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SUSPENSIONS OF CROSSED AND QUADRATIC COMPLEXES,
CO-H-STRUCTURES AND APPLICATIONS

FERNANDO MURO

Abstract. Crossed and quadratic modules are algebraic models of the 2-type
and the 3-type of a space, respectively. In this paper we compute a purely
algebraic suspension functor from crossed to quadratic modules which sends
a 2-type to the 3-type of its suspension. We also give some applications in
homotopy theory and group theory.

1. Introduction

Crossed modules were introduced by J. H. C. Whitehead ([23]) in order to give
an algebraic invariant of a CW -complex stronger than the cellular chain complex
with local coefficients. Almost at the same time MacLane ([18]) used them to de-
scribe the third cohomology of a group; moreover, in [19] Whitehead and Mac Lane
proved that crossed modules are algebraic models of the 2-type of a CW -complex.
Although they are defined by non-abelian groups, crossed modules have Peiffer
nilpotency degree 1 (see [22] and [9]), hence they are in some sense abelian-like
objects. Their non-abelian analogues in the sense of Peiffer are termed precrossed
modules.

In [7] Baues introduced quadratic modules to describe the 3-type of a CW -
complex. They are defined by means of non-abelian groups as well, but have Peiffer
nilpotency degree 2. Previously Conduché had defined similar objects called 2-
crossed modules and showed their relation with the fourth cohomology of a group
([16]). 2-crossed modules have been extensively studied and generalized to other
contexts; see for example [21] and [3]. However, despite their name, they are
generalizations of precrossed modules rather than crossed modules, because they
do not satisfy any Peiffer nilpotency condition.

Whitehead’s homotopy systems [23], now usually called crossed complexes, are
chain complexes of groups which in low dimensions have a crossed module and in
higher dimensions consist of modules over a group. Baues constructs quadratic
complexes in a similar way by using quadratic modules, and proves that the cate-
gories of crossed and quadratic complexes are homotopy categories ([7]). In fact,
they are I-categories in the sense of [6] when we restrict to totally free objects,
which are the cofibrant models. A Quillen model category structure was already
known for crossed complexes ([14]).
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When we work with simply connected CW -complexes the notion of Peiffer nilpo-
tency corresponds to the usual notion of nilpotency of a group. For example, the
2-type of such a space is described by an abelian group, namely the second homol-
ogy group. Reduced quadratic modules are a special kind of quadratic modules,
describing the 3-types of simply connected CW -complexes (see [7]), which are con-
structed with groups of nilpotency degree 2.

In this paper we define a suspension functor from crossed modules to reduced
quadratic modules (Proposition 3.3) that, topologically speaking, sends a 2-type to
the 3-type of its suspension (Corollary 4.8). This functor is extended to crossed
and quadratic complexes (Proposition 4.1). A notion of suspension exists in the
categories of totally free crossed and quadratic complexes, because they are I-
categories. However this categorical suspension applied to a crossed complex gives
simply a chain complex of abelian groups. It does not encode the 3-type of the
suspension, but only the 2-type. The functor constructed here avoids this problem.
Furthermore, we prove that the suspension functor in the category of quadratic
complexes is, up to isomorphism, the composition of the canonical functor from
quadratic to crossed complexes, which sends a 3-type to its 2-type ([7]), and our
suspension functor (Theorem 4.3).

Suspensions in the category of totally free quadratic complexes have a canon-
ical co-H-structure that we study in Section 5. We observe that it is not only a
co-H-structure, but a strict cogroup structure, and compute explicitly their struc-
tural morphisms in terms of the basis (Theorem 5.6 and Corollary 5.8). These
computations are applied in Section 6 to calculate for any CW -complex X the nat-
ural homomorphism H2X → ∧2H1X induced in the second homology by the map
h : X → K(H1X, 1) such that π1h : π1X � H1X is the Hurewicz homomorphism
(Theorem 6.1). As a consequence we give abelian presentations for the second quo-
tient Γ2G/Γ3G of the lower central series of a group G with a given presentation
(Proposition 6.4), as well as for the second homology of Leedham-Green ([17]) of
G/Γ3G in the variety of groups of nilpotency degree 2 (Corollary 6.5).

In the last section we define for any abelian group A a natural element cA ∈
Ext(A, S2A) which vanishes if and only if the Moore space of type (A, 2) has a
commutative co-H-structure (Proposition 7.2). The results of Section 5 are applied
here to compute an explicit formula of the element cA from a free resolution of A
(Theorem 7.5). In this way we show that if A is finitely generated, then cA is trivial
if and only if A has an element of order 2 (Corollary 7.6), generalizing a result of
Arkowitz and Golasiński ([2]) for cyclic groups.

Further applications of these results to proper homotopy theory will be given in
a future paper ([20]). More precisely, the results of Section 6 will be used to show
a proper Moore space of degree 2 which does not admit any co-H-structure at all.
See [5] and [4] for the construction and basic properties of proper Moore spaces.

