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SUBSMOOTH SETS: FUNCTIONAL CHARACTERIZATIONS
AND RELATED CONCEPTS

D. AUSSEL, A. DANIILIDIS, AND L. THIBAULT

ABSTRACT. Prox-regularity of a set (Poliquin-Rockafellar-Thibault, 2000), or
its global version, proximal smoothness (Clarke-Stern-Wolenski, 1995) plays an
important role in variational analysis, not only because it is associated with
some fundamental properties as the local continuous differentiability of the
function dist (C; -), or the local uniqueness of the projection mapping, but also
because in the case where C' is the epigraph of a locally Lipschitz function, it is
equivalent to the weak convexity (lower-C? property) of the function. In this
paper we provide an adapted geometrical concept, called subsmoothness, which
permits an epigraphic characterization of the approximate convex functions
(or lower-C! property). Subsmooth sets turn out to be naturally situated
between the classes of prox-regular and of nearly radial sets. This latter class
has been recently introduced by Lewis in 2002. We hereby relate it to the
Mifflin semismooth functions.

1. INTRODUCTION

Let X be a real Banach space and let U be a non-empty open subset of X.
A function f: U — R is called weakly convex on U if for every zo € U there exists
0,0 > 0 such that, for every z, y € B(xo,d) and t € [0, 1],

(1.1) fltz+ (1= t)y) < tf(x) + (1 =) f(y) +ot(l —t) ]z -yl

This class of functions, initially introduced by Vial [33], has been extensively used by
many authors under various equivalent definitions (see [15] and references therein)
and enjoys various interesting properties. For example, every continuous function
satisfying (I.I)) can be decomposed to a difference of a convex continuous function
and a convex quadratic function ([33] Proposition 4.3]). Another important equiv-
alent property, from the application point of view, is the following one, established
by Rockafellar [28] in finite dimensions: a (locally Lipschitz) function f is weakly
convex if, and only if, it is lower-C2. We recall that a function f is called lower-C*
on U (k € N) if for every xo € U there exist a neighbourhood V' of xy, a compact
topological space S, and a jointly continuous function g : V x § — R satisfying

f(z) = max g(z,s) forallz € V,
ses
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and such that all derivatives of g of order k with respect to x (exist and) are jointly
continuous ([28] e.g.). This class of functions provides a robust and stable extension
of both the notion of convex function and the notion of smooth function. Their
role in optimization is important; see [15] for a survey. For lower-C* functions in
Hilbert space, we refer to [24].

In the same period, several extensions of convexity (respectively, of monotonic-
ity) have been proposed for sets; see [33], [30] and references therein (respectively,
for multivalued operators, see [2§], [31]). In this line of research, Clarke, Stern and
Wolenski studied in [5] the notion of proximal smoothness. They proved that a
closed set C of a Hilbert space is proximally smooth (or uniformly prox-regular,
according to [25]) if, and only if, its square distance function dist(.,C)? is con-
tinuously differentiable in an open tube of uniform thickness around C' (we also
refer to Federer in [14] for the finite-dimensional case, where such sets are called
positively reached). They have also shown that this property characterizes the
epigraphs of lower-C? functions (in finite dimensions), establishing an interesting
link between sets and functions (see also [33] Propositions 4.17, 4.18]). Poliquin,
Rockafellar and Thibault in [25] developing the corresponding local theory under
the name of prox-regularity, established another interesting characterization based
on the hypomonotonicity of the truncated Clarke normal cone N"(C;.) of C, where
r > 0. The same property, that is, hypomonotonicity, had been previously used to
characterize the subdifferentials of weakly convex functions ([28]). Thus, in finite
dimensions, one has the following complete geometrical characterization of locally
Lipschitz weakly convex functions (this characterization will be extended in Hilbert
spaces in Section 4):

(1.2) f is weakly convex < Jf is hypomonotone < epi f is prox-regular.

The weaker notion of approzimate convexity has been recently considered by Ngai,
Luc and Théra [23]. We also refer to Rolewicz [29] and references therein for
some similar convex-like functions. According to the definition in [23], a function
f:U — R is called approximately convex on U if for every xzg € U and every ¢ > 0,
there exists 6 > 0 such that for every z, y € B(xg,d) and for every ¢ € [0, 1]

(1.3) [tz + (1 =t)y) <tf(x)+ 1A =0)f(y) +et(l —t)]z -yl

This class of functions satisfies interesting integration properties, is stable under
finite sums and finite suprema and enjoys exact subdifferential sum rules (see [23]).
In [9], Daniilidis and Georgiev emphasized that, in finite dimensions, this class of
functions coincide with the well-known class of lower-C! functions (see [31] or [28]
for an extensive study of this latter class). Moreover, (locally Lipschitz) approxi-
mately convex functions have been characterized by the submonotonicity of their
subdifferentials.

By introducing the geometrical concept of subsmoothness of the set related to
the submonotonicity of the truncated Clarke normal cone, our aim is to establish
the statements analogous to ([.2)) for approximately convex functions, namely:

f is approximately convex < Jf is submonotone < epi f is subsmooth.

Section 4 is essentially devoted to this task (see Theorem T4l and Corollary
ETT). The notion of a subsmooth set is introduced in section 3 for an arbitrary
closed set (Definition B]). Here we shed light on the links with other geometrical
notions, in particular with the tangential Shapiro property and the notion of “near
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radiality”, introduced recently by Lewis [I8] (see Theorem B.I6]). We relate this
latter notion to Mifflin semismooth functions, providing an interesting link to func-
tions satisfying a property of type (I3) (see Theorem BI6(c), Theorem and
Theorem E.15). In section 2, we give some preliminaries and we state some useful
properties of different kinds of normal cones of variational analysis.

2. PRELIMINARIES

Throughout the manuscript X denotes a Banach space, X* its topological dual
and B(zg,d) (respectively, Blzg,d]) the open (respectively, closed) ball of center
2o € X and radius 6 > 0. If C is a nonempty subset of X, the (Clarke) normal
cone of C' at u € C is defined by

(2.1) N(Ciu)={a" € X* : (z%,v) <0, Yv € T(C;u)},
where the Clarke tangent cone T'(C; u) is defined as follows:

Ve > 0,46 > 0 such that
Vu' € B(u, ) NC,Vt €]0,6[, (v +tB(v,e))NC # 0.

We put N(C;u) = (), whenever u ¢ C. For any r > 0 we denote by N"(C;u) the
truncated Clarke normal cone, that is,

N"(C;u) = N(C;u) N B0, r].

The set C is called tangentially regular at u € C if T(C;u) = K(C;u), where
K (C;u) stands for the Bouligand tangent cone to C' at u, that is,

(2.3)  wve K(Cju) <= Vd > 0,3t € (0,9) such that (u + tB(v,d)) N C # 0.

The concept of Fréchet normal vectors will be also needed. A vector u is Fréchet
normal to C at ug € C if for every € > 0 there exists 6 > 0 such that for all u € C
with [Ju — ug|| < d one has (ug, u —ug) < elju — ug||. The cone of all Fréchet normal
vectors to C' at ug will be denoted by Np(C;ug). We will also put Np(Ciu) = 0
when u ¢ C. We recall that C is normally Fréchet reqular at ug € C whenever the
Clarke and the Fréchet normal cone to C at ug coincide. If the set C' is normally
Fréchet regular at ug, then it is also tangentially regular ([3, Theorem 6.2]).

We typically denote by f: X — RU {400} a proper function (that is, f is finite
at least at one point) with domain domf := {z € X : f(z) € R} and epigraph
epif := {(z,t) € X xR : f(z) < t}. The Clarke subdifferential 0f(zo) of a locally
Lipschitz function f at x( is defined as follows:

(2.2) veT(Ciu) <=

(2.4) 8f($0):{x* e X: (x*7v) Sfo(xoﬂf),V’UEX},
where
fo ($O§ v) = lim sup w
(y,t)—(w0,07) t

A locally Lipschitz function is called directionally regular (in short, d-regular) at
T, if for all v € X,

Pe0i0) =~ ), where df(os0) = Tnpnt L =T (00,

A vector x* € X* is said to be in the Fréchet subdifferential O f(xg) of f at xo
provided that for every € > 0 there exists 6 > 0 such that for all x € B(zg,d) one
has

(2.5) (2%, @ — xo) < f(2) — f(wo) +ellx — xo-
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If 1) denotes the indicator function of the set C, that is, ¥o(xz) =0 if € C and
o (x) = 400 otherwise, then it is easily seen that

Np(Csu) = Optpe(u).

