
Proof. Let 0 < |k| < K4, w € O4. We note by [B31) that
,y2m 4m?
Lok| > detLix| > detLog| > ———.
| Lok| |k;|T |det Ly |k;|2“”’ |det Lo | |I<;|4m2T
It follows from Lemma 3.4 and H9) that
|L(J)rk > |L0k| C4ILLK+ > — |]€|T
2m
2m ¥
|dethk > |detL1k| - 2041/K+ > W,
gl

2
|detL;‘k > |detL2k| — 3C4Z/Kim > W
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4. ITERATION LEMMA

In this section, we shall prove an iteration lemma which guarantees the inductive
construction of the transformations in all KAM steps.

Let 79, 80, 140, Y0, Qo, Ho, No, €9, 0, M°, M3y, ho, Py be as defined at the begin-
ning of Section 3 and define Dy = D(Fy), Dy = D(ro, o), Do = D(rg, so), Ko =0,
g =id. For any v =0,1,---, we index all index-free quantities in Section 3 by v
and index all “4”-indexed quantities in Section 3 by v+ 1. This yields the following
sequences:

Tvy, Sv, Hu, K, Ol/) Dy, Dy, Dw H,, N,
ey, Q, MY, M3,, Ly, LY, Ly, hy, P, ®,

for v =1,2,---. In particular,
H,=N,+ Pua
1
N, =e, + <any> + §<<Z>7MV<Z)> + hu(yvsz)v

M)t M,
Loy = \/__1<k79u>7
T = V=1{k, Q) Lo — M3, J,
Y = V=1{k, Q) L2 — (M) @ Inpg — Inp @ (M%),

MV:<(Mf1 MfQ)

1 “
— i+1
ry =ro(l— 5(1—5);5 ),
S, = sifli+a,
1
B = Po(1 — Z 21+1)’
i=1
Po = CoSy_1pw—1, Co = max{l,cy,- -, cs5),
1
= 0(1 Z 2i+1)’
=1
K, = ([log ]+ 1)3,
Sp—1
1 Tv—1 1 v
Ou = {w e Oyfl . |L0k | > W’ |detL1k | > W’
L ,Y4m12
|d€tL2k | > W, 0< |]€| < I(,,}7
Du = D(BV)7
D, = D(’I“V,SV),

N 5
Dy = D(ry + 5(rv-1 =1v), By).

We note that ¢y only depends on rg, 8o, lo.
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Lemma 4.1 (Tteration Lemma). If (Z1) holds for sufficiently small = p(ro, Bo, lo),
then the KAM steps described in Section 3 are valid for all v = 0,1,---, and the
following holds for allv =1,2,---.

1) ey = ey(w), Q) = Qy(w) are smooth on O,, MY = M¥(w) is symmetric
and smooth on O,, h, = h,(y,z,w) = O(|(y, 2)|?) and P, = P,(z,y,2,w)
are real analytic in (y,z) € D, and in (z,y, z) € D, respectively and smooth
inw € O,. Moreover, for all |l| <o,

(41) 10e, — Bhen_1lo, < 72(”";’#
(4.2) 10l e, —dLeolo, < J2(lto0)ata, T
(13) 10,80 — 0,10, < W,
(44) 0L (€, — id)|o, < y(Fo0)ata, s
s

(4.5) 0L MY — LMY o, < 7“2;54 |
(4.6) 6L MY — 8L MO, < A%ut,

a, 1
“.7) 0L, .y (h = hu—1)lp, x0, < 7254, 1] < o,
(4.8) 0400, (hy = ho)lp, <o, <ywE, 1l <o,
(4.9) 0LOLD% Pulp, o, < s, I+ li] < lo, |j| < lo.

2) If MY is non-singular on Oy, then Q,(w) = w.
3) ¢,: D, x 0, — Dl,_l,Dle O, — D,y is symplectic for each w € O,,
real analytic in (x,y,z) € D, and smooth in w € O, and

H, =H, ,0%,=N,+P,.

Moreover,
1
i
(4.10) 0L (®, —id)| p, o, < 5o Pl Slo+1, Il < o,
where £ = (z,y, 2).
4)
2m
v— Yv—1 v— Yo —
Ol, = {w S Ol,,l : |L0k 1| > W’ |detL1k 1| > WWIT’
v—1 73T12
|detL2k | > W’ for all Kl,,l < |]€| S KV}

Proof. We need to verify the conditions H1)-H9) in Section 3 for all v =0,1,---.
Note that

(4.11) My = (CO)”MOSS%"((HHU) 71),

1+b+0)”
(4.12) s, = s{tr)”

(4.13) so = ’y(H”O)a,u%.
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By [@I2), we see that if u < (%)’H%’, then
su41 < sht7s, < 22

i.e., H2) holds.
To verify H3), we denote

16 32
Since §(1 + b+ o) > 1, we see that if p is small, then
E 1 1
—Llog— = ——ro(1—10)6%(6(1 V]
Lo = —goro(l = 1+ b+ ) logso
1
(4.14) > —3—27“0(1 —6)6%log so > 1.

