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GAUSS-MANIN CONNECTIONS FOR ARRANGEMENTS, III
FORMAL CONNECTIONS

DANIEL C. COHEN AND PETER ORLIK

ABSTRACT. We study the Gauss-Manin connection for the moduli space of an
arrangement of complex hyperplanes in the cohomology of a complex rank one
local system. We define formal Gauss-Manin connection matrices in the Ao-
moto complex and prove that, for all arrangements and all local systems, these
formal connection matrices specialize to Gauss-Manin connection matrices.

1. INTRODUCTION

Let A= {Hy,...,H,} be an arrangement of n ordered hyperplanes in C*, and
let £ be a local system of coefficients on M = M (A) = C*\ Uj=, H;, the comple-
ment of A. The need to calculate the local system cohomology H*(M; L) arises in
various contexts. For instance, local systems may be used to study the Milnor fiber
of the non-isolated hypersurface singularity at the origin obtained by coning the
arrangement; see [8) B]. In mathematical physics, local systems on complements of
arrangements arise in the Aomoto-Gelfand theory of multivariable hypergeometric
integrals [2| 12, [I8] and the representation theory of Lie algebras and quantum
groups. These considerations lead to solutions of the Knizhnik-Zamolodchikov dif-
ferential equation from conformal field theory; see [21] 23]. Here a central problem
is the determination of the Gauss-Manin connection on H*(M; L) for certain dis-
criminantal arrangements, and certain local systems.

A complex rank one local system on M is determined by a collection of weights
A= (A,..., ) € C" Associated to X, we have a representation p : 7 (M) —
C*, given by v; — exp(—2miA;) for any meridian loop «; about the hyperplane
H; of A, and an associated rank one local system £ on M. Parallel translation
of fibers over curves in the moduli space B of all arrangements combinatorially
equivalent to A gives rise to a Gauss-Manin connection on the vector bundle over
B with fiber H9(M;L). A number of authors have considered these Gauss-Manin
connections, including Aomoto [I], Schechtman and Varchenko [21],[23], Kaneko [I5],
and Kanarek [14].

For local systems which are nonresonant in the sense of Schechtman, Terao,
and Varchenko [20], the Gauss-Manin connection matrices for general position ar-
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rangements were found by Aomoto and Kita [2], and Terao [22] computed these
connection matrices for a larger class of arrangements. For such local systems, we
determined these connection matrices for all arrangements in [7]. The aim of this
paper is to remove the nonresonance condition. We construct formal Gauss-Manin
connection matrices in the Aomoto complex for all arrangements and prove that
these formal connection matrices specialize to Gauss-Manin connection matrices.

In Section 2] we review the stratified Morse theory construction [3| 4] of a finite
cochain complex (K*(A), A®), the cohomology of which is naturally isomorphic to
H*(M; £). This leads to the construction of the universal complex (K3, A®(x)) for
local system cohomology, where A = (C[xfl, ...,z 1], The Orlik-Solomon algebra
A* is a finite dimensional complex vector space which models the cohomology of the
complement with trivial local system, see [17, [I8]. The ordering of the hyperplanes
of A provides the nbc basis for A®* over C. Weights A yield an element ay =
> Aja; in A', and multiplication by ax gives A® the structure of a cochain complex.
The resulting cohomology H®(A®, ax) is a combinatorial analog of H*(M; £). The
Aomoto complex (A%, ay) is the universal complex for Orlik-Solomon cohomology.
Here, A}, is a free R-module over A®, where R = Cly1,...,yn].

In Section [3], we recall the moduli space of arrangements with a fixed combina-
torial type 7, following Terao [22]. It is determined by the sets ind(7") and dep(7)
of independent and dependent collections of ¢ 4+ 1 element subsets of hyperplanes
in A, the projective closure of A in CP’. Let B(7) be a smooth, connected com-
ponent of this moduli space. There is a fiber bundle 7 : M(7) — B(7) whose
fibers, 7~1(b) = My, are complements of arrangements Ay of type 7. Since B(7)
is connected, My, is diffeomorphic to M.

The fiber bundle 7 : M(7) — B(7) is locally trivial. Consequently, given a local
system on the fiber, there is an associated flat vector bundle 7?7 : H? — B(7),
with fiber (79)~1(b) = H%(My;Ly) at b € B(T) for each ¢, 0 < ¢ < ¢. Fixing
a basepoint b € B(7), the operation of parallel translation of fibers over curves
in B(7) in the vector bundle 7?7 : H? — B(7) provides a complex representation
UL 1 (B(7T),b) — Autc(H9(Mp; Ly)). The loops of primary interest are those
linking moduli spaces of codimension one degenerations of 7. Such a degeneration
is a type 7’ whose moduli space B(7") has codimension one in the closure of B(7).
In this case, we say that 7 covers 7’. Let v(7”) € m1(B(7),b) be such a loop.

The representation UZ gives rise to a Gauss-Manin connection. Let Q%(77,7)
be a connection matrix associated to the loop v(7”). A key idea in this paper is to
extract information about arbitrary arrangements using information about general
position arrangements, of type G, whose dependent set is empty. The moduli space
B(G) of general position arrangements is the complement of a divisor D(G) = (J, Ds
in (CPK)". The components D ; of this divisor are irreducible hypersurfaces indexed
by ¢+1 element subsets J of [n+1]. For each such J, let G; denote the combinatorial
type of arrangements with J as the only dependent set.

Schechtman, Terao, and Varchenko [20], refining work of Esnault, Schechtman,
and Viehweg [10], found conditions on the weights which insure that the local
system cohomology groups vanish except in the top dimension. These conditions
depend only on the type 7, so we call weights satisfying them 7 -nonresonant. Falk
and Terao [I1] constructed a basis for the single nonvanishing cohomology group,
called the Bnbc basis. The matrices Qz(Gs,G) = Q%(Gs,G) were computed by
Aomoto and Kita [2)].
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In [7], we determined Gauss-Manin connection matrices for all pairs of arrange-
ment types in the nonresonant case. Let 7 be a combinatorial type which covers
the type 7’. Let X be a collection of 7-nonresonant weights which defines the
local system L. Weights which are 7-nonresonant are necessarily G-nonresonant.
Thus in this case, the only nonvanishing cohomology groups are in the top di-
mension. Since these groups depend only on the combinatorial type, we write
HYT;L) = H*(Mp; L) and its analog for the general position type. Define an
endomorphism of H*(G; L) by

QT T)= > my(T) (3,9

Jedep(7',7)

Here, m;(7") is the order of vanishing of the restriction of a defining polynomial

for Dy to B(7) along B(7”), and dep(7”’,7) = dep(7’) \ dep(7). In [1], we showed
that there is a commutative diagram

HYG; L) —— HY(T;L)
(1.1) lmmfr) lQL(T/xT)
HYG; L) —— HY(T;L)

In particular, if P is the matrix of the surjection H*(G; L) — H*(T; L) in the respec-
tive fnbc bases, then a Gauss-Manin connection matrix Qz(7',7) is determined
by the matrix equation

(1.2) P-QyT',T)=Qp(T",T)-P.