The main properties of Fréchet normal cones and Fréchet subdifferentials require
that the Banach space is Asplund. We recall that a Banach space X is called
Asplund ([I1] e.g.) if every separable subspace of X has a separable topological
dual. In particular, every reflexive Banach space is Asplund. In Asplund spaces,
the limiting (Mordukhovich) subdifferential Oy, f is defined as follows:

(2.6) Arf(xo) = w*-seq-limsup Ip f(z),

T—fIT0
where w*-seq-lim sup denotes the weak star sequential outer (superior) limit. This
T—fx0
means that z* € Jr, f (zo) whenever there are sequences x,, —; z and z; € dp f(x,)
with (z}) converging to x* with respect to the weak star topology of X*. (By

n
xn —f & we mean that z, — z and f(z,) — f(z).)

Similarly, one defines the limiting normal cone Np,(C;ug) as follows:

NL(C;ug) = w*-seg-limsup Np(C;u).

u—cuo

(By u —¢ ug we mean that the above limit is taken in C.) As in the previous cases,
Np(C;u) =0 when u ¢ C. For the indicator function ¢ of C, it is easily seen that

N (C;ug) = drpe (uo).
The distance of a point z € X from C is defined by
dist(C; x) = inf{||z —y|| : y € C}.

The link between the Fréchet normal cone and the distance function is given by the
following equality of [I6] (see also [3] and references therein):

(2.7) NE(Csup) = 9pdist(C; ) (ug), for ug € C,
where, as for the Clarke normal cone,

N (C;up) = Np(Ciup) N B[0,r], for any r > 0.
Concerning the Clarke normal cone, one has the equality (see [4])
(2.8) N(C;up) = w*-cl(R49dist(C; .) (uo)),

where w*-cl denotes the topological closure with respect to the weak star topology
of X*.
In Asplund spaces the following equalities also hold ([21]):

N(C;ug) =w*-clco NL(C;up)
and
(2.9) adist(C; ) (ug) = w*-clco drdist(C;.)(uo),

where w*-cl co denotes the weak star closed convex hull.



SUBSMOOTH SETS 1279

3. SUBSMOOTH SETS AND RELATED GEOMETRICAL CONCEPTS

3.1. Definitions and elementary properties. Let C' be a nonempty closed sub-
set of a Hilbert space and let uyp € C. We recall from [25] that the set C is
called proz-regular at wg, if for every r > 0, there exists ¢, > 0 such that for all
u1, ug € Blug,d) N C and all uf € N"(C;u;), i € {1,2}, one has

(3.1) (ul —uj,uy —uz) > —ollug — ugl?.

This turns out to be equivalent to saying that the distance function dist(C,.) is
continuously differentiable on U \ C, for some open neighbourhood U of ug. Fur-
ther, C is called prox-regular if it is prox-regular at every uy € C and uniformly
proz-regular if there exists o > 0 such that (B) holds for all uq,us € C. According
to [25, Theorem 4.1], C is uniformly prox-regular if, and only if, the square dis-
tance function dist(C,.)? is continuously differentiable on an open tube of uniform
thickness around C'. So, uniformly prox-regular sets correspond to what is called
proxzimally smooth sets in [5].

We now introduce a new class of sets via the concept of subsmoothness. It can be
seen as a variational behavior of “order one” of the set C, while (B:1)) is expressing
a variational behavior of “order two”. In this paper, C' will be a closed subset of
the Banach space X.

Definition 3.1. The set C is called subsmooth at ug if for every » > 0 and every
€ > 0 there exists 6 > 0 such that for all uy,us € B(ug,d)NC and all uf € N"(C;u;),
i € {1,2}, one has

(3.2) (u] —ud,uy —ug) > —ellur — usg|.
The set C' is called subsmooth if it is subsmooth at every ug € C.

We further say that C' is uniformly subsmooth if for every r > 0 and £ > 0 there
exists § > 0, such that (32)) holds for all uj,us € C satisfying ||u; — ug|| < ¢ and
all uf € N"(C;u;), i € {1,2}.

By imposing us = ug in 2) one results with a radial counterpart of the above
concept that we call semi-subsmoothness. Let us state the exact definition.

Definition 3.2. The set C' is called semi-subsmooth at wug if for every » > 0 and
e > 0 there exists 6 > 0 such that for all u € B(ug,0) N C, ufy € N"(C;up) and
u* € N™(C;u), we have

(3.3) (u* —ug, u —ug) > —¢|lu—uog|.
The set C' is called semi-subsmooth if it is semi-subsmooth at every ug € C.

Note that the natural definition for a notion of uniform semi-subsmoothness will
yield the previously defined notion of uniform subsmoothness.

Remark 3.3. (i) Conditions B:1]), (3:2) and (B-3)) are equivalent to the statements
arising by taking r = 1 (respectively, ¢ = 1).

(i7) Every set C is prox-regular (respectively, subsmooth, semi-submonotone) at
any point of int C.

The following result makes the connection between subsmoothness and other
classical geometrical concepts.
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Proposition 3.4. (i) Uniformly proz-regular sets are also uniformly subsmooth.
(i4) Every prox-regular set C (at ug) is subsmooth (at ug) and every subsmooth
set (at up) is semi-subsmooth (at ug).
(vi1) If C is semi-subsmooth at ug, then it is normally Fréchet regular, and
consequently tangentially reqular, at ug.

Proof. Statements () and (i¢) are straightforward from the definitions. To establish
(#1), let us assume that C' is semi-subsmooth at ug € C. Fix any ufy € N(C;up)
and let » > |lug]|. Also fix any € > 0. Choose 6 > 0 such that (B3) holds. Taking
u* =0 € N"(C;u), we obtain for all u € B(ug,d) NC

(ug, u —uo) < &llu—uol|.
This translates into the fact that wuf is a Fréchet normal to C' at uo and hence
N(C;up) is included in the Fréchet normal cone Np(C;up). In fact the equality

holds because the reverse inclusion is always true. The tangential regularity result
follows from [3l Theorem 6.2]. O

3.2. The limiting subdifferential of the distance function. In Asplund spaces
the limiting subdifferential Jr, f of a locally Lipschitz function f is provided by the
Fréchet subdifferential Op f via the formula (2). The aim of this paragraph is
to establish a refinement of the aforementioned formula, for the particular case
that f(z) = dist(C;x), where C is a non-empty closed set. Namely, the limit in
(28) is considered only in C' (instead of X). This important fact will be used
in Section 3.3 to provide alternative characterizations of subsmooth sets and to
facilitate comparison with other concepts.
Let us state this result.

Proposition 3.5. Let C be a closed subset of an Asplund space X and let ug € C.
Then
Ordist(C; ) (ug) = w"-seq-limsup Ipdist(C;.)(u).
uU—cug
Before giving the proof, we need to recall the following important fuzzy calculus
result, due to Fabian (see [13]).

Proposition 3.6. Let X be an Asplund space, let g : X — R be a locally Lipschitz
function, and let f : X — RU {400} be a lower semicontinuous function that is
finite at xo. Then for any n > 0 there are x,y € B(xzo,n) with |f(z) — f(zo)| < n
such that

Ir(f +9)(x0) C Orf(x) + Org(y) + B0, n].

The proof of Proposition B is based on the next lemma, which also has an
independent interest. Its proof is inspired from [32] (see also [19] for some other
properties and [22] for Banach spaces with smooth renorms).

Lemma 3.7. Let C be a closed subset of an Asplund space X, let x € X and let z* €
Orpdist(C;.)(x). Then for every € > 0, there exist u € C and u* € Opdist(C;.)(u)
such that

|lu— 2| <e+dist(Ci;z) and |Ju*—2z*] <e.

Proof. Fix ¢ > 0 and choose n > 0 with n < min(1,¢/6). By definition of the
Fréchet subdifferential (2.5]), we may choose some positive number o < 7/2 such
that for all 2’ € Bz, o

(3.4) (x*, 2" — x) < dist(C; ') — dist(C; z) + nl|a” — z]|.
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Fix some y € C satisfying
(3.5) |z — yl| < a® + dist(C; ).
Then for all y' € B[y, a] we have by (3.4)

(x*,y —y) <dist(Cix+y —y)—dist(C;z) +nlly" —yl

< dist(C;y) + [lz — yl| — dist(C:2) +nlly" — vl
and hence according to (B
(@ y' —y) < dist(Csy') +nlly’ -yl + o
Consequently, this yields for all y' € C'N By, a]
@y —y) <ally’ =yl +o®.

