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ON SOME CONSTANTS IN THE SUPERCUSPIDAL
CHARACTERS OF GL,, | A PRIME #p

TETSUYA TAKAHASHI

ABSTRACT. The article gives explicit values of some constants which appear
in the character formula for the irreducible supercuspidal representation of
GL;(F) for F alocal field of the residual characteristic p # [.

INTRODUCTION

Let [ be a prime, let F' be a non-Archimedean local field of residual characteristic
p# 1, let A/F be a central simple algebra of reduced degree [ and let E be a field
such that F' C F C A. Then either A = Dy, a division algebra of index [ over F' or
A = M;(F), the algebra of all [ x [ matrices. Moreover, every compact mod center
Cartan subgroup of A* is of the form E* for some such E, and every irreducible
supercuspidal representation of A* corresponds to a quasi-character of some such
B ([7), [6))-

The character formula for the irreducible supercuspidal representations of A*
has been extensively studied by many mathematicians (see especially [9] for this
topic). Debacker ([8],[9]) got the formula for GL;(F) under the assumption p >
I. But it contains some undetermined constants (see Remark B14)). The aim
of this paper is to compute the constants explicitly and get complete formulas,
valid on the regular elliptic set, for the supercuspidal characters of GL;(F') which
correspond to characters of E* for ramified E. The reader may consult [23], in
which we have discussed the case F/F unramified and we have obtained the formula
containing no ambiguity (see Theorem [B.13). We do not give character values on
the split torus here (see [18], [8] and [9] for results pertaining to this problem).
We mention that the character values on the regular elliptic set are sufficient to
uniquely determine a supercuspidal representation (or, more generally, an arbitrary
discrete series representation).

Let D,,/F be a division algebra of index n. The “abstract matching theorem”
of Badulescu [2], Deligne-Kazhdan-Vigneras [I0] and Rogawski [22] implies the
existence of a bijection between the set of irreducible representations of D) and
the set of essentially square-integrable representations of GL,,(F') which preserves
the characters on the corresponding regular elliptic sets up to the sign (—1)"~1.
In the tame case (i.e. (p,m) = 1) Moy [I7] proved the existence of a bijection
between these sets of representations which respects the concrete construction of
the representations by Howe [I4]. In general, the relationship between these two
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bijections is unknown, but in the case n is a prime # p it is known that the two
bijections coincide ([12]). Therefore, it suffices to determine the character formula
on either GL;(F) or D;*. Thus we only treat the GL case.

Let us summarize the contents of this paper, indicating its organization. Sec-
tion 1 is devoted to the review of the construction of an irreducible supercuspidal
representation 7y (resp. mj) of GL;(F) (resp. D;*) from a generic quasi-character
0 of E* and the known results about the representation. We note that mp is not
always monomial, i.e., induced from a one-dimensional representation, but it can
be written as a Q-linear combination of monomial representations. In fact my is
written as a Q-linear combination of the forms indng(F) pg, where H is a compact
mod center subgroup of GL;(F') and py is a quasi-character of H.

In section 2, we compute the character of my up to some root numbers. Let
G = GL;(F), let B be the normalizer of an Iwahori subgroup of G containing H
and let g = indg po- Since we treat only regular elliptic conjugacy classes, we
consider the character x,, on L*, where L/F are extensions of fields of degree .
Moreover the case L = E is essential. By the Frobenius formula and the result of
Kutzko ([16]), we have only to calculate the sum

Xoo(@) = Y polaza™)

a€H\B

for x € F in order to get the character formula of my. Therefore it is essential to
know when axa~' € H, which is determined in Lemma Bl From this, we get the
character formula of 7y except “at the depth” (Proposition [ZZ). But this formula
contains the undetermined Gauss sum part G(y, j), which is calculated later. From
this we recover the formula of Debacker including the case I < p. The proof of
the formula is short and simple. Moreover since we use the property “intertwining
implies conjugacy”of an £/ F-minimal (very cuspidal in the terminology of Carayol
[5]) element as the key tool, the result may be extended to GL,, at least when n is
prime to p. The character of my “at the depth”can be calculated directly by taking
the explicit matrix form of E* (Lemma 25). The character value at the depth has
not been previously determined explicitly (see 5.6 in [§]). We can reveal that the
character value is represented by some Kloosterman sum.

Section 3 is devoted to the calculation of the Gauss sum part G(y, j); it appears
in the character formula on E*. For this purpose, the point is that we have only to
treat the character of g on U = F*(1+ Pg)—F*(1+P2). For this calculation, we
use the E*-module structure of various objects. We first assume E/F is a Galois
extension since the E*-module structure can be described easily for this case. This
part is analogous to section 1 of [23], but everything becomes easier since we have
only to treat U;. When E/F is non-Galois, we use the base change lift. Let ¢ be a
primitive I-th root of unity and L = F(¢). Then L is an unramified extension of F'
and EL/L is Galois. Therefore we can use the tools of the Galois case for GL;(L).
Let Gal(L/F') = (). By the result of Bushnell-Henniart [4], there is a base change
lift 1, of g to HL such that the twisted trace of iy, by 7 gives the trace of 1y (see
Proposition B7 and Lemma B.¥). We remark that we need not assume that the
characteristic of F' is 0 since we do not use the Arthur-Clozel base change lift [IJ.
The method of calculating the twisted trace of 7y, is similar to that of the Galois
case. The complete character formula is stated as Theorem B.I3
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At the end of this Introduction, we compare our formula with the known results
besides [8] and [9]. The same type of character formula for the division algebra
case was given by Corwin, Moy and Sally [7] in the case | # p. Their formulas
agree with the result given in section 2. It contains some root numbers associated
with a quadratic form as in [8]. They have shown that this root number is a root
of unity when p # 2. In this paper, we have determined it completely including
the case p = 2 in section 3. Moreover we find that the Kloosterman sum appears
in the character formula. These are new results of this paper. In [25], the author