The aim of this paper is to generalize this result to arbitrary weights. For weights
A which define a nontrivial local system L , the cohomology groups H9(G; £) vanish
for ¢ < £. Thus, a statement similar to (I.I) in dimension ¢ < £ is impossible. We
solve this problem by lifting the Gauss-Manin connection to the Aomoto complex.

The Orlik-Solomon algebra and the Aomoto complex depend only on the com-
binatorial type, so we may label them accordingly. In Section [d] we define for each
subset S of hyperplanes an endomorphism wg of A%(G), the Aomoto complex of
the general position arrangement. We show that these endomorphisms are cochain
maps. In Section[5, we generalize the notion of multiplicity to all subsets of hyper-
planes and the notion of dependent sets to include sets of all sizes and denote these
sets Dep(7). In analogy with Q(77,7), we define

ST\ T)= > ms(T)-bs.
SeDep(7T',T)

In order to prove that the endomorphism @(7”,7) induces a cochain map w(7”,7)
on A%(7T), the Aomoto complex of type 7, we show in Theorem that this
endomorphism preserves the subcomplex corresponding to the Orlik-Solomon ideal
of this type. This provides the analog of (LI) on the level of Aomoto complexes:

(A;%(g)v ay) - (A;%(T)a ay)
l@(T/,T) lw(T’,T)
(A;%(g)v ay) - (A;%(T)a ay)

The horizontal maps are explicit surjections provided by the respective nbc bases.
Given weights A, the specialization y — A in the chain endomorphism w(7’,7)
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defines endomorphisms w§(7’,7) : AYT) — A4(T) for 0 < ¢ < ¢. In Section [7]
we prove the main result of this paper.

Theorem. Let M be the complement of an arrangement of type T and let L be the
local system on M defined by weights X. Suppose T covers T'. Let ¢? : K9 —
H1(M, L) be the natural projection. Then there is an isomorphism 77 : A1 —
K9 so that a Gauss-Manin connection endomorphism Q%L(T',T) in local system
cohomology is determined by the equation

P?oTlowi (T, T)=QL(T', T)op? o079,

The groups H%(M; L) are not known in general. When these groups can be
calculated explicitly, our result yields a matrix equation analogous to (.2) which
determines a Gauss-Manin connection matrix. We use the nbc basis for A? and a
suitable choice of basis for H1(M; L); see Section Bl for examples.

2. COHOMOLOGY COMPLEXES

For an arbitrary complex local system £ on the complement of an arrangement
A, we used stratified Morse theory in [3] to construct a complex (K*(A), A®), the
cohomology of which is naturally isomorphic to H®*(M; L£). We recall this construc-
tion in the context of rank one local systems from [3] [4].

Let A = (A1,...,An) € C" be a collection of weights. Associated to A, we
have a rank one representation p : m (M) — C*, given by p(v;) = t;, where t =
(t1,...,tn) € (C*)"™ is defined by ¢; = exp(—27wi\;), and v; is any meridian loop
about the hyperplane H; of A, and a corresponding rank one local system £ =
Ly = Lx on M. Note that weights A and A’ yield identical representations and
local systems if A — X € Z".

We assume throughout that A contains £ linearly independent hyperplanes. Let
F be a complete flag (of affine subspaces) in C*,

F: O=F ' lcF cFlcFc...cF=C
transverse to the stratification determined by A, so that dim F9NSy = g—codim Sx
for each stratum, where a negative dimension indicates that F? N Sy = (). For
an explicit construction of such a flag, see [3l §1]. Let M? = F4 N M for each
q. Let K¢ = H4(M?,M4~% L), and denote by A? the boundary homomorphism
HI(MI,MI~L L) — HITL(MITL MY; L) of the triple (M9T1 M%, M4~1). The fol-
lowing compiles several results from [3].

Theorem 2.1. Let L be a complex rank one local system on M.
1. For each q, 0 < q < ¥, we have H'(MI, M97L: L) = 0 if i # q, and
dime H1(M?,M9=Y; £) = b,(A) is equal to the q-th Betti number of M with
trivial local coefficients C.
2. The system of complex vector spaces and linear maps (K*®, A®),

A° Al

£—1
K0—>K1—>K2——>"'——>KZ71A—>

KZ
is a complex (A9T o A9 =0). The cohomology of this complex is naturally
isomorphic to H*(M; L), the cohomology of M with coefficients in L.

The dimensions of the terms K7 of the complex (K*®, A®) are independent of t
(resp., A, £). Write A®* = A°®(t) to indicate the dependence of the complex on t,
and view these boundary maps as functions of t. Let A = C[z!, ..., '] be the
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ring of complex Laurent polynomials in n commuting variables, and for each ¢, let
Ki =A®c K

Theorem 2.2 ([4, Thm. 2.9]). For an arrangement A of n hyperplanes with comple-

ment M, there ezists a universal complex (K3, A®(x)) with the following properties:
1. The terms are free A-modules, whose ranks are given by the Betti numbers

of M, K o~ Aba(A),

The boundary maps, A%(x) : K% — K9t are A-linear.

3. For each t € (C*)", the specialization x — t yields the complex (K*, A*(t)),
the cohomology of which is isomorphic to H®*(M; L), the cohomology of M
with coefficients in the local system associated to t.

R

The entries of the boundary maps A?(x) are elements of the Laurent polynomial
ring A, the coordinate ring of the complex algebraic n-torus. Via the specialization
x — t € (C*)", we view them as holomorphic functions (C*)™ — C. Similarly, for
each ¢, we view A4(x) as a holomorphic map A?: (C*)" — Mat(C), t — AI(t).

Recall the Orlik-Solomon algebra of A, A = A(A). It is the quotient of the
exterior algebra on generators aj, for 1 < j < n, by an ideal defined next. Given
T ={j1,...,Jq}, we call H; N...NHj_ the intersection of T'. We call T' dependent
if the intersection of 7' is not empty and codim(Hj;, N...N Hj ) < q. Define
0:A(A) — A(A) by 9(1) =0, da; =1 and for ¢ > 1

q

k-1 —~
OJar = Z(—l) Ajy oo Ay WG Qi - G
k=1
The ideal I(A) is generated by dar, where T is dependent, and by ar, where the
intersection of T' is empty.

Remark 2.3. The canonical graded algebra isomorphism H*(M, C) ~ A®(A) induces
an isomorphism of vector spaces K9(A) ~ A9(A) for 0 < g < ¢. This isomorphism
is not canonical.

Let ay = E;LZI Aja; € Al. Since axax = 0, (A°%,ay) is a complex. There is a
universal complex for the cohomology, H®(A® ax). Let R = Cly1,...,yn] be the
polynomial ring. The Aomoto complex (A%, ay) has terms A%, = R@c A? ~ Rba(A)
and boundary maps given by p(y) ® n — > y;p(y) ® a; An. For X € C", the
specialization y — A of the Aomoto complex (A%, ay) yields the Orlik-Solomon
complex (A®,ax). The following result was established in [4].