It follows from (EIZ), [EI3), (EI4) that
log(n 4 lo + 1)! 4+ 3(n + lo) log([log i] +1) — E,([log i] +1)% — (n+1y)log E,
< log(n +Io + 1)! + 3(n + Io) log(log Si +2) — (log é)Q +(n+ 1) log Si
< —1ogi7

Sv

provided that p (hence sg) is sufficiently small. Thus,

) n+lo
Ao BV AN < (n 4 1g + 1)1 e KvniBr < g
En+lo
Kyt1 v

i.e., H3) holds.
Denote
n=mn+2(o+1)(2m?[r] +2m? + 1)
and fix an 0 < € < 1 such that

(4.15) 14+00)(1+b+0)(1—b—20—2¢) > 1,
% > (4b+ 50 + 3¢) + 3¢, Ao — (1 — Ag)o — 2¢ > 0.
o
We let o (hence sg) be sufficiently small so that
816/ 39 4n 88(1+b+a)’/ - 39 4n . 88b v
= S
EAn ro(1 — 6)62 st = \rg(1 — 6)62 O\ o4n
4n
32 1
4.16 < _— 0L .
o< (orZm) < e
Using (EL16) and the fact that
1 e} 77!€2E0
1<T, =T(r, —r,41) = F(§r05”+2(1 —0)) < e2Fo / Ne  MEvd) < T
1 v
we have
N
(4.17) 55T < S 1
Since

g
- — >0
oo b+0'( +00)a )



1586 Y. LI AND Y. YI

it follows that if p is small, then

COMVFV —2e SIE/ e13
(4.18) Ty < copvS, (EE”) (SI/FI/)

e v (1+0+0) (555 —2¢)

—2e -
< copw S, ”" = cotoSy CoSo

- . _ — 1
< coposy " (cosg =TT < coposy T < copt <1,

i.e., H5) holds.
@I0)-EI13), (A15) and v > 1 yield that

+25 (1+b+0)” —1)

v _ (c0)"posg
54b+50’+26 o (14-b+0)¥ (4b+50+2¢)
v SO
5 v (555 —(4b+50+2¢)) (1+b+0)"
= 5o to(co)” sq

(4.19) 50 7 oleosi)” < i,

IN

provided that p is small so that ¢os§ < 1. This together with (ZIT) implies that

cosy 'y < _Colly
— 5?[+a+e

1
Seopt <1,
Sv+1

i.e., H6) holds. HT7) is obvious when g is small.
To verify H8), we let Aj; = A} be the sequence defined in (844) for the vth
KAM step. Then,
o1 = ¢ ’73512/ + SE)MZF?/ + 5v+1512/MuFu + 73(513/ + 5;1513/+1)Mu)a
Ssu sy + sy Ly + 50 (s] + 5525000 m),
coAz = co((vy + SV)IU’IQ/F?/ + spp Ty + 73(51/ + 5;3513/+1)Mu)a

col | = co((ve + DTy + T + 5 (sy + 5,50 ) s ), 1] = 3.

Using ([£17), (Z19), we have

((
cola = co((7p 50 +
((

coAT
081l v < (282(b+a) +,y—a817b720'726 +8172b730 +Sb)1‘\y
a 2 v 0 v v v )
Vo+1Sv+1Hv+1
coAsT .
. 0821l p < (25;3/(b+cr)_’_,)/O—asll/fb72crf2s_’_Slllfb72tr_‘_SEbJrU)FV7
Vo+1Sv+1Hv+1
coAsT
aO 31 v < (253(b+0) +')/0_a511,7b7072€+8i70+83b+20)ry,
Pyl/+1l1’l’+1

C()A- —(1— — - ‘ 1
|51 §2S§(b+a)+sl)/\o (1-Xo)o 2% 4 gl 4 G320 15> 3
Hy+1

Since, by (£I1H) and v > 1,
si7b720726 < s(()1+b+0)(1—b—20—2€)

y — ’y(gl+ao)a(1+b+o')(17b720726)M71*5*20*25 < 1=b20-2¢

Oa
=

it is clear that one can make p small such that

—a _1—b—0—2¢ —a _1-b—20—2¢
70 Sy S,YO Sy <

e~ =
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By (EI2) and (£13), all other terms in the above can also be made smaller than
% by assuming p small. This verifies H8). As p is sufficiently small, we have by
(EET9) that