Set p(z) = (—a*,x) +nllz — yl, so that ¢(y) < ¢(y') + o, for all y’ € C'N Bly,al.
Applying the Ekeland variational principle (see [12]) with A = a/2 we obtain some
z € CN Bly, o] with ||z — y|| < A and such that for all 2’ € C'N Bly, ]

! a2 !
p(z) < () + 12" = =ll,
that is,
* * ! ! a2 !
(=27, 2) +apllz —yll < (=2, 2") +nllz" =yl + - [l2" = 2,
and hence
(3:6) (a2 —2) <nlle" —yll = ]z = yll) + 2a]l2" — 2] < 2n]l2" — z].
Set ®(z) = Ye(x) + 2n|jz — z|| and observe that B(z,a/2) C Bly,a]. Thus (B.6)
yields that
(x*,2' — 2) < ®(2') — ®(2), forall 2’ € B(z,a/2).
This implies that
a* € Op®(2) = Or (Yo(.) + 21l — 2])(2).
According to Proposition B8] the latter entails the existence of some u € C' with
|lu—z|| < n and such that * € dptbc(u) 4+ 3nB[0,1] = Np(C;u) 4+ 3nB|0, 1]. Then
we may choose some e* € B[0, 1] satisfying
v*i=x2" 4+ 3ne” € Np(C;u).
Since z* € dpdist(C;.)(x), we have ||z*|| < 1, thus ||v*|| < 1+ 37n. Applying (Z717)
we get
u* = (1 +3n) " € Opdist(C;.)(u).

Further, since ||z* — e*|| < 2 we have
f gt = _3n

C 1+3p

6n

*_ * <
="~ "l < T35

[|u <e.

On the other hand, by (B.5)
lu— x| < lu—zll+ |z =y + |y — 2| <0+ a+a®+dist(Cs2),
which implies
lu — z|| < e+ dist(C; x).
The proof is complete. O
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Proof of Proposition[3.3. According to the definition of the limiting subdifferential
(see (ZG))), the second member is included in the first one. For the converse in-
clusion, let u € drdist(C;.)(up). Then there exist {zp}n>1 in X, {2} }n>1 in X*,
with z} € Opdist(C;.)(zy), such that
HH_nEr—iI-loo Tp =up and w _nl—l>r—ir-loo zy = ug.

Applying Lemma B for every n > 1 and for &, = 1/n, we obtain a sequence
{un}n>1 in C, and a sequence {u}},>1 in X* with u} € Opdist(C;.)(un), such
that for alln > 1

lun — zn|| < &n +dist(Ciz,) and  u) — 2 || < ep.

It follows that ||.||- lim w, = up and w*- lim u} = ug. The proofis complete. [
n—-+o0o n—-+o0o

3.3. Subsmoothness vs. Fréchet normals. The aim of this section is to provide
alternative characterizations of subsmoothness in terms of Fréchet normals and
of subdifferentials of the distance functions. These characterizations, stated for
reflexive Banach spaces, are partially based on the results of the previous section.
To start with, let C' be a closed subset of X and let ug € C. The following lemma
will be used in the sequel.

Lemma 3.8. (i) If 0dist(C;.) satisfies (Z2) at ug, then
adist(C; ) (ug) = Ordist(C;.) (ug).
(7i) If in addition X is a reflexive Banach space, then
N(Csup) = Np(Csup).

Proof. (i) Consider any u$ € ddist(C;.)(ug). Then for every e > 0 there exists § > 0
such that for every v € C N B(uog,d) we have (—uj,v — ug) > —el|lv — uo||, since
0 € 9dist(C;.)(v). This inequality entails that uf € Np(C;ug). Further, |luj| <1
because uf € Adist(C;.)(uo). According to (Z7), u§ € pdist(C;.)(up) and hence
adist(C; ) (ug) C Ipdist(C;.)(ug). Since the inverse inclusion is always true, we
obtain ddist(C};.)(ug) = drdist(C;.)(ug).

(#4) Combining formulas (28) and (27) with the equality established in (i) we
obtain

(3.7) N(C;ug) = w*-cl(Np(C;up)).

By Proposition 3.1 in Bounkhel-Thibault [3], the convex set Np(C;ug) = Orthe(uo)
is closed in X* with respect to the norm topology. As X is reflexive, Np(C;ug) is
also weak star closed. Thus ([B20) becomes N(C;ug) = Np(C;up). O

The following proposition deals with the statements arising from (B2), if one re-
places the truncated Clarke normal cone N"(C;.) by some notion of subdifferential
of the distance function.

Proposition 3.9. Let C be a closed subset of an Asplund space X and ug € C.
Then the following assertions are equivalent:

(a) [(FA) holds with Opdist(C;.) in place of N"(C;.);

(b) (T2B) holds with drdist(C;.) in place of N"(C5.);

(¢) [TB) holds with ddist(C;.) in place of N"(C;.).
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Proof. The implication (¢) = (a) is an immediate consequence of the inclusion
Ordist(C;.) C odist(C;.). Let us prove the implication (a) = (b). Fix ¢ > 0
and choose 6 > 0 such that for all z,y € C N B(ug;d), * € dpdist(C;.)(z) and
y* € Opdist(C; ) (y),
(@ =y e —y) > —ellr—yl.

Take any u,v € C N B(ugp;0), u* € Ordist(C;.)(u) and v* € 9rdist(C;.)(v). By
Proposition BH, there are u, —¢ u, v, —¢ v, (u)) and (v}) converging weak star
to u* and v*, with u} € Opdist(C;.)(uy) and v} € Opdist(C;.)(vy,). For n large
enough we have u,,, v, € C N B(ug;d) and hence according to the above inequality

*

(3.8) (uy — v Uy — V) > —€||un — vp|.
Passing to the limit, we obtain
(39) <U* —v*,u—v) 2 _EHU_UHa

which translates assertion (b).

It remains to show that (b)) => (¢). Let us observe that for each £ > 0 and for
fixed u,v € C'N B(ugp;9), the set of all (u*,v*) € X* x X* satisfying the inequality
B9) is convex and weak star closed in X* x X*. Thus the result follows from the
equality (2.9). O

Remark 3.10. Let us note that the proof of (a) = (b) in the above proposition
will not work if one considers (B:3) instead of ([B3:2)), since (3:8)) will fail in general.

We now characterize subsmoothness in terms of the Fréchet normal cone when
X is a reflexive Banach space. In the following proposition we assume that U is an
open subset of X and CNU # (.

Theorem 3.11. Let C be a closed subset of a reflexive Banach space X. Then the
following assertions are equivalent:

(a) C is subsmooth on C NU,

(b) (32) holds at every point of C NU with N} (C;.) in place of N"(C}.);

(¢) (Z2) holds at every point of C NU with Ni(C;.) in place of N"(C}.);

(d) [(3Z3) holds at every point of C NU with ddist(C;.) in place of N7(C}.).

Proof. With no loss of generality we may assume in the above statements that r = 1.
Furthermore, implications (a) = (b) and (b) = (c¢) are direct consequences of
the inclusions

NE(C;u) € NE(Csu) € NY(Csu), for allu e C.

Implication (¢) = (d) follows from (27) and Proposition B%(a) = (c). So, it
remains to prove (d) = (a). It follows from Lemma B8 that for allu € C N U,

(3.10) odist(C; ) (u) = 9pdist(C;.)(u) and N(C;u) = Np(C;u).
Combining (7)) with (FI0) we get N*(C;u) = adist(C;.)(u), for all w € C N U.
This completes the proof. ([

Remark 3.12. It is easily seen that one can add, in the list of equivalences of
Theorem [BTT] the same property (d) with any other subdifferential that is situated
between the Fréchet and the Clarke subdifferentials.
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3.4. Comparison with relevant concepts. We are ready to proceed to the links
of the notions of subsmoothness and semi-subsmoothness to other known tangential
concepts in the literature, as Shapiro’s property or Lewis’ near radiality. The
definition of the latter, that we recall in the next definition, is based on the notion
of Bouligand cone; see (2.3)).

Definition 3.13 ([30], [18]). Let C be a non-empty closed subset of X. Then

(i) C is said to satisfy the k-order Shapiro property (k € N) at ug € C, if for
every € > 0 there exists § > 0 such that for all uy,us € C' N B(ug,d) one has
(3.11) dist(K (C;u1);ug —u1) < ellug — ug||®.

(i) C is called nearly radial at ug € C' if for every € > 0 there exists § > 0 such
that for all v € C'N B(ug,d) one has
(3.12) dist(K(C;u);up — u) < ellu — uo|
(that is, (BI1) holds for k = 1 with 2’ = x).

The following two lemmas will be used in the sequel. The first one, concerning
the Clarke tangent cone, involves a standard argument which has already been used

in the literature (see [25, Proposition 3.6] or [0, Theorem 5.1] e.g.). Here we provide
a complete proof for the reader’s convenience.

Lemma 3.14. Let C' be a non-empty closed set and uw € C. Then for every r € X
(3.13) dist(T(C;u);z) = sup (u*, x).
u*€NL(Csu)

Proof. Put T =T(C;u) and N = N(C;u). If )7 denotes the indicator function of
the set T, then its Fenchel conjugate is given by 9% = ¢n. Set further s(y) = ||y||
and let B denote the closed unit ball of X*. Note that

dist(T(Ciu);z) = inf [s(y — ) +Pr(y)].
Then by the Fenchel duality theorem we get

dist(T(Csu); ) = sup [(y",2) —s7(y7) =¥z (y7)].
yrEX~
Since s*(y*) = ¥r(y*) and ¢¥5.(y*) = ¥n(y*), we conclude that
dist(T(C;u); ) = sup  (u*, z).
u*€N(Ciu)
This finishes the proof. O

The following result deals with the Bouligand tangent cone in finite dimensions.

