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THE TITS BOUNDARY OF A CAT(0) 2-COMPLEX

XIANGDONG XIE

ABSTRACT. We investigate the Tits boundary of CAT(0) 2-complexes that
have only a finite number of isometry types of cells. In particular, we show that
away from the endpoints, a geodesic segment in the Tits boundary is the ideal
boundary of an isometrically embedded Euclidean sector. As applications,
we provide sufficient conditions for two points in the Tits boundary to be
the endpoints of a geodesic in the 2-complex and for a group generated by two
hyperbolic isometries to contain a free group. We also show that if two CAT(0)
2-complexes are quasi-isometric, then the cores of their Tits boundaries are bi-
Lipschitz.

1. INTRODUCTION

In this paper we study the Tits boundary of CAT(0) 2-complexes that have only
a finite number of isometry types of cells. A CAT(0) 2-complex in this paper is a
CAT(0) piecewise Riemannian 2-complex. Here each closed 2-cell is equipped with
a Riemannian metric so that it is convex and its boundary is a broken geodesic.
The metric on the 2-complex is the induced path metric.

Hadamard manifolds are simply connected complete Riemannian manifolds of
nonpositive sectional curvature. CAT(0) spaces are counterparts of Hadamard
manifolds in the category of metric spaces. A CAT(0) space is a complete sim-
ply connected geodesic metric space so that all its triangles are at least as thin
as the triangles in the Euclidean space. CAT(0) spaces have many of the geo-
metric properties enjoyed by Hadamard manifolds including convexity of distance
functions, uniqueness of geodesic segments and contractibility. As in the case of
Hadamard manifolds, a CAT(0) space X has a well-defined ideal boundary 9. X.
There is a topology on 0, X called the cone topology and a metric dr on OxeX
called the Tits metric. The topology induced by dr is usually different from the
cone topology.

Given a CAT(0) space X, the Tits boundary 9rX means the ideal boundary
equipped with the Tits metric dp. Or X reflects the large scale geometry of X. In
particular, 0rX encodes information on large flat subspaces of X as well as the
amount of negative curvature in X (hyperbolicity). Tits metric and Tits boundary
are closely related to many interesting questions in geometry. They play an impor-
tant role in many rigidity theorems (J. Heber [H], W. Ballmann [B], G. Mostow
M|, B. Leeb [L]). They are also very important to the question of whether a group
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of isometries of X contains a free group of rank two (K. Ruane [R], X. Xie [XI],
X2)).

For an arbitrary CAT(0) space X, OrX is complete and CAT(1) (see Section 2.4
or [B]). The Tits boundary of the product of two CAT(0) spaces is the spherical join
of the Tits boundaries of the two factors. When a locally compact CAT(0) space
X admits a cocompact isometric action, B. Kleiner ([K]) showed the geometric di-
mension of 97X is 1 less than the maximal dimension of isometrically embedded
Euclidean spaces in X. Aside from these general results not much is known about
the Tits boundary of CAT(0) spaces. Tits boundary is not even well understood for
Hadamard manifolds or 2-dimensional (nonmanifold) CAT(0) spaces. Tits bound-
ary is well understood only for a few classes of CAT(0) spaces: drX is discrete if X
is a Gromov hyperbolic CAT(0) space; OrX is a spherical building if X is a higher
rank symmetric space or Euclidean building; Or X contains interval components
if X is the universal cover of a nonpositively curved graph manifold (S. Buyalo
and V. Schroeder [BY], C. Croke and B. Kleiner [CK?]); the Tits boundary was
also studied for real analytic Hadamard 4-manifolds admitting cocompact actions
(C. Hummel and V. Schroeder [HST], [HS2]) and the universal covers of certain
torus complexes (C. Croke and B. Kleiner [CKT]).

Let X be a CAT(0) 2-complex. B. Kleiner’s theorem (Theorem 7.1 of [K])
implies that 97X has geometric dimension at most 1. It follows that any closed
metric ball with radius r (r < 7/2) in drX is an R-tree. For an R-tree we can
talk about geodesic segments and branch points. Our first goal is to understand
geodesic segments and branch points in the Tits boundary.

A sector is a closed convex subset of the Euclidean plane E? whose boundary
is the union of two rays emanating from the origin. We equip a sector with the
induced metric. The image of an isometric embedding from a sector into a CAT(0)
space X is called a flat sector in X. We notice if S is a flat sector in a CAT(0)
space X, then the Tits boundary d7S of S is a closed interval and isometrically
embeds into the Tits boundary drX of X. The following theorem says that away
from the endpoints, a segment in the Tits boundary is the Tits boundary of a flat
sector. For a CAT(0) 2-complex X, we say Shape(X) is finite if X has only finitely
many isometry types of cells.

Theorem 3.1l Let X be a CAT(0) 2-complex with Shape(X) finite, and v : [0, h] —
OrX a geodesic in Or X with length h < w. Then for any e > 0, there exists a flat
sector S in X with OrS = v([e, h — €]).

Theorem Bl does not hold without the assumption that Shape(X) is finite (see
the example in Section [3). Theorem Bl also cannot be improved to include the
case € = 0: let X be the universal cover of a torus complex considered in [CKT],
then Op X contains interval components; some of these intervals are not the Tits
boundaries of any flat sectors.

It follows from Theorem Bl that (see Proposition AI2)) a branch point in 07X
is represented by a ray where two flat sectors branch off.

Let X be a CAT(0) 2-complex with Shape(X) finite. Then small metric balls in
OrX are R-trees. An R-tree may have lots of branch points. One may ask if there
is a constant ¢ = ¢(X) > 0 such that the distance between any two branch points
in OrX is at least ¢. Another interesting question concerning the Tits boundary is
whether the lengths of circles in 0 X form a discrete set. Note B. Kleiner’s theorem
also implies circles in dr X are simple closed geodesics, hence are rectifiable.
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Theorem [4.10] and Theorem [4.13l Let X be a locally finite CAT(0) 2-complex
with Shape(X) finite. Suppose the interior angles of all the closed 2-cells of X are
rational multiples of w. Then there is a positive integer m such that:

(i) each topological circle in OrX has length an integral multiple of 7 /m;

(i) the distance between any two branch points in OrX is either infinite or an
integral multiple of /m.

Given a geodesic ¢ : R — X in a CAT(0) space X, the two points in the ideal
boundary determined by ¢|j9,.c) and cj(—o0) are called the endpoints of c. As
an application of Theorem BT we discuss when two points £, € 0,,X are the
endpoints of a geodesic in a locally compact CAT(0) space X. Recall a necessary
condition is dr(&,n) > m, and a sufficient condition is dr(§,n) > m. We provide a
criterion for £ and 7 to be the endpoints of a geodesic in X when X is a CAT(0)
2-complex and dr(&,n) = 7.

A point in the ideal boundary of a CAT(0) space is called a terminal point if it
does not lie in the interior of any Tits geodesic.

Theorem A.TI8. Let X be a locally finite CAT(0) 2-complex with Shape(X) finite.
If &,m € 00X are not terminal points and dr(&,m) > 7, then there is a geodesic in
X with £ and n as endpoints.

As a further application we provide a sufficient condition for a group generated
by two hyperbolic isometries to contain a free group of rank two. Recall that an
isometry g : X — X is a hyperbolic isometry if there is a geodesic ¢: R — X and a
positive number [ such that g(c(t)) = c(t + ) for all t. The geodesic ¢ is called an
azis of g. Denote the two endpoints of the axis ¢ by g(+00) and g(—o0).

Theorem B3l Let X be a locally finite CAT(0) 2-complex with Shape(X) finite,
and g1, g2 two cellular hyperbolic isometries of X. Suppose each closed 2-cell of X is
isometric to a convex polygon in the Euclidean plane. If g1(+00), g1(—00), ga(400),
g2(—00) are not terminal points and dr(&,m) > m for any € € {g1(+00), g1(—o0)}
and any n € {g2(+00), g2(—00)}, then the group generated by g1 and go contains a
free group of rank two.

It is well known that a quasi-isometry between two Gromov hyperbolic spaces in-
duces a homeomorphism between their boundaries. This property does not hold for
CAT(0) spaces. C. Croke and B. Kleiner ([CK1]) constructed two quasi-isometric
CAT(0) 2-complexes X7 and X3 such that 0 X1 and 0. X2 are not homeomorphic
with respect to the cone topology. It is also clear from their proof that dr X; and
Or X, are not isometric. In general, it is unclear whether the Tits boundaries of
two quasi-isometric CAT(0) spaces are homeomorphic.

For any CAT(0) 2-complex X, set Core(0rX) = |J ¢ where ¢ varies over all the
topological circles in OrX . Let d. be the induced path metric of dr on Core(drX).
For &, 1 € Core(0rX), Kleiner’s theorem implies that d.(&,n) = dr(&,n) if &, n lie
in the same path component of Core(drX), and d.(£,n) = oo otherwise.

Theorem G.IL For ¢« = 1,2, let X; be a locally finite CAT(0) 2-complex admit-
ting a cocompact isometric action. If Xy and X5 are (L, A) quasi-isometric, then
Core(0rX1) and Core(drXa) are L?-bi-Lipschitz with respect to the metric d...

The paper is organized as follows. In Section 2, we recall basic facts about
CAT(0) spaces and Tits boundary. In Section 3 we use support set to prove Theo-
rem Bl In Section 4 we give some applications of Theorem B.1} in this section we
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first record several results concerning flat sectors and rays in CAT(0) 2-complexes,
then we prove Theorems .10} and 4T3l In Section 5 we discuss when a group
generated by two hyperbolic isometries contains a free group (Theorem[5.3]). In Sec-
tion 6 we study Tits boundaries of quasi-isometric CAT(0) 2-complexes (Theorem

6.
2. PRELIMINARIES

The reader is referred to [B], [BB1], [BH] and [K]| for more details on the material
in this section.

2.1. CAT(k) spaces. Let X be a metric space. For any = € X and any r > 0,
B(z,r) = {2’ € X : d(x,2') < r} and B(z,r) = {2’ € X : d(z,2') < r} are
respectively the open and closed metric balls with center x and radius r. For any
subset A C X and any ¢ > 0, the e-neighborhood of A is N.(4) = {z € X :
d(z,a) < € for some a € A}. For any two subsets A, B C X, the Hausdorff distance
between A and B is dg(A,B) = inf{e : A C N(B),B C N(A)}; du(A, B) is
defined to be oo if there is no € > 0 with A C N.(B) and B C N.(A).

The Fuclidean cone over a metric space X is the metric space C(X) defined as
follows. As a set C(X) = X x [0,00)/X x {0}. We use tz to denote the image
of (z,t). We define d(t121,taxs) = /13 + 13 — 2t1t5 cos(d(w1, x2)) if d(z1,29) < 7,
and d(t1x1,t2x2) = t1 + to if d(z1,22) > 7. The point O = X x {0} is called the
cone point of C(X).

Let X be a metric space. A geodesic in X is a continuous map c¢: I — X from
an interval I into X such that, for any point ¢t € I, there exists a neighborhood U
of t with d(c(s1),c(s2)) = |s1 — s2| for all s1,s2 € U. If the above equality holds
for all s1,s9 € I, then we call ¢ a minimal geodesic. The image of a geodesic shall
also be called a geodesic. When I is a closed interval [a, b], we say ¢ is a geodesic
segment of length b — a and ¢ connects ¢(a) and ¢(b). A metric space X is called
a geodesic metric space if for any two points x,y € X there is a minimal geodesic
segment connecting them.

A triangle in a metric space X is the union of three geodesic segments c¢; :
[ai,b;] = X (i =1,2,3) where ¢1(b1) = ca(az), ca(ba) = c3(az) and c3(bs) = c1(a1).
For any real number &, let M2 stand for the 2-dimensional simply connected com-
plete Riemannian manifold with constant sectional curvature s, and D(x) denote
the diameter of M2 (D(k) = oo if K < 0). Given a triangle A = ¢; Ucy U cg in
X where ¢; : [a;,b)] — X (i = 1,2,3), a triangle A’ in M2 is a comparison tri-
angle for A if they have the same edge lengths, that is, if A’ = ¢f U U4 and
i lai, b)) — M2 (i = 1,2,3). A point 2’ € A’ corresponds to a point z € A if
there is some ¢ and some ¢; € [a;,b;] with 2’ = ¢}(¢;) and = ¢;(¢;). We notice
if the perimeter of a triangle A = ¢; U g U cs in X is less than 2D(k), that is, if
length(cy) + length(cz) + length(cs) < 2D(k), then there is a unique comparison
triangle (up to isometry) in M2 for A.

Definition 2.1. Let x € R. A complete metric space X is called a CAT(k) space
if

(i) Every two points z,y € X with d(z,y) < D(k) are connected by a minimal
geodesic segment;

(ii) For any triangle A in X with perimeter less than 2D(k) and any two points
x,y € A, the inequality d(z,y) < d(«’,y") holds, where z’ and y’ are the points on
a comparison triangle for A corresponding to x and y respectively.
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When X is a CAT (k) space and z,y € X with d(z,y) < D(k), the definition
above implies there is a unique minimal geodesic segment ¢, : [0,d(z,y)] — X
with ¢;y(0) = 2, coy(d(z,y)) = y. We use zy to denote the image of cgy.

A metric graph is a graph where each edge has a metric making it isometric to a
nontrivial closed segment in the real line. For a metric graph G, we say Shape(G) is
finite if the set of edge lengths of G is finite. We equip the graph with the induced
path metric. Notice that a metric graph G with Shape(G) finite is CAT(1) if and
only if it has no simple loop with length strictly less than 2.

A geodesic metric space X is an R-tree if for any triangle A = ¢; Uca Ucs in X,
¢y is contained in the union cs U c3.

Definition 2.2. Let X be an R-tree. A point p € X is called a branch point of X
if X — {p} has at least three components.

2.2. Space of directions. A pseudo-metric on a set X is a function d : X x X —
[0,00) that is symmetric and satisfies the triangle inequality.

If (X, d) is a pseudo-metric space, then we get a metric space (X*,d*) by letting
X* be the set of maximal zero diameter subsets and setting d*(S1, S2) := d(s1, s2)
for any s; € S;.

Let X be a CAT (k) space. If p,z,y € X and d(p, z) + d(z,y) + d(y,p) < 2D(k),
then there is a well-defined geodesic triangle Apxy. The comparison angle of the
triangle Apzy at p is defined to be the angle of the comparison triangle in M2

for Apxy at the vertex corresponding to p; this angle is denoted by Z;,(a:, y). The

CAT(k) condition implies that if 2’ € pz — {p} and ¢’ € py — {p}, then Z;,(x’, y') <
Zp(x,y). Therefore, if we let 2’ € pzr, ¥’ € py tend to p, then Zp(a:’,y’) has
a limit; we call this limit the angle between pz and py at p, and denote it by
Zy(x,y). If we let ¥’ € py tend to p, then Z,(z,y’) also tends to Z,(x,y). The
function p — Z,(z,y) is upper semi-continuous. Z, defines a pseudo-metric on the
collection of geodesic segments leaving p. We define X7 X to be the metric space
associated to the pseudo-metric Z,. The space of directions at p is the completion
of ¥3 X, and is denoted by ¥, X. For any = € B(p, D(x)) — {p}, the point in ¥, X
coming from the geodesic segment pzx shall be called the initial direction of px, and
denoted by log,(x). Thus we have a map log, : B(p, D(x)) — {p} — X, X.

Theorem 2.3 (I. Nikolaev [N]). Let X be a CAT(k) space and p € X. Then £,X
is a CAT(1) space.

2.3. CAT(0) 2-complexes. A 2-dimensional CW-complex is called a polygonal
complez if (1) all the attaching maps are homeomorphisms; (2) the intersection of
any two closed cells is either empty or exactly one closed cell.