3 1
3CONVK§T127+8m2 < msy'ﬁ‘ﬂ'%([log —]+ 1)3(4m27+4m2)
2 L
< ! 1 1

2(v+2)(4m?) < 2(v+2)(4m) < QU+2°

This verifies H9).
Since by @.17), @19),

1 E\V £ g 1 E\V
pl'y < p(cosg) (suFV)SibJrs < p7(cosp)”s

we can make p small so that

1
MZ
(420) CO/J/VFI/ S 2u+1’
1
Vs
(421) CO'Ya/J/VFI/ < out1
for all v.

We verify H1) and H4) by induction. As H1) and H4) trivially hold for v = 0,
the KAM step described in Section 3 is valid for v = 0. We now assume that for
some positive integer v, H1) and H4) hold for all v = 0,1, - , vy, i.e., the KAM
steps are valid for all v = 1,2,--- ,v,.. Applying Lemma 3.4 and (@21) for all
v=20,1,---, v, we have

0L My — 0L My o, ., < |0LM™ T — 9L Mo

vs+1 vs+1
1ol (apitl i SR .
(4.22) < SJOLM — Mo, < S <,
=0 =0
Vx Y (1400)ata,,t
. 5y Ik
|a¢lu(QV*+1 - Zd)|ou*+1 < Z |8LQZ'+1 - a}qu Oiq1 < T
=0 =0

< 7(1+ao)a+a‘u% ,

i.e., H4) holds for v = v, + 1. Denote MV*H = MVt M2”2*+1, My = MO, MY, re-

spectively. If ;1 is small so that s < m, then by and the invertibility
0 0
of My on Oq, we see that M, ;1 is non-singular on O, 41, and
~ - |(Mo) o, 1
|(My, 11) Moy, 1 < x x < < 2[(Mo)™ o, -
T L= My 1 = Molo,. ., |(Mo) "o, ’

Hence H1) holds for v = v, + 1. Therefore, all H1)-H9) hold and the KAM steps
described in Section 3 are valid for all v.

By performing the KAM steps described in Section 3 inductively, we then obtain
the desired sequences stated in the lemma. Now, 2) clearly follows from (BT,

and (Z1), @3), (@3H), @), (ZI10) follow from Lemmas 3.3-3.5 and (£20), (EZ)
accordingly. By the same argument as in (2Z2), we also obtain (E2), @4, (EH)

and (IR) from (@I, @3), (EH) and @) respectively.
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Note that 4) automatically holds for v = 1. We now let v > 1. By Lemma 3.6,
it is clear that

2m
v— Yv—1 v— =1
Opo1 = {weO,_1:|L5 > T |det LY | > e
,y4m2
|det L 1| > Ikl‘*% for all 0 < |k| < K,—1}.
Denote
2m
A Yv—1 v— Y1
0, = {weO,_1:|{kw)| > T |detL1k1| > PECa
4m?
|det Ly Y| > |]:|1;§T, for all K,_1 < |k < K, }.
Then
2m
Yv—1 v— ’YV—l
O, = {we0,_1:[{kw)|> T |detL1k1| > PEca
,y4m2
detLy ) > =1 forall 0 < |k| < K,
2k |k|4m T
(4.23) = 0,.,n0,=0,.
The lemma is now complete. O

5. PROOF OF THE THEOREM

5.1. Convergence. By assuming p = u(r, s,lo) is small, one can apply Lemma 4.1
inductively to obtain the following sequences:

U, =Pyod0---0®,:D, x O, — Dy,
HO\IIV:HV:NV—’_PV)

N, = et @)+ 5((1) @) (V) 4ty 20,

forv=0,1,---.
Let

O, = 0,.

DL

0

v

First, we show the uniform convergence of ¥, on D(%, 6—20) x O,. Note that

U, =Tp+» (U — T, q),

i=1
where, for each i =1,2,---,

VU, —W¥;, 1 = Pgo--0®P; —Pgo---0d;

= /1 D(®go---0®; 1)(id+ 6(®; — id))d6(®; — id).
0



HAMILTONIAN SYSTEMS 1589

/_\
m|o
|Ib
S—
X
Q
*

Since, by ([EI0), on D(%, 3
|D((I>0 ©-:--0 ‘I)i_l)(ld + 0(@1 — ’Ld))|
S |D(I>0(‘I)1 O---0 (I)z_l)(id + (

< (14 p5)(1+
we have

|\I’i_\l’i_1|D(%°,%0)xo*— 2@, — i (o foyyo,
for all i = 1,2,---. Thus, ¥, converges uniformly on D(7, %) x O,. We denote
its limit by ¥. Then

(5.1) Voo =Ty + > (U= Wi g) =id+ Y (U;—T;_y)
=0 =0

It follows that W, is real analytic in £ = (z,y, z) and uniformly close to the identity.
In fact, using a similar argument, ¥, can be shown to be C' uniformly close to the
identity. To show the Whitney smoothness of ¥, in w, one can apply the standard
Whitney extension theorem (see [31], B6]) to uniformly extend all ®,, with respect
to w, to functions on D, x Op of class C0—9 in w € Oy for some fixed 0 < oy < 1,
whose Holder norms satisfy the same estimate (£I0), up to multiplication of a
constant. This results in a sequence of extended transformations W, defined on
D, x Op. Similarly, one can use (ZI0) to obtain the estimates

LW, — L <
0L~ 0L sy, <
for all v = 1,2, - - -, which shows the uniform convergence of 8, ¥,,, on D(7%, %) X

Op. Let U, be defined as in (51) in terms of the extended transformations ¥,,.
Then a similar argument shows that ', ¥, are equally (Holder) continuous, and
oL, — 0L W, 1< |l| <lp— 1, uniformly on D(%, %) x Og. Thus, the original
limit W, is Clo—1 Whitney smooth in w € O,.