gave the character formula of my for GL3g by using the decomposition of my as an
E*-module.

Notation. Let F' be a non-archimedean local field. We denote by O, Pp, wp,
kr and vp the maximal order of F', the maximal ideal of O, a prime element of
Pp, the residue field of F' and the valuation of F' normalized by vp(wp) = 1. We
set ¢ to be the number of elements in kr. Henceforth we fix an additive character
1 of F' whose conductor is P, i.e., 9 is trivial on Pr and not trivial on Op. For an
extension F over F', we denote by trg, ng the trace and norm to F', respectively.
We set g = 1 otrg. The trace of the matrix is denoted by Tr. For an irreducible
admissible representation m of GL;(F), the conductoral exponent of 7 is defined
to be the integer f(m) such that the local constant (s, , 1) of Godement-Jacquet
[11] is the form aq—*(/(m)~=0,
We call © minimal if

() = min f(x © (0 Nr),

where 7 runs through the quasi-characters of F*. Let G be a totally disconnected,
locally compact group. We denote by G the set of (equivalence classes of) irreducible
admissible representations of GG. For a closed subgroup H of G and a representation
p of H, we denote by Ind% p (resp. ind% p) the induced representation (resp.
compactly induced representation) of p to G. For a representation 7 of G, we
denote by 7|y the restriction of w to H.

1. CONSTRUCTION OF THE REPRESENTATION

Let | # p be an odd prime and let E be a ramified extension of F' of degree [. Then
E can be embedded into M;(F) and, up to conjugacy, the embedding is unique.
Let G = GLi(F). In this section, we review the construction of supercuspidal
representations of G which are parameterized by the quasi-characters of E*. Of
course, this construction is well known ([5], [17]).

Definition 1.1. Let 6 be a quasi-character of E* and let f(6) be the exponent of
the conductor of # i.e. the minimum integer such that Kerf C 1 + Pg. Then 6 is
called generic if f(8) #Z 1 mod . For a generic character § of E*, By € Pé_f(a) -
P}%;f(e) is defined by

(1.1) 0(1+2) = Yp(Bex) for ze P}[Lgf(a)+1)/2].
Then F(f8p) = E. We denote by Egen the set of generic quasi-characters of E*.

We construct an irreducible supercuspidal representation of G = GL;(F') from
0 € EX For simplicity, we set 8 = [¢. Since E/F is tamely ramified, there

gen*
exists a prime element wg of O satisfying wa € F. Put wp = wg. We identify
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M;(F) with Endp E and G with Autp E by the F-basis {wgl, wgz, ..., wg, 1} of
E, which is also an Op-basis of Op. From the lattice flag { P }icz, we construct a
maximal compact modulo center subgroup. The construction of the representation
is well known. For details, see [17].

Definition 1.2. For i € Z, set
Al = {g e My(F)|g(PL) c PLT" for all j € Z}.

Put K = (A°)*,B=E*K and K' =1+ A® for i > 1.

Then K is an Iwahori subgroup of G and B is a normalizer of K. First we
construct an irreducible representation of B from a generic quasi-character of E*.

Let 6 be a generic quasi-character of E*, ie., f(#) = n # 1 mod!l. There
exists an element 3 € Py " such that 6(1 + ) = ¢p(Bz) for z € PR, where
m = [(n 4+ 1)/2]. Define 93 on K™ by 3(1 + z) = ¢(Tr(fz)) for x € A™. Then

g is a quasi-character of K™. Put H = EX K™ and define a quasi-character pg of
H by

(1.2) po(h-g)=0(h)Ys(g) for heE*, ge K™
Let J be the normalizer of g in B, i.e.,
J={a € B|vYj=1s},
where ¢§(z) = ¢g(a”"wa) for x € K™. Then J = EXK™  where m' = [n/2]. Put
Ng = Indfl Po-

When n is even, i.e., n = 2m, then J = H = E* K. By the Clifford theory, 7y
is an irreducible representation of B. We put
(1.3) Ko = Tg.

If n+1=2m—11is odd, then J = EXK™™ ! so we have to determine an
irreducible component of Indﬁpg. For a subgroup M C B, we write M = M N
F*K. In particular, H' = F*(1 + Pg)K™. It is well known and not difficult to
show that

1
(1.4) (Indz;pe)|.;1 = Indyp (po|rr,) = an-
This 7 can be extended to J in |[E*/F*(1 + Pg)| = | ways. To determine the

extension by 6, we will express py by a linear combination of Indﬁ Posy (X €
(EX/F*(1+ Pg))).