Lemma 3.15. Assume that X is a finite-dimensional space. Then
lim dist(K(C;uo); Lot

u=guo Tu—uol

)=0

(where u # ug).

Proof. Suppose that the above equality does not hold. Then there exist ¢ > 0 and
a sequence u, —¢ o (with u, # ug) such that for all n > 1

Up — U

3.14 dist(K (C;up); ———
(3.14) (K (O o) o

) >e.



SUBSMOOTH SETS 1285

Since X is a finite-dimensional space, we may suppose (extracting a subsequence if

Up —UQ
HunquH

of the Bouligand tangent cone (see (2.3)), it is easily seen that d € K (C;ug). But
passing to the limit in (3:14]) we obtain

dist(K (C;up); d) > e,
which contradicts d € K(C;ug). The proof is complete. O

necessary) that { } converges to some vector d € X. By the definition
n>1

In the following result, we make a comparison of the concepts in Definition
BI3 with the concepts of subsmoothness and semi-subsmoothness of sets. In the

statements below, we suppose that C'is a closed set and U is an open subset of X
such that CNU # .

Theorem 3.16. (a) C is subsmooth on C NU if, and only if, it is tangentially
reqular on C N U and satisfies the first order Shapiro property on C N U.

(b) If X is reflexive, then C is subsmooth on C NU if, and only if, it satisfies
the first order Shapiro property on C N U.

(¢) If C is semi-subsmooth on CNU, then it is tangentially reqular on CNU and
nearly radial on CNU. The converse also holds whenever X is a finite-dimensional
space.

Proof. (a) To prove the “necessity” part, let us suppose that C' is subsmooth on
CNU. Then by Proposition B4(:) and (iii), C is also tangentially regular at every
point in C N U. Let us fix any ug € CNU and let us show that C satisfies the first
order Shapiro property at ug. According to Definition B, for every € > 0 there
exists § > 0 such that

(uf —u3 ur —ug) > —eflur — us|
for all u; € C' N B(ug,d) and all u} € NY(C;u;) for i € {1,2}. Taking uj = 0, the
above yields

(3.15) sup (ui,ug —u1) <ellur — usg|.
ufENLY(Csuq)

Moreover, from the tangential regularity we have T'(C;u;) = K(C;uq). Combining
this with relations (3TH) and (3I3)) we obtain
dist(K(C;uq);us —ur) < ellur — usg||,

that is, C satisfies the first order Shapiro property at ug.

Conversely, to prove the “sufficiency” part, let us assume that C' is tangentially
regular and satisfies the first order Shapiro property at each point of C'N U. Take
any ug € C NU. We must show that C' is subsmooth at uy. To this end, let £ > 0.
Then by Definition BI3(¢) (for k = 1), there exists § > 0 such that B(ug,d) C U
and for all u; € C'N B(ug,0), 7 € {1,2},

(3.16) max {dist(K(C;u1);uz — u1), dist(K(Csug);us —ug)} < %Hul — ual|.

Since K (C;u;) = T(C;u;) for ¢ € {1,2}, in view of Lemma BT we get

€
max{ sup (uj, ug —u1), sup (ud,uq —uQ)} < —|lur — usg||.
ufENLY(Csuy) us €N (Ciuz) 2
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The above easily yields that for all uf € N'(C;u;), i € {1,2}, we have
(uf — ud,ur —uz) > —ellur — us,

which shows that C is subsmooth at xg.

(b) Assume that X is reflexive. Taking (a) into account, we only have to prove
the “sufficiency” part. To this end, let us suppose that C' satisfies the first order
Shapiro property on C NU and let us show that C' is subsmooth there. In view of
Theorem [B.I1[¢) = (a), it suffices to show that the truncated Fréchet normal cone
N#(C;.) satisfies (3:2) at every point of C N U. So, let us fix any ug € C NU and
g > 0. As in the proof of the “sufficiency” part of (a), there exists 6 > 0 such that
(BI8) holds. Let us consider any u; € C'N B(ug,d) and u} € N&(C;u;), i € {1,2}.
Then, according to (BI6), we may choose v; € K(C;u;) and e; € X with ¢ € {1,2}
such that

s —uy =v1 +e1 and U3 — us = vg + €9,

with [le;|| < §lluy — uol| for i € {1,2}. Using the definition of the Fréchet normal
cone and the definition of the Bouligand tangent cone, it is not difficult to see that
(uf,v;) <0, for ¢ € {1,2}. Further, since |[uf|| <1, for ¢ € {1, 2}, it follows that

e e
(ul,ur —u2) 2 —gllur —ua| and - (uz,uz —u1) 2 —5llus — ual|.

Putting these inequalities together, we obtain (B2). This completes the proof.

(¢) Let us assume that C' is semi-subsmooth on C'NU. By Proposition B4 iii),
C is tangentially regular at any point in C' N U. To prove that C is nearly radial
at a point ug € C NU one proceeds in the same way as in the above proof of the
“necessity” part of (a), by setting uz = ug (and u; = u) to conclude that [BI2)
holds.

Let us now suppose that X is a finite-dimensional space and that C'is tangentially
regular and nearly radial at each point in C' N U. Let us fix any uy € C NU, and
let us show that ([B3) holds. To this end, take any ¢ > 0. By Definition BI3(),
Lemma B.T4 (relation (3I3))) and the tangential regularity on C N U we conclude
that for some § > 0 such that B(ug,d) C U and for all uw € C' N B(ug, J)

(3.17) sup  (u" up —u) < E||u—u0||.
u*ENL(Ciu) 2
By Lemma BTH, we may also suppose that for every v € C'N B(ug,d) with u # ug

U — up S

(318) dlSt(K(C,U()), m) < 5,

ie., dist(K(C;uo);u—ug) < %Hu—uoH.
Since K(C;ug) = T(C;up), using Lemma[3.14 again we obtain

(3.19) sup (uf,u—uo) < = lu— .
uy ENLY(Csug) 2

From (BI7) and (BI9) we easily conclude that C' is semi-subsmooth at ug. O

The following corollary concerns the tangential regularity of sets satisfying the
first-order Shapiro property.

Corollary 3.17. In a reflerive Banach space, every set C satisfying the first-order
Shapiro property on C MU is normally Fréchet reqular and tangentially regular on
cnU.
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Proof. The corollary follows directly from (b) in Theorem B.I6land from Proposition
B.4. O

Remark 3.18. Tangential regularity cannot be deduced from near radiality. Indeed,
let C = epi f C R?, where f : R — R is given by f(z) = — | 2| for all z € R.
Then C is nearly radial at every point of C, but it is not tangentially regular at
Uy = (0, 0)

Let us finish this section by summarizing the relations among the considered
notions. Some of them were already known in the literature. Any implication
which is not explicitly stated in the diagram is not in general true.

proximally smooth = prox-regular = o(2)-Shapiro
(uniformly prox-regular)
4 4 4
uniformly subsmooth = subsmooth X reflexive o(1)-Shapiro
4 4
semi-subsmooth =R { nearly }“adial &
tangentially regular

4. MAIN RESULTS: LINKS BETWEEN SET AND FUNCTIONAL NOTIONS

In this section we shall establish links among epi-Lipschitz sets and functional
notions. In particular, we shall show that epi-Lipschitz sets are subsmooth if, and
only if, they can be represented by approximately convex functions (see Corollary
FLTT). In finite dimensions these functions correspond to the lower-C* property (see
).

Let us recall the functional notions that we are going to evoke in the sequel. We
denote by T': X = X* a multivalued operator with domain dom T := {z € X :

T(x) # 0}.

4.1. Hypomonotonicity and weak convexity. We recall from [28] that T is
hypomonotone at xq if there exists o, § > 0 such that for all 21, o € B(xqg,d)NdomT
and all = € T'(x;), i € {1, 2}, one has

(4.1) (x} —xh, 21 — 22) > —0|lxy — 222

The operator T is called hypomonotone on X (respectively, on A C X) if it is
hypomonotone at every point of X (respectively, of A).

It follows from this definition that for a non-empty closed set C of a Hilbert
space X one has:

e C is prox-regular if, and only if, N"(C,.) is hypomonotone for any r > 0.