Next, we show the convergence of the Hamiltonians H,. By Lemma 4.1 1),
ey, Q,, MV converge uniformly on O, and h, converges uniformly on D(%O) x Oy,
as v — oo. We denote their limits by eso, Qoo, M, hoo respectively. Clearly,
hoo = O(|(y,2)|?). By a similar application of the Whitney extension theorem,
one can uniformly extend all P,, with respect to w, to functions on D, x Oy of
class C~9 in w € Oy, whose Holder norms satlsfy the same estimate (E9), up
to multiplication of a constant. For such extended functions P,, we then use the
same formula ([B12) to define smooth extensions of M* on Op. Then the estimates
in (@3), [4d), up to multiplication of a constant, are still valid for all extended
matrices M” on Oy, which implies the uniform convergence of 9., M" on O, for all
1 <i] <lp— 1. Using the Holder norms of the extended functions P, one further
shows the Holder continuities of 9!, M" which implies that the limit of M" on Og
is of class C'*~!. Thus, M is C'~! Whitney smooth on O,, and

OLM™ — 8L MO0, = O(y*ut), |I| <lo—1,

in the sense of Whitney (see [31]). Similarly, e (w), Qe (w) are Co=1 Whitney

smooth on O, heo(y, z,w) is real analytic in (y,z) € D(%) and C'~1 Whitney
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smooth in w € O,, and

|aiveoo - 35_,60 0. = 0(72(1+00)a+aﬂ,i)’
o —ido. = O
. ) )
|8La€y’z)h°® B 85’8€y,z)h0|p(%l)xo* = O("u%),

for all |j| < lo, |I] < lo — 1. It follows that, on D(%, %) x Oy, N, and all their
possible derivatives converge uniformly to

1
N = ol @)+ 5(1) 20 (V) 4 o l20)
and its corresponding derivatives,Ain the sense of Whitney. By the definition of O,
it is easy to see that Qo (Ox) C O,.

Let

P =HoVU, — N.

Using the uniform convergence of N,,, ¥,, to N, V., respectively, we see that, for
all 1] <lp—1, 8L P, — 9., P uniformly on D(%2, 5—20) x Oy in the sense of Whitney,
and Ps is real analytic in (z,y,2) € D(%,%) and C"~! Whitney smooth in
w € O,.

Forany v € Zy,w € Ok, j € 2}, k € Zim with |j| + |k| < 2, by applying the
inequality

|Py|p, <S5

and performing Cauchy’s estimate of P, on D(r,, %s,,), we see that
30 P, < 2742500,

for all |j|+|k| < 2and v =1,2,---. By (@IIl), it is easy to see that the right hand
side of the above converges to 0 as v — co. Hence, on D(%,0) x O,

ag];'afpooky,z):O =0

forall z € T", w € O, j € Z%, k € Z¥™ with |j| + |k| < 2. It follows that
for each w € O, T, = T™ x {0} x {0} is an analytic, quasi-periodic, invariant
n-torus associated to the Hamiltonian H,, = H o ¥, with the Diophantine toral
frequency o (w), which corresponds to a perturbed invariant n-torus of (I1l) with
the same properties. Moreover, these perturbed tori form a C~1! Whitney smooth
family. In the case that M? is non-singular on Oy, it follows from Lemma 4.1 2)
that Qoo (w) = w, i.e., toral frequencies are also preserved in this case.

5.2. Measure estimates. We wish to show that

(5.2) |Oo\Oy| — 0, as v — 0.

The proof of (2] will be based on the following two lemmas. The first lemma
shows the connection between the non-resonance condition NR) with the small
divisor condition involved in (B3T]) for v = 0. The second lemma deals with measure
estimates.
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Lemma 5.1. Let \j(w), j = 1,2,---,2m, be eigenvalues of JM3%(w). Then the
following hold:

1) For all k € Z™,

detl?, = ﬁ(\/—_ldc,w)—)\i),
i=1
2m
detL, = [ (V=1(k,Q) —Xi—N)).

i,j=1
2) The set
{we O : (k,w) #0, detLd), #0, detLd, #0, for all k € Z™\ {0}}
admits full Lebesgue measure relative to Q.