Lemma 1.3. Define the virtual representation kg of B by

_ (2 a-1)2
= & Z Nowx + (%) Mo,

l
(1.5) ko = ITGDIE
XE€(EX/F*(1+Pg))

where (%) is the Legendre symbol. Then kg is a real representation and an irre-
ducible component of Indfl 00-

Proof. Let {n1,...,m} be the set of the extensions of n to J and (E* /F*(1+Pg)) =
{x1,---,x1}- It follows from Lemma 3.5.35 in [I7] that

(-1/2 _ (a)) A

q
(1.6) Indy; pp = —( ] (1)) E 7+ (%) 5
i=1
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for a unique j. Let us denote pj by this ;. From this irreducible decomposition of
Ind{{ po, we have

Indi[ PORx1 q q(l_l)/2 _ (g) p/0®X1
) ) ().
Indy Po&x: Pos
where I; is the [-th identity matrix and all coefficients of T; are equal to 1. By the
Clifford theory, kg = Ind? py is an irreducible representation of B. Thus we obtain
the desired formula for kg by calculating the inverse of the coefficient matrix. O

The following result is well known ([17], [21]).

Theorem 1.4. Let the notation be as above and denote by Ao(G) the set of equiv-
alence classes of the supercuspidal representations of G. Put mg = indg kg. Then
g is an irreducible supercuspidal representation of G such that

(1) e(mg, ) = €(0,v¢E); in particular f(mg) = f(0) + 1.
(2) U{mol0 € ngen} = {7 € Ao(G)| fmin(7) # 0 mod I}, where E runs through
B

isomorphism classes of ramified extensions of degree | over F'.

Remark 1.5. 1. f 7 € Ap(G) and fimin(7m) = 0 mod I, 7 can be constructed from a
regular quasi-character 6 of L™, where L is an unramified extension of F of degree [.
The characters of such representations on elliptic conjugacy classes were completely
calculated in [23].

2. The representation 7y has depth f(6)/e(E/F) in terms of the Moy-Prasad
filtration ([8]). Since e(E/F) =1 > 1, the depth of the representation is positive.
The depth zero representation appears when E/F is unramified.

By the following proposition, we have only to calculate x,,.
Proposition 1.6. The character x., of ke on B is expressed by Xy, as follows:
q ) x
=) X (), r€B-F*K,
(17) OE {( o .
q Xne (x), z€F*K.

Proof. Let x € EX/F*(1 + Pg). Since x is trivial on F*(1 + Pg), Boxy = Do-
Thus
(1.8) poax(h-g) = x(h)pa(h - g) for heE*, ge K™

Due to the isomorphisms B/F*K ~ H/H! ~ E*/F*(1 + Pg), we regard x as
a character of H and B. Then it follows from (L)) that pgg, = ps @ x. By the
well-known formula, we have

Ind;(pe ® x) = (Indf pg) ® x.

> Mooy =M @ (> X)-

Therefore we get

XE(EX /F*(1+Pg)) XEB/FXK
For z € B,
I, ze€B-F*K,
2 xlo)= 0, reF*K
xEB/FXK 0 X :

Therefore we get our proposition from ([H). O
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To end this section, we quote the result of Kutzko [I6] in the form that the
character formula of my on regular elliptic elements is essentially given by the one
of kg.

Theorem 1.7. Let x be an regular elliptic element of G.
(1) If F(x)/F is ramified and x & F* (1 + Py ),

Xmo ((E) = Xko (:L‘)
(2) If F(x)/F is unramified and x ¢ F>*(1 + PILH({C[)]H),

Xmg (l‘) =0.

Proof. These are obtained by applying Proposition 5.5 in [16] to our case. O

2. CALCULATION OF THE CHARACTER

Now we begin to calculate the characters of the representations constructed in
the previous section. In this section, we shall get a character formula up to some
root numbers. These root numbers are calculated explicitly in the next section.

Henceforth we fix a generic character 8 and put p = pg, 1 = 179 and so on. Since
E/F is a totally tamely ramified extension, there exists a prime element wg of O
such that wg € Pr — PI%. Put wg = wp. As in the previous section, we identify
M;(F) with Endp(E) by the F-basis {w !, wk?, ..., wg, 1}, which is an Op-basis
of Op. Thus we get the explicit matrix forms of various objects:

0 1 o0 0
0O 0 1 0
(21) wWE — : : .. .. : ,

o 0 --- 0 1

(> 0 ........ 0
a a e
(2 2) AO = N N aij € OF le é J
an an ai; € Pp ifi>j
(2:3) o J (T M g eor i<
) = oo 7 P
an - ay ai; € Pp ifi>j

If ¢ = 1mod!, F has a primitive I-th root of unity ¢ and E/F is a cyclic
extension. Let o be a generator of Gal(E/F') determined by wgp = wg(. We
denote the diagonal matrix diag(1,¢~1,¢!72,...,¢) by & Then ¢ satisfies ¢ = 1
and ézé ! =% for x € E.