Theorem 2.4. For any arrangement A, the Aomoto complex (A%, ay) is chain
equivalent to the linearization of the universal complex (K3, A®*(x)).

3. MODULI SPACES

Let 7 be the combinatorial type of the arrangement A of n hyperplanes in C*
with n > ¢ > 1. We consider the family of all arrangements of type 7. Recall that
A is ordered by the subscripts of its hyperplanes, and we assume that A, and hence
every arrangement of type 7, contains £ linearly independent hyperplanes.

Choose coordinates u = (ug, ..., us) on C*. The hyperplanes of an arrangement
of type T are defined by linear polynomials f; = b; o + Zle biju; (i=1,...,n).
We embed the arrangement in projective space and add the hyperplane at infinity
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as last in the ordering, H, 1. The moduli space of all arrangements of type 7 may
be viewed as the set of matrices

bio b1 - big

bao b21 -+ Doy
(3.1) b= : S

bn,O bn,l T bn,l

whose rows are elements of CP*, and whose (£ 4 1) x (£ + 1) minors satisfy certain
dependency conditions; see [18, Prop. 9.2.2].

Given a subset I = {i1,..., 041} of [n+ 1] :={1,...,n,n+ 1}, let Ay = A;(b)
denote the determinant of the submatrix of b with rows specified by I. For any
combinatorial type 7, let ind(7") denote the set of all £ + 1 element subsets I of
[n—+1] for which Ay # 0 in type 7. If T is realizable, ind(7") is the set of all subsets
I for which {Hj,,..., H;,,, } is linearly independent in the projective closure of an
arrangement A of type 7. Similarly, let dep(7) be the set of all £ 4+ 1 element
subsets J of [n + 1] for which Ay = 0 in type 7. The moduli space of type 7 is

{b e (CP)"™ | Ar(b) # 0 for I € ind(T),As(b) =0 for J € dep(T)}.

Let B(T) be a smooth, connected component of this moduli space. Corresponding
to each b € B(7), we have an arrangement Ap, combinatorially equivalent to A,
with hyperplanes defined by the first n rows of the matrix equation b- o = 0, where

U= (1 Uy - UZ)T. Let Mp = M (Ap) be the complement of Ap. Let
M(T) = {(b,u) € (CP)" x C* | b € B(T) and u € My},

and define 77 : M(7) — B(7) by nr(b,u) = b. A result of Randell [19] implies
that 77 : M(7) — B(7) is a fiber bundle, with fiber 7' (b) = M.

For each b € B(7T'), weights A define a local system L, on M. Since 77 : M(T) —
B(7) is locally trivial, there is an associated flat vector bundle 77 : H? — B(7),
with fiber (79)71(b) = HY(My; L) at b € B(7) for each ¢, 0 < ¢ < £. Fixing a
basepoint b € B(7), the operation of parallel translation of fibers over curves in
B(7) in the vector bundle 77 : H? — B(7) provides a complex representation

(3.2) U 7 (B(T),b) — Autc(H(Mp; Ly)).

By Theorem [Z1] the local system cohomology of My may be computed using
the Morse-theoretic complex K *(Ap). The fundmental group of B(7) acts by chain
automorphisms on this complex, see [@, Cor. 3.2], yielding a representation

Yy :m(B(T),b) — Autc(K*(Ap)).

Theorem 3.1 ([6]). The representation W : 71 (B(T),b) — Autc(HY(My; L)) is
induced by the representation V% : m1(B(T),b) — Autc(K*(Ap)).

The vector bundle 7¢ : H? — B(7) supports a Gauss-Manin connection corre-
sponding to the representation ([B2). Over a manifold X, there is a well known
equivalence between local systems and complex vector bundles equipped with flat
connections; see [9} [16]. Let V. — X be such a bundle, with connection V. The
latter is a C-linear map V : £9(V) — £Y(V), where £P(V) denotes the complex
p-forms on X with values in V, which satisfies V(fo) = adf + fV (o) for a function
f and o € £°(V). The connection extends to a map V : EP(V) — EPFL(V) for
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p > 0, and is flat if the curvature VoV vanishes. Call two connections V and V' on
V isomorphic if V' is obtained from V by a gauge transformation, V' = goVog~!
for some g : X — Hom(V,V).

The aforementioned equivalence is given by (V, V) +— VV where VV is the local
system, or locally constant sheaf, of horizontal sections {o € £°(V) | V(o) = 0}.
There is also a well known equivalence between local systems on X and finite di-
mensional complex representations of the fundamental group of X. Note that iso-
morphic connections give rise to the same representation. Under these equivalences,
the local system on X = B(7) induced by the representation W2 corresponds to a
flat connection on the vector bundle 79 : H? — B(7), the Gauss-Manin connection.

Let v € m(B(7),b), and let g : S* — B(7) be a representative loop. Pulling
back the bundle 77 : H? — B(7) and the Gauss-Manin connection V, we obtain
a flat connection ¢g*(V) on the vector bundle over the circle corresponding to the
representation of m1(S',1) = (¢) = Z given by ¢ — ¥4 (v). This vector bundle
is trivial since any map from the circle to the relevant classifying space is null-
homotopic. Specifying the flat connection ¢g*(V) amounts to choosing a logarithm
of W2 (). The connection g*(V) is determined by a connection 1-form dz/z ®
Q% (), where the connection matrix Q4-(v) corresponding to v satisfies ¥4 (v) =
exp(—2miQ%(v)). If v and 4 are conjugate in 71 (B(7),b), then the resulting
connection matrices are conjugate, and the corresponding connections on the trivial
vector bundle over the circle are isomorphic. In this sense, the connection matrix
Q4 (v) is determined by the homology class [y] of ~.

The loops of primary interest are those linking moduli spaces of codimension
one degenerations of 7. These are types 7’ whose moduli spaces B(7”) have codi-
mension one in the closure of B(7). Define a partial order on combinatorial types
as follows: 7 > 7’ <= dep(7) C dep(7”’). The combinatorial type G of general
position arrangements is the maximal element with respect to this partial order.
Write 7 > 7' if dep(7) € dep(7”). In this case we define the relative dependence
set dep(7/,7) = dep(7’) \ dep(7T). If T > T', we say that T covers T', and T’
is a codimension one degeneration of T if there is no realizable combinatorial type
T withT >T" >T'.

Lemma 3.2 ([7, Lemma 5.3]). The moduli space B(T') has complex codimension

one in the closure B(T) of the moduli space B(T) if and only if T covers T'.

Suppose T covers 7', and let v € 71 (B(7'), b) be a simple loop in B(7) around a
generic point in B(7”). Denote a corresponding Gauss-Manin connection endomor-
phism for cohomology in the local system £ by Q,(7’,7). These endomorphisms
are closely related to certain combinatorial analogs defined on the Aomoto complex.