Proof. 1) Let E be the Jordan canonical form of M3,.J and let T be the non-singular
matrix such that T-1(M%,J)T = E. Then

detL?, = det(v—1(k,w)Izm — M9J) = det(v/—1(k,w) oy, — E)

2m

= JJV=1k,w) = N).

i=1
Since, for any square matrices A, B, C, D of the same dimension,
(A® B)(C ® D) = (AC ® BD),

we have

(T @ T 1 (MHT) @ Iny + oy @ (MBI (T @T) = E® Inp + Iom ® E.
It follows that
detLY, = det(v/—1(k, D) 2 — M35J @ Inp — Iopm @ (M3.J))
=det(V—-1{k, V2 — E® Iz, — Io), ® E)

2m

=[] V=1(k, Q) = Xi = \)).

4,J=1

The proof of 1) is now complete since JM,, MY2,.J have the same eigenvalues.
2) Denote

01 = {weOy:vV-1Lk,w)—\ #0forall ke Z"\ {0}, 1 <i<2m},
0O, = {we(’)oz\/—1<k,w>—)\i—/\j#OforaﬂkEZ”\{O},1§i,j§2m}.

For any w € Os, k € Z™\{0}, 1 < i < 2m, we have that /—1(2k,w)—X;—\; # 0,
i.e,, w € O1. Thus, Oz C Oy, and 2) easily follows from NR) and 1). O

Lemma 5.2. Suppose that g € CP(I), p > 2, where I C R is a finite interval. Let
In={xecl:|gx)] <h}, h>0.1If onI, |g?P)(z)| > ¢ > 0 for some constant c,

then |Ip| < Ih¥, where d =p—+2+ o

Proof. See [39], Lemma 2.1. O
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Let

2m am?

—, or |detLY;| < L —}.

v v Y
R (v) ={w e O, 1 |Lf;| < 7=, or [detLY, | < Tk e

|’€|
We note by Lemma 4.1 4) that

OVJrl - OV \ U RZJFI(’YV)a
K, <|k|<Ky41

for all v = 0,1, - - -, which implies that

0o\O. = J U B

v=0 K, <|k|<K, 11

Thus, the measure estimate (£.2) amounts to the estimate of Ry ™ (y) for all v
and k.
Given k = (ky, ko, -+ ,k,) " € Z"\ {0}, v =0,1,---. Without loss of generality,

we assume that k1 = max{|k;|}. For any (wa, - ,wy), we consider the sets I =
{wr:w= (w1, wa, ,wp)" € O,}, and
4m2
Si={w €T :w=(wi,wa, - ,wn), |glw )L_|kaQTL

where g(w) = det(L%, (w)). By (@&8]), we have that, on I,
84m2

Ax = [ gl)] = [ha| ™ (4®)! + O(mm) + O(uh)),

|k| +1

where O( \k\+1) O(u%) are independent of v, w,ly. Thus, there is a positive integer
ng such that

Ak} Z |k1| Z ]-7
provided that |k| > ng and p is small. Hence by Lemma 5.2,
(5.3) |S1| < (4m? + 3) |k|T,

provided that |k| > ng. It follows from (63) and Fubini’s theorem that if |k| > ng,
then

4m

Hwe O, :g(w)] < S| < e

< R

Similarly, by making ng larger if necessary, we have that

v y
Hwe O, |Lg| <

< Cis
AT

’Yu g
o< e
|k|2m‘r |k-|7'

for all |k| > ng. As all constants above are independent of k, v, we conclude that

v v
(54) |Rk+1(71/)| < C|k|‘r

for all v and all |k| > ng. Let vg be such that K, > ng as v > vg. Then

65 U U B < aY % |,j|T=o<v>.

v=uo K, <|k|<K, 11 v=10 K, <|k|<K, 41

{we O, :|detLli,| <
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We now estimate Ry ™(v,) for 0 < |k| < K, v < 1. Since, by Lemma 4.1 1),
1Q, —id|o,, |MY — Mo, = O(y?), one can make y small such that R} (v,) is
contained in the set

2,}/ 2,}/2m m?
{w S 00 : |<k,w>| < W, or |detL(1)k| < W’ or |detLgk| < W}

for all 0 < k| < K, v < 1. It follows from NR) and Lemma 5.1 that
[RF ()] =0, as y — 0,

uniformly for all 0 < |k| < K, v < 1.
Consequently,

(5.6) J U sMol-o

v=00<|k|<K,

2’}/4
|

as v — 0.

Thus, by (5.5) and (B),
ovod<iy U &Hel+1 U U &r"0l-o

v=00<|k|<K, v=vo K, <|k|<K,41
as v — 0.
This completes the theorem.

6. APPLICATIONS

6.1. Quasi-periodic solutions near an equilibrium. Consider a real analytic
Hamiltonian H(p,q), p € R%, ¢ € R¢, associated with the standard symplectic
structure. We assume that the origin is an equilibrium point and J9? H(0) admits n
(1 < n < d) distinct pairs of purely imaginary eigenvalues £v/—1071,- -+ , £v/—10oy,
where o, > 0, k=1,2,--- ,n, and J denotes the standard d x d symplectic matrix.