Define a natural ring morphism R from A° to k% by the identification of A%/A*
with kL. We note that R(Of) = {(«,...,a) | a € kp} and if R(a) = (ao, a1, ...,
aj-1), R(wangl) = (a1,Qg,...,ap). For convenience, we extend the subscript
to Z by putting a; = @; moq ;- The next lemma is the key tool for the character
calculation.
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Lemma 2.1. Let x € Py, — (F + P};rl), let g € B and let j be a positive integer.
If gxg=' € EXKJ, then
EX(1+ A7) if q¢# 1modl,
g FUEX(1+ AR if g=1mod L.
Proof. We may assume g € Ag by replacing g by wgkg if g € A. Let x = whz
for g € Of and R(g) = (o, a1, ..., ;—1). Then
R(gxgilx’l) = (aoai_l, ala;rll, e ,04171041_,11“),
where s = Q5 mod for s € Z. Since kg = kp, grg~'z~! € EX(1 + Al) implies
R(gzg~tz7Y) € A={(a,...,a) | a € kp}. By virtue of i 0 mod [, we have
ari = (NFag, 0<k<I1-1,
for some I-th root of unity ¢’. If ¢ = 1 mod I, éwgé~! = (wg. Thus we get
. EX(1+ AY) if ¢# 1modl,
L EX(14 AN)ER otherwise.
Thus we may assume g—1 € AF — (Pg“—i—AkH) for some k > 1. Put g—1 = whgo
and R(go) = (70,71,---»Vi—1). Since
grg e =14 (g—1)—2(g — 1)z~ " mod A**?
=14 wh (g0 — zgox ™) mod A1
R(go — zgox™") = (Yo — %is Y1 = Vitir- - - V-1 — Vi—14i). Therefore gzg~'a~" €
EXK**1 contradicts g — 1 € AF — (PR 4+ A1), Tt implies that if grg~'az~! €
EXKJ,
c E*(14 A7) if ¢#1modl,
UEX (14 ANeR it g =1mod L.
(I
Put U_y = E*,Uy = F*0O%,U; = F*(1+ Py) fori > 1 and U} = U; — U1 for

j > —1. The previous lemma gives the character of ny on E* — U,_;. We remark
that Autp E = {1} if ¢ # 1 mod .

Proposition 2.2. Let x € U for —1 <i <n—1. Ifi >0, x is written in the
formx =c(1+vy) forc € F and y = whyo € wyOp. Foru € ky and j € (Z/IZ)
such that j # 1/2, we define the Gauss sum G(u,j) by

1-1
(2.4) G(u,j) = Z ¥ (Z u(agy1 — Oék)Oéj+k> )
/A

(@0rrrmsr_1)ERLy k=0
where A = {(a,...,a)|a € kp}. Then xy, on U} is giwen as follows:
ZUGAutF E 0(0'1-)7 Z = _1)
gD/ er 2 0(7T), i>0 and n — i even,
AV Y 0
G(Bw%_lyo("wE/wE)l, ¢), >0 andn—1i odd,

where ¢ =i~ Y(n +1 — 1)/2 satisfies ¢ # 1/2 mod I.

Xne (LL') =
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Proof. Put % = aza™! for a,z € G. First we treat the case x € U*; = EX—F*Oj.
Since

Xﬁe(x): Z pe(ax)v

a€H\B

the proof follows immediately from Lemma [2.1] A

Now we treat the case z = ¢(1+y) for ¢ € F and y € P, — (F 4+ P5™). We may
assume ¢ = 1 since F'* is the center of B. For 1 + k € KI(»=#1)/2l and a € B, we
have

X9 = 3 po*+y))

a€H\B
=C > Y po(“I(L 4 y)),

1+keKn—i\KI(n—i+1)/2) ac H\B

where C' = In the above expression,

1
[Kn—i\K(n—it /2]

since yk? € A" and a(1+y)  (ky—yk)a=t € A™. Ifyo B—2 By ¢ Al-[(n=i+1)/2]
the map k — ¢(Tr(y® B —9" By)(1+y)~k)) is a non-trivial character of A"\
Aln=i+1)/21 thyg

> B(Tr(y® B —""By)(1 +y)1k) = 0.

keAn—i\ Al(n—i+1)/2]

By Lemma 3.3 in [5], Yo B —a By e A-ln—i+1/2] g equivalent to ¢ B €
EXKn—i=l(n=i+1)/2]  Thyg it follows from Lemma 21 that

Xm(L+y) = > > po(1+ (1+a)y(1+a)™ ).

c€Autr E 14acH\EX Kl(n—=1)/2]

By virtue of (1+y)~'(1+ !*%y) € K™ and (1 +y)7'(1 + %) = 1+
(1+y)~Y((ay — ya) + (ya — ay)a) mod K",

po(1+ CFy) = 0(1 + )b (1 + y) " (ay — ya))¥s((1 +y) "' (ya — ay)a).