Hypomonotonicity is tidily related to weakly convex functions ([33]), or in finite
dimensions to lower-C? functions ([27], [5] e.g.). The exact relation in Hilbert spaces
is given in the next theorem. The equivalence of (4i) and (i) in Hilbert spaces can
be found in [2] Proposition 3.6], as well as the equivalence with the decomposability
to the difference of a convex function and a multiple of the square of the norm. In
the present context, we establish a direct proof of the equivalence between (i) and
(ii). Before giving the proof, let us consider a pointwise refinement of the definition
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(CI): A function f: X — RU {400} is called weakly convez at xy € domf if there
exists 0,6 > 0 such that for all , y € B(x,d) and t € [0,1],

(4.2) flte+ 1 —t)y) < tf(x) + (1 —t)f(y) +ot(l = )]z -yl
Clearly, f is weakly convex if, and only if, it is weakly convex at every zy € domf.
Note also that the weak convexity of f at a point z¢ implies its weak convexity
in a neighbourhood of 2y (however, with different values for the parameters o and
d in general). Let us finally mention that similar to the convex functions, weakly
convex functions are locally Lipschitz in the interior of their domain int(domf).
In the following result, f will merely be assumed lower semicontinuous. We recall
([27]) that in this case the Clarke subdifferential f is given by the formula ([24)),
with fO(zo;.) being replaced by the Rockafellar generalized directional derivative
f1(x0;.), where

t —
(4.3) f1(zo;u) := sup limsup  inf f(w +tw) f(x)
6>0 z—fzo wEB(w,0) t
t\,0t

Note that in the above formula, sups. can be replaced by lims\ o+.

Theorem 4.1. Let X be a Hilbert space, let f : X — RU {400} be a proper
lower semicontinuous function and let xy € domf. The following statements are
equivalent:
(i) f is weakly convex at x¢;
(i4) Of is hypomonotone at zo;
(#1) there exists o > 0 and § > 0 such that for all x,y € B(xo,d), and all
x* € 0f (x),
(4.4) fy) > f@) + (% y —z) —olly — |
If X =R" and z¢ € int(domf), then the above statements are also equivalent to
(iv) f is lower-C? at xo.
Proof. (i) = (ii1). Let o > 0 and dp > 0 be such that for all z,y € B(z,dy) and
t € [0,1], one has
(4.5) fltz+ (1= t)y) < tf(x) + (1= f(y) + ot(l —t)]a -yl
Fix any z,y € B(xo,d0/8). Also fix any 0 < § < dp. Then for all z € B(z,d/4) N
domf, v € X with 0 < ||v|| < do/2 and ¢ €]0, 1] we obtain from (5]
flz+to) = f(1—t)z+tz+0v) <tf(z+v)+ (1 —t)f(2) + at(l —t)[v]?,
from which we infer that
fz+1tv) — f(2)
t
In particular for v/ = y — z we have v € B(y —z,d/4) and |[v'|| < do/2, hence using
the above we obtain

< flz+v) = f(z) + ol =t)|v]*.

L fetw) - f()
weB(y—x,d) t

It follows that

< fy) = f) + o =ty — 2|

lim sup inf fe+tw) - f(2)

z—fT weB(y—x,d) t
t\,0t

< f(y) = f2) +olly — =,




SUBSMOOTH SETS 1289

and hence, passing to the limit for § \, 0" one gets according to (E3)

fHzosy — ) < fly) = f(x) +olly — x>
This yields that (74z) holds (with 6" = §o/8).

(131) = (i1). Let ¢ > 0 and & > 0 be such that ([@2) holds with o/2. Then
for any x,y € B(zg,9), z* € df(x) and y* € 9f(y), writing (@) one time with
z* € 0f(x) and another time with y* € 9f(y) and adding by parts, one immediately
obtains (&.TI).

(i4) = (7). In finite dimensions this corresponds to implication (b) = (c) of
[28, Theorem 6]. However, the same proof can be adopted in Hilbert spaces. We
recall it for completeness: Let us fix ¢ > 0 and § > 0 such that (1) holds for the
operator df on B(zg,d). For every z € X, let us define g(z) = f(x)+(c/2)|z|? and
let us note that dg = 0f + oI (where I is the identity operator). It follows from
1) that dg is monotone on B(xg,d). Thus, the lower semicontinuous function
9+ VB[zo,5,] 15 convex (see [8], [1]) for every 0 < d; < J, and f can be expressed as
the difference of the convex function g+ (., s) and the convex quadratic function
h(z) = (¢/2)||z]|* on B(wzg,d1). In view of [33] Proposition 4.3] (which remains
true in infinite dimensions) f satisfies {{2).

The equivalence (i7) <= (iv) in finite dimensions has been established in [28].
g

We must mention that the equivalence between the assertions (4), (i), and ()
in finite dimensions can be found in [5]. Lower-C? functions in Hilbert spaces (as
well as their connection with lower-T? functions) are studied in detail in [24].

4.2. Submonotonicity and approximate convexity. A weaker notion to hy-
pomonotonicity is the concept of submonotonicity (see [31], [10]).

Definition 4.2. An operator T : X = X ™ is called

(i) submonotone at xy € X if for every € > 0 there exists § > 0 such that for all
x1, T2 € B(xg, ) NdomT and all zj € T(x;), ¢ € {1,2}, one has
(4.6) (#] — 253, w1 — w2) > —¢l|w1 — a2 ;

(i) submonotone on X (respectively, on A C X) if it is submonotone at any
point of X (respectively, of A).

In view of the previous definition, Definition [3.1] can be restated as follows:
e (C is subsmooth if, and only if, N"(C;.) is submonotone for any r > 0.

Let us recall from the Introduction the following definition.
Definition 4.3 ([23]). A function f: X — R U {+oo} is called

(i) approzimately convexr at xq if for every € > 0 there exists 6 > 0 such that,
for all z,y € B(xp,0) and t € [0, 1], one has
(A7) e+ (1= ) < @) + (1= OF ) +et(l— )z — yll;

(i) approzimately convez if it is approximately convex at every point of domf.

As in the case of convex or weakly convex functions, every approximate convex
function is locally Lipschitz on int(domf) (see |23 Proposition 3.2]). We also refer
the reader to Rolewicz [29] for similar convex-like functions.

In the sequel we shall give a characterization analogous to Theorem B Tlin infinite
dimensions. Before, let us state the following lemma, which is inspired from the
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proof of [31], Theorem 3.9]. We denote by C}(R,R;) the set of all non-negative
continuously differentiable functions a : R — R satisfying a(0) = a/(0) = 0.

Lemma 4.4. Let T : X = X* be a multivalued operator, let f : X — RU {+o0}
be a proper function and xo € cl(domf). The following assertions are equivalent:

(i) For every € > 0 there exists § > 0 such that for all x,y € B(xg,d) Ndomf,
z* € T(x),
(4.8) fy) =2 f(@) + (&% y —x) —elly — =[;

(ii) there exists 6 > 0 and an even function a € CLH(R,Ry) such that for all
x,y € B(xg,d) Ndomf, z* € T(x),
(4.9) fy) = f(@) + (@ y — 2) — a(lly — z]).
Proof. (i) = (ii). For every z,y € domf and z* € X* we set

o @) = f@) =@y —o)]ly—z7" ifz#y,
(4.10) o(z,y,z*) = { 0 if 2=y
and for every t > 0 we define
v1(t) =inf {o(z,y,2%): z,y € B(zo,t) Ndomf, z* € T(x)},

with the obvious convention ¢ (t) = +oo whenever T'(z) = (). We also set 1(0) =
0.

Let us assume that assertion (¢) holds. Then for every & > 0 there exists § > 0
such that for all ¢ € [0,0) we have

(4.11) e1(t) > —e.
It follows that the function ¢ : [0,400) — R defined by
(4.12) p(t) = max{—¢:(t),0}

is continuous at ¢ = 0. Applying [3I] Lemma 3.7] to the function ¢ we conclude
that for some §; > 0 and some continuously differentiable function a; : [0, 1] — R
with a1(0) = a}(0) = 0 we have
(4.13) a1(t) > te(t), Vt € [0,01].
Clearly, a1(t) > 0, for all ¢ € [0,61]. We extend the function a; to [0, +00) by
deﬁning &1(t) = al(t) ifte [0, 51] and &1(t) = a1(51) + a'l ((51)(t — (51) if t > 51, and
we define a : R — R in the following way:
_ ai(t), if¢>0,
alt) = { ar(—t), ift<o0.