4. FORMAL CONNECTIONS

Let (A%(G),ay)) be the Aomoto complex of a general position arrangement of n
hyperplanes in C*. Let T' = {iy,...,i,}. If order matters, then we call T a g-tuple
and write T' = (i1,...,i,) and ar = a;, - - - a;,. Recall that H, 1 is the hyperplane
at infinity, considered the largest in the linear order. In the formulas below, a set
may contain the index n 4+ 1 but a tuple may not. If T = (i1,...,4,) is a g-tuple,
1 <ix < n, then (4,T7) = (j,i1,-..,%q) is the (¢ + 1)-tuple which adds j with
1 <j<mntoT as its first entry, and T} = (i, ... ,iAk, ...,iq) is the (¢ — 1)-tuple
which deletes ij from T. We write S = T if S and T are equal sets.
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Definition 4.1. Let S be an index set of size ¢ + 1. Define an R-linear endomor-
phism of the Aomoto complex, @g : (A%(G),ay) — (AR(G), ay), as follows. In the
formulas below, T' is a p-tuple, and 1 < j < n.

Ifn+1¢5,
y;Oacry ifp=gqand S=(jT),
Wi (ar) = { aydar ifp=¢g+1land S=T,
0 otherwise.
Ifn+1€esS,
(Z Ty])aT ifp=qgand S=TU{n+1},
o (— )kayaTk ifp=qg+1land S=T,U{n+1},
0 otherwise.

Proposition 4.2. For every S, the map &g is a cochain homomorphism of the
Aomoto complex (AR(G),ay)).

Proof. Let S be an index set of size ¢ + 1. Since @% = 0 for p # ¢, ¢ + 1, to show
that &g is a cochain map, it suffices to check commutativity in the three squares

indicated below:

—>A‘11>;1(g) AN AqR(g) L) Ag{rl(g) L) Ag{r2(g) .

l@g—lzo l@g la)g“ la)gﬁzo
— AN —E AL(G) —2— ALTHG) —2 ALT(G) —

If n+1¢.S, then we may assume that S = {1,2,...,¢ + 1}. Otherwise S =
{U,n+ 1} and we may assume that U = {n —q¢+1,...,n}. Since AL(G) is free on
the generators ar, we may work with these.

In the first square above, we start with ar € AqR_l. Since @g_l =0, we need to
show that @ (ayar) = 0.

Suppose n+1 ¢ S. Since T must be equivalent to a subset of S, we may assume
that T' = (3,4,...,¢+1). Then @%(ayar) = y1y2(0aq 2,1y + da@,1,1)) = 0.

Suppose n+1 € S. Since T must be equivalent to a subset of U, we may assume

T=(n—-q+2,...,n). Then ayar = Z?:_{H_l yjagry. We get

n—q
wi(ayar) = Z Y;0%(agr)) + Yn—q+10§(A(n—gi1,1))
j=1
n—q
= (-1 Yn—gt1¥i0(n—gr1,5.1)0 + D (= DYj¥n—q16(n—qr1,1), =0.
. =

In the second square we start with ap € A%,.

Suppose n + 1 ¢ S. Since T must be equivalent to a subset of S, we may
assume that 7' = (1,2,...,q). Then &f(ar) = Y41 0ags1, T) and aywi(ar) =
Yq+1 ayOa(qr1,1). The only nonzero term in wng (ayar) is @&" (yq+1a(q+1 ) =
Yq+1 Gy Oa(q11,1), S0 the assertion holds.

Suppose n +1 € S. If T = U, then 0§(ar) = ()" y;) agr), and

ay@i(ar) = —(X7={ y;) ayar. Also, ayar = 7"l ysa( 1), so @& (ayar) =
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—(E;Zlq y;) ayar as required. If T # U, then we may assume that T = (n — ¢,
n—q+1,...,n—1). Then @i(ar) = (—1)2yna(n,T)2 0 aywh(ar) = Yn Gy Q(n,T),-
On the other hand, there is only one term in ayar on which &gﬂ is nonzero, namely
+1(

Ynanap. Since & YnG(n,T)) = YnlyQ(n T),, the assertion holds.

In the third square we start with ar € A%, Since &gﬁ = 0, it suffices to show

that ay 0% (ar) = 0. For any S, this follows from ayay = 0. O

Remark 4.3. The map @ is given by geometric considerations in [2] 22, 18]. There
are many possible lifts JJ%—H which make ©g a cochain map. However, if we require
that LD%+1(GT) = 0 unless T is related to S as indicated in the definition, then the
lift is unique.

A collection of weights A = (A1,...,A,) is G-nonresonant if \; ¢ Z>o and
— E?Zl Aj ¢ Z>o. The Bnbc basis for the unique nonvanishing local system co-
homology group H*(G; L) consists of monomials ngx = Mg, -+ Ag,ar, where K =
(k1,-..,ke), 2 <k <--- < k¢ <n. In this basis, the Gauss-Manin connection is
given by > dlogD; ® Qs (Gs,G), where the sum is over all £+ 1 element subsets .J
of [n 4+ 1]. The connection matrices Q,(Gy,G) were computed in [1§], recovering a
result of Aomoto and Kita [2].

For J C [n+1], let ©;(A) be the specialization y — A of the endomorphism & .

Proposition 4.4. If X is a collection of G-nonresonant weights, then for each
+1 element subset J of [n+ 1], the Gauss-Manin connection matriz Qz(Gy,G) is
induced by the specialization @;(\) of the endomorphism &;.

Proof. For G-nonresonant weights A, the projection A*(G) — H*(G; L) is given by

1

if 1 ¢ K and S
kL K and ag — ===

QK +—

1
- ; ’ lf == ]., ! .
Aky ...Ak[" ;g :U(z,m K=(1,K)

For an £+ 1 element subset J of [n + 1], a calculation with this projection and the
endomorphism @4%(A) yields the result. O

5. DEGENERATIONS

For a combinatorial type 7 # G, the Orlik-Solomon ideal I(7) gives rise to a
subcomplex I},(7) of the Aomoto complex A% (G), with quotient A% (7). In order to
prove that the endomorphisms &(7’,7) on A%(G) induce endomorphisms w(7’,7)
on A%(7), we must show that they preserve this subcomplex, @(7’,7T)(I5(7)) C
I3,(T). This fact is established in the next two sections.

Definition 5.1. Given S C [n + 1], let Ng(7) = Ng(b) denote the submatrix of
Bl) with rows specified by S. Let rank Ng(7) be the size of the largest minor
with nonzero determinant. Define the multiplicity of S in 7 by

mg(T) = |S| —rank Ng (7).

This definition agrees with an interpretation of multiplicity given above for §
with |S| =4+ 1. For 1 <g<n+1, let

Dep(7T)q = {{j1.---,Jq} | codim(H;, N...NHj, ) < q}.
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The set dep(7') defined above is Dep(7 )¢41. Let Dep(T) = U, Dep(7T),. If T > T7,
we define Dep(7’,7) = Dep(7”) \ Dep(7). Let

S(T)= > ms(T) as and T, T)= Y  ms(T) @s.
SeDep(T) SeDep(T,T)

For the remainder of the paper, we fix 7 and assume that 7" is a codimension one
degeneration of 7. Since the Aomoto complex has dimension ¢, only |S| < £+ 1
can contribute to the maps ©(7’,7). A circuit is a minimally dependent set of
hyperplanes. A generating set for I(7") is obtained from the collection of circuits
of A.