Since ¥5((1 + y)"Hay — ya)) = P(Tr(yB(L + y)~" = B + y)~'y)a) = 1,
Us((1 + )" (ya — ay)a) = ¢s((ya — ay)a) and |[EXKI/EXK™| = ¢!~Dm=d),
we obtain

g2 S g1 4 7)), n — i even,
1+ _ . cEAutr E
Xne( y) qm—(n—z+1)/2 Z 9(1 + Uy)S(’I’L — 1, 0.), n—i Odd,
ccAutp F
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where
S(n—i,0) = > bp((“ya — ay)a).
a€A(—i+1)/2 4 ENA(n—i—1)/2\ A(n—i=1)/2
Now we may assume n — i odd and o = 1. Put y = whyo, a = wg_i_l)ﬂao and

S =S(n—1i,1). Since (ya — ay)a equals

(n—i—l)/2a0wgz—i—1)/2 _ wE(n-H‘—l)/zaowg+i—1)/2yo)

n—1 -
Wg (yowE ag,

we have by way of the map R : Ag/A; — kb that

-1
S = Z (4 Zﬁw%ﬂyo(%—(n—i—l)m = O (nti-1)/2)0
(aj)€kl/A J=0
(The subscript is extended to Z by &j = & mod 1-) First replacing the subscript j by
j+(n+i—1)/2 and then replacing a;; by o, we get S = G(Bw'y 1o, ¢). By virtue
ofn#1mod!land i Z0mod [, c=i"'(n+1—14)/2 satisfies c Z1/2mod [. O

Remark 2.3. Tt is proved that the Gauss sum q’(lfl)/zG(u,j) is an eighth root
of unity when p # 2 in [7] and [§]. This is the Gauss sum attached to quadratic
form over kr when p # 2. But it is not easy to calculate the determinant of the
quadratic form. Moreover we need to treat the case p = 2 separately.

Next we calculate the character on K"~ — K™. We state the character formula
including the case * ¢ E. The calculation of the character on K"~1 — K™ (“at
the depth”) seems difficult in [8]. Here we find it is written explicitly by the
Kloosterman sum.

Definition 2.4. For a € kj;, we define the Kloosterman sum Kl(a) by

(25) Kl(a) = Z V(Yo + -+ yi-1)-
(y07'~~5yl—1)€kli?
Yo--yYyi—1=a

Theorem 2.5. Letx =1+ wZﬁ%o for xg = diag(ko, ..., ki—1) (ki € OF). Then
l
X (@) = gD KL By ) [ ks | -
j=0

(Since Boww'y ! € OF and kj = kj, we regard Bpww’y ' mod Pr as an element of
kp)
Proof. By the definition of 7y, we have
X (1 + @ diag(ko, ..., ki—1))
=q(=Dim-1) Z (Tr fawo'y diag(ko, . . ., ki_1)a™ ).
a€BXK'\B

It follows from (2.2) and ([@23) that the set {diag(1,y1,...,y-1) | ¥i € kj} makes
a complete system of representatives of EX K1\ B. For convenience, put yo = 1.
Since

wWE diag(yOa Yi, - - 7yl—1)w51 = diag(y07 s Yi-1, 1))
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we have

Trﬁdiag(yOa Yty - 7yl71)wg71 diag(kOa R klfl) diag(yOa Yty - 7yl71)_1
-1

By kiyioni1/yi mod Pr.
i=0

By replacing y; by kiyi—n+1/vi, we get our lemma. O

On K™, the character of m = my becomes a constant function on regular elliptic
conjugacy classes.

Lemma 2.6. Let x be an reqular elliptic element in K™. Then

l
_ 2@ —1)
X (%) =q P

Proof. We use the Deligne-Kazhdan correspondence ([10], [22]). There exists an
irreducible representation 7’ of D;* such that

Xx = X« on the regular elliptic conjugacy classes.

Since the correspondence preserves the conductoral exponents, 7’ is trivial on 1 +
Pg(e). Thus x, is also constant on K™. This constant is expressed by the local

character expansion and equals q(”72)(171)/2(‘§_—711) (see for example [5], 7.4). O

The character formula on regular elliptic conjugacy classes outside E* can be
easily obtained.

Lemma 2.7. Let x be an regular elliptic element of B. If x satisfies the condition
that F(x) # E and x is not conjugate to an element of F* K™, then x.(z) = 0.

Proof. See Lemma 3.3 in [16]. O

3. CALCULATION OF (GAUSS SUMS

In this section, we determine the Gauss sum part G(y,n — i) explicitly. Since
G(y,n — 1) depends only on n — i mod ! and y mod Pg, we have only to treat the
character of ng on Uy by making n big enough. We have only to treat the case that
n is even by replacing n by n + [ if necessary.

Lemma 3.1. Assume n = 2m. Then for x € Uy,

(3.1) @)= S Y e,

oc€Autp E acH\EXK™~!