2. Preliminaries

2.1. Categorical notations. We use the multiplicative notation for the compo-
sition of two morphisms ϕ : X → Y , ψ : Y → Z in a category C, ψϕ : X → Z.
The coproduct of two objects X, Y in C is denoted by X ∨ Y , the corresponding

inclusions are X
i1
↪→ X ∨ Y

i2←↩ Y . Given two morphisms X
f→ Z

g← Y in C,
(f, g) : X ∨ Y → Z is the unique morphism with (f, g)i1 = f and (f, g)i2 = g.
Moreover, 1X is the identity morphism in X (we shall omit the subindex if it is
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not relevant), and the arrows “�”, “↪→” and “�” mean epimorphism, monomor-
phism and cofibration, respectively. The symbol � will stand for isomorphisms in
any category as well as for the homotopy relation between morphisms in homotopy
categories, the meaning of this symbol in each case will be clear from the context.

2.2. Quadratic functors. Recall the definition of the following functors in the
category Ab of abelian groups

Γ,∧2, S2 : Ab −→ Ab.

The first one is Whitehead’s Γ functor ([24]), which carries an abelian group A to
the abelian group ΓA generated by {γ(a); a ∈ A} with the relations

γ(a) = γ(−a),

γ(a + b + c) − γ(b + c) − γ(a + c) − γ(a + b) + γ(a) + γ(b) + γ(c) = 0,

for any a, b, c ∈ A. Let T : A⊗2 � A⊗2
be the involution T (a⊗b) = b⊗a, the exterior

square ∧2A and symmetric square S2A are defined by the following natural exact
sequences

ΓA
τ−→ A⊗2 q

� ∧2A,(2.A)

A⊗2 1−T−→ A⊗2 q′

� S2A,(2.B)

where τγ(a) = a ⊗ a, q(a ⊗ b) = a ∧ b and q′(a⊗ b) = ab. There are short splitting
exact sequences

A ⊗ B
l

↪→ Γ(A ⊕ B) � ΓA ⊕ ΓB,(2.C)

A ⊗ B
ı

↪→ ∧2(A ⊕ B) � ∧2A ⊕ ∧2B,(2.D)

with l(a ⊗ b) = γ(i1a + i2b) − γ(i1a) − γ(i2b) and ı(a ⊗ b) = i1a ∧ i2b, that is,
ı = q(i1⊗ i2). The arrows on the right are induced by the projections of the factors
of the direct sum; moreover,

(2.E) lT = Γ(i2, i1)l.

The sequences (2.C) and (2.D) are natural in A and B. There is an analogous
exact sequence for S2 as well, but we shall not use it. Notice that the failure in
the additivity of these functors is measured by a biadditive functor, for this reason
they are said to be quadratic.

The three functors above are right-exact in the quadratic sense, for ∧2 this
property means that given an exact sequence C

f→ B
g
� A, then

(2.F) (C ⊗ B) ⊕ ∧2C
(q(f⊗1),∧2f)

�� ∧2B
∧2g

�� �� ∧2A

is also exact. Furthermore, if B is free abelian with basis E and we choose a total
ordering 	 in E, then {e1 ∧ e2 ; e1 ≺ e2 ∈ E} is a basis of ∧2B, hence an abelian
presentation of A and (2.F) yield an abelian presentation of ∧2A.
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2.3. A review of some group theory. The composition operation in a group G
will always be written additively a + b (a, b ∈ G), even when the group G is not
commutative, because we shall use the multiplicative notation for the composition
of morphisms in a category and for the generators of the symmetric square; see
(2.1) and (2.B). The commutator of two elements in a group a, b ∈ G is [a, b] =
−a − b + a + b, ΓnG is the normal subgroup of G generated by commutators of
weight n. We say that G is of nilpotency degree ≤ n, or simply a nil(n)-group,
if Γn+1G = 0. The abelianization of G is the quotient Gab = G/Γ2G, and the
nilization is Gnil = G/Γ3G; moreover, we shall denote the natural projections by
p : G � Gab and p̄ : G � Gnil. These constructions are functorial in the category
of groups.

Let gr, nil, ab be the categories of free objects in the varieties of all groups,
nil(2)-groups and abelian groups respectively. The object with basis E is denoted
in each case 〈E〉, 〈E〉nil and Z〈E〉. The “nilization” and “abelianization” defined
above restrict to functors

gr nil−→ nil ab−→ ab.

There is a natural central extension

(2.G) ∧2Z〈E〉 s
↪→ 〈E〉nil

p
� Z〈E〉

where s(e1 ∧ e2) = [e1, e2] (e1, e2 ∈ E).
More generally, in any nil(2)-group G commutators are central, and the commu-

tator bracket is bilinear, hence there is a natural central homomorphism

(2.H) w : Gab ⊗ Gab −→ G

defined by w(p(g) ⊗ p(g′)) = [g, g′].
Furthermore, the homomorphism set Hom(〈E〉nil, G) is also a nil(2)-group. The

sum of two homomorphisms ϕ + ψ is the unique one such that (ϕ+ ψ)(e) = ϕ(e) +
ψ(e) for any e ∈ E. In this way morphism sets in nil are nil(2)-groups. The sum
and the composition of morphisms in nil satisfy the following rules (see [10]):

(i) ψ(ϕ1 + ϕ2) = ψϕ1 + ψϕ2,
(ii) the symbol (ψ1|ψ2)ϕ = (ψ1 + ψ2)ϕ − ψ2ϕ − ψ1ϕ is linear in ψ1 and ψ2;

moreover, it only depends on ψab
1 and ψab

2 and lies in the commutator
subgroup of the corresponding homomorphism group,

(iii) (−ψ)ϕ = −ψϕ + (ψ|ψ)ϕ.