Fix a circuit T' € Dep(7) with |T| = g+1. If T = {U,n+1}, then the hyperplanes
of T' meet at infinity in Ao, so the hyperplanes of U have empty intersection in A
and ay is a generator of I(T). If n+ 1 € T, then dar is a generator of I(7). Let

R if T ={U,n+1},
"7 Noar ifn+1¢T.

Note that rp € A%L(G). We refer to S € Dep(7’,7T) as T-relevant if Og(rr) # 0.
For such S, we have |S| = q or |S| = ¢+ 1. The next observation follows from the
definition.

Lemma 5.2. Let T be a g-tuple and let S be any set. If [T NS| < g —1, then
cz)s(aT) =0.

Terao [22] classified the three codimension one degeneration types in the moduli
space of an arrangement whose only dependent set is the circuit 7. In Type I,
|ISNT| < q—1forall Se€Dep(7’,7). By Lemma 5.2 in the case |[SNT| < ¢g—1
and a calculation in the case |SNT| = ¢— 1, these degenerations are not T-relevant.
In the description of the remaining two types we use the symbol 7" = T}, U {m}
for1<p<|T|and m¢T.

I: {T;" | m ¢ T} for each fixed p, 1 <p < [T,

OL: {T" [1 < p <|T|} for each fixed m ¢ T

If ¢ = 1, then Type II does not appear.

Lemma 5.3. Let T be a set of cardinality g+ 1. If T;,T; € Dep(T) for i # j, then
T, € Dep(T) for alli, 1 <i<q+1.

Proof. Without loss, assume that Ty, Ty € Dep(7 ). Then there are nonzero vectors
a=(0,as,as,...,aq+1) and B8 = (61,0, 33, ..., Bg+1) which are annihilated by the
rows of the matrix (3] indexed by T; and T% respectively. If a; = 0 for some
1 # 1,2, then « is annihilated by the rows corresponding to T;; hence T; € Dep(7).
If a; # 0, then ;8 — f; is a nonzero vector annihilated by the rows corresponding
to Tj; hence T; € Dep(T). O

Proposition 5.4. Let T € Dep(7 )4+1 be a circuit. Then there is at most one
j €T sothat T; € Dep(T',T).

Proof. We may assume that T = {1,...,¢+ 1}. Then T; = T\ {i}. Since T is
a circuit, T; is independent in type 7 for each i € T. Since 7 is the type of an
arrangement which contains ¢ linearly independent hyperplanes, there exists a set
J C [n] of cardinality ¢ — ¢ so that T3 UJ U {n+ 1} is independent in 7. We assert
that T; U JU{n + 1} is independent in 7 for all i € T
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Suppose otherwise. If, for instance, Ty+1 UJ U{n+1} € Dep(T), then there are
constants oy, 35, &, not all zero, so that

q
(5.1) Zaibri-z:ﬁjbj + &by =0,

i=1 jed
where by, denotes the k-th row of the matrix (B.1]). Since T is a circuit, there are
constants (x # 0 so that by = EZi; (rby. Substituting this expression in (B.1])
yields a dependence on the set T3 U J U {n + 1}, which is a contradiction.

Let S = TUJU{n+1}. Then S, is independent in type 7 for each i, 1 < i < g+1.
Since 77 is a codimension one degeneration of 7, if T; € Dep(7”), then B(7”) is
locally defined by the vanishing of Ag, in B(7). If T; € Dep(7”) for j # i, then by
Lemma B3] T}, € Dep(7”) for every k. So, as above, B(7”) is locally defined by the
vanishing of Ag, in B(7) for every k, 1 < k < ¢+ 1. We will show that this is a
contradiction by exhibiting a point in B(7) for which Ag, vanishes but Ag, does
not vanish for k # 1.

Assume that J = {¢g+2,...,£+ 1}. Then B(7) contains points of the form

0 1, 0
0 v 0
b(t) = 0 0 Ii—q |,
Bt) G(t) H(t)
1 0 0
where [Ij, is the k x k identity matrix, v = (t 1 .- 1)7 and the submatrix

(F(t) G(t) H(t)) is chosen so that b(t) satisfies the dependence and indepen-
dence conditions of type 7 for each nonzero t. The point b(0) is in B(7), and for
1<k<g+1, Ag,(b(0)) vanishes only for k = 1. Thus, if T;,7; € Dep(7"), there
is a realizable type 7" such that 7 > 7” > 7', and 7" is a degeneration of 7
which is not of codimesion one. ]

This result shows that Dep(7’,7), has no T-relevant element unless 7' has a
codimension one degeneration of Type II. In this case, there is a unique p so that
T, is the only T-relevant element in Dep(7’,T),. It remains to consider T-relevant
S € Dep(T',T)g+1-

Lemma 5.5. Let T € Dep(7T )y+1 be a circuit. If all T-relevant S € Dep(T',T)q+1
belong to a family of a single type, then mg(T') =1 for each such S.

Proof. We may assume that T = {U,n + 1}, where U = {1,...,q}. Suppose
the degeneration is of Type II, so {U,k} € Dep(7’,T )g+1 for some k € [n] — U.
We argue by contradiction. If myy(7') = 2, then in type 7' there are two
linearly independent vectors o = (a1, ..., a4, ) and B8 = (01, ..., By, k) which
are annihilated by the rows of [BI) specified by {U, k}. If @y = 0, then {Uy,k} €
Dep(7’). Since {U,n + 1} is a circuit in 7, and {Us,k} € Dep(7) by Proposition
b4, we have {Uy,k} € Dep(7’,T), and hence {Uy,k,n + 1} € Dep(7’,7). This
contradicts the assumption that all T-relevant sets S belong to a Type II family. If
a1 # 0, then we use it to eliminate $; and find the same contradiction.

If the degeneration is of Type III, we may assume that {Uy,p,n+1} € Dep(7',7)
with p € [n] — U. Assuming that my, ,n413(7") = 2 leads to a similar argument.
We consider the coefficient o, +1 and conclude that {Uy, p} € Dep(7”,7), and hence
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{U,p} € Dep(7’,7). This contradicts the assumption that all T-relevant sets S
belong to a Type III family. O

Lemma 5.6. Let T € Dep(7 )q+1 be a circuit. Suppose T' gives rise to codimension
one degenerations of both Type II and Type III. Then the Type II family is unique.
For each Type III family there is a unique p € [n+ 1] =T so that {T;,p} is in both
families. We call {T;, p} the intersection of these families. Moreover, myp, 3 (7") =
2 for each intersection and mg(T') =1 for all other T-relevant S in these families.