Proof. Tt follows from Lemma 2.1 that aza™' € H implies a € EXK™ !, Hence
our lemma. 0

For the calculation of the sum in the above lemma, we use the E*-module
structure of various objects. When E/F is a Galois extension, it is easy to treat.
Thus we first assume E/F is Galois, i.e., ¢ = 1 mod . We recall that & is the
diagonal matrix diag(1,¢! =%, ¢!72, ..., (), where ( is an I-th root of unity in F and
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¢ satisfies ¢ = 1 and ¢x¢~! = % for x € E, where o is the generator of Gal(E/F)
determined by “wg = wg(. By the explicit matrix form of E and A;, we obtain

M(F) —E @ E¢ © .. B¢
A° =0 ® Op¢ @® - Og!
(3.2) A =Py ® Pt & - Ppg?
Al—l —_ PlEfl D P£71€ P Pl*lfl—l

Lemma 3.2. A complete system of representatives of H\E* K™~ is given by
{1+ wg_lalf 4+ 4+ wg_lal_lﬁkl | a; € kp}.
Proof. This is obvious from (8.2)). O
Fora=1+a1&+ - +a;_ 171 € A™ 1 plaxa=™') for x € UF can be expressed

explicitly in terms of a1, ..., aq_1. First, we determine the coefficients of a~! with
respect to the E-basis {1,¢&,...,& 711,

Lemma 3.3. Fora = Z;;%) ;& (aj € E), define A(a) € M(E) by

Ala) = (Ujaifj mod 1)0<i,j<I—1
and let Ag(a) be the (1,k + 1)-cofactor of A(a). Then
-1
_ Aa)
at= Z J &,
= det A(a)
Proof. Our lemma follows from Cramer’s formula. O

Lemma 3.4. Assume n = 2m and 3(m — 1) > 2m. Let c € F*,y € PR~ " and
a=1+ Zé;ll ;& € K™=, Then

-1 . B y
polac(l+y)a™) = 0(c(L+y)vp [ Y_(Ba;”ai; =7 By "ay)y

j=1
Proof. 1t is obvious that we may assume ¢ = 1. Since

g taga™ =1+ (g7 (a—1)g—(a—1))a""

=1+ (”jggf1 — 1)ozj§j at,

S (g9t — 1)a,6 € A™ and Tr(Ba¢?) = 0 for all z € E, we have

Jj=1

-1

po(g taga™t) = v | O (V997" — Day&l)at

Jj=1
-1

=5 [ Y (g9t — )7 (fi;() |

Jj=1
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where f;j(a) € E is defined by a=! = Zé;é fi(@)é. Put g = 1+ y. In the last

equation, 8 € PE~", fi_; € Pp~! and 9971 —1 = 7y — y mod P22 Thus we
get
l_l . . .
_ _ Y o= -
polg~taga™) = vp | D7 Bhi-i(a)” oy = B (fioj(a))ay)y
j=1

by virtue of trg uy = trg o u for any u,v € F. It follows from Lemma B3] that

Al* (a’) _ m—
fi—i(a) = m =q;_; mod PZm2,
By the assumption 3m — 3 > 2m, we obtain the desired formula. ([l

Proposition 3.5. Assume ¢ =1 mod .
(1) If n=2m and m > 3,

-1
X () = V2N "0(7x) for xeUT.
=0

(2) For any integer j # 1/2mod I and y € OF, G(y,j) = ¢=D/2.
Proof. By Lemmas 311 and 34 we have for c € F* andy € 1+ Pg

-1
X (el +1)) = 3 0(e(1 +7y) ) flan, . on 1 7y),
=0 (0(17~~~,Oélf1)E(Pé”71/P}sn’)l*l
where

-1
flan,. . aiy) = ¢p | D (Ba"a ;=7 Bay;7 ay)y
j=1
Put S; = {(a1,...,cq-1) € (PR /PR~ | =0 for k < j,a; #0} and I;(y) =
Z(Otl,---,&lfl)esj flat,...,0q_1;y). Then

-1 -1 ‘
X (c(L+ 1) = _0(c(1+7y) > Li(7y).
i=0 j=1
Ifoy = =aq_1)2=0, f(ai,...,a;_1;y) = 0. Thus we have
1-1
S n) =t
j=(111)/2

For 1 <j <(1—1)/2, I;(y) is proportional to
Z Ve((Ba; " a—; — 7 B ay)y).

a_epp/pPptt

Since a;; # 0, the map a;—; — Ba;"a;_; — "_Jﬂal,j"_jaj is a bijection from
PE*I/PE” to kp. Therefore I;(y) = 0. Consequently we get the first part of our
lemma. G(y,n—1) = ¢“=1/2 follows from Proposition2:2]and the first part. Since
G(y,j) depends only on j mod l an y € k), G(y,j) = ¢~1/2 for any j. O
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Next we assume ¢ — 1 Z 0O mod! and n = 2m. In this situation, it is rather
difficult to describe E*-module structure of various objects since F' has no I-th
primitive root of unity and E/F is not Galois. In order to apply the result of the
Galois case, we use the base change lift of simple characters by Bushnell-Henniart
[4]. Let ¢ be a primitive I-th root of unity and L = F'({). Then L/F is an unramified
extension of degree d, where d is the smallest integer satisfying ¢ = 1 mod [. The
generator 7 of Gal(L/F) is determined by ¢ = ¢*, where k = r(:=D/dand r is
a generator of (Z/IZ)*. We add the subscript L to the base changed objects.
Then M;(L) = M;(F)®p L and E;, = E®Qp L ~ EL. Ej is a ramified Galois
extension over L of degree [, an unramified extension over E of degree d with
Gal(EL/E) = Gal(L/F) = (r) and a non-Abelian Galois extension over F of
degree Id. (We embed F into Er, by the map z +— z ® 1.)