A 0O-cell is also called a vertex.

A polygonal complex is piecewise Riemannian if the following conditions hold:

(1) For each closed 2-cell A whose boundary contains n (n > 3) vertices vq,-- -, vy,
there is a Riemannian metric on A such that v;v;41 (i mod n) is a geodesic segment
in the Riemannian metric and the interior angle at v; (1 <i < n)is < m;

(2) For any two closed 2-cells A; and Ay with Ay N Ay # ), the metrics on A
and A, agree when restricted to A1 N As.

Let X be a piecewise Riemannian polygonal complex and x € X. The link
Link(X, z) is a metric graph defined as follows. Let A be a closed 2-cell containing
z. The unit tangent space S, A of A at z is isometric to the unit circle with length
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27r. We first define a subset Link(A, z) of S, A. For any v € S; A, v € Link(A, z)
if and only if the initial segment of the geodesic with initial point x and initial
direction v lies in A. Then Link(A, x) = Sy A if z lies in the interior of A; Link(A, x)
is a closed semicircle (with length 7) if  lies in the interior of a 1-cell contained
in A; and Link(A, x) is a closed segment with length « if = is a vertex of A and
the interior angle of A at x is a. Similarly, if x is contained in a closed 1-cell B
we can define S, B and Link(B,z) C S, B. We note S, B consists of two points at
distance 7 apart, Link(B,z) = SzB if = lies in the interior of B and Link(B,x)
consists of a single point if x is a vertex of B. When z lies in a closed 1-cell B and
B is contained in a closed 2-cell A, S, B and Link(B, x) can be naturally identified
with subsets of S; A and Link(A4, ) respectively.

We define Link(X, z) = (J, Link(A, =), where A varies over all closed 1-cells and
2-cells containing x. Here Link(B, z) is identified with a subset of Link(A,z) as
indicated in the last paragraph when z lies in a closed 1-cell B and B is contained
in a closed 2-cell A. We let d, be the induced path metric on Link(X, z).

The following is a corollary of Ballmann and Buyalo’s Theorem ([BBi]). For a
piecewise Riemannian polygonal complex X, we say Shape(X) is finite if X has
only finitely many isometry types of cells.

Proposition 2.4. Let X be a simply connected piecewise Riemannian polygonal
complex with Shape(X) finite. Then X is a CAT(0) space if and only if the following
conditions hold:

(i) the Gauss curvature of the open 2-cells is bounded from above by 0;

(ii) for every vertex v of X every simple loop in Link(X,v) has length at least
2.

In this paper a CAT(0) 2-complex shall always mean a CAT(0) piecewise Rie-
mannian polygonal complex. When X is a CAT(0) 2-complex with Shape(X)
finite, for any « € X, there is a natural identification between X% X = ¥, X and
Link(X, z), and the path metric on ¥, X corresponds to d, on Link(X, z).

Let X be a CAT(0) space. A subset A C X is a convexr subset if xy C A for
any x,y € A. Let A C X be a closed convex subset. The orthogonal projection
onto A, m4 : X — A can be defined as follows: for any x € X the inequality
d(z,ma(x)) < d(z,a) holds for all a € A. It follows that for any = ¢ A and any
a # ma(x) we have 2, (2)(x,a) > 7/2. 74 is 1-Lipschitz: d(ra(z), 7a(y)) < d(z,y)
for any z,y € X.

Let X be a CAT(0) space. Then Z,(y, z) + Zy(x, z) + £, (x,y) < 7 for any three
distinct points z,y,z € X.

2.4. Ideal boundary of a CAT(0) space. Let X be a CAT(0) space. A geodesic
ray in X is a geodesic ¢ : [0,00) — X. Consider the set of geodesic rays in X.
Two geodesic rays ¢; and cg are said to be asymptotic if f(t) := d(c1(t), ca(t)) is
a bounded function. It is easy to check that this defines an equivalence relation.
The set of equivalence classes is denoted by 0., X and called the ideal boundary of
X. If £ € 0 X and c is a geodesic ray belonging to &, we write ¢(co) = £. For any
€ € 0xX and any x € X, there is a unique geodesic ray cze : [0,00) — X with
cze(0) = x and cze(00) = €. The image of cge is denoted by x€.

Set X = X UJxX. The cone topology on X has as a basis the open sets of X
together with the sets

U(r,&,R,e) = {2 € X|2 ¢ B(z,R),d(csz(R), cze(R)) < €},
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where © € X, £ € 00X and R > 0, € > 0. The topology on X induced by the cone
topology coincides with the metric topology on X.

We can also define a metric on 9,,X. Let ¢1,¢z : [0,00) — X be two geodesic
rays with ¢1(0) = ¢2(0) = z. For t1,t3 € (0,00), consider the comparison angle
Zy(e1(t1),ca(t2)). The CAT(0) condition implies that if ¢; < #], t2 < t, then
Zaler(ty), ealts)) < Za(er(t)), ca(th)). Tt follows that both limy_ Z4(c1(t), c2(t))
and limy—, oo Z,(c1(2), c2(t)) exist. We can prove that limy oo Z;(c1(t),ca(t)) de-
pends only on the points &,§ € 0.0 X represented respectively by ¢i and cs.
We call Zp(&1,8&2) = limyoo Zi(c1(t), c2(t)) the Tits angle between & and &o.
The Tits metric dr on 9, X is the path metric induced byNAT. We denote
0rX = (0cX,dr). We shall also call Z,(&1,&) = limsg Zz(c1(t), ca(t)) the
angle at x between & and &. Note that Z;(£1,&2) = Zi(p,q) for any p € x&,
q € €2, p,q # x, where Z,(p, q) is defined in Section 2:2] From the definition we
see

Lg(&1,82) < Zy(ei(tr), ca(t2)) < L&, &) < dr(61,62)
for all ¢1,t € (0, 00).

It should be noted that the topology induced by dr is in general different from
the cone topology. For instance, when X = H", the n-dimensional real hyperbolic
space, O X is discrete while 9., X with the cone topology is homeomorphic to S* 1.

Here we record some basic properties of the Tits metric (see [B] or [BH]). For any
geodesic ¢ : R — X in a CAT(0) space, we call the two points in d,X determined
by the two rays ¢)[o,+o0) and ¢|(—s,0] the endpoints of ¢, and denote them by ¢(+00)
and ¢(—o0) respectively.

Proposition 2.5. Let X be a CAT(0) space, and &1, & € OrX.

(i) OrX is a CAT(1) space.

(ﬁ) 4T(§1, 52) = SUPgex 4%(517 §2)

(i) If X is locally compact and dr(&1,&2) > 7, then there is a geodesic in X
with & and & as endpoints.

(iv) If X is locally compact and dr(§1,&2) < oo, then there is a minimal geodesic
segment in Or X connecting &1 and &o.

Recall a sector is a closed convex subset of the Euclidean plane E? whose bound-
ary is the union of two rays emanating from the origin. We equip a sector with the
induced metric. The image of an isometric embedding from a sector into a CAT(0)
space X is called a flat sector in X, and the image of the origin is called the cone
point of the flat sector. We notice if S is a flat sector in a CAT(0) space X, then
OrS is a closed interval and isometrically embeds into the Tits boundary 0rX.

Let X be a CAT(0) space and p € X. For each £ € 0 X the geodesic ray
p& gives rise to a point in ¥, X. Thus log, : X — {p} — ¥, X extends to a map
X — {p} — £, X, which is continuous and shall still be denoted by log,,.

Proposition 2.6 ([B]). Let X be a CAT(0) space and p € X. Then the map log,
restricted to OrX is a 1-Lipschitz map, that is, Z,(&1,&2) < dr(&1,&2) for any &1, &
in OrX. If &1,& € OrX with dp(&,&) = £p(61,82) < m, then the two rays pé,
p&a bound a flat sector of angle dr(&1,&2).

Let Y be a CAT(k) space. We say the geometric dimension of Y is <1if ¥,V
is either empty or discrete for all p € Y. The geometric dimension of Y is defined
to be 1 if it is < 1 and ¥,Y is nonempty for at least one p € Y. The following
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result is a consequence of B. Kleiner’s theorem (Theorem 7.1 of [K]). The reader is
referred to [K]| for the general result and general definition of geometric dimension.

Theorem 2.7 (B. Kleiner [K]). Let X be a CAT(0) 2-complex. Then the geometric
dimension of Or X is < 1. Furthermore, if there exists an isometric embedding from
the Fuclidean plane into X, then the geometric dimension of OrX is 1.

Let X be a CAT(0) 2-complex and a,b,¢ € 9rX three distinct points such
that dr(a,b), dr(a,c) < m. Theorem [Z7] implies that if log,(b) # log,(c), then
Zq(b,c) = m. It follows that ba U ac is a geodesic segment when log, (b) # log,(c).
From this it is easy to derive the following corollary.

Corollary 2.8. Let X be a CAT(0) 2-complex. Then for any & € OrX and any
r:0 <71 <7/2, the closed metric ball B(¢,7) is an R-tree.

It follows from Corollary 2.8 that each embedded path in 07X is rectifiable and
after reparameterization is a geodesic.

Corollary 2.9. Let X be a CAT(0) 2-complex. Then embedded paths in OpX
are geodesics. In particular, all the topological circles in OrX are simple closed
geodesics.

2.5. Quasi-isometry and quasi-flats.

Definition 2.10. Let L > 1, A > 0. A (not necessarily continuous) map f: X —
Y between two metric spaces is called a (L, A) quasi-isometric embedding if the
following holds for all x1,zs € X:

T, 1) ~ A< d(f(21), f(22)) < Li(ar,22) + A,

fis a (L, A) quasi-isometry if in addition dg (Y, f(X)) < A. We call f a quasi-
isometric embedding if it is a (L, A) quasi-isometric embedding for some L > 1,
A>0.

Notice if f: X — Y is a (L, A) quasi-isometry, then there is some A’ > 0 and
a (L, A’) quasi-isometry g : Y — X with d(g(f(z)),z) < A, d(f(g(v)),y) < A’ for
all x € X, y € Y. Such a map g is called a quasi-inverse of f.

Let X be a CAT(0) space. The image of a quasi-isometric embedding from the
Euclidean plane E? into X is called a quasi-flat.

3. SEGMENTS IN THE TITS BOUNDARY

The main goal of this section is to establish the following result, which says that
away from the endpoints, a segment in the Tits boundary is the Tits boundary of
a flat sector. The definition of a flat sector is given in Section [Z4]

Theorem 3.1. Let X be a CAT(0) 2-complex with Shape(X) finite, and ~y : [0, h] —
OrX a geodesic segment in the Tits boundary of X with length h < 7. Then for
any € > 0, there exists a flat sector S in X with OrS = vy([e, h — €]).

Theorem Bl does not hold if we do not assume Shape(X) is finite, as shown
by the following example. Let S(a) be a sector with angle o > 0. We inductively
define Y; for i > 1. Let Y7 = S(w/4), and let ¢; : R — Y7 be one of the two rays in
the boundary of Y;7. Y5 is obtained from Y7 and S (2%) by identifying one of the two
rays in the boundary of S(55) with ¢;([2,400)) (via an isometry). For any i > 2,
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let ¢; : R — Y; be the ray in the boundary of Y; such that ¢;(1) = ¢1(1). Yiyq is
obtained from Y; and S (2%) by identifying one of the two rays in the boundary
of S(z4r) with ¢;([i +1,+00)) (via an isometry). Then Y; C Y4y for all i > 1.
Let Y = [J;2,Y;. Y is a CAT(0) space and d7Y is a closed segment with length
m/4+41/2. Let X be obtained from two copies of Y by identifying the two rays in
their boundaries that contain ¢; (1) via an isometry. Then X is a CAT(0) space and
OrX is a closed segment with length 2(7/4 + 1/2) = w/2 + 1. The conclusion of
Theorem [3T] does not hold for this X. We see that X is homeomorphic to a sector,
and ¢, := Link(X,z) is a circle for any x in the interior of X. There are points
x; (i > 2) in the interior of X such that length(c,,) > 27 and length(c,,) — 27
as i — +o0o. It follows that X does not admit any triangulation that makes it a
CAT(0) 2-complex with Shape(X) finite.

3.1. A Gauss-Bonnet type theorem. In the proof of Theorem BTl we will use a
Gauss-Bonnet type theorem for noncompact piecewise Riemannian surfaces, which
relates the Tits distance (at infinity) and the curvature inside the surface. We now
describe this result.

Let F' be a piecewise Riemannian polygonal complex with the following proper-
ties:

(1) F is a CAT(0) space with the induced path metric;

(2) F is homeomorphic to a sector in the Euclidean plane, in particular, F is a
manifold with boundary;

(3) the manifold boundary of F' is OF = ¢; U c2, where ¢; and ¢y are geodesic
rays with cg Nea = {p},p € F.

For each point z in the interior of F', Link(F, z) is a topological circle, and for each
x € OF, Link(F, z) is homeomorphic to a closed interval. Let L(z) be the length
of Link(F, z). The deficiency k(x) at x is defined as follows: k(z) := 27 — L(z) if
x lies in the interior of F, and k(z) := 7 — L(x) if € OF. For each 2-cell A of F,
we let C'(A) be the total curvature of A. Set e(F) =", C(A) + >, k(z), where
A varies over all 2-cells and x # p varies over all the O-cells of F' different from p.

Let &1,& € OpF be represented by ¢; and ¢o respectively.

Theorem 3.2 (K. Kawamura, F. Ohtsuka [KQ]). Let F' and &1, &2 be as above. If
dr(&1,&2) < m, then e(F) is finite and e(F) = Zp(&1,&2) — dr (&1, &2).

3.2. Reduction. In this section we reduce the proof of Theorem [3.1] to the injec-
tivity of a certain map.

Let X and v : [0,h] — 07X be as in Theorem Bl Recall for each z € X, there
is a map log, : X — {z} — Link(X,7) which sends ¢ € X — {z} to the initial
direction of z€ at . For &, & € OrX with dp(&1,&2) < m, let £&1& C OrX be the
unique geodesic segment from &; to & and C(&1€2) the Euclidean cone over &;&s.
Notice that C(£1€2) is a sector with angle dr(£1,&2). Let O be the cone point of
C(&1&2). For any © € X, there is a map p, : C'(§1&2) — X, where for any £ € §1&
the ray O¢ is isometrically mapped to the ray x&. We see that p, is a 1-Lipschitz
map.

For each 2-cell A of X, let C(A) be the total curvature of A. Note that C(A) <0
since A has nonpositive sectional curvature. Set

€3 = min{—C(A) : A is a 2-cell with C'(4) # 0}.
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€1 is defined to be oo if there is no 2-cell A with C'(A) # 0. For a finite metric
graph G and an edge path ¢ in G, we denote the length of ¢ by I(c). Since X is
a CAT(0) 2-complex, for any « € X each simple loop in Link(X, z) has length at
least 2m. Define

€2 = min{i(c) — 27 : ¢ is a simple loop in Link(X, ) with I(c) # 27, x € X}.

€2 is defined to be oo if there is no simple loop ¢ in any Link(X, z) with I(c) # 2x.
Since Shape(X) is finite, €; and ez are well defined and greater than 0, although
they may be oco.

Lemma 3.3. Let g € X with Z;,(v(0),v(h)) > dr(v(0),v(h)) — €/4, where 0 <
€ < min{ey, o, h}. If the map 10g$0\"/(e/2)"/(h76/2) is injective, and the surface Fy :=
P20 (C(v(e/2)y(h — €/2))) is convex in X, then there is a point p € X such that
pp: C(y(e)y(h —€)) — X is an isometric embedding.