By using (ii) and (iii) one can check that
(iv) if ψab

1 = ψab
2 , then (ψ1 − ψ2)ϕ = ψ1ϕ − ψ2ϕ.

Given any two groups π, G we say that G is a π-group if π acts (on the right) on
G by automorphisms, the action is written exponentially aα (a ∈ G, α ∈ π). Notice
that G is canonically a G group acting on itself by conjugation ab = −b + a + b
(a, b ∈ G). If H is a π′-group and υ : π → π′, ψ : G → H are homomorphisms, we
say that ψ is υ-equivariant if ψ(aα) = ψ(a)υ(α) for any a ∈ G, α ∈ π. When π = π′

and υ = 1 we simply say that ψ is π-equivariant.
If we have two groups G, H acting one on each other, their non-abelian tensor

product G ⊗ H is the group generated by the symbols g ⊗ h with relations

(g + g′) ⊗ h = gg′
⊗ hg′

+ g′ ⊗ h , g ⊗ (h + h′) = g ⊗ h′ + gh′
⊗ hh′

for any g, g′ ∈ G and h, h′ ∈ H. Here the relations are slightly different from those
in [15] since we consider right-actions. This translation will be needed whenever
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we use this construction and related results in [15]. If the actions are both trivial,
then G ⊗ H = Gab ⊗ Hab is the usual tensor product of the abelianized groups.
Moreover, one can easily check that this tensor product is functorial with respect
to homomorphisms ϕ : G → G′, ψ : H → H ′ such that ϕ is ψ-equivariant and ψ is
ϕ-equivariant, ϕ⊗ψ : G⊗H → G′ ⊗H ′ : g ⊗ h �→ ϕ(g)⊗ψ(h). Furthermore, there
is a canonical homomorphism induced by the commutator bracket

w′ : G ⊗ G −→ G : g ⊗ g′ �→ [g, g′].

3. A suspension functor from crossed modules

to reduced quadratic modules

In this section we are going to construct a functor from the category of crossed
modules to the category of reduced quadratic modules which we shall call suspension
functor. We shall justify the name “suspension” in the next section. We also give
here a brief account of the definitions and basic properties of these algebraic objects;
see [7] for more details.

Recall that a precrossed module ∂ is an N -group M together with an N -equivar-
iant homomorphism ∂ : M → N . A morphism of precrossed modules (ψ, υ) : ∂ → ∂′

is a commutative square of homomorphisms

M

ψ

��

∂ �� N

υ

��

M ′ ∂′
�� N ′

such that ψ is υ-equivariant. The Peiffer commutator of two elements x, y ∈ M
is [[x, y]] = −x − y + x + y∂x, and Pn∂ ⊂ M is the subgroup generated by Peiffer
commutators of weight n. We can define the nilpotency degree of a precrossed
module just as in the case of groups by using here Pn∂ instead of ΓnG; see [9].
We call nil(n)-modules to precrossed modules of nilpotency degree ≤ n, nil(1)-
modules are usually termed crossed modules. The crossed module ∂cr associated to
a precrossed module ∂ is the quotient

∂cr : M cr = M/P2∂ → N,

and the related nil(2)-module is

∂nil : M/P3∂ → N.

Remark 3.1. Notice that a precrossed module ∂ with N = 0 is just a group M , in
this case Pn∂ = ΓnM . In general, ΓnKer ∂ ⊂ Pn∂, hence if ∂ is a nil(n)-module
Ker ∂ is a nil(n)-group.

If ∂ : M → N is a crossed module and we consider M acting on N via ∂ and
conjugation, then one easily checks that the actions are compatible in the sense of
[15], and hence the following homomorphism

(3.A) M ⊗ N
�−→ M : m ⊗ n �→ −m + mn

is well defined and natural, and verifies
• �(1 ⊗ ∂) = w′ : M ⊗ M → M,
• ∂� = w′(∂ ⊗ 1) : M ⊗ N → N.
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In [7] a quadratic module (ω, δ, ∂) is defined as a diagram of N -groups

C ⊗ C
ω→ L

δ→ M
∂→ N

where ∂ is a nil(2)-module, φ : M � (M cr)ab = C is the natural projection (which
induces a unique action of N on C such that φ is N -equivariant), C ⊗ C has the
diagonal action, and the following equalities hold (a, b ∈ L; x, y ∈ M):

(i) ∂δ = 0,
(ii) [[x, y]] = δω(φ(x) ⊗ φ(y)),
(iii) a∂x = a + ω(1 + T )(φδ(a) ⊗ φ(x)),
(iv) [a, b] = ω(φδ(a) ⊗ φδ(b)).

Remark 3.2. Notice that ω is central and L is a nil(2)-group by (iv).

A morphism of quadratic modules (ζ, ψ, υ) : (ω, δ, ∂) → (ω′, δ′, ∂′) is a commu-
tative diagram

C ⊗ C

ψ∗⊗ψ∗

��

ω �� L

ζ

��

δ �� M
∂ ��

ψ

��

N

υ

��

C ′ ⊗ C ′ ω′
�� L′ δ′

�� M ′ ∂′
�� N ′

of υ-equivariant homomorphisms with ψ∗ : C → C ′ induced by ψ.
We are mainly interested in reduced quadratic modules, which are those with

N = 0. In this case M is also a nil(2)-group, C = Mab and conditions above reduce
to the following:

(i) [x, y] = δω(φ(x) ⊗ φ(y)),
(ii) ω(1 + T )(φδ(a) ⊗ φ(x)) = 0,
(iii) [a, b] = ω(φδ(a) ⊗ φδ(b)).