Proof. We may assume that T'= {U,n + 1}, where U = {1,...,q}. If T gives rise
to a Type II family, then it is of the form {{U,k} | k¥ € [n] — U}. By Proposition
B4, there is a unique j for which T; € Dep(7’),. We may assume that j = g + 1,
so that Tyq41 = U € Dep(7’). If T gives rise to two different families of Type II,
then also some {U;,n + 1} € Dep(7’), contradicting Proposition B4l

Suppose there is also a Type III family involving T'. (There may be several Type
IIT families involving T, but it will be clear from the proof that we may consider one
Type III family at a time.) Let {U, p} be the intersection of the given Type II family
and this Type III family. We show first that my,1(7') = 2. Since U € Dep(7”,7),
it suffices to prove that row p is a linear combination of the rows specified by U in
B1). Since {U,n+1} € Dep(T), there is a vector & = (a1, . . ., &g, 11, 0) which is
annihilated by the rows {U,n+1,p} of (8)). Since {U,n+1} is a circuit, all a;; # 0.
This dependency holds also in type 7’. Since {Uy,p,n + 1} € Dep(7’), we also
have a vector 8 = (0, B2, ..., By, Bn+1, Bp) annihilated by the rows {U,n + 1,p} of
BI) in type T7'. We claim that 3, # 0, for otherwise we would have {Uy,n + 1} €
Dep(7',T), contradicting Proposition (.4, The vector 11 — apt1/3 provides
the required dependence. Hence, my,,1(7') > 2. Assuming that my ,(7') > 2
contradicts Proposition E.4.

The fact that the other multiplicities in these families are 1 is established as in
the proof of Lemma B35l O

Theorem 5.7. The endomorphism w(T',T) satisfies (T, T)(In(T)) C In(T) if
and only if for each K C [n] and each circuit T € Dep(T ), we have > os(axrr) €
I3(7T), where the sum is over T-relevant S in a single type of codimension one
degeneration involving T .

Proof. This is clear if T is involved in a single type. If more types appear, then
Lemma[5.6 shows that each S is the intersection of at most two types. Furthermore,
all such intersections have multiplicity 2, so the corresponding S may be considered
individually in their respective types, each time with multiplicity 1. ([

6. IDEAL INVARIANCE
Theorem 6.1. If T covers T, then &(T',T)(I3(T)) C In(T).

Proof. 1t follows from Theorem .7 that we may argue on the different types inde-
pendently. It suffices to show that for every circuit T € Dep(7), every k-tuple K,
and every degeneration 7' of 7, we have &(7")(axrr) € In(7T). There are several
cases to consider because the generators of the ideal are defined in terms of affine
coordinates, while the natural action of the symmetric group on the hyperplanes is
in projective space. Note that n+ 1 ¢ K, and we agree to use the same symbol for
the underlying set. Similarly, if L is a set which does not contain n + 1, then we
write L for the corresponding tuple in the natural order.
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The following identity will be useful in several places. If J C [n], then

(Z ymam)an = (Z ym)aJ-

meJ meJ

Case 1. In this case, T' € Dep(7T) is a circuit withn +1€ T.

In this instance, T'= {U,n+ 1}, and we may assume that U = {n—q+1,...,n}.
First assume T' C S € Dep(7”). Clearly, {K,T} € Dep(7’). Let L = [n]\ (K UU).
We get

ot
WK, Un+1} (akav) E :?JJ aKay-
jEL

For every j € K, {K;,T} € Dep(7’). Here
Ay o) = (Vv
Similarly, for every j € K and every m € L, { K", T} € Dep(7"). Here

~k+q
©ikm, Unt1}(0KAU) = amak;ay.

In the remaining parts of this case, we may assume that 7' ¢ S for S € Dep(7”).

Case 1.1. If |[SN{K,U}| < k+q—1 for all other S € Dep(7"), then we are done by
Lemma[B2l If there exists S € Dep(7’) with [SN{K, U} >k+q¢—1and T ¢ S,
then S = {K,T,"} with m € [n+ 1]\ T The classification implies that 7" is in
one of the remaining two types, and all the other members of that type must also
be in Dep(7”).

Case 1.2. Suppose T} belongs to Type II. Then p is fixed. If p # ¢ + 1, then we
may assume that p = 1. Thus Dep(7”’) contains S,, = {m, K,T1} for all m € L.
Since every Sy, contains F' = {K,T1}, we conclude that F' € Dep(7’). Here
d)ffq(aKaU) = (—1)’“"’1ayaKaU1 and @ngq(aKaU) = (=1D)*ymamaxay,. Thus

+q + Z Ws Yagay) = —Yn—q+1AK Ay -
meL
If p = ¢+ 1, then Dep(7’) contains S,,, = {m, K,U} for all m € L. Since every
Sy, contains F' = {K,U}, we conclude that F € Dep(7’). Here @ +q(aKaU) =
ayO(akay) and &§+q(aKaU) = Ym0 (m, K,U) = YmOK AU — YmamO(arxay). Thus

k+q + Z wk+q Yaxay) (Z Yj)aKay.
meL JE€[n]

Case 1.3. Suppose T} belongs to Type III. Then Dep(7”) contains, for some fixed
m € L, the sets S, = {m,K,T,} for all p with 1 < p < ¢+ 1. If p # ¢+ 1,
then Werq(aKaU) = (_1)k+p+1yma’(m,K,U)k+p+1 = (_1)k+p+1ymamaKaUp~ Thus
e lw?—q(afga(]) = (-D*ymamaxday. If p = q + 1, then @f;?K’U}(aKaU) =
Ym0 (m, K, U) = YmAK AU — YmOm(Oak )ay + (=) yamaxday. Thus
q+1
Zws (akay) = ym(ax — amdak)ay.

This completes the argument in Case 1.
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Case 2. In this case, T' € Dep(7) is a circuit withn +1 ¢ T.

In this instance, we may assume that 7' = {1,...,¢ + 1}. We note that ar =
a1(Oar) € I(T), and hence d(axar) € I(T). First assume T' C S € Dep(7”).
Clearly, {K,T} € Dep(7”), and we have

”EFT}(aKaaT):Z( 1718 ]E;JQT}(GKGT) Z(_l)j_lyjaa(j,K,Tj)

JET JET
Zyj (axar).
JeT
For j € K, {K;,T} € Dep(T’), but &x? 1 (axdar) = 0. Let L = [n] \ (K UT).

For every j € K and every m € L we have { K", T} € Dep(7"), but only m = n+1
gives a nonzero term:

okta
Wik, sy (@xdar) = Zys Jax;ar-
seT

In the remaining parts of this case, we may assume that 7' ¢ S for S € Dep(7”).

Case 2.1. If |SN{K,T;}| < k+¢—1 for all other S € Dep(7”) and all j, then we are
done by Lemmal[5.2] If there is a Type I degeneration S with |SN{ K, T;}| = k+¢—1,
one can check that n 4+ 1 € S, and that wg(axdar) = 0.