Let
Yo =(—1oy, - ,V=1on)", Ag= (AT, , 207,
where m = d—n and £)9,--- , £\ denote the rest of the eigenvalues of JO?H (0).
We assume the following joint non-resonance conditions:
Al) (k,Xo)+(l,Ag) #Oforallk e Z", 1€ Z™ with 1 < |k| < K, 1 < |[k|+]l| <
K, where K = 24m?2.
A2) There are 79 > 0, 7 > n — 1 such that
[k, So) + {1, B} > i

for all k € Z™\ {0}, | € Z™ with |I| = 2.
The condition Al) particularly implies that {o1,09, - ,0,} are non-resonant
up to order K.
We now derive a normal form of H near the origin. Clearly, by using a linear
symplectic transformation, H can be reduced to a Hamiltonian H (p, ¢) of the form

n
k=1
where p,q € R*, Z = (pns1," " »PdsGni1, - ,qa) € R®™, and for each i > 2,

H; is a homogeneous polynomial of degree i. Let & = prqx, k = 1,2,--+ | n,
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€= (&,&,--,&)T. Tt follows from A1) and [§], p. 132, that the Hamiltonian
(610 in a neighborhood of 0 can be normalized to

K
(6.2) H = (Mo, &)+ Ha(Z2) + > _ Hi(€, Z) + Plp, q),
k=3

where P consists of monomials of p,q of degrees > K + 1, and for each k =
1,2,--- K, Hp(§, Z) is a homogeneous polynomial which is uniquely determined
and linearly combines monomials £*Z7, 0 < |a| < [£], 2|a|+|8| = k. Consider the
following symplectic change of coordinate
1 / / 1 / /
= — + —1 R = — — —1

P \/ﬁ(p V-1¢'), q \/ﬁ(p vV-1q')
and let (Y,z) € R™ x T™ be the standard action-angle variables associated to
p/v qla ie., Y = (Yla}éa' o 7Yn)T; T = (xlvx%"' ;xn)—r with Yy, = %(Pli + q,z)v
P, = VYrcoszy and g = \/Ygsinay, k= 1,2,--- ,n. Then the action-angle form
of the Hamiltonian (6.2)) reads

(63) H@Y.Z) = N(Y,2)+P(@,Y,2),
1 1
NY,Z) = {(wo,Y)+ §<Y, AY)+(Y,BZ) + §<Z, CZ)+hY,2),
where wy = (01,02, -+ ,0,)", C = D?H(0), A is contributed by the monomials

{Y*:|a| =2} in Hy, B is contributed by the monomials {Y*Z” : |a| = 1, |3| = 1}
in Hs, P(z,Y, Z) is defined by P(p,q) through the above changes of variables, and
h(Y, Z) is a polynomial which is associated to the rest of terms in (G2) of degree 3
or higher.

Viewing P in the above as a perturbation, we note that the equation of motion
associated to the unperturbed part of ([6.3) reads

. ony,z
(6.4) v =0,

. Y. Z

7 = JCZ+JBW+J%,

where J denotes the standard 2m x 2m symplectic matrix. Let

A B
e )

and assume that
A3) M is non-singular.

Then by the implicit function theorem, the parameterized equation
Y _
(6.5) M <Z> + VY, Z) = (‘” 0‘*’0>

has an analytic family of solutions (Y (w), Z(w)) " with |(Y (w), Z(w))| = O(|w—wo|)
as |w — wg| — 0, which clearly corresponds to an analytic family of invariant n-tori
T,, of (64]) with toral frequencies parameterized by w. Thus, with the above setting,
the persistence problem of lower dimensional tori of H(p,q) in the vicinity of the
origin becomes a perturbation problem for such a family of invariant n-tori. We
note that the hypothesis A3) above can be weakened by assuming the existence of
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solutions of (6.3) instead. In this case, some branches of solutions (Y (w), Z(w))"
may only depend on w smoothly.
Now, by introducing the translation of coordinates

y=Y -Y(w), z2=272 - Z(w),
the Hamiltonian (63) takes the form of (1)), i.e.,

= )+ @)+ 50(Y) . M@ (V) 4 iy 20) + Pl

where

(@) = ()Mo )+ hr ). 26,

Baopaiw) = b+ Y ()5 Z() = hiY (). 2() - Ty (@), 2) ()

P(z,y,z,w) = Pr,y+Y(Ww),z+ Z(w)).
To apply our main results, we let s > 0 be sufficiently small and choose
y=sttu p, =5% O={weR": 25 < |w—uwyl| < 4s},
where 0 < agp < 1. Such a choice of v ensures that the set

@w:{weo:|<k,w>|>#, k# 0}

is of positive Lebesgue measure. In fact,
|0\ O,| = 0(7) = O(s' ™).