We shall also use the central push-out P of a diagram of groups H
g← G

f→ A
with A abelian. Namely, P is a group which fits into a commutative square

G
f

��

g

��

c−push

A

ḡ

��

H
f̄

�� P

with ḡ central, and satisfies the following universal property: for any pair of ho-
momorphisms ϕ : H → K, ψ : A → K with ψ central and ϕg = ψf there exists a
unique homomorphism φ : P → K with ϕ = φf̄ and ψ = φḡ. The group P can
be constructed as the quotient of H ×A by the normal subgroup generated by the
elements (g(x),−f(x)), x ∈ G.

Proposition 3.3. There exists a suspension functor Σ̃ from crossed to reduced
quadratic modules which sends ∂ : M → N to the reduced quadratic module Σ̃∂ =
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(ω, δ) given by the following commutative diagram:

M ⊗ N

�

��

c−push

(∂abp)⊗p
�� (Nab ⊗ Nab)/R

ω

��
w

��

M
r′

��

∂nilp̄ ��

M Σ̃

δ

�����������������

Nnil

Here R is the image of (1 + T )(∂ab ⊗ 1) : Mab ⊗ Nab → Nab ⊗ Nab.

Proof. The natural homomorphism w defined in (2.H) factors through R, since
commutators are anticommutative. Moreover, δ exists and (ω, δ) is a reduced qua-
dratic module by the properties of � in (3.A) and central push-outs. Furthermore,
the diagram above is clearly natural in the category of crossed modules, hence Σ̃ is
a functor and the proof is finished. �

We say that a precrossed module ∂ : M → N is totally free with basis ϕ : 〈E〉 →
〈F 〉 if N = 〈F 〉 and a homomorphism r : 〈E〉 → M is given such that if ∂′ is another
precrossed module, then any commutative diagram of groups

〈E〉 ϕ
��

ψ′

��

〈F 〉

υ

��

M ′ ∂′
�� N ′

extends to a unique morphism (ψ, υ) : ∂ → ∂′ of precrossed modules with ψr = ψ′.
This object is constructed in the following way: M = Ker [(0, 1) : 〈E〉 ∗ N → N ]
with N acting on M by conjugation in the free product 〈E〉 ∗ N , and

(3.B) ∂ : M ⊂ 〈E〉 ∗ N
(ϕ,1)−→ N.

The totally free crossed module (resp. nil(2)-module) with basis ϕ is ∂cr (resp.
∂nil).

Similarly, a quadratic module (ω, δ, ∂) is totally free with basis 〈D〉 → M if the
nil(2)-module ∂ is totally free and there is a homomorphism r : 〈D〉 → L satisfying
the universal property analogue to the case of precrossed modules.

A reduced quadratic module Mab ⊗ Mab ω→ L
δ→ M is totally free with basis

ϕ : 〈E〉nil → 〈F 〉nil if M = 〈F 〉nil and a homomorphism r : 〈E〉nil → L is given
satisfying the obvious universal property. This object is constructed by the following
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diagram:

(3.C) Z〈E〉⊗2 (ϕab)⊗
2

��

c−pushsq

��

Z〈F 〉⊗2
/R′

ω

��
sq

��

〈E〉nil r ��

ϕ

��

L

δ

�������������

M

Here R′ is the image of (1 + T )(ϕab ⊗ 1) : Z〈E〉 ⊗ Z〈F 〉 → Z〈F 〉⊗2
.

The next proposition shows that the suspension functor defined in (3.3) preserves
totally free objects.

Proposition 3.4. If the crossed module ∂ : M → N is totally free with basis
ϕ : 〈E〉 → 〈F 〉, then the reduced quadratic module Σ̃∂ = (ω, δ) is totally free with
basis ϕnil.

Proof. Write ∂̄ : M̄ → N for the totally free precrossed module with basis ϕ, then
M̄ = ∗

f∈〈F 〉
〈Ef〉 ⊂ 〈E〉 ∗ 〈F 〉 and M Σ̃ in Proposition 3.3 is the quotient of M̄ ×

(Z〈F 〉⊗2
/R) by the normal subgroup generated by the elements

(−e′ − e + e′ + eϕe′
, 0) , (−e + ef ,−ϕabp(e) ⊗ p(f))

for any e, e′ ∈ 〈E〉, f ∈ 〈F 〉. Hence in the quotient we have the equality (ef , 0) =
(e, ϕabp(e)⊗p(f)), and therefore M Σ̃ is also the quotient of 〈E〉×(Z〈F 〉⊗2

/R) by the
elements ([e′, e], ϕabp(e)⊗ϕabp(e′)) for any e, e′ ∈ 〈E〉. In particular, ([e, [e′, e′′]], 0)
is a relation for every e, e′, e′′ ∈ 〈E〉, then M Σ̃ is the quotient of 〈E〉nil×(Z〈F 〉⊗2

/R)
by the relations (−[e, e′], ϕabp(e) ⊗ ϕabp(e′)) for any e, e′ ∈ 〈E〉nil, since [e′, e] =
−[e, e′]. Moreover, by an easy computation one can check that R = R′, hence
M Σ̃ coincides with L in the central push-out diagram (3.C). The proof is now
complete. �

4. Crossed and quadratic complexes. Suspensions

Crossed (resp. quadratic) complexes are special chain complexes of groups with
a crossed (resp. quadratic) module structure in low dimensions (see [7]). These
algebraic objects are used to encode homotopical information of spaces, such as the
2-type and the 3-type. In this section we extend to those complexes the suspension
functor defined in the previous section, and give a topological interpretation of this
algebraic functor.