Proof. The injectivity of the map log,, oly implies that the map

(¢/2)v(h—e/2)
pzo : C(y(e/2)7(h —€/2)) = X

is a topological embedding. So Fy = pa, (C(v(e/2)y(h —€/2))) is homeomorphic to
a sector in the Fuclidean plane. The manifold boundary 0Fy of Fy is the union of
two geodesic rays zgy(e/2) and zoy(h — €/2) with zoy(e/2) Nzoy(h —€/2) = {x0}.
Fy is clearly a closed subset of X.

Since Fj is closed and convex, it is a CAT(0) space with the induced path metric.
Thus we can apply Theorem [3:2 to the surface Fy:

e(Fo) = Zao(1(€/2),v(h — €/2)) — dr(v(€/2),7(h — €/2)),

where e(Fp) = >, C(A) + >, ., k(p). By the assumption on zy, we see the
difference between 2, (v(e/2),v(h — €/2)) and dr(v(e/2),~v(h — €/2)) is less than
any positive —C(A) for 2-cells A of X contained in Fy. It follows that C(A) =0
and so A is flat for any 2-cell A of X contained in the interior of Fy. Similarly,
the difference between Z,,(v(e/2),v(h — €/2)) and dr(y(e/2),v(h — €/2)) is less
than any positive I(c) — 27 for simple loops ¢ in Link(X,z), © € X. Therefore,
Link(Fp, ) has length 27 for any « in the interior of Fp.

Since Shape(X) is finite, the sizes of the cells are bounded. Therefore, there
exists some constant r > 0 such that the surface Fy := Fy — N,.(0Fp) is flat, where
N,.(0Fy) denotes the r-neighborhood of 0Fy C X. Now, for any p € F; with
d(p, 0Fy) sufficiently large, p,(C(y(€)y(h —€))) C Fy and the lemma follows. O

3.3. Segments in the Tits boundary. Let X and v : [0,h] — OrX be as in
Theorem B, and ¢; and e; as defined in Section We see that it suffices to
prove Theorem Bl for h < 7. Set g = min{ey, €2, h} and denote & = v(0), n = v(h).
For any positive number € < ¢p, choose a point zy in some open 2-cell A of X such
that

Z:160 (ga 77) > dT(ga 77) - 6/4
We see that Theorem B] follows from Lemma [3:3] and the following theorem.

Theorem 3.4. Let € and zo be as above. Then the map 10g370|’y(€/2)’y(h—e/2) 18
injective and the surface Fy := py, (C(v(e/2)y(h — €/2))) is convex in X.
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We shall consider the loop ¢ := £ UzonU&n C X = X UdsX and its support
set in X. Note that c is indeed a loop in the cone topology of X. Theorem Bl was
originally proved using a different method. The use of a support set is suggested
by B. Kleiner which greatly shortened the argument.

Note that if L C X is homeomorphic to a circle and € X — L, then log, (L) is
a loop in Link(X, ).

Definition 3.5. Let L € X be a subset that is homeomorphic to a circle. The
support set supp(L) of L is the set of z € X — L such that log, (L) represents a
nontrivial class in H; (Link(X, z)).

We shall first show that supp(c) is topologically a surface.

Lemma 3.6. Let x € X — c. Then x € supp(c) if and only if log,(c) is homotopic
to a simple loop of length 27 in Link(X, x).

Proof. Since Link(X,x) is a graph, any simple loop in Link(X,x) represents a
nontrivial class in H; (Link(X,z)). Thus one direction is clear. Next we assume
x € supp(c). Note that log,(c) is homotopically nontrivial as it is homologically
nontrivial. Since x ¢ xo&, we have d,(log, (y1),log,(y2)) < 7 for any y1,y2 € xo.
The fact that Link(X, z) is a CAT(1) space implies the path log, (20&) C Link(X, x)
is relative homotopic to the geodesic segment from ay := log, (o) to by := log, (£).
Similarly, the path log, (xon) is relative homotopic to the geodesic segment from a4
to ¢1 := log,(n) and log,(&n) is relative homotopic to the geodesic segment from
b1 to ¢1. Thus log,(c) is homotopic to the loop a1by * bicy * c1a1. By considering
the two ideal triangles A(zzof) and A(zzon) we have Ly, (z,&) + dy(a1,b1) =
Lo (@,8) + La(20,8) < 7 and Ly (x,n) + dz(a1,c1) = Lo (x,n) + Lu(x0,m) < 7.
On the other hand,

dT(ga 77) - 6/4 S lxo(ga 77) S Zxo(fvx) + lxo(xvn)'
It follows that

dy(a1,b1) + dy (b1, c1) + do(c1,a1)

dz(a1,b1) +dr(§,n) + dz(c1,a1)

€/4+ Lyo (&) +du(ar,br) + du(c1,a1)

6/4 + 4x0(§, l‘) + Zwo (l‘a 77) + dx(ala bl) + dx(cla al)
€/4+ 2m.

INIAINIA

Now the loop a1b1 *xb1c1 *c1aq is homotopically nontrivial in a CAT(1) metric graph
with length at most €/4 4+ 2w. The choice of e implies there is no simple loop in
Link(X, z) with length at most 27 + ¢/4 but strictly greater than 27. Therefore,
a1by * bycy * c1a; and log, (¢) are homotopic to a simple loop of length 27. O

For any topological space Y and r > 0, let C,.(Y) =Y x [0,7]/(Y x {0}) be the
cone over Y with radius r. Since ¢ is a circle, Cy(c¢) is homeomorphic to the closed
unit disk in the plane. Let 0C,(c¢) be the boundary circle of C(c).

For any x € X — c and any r with 0 < r < d(x, 20§ U xon), we can define a
map f., : Cr(c) — B(xz,r) by letting f,.(2,5) ( € ¢, 0 < s < r) be the point on
the geodesic xz at distance s from 2. We observe that f, , represents a class in
the relative homology group H2(X, X — {z}). By using homotopy along geodesic
segments we see that for r, ro with 0 < 71,72 < d(z,z0€ U zon), fz.r, and for,
represent the same class in Ha(X, X — {x}).
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For any = € X, let U(x) be the union of all the closed 2-cells containing . Since
Shape(X) is finite, U(x) is a neighborhood of z in X and r(z) := d(z, 90U (x)) > 0.

Lemma 3.7. Letx € X —c and r with 0 < r < d(x, 20§ Uxon). Then x € supp(c)
if and only if 0 # [f. ] € Ha(X, X — {x}).
Proof. We may assume 0 < r < min{r(z), d(z, 0§ Uzon)} by the remark preceding

the lemma. By excision we have Hy(X, X — {x}) = Ho(B(z,7), B(x,r) — {x}). The

exact sequence for the pair (B(z,r), B(z,r)—{z}) implies the boundary homomor-
phism Hy(B(z,r), B(z,r) — {x}) — Hy(B(x,7r) — {z}) is an isomorphism. Notice
the choice of r implies the map log,, restricted to dB(z,r) is a homeomorphism from
OB(z,r) to Link(X, x). It follows that H;(0B(z,r)) = H;(Link(X,x)). Also, note
that Hy(B(z,r) — {z}) = H1(0B(x,r)). The composition of these isomorphisms is
an isomorphism g : Ho(X, X —{x}) — H;(Link(X, z)). Now it is not hard to check
that g maps the class [f; ] to the class [log,(c)] € Hi(Link(X, z)). O

Lemma implies that if € supp(c), then log,(c) is homotopic to a simple
loop ¢, in Link(X,x). For each x € supp(c), let S(z) be the union of all closed
2-cells that give rise to the simple loop ¢;. Then S(z) is homeomorphic to the
closed unit disk in the Euclidean plane and contains x in its interior such that
Link(S(x),x) = ¢, has length 2.

Lemma 3.8. For any x E_supp(c), there is r > 0 such that the following holds:
supp(c) N B(z,r) = S(z) N B(z,r). In particular, supp(c) is a 2-dimensional man-
ifold, and for each x € supp(c) the circle Link(supp(c), x) has length 27.

Proof. For x € supp(c), choose r with 0 < r < 1 min{r(z), d(z, zo& U zon)}. Set
K = B(z,7/2). Note that f, , represents a class in Ha(X, X — K). It follows from
the definitions of S(z) and f, . that [f.,] = [S(z) N B(z,r)] € Hao(X, X — K).
For any y € B(z,7/4), by using homotopy along geodesic segments we see f, .
and fy, as maps from (Cy(c),dC\(c)) to (X, X — K) are homotopic. As a result,
[fy,r] = [fa,r] € H2(X, X—K). Combining with the observation from last paragraph
we see [fy.r] = [S(z) N B(z,r)] € Ha(X,X — K). It follows that for any y €
B(x,r/4), fyr represents a nontrivial class in Ha(X, X — {y}) if and only if S(x) N
B(x,r) represents a nontrivial class in Ha(X, X — {y}). Recall S(x) N B(x,r) is
homeomorphic to the closed unit disk in the Euclidean plane. Now it follows easily
from excision that for any y € B(x,r/4), S(z) N B(x,r) represents a nontrivial
class in Ha(X, X — {y}) if and only if y € B(z,r/4) N (S(z) N B(z,r)) = S(z) N
B(x,r/4). O

Corollary 3.9. supp(c) is locally convex in X.

Proof. Tt follows from the fact that for each = € supp(c) the circle Link(supp(c), )
has length 2. O

An argument similar to the proof of Lemma B8 shows the complement of supp(c)
in X — ¢ is open:
Lemma 3.10. supp(c) is a closed subset of X — c.

Recall that zq lies in some open 2-cell A. Clearly A — o€ U xgn has two compo-

nents because 2-cells are convex. Let Ay be the component of A — x¢€ U xgn that
has interior angle less than 7 at xg.
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Lemma 3.11. Ag is contained in supp(c).

Proof. Let yg € 0Ag — ¢ be the point with Z,, (&, y0) = Zao (yo,m). We claim that
if & # xg lies on xoyo and d(zo, z) is sufficiently small, then = € supp(c).

Let z € Ap. Then the link Link(X,z) is a circle with length 27. Set a1 =
log,,.(zg), by = log, (&) and ¢; = log, (). Since x ¢ xo&Uxgn, we have dy(a1,b1) < 7
and d;(a1,¢1) < . On the other hand, d;(b1,c1) < dr(€§,n) < 7. When z — zo
along the segment yoxg, € — o€ and zn — xzon. It follows that for = € xgyo
(z # x) with d(zg, x) sufficiently small, we have a1 ¢ bic1, b1 ¢ a1¢1 and ¢1 ¢ a1b;.
Thus Link(X, 2) = a1b1 Ubyc1 Uciag for such 2. The proof of Lemma B.6lshows the
path log, (¢) is homotopic to the path a1by * bicy * c1a; = Link(X, x). Therefore,
if & # x lies on zoyo and d(xg, ) is sufficiently small, then log,(c) represents a
nonzero class in Hq(Link(X, z)) and = € supp(c).

So we have Ag Nsupp(c) # (. Since Ay is disjoint from XM supp(c) is a
2-dimensional manifold and is closed in X — ¢, we see that Ay C supp(c). O

Let G be a metric graph with Shape(G) finite and L C G a homotopically
nontrivial loop in G. Then L is freely homotopic to a closed geodesic [ in G. Since
the universal cover of G is a metric tree and L represents a hyperbolic isometry,
we see that | C L. Tt follows that for any = € supp(c), the circle ¢, is contained in
log, (c). _

Fix a positive 1o with 7o < r(x¢). Then 0 B(xg,70) N Ag is an open arc contained
in Ag. Fix two points y, z € 0B(xo,70) N Ao with 2., (y,2) > Lz (€,1) — €/4, and
let o be the closed subarc of dB(zg,79) N Ag that joins y and z.

Lemma 3.12. For each p € o, there exists some & € &n with p € xo&’ and
zo&" — {xo} C supp(c).

Proof. Fix p € o C supp(c). We will try to extend the geodesic segment zop inside
supp(c). Since supp(c) is a surface and Link(supp(c), p) is a circle with length 2,
the geodesic segment zop can be extended beyond p in supp(c). There are two cases
to consider: there is either a finite maximum extension

zox — {xo,z} = (xop — {x0}) U (px — {z}) C supp(c) where z € X — supp(c),
or an infinite maximal extension
zop — {z0} C 2o’ — {x0} C supp(c) where & € doX.

If the first case occurs and zox — {zo,z} (= ¢ supp(c)) is a finite maximal
extension, then Lemma implies = € xo€ Uzon. This is a contradiction since for
any z’ in zo& Uxon the geodesic segment zox’ C 2¢9€ Uxgn does not pass through p.

Therefore, the second case occurs and we have xop—{zo} C zo&’—{zo} C supp(c)
for some & € 05, X . Pick a sequence of points z; on 2o’ with d(xg, z;) — oo. Since
Ce; C log,. (c) and log,.(¢') € Link(supp(c), x;) = cg,, there is a point §; € ¢ with
log, (§') = log,.(&). p & xo§ U xon implies & ¢ xo§ U zon. Therefore, & € &n.
By the choice of & the sequence {z§;}72, converges to the ray zof’. Since the
sequence {¢;} lies on the closed interval £n we see that &' € &n. O

Since for any x € supp(c) the circle Link(supp(c), ) has length 27, geodesics in
supp(c) do not branch. It follows that for each p € o, there is a unique &' € &n
with the property stated in Lemma 3121 Thus we can define a map g : o — &n by
g(p) = & where £’ is the unique point on £n with zop—{zo} C zo&'—{z0} C supp(c).
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Lemma 3.13. The map g is continuous.

Proof. The lemma follows easily from the facts that £n is compact and that geodesics
in supp(c) do not branch. O

Lemma 3.14. The map log,, is injective on the segment y(e/2)y(h —€/2), and
the surface Fy = p,(C(v(e/2)y(h —€/2))) is convez in X.

Proof. Let & = g(y), & = g(z). Notice that dr(&1,&2) > dr(€,m) — €/2 holds by
the choice of y, z and zo. We observe that it suffices to prove the map log, is
injective on the segment &1&> and the surface p,,(C(£1€2)) is convex in X.

Since the map g : ¢ — £n is continuous and o is connected, the segment &€
is contained in g(c). Therefore, for each ¢ € & &, x0&’ — {xo} C supp(c) and
0§’ No # . Now the map log, is injective on &€ since geodesics in supp(c)
do not branch. The fact that for each x € supp(c) the link Link(supp(c),z) is a
circle of length 27 implies the surface pg,(C(€1€2)) is locally convex in X. Since
Pz (C(£1€2)) is also closed in X, it is convex in X. O

Lemma 314 completes the proofs of Theorems B4 and B11

4. APPLICATIONS

In this section we give several applications of Theorem 3.1l But first we record
several results concerning rays and flat sectors in a CAT(0) 2-complex. These
results will be used in later applications.

4.1. Rays and flat sectors in CAT(0) 2-complexes. Recall flat sectors are
defined in Section 24l To simplify notation, for any geodesic ray « : [0,00) — X,
we also use « to denote its image.

Proposition 4.1. Let X be a CAT(0) 2-complex with Shape(X) finite, ¢ : [0, 00) —
X a geodesic ray and S C X a flat sector. If SNc =0 and c represents an interior
point of OrS, then there is a geodesic Tay ¢’ : [0,00) — X asymptotic to ¢ with
¢ CcSNXD, where XM is the 1-skeleton of X.