As in the previous section, we identify M;(L) with Endy Fr and G = GL;(L)
with Auty E;, by the L-basis {wgl, ...,wg,1} of Er, which is also an Op-basis
of Op, . By the lattice flag { P}, }icz, we define

L={feM(L)|f(PL,)C PL" forall jez}.
Put K, = (A%)X,BL = E;KL, Kz = 1—|—A1L fori>1and Hy, = Lx(l—i-PEL)KEn.
Definition 3.6. Let 6 be a generic character of E* with f(6) =n and 6(1 +z) =
Y(tre(Bz)) for v € Pg'. We define a base change lift 67, of § to L™ by 01, = fong, /g.
Then 01 (1 +z) = ¥ (trg, /1 fz) for 2 € PE . (Recall m = [(n+1)/2].) Let H' =

F*(1+ Pg)K™ C H. The base change lift py, of p|: to H = L*(1+ Pg, )K™ is
defined by

pr(h-g) =0, (h)Yr(TrB(g —1)) for he L*(1+ Pg,), g€ K"

Now we apply the result of Bushnell-Henniart [4] to our case and get the character
relation between pr, and p. Put Ug,; = L*(1 + Pp,) for i > 0 and Uj, ; =
Ug,.i—Ug, i+1. By (12.19) Corollary in [4] and the fact (7)-fixed space {"(L* K%)
is equal to FXK*, we get the following result.

Proposition 3.7. Let 2 € Ug, 1. Between the set
{g € HNE*K™ ) | gnp, /p(z)g~" € H'}
and the set
{he HINBF K™ [ha™n ™" € Hp ),
there is a bijection ¥ with the property
pr(W(9)2"(¥(9)) ") = plgne, /p(x)g™).
Combining this with Lemma Bl we have:

Lemma 3.8. For z € Ug, 1,

(3.3) Xno (L /E(T)) = Z pr(az™a™h).
a€Hp\(EL K™Y}
ar’a"teH,
Since np, /5(L*(1+ Pg,)) = F*(1+ Pf), it suffices to calculate the right-hand
side of (B.3)) for x € Ug, ;.
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As in the Galois case, set & = diag(1,¢' 71, ¢'72,...,¢) € My(L). Then ¢ satisfies
gh=1,7€=¢" and
Ext 1 =% forany x € Fp,

where o is the generator of Gal(Fy /L) determined by wg = wgr(. Moreover we

have To7~! = ¢* and
M(L) =E, & E & --- B!
Ay =0p, & Opft ® - Opgt!
(3.4) A, =P, & Pgpt & --- Pgg!
ATl =Ppt e PR @ Py et

We note that any element of K; can be written in the form (1 + a1 + agé? +
st o1& for ; € Pg, .

Lemma 3.9. Leti <m and a =1+ a1+ asf? + -+ o1& for aj € O and
z € Ug, ;- Then az'a~' € Hy, is equivalent to a; € P;J”L_i and oy = Tjah for
j=0,1,....,d—1and h=1,r,...,r=D/4=1 (The subscript of o is extended to
Z by Q5 = O modl')

Proof. Tt follows from Lemma B.2 that if a='27a € Hy, there exist 7o € Of and
v; € Py, for 1 <j <1 —1 such that

A+al+-+aaf e =1l +mn+7nE+ -+
(1 + Talfk + ‘ra2£2k NI Talilf(lfl)k).
This implies

I—k l—2k k
=71 +v-1" Tar+y-2®  Tas+ -+ 77 ")
k l—k 2k
ar’ z =y + a1 +vi—k® Tas+ -+ 927 Tago1)

-k 1—2k

a—” r=7M-r +v-2t" Tou+---+Toy1).

Thus we have
hk

ant’ x=z"ap mod Py, (h € (Z/IZ)).
By eliminating apg, app2, - - ., appa—1, we get
k - m
an =ng, /p(x)° ng,  B(T) Loy, mod P .
Since ng, (x)"knEL/E(x)*l €1+ P,— P oy € PE /E
we obtain «j, € P]g”;i and appi = Tjah mod Pp’ for j = 0,1,...,d =1 and h =
1,r,...,rd=0/d=1 (I

By 27z “tel+ P,

Lemma 3.10. Assume n = 2m and m > 3. Let x € 1+ Pg, — P]%L and a =
1+ E(l L/d E jozriﬁ’“ikj for a,. € Pﬂ_l. Then

(1-1)/d 1,
(85)  pulara e ) = e | D tpyplui—7 w)trp,p(e—1) |

i

”
where u; = Y% Q_yi.
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Proof. Tt follows from Lemma that "aa=! € Hy, . Since pr("aa™!) = 1, we have
prlaz’a”g™") = prlaza™"g™").

By the same way as Lemma [3.4], we have

(I-1)/d d o
pL(axTa_lx_l) =vYE, Z Z Vij — Um')(x -1,
=1 j=1
el —rikd

. . R
where v; ; = ﬁT Qi a ri. Since o 7 =71l07" and 73 = 3, we have

d

d )
ook Gt G i j
0' T O T O T
E (’UiJ' ’Uz,j E Oérz Oé,,,i — B (7% Oz,ri)
j=1 j=1
07'1" airi o~ .
= trEL/E(ﬁOzri i — 16} Qi QUi ).
This implies (B.5]). O

It is time to get the character value of x,, on U7.