A crossed complex is a positive chain complex of groups ρ = (ρ∗, d∗) such that
d2 : ρ2 → ρ1 is a crossed module, ρn (n > 2) is a (right) module over Coker d2 (and
hence over ρ1 through the natural projection ρ1 � Coker d2), and the differential
d∗ is ρ1-equivariant. Similarly, a quadratic complex σ = (σ∗, d∗, ω) is a positive
chain complex of groups (σ∗, d∗) and a homomorphism ω : C2 ⊗C2 → σ3 such that
(ω, d3, d2) is a quadratic module, σn (n > 3) is a module over Coker d2, and the
differential d∗ is σ1-equivariant. The homotopy groups of ρ and σ are

(4.A) πnρ = Hn(ρ∗, d∗), πnσ = Hn(σ∗, d∗).
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A morphism of crossed complexes is a morphism of chain complexes

f = {fn}n≥1 : ρ → ρ′

such that fn is f1-equivariant (n ≥ 1), and morphisms of quadratic complexes f =
{fn}n≥1 : σ → σ′ are morphisms of chain complexes with (f3, f2, f1) : (ω, d3, d2) →
(ω′, d′3, d

′
2) a morphism of quadratic modules and fn an f1-equivariant homomor-

phism (n ≥ 1). A morphism of crossed or quadratic complexes is said to be a weak
equivalence if it induces isomorphisms in homotopy groups.

We say that a crossed or quadratic complex is reduced if the 1-dimensional group
is trivial. Notice that reduced crossed complexes are simply chain complexes of
abelian groups, while reduced quadratic complexes have a reduced quadratic module
in low dimensions with a chain complex of abelian groups attached in dimensions
> 3.

In the next proposition we extend the suspension functor defined in Proposition
3.3 to a functor between complexes.

Proposition 4.1. There is a suspension functor Σ̃ from crossed to reduced qua-
dratic complexes which sends ρ = (ρ∗, d∗) to the reduced quadratic complex Σ̃ρ =
((Σ̃ρ)∗, dΣ̃

∗ , ω) with (ω, dΣ̃
3 ) = Σ̃d2, (Σ̃ρ)n+1 = ρn ⊗π1ρ Z for n > 2, where Z is the

trivial π1ρ-module, and dΣ̃
n+1 = dn ⊗π1ρ Z for n > 3. Moreover, the homomorphism

dΣ̃
4 is the unique one which extends commutatively the following diagram:

ρ2 ⊗ ρ1

�

��

(dab
2 p)⊗p

��

c−push

(ρab
1 ⊗ ρab

1 )/R

ω

��

ρ2
r′

�� (Σ̃ρ)3

ρ3

d3

��

z �� �� ρ3 ⊗π1ρ Z

dΣ̃
4

���
�
�

where z is the natural projection z(x) = x ⊗ 1 (x ∈ ρ3).

Proof. The filler dΣ̃
4 exists and is unique provided d3(Ker z) ⊂ Ker r′. This inclusion

is satisfied, because Ker z is generated by the elements −x + xα (x ∈ ρ3, α ∈ ρ1),
and

r′d3(−x + xα) = r′(−d3(x) + d3(x)α)
= r′�(d3(x) ⊗ α)

= ω(dab
2 pd3(x) ⊗ pα)

= ω(pd2d3(x) ⊗ pα)
= 0.

It is readily checked that dΣ̃dΣ̃ = 0, since dd = 0, hence Σ̃ρ is a reduced quadratic
complex. Furthermore, Σ̃ is a functor because the diagram of the statement is
natural in the category of crossed complexes. �

A crossed (resp. quadratic) complex ρ (resp. σ) is said to be totally free if d2

(resp. (ω, d3, d2)) is a totally free crossed (resp. quadratic) module and ρn (resp.
σn) is a free module over Coker d2 for n > 2 (resp. n > 3).
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We say that {En}n≥1 is the basis of a totally free quadratic complex σ =
(σ∗, d∗, ω) if En ⊂ σn is a subset such that

(i) σ1 = 〈E1〉,
(ii) d2 induces a group homomorphism 〈E2〉 → 〈E1〉 which is the basis of the

nil(2)-module d2,
(iii) the homomorphism 〈E3〉 → σ2 induced by d3 is the basis of the quadratic

module (ω, d3, d2),
(iv) En (n ≥ 4) is the basis of the free π1σ-module σn.

If σ is reduced, then E1 = ∅ is the empty set and conditions above reduce to the
following:

(i) σ2 = 〈E2〉nil,
(ii) d3 induces a homomorphism 〈E3〉nil → 〈E2〉nil which is the basis of the

reduced quadratic module (ω, d3),
(iii) En (n ≥ 4) is the basis of the free abelian group σn.

Remark 4.2. The basis of crossed complexes is defined in a similar way, and has
analogous properties. Moreover, a totally free crossed or quadratic complex is
completely determined by the basis sets and the values of the differential over the
basis. Furthermore, if f : σ → σ′ is a morphism of quadratic complexes and σ is
totally free, f is also determined by its values on the basis. The same happens in
the crossed case.