Proof. Since Shape(X) is finite, there is some a > 0 with the following property:
for any two 1-cells vvy, vve sharing a vertex v, if Z,(vi,v2) < m, then d(v,v1) +
d(v,v2) — d(v1,v2) > a. The flat sector S is a closed convex subset of X. Let
m: X — S be the orthogonal projection. Recall 7 is 1-Lipschitz. Let p = ¢(0)
and ¢ = w(p). Also let p = p1, p2, -+ , Pk = ¢q be a finite sequence of points on the
segment pq with d(p;, pi+1) < a/2. Let ¢; be the geodesic ray with ¢;(0) = p; and
¢i(00) = ¢(00). We see that if ¢; NS # 0, then ¢;([tg,00)) C S for some ty > 0.
Since c; NS =cNS =0 and ¢ C S, there is some i so that ¢; NS =  and
ci+1([to, 00)) C S for some tg > 0. Therefore, it suffices to prove the lemma when
d(p, S) =d(p,q) < a/2.

Now we assume d(p,S) = d(p,q) < a/2. As c represents a point in 9pS, the
convex function g(t) := d(c(t),S) is bounded from above, and is therefore non-
increasing. Thus d(c(t),S) < a/2 for all ¢ > 0. The assumption S N c = @ implies
that for any t, m(c(t)) lies either on the manifold boundary of S or in SN X1,
Since ¢ represents an interior point of 91 S, for ¢ sufficiently large 7(c(t)) has to lie
in the interior of S and thus in S N X, We may assume that 7(c(t)) € SN XM
for all ¢ by considering a sub-ray of ¢. Then 7(c) C SN XM is a continuous
path going to infinity. Let ¢; < t2 < t3 so that vy = 7(c(t1)), va = w(c(t2)),
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vz := 7(c(t3)) are O-cells, and vivy and vavs are 1-cells. We claim Z,, (v1, v3) = 7.
The claim clearly implies there is a geodesic ray ¢’ : [0,00) — X asymptotic to
¢ with ¢ € 7(c) € SN XM, Suppose Z,,(v1,v3) < m. The choice of a implies
a+ d(vy,v3) < d(v1,v2) + d(va, v3). Triangle inequality implies

d(c(t1), c(t3))

d(c(tr), m(c(t1))) + d(m(c(tr)), m(e(ts))) + d(m(c(ts)), c(ts))
a/2+ d(m(c(t1)), m(c(ts))) + a/2

a+ d(vi,vs3)

d(vi,v2) + d(v2, v3),

or d(c(t1),c(ts)) < d(vi,v2) + d(vz,v3). On the other hand, since 7 is 1-Lipschitz,
the length of 7 o ¢4, 4, is less than or equal to the length of ¢/, 4,1 It follows

d(vi,v2) + d(vg,v3)

Alr(e(t2)), wlelt2) + d(n(e(ta), 7(c(ts)))
length(7 o ¢4, 4,]) + length(m o ¢y, 14))
length(7 o ¢4, +,])

length(c‘[thtﬂ)

d(c(tr), e(ts)),

or d(v1,v2) + d(ve,v3) < d(c(t1), c(ts)). The contradiction proves the claim. O

Corollary 4.2. Let X be a CAT(0) 2-complex with Shape(X) finite and Sy, S2 C X
two flat sectors. If OrS1 N OrSy is a nontrivial interval, then S1 N Sy # (.

A INIA

A IA

Proof. Suppose S1NSy = ). For each £ € interior(0rS1NJrS2), let c¢ be aray in Ss
asymptotic to §&. Then ¢g NSy = 0. Proposition[£I]implies there is a ray c’5 c 5N
XM representing £. There are uncountably many points in interior(9r.S; N drSs),
so there are uncountably many rays in S; N X pointing to uncountably many
directions. On the other hand, there are only countably many 1-cells in S; N X1
and they can only give rise to countably many directions. The contradiction proves
the corollary. O

For a flat sector S C X and x € S, let S(x) C S be the flat sector with cone
point x and 0pS(z) = orS.

Proposition 4.3. Let X be a CAT(0) 2-complex with Shape(X) finite and o :
[0,h] — 0rX a geodesic segment with length h < w. Suppose there are numbers t;
(1 <i<4)suchthat0 <t <ty <ts <ty <h, and two flat sectors S1 and Sz with
orS1 = o([t1,t3]) and OrSe = o([ta,ta]). Let ¢y : [0,00) — St and ¢z : [0,00) — S
be rays with c1(4+00) = o(t)), t1 < t] < t2 and ca(+00) = o(th), t3 < th < 4
respectively. Then there is some ug > 0 such that Si(c1(u)) N Sa(ce(u)) is a flat
sector for all u,u’ > ug.

The proof of Proposition is divided into a few lemmas.

Lemma 4.4. There is some a > 0 such that c1([a,0)) NSz = @ and c2([a, 00)) N
S1=10.

Proof. Assume ¢; NSy # (). Since ¢;NSs is a closed convex subset of ¢y, it is either a
closed segment of ¢; or a subray of ¢;. But ¢1(+00) = o(t]) ¢ OrSa implies ¢; N Sy
cannot be a ray. Therefore, there is some a > 0 such that ¢;([a,00)) NSz = 0. The
proof of the second equality is similar. O
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Lemma 4.5. Using the notation as in Proposition [{.3 and Lemma [{.4), there
are uy,uz > a such that Si(c1(u1)) N Sa(ca(uz)) is a flat sector with cone point
cl(ul)a(tg) N CQ(UQ)U(tQ),

Proof. Since 0pS1NOrSe = o([t2,ts]) is a nontrivial interval, Corollary B2l implies
S1 NSy # @. S1 NSy is a closed convex subset of S; (i = 1,2). For any point
p € S1 NSy, let S, be the flat sector with cone point p and 9rS, = o([t2,3]).
Clearly we have S, C S1 N Sy. Fix a point p € S; NSy and consider the subsets 5,
and cp of So. It is clear that for large enough u we have ¢z (u)o(t2)NS, # 0. It follows
that ca(u)o(te) NSy # (O for large enough u. Fix a ug > a with co(ug)o(t2) NSy # 0.
Note that co(usz)o(t2) NSy is a subray of ca(ug)o(t2).

Consider the rays ca(us)o(t2) N S; and ¢; in S;. Since t; < ] < t2 < t3 and
c1(+00) = o(t}), we see for large enough u, that c1(u)o(t3) Nea(uz)o(te) # 0. Fix
a uy > a such that c1(u1)o(t3) Nea(uz)o(ta) # 0. Clearly c1(u1)o(ts) Nea(uz)o(ta)
consists of a single point. Let x be this point. We see that x € S; NSy and that
Sg C 8= S1(c1(u1)) N Sa(ca(uz)). We claim S, = S.

Suppose S, # S. Pick y € S — S,. Note that {y} and S, are contained in the
flat sector Sq(ci(u1)). Since x lies on the boundary ray c;(uy)o(ts) of Si(c1(uq)),
0< Zy(y,o(t2)) < ZLy(y,o(ts)) < m. Similarly, by viewing {y} and S, as subsets of
Sa(ca(ug)) we see that 0 < Z,(y,0(t3)) < ZLx(y,0(t2)) < m. A contradiction. O

Lemma 4.6. Using the notation as in Proposition [{.3 and Lemma [{.7}, if there
are uy,uz > a such that S1(c1(u1)) N Se(ca(uz)) is a flat sector with ci(ui)o(ts) N
ca(uz)o(t2) as cone point, then for all u > u1, v’ > ua, S1(c1(u)) N Sa(ca(u')) is a
flat sector.

Proof. Let S = Si(c1(u1)) N Sa(cz(uz)). Then 0rS = o([ts, t3]). Note that both S
and Sa(ca(u’)) (u' > ug) are subsectors of the flat sector Sa(ca(uz)). It is clear that
SNSa(c2(u')) is a flat sector with cone point ¢1 (u1)o(t3)Nee(u')o(t2). It follows from
Sl (Cl (’U,l)) N SQ (CQ (’U,I)) C Sl (Cl (’U,l)) n SQ (CQ (’U,Q)) n SQ (CQ (u')) =5N SQ (CQ (’U,I)) that
S1(e1(u1))NSa(ce(u')) = SNSa(ca(u)) is a flat sector with ¢1(ug)o(t3) Nea(u')o(t2)
as cone point. Now a similar argument, but fixing v’ and increasing u, shows that
for all u > ug, S1(c1(u)) N S2(ca(u’)) is a flat sector. O

The proof of Proposition [£:3]is now complete.

4.2. Circles in Tits boundary. We recall that an n-flat in a CAT(0) space X is
the image of an isometric embedding from the n-dimensional Euclidean space into
X.

Theorem 4.7 (V. Schroeder [BGS], B. Leeb [L]). Let X be a locally compact
CAT(0) space. Suppose S*= C 0rX is a unit (n — 1) sphere in the Tits boundary
that does mot bound a unit hemisphere. Then there is an n-flat ' C X such that
orF = Sn—1,

Theorems @71 and 27 imply that if X is a locally finite CAT(0) 2-complex, then
any unit circle in drX is the ideal boundary of a 2-flat. Theorem Bl enables us
to generalize this result to topological circles in the Tits boundary. Recall that
Corollary 2.9 implies topological circles in 07X are simple closed geodesics.

Let A C X be a subset of a CAT(0) space. A point £ € 0., X is a limit point of
A if there is a sequence a; € A (i > 1) such that {a;} converges to & in the cone
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topology. The limit set L(A) C 05X of A is the set of limit points of A. Recall
a quasi-flat in a CAT(0) 2-complex X is the image of a quasi-isometric embedding
from the Euclidean plane E? into X.

Proposition 4.8. Let X be a CAT(0) 2-complex with Shape(X) finite and C C
OrX a topological circle in the Tits boundary. Then there is a quasi-flat E of X
with the following properties:

(i) E is homeomorphic to the plane with the closed unit disk removed;

(i) E is flat, i.e., each point of E has a neighborhood in E which is isometric to
an open subset of E?;

(i) L(F) = C.

Proof. By Corollary 2Z.9lwe may assume that the circle C' is a simple closed geodesic.
Choose points a1, as,--- ,a, on C in cyclic order such that they divide C into
intervals of equal length [ < w/4. For each i (mod n) let m; be the midpoint
of a;a;11. Theorem [B] implies that there are flat sectors S; (1 < i < n) such
that a;a; 41 is contained in the interior of 0rS; and m; ¢ 0rS; for j # i. Let
¢ @ [0,00) — S; be a ray in S; with ¢;(+00) = m;. Now Proposition [13] implies
that there is some ug > 0 such that for any u; > ug (1 <14 < n), the intersection
Si(ci(ui)) N Sip1(cit1(uir1)) (4 mod n) is a flat sector. Since drS; N IrS; = 0 for
any 1 <4,j <nwithi—j # —1,0,1 mod n, there is some ug > 0 such that for any
w; > ug (1 <1< n), the intersection S;(¢;(u;))NS;(cj(u;)) =0 forany 1 <i,j <n
with i —j # —1,0,1 mod n. Now choose u; > ug,uf, and let E; be the interior of
the flat sector S;(c;(u;)). Set E = |J, E;. Now it is easy to see that E is a quasi-flat
with the desired properties. ([

We call a geodesic ¢ of the form ¢ : (0,00) — X in a CAT(0) space X an open
geodesic ray.

Corollary 4.9. Let C C 9rX and E C X be as in Proposition[{.8 Then E admits
a foliation by open geodesic rays with the following properties:

(i) each ray in the foliation is asymptotic to a point in C, and for each & € C
there is at least one ray in the foliation asymptotic to &;

(ii) there is a constant a > 0 such that the distance between any two asymptotic
rays in the foliation is at most a.

Proof. We use the notation in the proof of Proposition 8] Let p; denote the cone
point of the flat sector S;—1(c;—1(ui—1)) N Si(ci(u;)). For each i (1 < i < n), let
SiC E be the flat sector with cone point p; and OrS] = m;_1m;. As a flat sector
S; is a union of rays issuing from its cone point. S;(c;i(u;)) —S;US], is basically a
flat strip: it is a convex subset of the flat sector S;(¢;(u;)) whose boundary contains
two asymptotic rays. We foliate S;(c;(u;)) — S; U S, by parallel rays. In this way
we get a foliation of E' by open geodesic rays with the desired properties. (Il

One question about circles in the Tits boundary is whether the lengths of circles
in the Tits boundary form a discrete set.

Theorem 4.10. Let X be a CAT(0) 2-complex with Shape(X) finite. If the interior
angles of all the 2-cells of X are rational multiples of w, then there is a positive
integer m so that the length of each topological circle in the Tits boundary is an
integral multiple of 7w/m.
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The following lemma is not hard to prove.

Lemma 4.11. Let py, po,--- ,pn € E? be n points in the Euclidean plane, a, b
the two rays emanating from pi1, pn respectively, and e; (i = 1,2,---,n — 1) the
segment connecting p; and p;+1. Suppose the union ¢ :=aUe; U---Uep_1 Ub is
a simple path and A is one of the two components of E*> — ¢. Denote the interior
angle of A at p; by A;. Then the length of the closed interval L(A) C OrE? is
Z?:l Ai — (n— 1)7T. 0O

Proof of Theorem [[.10, Since Shape(X) is finite, the assumption implies there is
a positive integer m so that the interior angles of 2-cells are integral multiples of
w/m.

Let C be a topological circle in 0rX and E a quasi-flat provided by Proposition
with L(E) = C. Corollary[Llimplies that E admits a foliation by open geodesic
rays. Choose points a1, as, -+ ,a, on C in cyclic order such that they divide C' into
intervals with length < 7/2. For each i (1 < i < n), let ¢; be an open geodesic
ray in the foliation of E that represents a;. Then ¢; N X £ (. Pick a point
zi € ¢; N XW as follows. If ¢; N X (1) contains vertices, then let z; be a fixed vertex
in ¢; N XW; otherwise, if ¢; N1 X1 contains no vertex, let a; be any fixed point in
¢ N X,

Note that E — |J¢; has n components, each of which is contractible. Let E; be
the component of E — | J¢; that contains ¢; and ¢;+1 (¢ mod n) on the boundary.
Let a; € ENX® be a simple path from x; to 2,41 with interior(c;) C E;. Then o
divides E; into two components. Let D; be the unbounded component of F; — «;,
Aij (j =2,---,k; — 1) the interior angles of D; at vertices in the interior of the
path a;, and A; 1 and A;j, the interior angles of D; at x; and x;41 respectively.
Note that A; ; (1 < j < k;) and A;11,1 + Aix, (¢ mod n) are integral multiples of
m/m. Now the theorem follows by applying LemmalZITl to each D; and adding up
all the equalities. O

4.3. Branch points in Tits boundary. Let X be a CAT(0) 2-complex. Since
small metric balls in 97X are R-trees (Corollary [Z8) we can talk about branch
points in 9rX (see Definition 222)). The following proposition says a branch point
in 0rX is represented by a geodesic ray where flat sectors branch off.

Proposition 4.12. Let X be a CAT(0) 2-complex with Shape(X) finite and £ €
OrX a branch point. Then there are two flat sectors S1 and Sa and geodesic ray
¢:10,00) — X such that

(i) ¢(0) is the common cone point of S1 and Sa;

(ii) c¢(400) = & lies in the interior of the segment OpS; (i =1,2);

(iii) S1US2 — ¢ has three components and the closure of each component is a flat
sector; in particular, ¢ C XM,

Proof. Since £ € 0rX is a branch point, there are points &£1,&2,&3 € OprX such
that 0 < dr(£,&) < w/4 and &6 N &€& = €. By Theorem Bl we may assume
there are flat sectors S and S5 such that 0rS] = &1&2, 0r Sy = £1&5. Corollary
implies S} N S # 0. Thus S7 N S} is a nonempty closed convex subset of the flat
sector S1. It follows that dr(S] N S%) = €. Note that for any x in the interior of
S1 NSy, the intersection x&; N (S] N SY) is a segment. Since xz&s lies in the interior
of S}, the intersection of z& with the boundary of S} NS} lies either in X() or on
02&3, where 02 denotes the cone point of S5. Since &3 ¢ 91 (S5]NS%), the intersection
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of x&; with the boundary of S N S} cannot lie on 03¢z when d(o2, ) is sufficiently
large. So there is an infinite path in the boundary of S§ N S} that is contained in
XM, Since Shape(X) is finite and S; NS} is convex, there is a geodesic ray ¢ ¢ X1
such that ¢ lies in the boundary of S7 N.S}. It is easy to see that c¢(400) = &.