Then a is an even, non-negative, continuously differentiable function with a(0) =
a’(0) = 0 and satisfying relation (13]). We set § = d§1/2. Let us verify that relation
(#3) holds for any z,y € B(xo,d) Ndomf and a* € T'(x). This is trivially the case
if z = y. Otherwise, we set ¢t = |y — z|| > 0. Since ¢t < 0;, combining formulas

(E1D), @I2) and (@I3) we infer
oy a) = ea(t) > —plt) >~ o 2Ll

which yields (@.9).
(15) = (7). Let 6 > 0 and a be such that relation (@) holds for any =,y €

B(zg,6) Ndomf and z* € T(z). Since the function a is derivable at ¢ = 0 with
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a(0) = 0 and a'(0) = 0, for every € > 0 there exists 1 > 0 such that a(t) < et
for all ¢t €]0,d1]. Set § = min{d, d;/2}. Then for every =,y € B(xo,d), one has
a(|ly — z||) < ¢|ly — ||. Consequently, relation (L8] follows directly from (£9). O

Theorem 4.5. Let f: X — RU {400} be a proper function. Suppose that f is
locally Lipschitz on U, where U is an open subset of domf and let xqg € U. Then
the following statements are equivalent:

(i) f is approximately convex at xo;

(i1) Of is submonotone at xo;

(i3i) for every e > 0 there exists § > 0 such that for all x,y € B(xo,0), and all
z* € df(x),

(4.14) fy) = f@) + 2%y —2) —elly — z|;

(iv) there exists & > 0 and an even function a € CH(R,Ry) such that for all
x,y € B(xo,0), and all x* € 0f (x),

(4.15) fy) =2 flx) + (2% y — ) — allly — =)

If X = R" the statements (i), (i), (ii7) and (iv) above are also equivalent to
(v) f is lower-C1 at xg.

Proof. The equivalences (i) <= (ii) <= (7i¢) have been established in [9, Theo-
rem 1], while the equivalence of (iii) with (iv) is a direct consequence of Lemma
KA. Finally, in finite dimensions, the equivalence between (v) and (ii) has been
established in [31]. Let us give a simpler proof of (iv) = (v). So, let us as-
sume that X = R" and for any fixed x9 € U let us choose § > 0 such that
Blzo;8] C U and (415) holds. Since f is locally bounded and has a closed graph
gph(9f), and since the closed ball B|xg,d] is compact, we conclude that the set
S(x0,0) = {(z,2*) € gph(0f) : x € Blxo, ]} is also compact. It follows directly
from (IR that for all y € Blzg,d]

4.16 = F(y,s),
(4.16) Hy) = amax  Fly,s)
where F(y, (z,2%)) = f(z) + (z*,y — ) — a(|ly — z]||). Since a € CL(R,R,), the
function F'(-,-) is also continuously differentiable with respect to the first variable.
It follows from (E16) that f is lower-C! at x. O

Remark 4.6. By fixing eg > 0 in Definition FE2[7) (respectively, in Definition B3|(7))
and assuming the existence of some § > 0 such that (ZG) (respectively, () holds,
one can define the notions of gp-submonotonicity (respectively, eg-approximate
convexity). Thus, an operator T is submonotone (respectively, a function f is
approximately convex) at xg if it is e-submonotone (respectively, e-approximately
convex) at xq for every € > 0. It is easily seen that an gg-version of the equivalences
(1) <= (i1) <= (i4i) of Theorem 5] can be established.

4.3. Semi-submonotonicity and semismoothness. The definition of submono-
tone operator (Definition E2)(%)) has been introduced by Spingarn [31] in finite
dimensions. Let us mention that Spingarn employed the term “strict submono-
tonicity” for this notion, and reserved the term “submonotonicity” for the more
restrictive one where (fLG) holds only if 2o = xg. To distinguish between these two
notions we propose for the latter the term “semi-submonotonicity”.
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Definition 4.7. An operator T : X = X* is called
(i) semi-submonotone at xg € X, if for every € > 0, there exists 6 > 0, such
that, for all z € B(xo,0) NdomT, all z* € T'(x), and all f € T'(zo) one has

(4.17) (x* — x5, — x0) > —€||x — zo||;
(i4) semi-submonotone, if it is semi-submonotone at all z € X.

Similar to sections 4.1 and 4.2 above, given a closed set C' and ug € C one has (see
Definition [3:2))

e (' is semi-subsmooth if, and only if, N"(C};.) is semi-submonotone for any
r > 0.

We shall now introduce a new class of functions, that we call “semismooth”, by
weakening the definition of approximate convexity.

Definition 4.8. A function f: X — RU {+o0o} is called
(i) semismooth at xo if for every € > 0 there exists § > 0 such that, for all
x € B(xzo,9) and ¢ €]0, 1], one has

(4.18) flz+ (1 —t)xo) <tf(x)+ (L —1t)f(xo) +et(l —t)|lz — xoll;
(i4) semismooth if it is semismooth at every point of domf.

We must mention that a different notion of semismoothness had been previously
introduced by Mifflin in [20] in finite dimensions (see also [7], for an extension
in infinite dimensions). To avoid confusion, let us refer to this latter notion as M-
semismoothness. According to that definition, a function f is called M-semismooth
if for every sequence {z,,}, C X, every x € X, e € Sx and every {z}}, C X* such
that o7 € df(x,) and (x,) = x, we get (¥, e) — f'(x;e), where

x

e . . n T
o) e e &l ety -l

and where f/(z;e) denotes the usual directional derivative given by

t—0t t
We note that none of the aforementioned notions of semismoothness implies the
directional regularity of the function: Indeed, the function f: R — R with f(z) =
— |« | is both semismooth and M-semismooth, but it is clearly not d-regular at
o — 0.
In the following proposition we establish links among the above notions as well
as with the notion of semi-subsmoothness.

Theorem 4.9. Let f : X — R U {400} be a proper function. Suppose that f
is locally Lipschitz on U, where U is an open subset of domf and consider the
following statements:

(1) f is semismooth and d-regular on U ;

(13) Of is semi-submonotone on U ;

(1) for all xg € U and € > 0 there exists 6 > 0 such that for all x,y € B(xg, )
such that either x = xg or y = xo, and for all x* € Of(z),

(4.19) fy) = f(@) + @y —a) —elly — =l ;
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(iv) f is M-semismooth and d-regular on U.
Then (i) = (iit) = (it) = (iv).
If X =R", then all the above statements are equivalent.

Proof. (i) = (iii). Fix 29 € U and € > 0 and take § > 0 such that (£.18)
holds. Consider any = € B(zo,d) and any t €]0,1[. Since f(zo + t(z — x0)) =
f(tz + (1 — t)zp), relation (£I]) yields

f(@o +t(z — x0)) — f(x0) < t{f(x) + fxo) + (1 —t)llz — o] }-
Dividing by ¢ and taking the limit as ¢ — 0% we obtain
(4.20) d” f(vo;z —x0) < f(2) — f(w0) + €z — 0.

Similarly for s = (1 —t) and f(z + s(xo —x)) = f((1 — s)x + sxo), applying [EIF)
and proceeding as before we obtain formula (20) with = and 2o mutually changed.
Since f is d-regular, d~ f(x;.) = f%(x;.) and d~ f(2o;.) = f°(z0;.). Thus, in view
of (Z4), relation (EI9) follows.

(131) = (i4). Fix ©p € U and € > 0. Then take 6 > 0 such that (i73) holds
with £/2. Cousider any x € B(zo,d). Applying now (ZI9)) one time for y = o and
another time for x = zg (and y = ) and adding the resulting equations we obtain
#17), that is, df is semi-submonotone at x.

(i1) = (iv). Let us assume that 9f is semi-submonotone on U. Then Spingarn
established (see [31], Proposition 2.5]) that f is d-regular at every point of U, for
the case X = R". However the same proof works for an arbitrary real Banach space
X.

To prove M-subsmoothness, fix zg in U and take any sequence {x,}, C X, any
e € Sx and any {z}}, C X* such that =% € 0f(z,), nll»r}rlooxn = 2o and
Ty —

lim |2 =20 ¢ =o0.
n—too’ ||z — |

We may suppose that x,, # xo, for all n € N. We note that (ZI7) yields

Tp — To Tp — To

liminf  inf (27, y > limsup sup (xg,m).
n

n—+00 zredf(wn) ”xn - xO” n—+oo gredf(wo)
Using the continuity of the function u — f%(zo;u) (see [4, Proposition 2.1.1]), we
infer in particular that
(4.21) liminf (z7,e) > fY(zo;e) = sup (z,e).

e 25 €0 (x0)
Since the operator df is (|||, w*)-upper continuous at zg (see [, Proposition 2.1.5]),
we get
(4.22) limsup (z3,e) < fO(zose).
n—-+o0o

From (@ZI)), (£2Z2) and the directional regularity of f at zp we conclude that
(xf,e) — f'(xo;e), that is, f is M-semismooth at xo.

Let us now suppose that X = R™. In this case, the implication (iv) = (i) is
[31, Proposition 2.4]. It remains to establish (i4) = (). For this, let us suppose
that 9f is semi-submonotone on U. Then f is d-regular on U (see the proof of
(11) = (iv) above). We only have to show that for every zy € U, relation ([EIJ)
holds true. To this end, fix € > 0 and take § > 0 such that relation (@IT7) holds
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for €/2. Since Jf is upper semicontinuous at zp, with no loss of generality we may
suppose that

(4.23) U 9f(z) cof(w) +B(O

z€B(x0,0)

€
) 5)
Let us now fix any « € B(xo,d) and any t €]0, 1[ and let us set x; = tx + (1 —t)xo.
Then applying Lebourg’s Mean Value theorem ([17, Theorem 1.7]) on the segment
[, 1] we get z1 € [z, x| and 27 € Of(2z1) such that

(4.24) (21,20 — @) = f(21) — f(2).
Similarly, there exists za € [xg, 2] and z5 € 9f(22)
(4.25) (23, ¢ — o) = f(2e) — flzo).