The categories H, Q of totally free crossed and quadratic complexes, respectively,
are homotopy categories; in fact, I-categories with the structure given in [7]. The
zero object in both categories is that with the trivial group in each dimension,
and the basis of the coproduct of two objects is the coproduct (disjoint union)
of the basis. Moreover, the inclusion of a factor into a coproduct is induced by
the inclusion of its basis; see also the construction of homotopy push-outs in these
categories given in [7], III.4.17 and IV.5.5.

The basis of the cylinder Iσ of a quadratic complex σ with basis {En}n≥1 is
given by the sets {E′

n}n≥1 with

E′
n = i0En ∨ sEn−1 ∨ i1En (n ≥ 2),

E′
1 = i0E1 ∨ i1E1.

Here itEn, sEn are copies of En (n ≥ 1, t = 0, 1) and ∨ is the disjoint union of
sets. The natural top and bottom inclusions of σ into the cylinder it : σ � Iσ
(t = 0, 1) are induced by the basis inclusions En = itEn ⊂ E′

n, and the natural
projection p : Iσ → σ by pit = 1 and pn+1(sx) = 0 (t = 0, 1; x ∈ En, n ≥ 1).
The differential in the cylinder is defined by the differential of σ and the following
equalities (x ∈ En, n ≥ 1, t = 1, 2):

dnit(x) = itdn(x), dn+1(sx) = −i0(x) + i1(x) − Sn−1dn(x).

Here S0d1(x) = 0 and Sn : σn → (Iσ)n+1 (n ≥ 1) is the function defined by
Snx = sx (x ∈ En) and the fact that it is an i0-equivariant homomorphism for
n ≥ 3, an i0-crossed homomorphism for n = 1, and an (S1, i0, i1)-quadratic operator
for n = 2.

Recall that, if G is a π′-group and ϕ : π → π′ is a homomorphism, ψ : π → G
is a ϕ-crossed homomorphism if ψ(a + b) = ψ(a)ϕb + ψ(b) for any a, b ∈ π. The
definition of quadratic operator is more complicated, we refer to [7], IV.4.3.
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Given a morphism f : σ → σ′ in Q, the induced morphism If : Iσ → Iσ′ is the
unique one with (If)it = itf (t = 0, 1) and (If)n+1(sx) = Snfn(x) (x ∈ En, n ≥ 1).

The suspension functor in Q, as in any I-category, is defined by Σσ = Iσ/σ∨σ,
the cofiber of the natural morphism (i0, i1) : σ ∨ σ � Iσ. In order to relate this
suspension functor with that defined in Proposition 4.1 recall that there is a functor
λ from quadratic complexes to crossed complexes which sends σ = (σ∗, d∗, ω) to
the crossed complex λσ = ((λσ)∗, dλ

∗ ) such that ((λσ)∗, dλ
∗) coincides with (σ∗, d∗)

in dimensions > 3,

dλ
4 : (λσ)4 = σ4

d4→ σ3 � Coker ω = (λσ)3,

dλ
2 = dcr

2 : (λσ)2 = σcr
2 → σ1 = (λσ)1,

and dλ
3 fits into the following commutative square:

σ3
d3 ��

����

σ2

����

Coker ω
dλ
3 �� σcr

2

(see IV.3.2 in [7]). This functor preserves totally free complexes; moreover, if
{En}n≥1 is the basis of σ, then it is also the basis of λσ, and λIσ = Iλσ.

Suspensions in H are just chain complexes of free abelian groups which are trivial
in dimensions ≤ 1, so they are not of much interest. The main result of this section
is the following.

Theorem 4.3. There is a natural equivalence between the functors

Q Σ−→ Q and Q λ−→ H Σ̃−→ Q.

In order to prove this theorem we first state several lemmas.
The following lemma follows directly from Proposition 3.4 and the construction

of Σ̃ in Proposition 4.1.

Lemma 4.4. If ρ is a totally free crossed module with basis {En}n≥1, then the
reduced quadratic module Σ̃ρ is totally free with basis {EΣ̃

n }n≥1, EΣ̃
1 = ∅, EΣ̃

n =
En−1 (n ≥ 2).

By observing the explicit constructions of the cylinder functor, the suspension
functor Σ, and homotopy push-outs in Q ([7]) one easily checks that

Lemma 4.5. If {En}n≥1 is the basis of the quadratic complex σ, then the basis of
Σσ is {EΣ

n }n≥1 with EΣ
1 = ∅ and EΣ

n = En−1 for n ≥ 2. Moreover, if � : Iσ →
Iσ/σ∨σ = Σσ is the natural quotient morphism, then the restriction of �n induces
the identity �n : sEn−1 = En−1 = EΣ

n (n ≥ 2).

In the next lemma we determine the low-dimensional reduced quadratic module
of a suspended quadratic complex.