Since
K+1

Pa,y, z,w) = O((lyl + |2] + |w —wol) =),

there is a constant ¢ > 0 such that

|P|D(7",S)><O < 073(1+00)aﬂ*a
where
1
s —ag — 3aag
=4m?, 0<op< 2——~——
a=am o0 3a(l+ ap)

Therefore, the smallness condition ([23) of the perturbation is satisfied with p =
ciix. By the definition of M (w), it is clear that M (w) is non-singular on O if s is
sufficiently small.

We now verify the non-resonance condition NR). Let Mas = Maos(w) be the
2m x 2m lower right block of M(w) and denote the eigenvalues of JMass(w) by
+Ai(w), i =1,2,--- ,m. Consider

Ri(7) = {w € O : |det(vV/—1{k,w) 1> — (Mo J) @ Ipp,

4m?

— Iom ® (Ma2J))| < i }s

|k|4m2‘r
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v >0, ke Z™\ {0}. Then Lemma 5.1 implies that

am?

(6.6)  Ri()={we0:| [ V=Ikw)+ @AW < s},

|k|4m2‘r
lezm |i|=2

v >0, ke Zm\ {0}, where A(w) = (A (w), -, Am (W) T
By a similar measure estimate as in Section 5.2, we first observe that there is an
integer ko > 0 and a constant ¢ > 0 such that

~y
[Bx (V)] < e
K|

for all |k| > ko, v > 0. It follows that

(6.7) | Be@)|=0().

|k|>ko

Since \j(w) — A, i =1,2,--- ,m, w € O, uniformly as s — 0, A2) and (G.6) imply
that there is a 79 > 0 such that

(6.8) Ry(v) =0,
for all |k| < ko and v < 79, provided that s is sufficiently small. Let

2

_ 4m
Oy ={we O0: WV-1{k,w)+ (I, A(w))| > |IZ|4W, ke zZ™\ {0}, |I| =2}
It follows from (G.6)(6.8) that
0\0,1 = 0(3),

as v — 0, which particularly implies that the set
{we O VTTlhw)+ (LAW) £ 0, ke 2\ {0}, |I| =2}

admits full Lebesgue measure relative to O, i.e., NR) holds as long as s is sufficiently
small. Thus, by Theorem 2, we have the following.

Proposition 6.1. If conditions A1)—A3) hold, then there is a s > 0 sufficiently
small and Cantor-like sets O, C O, with

(6.9) [0\ O, = O(y) = O(s'+*)

such that the Hamiltonian H(p,q) admits a Whitney smooth family of invariant,
quasi-periodic n-tori in an O(s)-neighborhood of the origin with the toral frequency
we O,.

We note that in this particular case the measure estimate (G.9)) is more concrete
than the one stated in the theorem.

Remark 6.1. In the above, there are no restrictions on the type, multiplicity or
singularity of the normal eigenvalues {£A},--- , £)% }. Also, the matrix M (w) (or
M(w)) is in general a non-diagonal matrix due to the existence of the term Hg in
(63). In the case of multiple or singular normal eigenvalues, neither can such a term
be eliminated via canonical transformations nor can it be treated as a perturbative
term via re-scalings.
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Example 6.1 (Normal Degeneracy). As a special case, we consider the case that
Ag = 0, i.e., the normal eigenvalues of JD?H (0) are completely degenerate. Let 3o
be Diophantine. Then both A1) and A2) hold automatically. Hence the conclusions
of Proposition 6.1 hold if A3) is satisfied.

6.2. Coupled oscillators. Consider a system of near-neighboring coupled oscilla-
tors with the following real analytic Hamiltonian

d—1
1
(6.10) Z pj+U q;)) +Zm (gj+1 — 45),
j=1 Jj=1

where p = (p17p2a"' apd)Ta q = (qlaQ27"' aqd)Tv and UiE .7 = 1a27"' 7d7 are
coupling coefficients. We first assume that

A4) the potential energies U; admit critical points q? for j =1,2,---,d respec-
tively such that the first n (0 < n < d) of them are elliptic, i.e., UJ’-(q?) =0,
j: 1a27"' 7d7 and Uj”(q?) > Ovj: 172a"' 1
Then by the Liouville-Arnold integrability theorem, in a small annulus G' around
{0} x {(¢9,¢8,--+,4%°) "} € R®", one can express the first n oscillators into action-
angle variables (I;,¢;), 7 =1,2,--- ,n, such that
1
517? + Uj(qj) = H;(15),
for I = (I, Is,--- ,I,)" lying in some small annulus O around the origin of R,
where H;’s are real analytic functions defined near the origin with H]/»/ (I;) #0,j =
1,2, ,n. As 19 = (19,19, -- | I%)T varies in O, we treat w = (H| (1Y), H5(I9),- - -,
H), (Ig)) as a parameter in a bounded closed region O and define

Let m = d_n7 y:I_IO) T = (¢17¢27"' a¢n)—r) z = (pn+1;"' yPd> Gn+1, """
qa) . Then the Hamiltonian (610) reduces to the form

iy 50) = @)+ o)+ 31(Y)ane)(?))

z
(6.11) + Oyl + [2)%) + Pr(z,y, 2,0),
where w € O, z € T, (y, 2) lies in a small neighborhood of the origin in R" x R*™,
My (w) = diag{A(w), C1}, C1 = diag{lvan—i-l(q(v)L—i-l) Uy (a9)),

Pi(z,y,2,w) = Zm (g741 — @5)-

Thus, M;(w) is non-singular on O as long as Uj (qj) #0foral j=n+1n+
2,--+,d, and P; is small as long as the coupling coefficients are small. Since C is
a constant matrix, a straightforward measure estimate shows that NR) holds on O
automatically. Applying Theorem 2 to ([6.11]), we then have the following.