Since zy —x = (1 —t)(zg — x) and x; — xg = t(x — x0), multiplying (24) by ¢ and
[E25) by (1 —t), and adding the resulting equalities we get

(426)  tf() + (1= D) (@) — Flwe) = H(1 — O)(5] — 25,2 — o).
From ({E23) we may choose zf € 9f(x) such that
(4.27) |25 — 5l < e/2.
Applying ({I1) we get
Z1 — X9 3
4.28 P e e S
( ) <1 0 ||21—IEO||> 2

Using (27) and the fact that

Z1 — X0 - T — X0
Iz = zoll [l —oll”
we deduce from ([A28) that
* « L — X0
2] — 25, ——) > —¢.
< 1 2 ||£C _ iCo|| >
Combining the above formula with ({Z28) we obtain (£IJ), that is, f is semismooth
at xg. O

4.4. Subsmooth epi-Lipschitz sets. This last section is devoted to the study of
subsmooth (or semi-subsmooth) epi-Lipschitz sets as epigraphical characterizations
of the aforementioned classes of functions. The derived results are summarized in
a diagram at the end of this section.

We recall ([26], [27]) the following definition.

Definition 4.10. A closed set C' is called epi-Lipschitz at ug € C with respect to
the direction d € X if there exists € > 0, § > 0 such that for all ' € B(d,¢), all
u € CN B(ug,e) and all ¢ €]0, [ we have u + td' € C.

Remark 4.11. (i) Every set C is epi-Lipschitz at every ug € int C' (with respect to
any d € X).

(i) If ug € bd C (the boundary of C), then C' is epi-Lipschitz at ug with respect
to d # 0 if, and only if, the set C' can be represented in a neighbourhood of
uo as the epigraph of a Lipschitz continuous function f (see [26], [27]), which is
called a locally Lipschitz representation of C' at ug. This means that there exists a



SUBSMOOTH SETS 1295

topological complement X4 of Rd := {td : t € R} in X (that is, X = Xy ®Rd), a
neighbourhood U of ug and a locally Lipschitz function f : X4y — R such that

(4.29) CNU={xdsd:zecXy, f(x)<s}nU.

(Here X4 is endowed with the norm induced by the norm of X.) We denote by 7 :
X — Xgand p: X — R the continuous linear mappings satisfying u = 7(u) ® p(u)d
for all w € X, and by A : X4g x R — X the continuous linear mapping given by
A(z,s) = x @ sd, so that A :== A71 : X — Xy x R is given by A(u) = (7(u), p(u)).
We endow X4 x R with the product norm (x,s) — (||z||? + s2)'/2. Consequently,
(E29) is equivalent to
CNU = A(epif)NU.

We also define F' : Xg — X by F(x) = z ® f(z)d, so that F(z) = A((z, f(x)).
Consequently, if & > 0 is the Lipschitz constant of f in a neighbourhood V of
xo := m(ug) with F(V) C U, then it follows easily that

(4.30) |F(z1) — F(z2)|| < afjlzy — x2|, for all z1,22 €V,
where
(4.31) a = || Al (k* +1)V2.

In the sequel, we shall need the following lemma.

Lemma 4.12. Let A : Zy — Z3 be an isomorphism between the Banach spaces Zy
and Zsy, let C' be a non-empty closed subset of Z1 and let ug € C. Then

(a) A(T(C;uo)) =T(A(C); A(wo));

(b) N(Csup) = A*(N(A(C); A(uo))).

Proof. Assertion (a) follows easily from the definition of Clarke’s tangent cone
(see formula (2:2))) and the fact that A is an isomorphism. We infer from (a)
that (A(T(C;u0)))° = N(A(C); (A(up))). Now the desired equality (b) is a direct
consequence of the fact that the adjoint operator A* is an isomorphism between
the dual spaces Z5 and Z7. d

In finite dimensions, Clarke, Stern and Wolenski have shown that proximal
smoothness characterizes the epigraphs of lower C? functions ([5, Section 5]). In an
analogous way, an epi-Lipschitz set is prox-regular at w if, and only if, the locally
Lipschitz function f given in (Z29) is lower-C? (see [25]). The forthcoming re-
sults will be built further in this line of research. Let us first establish the following
lemma. In several statements below, 7 will refer to the notation of Remark [Z.1T)4).

Lemma 4.13. Let C be an epi-Lipschitz set, let ug €bdC' and suppose that N"(C}.)
is hypomonotone (respectively, submonotone, semi-submonotone) at ug for some
7> 0.

Then, for every locally Lipschitz representation f of C' around ug, the Clarke
subdifferential Of is hypomonotone (respectively, submonotone, semi-submonotone)
at m(up).

Proof. In the sequel we shall refer to the notation of Remark EETTI(44). In particular,
we suppose that (Z29) holds and that f has a Lipschitz constant k£ > 0 on an open
neighbourhood V' of ¢y = m(ug) and that F(V) C U.

Let us prove the statement for submonotonicity. With no loss of generality we

may suppose that N"(C;.) is submonotone at ug, where

= AT (R 4+ 1)
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(A* denotes the adjoint of A = A~1.) In order to establish that 9f is submonotone
at m(ug) = 7o, let ¢ > 0 and set &1 = a~le, where « is given by (E3I). Thus
there exists § > 0 with B(uo,0) C U such that for all u1,us € B(up,d) and all
Uf € NT(C;Ui)v i€ {]-a 2}7

(4.32) (ul —ud,up —ug) > —eq|lur — ual.

Let §; < a~ 14 such that B(zg,d1) C V. Then (€30) implies that F(B(xo,61)) C
B(ug,d). Consider now any two points x1,z2 € B(xzg,d1) and let z} € 9f(x;), for
i € {1,2}. Then (z},—1) € N(epif; (z;, f(x;))). Since A is an isomorphism between
the spaces X and X4 x R and since C N U = A(epif) N U, applying Lemma
for the points

(4.33) u; = F(x;) = Az, f(xi), i€{1,2},

we get uf = A*((z},—1)) € N(C;u;), i € {1,2}. Since ||z}| < k, for i € {1,2}
(see |4, Proposition 2.1.2 (a)] e.g.), we obtain

b | < JAI(l2F? +1)12 <, so that uf € NT(Cius).
From the above and (@32)) we infer that
(A*(af, =1) = A™(23, =1), F(a1) = F(x2)) > —ea™||[F(z1) = F(a2)]],
or equivalently, in view of ([@30) and (@33)

(#] — @3, 21 — w2) > —€l|lwy — 22

Consequently, df is submonotone at xg.

To establish the corresponding statement for semi-submonotonicity, it suffices
to replace x2 by x¢ and x5 € 9f(x2) by af € df(zo) in the above proof. Finally,
assuming that N7(C;.) is hypomonotone at ug relative to the parameters o > 0
and § > 0 (see (@), one again considers §; < a~'§ such that B(zo,d1) C V
and o1 = o~ 20. Making obvious modifications in the above proof one establishes
analogously the hypomonotonicity of df at xg. O

We are now ready to establish the results that motivated the study of the paper.
The first one relates the class of subsmooth sets (introduced in Definition B]) to
the approximately convex functions.

Theorem 4.14. Let X be a Banach space, let C be an epi-Lipschitz subset of X,
and let ug € bdC'. Then the following statements are equivalent:

(i) C is subsmooth at uo;

(i) every locally Lipschitz representation f of C at ug is approximately convex
at w(ug);

(i3) some locally Lipschitz representation f of C at ug is approzimately convex
at m(up).

Proof. Tmplication (i) = (¢4¢) is obvious and implication (i) = (i%) follows from
Lemma and Theorem 5% )= (7). Thus, it remains to show (iii) = (3).
To this end, referring to the notation of Remark ELTT{i:), let us suppose that f is
approximately convex at g = 7(uo), and locally Lipschitz of constant k > 0 on V'
with F(V) C U (see (E30)). In view of Remark B3|(¢) it clearly suffices to show
that N*(C;.) is submonotone at ug. Fix any ¢ > 0 and put

€

€1 = T
2| All- 1Al
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According to implication (i) = (ii7) of Theorem H.5, there exists 6; > 0 (with
B(zg,01) C V) such that by (£I4) one has

(4.34) f(z2) > f(o1) + (27,22 — 21) — e1|lz1 — 22,

for all z1,xe € B(xo,01) and all 7 € 9f(x1). Take § < §1/||A|| so that B(ug,d) C
U. Consider any u; € C N B(ug,d) and u} € N'(C;u;), i € {1,2}. We claim that

. 5
(4.35) (ui,u2 —u1) < §||U1 — ugl|.