Lemma 4.6. If ϕ̄ : 〈E2〉 → 〈E1〉 is the basis of the nil(2)-module d2 : σ2 → σ1 and
ϕ = ϕ̄nil, then −ϕ : 〈E2〉nil → 〈E1〉nil is the basis of the low-dimensional reduced
quadratic module of Σσ,

Z〈E1〉⊗
2 ωΣ

−→ (Σσ)3
dΣ
3−→ (Σσ)2 = 〈E1〉nil.
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Proof. By (4.5) we only need to prove that the composition

E2 = sE2 ⊂ (Iσ)3
d3→ (Iσ)2

�2→ (Σσ)2 = 〈E1〉nil

sends x ∈ E2 to −ϕ(x) ∈ 〈E1〉nil. By construction of the differential of Iσ and the
suspension functor we have that

�2d3(sx) = −�2S1ϕ̄(x).

Moreover, since �i0 = 0, �2S1 is in fact a group homomorphism, and given y ∈ E1,
�2S1(y) = y, so �2S1 = p̄ : 〈E1〉 � 〈E1〉nil is the natural projection and �2d3(sx) =
−�2S1ϕ̄(x) = −p̄ϕ̄(x) = −ϕ(x). �

Now we are ready to prove Theorem 4.3.

Proof of Theorem 4.3. Let σ = (σ∗, d∗, ω) be a quadratic complex. We claim that
(Σσ)n = (Σ̃λσ)n and the natural equivalence is given by the morphism χ : Σσ →
Σ̃λσ with χn = (−1)n for n �= 3, χ3ω = ω and χ3r = r(−1).

Given ϕ ∈ nil, the reduced quadratic modules with basis −ϕ and ϕ, (ω1, δ1)
and (ω2, δ2) respectively, are defined by the same groups, ω1 = ω2 but δ1 �= δ2

in general, here we use (3.C) and the fact that (−ϕab)⊗
2

= (ϕab)⊗
2
. Moreover,

(χ3, 1, 0) : (ω1, δ1) → (ω2, δ2) is an isomorphism of quadratic modules. Therefore,
the equalities (Σσ)n = (Σ̃λσ)n and χ2d

Σ
3 = dΣ̃λ

3 χ3 follow from Proposition 3.4 and
Lemmas 4.4, 4.5 and 4.6.

Since �it = 0 (t = 0, 1), for n ≥ 5 we have that �nSn−1 : σn−1 → (Σσ)n =
(Σ̃λσ)n = σn−1 ⊗π1σ Z is the natural projection x �→ x ⊗ 1 and dΣ

n+1(x) =
−�nSn−1dn(x), so dΣ

n+1 = −dn ⊗π1σ Z = −dΣ̃λ
n+1 and χndΣ

n+1 = dΣ̃λ
n+1χn+1. Fur-

thermore, �4S3 : σ3 → (Σσ)4 = (Σ̃λσ)4 = (Cokerω) ⊗π1σ Z is also the projection
homomorphism onto the quotient, and if x ∈ E4, then dΣ

5 (x) = −�4S34d4(x) =
−dΣ̃λ

5 (x), hence χ4d
Σ
5 = dΣ̃λ

5 χ5. The map S2 is an (S1, i0, i1)-quadratic operator
in the sense of [7], IV.4.3 (see [7], IV.4.10 (5)); in addition �i0 = 0 = �i1 and
�2S1 = p̄ (for this last equality see the proof of Lemma 4.6). Then �3S2 is a

(p̄, 0, 0)-quadratic operator. Let ξ be the composite σ2 � σcr
2 = (λσ)2

r′
→ (Σ̃λσ)3;

see Proposition 3.3. By using property (iii) in the definition of a reduced qua-
dratic module (see Section 3) and Proposition 3.3 it is easy to see that the map
−χ3ξ : σ2 → (Σ̃λσ)3 = (Σσ3) : x �→ −χ3ξ(x) is also a (p̄, 0, 0)-quadratic opera-
tor. Moreover, given e ∈ E2, �3S2(e) = e = −χ3ξ(e) and therefore by [7], IV.4.5,
�2S1 = −χ3ξ. In particular by Proposition 4.1 we have that for x ∈ E3,dΣ̃λ

4 χ4(x) =
dΣ̃λ
4 x = ξd3(x) = χ3χ3ξd3(x) = χ3(−�S2d3(x)) = χ3d

Σ
4 (x). Here we use the

obvious fact that χ3χ3 = 1. The proof is now finished. �

Let CW be the category of CW-complexes with trivial 0-skeleton and cellular
maps. From the homotopy point of view this category is equivalent to the category
of all connected spaces, therefore in this paper “space” will mean CW-complex as
above, and maps between them will always be cellular.

Given a space X there are defined objects ρ(X), σ(X) in H and Q, respectively,
such that ρ(X) = λσ(X); see [7]. Moreover, the basis of these objects is the set of

cells of X. In fact, they are functors ρ : CW → H and σ : CW → Q/
0�. Here

0�
is a natural equivalence relation in Q given by 0-homotopies, which are filtration-
preserving homotopies with respect to skeleta. More precisely, two morphisms
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f, g : σ → σ′ are 0-homotopic if fn = gn for n = 1 and n ≥ 4, and there is a
π1f -equivariant homomorphism α : C2 → C ′

2 ⊗ C ′
2 such that if φ : σ2 � C2 is the

natural projection, then

−f2(a) + g2(a) = d′3ω
′αφ(a), −f3(b) + g3(b) = ω′αφd3(b),

for any a ∈ σ2, and b ∈ σ3. The functor ρ (resp. σ) is full and faithful when we
restrict to the full subcategory of spaces of dimension 2 (resp. 3) and take the
quotient by the homotopy relation, in particular, there are natural isomorphisms
πnρ(X) � πnX (resp. πnσ(X) � πnX) for n ≤ 2 (resp. n ≤ 3). Moreover, the

functor λ factors trough Q/
0� and there is a natural equivalence ρ = λσ. Fur-

thermore, σ and ρ preserve cylinders and homotopy push-outs, hence the following
result follows directly from Theorem 4.3.