Set S1 = S1(c(0)), S2 = S5(c(0)). Also, let S C S1 NSy be the flat sector with
cone point ¢(0) and 975 = & €. The choice of ¢ implies that S; and Sy branch off
at cand S = 51 N Ss. O

We would like to know if there is a positive constant ¢ = ¢(X) such that the
distance between any two branch points in dr X is at least c¢. The positive answer
to the question would imply that the components of the Tits boundary are almost
like simplicial metric graphs. Recall that the Tits boundary of a 2-dimensional
Euclidean building is a 1-dimensional spherical building.

Theorem 4.13. Let X be a locally finite CAT(0) 2-complex with Shape(X) finite.
If the interior angles of all the 2-cells of X are rational multiples of 7, then there is
a positive integer m such that the distance between any two branch points in Or X is
either infinite or an integral multiple of w/m. When X is not locally finite and if &
and n are two branch points in Or X with dp(§,m) < m, then dr(&,n) is an integral
multiple of w/m.

Proof. Let £ and n be two branch points in 9r X with dr(&,n) < oo (dr(&,n) <«
if X is not locally finite). Let ¢ C 9rX be a minimal geodesic from & to 7.
Since ¢ is a branch point, there are points &; (i = 1,2,3) in 9pX with & € o and
0 < dr(&,€&) < /4 such that €361 NEs&e = €3€. Similarly, there are points 7; € 9pX
(1 =1,2,3) with 3 € 0 and 0 < dr(n;,n) < 7/4 such that n3n N n3n2 = n3n. Set
o1 =6&8UoUnm and o9 = &EU o Unns.

By Theorem Bland Proposition &3] (see the proof of Proposition Eg]) there are
flat sectors Si, - -, Sk such that S; N.S;41 is a flat sector, S; N.S; = 0 for [j —i| > 2
and L(E:) = o1, where By = J; S;. We can foliate E; by open geodesic rays as
in Corollary B9 Similarly, there are flat sectors Sy, --- , .5 such that Sj N .S, is
a flat sector, S; NS} = () for |j —i| > 2 and L(E2) = 02, where Fy = (J; S;. The
proof of Proposition[412 shows that there are geodesic rays ¢}, ch, C EF1NX M such
that ¢} (+00) =&, ch(+00) = 7.

We see that the assumption implies there is a positive integer m so that the inte-
rior angles of 2-cells are integral multiples of 7/m. Choose points £ = a1,az2,- - ,an
= on o in linear order such that they divide o into intervals with length < 7/2.
Set ¢1 = ¢} and ¢, = ¢4. For each i (1 <i < n), let ¢; be an open geodesic ray in
the foliation of E that represents a;. Now Lemma 1] and the proof of Theorem
ELI0 show that dr(£,7n) is an integral multiple of w/m. O

4.4. m-Visibility. Let X be a CAT(0) space. A flat half-plane in X is the image
of an isometric embedding f : {(z,y) € E? : y > 0} — X, and in this case we say
the geodesic ¢ : R — X ¢(t) = f(¢,0) bounds the flat half-plane.

Let £, € OpX with dr(€,n) = m. If X is locally compact and there is a geodesic
cin X with £ and 7 as endpoints, then ¢ bounds a flat half-plane (see [BH]). In
general, there is no geodesic in X with £ and 7 as endpoints.

Recall that if X is a CAT(0) 2-complex, then for any £ € 97X and any r : 0 <
r < /2, the closed metric ball B(£,r) is an R-tree. It is necessary to distinguish
those points in 07X that are “dead ends”.
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Definition 4.14. Let X be a CAT(0) 2-complex and £ € 9rX. We say ¢ is a
terminal point if £ does not lie in the interior of any geodesic segment in Or X.

Theorem 4.15. Let X be a locally finite CAT(0) 2-complex with Shape(X) finite.
If &,m € 0rX are not terminal points and dr(&,nm) > 7, then there is a geodesic in
X with £ and n as endpoints.

Proof. By Proposition [Z5] we may assume dr(&,n) = 7. Let 0 : [0,7] — IrX be a
minimal geodesic from & to 1. Since &, € drX are not terminal points and small
metric balls in dr X are R-trees, there is some €, 0 < € < w/4 such that o extends
to a locally isometric map [—e¢, 7 + €] — O X, which we still denote by o.

We see that o|[_¢ /24 is a minimal geodesic in dr X with length less than w. By
Theorem BT there is a flat sector S; in X such that 0rS; = o([—€¢/2,7/2 + €/2]).
Similarly, there is a flat sector Sp in X with 0752 = o([7/2 — €/2,7m + €/2]). Since
OrS1 N orSs = o([n/2 — €/2,7/2 + €/2]) is a nontrivial interval, Corollary
implies S; NSy # 0. Pick x € S NSy and let S C S; N Sy be the subsector
with cone point x and 9rS = o([7/2 — €/2,7/2 + ¢/2]). Fix a point p in the
interior of the flat sector S, and let ¢y, co, c3 be rays starting from p belonging
to ¢(0), o(m) and o(w/2) respectively. Since ¢; and cs are contained in the flat
sector S1, Z,(c1(00), c3(00)) = w/2. Similarly, Z,(c2(0),c3(00)) = m/2. Since the
initial segment of each c¢; is contained in the flat sector S, it is clear that the angle
Zp(c1(00), c2(00)) = m. It follows that ¢; U ce is a complete geodesic in X with
endpoints ¢ and 7. (Il

Remark 4.16. The conclusion of Theorem .15l does not hold if X is not a CAT(0)
2-complex. For instance, the universal covers of nonpositively curved 3-dimensional
graph manifolds ([BS], [CK2]) are counterexamples.

5. FREE SUBGROUPS

In this section we establish a sufficient condition (Theorem B2) for the exis-
tence of free subgroups in a group acting isometrically and cellularly on a piecewise
Euclidean CAT(0) 2-complex.

5.1. Free subgroup criterion. We recall the following well-known lemma.

Lemma 5.1 (Ping-Pong Lemma). Let G be a group acting on a set X, and hq, ha
two elements of G. If X1, Xao are disjoint subsets of X and for all n # 0, i # 7,
h(X;) C X, then the subgroup generated by h1, ho is free of rank two.

We will apply the Ping-Pong Lemma in the following setting. Let X be a CAT(0)
space and g1, g2 two hyperbolic isometries of X (the reader is referred to the
introduction for the definition of a hyperbolic isometry g and the notation g(+00),
g(—0)). Let ¢ : R — X and 2 : R — X be axes of g1 and go respectively,
and m : X — c¢;(R) and m : X — c2(R) orthogonal projections onto ¢; and
co tespectively. For T > 0, let X; = 7, '(c1((—o0, =T U [T,0))) and Xo =
7y H(ea((—o00, =T U [T, 0))). If X1 N X5 =, then the conditions in the Ping-Pong
Lemma are satisfied with hy = g§ and hy = g4 for sufficiently large k. Consequently,
g¥ and g5 generate a free group of rank two.

A CAT(0) 2-complex is piecewise Euclidean if all its closed 2-cells are isometric
to convex polygons in the Euclidean plane.
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Theorem 5.2. Let X be a piecewise Fuclidean CAT(0) 2-complex with Shape(X)
finite. Suppose g1 and g2 are two cellular hyperbolic isometries of X such that for
any & € {g1(4+00), g1(—00)} and any n € {g2(+00), g2(—00)}, there is a geodesic in
X with £ and i as endpoints. Then the group generated by g1 and gs contains a
free group of rank two.

Using the notation after the Ping-Pong Lemma, we will prove in Section that
under the assumption of Theorem there exists T' > 0 such that X; N X, = 0.

The following result is an immediate consequence of Theorem [5.2] and Theorem
4.15]

Theorem 5.3. Let X be a locally finite piecewise Euclidean CAT(0) 2-complex with
Shape(X) finite, and g1, g2 two cellular hyperbolic isometries of X. If g1(+00),
g1(—00), g2(+00), g2(—00) are not terminal points and dr(§,m) > w for any & €
{g1(+0), g1(—0)} and any n € {g2(+00), g2(—00)}, then the group generated by
g1 and gz contains a free group of rank two.

Definition 5.4. A hyperbolic isometry g of a CAT(0) space X is called a rank one
isometry if no axis of g bounds a flat half-plane in X.

If g is a rank one isometry of a locally compact CAT(0) space X, then g(+o0)
and g(—o0) are isolated points in dr X, that is, if £ = g(+00) or g(—o0) and n # &,
then dr(€,n7) = oo (see [B]). In particular, there is a geodesic v : R — X with
Y(+00) = § and y(—o00) = 1.

Corollary 5.5. Let X be a piecewise Euclidean CAT(0) 2-complex and G a group
acting on X properly and cocompactly by cellular isometries. Suppose g1, g2 € G are
two hyperbolic isometries such that dp(&,m) > m for any & € {g1(+00), g1(—00)} and
any n € {g2(4+00), g2(—00)}. Then the subgroup generated by g1 and ga contains a
free group of rank two.

Proof. Note that in this case for any hyperbolic isometry g € G either g is a rank one
isometry or g(+00), g(+00) are not terminal points. In any case there is a geodesic
with € and 71 as endpoints, and the corollary follows from Theorem [5.2 O

5.2. Support set of a triangle. Let X be a piecewise Euclidean CAT(0) 2-
complex with Shape(X) finite. In this section we show the closure of the support
set of a triangle in X is a compact surface with boundary. Recall that support set
is defined in Section [3.3]

Let p1,p2,p3s € X be three distinct points. Suppose ¢ = pips U paps U p3p; is
homeomorphic to a circle. For any z € X — ¢, log,(c) C Link(X, z) has length at
most 3. Then the arguments in Section [3:3 show that supp(c) is a surface and is
closed in X —¢. It follows that supp(c) C supp(c)Uc. We view p1, pa, ps as vertices
and p1p2, p1ps3, p2ps as part of the 1-skeleton. Then for any open 2-cell A, either
A C supp(c) or ANsupp(c) = P; and for any open 1-cell B, if BNsupp(c) # 0, then
B C supp(c) and there are exactly two open 2-cells Ay, Ay C supp(c) with B C Ay,
B C A,.

Since X is piecewise Euclidean with Shape(X) finite, there is some r > 0 such
that B(pi,r) is isometric to B(O,r) € C(Link(X,p1)), where O is the cone point
of the Euclidean cone C(Link(X,p;)). We may also assume B(pi,r) N paps =
0 by choosing a smaller . Let & = log, (p;) € Link(X,p1) (i = 2,3). Then
dp, (€2,€3) < m. Note that C'(2€3) can be identified with a subset of C'(Link (X, p1)).
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It follows that B(O,7) N C(&¢&3) can be identified with a subset D of B(py,r).
D is homeomorphic to the closed unit disk in the plane and so its interior U is
homeomorphic to the open unit disk.

Lemma 5.6. Let ¢,r and U be as above. Then supp(c) N B(p1,r) =U.

Proof. Since X is piecewise Euclidean, the proof for U C supp(c) N B(p1,r) is
similar to the proof of Lemma B.11 and we omit it.

Let A be an open 2-cell such that A contains the initial segment of pips and
ANU = (. Then for any © € A, dy(log,(p1),log,(p2)) < m. When z € A
and d(x,p1p2)/d(x,p1) is small enough, log,(p3) lies on the geodesic segment in
Link(X, z) from log,(p1) to log,(p2). It follows that in this case log,(c) is homo-
topically trivial and = ¢ supp(c). By the observation in the second paragraph of
this section, A Nsupp(c) = (). Similarly, ANsupp(c) = @ if A is an open 2-cell such
that A contains the initial segment of p1ps and ANTU = (.

Suppose supp(c) N B(p1,7) — U is nonempty. Then the preceding paragraph and
the observation in the second paragraph of this section imply that there are open 2-
cells Ay, -+, A C supp(c) disjoint from U such that C' = Ule A; is homeomorphic
to a closed disk and contains p; in the interior. Note that C —{p1} C supp(c), where
8’ denotes the interior of the closed disk C' (not the interior of C' as a subset of
X). C determines a simple loop w C Link(X,py). Since Link(X,p;) is CAT(1),
there exists a point § € w with d;, (§,1og,, (p2)) > 7. Now let = eC —{p1} with
log, () = & Then zpy = xp1 U pipa, log,(p1p2) is a single point and log,(c)
has length < 27. It follows that log,(c) is homotopically trivial and z ¢ supp(c),

contradicting to C —{p1} C supp(c). O

Proposition 5.7. Let X be a piecewise Euclidean CAT(0) 2-complex with Shape(X)
finite and p1,p2,p3s € X three distinct points. Suppose ¢ = pi1pa U paps U p3p1 is
homeomorphic to a circle. Then supp(c) = supp(c) U ¢ and it is a compact surface
with boundary c.

Proof. Recall supp(c) is a topological surface and is closed in X — ¢, and supp(c) C
supp(c) U c. We shall show for each point « € ¢ that there is some r > 0 such that

B(z,r)Nsupp(c) is homeomorphic to the closed upper half-plane with z correspond-
ing to the origin. Lemma [6.6] implies that this is the case when x € {p1,p2,p3}.

Let = be a point in the interior of pips. Let ¢’ = xp; U pip3 U psz and ¢’ =
pa U pap3 U psx. We orient ¢ and ¢’ so that they have the opposite orientations
on xp3. Then c is homotopic to the loop ¢ * ¢”.

Let & = log,(p;) € Link(X,x) (i = 1,2,3). Note that d,(&3,&1) < m, otherwise
x € p1ps, a contradiction to the fact that c is a circle. Similarly d,(¢3,&) < 7. By
Lemma B0 there is some r > 0 such that B(x,r) Nsupp(¢’) = U’ and B(z,r) N
supp(c”) = U", where U’ and U" are as defined preceding Lemma .G corresponding
to ¢’ and ¢” respectively. Recall under the identification of B(z,r) and B(O,r) C
C(Link(X, z)), U’ corresponds to B(O,r)NC(&1€3) and U” corresponds to B(O, )N
C(&1&2). Since ¢ is homotopic to the path ¢’ x¢”’, we conclude that B(x, r)Nsupp(c)—
xps CU'UU"” and U’ — U"” C supp(c), U’ — U’ C supp(c).

Since £3€1 N €3y is a segment (possibly degenerate), U’ NU” is a common sector
(possibly a segment) of U’ and U”, and D = U’ — U” UU” — U’ is homeomorphic
to the closed unit disk. Let U be the interior of the disk D. Since supp(c) is a
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topological surface and is closed in X — ¢, B(z,7) Nsupp(c) = U and B(z,r) N
supp(c) = D. We have shown supp(c) is a surface with boundary.

For any y € X, let Cy(c) = ¢, yp. Note that for 2,y € X —¢, Cy(c) and C.(c)
represent the same class in Ha(X, X — {z}) and z € supp(c) if and only if C,(c)
represents a nontrivial class in Ho(X, X — {z}). It follows that if z ¢ Cy(c), then
z ¢ supp(c). Consequently, supp(c) C Cy(c) and supp(c) is compact. O

Since Shape(X) is finite, there is a number ¢y > 0 with the following property:
if z € X and w C Link(X, z) is a simple loop with length at most 27w + €, then it
has length 27.