Proposition 6.2. Assume A4) and that Uj'-' (q?) #0,j=n+1,n+2,---,d. Then
as n = (Ni,m2,- -+ ,Na—1) sufficiently small, there are Cantor-like sets G, C G C
R* with |G\ G| — 0 as |n| — 0 such that for each (p°,q°) € G, the unperturbed
torus associated to (p°,q°) persists and gives rise to a slightly deformed, invariant,
quasi-periodic n-torus of ([GI0) with the same toral frequency.
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The application of our results also allows some strong couplings among the re-
maining m oscillators. Instead of assuming the weak couplings, we assume the
following;:

A5) q2+1 = _qd =¢°, Fr/z+1(0) ":Fé—l(o) =0.
Denote Q; :U] (q )7]:71_’_]_7714_27 ’d,

Oa j:n,
Bi=1 miF;j (), n+1<j<d-1,
O’ J:d7

j=mnn+1,---,d, and let Co = diag{l,,,C}, where C = (¢;;) is the m x m
symmetric matrix defined by
Qp4q + 5n+i71 + ﬂnJria ] = iv
Cij = _6n+ia ]:Z+]—a
0, j>i4 1.
Then with respect to the new coordinate (z,y, z) above, the Hamiltonian (GI0)
becomes

612 o) =) + o)+ 50(7) aee (1)

+O0((lyl + [21)°) + Pal, y, 2,w),
where w € O, My (w) = diag{ A(w), Ca},

Py(z,y,2,w) = Zm (@741 — 5)-

Thus, Theorem 2 can be also applied to ([612) to yield the following result.

Proposition 6.3. Assume A5) and that C is non-singular. Then as n = (m1, 12,
-, Mn) sufficiently small, the conclusion of Proposition 6.2 holds on G.

Remark 6.2. Tt is easy to see that the invertibility of C' holds in the following two
particular situations:
i) @j =0,0; #0,j =n+1,---,d—1. In this case, the remaining m oscillators
are completely degenerate at V.
ii) a; >0,8; >0,j=n+1,---,d. In this case, ¢° is an elliptic critical
point for all remaining m oscillators, and C is diagonally dominant (hence
non-singular).

Example 6.2 (Coupled Pendulums). As a special case, we consider d coupled
mathematical pendulums of the following Hamiltonian:

d d—1
1 1
(6.13) H(p,q) =) (520? +1—cosgj) + ) 373541 —qj)°,
j=1 j=1

where for each j = 1,2,---,d, ¢; and p; = ¢; denote the oscillating angle and
the angular velocity of the jth pendulum respectively, and 7; > 0 is the spring
constant of the spring which links the jth pendulum with the (j + 1)th one, for
j=1,2,---,d— 1 respectively.

Such a system has been used to model a row of idealized pendulums coupled with
horizontal springs (see [14] for extensive studies on higher order resonance cases)
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and a finite lattice of nearest neighboring coupled particles (the Frenkel-Kontorova
model, see [4]). It can also be thought of as a spatial discretization of the 1D sine
Gordon equation.

Let Uj(q) =1—cosq, j =1,2,--- ,d, and Fj(q) = ¢, j=1,2,--- ,d— 1. Then
Ui(qf) =0, ¢) =0 or m, and

. O = [ — ’ 2 ’
Uj (qj) “ { _17 if q? =,

forj=1,2,--- ,d.

Case 1 (soft springs). Assume that the pendulums are all coupled with soft springs,
ie, n;, 3 = 1,2,---,d, are sufficiently small. Let n be such that q;-) =075 =
1,2,---,n, and q? =0,orm, j=n+1,---,d. Then Proposition 6.2 is immediately
applicable to yield a positive measure set of quasi-periodic, invariant n-tori near
{0} x (0,--,0,¢%, 1, ,¢%) € R*™.

Case 2 (hard springs). Assume that for some 0 < n < d, the first n pendulums
are coupled with soft springs, i.e., ;, j = 1,2,---,n, are sufficiently small, but
the remaining d — n pendulums are coupled with arbitrary springs. Consider the
elliptic case that q? =0 forall j =1,2,---,d. Then conditions in Remark 6.2 ii)
hold and thus Proposition 6.3 is immediately applicable to yield a positive measure
set of quasi-periodic, invariant n-tori near the origin of R?>™.
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