Case 2.2. Suppose T, € Dep(7") belongs to Type II, where m € [n+1]\T. Then p
is fixed, and we may assume that p = ¢+1. Thus S,, = {m, K, T,1+1} € Dep(7’) for
all m ¢ T. Since every S, contains F' = {K, T,41}, we conclude that F' € Dep(7”).
We have

gt (axdar) = (—1)%ayd(axar,,,)-
Since Tgy1 € Dep(7’), we also have {K;,Ty41,n + 1} € Dep(7”) for all j € K.
Here @IEIJQZ’TQH’HH}(aKE)aT) = (-1)"Yayag,ar,,,. Thus

~k+
{K;Z’Tq+1’n+1}(aKaaT) = (_1)q+1ay(aaK)aTq+1.
JjEK

If m # n+ 1, then wf;;qF}(aKﬁaT) = (-1)%Ym0(am k. 1,.,)- Note that m ¢ T by
the classification, and m ¢ K follows from the expression. Thus m € L, and we get

Z ~7{€qu} aKaaT Z Ym0 am,K,Tq+1)~
melL meL
Consider m =n + 1. We have (DI{“;ZLH}(@K@aT) Zq+1( L ]{C;,FZL+1}(GKaT ).

~k
For p # q +1, W{IJ*:,"]nJrl}(aKan) = (-1)""y,akar,,, and w{F’nH}(QKGTHI) _
_(E;D€KUTQ+1 yp)aKaTq+1. Thus

~k

O oy laxdar) = (=D Y yyakar,,,.
JEMNK

Similarly, for every j € K and s € L we have {K3,Tyi1,n + 1} € Dep(7”). Here

okta q+i+l
s Tq+1,n+1}(aKaT) (-1) Ysasar,ar, . Thus

Z Z w’“‘q +1,n+1}(aKan) = (_1)(1(2 ysas)(aaK)aTa+1'

seL jeK seL
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Summing over all dependent sets in Type II, we must compute &(axdar), where
k+q ~k+q k+q
=05+ Y O gy T 20 Ptey TRy T 20 D I m iy
jeEK meL seL jeK
We get

&(axdar) = (—1)ayd(axar,,,) + (=1)"  ay (dax ar, .,

N YO am ) + (DTN yy)axar,,,

meL JEN\K

)7 (Y ysas) (9ax)ar,,

seL

=D D i+ D> ym— Y, yj)axar,.,

JEKUT 41 meL JEMI\K

+ (=) (Ygs10g41 + D Ymm — > Ymam)O(axar,,,)
meL melL

+ (-1)7(— Z yja; + Z Ymam) (Oax )ar,,
JEMN\Tq+1 meL
= (=)™ ygnlaxar, ., — agr1d(axar,,,) + agp1(dak)ar,,,]
= —yq+1aK8aT.

Case 2.3. Suppose T, belongs to Type III. Then Dep(7”) contains, for some fixed
m & T, the sets Sy = {m, K,Tp} for all p € T. If m # n + 1, then

Z @gjq(aKﬁaT) = Z(—l)p_lymﬁ(amaKan) = ym(ax — amOark)dar.
peT peT

For m = n + 1, we need the formulas

ot ( ) (=1 ~ly.akar, if s # p,
akar,) = .
STt ~(Eiemn e,y v)aar, ifs=p.

We get JJ?}?TP!”H}((LK(‘MT) = (=1P(X e\ i ¥i)axar,. Thus

Zwk-‘rq 1) ClK@aT) = —( Z yj)aK8aT.
peT JEMI\K

This completes the argument in Case 2, and hence the proof of Theorem 6.1 [

7. GAUSS-MANIN CONNECTIONS

Recall the vector bundle 79 : H? — B(7), with fiber (77)~!(b) = HY(My; Lp) at
b € B(7) for each ¢, 0 < ¢ < ¢, and its Gauss-Manin connection defined in Section
Bl In this section we investigate this connection and a combinatorial analog.

Let A? — B(7T) be the vector bundle over the moduli space whose fiber at b is
A%(Ap), the g-th graded component of the Orlik-Solomon algebra of the arrange-
ment Ap,. The nbc basis provides a global trivialization of this bundle. Given
weights A, the cohomology of the complex (A°®(Ap),ax) gives rise to an additional
vector bundle H?(A) — B whose fiber at b is the ¢g-th cohomology group of the
Orlik-Solomon algebra, HZ(A®*(Ap), ax). Like their topological counterparts, these
combinatorial vector bundles admit flat connections, which we call combinatorial
Gauss-Manin connections; see [6, §5].
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Theorem [6.1] implies that we have a commutative diagram of cochain complexes
(I(T),ay) —— (A%(9),ay) —— (AR(T),ay)
lQ(T/’T)LR(T) l@(T/,T) lw(T/,T)
(I(T),ay) —— (A%(9),ay) —— (AR(T),ay)
where ¢ : I}(T) — A%(G) is the inclusion, p : A%{(G) — A%(7T) is the projection
provided by the respective nbc bases, and w(7”’,7) is the induced map. Given

weights A, the specialization y +— X in the chain endomorphism w(7’,7) defines
endomorphisms wi (7', 7) : AYT) — AYT) for 0 < g < /.

Theorem 7.1. Let M be the complement of an arrangement of type T and let L
be the local system on M defined by weights X. Suppose T covers T'.
1. Let p? : A — HYI(A*(T),ax) be the natural projection. Then a combina-
torial Gauss-Manin connection endomorphism QE(T',T) in Orlik-Solomon
algebra cohomology is determined by the equation

plowi (T, T)=QLT',T)opt
2. Let ¢7 : K7 — H(M, L) be the natural projection. Then there is an iso-

morphism 71 1 A1 — K9 so that a Gauss-Manin connection endomorphism
QL(T',T) in local system cohomology is determined by the equation

¢lotlowi (T, T)=QL(T",T)o ¢l o1

Proof. For T-nonresonant weights, it is known that H?(My; L) ~ HI(A®*(Ap), ax)
for all ¢ [20]. Moreover, a Gauss-Manin connection matrix Q%(77,7) = Q4(7",7T)
in the fnbc basis for the unique nonvanishing local system cohomology group is
induced by the endomorphism Q (7", 7) of the top cohomology of the complement
of a general position arrangement by [7, Thm. 7.3], see also (T2). In turn, Q. (77, T)
is induced by the specialization @x(7”’,7) of the endomorphism @(7’,7T) of the
Aomoto complex of a general position arrangement, see Proposition 4l Hence, it
follows from Theorem B Ilthat Q% (77, T) is induced by the specialization w (7", 7)
of the endomorphism w(7”,7) of the Aomoto complex of type 7.

Thus for 7-nonresonant weights, the endomorphism w(7”,7) induces both the
Gauss-Manin connection matrix and its combinatorial analog in the Snbc basis.
Since w(7"’,T) is a holomorphic map in the variables y and the set of 7-nonresonant
weights is open and dense, w(7’,7) induces a Gauss-Manin connection endomor-
phism for all weights in either cohomology theory. O

8. AN EXAMPLE

Let 7 be the combinatorial type of the arrangement A of 4 lines in C? depicted
in Figure [l Here B(7) is codimension one in (CP?)* = B(G).

1 2 3 1 2 3 4 12 3 1 2 3
4
4 4
A Ay As As

FIGURE 1. A codimension one arrangement and three degenerations
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For T-nonresonant weights A, Gauss-Manin connection matrices Q%(7”,7 ) were
determined by Terao [22, [I8]. These calculations were recovered in [7], and may
also be obtained using the methods of this paper.