Lemma 5.8. Let 0 < € < eo. If Zp, (p2,03) + ZLpy(D3,01) + ZLps (D1,02) > T — €,
then Link(supp(c), x) has length 27 for each x € supp(c).

Proof. Recall that the sum of the angles of a triangle is at most 7 and for any p € X,
Z, satisfies the triangle inequality. Let « ¢ c. By considering the three triangles
A(zpip2), Alxzpaps), A(xpspr) and using the assumption Z,, (p2, ps)+ZLp, (ps, p1)+
Ly (p1,p2) > m — € we see that Z,(p1,p2) + ZLo(p2,p3) + ZLo(ps,p1) < 27+ €. So
the path log,(c) is homotopic to a loop with length < 27 + € < 27 + ¢y. By the
remark before the lemma, log, (c) is either homotopically trivial or homotopic to a
simple loop with length 27. When z € supp(c), log,(c) is homotopic to the simple
loop Link(supp(c), z) and so Link(supp(c), z) has length 2. O

5.3. Proof of Theorem [5.2. We recall a special case of a result of M. Bridson
([Br]):

Lemma 5.9. Let X be a piecewise Euclidean CAT(0) 2-complex (not necessarily
locally finite) with Shape(X) finite. Then there is a constant > 0 such that every
geodesic segment o C X is contained in a connected subcomplexr X, that is the
union of less than Blength(c) + 1 closed cells.

Lemmala @ implies that for any fixed a > 0 the set {X, : length(o) < a} contains
only a finite number of X, up to isometry. Because of this we do not have to assume
X is locally finite in Theorem B2, We will often implicitly use this observation in
this section; for instance, we use it to establish the existence of J,€1,€es defined
below.

We first prove:

Proposition 5.10. Let X be a piecewise Euclidean CAT(0) 2-complex with
Shape(X) finite. Let g1 be a cellular hyperbolic isometry of X with axis ¢ : R — X,
and 7y : [0,400) — X a geodesic ray with y(+00) = ¢1(+00). Then either ¢; N~y
is a ray or c¢1 and v bound a half flat strip at infinity, that is, there are Ty > 0,
a >0, u € R and an isometric embedding h : [To,+o0) x [0,a] — X such that
h(t,0) = c1(t +u), h(t,a) = ~(t) for all t > Tp.

We reparameterize ¢ so that v(0) and ¢1(0) lie on the same horosphere centered
at ¢1(400). The function f(t) := d(v(t),c1) is convex and non-increasing. Note
that if f is not strictly decreasing, then f|z, o0y is a constant function for some
Ty > 0, and hence either ¢y N7y is a ray or ¢; and v bound a half flat strip at infinity.
From now on we assume f is strictly decreasing, and we derive a contradiction from
this. Since ¢; is an axis of a cellular hyperbolic isometry, there is some ty > 0 such
that v([tg, +00)) contains no vertices of X.
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For any t1 > to let 7 = max{t : m1(y(t)) = c1(t1)}, where m : X — ¢ is the
orthogonal projection onto ¢;. Let

¢ =7(t)er(tr) Uer([tr, +00)) U([th, +00)) U {er(+00)}

Then c is a circle in X. The proof of Proposition 5.7 shows that supp(c) is a topolog-
ical surface with boundary c¢—{ci(400)}. We see that 2 (71 (y(t)),v(c0)) — 7/2
as t — +oo. It follows that for any € > 0, we can choose a sufficiently large t; so
that Zc,,)(c1(+00),7(t1)) + Zyqr)(c1(+00),¢1(t1)) > ™ — €. Then the proof of
Lemma [5.§] shows that for any = € supp(c), the link Link(supp(c), ) is a circle

with length 27. For any = € supp(c), let ¢, = Link(supp(c), z). Note ¢, is a circle
when x € supp(c) and is a segment when x € ¢ — {c1(+00)}.

Lemma 5.11. For sufficiently large t1, supp(c) is contractible, and c, has length
7 if x lies on ¢1((t1,+00)) or the interior of c1(t1)y(t)).

Proof. Let © € ¢1((t1,+00)) be a point such that ¢, has length > 7. Then z either
is a vertex of X or lies in the interior of some edge e of X and eNe¢; = {x}. Since
c1 is an axis of the cellular hyperbolic isometry g;, and X is a piecewise Euclidean
2-complex with Shape(X) finite, there are only a finite number of such  modulo
g1, and there is a positive number €; > 0 such that length(c,) > 7 + €; for all such
x.

Choose a sufficiently large t1 so that

Zey () (€1(+00),7(t))) + Ly (c1(+00), c1(t1)) > 7 — €1

Suppose there is some x € ¢1((t1,+00)) so that ¢, has length > 7. Then by the
previous paragraph its length > 7w+ €. There is a unique point ¢ in the segment c,
such that the subsegment from log, (¢1(¢1)) to € has length m. We extend ¢;(t1)x
into supp(c) in the direction of £. The extension is unique since ¢, has length 27
for any y € supp(c). The extended geodesic hits v([t}, +o0)) at a point y. Then
Zy(cl (t1),c1(+00)) > 401(t1) (y(t)), c1(+00)) + A’Y(tll) (c1(t1),c1(+00)) > m—€1. By
considering the ideal triangle A(zycy(+00)) we have

Za(y, c1(+00)) + £y (@, c1(+00))
= (length(cz) — m) + Zy(c1(t1), c1(4+00)) > €1 + (7 —€1) =,

a contradiction.

Note that for any = € ¢1(t1)7(t)), x # c1(t1),v(t}), ¢z has length w. Otherwise,
we can extend ¢ (t1)z into supp(c) until it hits y((¢}, +00)), contradicting to the
choice of t].

Now consider Y := supp(c) as a piecewise Euclidean 2-complex with the path
metric dy (rather than the induced metric from X). Then (Y,dy) is complete
and has nonpositive curvature. Suppose the surface (with boundary) Y is not
contractible. Then there is a closed geodesic ¢ in (Y,dy). o cannot be contained
in supp(c) since any geodesic in supp(c) is also a geodesic in X and X is CAT(0).
Since ¢, has length 7 for any z in the interior of ¢i([t1, +00)) or of ¢1(t1)y(t)), o
does not intersect ¢ ([t1,+00)) U e1(t1)y(t)). So o N~ ((t),4+00)) # 0. Let zqyzo
be a component of o N ~((t],+00)) with z1,22 € Y((¢},+0)) and z1 € y(t])xe.
We parameterize o, o : [0,]] — Y so that 0(0) = z; and o(a) = a2 for some a,
0 < a < I. Then there is some ¢’ > 0 with o((a,a + a’)) C supp(c). Since ¢, has
length 27 for any = € supp(c), o((a,a + a')) admits a unique extension in supp(c)
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and eventually must hit ¢; ([t1, +00)). This contradicts the above observation that
o does not intersect ¢ ([t1, +00)) U c1(t1)y(¢]). O

Lemma [5.IT] implies that supp(c) is homeomorphic to {(z,y) € E? : 2 >0, 0 <
y <1}
Lemma 5.12. Let x € y((t],+00)) such that c; has length greater than w. Then

there is an edge e of X and a segment €' of e such that x lies in the interior of €,
e’ C supp(c) and ¢ Ne={x}.

Proof. Recall v([t},+00)) does not contain any vertices. Since the length of ¢ is
> m, x lies in the interior of an edge e. Link(X, ) consists of two vertices and edges
of length 7 connecting the two vertices. Since x € 7, the d, distance between the
two endpoints of ¢, is w. The assumption that the length of ¢, is > 7 now implies
that the two vertices of Link(X, x) lie in the interior of ¢,. The lemma now follows
from the definition of a link. O

Lemma 5.13. There are only a finite number of points x on y([t}, +00)) such that
length(c,) > 7.

Proof. Fort >t} let oy = £y (m1(¥(t)), c1(400)). Then oy < m/2 and t — oy is a
non-decreasing function.

Let x = ~(t)(t > t}) be a point such that ¢, has length > 7. Then by Lemma
there is an edge e of X and a segment ¢’ of e such that x lies in the interior
of ¢/, ¢’ C supp(c) and €’ Ny = {x}. Since ¢, has length 27 for any y € supp(c), if
e ¢ supp(c), then e has to exit supp(c) at ¢1([t1, +00)) Uer(t1)y(t)). Let ae be the
acute angle between zm(z) and e. Lemma (.11 implies for any y € e N supp(c),
the acute angle between e and ym(y) is also ae. On the other hand, we have
ap < o < aygr if t' <t and " > t are very close to t. Now the monotonicity of the
function ¢ — « implies that if x1 # x2 € y([t], +00)) and ¢y, , ¢z, have length > 7,
then o, # Q.,, where e; and ey are the two edges of X corresponding to x; and
T respectively as given by Lemmal[5T2l Since c; is an axis of a cellular hyperbolic
isometry, there are only a finite number of such edges e, and hence there are only
a finite number of points x € y([t}, +00)) such that ¢, has length > 7. O

By Lemma Cy(t) has length 7 for sufficiently large t. Now Lemma [5.TT] and
the fact that ¢, has length 27 for y € supp(c) imply that ¢, ([t, +00)) and v([t, +00))
bound a half flat strip, contradicting the assumption that f(t) = d(v(t),c1) is
strictly decreasing. The proof of Proposition [0l is complete.

Let g1, g2 be as in Theorem and let c¢1, co be axes of g1, go respectively.
Let m; : X — ¢; (i = 1,2) be the orthogonal projection onto ¢;. For T > 0, let
X; = ;M (e1((—00, =T U [T, 00))) and Xo = 75 *(c2((—o00, =T U [T, 0))). We
have observed in Section [5]] that to prove Theorem it suffices to show there
exists T' > 0 such that X; N X5 = (). We shall prove there is some T' > 0 such that
7 e ([T, 00))) Ny H(ca ([T, 00))) = 0; the other three cases are similar.

Lemma 5.14. There is some T > 0 such that 7, ' (c1 ([T, 00))) N7y * (ea([T, 00))) =
0.

Let v : R — X be a complete geodesic from co(+00) to c¢1(+00), that is,
v(=0) = ca(+00) and y(+00) = ¢1(+00). By Proposition IOl either ¢ ([0, +00))N
([0, +00)) is a ray or ¢;1([0,+00)) and v([0,400)) bound a half flat strip at infin-
ity. Similarly, for c2([0,400)) and y((—oc,0]). After reparameterization we may
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assume there is some Ty > 0 such that either ¢;(t) = ~(¢) for all ¢ > Tp, or
c1([Th, +00)) and v([Tp, +o0)) bound a half flat strip. Similarly, for ca([Tp, +00))
and y((—oo0, —Tp]). Let a > 0 (b > 0) be the distance between ¢ ([Tp, +00)) and
Y([To, +00)) (c2([To, +00)) and y((—o0, —Tp])). Since ¢; and ¢y are axes of cellular
hyperbolic isometries and Shape(X) is finite, there is some § > 0 such that if some
edge e intersects one of the three geodesics c1, c2, v and makes a nonzero angle
with it, then this angle is > §. Fix some T' > T such that in any Euclidean triangle
where one side has length > T'— T, and another side has length [ < max{a, b}, the
angle facing the side with length [ is < 6.

We assume 77 ' (1 ([T, +00))) N 75 *(ca([T, +00))) contains a point z and we
derive a contradiction from this. Denote by m : X — « the orthogonal projection
of X onto . Let v(t1) = my(x). We assume t; < T and consider c¢;([To, +00))
and v([Tp, +00)). The case when t; > Tj can be handled similarly by considering
2([Tp, +00)) and 7((—o0, ~Ty)).

Let ¢1(t) = m(z). Then t > T by the choice of x. Set z = ¢;1(t). Note that
7y (2) = y(t) and recall 7 (z) = y(t1) with t; < Ty < T < ¢. Since 7, is continuous,
by replacing x with a point on zz we may assume 7, (z) = y(Tp). Set y = v(To).
We may assume z is the only point on zz that is mapped to y under 7. Note that
the distance a between c; ([Tp, +00)) and v([To, +00)) must be positive, otherwise
the triangle A(zyz) has two angles > /2, which is impossible in a CAT(0) space.

Consider the circle ¢ = zy U yz U zz. By Proposition 5.7 supp(c) is a compact
surface with boundary c. For any p € supp(c), let ¢, = Link(supp(c), p). Note that
Ly(x,2), L:(x,y) > 7/2 =6, hence Zy(x,2) + £,(x,y) + Lz (y, 2) > m—20. Lemma
implies that for any p € supp(c), ¢, has length 27 if we choose T sufficiently
large and thus make § sufficiently small.

We see that for any p in the interior of xy, c, has length w. Otherwise, c,
has length > 7 and we can extend the geodesic yp into supp(c) until it hits zz,
contradicting our assumption that x is the only point on xz that is mapped to y
under 7. Now an argument similar to the proof of Lemmal[G.TTshows that supp(c)
is contractible and hence is homeomorphic to a Euclidean triangle.

Let p be the first point on zz from z to = such that ¢, has length > 7. We
extend zp into supp(c) until it hits zy at a point 2. By replacing x with a/, we
may assume for each p in the interior of yx or of zx, ¢, has length 7. We shall show

that supp(c) is isometric to a Euclidean triangle.

Since Shape(X) is finite, there is some €2 > 0 with the following properties:

(1) for any point « in the 1-skeleton of X and any two vertices &1, &2 € Link(X, ),
if m— e < dy(&1,&2) <+ €2, then dy(&1,&) = m;

(2) for any « in the 1-skeleton of X and any simple loop w C Link(X, z), if w
has length < 27 + €9, then it has length 2.

Lemma 5.15. Let 0 < ¢ < €2. Let x € X, &, n € Link(X, z) with d,(§,n) = m, and
o C Link(X,z) an injective path from & to n with © < length(c) < m + €. Then
there is a vertex & in the interior of o satisfying length(o) = 7 + 2 length(£&1) or
length(c) = 7 + 2 length(néy).

Proof. The assumption implies x lies in the 1-skeleton of X. Let o1 C Link(X,x)
be a geodesic segment from £ to n with length 7. The choice of €5 implies 0N oy has
two components, one of them is a single point and the other one is a nondegenerate
segment. The nondegenerate segment of o N oy starts at either £ or . Without
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loss of generality, we assume there is a point &; in the interior of oy such that o
and o7 share & and diverge at £. Then & must be a vertex. Let ¢’ (o) be the
subsegment of o (o1) from & to . Then ¢’ U g} is a simple loop with length 2.
Now the lemma follows. O

Let S be the half flat strip bounded by ¢ ([To, +00)) and v([To, +00)).
Lemma 5.16. supp(c) is isometric to a Euclidean triangle.

Proof. Recall that Z(z, z)+ Z.(z,y) + Lz (y, 2) > m—26. We may choose ¢ < €2/2
at the beginning. Since supp(c) is homeomorphic to a Euclidean triangle, Gauss-
Bonnett implies that ¢, has length < 7 + 26 < 7 + €3 for any p € yz. It suffices to
show ¢, has length 7 for any p in the interior of yz.

Let p € yz be a point such that ¢, has length > 7. Denote { = log,(y) and
n = log,(2). Note that d,(§,n) = m since yz lies in the flat strip S. Now Lemma
implies that there is a vertex &1 € ¢, with length(c,) = m + 2 length(€&1) or
length(c,) = m + 2 length(né;). Without loss of generality, we assume length(c,) =
7+ 2 length(££1). Then there is an edge e of X such that p € e and e has the
direction &; at p. Notice the proof of Lemma [E15] shows &; € Link(S,p). Since
S is flat, by examining the links at the points in an edge, we see that e C S.
Let & € Link(S,p) be the direction that is parallel to ¢1([To, +00)) and satisfies
dp(&2,8) < m/2. Set a = Zy(z,c1(+00)). Note that d,(€2,§) = a < 6. It follows
that dp(fl,fg) < 20 < €.