To this end, let z; = w(u;) and ¢; = p(u;), so that u; = A(x;, ;) and t; > f(x;),
i€ {1,2}. If t4 > f(x1), then u; € intC' and consequently N(C;u;) = {0}, so
(E39) holds trivially. Thus, we may suppose that t; = f(z1) and v # 0. In
view of Lemma [£12 u} € (A)* (N(epif); (z1, f(x1))) . Since ||uf]] < 1, there exist
0 < X <||A]| and =} € 0f(x1) such that

(4.36) wt = MA)*(z*, —1).

Moreover, taking the choice of § into account, it is easily seen that z1,z2 € B(xg,d1)
and that

(4.37) [y — o] < [[A[][Jur — uall.
Since ty > f(x2), we obtain from (£34) and ([£37) that
(21, =1), (w2, t2) = (21, f (1)) < erller — @2l < exl|A]l [lur — uz].
Thus
. €
(A@1, =1), Auz) = A(wr)) < exf| A AL lur = uzll = S llus — uell,

which, in view of (£30)) yields (£35). Now interchanging the roles of u; and us in
(£35) we obtain

N €
(4.38) (g, w1 = uz) < Sl — ul.

Adding the inequalities ([@35)) and ([£38)) we obtain (3:2). O

The next theorem concerns the class of semi-subsmooth sets. Comparing with
the epigraphical characterization of Theorem [.14] there are two important differ-
ences:

- the statements are now local (and not pointwise);

- the equivalence is established only in finite dimensions.

Theorem 4.15. Let C' be an epi-Lipschitz subset of R™ and ug € bdC'. Then the
following statements are equivalent:

(i) C is semi-subsmooth around uo;

(ii) every locally Lipschitz representation f of C at ug is semismooth and d-
reqular around m(ugp);

(#3) some locally Lipschitz representation f of C at ug is semismooth and d-
regular around 7(uyg).

Proof. Implication (ii) = (i4i) is obvious. Let us prove (i) = (i7). If f is a
locally Lipschitz representation of C' in a neighbourhood of ug, applying Lemma
we obtain that df is semi-submonotone in a neighbourhood of 7(ug). From
(19) = (i) of Theorem EE9 we obtain (i7). Finally, implication (#ii) = (i) follows
in the same way as in Theorem FET4] One uses (1Y) in place of [@I4) to obtain
(B3). The proof is complete. O
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The following theorem completes the trilogy of epi-graphical characterizations.
It concerns the class of prox-regular sets (see [33] or [5] for the finite-dimensional
case).

Theorem 4.16. Let X be a Hilbert space, let C' be an epi-Lipschitz subset of X,
and let ug € bd C. Then the following statements are equivalent:
(i) C is proz-reqular at up;
(i) every locally Lipschitz representation f of C' at ug is weakly convex at w(ug);
(iii) some locally Lipschitz representation f of C' at ug is weakly convez at m(uyg).

Proof. The proof follows the lines of the proof of Theorem E.T4] above.

As before, Lemma T3 and Theorem N7 )= (4) entail implication (i) = (44),
while implication (i4) == (4i4) is obvious. Let us establish (iii) = (¢). Using the
same notation as before, it is enough to establish that N*(C;.) is hypomonotone
at up. By Theorem [£.1f4ii) there exist oy > 0 and 6; > 0 (with B(zg,d1) C V)
such that (@4) holds for o;. Take & < 81/||A|| such that B(ug,d) C U and put
o = 201||A].]|A||%. Then one shows in an analogous way as in Theorem that
for all u; € C N B(uo,d) and uf € NY(C;u;), i € {1,2},

o
(4.39) max {(u],us —u1), (uj,ug —u2)} < §||u1 — ugl|?.
This yields (1)) and finishes the proof. O

Finally, putting together the results of this section we obtain the following corol-
lary.
Corollary 4.17. Let f be a locally Lipschitz function on a Banach space X. Then
epi f is subsmooth < f is approzimately conver < Jf is submonotone.
If X is a Hilbert space, then
epi f is proz-reqular < f is weakly convexr < Of is hypomonotone.
If X =R", then

epi f is semi-subsmooth < f is d-regular and semi-smooth
& Jf is semi-submonotone.

Let us finally notice that if a set C' is prox-regular at ug, then for some § > 0
and r > 0 and for every u,v € C'N B(ug,d) and u* € NY(C;u),

(4.40) (v —u) < gHv—uHQ.

We call this property the local “paint-roller property”, following [Bl, [6] e.g., where
the corresponding global property is considered. In some sense it reflects the de-
gree of smoothness of the boundary of C, since it asserts that the set C' can be
“supported” from the exterior by a parabola of a fixed ratio at all points near
ug. An analogous statement can be derived for epi-Lipschitz subsmooth sets as a
consequence of Theorem [£L.T141

Corollary 4.18. An epi-Lipschitz set C' is subsmooth at ug if, and only if, there
exists d € X, § > 0 and a non-negative function ¢ € CH(R,R) such that for every
u,v € CN B(ug,d) and u* € NY(C;u)

(4.41) (u*; 0 —u) < p([[r(v) —m(u)]),
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where  denotes the projection associated with one of the locally Lipschitz represen-
tations of C at ug, according to the notation of Remark[{.11]

Proof. | = | Suppose that the epi-Lipschitz set C' is subsmooth at ug. If ug € int C,
then N(C;up) = {0} and (EAT) holds trivially for ¢ = 0. So we may suppose that
ug € bd C. Then by Remark FLTT] there exists some d € X such that X = X;®Rd,
some § > 0, and some locally Lipschitz function f on Xy, such that

(4.42) C N B(ug,d) ={x @ sd:x e Xq, flz) <s}N B(up,0).

According to the notation of Remark[EZTTlwe denote by 7 : X — Xgandp: X — R
the continuous linear mappings satisfying v = 7(u) @ p(u)d, for all u € X, and by
A: Xy®R — X the isomorphism A(z,s) = x @ sd, so that A= : X — X; &R
is given by A~1(u) = (7(u), p(u)). Theorem ET4] ensures that f is approximately
convex at 7m(ug). So, applying Theorem [IH5(iv), we infer the existence of §; > 0
and a non-negative function a € C}(R,R;) such that for all z,y € B(w(uop), 1),

z* € Of(z) and B > f(y),
B> f(x)+(z*,y —x) —allly — =),

or equivalently

(4.43) ((@*,=1), (,8) — (z, f(2))) < allly — =|).

Now let § > 0 be such that m(B(uo,d)) C B(n(ug),d1), and let us show that
#Ad) holds for ¢ = ||Alla. To this end, consider any u,v € C N B(up,d) and
u* € NY(C;u). We set © = w(u), y = w(v). If p(u) > f(z), then u € intC
and N'(C;u) = {0}, consequently (£ZA1]) holds trivially since ¢ > 0. The same
argument holds in the case u* = 0. Hence we may suppose that p(u) = f(z) and
u* # 0. Since A is an isomorphism and since f is locally Lipschitz, using Lemma
ET2(b) we infer that A*(u*) = ¢(x*, —1), for some ¢ > 0. This equality entails that
t]| A7 (J|l#*]|2+1)2 < 1 and hence ¢ < ||A|. Then [@Z3) yields for 3 = p(v) > f(y)

tHA (W), (9, p(v) — (2, f(2))) < a([[7(v) — 7 (u)]))-
Since 0 < t < ||Al| we get
(u*, A(m(v), p(v)) = A(m(u), p(u))) < @((|7(v) — 7 (W)]),

or equivalently (Z4T1).
[<=] We now assume that there exists d € X, § > 0 and ¢ € C}(R,R;) such

that (1)) holds. Let us show that C' is subsmooth at ug. To this end, let € > 0.
Since ¢'(0) = p(0) = 0, there exists 0 < d; < ¢ such that for all 0 < ¢ < dy,

(4.44) o) e
t 7 2fx
Then for all uy,us € B(ug,d1), uf € NY(C;u;), i € {1,2}, we have
(4.45) (uf —ud,ur —uz) = =2¢([|m(u1) — m(uz)l])-

It follows from ({:44)) and ({4E) that
(ul —ug,u1 — ug) > —eflur — uall,

that is C' is subsmooth at wug. O
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The following diagram summarizes the situation. In this diagram f : U — R

is locally Lipschitz on the open subset U of R™, 0f : U == R™ denotes its Clarke
subdifferential and C = epif stands for its epigraph.

10.

11.

12.

13.

14.

15.

16.

17.

18.

T=0f fU-R C = epif
(locally bounded) (locally Lipschitz) (epi-Lipschitz)
monotone <~ convex function — convex set
4 U U
hypomonotone X Hilgert weakly convex X Hilgert prox-regular
4 4 4
submonotone — approximately convex — subsmooth
4 4 4
semi-submonotone X=K" semismooth =4 semi-subsmooth
& d-regular
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