For a nontrivial resonant local system £ on the complement M of A, we used ad
hoc methods in [6 §6] to determine a Gauss-Manin connection matrix Q%(73,7),
where 75 is the combinatorial type of the codimension one degeneration Ay of A
shown in Figure[dl The results of the previous sections may be used to obtain these
connection matrices for all codimension one degenerations. We illustrate this by
means of representative examples.

The universal complex (Kj'\, A’(x)) and Aomoto complex (A;%,ay) of A are
recorded in [6, §6.1]. In particular, the coboundary maps A'(x) : Ky — K3 and
ay : Ak, — A% have matrices

T3 — T2T3 1—2x3 1—2x4 0 0
1 _ Al _ | x1iz3—1 21 —2x123 0 1—x4 0
A=A (x) = 1—x2 z122 — 1 0 0 1—z4
0 0 z1—1 z2—-1 z3-—-1
and
—Y2 —Ys3 —Y4 0 0
1_ 1 _ |nntys -y 0 —-y+ O
we=m ) -y2  y1+yz2 O 0  —wva|’
0 0 Y1 Y2 Y3

The combinatorial types 7; of the (multi)-arrangements .4; shown in Figure [l
are codimension one degenerations of 7, corresponding to irreducible components

of the divisor D(7) = B(7) \ B(7T). For these degenerations, we have
Dep(7i,T) = {345}, Dep(Ta, T) = {12, 124, 125}, Dep(Ts,T) = {124, 134, 234}.

The corresponding endomorphisms &(7;,7) of the Aomoto complex Ag(G) of a
general position arrangement of four lines are given by

W(T,T) =345, (T2, T) =012 + D124 + @125, @0(7T3,7T) = @124 + D134 + W234.
Let p : A*(G) — A*(T) be the natural projection, given in the nbc bases by
- if J=1{2,3

ay otherwise.

By Theorem [6.] the chain endomorphisms @(7;,7) of A*(G) induce chain endo-
morphisms w(7;,7) of A*(7). A calculation with the projection p reveals that
these are given by w!(7;,7) = @'(7;,T) for each j, and

00 0 O 0 yi+y2 0 0 0 0
0 0 0 O —y4 Y2 0 0 0 0
VT, T)=10 0 0 0 v |, WA, T)=1] o 0 y2 —y2 O,
0 0 0 O Y3 0 0 -y Y1 0
0 0 0 0 —y1—y2 0 0 0 0 0
Ya 0 —Y4 Ya 0
) 0 ya —Ya 0 Y4
w (T‘% T) = —Y2 —Y3 Y2 + y3 —Y2 —Y3
Y1 +y3 —Y3 —Y1 Y1 +y3 —Y3

—Yy2 Y1 +y2 -y —y2 Y1 + Y2
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8.1. Nonresonant weights. For 7-nonresonant weights, local system cohomology
is isomorphic to the cohomology of the Orlik-Solomon complex. So it suffices to
find combinatorial Gauss-Manin connection matrices in this instance.

Weights A are 7-nonresonant if A1, A2, A3, Ag, A\{1,2,3), = Al ¢ Z>0, where \; =
> jesAj for a set J. The Snbc basis for H2(A*(T),ax) is {n2.4,7m3,4}, where
ni.; = Ni\ja; j, and the projection p? : A%(7) — H?(A*(T),ay) is given by

(A1,23m2.4 + Aamsza)/(MAeApr28y)  if {45} = {1,2},
(A3m2,a + Ap1,33m3,4) /(M AsA [ 2,3y)  if {4, 5} = {1,3},
— (2,4 +m3,4)/ (A1 Aa) if {4,7} = {1,4},
i3/ (Aidj) if {i,5} = {2,4} or {3,4}.

By Theorem [Tl connection matrices corresponding to the codimension one
degenerations 7; of 7 satisfy p?ow3(7;,7) = Q2(7;, 7)o p?. Calculations with the
endomorphisms w3 (7;,7) = w?(7;, T)‘yHA and the projection p? yield

p*(ai;) =

9 o A 2 _ [y A2l o2 — |[Am 0
WT.T)=[p 2 | REmD = B R@n=[ )
compare 18] Ex. 10.4.2] and [7, Ex. 8.2]. Similar calculations recover the remaining

connection matrices recorded in [I8, Ex. 10.4.2].

8.2. Resonant weights. A nontrivial resonant local system £ on M corresponds
to a point 1 # t € (C*)* satisfying t1tot3 = 1 and t4 = 1. For each such t, we have
H?(M; L) ~ C3. Define =: A> — A% and Y : R — R3 by

r1x2 — 1 0 12 + T4 — 2
xro — 1 0 o — 1
== 0 xo —1 0
0 1—x xr3 — 1
0 0 1— a2
and
Y1 + Y2 0 Y1 +y2 +ya
Y2 0 Y2
T = 0 Y2 0
0 —Yy1 Y3
0 0 —Y2

Note that Y is the linearization of =. Since £ is nontrivial, t; # 1 for some i.
Assume, without loss, that t5 # 1. For each t satisfying t1f2t5 = 1, t4 = 1, and
this condition, check that rankZ(t) = 3 and Z(t) o Al(t) = 0. So the projection
C® ~ K? - H?(M; £) ~ C? may be realized as the evaluation ¢? = Z(t).

Via the map T, the endomorphisms w(7;,7) induce maps Q; : R*> — R3, which
satisfy T o w?(7;,T) = 2 o Y. Writing y; = ZjeJ Y4, these maps have matrices

0 0 Y{1,2,4} Y{1,2} 0 Y{1,2,4} Ya —Y4  TYl4)
00 -y |, L= 0 Y{1,2} —yz |, Q3= |-ys Yz —yu|-
0 0 0

0 0 -y 0 0 Yla)

Q=

Let A be a collection of weights corresponding to t. Note that Ay ¢ Z since to # 1.
Hence, T(X) : C* — C? is surjective for all such A. Identify H?(M; L) = C? and let
72 : A2 — K? be an isomorphism for which ¢? o 72 = T(A). Theorem [T1l implies
that a Gauss-Manin connection matrix Q%(7;,7) in H?(M;L) corresponding to
the degeneration 7; of 7 satisfies T(X) - wi(7',7) = Q%4(7;,T) - Y(A). Since the
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equality Y o w?(7;,7) = €, o Y holds in the Aomoto complex, the specialization
y — A yields connection matrices Q%(7;,7) = Q;(X).

The endomorphisms Q%(7;,7) may be determined by similar methods. As
noted in [6], the endomorphism Q}(72,7) corresponds to the automorphism of
HY(M; L) ~ C given by multiplication by ¢;ta, so has matrix [A{1,23]- (Note that
Af1,2y € Z if t1to = 1.) The endomorphisms QL(71,7) and QL(7;,7) are trivial.

Connection matrices Q% (77, 7T) corresponding to other codimension one degen-
erations of 7 may be obtained by analogous calculations. Note however that the
projection Y(A) : A2 — H?(M; L) need not be relevant for all degenerations.
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