Since ¢; is an axis of a cellular hyperbolic isometry and Shape(X) is finite, we
may choose €2 > 0 small enough such that for any edge ¢/ C S of X, if ¢ makes
an angle < es with a segment in S parallel to ¢;([Tp, +00)), then e’ is parallel to
c1([To, +00)).

It follows that e is parallel to ¢ ([To, +o0)) and dp(&1,€) = a. We extend zp
into supp(c) in the direction of & until it hits zy at a point y;. Then £, (z,p) >
Zy(x, 2) + Lp(y, 1) = ZLy(x, 2) +a = Zy(x, 2) + £Ly(z, c1(+00)) 2 Zy(@, c1(+00)) >
/2. The last inequality follows from the fact that y is the orthogonal projection
of x onto 7.

Note that length(c,) = m+2a. Let & € ¢, with d,(&1,1) = . Then d,(£1,£1) =
7. We extend yp into supp(c) in the direction of & until it hits zz at a point 2.
Then similar to the last paragraph we have 2, (x,p) > 7/2. Note that y121 =
y1p U pz1. Now the triangle xy; z; has two angles > m/2, which is impossible in a
CAT(0) space. O

Now S and supp(c) are closed and convex in X. The intersection S Nsupp(c) is

a convex set containing yz. The choices of T and ¢ then imply that S N supp(c)
contains either the initial segment of ycq(4+00) or the initial segment of zeq(To).
Suppose S N supp(c) contains the initial segment of yci(+o00). Then 2y (z,2) =
Ly(x,c1(+00)) + ZLy(c1(+00),2) > m/2 4+ a. The inequality follows from the fact
that y = m,(x). By considering the triangle A(zyz) we see Z,(z,y) < 7/2 —a. It
follows that Z,(z,c1(T0)) < Z.(z,y) + Z:(y,c1(Tp)) < (7/2 —a) + a = 7/2, or
Zy(x,c1(Th)) < 7/2, contradicting the fact that z = m1(z). Similarly, we obtain
a contradiction when S N supp(c) contains the initial segment of zcy(Tp). The
contradiction shows that 7 " (c1 ([T, 00))) Ny *(ca ([T, 00))) = 0.
The proofs of Lemma [5.T4] and Theorem [0.2 are now complete.
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6. QUASI-ISOMETRIES BETWEEN CAT(0)2-COMPLEXES

In this section we study how the Tits boundary behaves under quasi-isometries.

For any CAT(0) 2-complex X, set Core(0rX) = |J ¢ where ¢ varies over all the
topological circles in 9rX. Let d. be the induced path metric of dy on Core(9rX).
Then d. > dr always holds. Recall that by CorollaryZ8 B(¢,7) C drX is an R-tree
for any £ € 9rX and any r with 0 < r < 7/2. It follows that for £, € Core(9rX),
d.(&,m) < oo if and only if &, n lie in the same path component of Core(9rX) and in
this case there is a minimal Tits geodesic contained in Core(0rX) and connecting

¢ and . In particular, d.(&,n) = dr(&,n) if d.(€,n) < .
Below is the main result of this section.

Theorem 6.1. For ¢ = 1,2, let X; be a locally finite CAT(0) 2-complex admit-
ting a cocompact isometric action. If Xy and X5 are (L, A) quasi-isometric, then
Core(0rX1) and Core(OrXs) are L?-bi-Lipschitz with respect to the metric d...

6.1. Tits limit set. Let X be a CAT(0) 2-complex. For any subset I C drX and
z € X, the geodesic cone over I with vertex z is Cy(I) = g 2€. Let C(0rX)
be the set of topological circles in 9rX. By Corollary 23 each S € C(9rX) is a
simple closed geodesic in drX. It is not hard to see that C,(S) is a quasi-flat. The
main ingredient in the proof of Theorem[6.1lis a result of B. Kleiner concerning top
dimensional quasi-flats in CAT(0) spaces. A special case of his result is as follows:

Theorem 6.2 (Kleiner [K2]). Let X be a locally finite CAT(0) 2-complex admitting
a cocompact isometric action, and Q C X a quasi-flat. Then there is a unique
S € C(0rX) such that for any x € X,

lim d(Q N B(z,r),Cx(S)N B(x,r))

T—00 r

=0.

For convenience, we introduce the following definition.

Definition 6.3. Let B C X be a subset of a CAT(0) space X. A point £ € 9pX
is a Tits limit point of B if there is a sequence of points b; € B, i =1,2,---, such
that d(b;, ) — oo and lim; %1((1)};',3;5)) = 0 where z € X is a fixed point. We also

say {b;}32, Tits converges to &. The Tits limit set Ly (B) of B is the set of Tits
limit points of B.

Note that the above definition does not depend on the choice of x. It is clear
that Ly(B) is closed in the Tits metric, and if dy(B1, B2) < oo for By, B2 C X,
then Lp(B;1) = Lp(Bz). A Tits limit point is a limit point in the usual sense, but a
limit point does not have to be a Tits limit point. Limit points are defined in terms
of the cone topology, while Tits limit points are related to the Tits metric. Using
this terminology, Kleiner’s theorem, in particular, implies the following: Lr(Q) €
C(0rX) for any quasi-flat @ C X. We also have Ly(E) = C for the quasi-flat in
Proposition [Z8
Lemma 6.4. Let S € C(0rX), p € X and z; € X (i = 1,2,---) be a sequence

d(z4,Cp(S5))

dGip) 0. Then some subse-

of points with lim;_, d(x;,p) = 0o and lim;_,
quence of {z;} Tits converges to a point & € S.

Proof. Let y; € Cp(S) with d(z;,y;) = d(z;, Cp(S)). Then y,; € p&; for some & € S.
Since S is a simple closed geodesic in 97X, a subsequence {&;; } of {{;} converges to
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d(yi,, p§)
some £ € S in the Tits metric. Then lim;_, m

li li d(JCU , P&)
1mp 1es limy ﬂ =

= 0. Now triangle inequality

=0 and {z;,} Tits converges to &. O

Definition 6.5. Let L > 1, A > 0. A metric space M is (L, A) quasi-connected at
infinity if there is some point a € M and some 7y > 0 with the following property:
for any two points =,y € M with d(z,a),d(y,a) > ro there is a sequence of points
T = xg,T1,  * , T =Yy so that:

(i) d(zs, z541) < Afori=0,1,--- k- 1;

(i) d(z;,a) > min{d(z, a),d(y,a)}/L for all 1.

A metric space M is quasi-connected at infinity if it is (L, A) quasi-connected at
infinity for some L > 1, A > 0.

Note that if two metric spaces My and My are quasi-isometric, then M, is quasi-
connected at infinity if and only if Ms is.

Lemma 6.6. Let X be a CAT(0) 2-complex and Q C X a quasi-flat. If B C Q is
quasi-connected at infinity, then Ly (B) C Lr(Q) is path-connected.

Proof. Suppose B is (L, A) quasi-connected at infinity. Set S = Ly (Q). Ly (B) C S
is clear since B C Q. Let £ # n € Ly(B).
There are two sequences {a;} C B, {b;} C B with d(a;,a) — o0 dlasad) _,

> d(ag,a)
and d(b;,a) — oo, % — 0 as ¢ — oo, where a is the base point of B in

the definition of quasi-connectedness. The quasi-connectedness of B implies that

for each ¢ there is a sequence a; = B SN z' = b;, x] € B with d(x a) >
min{d(a;,a),d(bi,a)}/L and d(z?,zt") < A. Let & E Co(S) with d(z!, 7)) =

d(z!,C,.(S)). We also let 0 € af, iHt e oan Wlth d(a;,7?) = d(a;,af) and
d(bs, &F ) = d(bs, an). Then 7] € afj for some &/ € S. We may choose £ = ¢,
gFt — ). The facts d(z, ZH) < A and dy(Q N B(a,r),Cy(S) N B(a,r))/r — 0
d(@],]"")

as r — oo imply — 0 as i — oo. Since S is compact in drX it is

not hard to see that there are positive numbers ¢; with ¢, — 0 as i — oo and
dr ( zvfz]Jrl) < €.
& and n divide S into two closed intervals I; and I5. After possibly passing to

a subsequence and relabeling I; and I we have N, ({£?,--- ,ff”’“}) D I;. Now it
follows from the definition of Tits limit points that I; C Ly (B) and &, n can be
connected by a path in Ly(B). O

6.2. Induced map between sets of branch points. Let f : X; — X5 be a
(L, A) quasi-isometry as in Theorem[6.1l Then f induces a bijection g : C(07X;1) —
C(0rX3) as follows. For each circle S € C(0rX1), define g(S) = Lr(f(Cx(S))) for
any x € X;. It is clear that ¢(S) does not depend on .

To prove Theorem[6.1] we first show that the bijection g preserves the intersection
pattern of circles. This implies there is a bijection between the set of branch points
of Core(0rX1) and that of Core(07X5). We then show that this bijection between
branch points is actually induced by the quasi-isometry f, so it is a local bi-Lipschitz
map (see Definition [6.T4). Finally, we extend this map to Core(drXy).

First we look at the intersection of two circles in OrX.

Lemma 6.7. Let X be a CAT(0) 2-complex and S1,S2 € C(OrX). Then S1NSs C
S; is a disjoint union of finitely many points and finitely many closed intervals.
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Proof. Write S1 = |J, U; as a finite union of closed intervals each of which has
length < 7. Similarly, So = {J; V;. Then $1 NS> = U, ;(U; N'Vj). Since 0rX is a
CAT(1) space, and U; and V; are closed intervals of length < 7, U; NV} is empty,
a single point or a closed interval. Thus S; NSy = Ui,j(U’i NV;) C S; is a union of
finitely many points and finitely many closed intervals. O

For any topological space Y, mo(Y") denotes the set of path components of Y.

Lemma 6.8. Let S1,52 € C(0rX1). Then there is a unique bijective map k :
mo(S1 N S2) — we(g(S1) N g(S2)) such that Lr(f(Cx(I))) = k() for all T €
mo(S1 N S2), where x € X;.

Proof. Let x € X1 and I € my(S1 N S2). Cx(I) is quasi-connected at infinity since
by Lemma [6.7] I is a single point or a closed interval. f is a quasi-isometry implies
f(Cy(I)) is also quasi-connected at infinity. Since C,(I) C Cy(S;) (i = 1,2), we
have f(Cx(I)) C f(Cx(S;)) and Lr(f(Cx(I))) C Lr(f(Cx(S:))) = g(S;). It follows
from Lemma [6:6] that Ly (f(Cy(I))) C g(S1) N g(S2) is path connected. Let k(I)
be the component of g(S1) N g(S2) that contains Ly (f(Cx(I))). By considering a
quasi-inverse of f and using Lemma B4l we see that Ly (f(Cy(I))) = k(I) and that
k is bijective. k is clearly unique. O

Lemma 6.9. Let I € my(S1NS2). Then I is a single point component if and only
if k(I) is.

Proof. Suppose the lemma is false. By possibly replacing f with a quasi-inverse, we
may assume g(I) = {n} (n € OrXs) for some nontrivial closed interval component I
of S1NSy. By Lemma 6.8 L (f(Cx(I))) = {n}, where x € X is a fixed base point.
Then there are &; # & € I with Ly (f(2€1)) = Lr(f(2€2)) = {n}. Let z; € x&; and
yi € € (1 > 1) with d(x;, z) = d(y;,«) = i. Then both {f(z;)} and {f(y;)} Tits
converge to 7. Let z},y; € f(x)n (i > 1) with d(f(z;),z}) = d(f(z;), f(x)n) and
d(f(v:),y;) = d(f(yi), f(xz)n). Then for large enough i, there is some j; such that

d(z},y;,) < L+ A (f is a (L, A) quasi-isometry). Then lim; % =0.

Since f is a quasi-isometry, we have lim;_, % = 0. This contradicts the
assumption that z; € x&;, y;, € z&2 and & # &. O

Lemma 6.10. Let I be a nontrivial interval component of S1 N Sz, &1,& the two
endpoints of I, and n1,m2 the two endpoints of k(I). Then for any x € X either
Lr(f(x61)) = {m}, Lo(f(2&)) = {n2}, or Lr(f(2&)) = {n2}, Lr(f(2&2)) =
{m}

Proof. We claim Lp(f(x€;)) does not contain any interior point of k(I). Suppose
at least one of Lp(f(x&1)), Lr(f(z€2)), say Lr(f(x£1)) does contain some interior
point n of k(I). Let dg = dr(n,g(S1) — k(I)). Choose £ € S — I with dr(&,¢&)
sufficiently small. Since n € Lr(f(x£1)), there is a sequence of points x; € z&;,
such that {f(z;)} Tits converges to 7. Let y; € x€ with d(z,y;) = d(z,x;). By
passing to a subsequence, we may assume that {f(y;)} Tits converges to a point
n € ¢(S1). Since f is a quasi-isometry, we see that dr(n',n) < do/2 if dp(&,€)
is sufficiently small. The choice of dy then implies ' € k(I). It follows that
&€ Ly(f~1(Cy(k(I)))), where y € X5 and f~' : X5 — X is a quasi-inverse of f.
This is a contradiction since Ly (f~(Cy(k(I)))) = I.
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By Lemma Lr(f(xz&)) is path connected. So either Ly (f(z&;)) = {m} or

Lr(f(x&)) = {n2}. Similarly, Lr(f~*(yn:)) = {&} or {&}. Now the lemma
follows easily. O

Definition 6.11. Let f : X; — X5 be a quasi-isometry between two CAT(0) 2-
complexes and Ay C d7r Xy, Ao C OrXo. A map h: Ay — Ay is Tits induced by
f if it satisfies the following property: for any sequence {z;} C X; Tits converging
to & € Ay, {f(x;)} Tits converges to h(§).

Define B; C Core(drX1) as follows:
By = {£ € 0rX; : € is an endpoint of some I € my(S1 N S2),S1,52 € C(0rX1)}.

Here € is an endpoint of I when I = {£}. Similarly, we define By C Core(drXa).
Lemma[6.9] and Lemma [6-10] imply the following proposition:

Proposition 6.12. Let f : X1 — X5 be a quasi-isometry between two CAT(0)
2-complexes, and By, Bs as above. Then there is a bijective map h : By — By with
h(SNB1) =g(S)N By for any S € C(0rX1), such that h is Tits induced by f and
h~1 is Tits induced by a quasi-inverse of f.

By using Lemma and considering a quasi-inverse of f it is not hard to show
the following lemma.

Lemma 6.13. Let S € C(9rX1). Then hjsnp, : SN By — g(S) N By preserves the
order of points, that is, if a1,a2,as3,a4 € SN By are four points in cyclic order on
S, then h(a1), h(az), h(ag), h(as) are in cyclic order on g(S).

6.3. Bi-Lipschitz map between the cores. Let f: X; — X3 be a (L, A) quasi-
isometry as in Theorem [6-1l In this section we shall extend the map / in Proposition
to a bi-Lipschitz map from Core(drX;) to Core(OrXs). We first show h is a
local bi-Lipschitz map.

Definition 6.14. Let Ly > 1. A map h : Y7 — Y5 between two metric spaces
is a local Lo-bi-Lipschitz map if there is some ¢ > 0 such that 1/Lg - d(a,b) <
d(h(a),h(b)) < Lo - d(a,b) for all a,b € Y; with d(a,b) <e.

The following lemma is easy to prove.