Proposition 3.11. Assume g # 1 mod [.
(1) Let x € 14+ Pg, — P3, andn =2m > 6. Then

q _
xo(nep@) = (1) a720(n5, 5 ().
(2) For any integer j #1/2mod  and y € OF, G(y,j) = (&) ¢"=1/2.

Proof. By Proposition B.7] Lemmas [3.8, 3.9, .10 and [B11], we have
(3.6)
(I-1)/d .

Xn(nE,/B(T) Z Ve Z trp, (i —° w)trp, ple—1) |,

where u; = ﬁozrqz"rioz_rf, and (ayi)1<i<@-1)/d € (PglLfl/Pg“L)(l_l)/d. First we as-
sume (I — 1)/d is odd. Then (%) = —1, dis even and "’o,i = a_,.. Let
E; be the (0" "rd/ 2)-fixed field. Then Er/E; is a quadratic unramified extension,
i Td/zari =ng, /B, (), ng, /p, induces a surjection from wg_l(’)EL/l + Pg,
to wa" 20p,/1 + Ppg, and each fiber of the induced map has ¢%/? + 1 elements.

—rt

Moreover the map z — trg, /g, (x —? ) induces a surjective kp-linear map from
Pf;:nfz/P}%:’kl to P5'/Op. Thus we have

(I-1)/d .
Z 1/)E Z trEL/E(ui—” ui)trEL/E(:c—l) :1—(qd/2+1).
i=1

LEPgLL 1/Pm
Putting this into ([B8), we get

Xn(ng, p(x)) = 0r(x) (1 — (g2 + 1))(-1/d
/%0 ),
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and it follows from Proposition [Z2 that G(y,j) = —¢=1/2 for all y € kr and j

odd. Now we assume (I —1)/d is even. Then (%) =1 and it follows from the same

argument as in the proof of Proposition 3.5l that
Xn(np, /B(T)) = 9L(a?)|kEL|(l_1)/2d
= q(lfl)/QgL(x).

By Proposition [2.2land the fact G(y, j) depends only on j mod I, we have G(y, j) =
¢~ 172 for all y € kr and j. 0

Summing up the above results, we get the following formula for G(y, 7).

Proposition 3.12. Fory € ki and j € (Z/IZ) such that j #1/2,

Gy, j) = (%) g=v/2.

From Theorems [Tl 225, Lemmas 26, 7] and Propositions [L6, and 312
we get the complete character table of my.

Theorem 3.13. Let E be a ramified extension of F' with degree l # p, 8 a generic
quasi-character of E* with f(6) = n and ® = my the irreducible supercuspidal
representation of GLy(F) defined in section 1. Put Uy = F*XO}, Uj = F*(1+ PL)
and Uy =Uj —Ujy1 for j > 1. Let x be an regular elliptic element of GL;(F) and
let Autg E be the group of automorphism of E over F'.

1. If F(x)|F is unramified, then

T X ()
v @ FX(1+ PR, 0

l_
c(l+y)(ce F*,y e Pp,) q("’2)(l’1)/2%9(0).
2. If F(x)/F is ramified and F(x) # E, then

T Xﬂ'(x)
v ¢ FX(1L+ PR ) 0
=1
c(1 + @l diag(ko, ..., ki—1) + 2) | ¢q=2DED20() KI(Baop M TT k)
j=0
(ce F*k; € kp,z € PI?(I))
c(1+y) (ce F*yePy,) g2 @D,

3. When x € E, then

T Xmg (x)
= UJ’.‘ (0 <j<n- 1) (%)” J qj(l—l)/2 UEA§FE9(UJ:)
c(1+ @l t20) (c € FX, o € 0F) | ¢ D0D2=Lg(c) KI(faly x0)
c(l1+y) (ce FX,ye Py) q("*Q)(lfl)/Q%.

(See Z0) for the definition of the Kloosterman sum Kl(a).)

Remark 3.14. 1. Combining with the formula for the unramified case [23] (see Re-
mark [[H), we get the complete character table for all supercuspidal representations
of GL;(F) on regular elliptic conjugacy classes when p # .
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2. For the case p > [, Debacker got the following character table for the super-

cuspidal representations of GL;(F) ([9], Lemma 15):

Co(t)A(o) > (™) if n(y) =0and vy~ t witht € G,
wew

Co(t)A(o) >° o(“t)v(x,»v) if0<n(y) <randy~t, where
weW
t=2(14+Y) with z € Z and

Y e g:l(y) \ (3n(”/) + g;(7)+)a

0.(7) = C(t) > o(*t) if n(y) =r and v ~ t, where
g k€G./MoG,, ot

t =2(1+T) with z € Z and
T € gz, \ 9u,r+ 1S 2-generic
the local character n(y) >,

expansion (mod Z)

0 otherwise.

(For the notations, see Appendix B.6.6 in [9].) In this paper, we determined
’)/(Xmuy) and

> ety

k€Go/MoG,, o+

explicitly.
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