Lemma 6.15. Let Y7, Y5 be two metric spaces, A1 C Y1, and h: A1 — Y5 a local
Lo-bi-Lipschitz map for some Lo > 1. If Y5 is complete, then h uniquely extends to
a local Lo-bi-Lipschitz map h: A1 — Ys.

Lemma 6.16. For any A > 1, the map h : By — By is a local N\L?-bi-Lipschitz
map with respect to the Tits metric dp.

Proof. Given A\ > 1, fix some p > 0 so that if sint < p, 0 < t < 7/2, then
t/X < sint < t. Set e = pu/L% Let &n € By with dr(¢£,n) < e. Fix a point

d@iyi) _ o iy dr(En)
Aoy = 28 =5

p € X1 and let x; = vpe(4), Yi = Ypy(?), ¢ > 1. Then lim,; . >
As h is Tits induced by f, {f(x;)} Tits converges to h(¢) and {f(y;)} Tits con-

—~

verges to h(n). Therefore, 2, (f(2:), f(yi)) — dr(h(§),h(n)) as i — oco. On the
other hand, by considering the comparison triangle of Af(p)f(z;)f(y:) we see that
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sin £y ) (f(23), f(ys)) < W It follows that

sin[dr (h(£), h(n))]

= sinflimi oo Z () (F (23), f(4:)] = limi oo sin[Z ;) (f (), £ (4:))]

. d(f(zi), f(ya . Ld(zi,yi)+A
< limsup, ., SHELLED < Jimsup, JT%)A

= limsup,_, ., L? (fl((i;i)) =lim; o L2 Cfi((p‘i ) — 212sin (25 1)

< 2024560 _ [241 (6, ) < L = 45 = .
The choice of  now implies dr(h(£), h(n)) < Asin[dr(h(€), h(n))] < AL2d7 (€, 7).

) <
Similarly, we have dr(&,n) < AL2dr(h(€),h(n)) by considering a quasi-inverse of
f. O

Let B; C 0rX; (i = 1,2) be the closure of B; in OrX; with respect to the Tits
metric. The completeness of dr X2 and Lemma [E 15l imply that A uniquely extends
to a local bi-Lipschitz map from B; to 7Xs, which we still denote by h. Since
Core(0r X2) may not be closed in 7 X2, h(B;) may not lie in Core(d7 X3).

Lemma 6.17. h : By — Or Xy is Tits induced by f and h(B; N Core(drX1)) C
Core(0rX3).

Proof. It is easy to see that h is Tits induced by f. Let & € SN B, — B; with
S € C(0rXy). Fix some p € X; and let x; = 7p¢(é). Since {z;} Tits converges
to &, {f(x;)} Tits converges to h(£). On the other hand, {f(z;)} C f(Cp(S))
h?p)lies Lr({f(z:))}) C Lr(f(Cp(S))) = g(S). It follows that h(§) € Lr({f(x:)}) C
g(5). O

Lemma BI7 implies h(B; N Core(d7X1)) C By N Core(drX3). By considering
a quasi-inverse of f we see that h : By N Core(drX1) — Bo N Core(drXs) is a
bijective map and its inverse is Tits induced by a quasi-inverse of f. The proof
of Lemma G117 shows that h(S N B1) = g(S) N By for any S € C(0rXy). As
hISﬁE : SN By — g(S) N By is Tits induced by f, it preserves the order of points.

Lemma 6.18. Let S € C(OrX1) with SNBy # () and let I be a component of S—B;.
Denote the two endpoints of I by a,b. Then Lt(f(C.(I))) C g(S) (z € X1) is one
of the two closed segments in g(S) with endpoints h(a) and h(b). Furthermore, the
interior of Ly (f(Cx(I))) is a component of g(S) — Ba.

Proof. Let I and I5 be the two components ofg( )—{h(a),h(b)}. Since a,b € I we
have h(a), h(b) € Lr(f(Cy(I))). By Lemma B8 Ly (f(C,(I))) is path connected.
Hence Ly (f(Cw(I))) D I or Lp(f(Cs (I))) D I,. Without loss of generality, we
assume that Lr(f(C,(I))) D I;. Since h~! is Tits induced by a quasi-inverse of f
and IN By = {a, b}, we conclude that L7(f(C.(I))) N By = {h(a), h(b)}. It follows
that I, is a component of g(S) — By. We will show that Lp(f(Ce(I))) = 1.
Suppose Ly (f(Cy(I))) # I1. Fix some n € Ly (f(Cy(1))) — I;. Then there is a
sequence {z;} C C,(I) Tits converging to some { € I so that {f(x;)} Tits converges
to n. Let [n, h(a)] be the closed subinterval of I with endpoints 7 and h(a). Sim-
ilarly, define [, h(b)] C L2, [€,a],[¢,b] C I. Note that Lr(f(C.([¢,a]))) D [, h(a)]
and Ly(f(Co([€,8]))) > [, h(3)). Now Ly(F(Co(D))) > I implies Ly (f(Ca () >
g(9), a contradiction. O
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Lemma 6.19. The map h : By N Core(0rX;) — Ba N Core(drX2) extends to a
bijective map h : Core(0rX;1) — Core(drXa).

Proof. Let I be a component of Core(drX;) — By;. If I = S is a circle, then
SN By = (). Therefore, g(S)N Bz = () and g(S) is a component of Core(drXs). We
define h|g to be a similarity between S and g(S5).

Suppose I = (a,b) C S is a proper subset of a circle S. Let us use the notation
in the proof of Lemma GI8 In this case we define i 7 to be the unique similarity
from I to I extending hj{q ). The map h : Core(9rX1) — Core(drX2) is clearly
bijective. O

Lemma 6.20. Let I be a connected component of Core(0rX1) — By1. Then the
following holds: length(I)/L? < length(h(I)) < L2length([).

Proof. By considering a quasi-inverse of f, it is sufficient to prove length(h(I)) <
AL*length(I) for any A > 1. For any fixed A > 1, choose p and € as in the proof of
Lemma[6:T6 We consider two cases depending on whether I is a circle.

First suppose I = (a,b) C S is a proper subset of a circle S C 9rX;. Let a = &,
&1, , & = b divide I into subintervals of equal length < €. Fix a point z € X
and let @ = ¢, (¢;) (0 <4 < n) with ¢; — oo. After passing to a subsequence we
may assume {f(xf)};";l Tits converges to some 1; € Ly (f(C.(I))) = h(I) C g(S).
We see that 1o = h(a), n, = h(b) since hjg, qcore(ar x,) 18 Tits induced by f. Since
dr(&,&+1) < €, the proof of Lemma shows dr (i, miy1) < AL2dr (&, &iv1).
Thus 1ength(h(I)) S E?;Ol dT (7’]17 7’]7;4_1) S Z?;Ol ALQdT (Eu §i+1) = ALQIGHgth(I)

Now assume I = S is a circle. As above let &, &1, - ,&, = & divide S into
subintervals of equal length I < e. The same proof yields n; € g(S)(n, = no) with
dr(ni,ni+1) < AL%l. Fix some y € Xo. For any n € g(9), let y/ = ~,,(t;) with
t; — oco. We may assume {f~!(y?)} Tits converges to some £ € S, where f~1
is a quasi-inverse of f. There is some ¢ with dr(&,&;) < /2. Then dr(n,n;) <
AL%dr(€,&) < AL? x 1/2. Tt follows that the n closed intervals centered at n; (i
0,1,---,n — 1) with length IAL? cover the circle g(S). Therefore, length(g(95))
nIAL? = XL?length(S).

CIIA I

Lemma 6.21. The bijective map h : Core(0rX1) — Core(drXa) is L?-bi-Lipschitz
with respect to the metric d..

Proof. Tt suffices to show that h is AL2-Lipschitz with respect to d. for all A > 1.
Fix A > 1. Choose i and € as in the proof of Lemma [ET6 We claim that for any
&, & € Core(aTXl), if dc(fl,fg) < €, then dT(h(fl),h(fg)) < )\LQdc(fl,fg). Let
us assume the claim for a while. For any &, € Core(0rX1) with d.(§,n) < oo,
let « : [a,b] — Core(drX1) be a minimal Tits geodesic contained in Core(drX1)
and connecting £ and 1. The claim implies the map h o « is rectifiable with respect
to the Tits metric dr and length(h o o) < AL?length(a) = AL%d.(£,n), hence
de(h(€), h(n) < AL2de(£, ).

Now we prove the claim.
Case 1. £1,& € By. In this case the claim follows from the definition of A and the
proof of Lemma since dp(£1,&2) = d.(&1,&2) when d.(£1, &) < co.
Case 2. Exactly one of &1, & lies in By, say & € By and & ¢ By. do(£1,8) < e
implies £, C Core(d7X1). Since &€& N By is closed in && and & ¢ By, there
is a point a € & & with dr(a,&) > 0 and a&, N By = {a}. Then there is a
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component I of Core(d7 X1)— B with a&y C I. We also have d.(&1,&2) = de(€1,a)+
dc(a,&). Since the map hj is a similarity and length(h(1)) < L?length(I), we have
dr(h(a), h(&2)) < L2dr(a,&). On the other hand, dr(h(€1), h(a)) < AL%dr(¢1,a)
by Case 1. Therefore,

dr(h(&1), h(&2)) < dr(h(&1), h(a)) + dr(h(a), h(&2))
< AL%dr (&1, a) + L2dr(a, &) < AL*(dr (&1, a) + dr(a, &2))
= AL?(de(&1,a) + de(a, &) = AL?d (€1, &2).
Case 3. &1,& ¢ Bi. The proof in this case is similar to that in Case 2. O
Lemma [6.2T] completes the proof of Theorem [6.1

ACKNOWLEDGMENT

The author would like to thank Bruce Kleiner for numerous suggestions and
discussions, without which this work would never be possible. In particular, he
suggested using support sets to study CAT(0) 2-complexes.

REFERENCES

[B] W. Ballmann, Lectures on spaces of nonpositive curvature, volume 25 of DMV seminar.
Birkh&user, 1995. MR97a:53053

[BBr] W. Ballmann, M. Brin, Orbihedra of nonpositive curvature, Inst. Hautes Etudes Sci. Publ.
Math. 82 (1996), 169-209. MR97i:53049

[BGS] W. Ballmann, M. Gromov and V. Schroeder, Manifolds of Nonpositive Curvature,
Birkhauser, 1985. MR87h:53050

[BH] M. Bridson, A. Haefliger, Metric spaces of nonpositive curvature, Grundlehren 319,
Springer-Verlag, Berlin(1999). MR2000k:53038

[Br] M. Bridson, On the semisimplicity of polyhedral isometries, Proceedings of the American
Mathematical Society 127, no. 7, 2143-2146. MR99m:53086

[BS] S. Buyalo, V. Schroeder, On the asymptotic geometry of nonpositively curved graph man-
ifolds, Trans. Amer. Math. Soc. 353, no.3 (2001), 853-875. MR2001{:53063

[CK1] C. Croke, B. Kleiner, Spaces with nonpositive curvature and their ideal boundaries, Topol-
ogy 39 (2000) 549-556. MR2001b:53035

[CK2] C. Croke, B. Kleiner, The geodesic flow of a nonpositively curved graph manifold, Geom.
Funct. Anal. 12 (2002), no. 3, 479-545. MR2003i:53057

[H] J. Heber, On the geometric rank of homogeneous spaces of nonpositive curvature, Invent.
Math. 112 (1993), no. 1, 151-170. MR94a:53082

[HS1] C. Hummel, V. Schroeder, Tits geometry associated with 4-dimensional closed real-
analytic manifolds of nonpositive curvature, J. Differential Geometry 48 (1998), 531-555.
MR99j:53058

[HS2] C. Hummel, V. Schroeder, Tits geometry of cocompact real-analytic Hadamard mani-
folds of dimension 4, Differential Geometry and its Applications 11 (1999), 129-143.
MR2000h:53052

K] B. Kleiner, The local structure of length spaces with curvature bounded above, Math. Z.
231 no. 3 (1999), 409-456. MR2000m:53053

[K2] B. Kleiner, private notes.

[KO] K. Kawamura, F. Ohtsuka, Total excess and Tits metric for piecewise Riemannian 2-
manifolds, Topology and its Applications 94 (1999) 173-193. MR2000d:53066

L] B. Leeb, A characterization of irreducible symmetric spaces and Fuclidean buildings
of higher rank by their asymptotic geometry, Bonn Mathematical Publications 326.
MR2004b:53060

M]  G. Mostow, Strong rigidity of locally symmetric spaces, Annals of Mathematics Studies,
No. 78, Princeton University Press, 1973. MR52:5874

N] I. Nikolaev, The tangent cone of an Aleksandrov space of curvature < K, Manuscripta
Math. 86 no. 2 (1995), 137-147. MR95m:53062


http://www.ams.org/mathscinet-getitem?mr=97a:53053
http://www.ams.org/mathscinet-getitem?mr=97i:53049
http://www.ams.org/mathscinet-getitem?mr=87h:53050
http://www.ams.org/mathscinet-getitem?mr=2000k:53038
http://www.ams.org/mathscinet-getitem?mr=99m:53086
http://www.ams.org/mathscinet-getitem?mr=2001f:53063
http://www.ams.org/mathscinet-getitem?mr=2001b:53035
http://www.ams.org/mathscinet-getitem?mr=2003i:53057
http://www.ams.org/mathscinet-getitem?mr=94a:53082
http://www.ams.org/mathscinet-getitem?mr=99j:53058
http://www.ams.org/mathscinet-getitem?mr=2000h:53052
http://www.ams.org/mathscinet-getitem?mr=2000m:53053
http://www.ams.org/mathscinet-getitem?mr=2000d:53066
http://www.ams.org/mathscinet-getitem?mr=2004b:53060
http://www.ams.org/mathscinet-getitem?mr=52:5874
http://www.ams.org/mathscinet-getitem?mr=95m:53062

THE TITS BOUNDARY OF A CAT(0) 2-COMPLEX 1661

[R] K. Ruane, Dynamics of the Action of a CAT(0) group on the Boundary, Geometriae
Dedicata 84 (2001), 81-99. MR2002d:20064

[X1] X. Xie, Tits alternative for closed real analytic 4-manifolds of nonpositive curvature, Topol-
ogy and its applications 136 (2004), 87-121.

[X2] X. Xie, Groups Acting on CAT(0) Square Complexes, to appear in Geometriae Dedicata.

DEPARTMENT OF MATHEMATICS, WASHINGTON UNIVERSITY, ST. Louls, MISsOURI 63130

E-mail address: xxie@math.wustl.edu

Current address: Department of Mathematical Sciences, University of Cincinnati, Cincinnati,
Ohio 45221

E-mail address: xiexg@ucmail.uc.edu


http://www.ams.org/mathscinet-getitem?mr=2002d:20064

	1. Introduction
	2. Preliminaries
	2.1. CAT() spaces
	2.2. Space of directions
	2.3. CAT(0) 2-complexes
	2.4. Ideal boundary of a CAT(0) space
	2.5. Quasi-isometry and quasi-flats

	3. Segments in the Tits boundary
	3.1. A Gauss-Bonnet type theorem
	3.2. Reduction
	3.3. Segments in the Tits boundary

	4. Applications
	4.1. Rays and flat sectors in CAT(0) 2-complexes
	4.2. Circles in Tits boundary
	4.3. Branch points in Tits boundary
	4.4. -Visibility

	5. Free subgroups
	5.1. Free subgroup criterion
	5.2. Support set of a triangle
	5.3. Proof of Theorem 5.2

	6. Quasi-isometries between CAT(0) 2-complexes
	6.1. Tits limit set
	6.2. Induced map between sets of branch points
	6.3. Bi-Lipschitz map between the cores

	Acknowledgment
	References