Corollary 4.7. For any space X there is a natural isomorphism Σ̃ρ(X) � σ(ΣX).

The 2-type of a crossed complex ρ = (ρ∗, d∗) is the crossed module P2ρ =
d2 : ρ2/d3ρ3 → ρ1 and the 3-type of a quadratic complex σ = (σ∗, d∗, ω) is the
quadratic module P3σ given by

C2 ⊗ C2
ω→ σ3/d4σ4

d3→ σ2
d2→ σ1.

For any space X the algebraic objects P2ρ(X) and P3σ(X) are models of its
topological 2-type P2X and 3-type P3X in the following sense: a map f : X → Y
induces a weak equivalence P2ρ(f) : P2ρ(X) → P2ρ(Y ) if and only if P2f : P2X →
P2Y is a homotopy equivalence, and the same for P3σ; see [7].

The next corollary is a direct consequence of Corollary 4.7, and shows that the
suspension functor from crossed to quadratic modules defined in Proposition 3.3 is
equivalent to the topological functor which sends the 2-type of X to the 3-type of
ΣX.

Corollary 4.8. Given any space X, there is a natural isomorphism Σ̃P2ρ(X) �
P3σ(ΣX).

5. The co-H-structure of a suspended quadratic complex

As in any I-category, suspensions in Q are equipped with a natural co-H-group
structure given by morphisms

• the co-H-multiplication µσ : Σσ → Σσ ∨ Σσ,
• and the co-H-inversion νσ : Σσ → Σσ,

such that

(5.A) (1 ∨ µσ)µσ � (µσ ∨ 1)µσ, (1, 0)µσ � 1 � (0, 1)µσ, (1, νσ)µσ � 0 � (νσ, 1)µσ,

here the symbol � denotes the homotopy relation. These morphisms are well de-
fined up to homotopy; see [6], II.6. In this section we shall give explicit formulas
for these morphisms. Moreover, we shall prove that the co-H-structure of Σσ is a
strict cogroup structure in Q, that is, the homotopies above are in fact equalities.

Remark 5.1. The quadratic complex of a wedge of circles σ(∨ES1) is naturally
isomorphic to π1(∨ES1) = 〈E〉 concentrated in degree 1 and trivial otherwise.
Therefore the canonical co-H-structure of S1 induces the co-H-structure in σS1
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given by
• the co-H-multiplication µ : σS1 → σS1 ∨ σS1, which is µ1 : 〈e〉 → 〈e1, e2〉,

µ1(e) = e1 + e2, in dimension 1, here ek = ike (k = 1, 2),
• and the co-H-inversion ν : σS1 → σS1, given by ν1 : 〈e〉 → 〈e〉, ν1(e) = −e.

One readily checks that this is in fact a strict cogroup structure in Q, that is, the
homotopies in (5.A) are strict equalities in Q.

In [7] Baues constructs a tensor product of quadratic complexes σ ⊗ σ′ such
that σ(X) ⊗ σ(Y ) is isomorphic to the quadratic complex of the product space
σ(X × Y ). This isomorphism is natural in Y if we fix X and vice versa. Moreover,
there is a natural inclusion (actually a cofibration) of the coproduct of two quadratic
complexes into their tensor product  : σ ∨ σ′ � σ ⊗ σ′, which corresponds to the
natural inclusion X ∨Y ⊂ X ×Y ; see [7], IV.12.2 (3). Hence if we define the smash
product of quadratic complexes as the cofiber of ,

σ ∧ σ′ = σ ⊗ σ′/σ ∨ σ′,

we get an induced isomorphism

σ(X ∧ Y ) � σ(X) ∧ σ(Y ).

Remark 5.2. Notice that smash products are always reduced quadratic complexes,
since the natural inclusion  is an isomorphism in dimension 1. Moreover, the smash
product is naturally distributive with respect to the coproduct

(σ ∧ σ′′) ∨ (σ′ ∧ σ′′) � (σ ∨ σ′) ∧ σ′′.

The isomorphism is (i1 ∧ 1, i2 ∧ 1).

In the following proposition we give a further characterization of the suspen-
sion functor in Q which will allow us to compute explicit formulas for the co-H-
structures.

Proposition 5.3. The suspension functor in the I-category Q coincides with the
smash product with the quadratic complex of the circle S1,

Σ = σS1 ∧ − : Q −→ Q,

up to natural equivalence. Furthermore, under this equivalence the co-H-structure
of a suspension is induced by the canonical co-H-structure of σS1, that is,

µσ = µ ∧ 1σ, νσ = ν ∧ 1σ,

and therefore it is a strict cogroup structure in Q.

Proof. Suppose we have checked that Σ = σS1 ∧ −, µσ = µ ∧ 1σ and νσ = ν ∧ 1σ.
Then µσ, νσ is a strict cogroup structure in Q because µ, ν is a strict cogroup
structure for σS1 and − ∧ σ is a functor from Q to Q.

If σ is a quadratic complex with σn = 0 for n > 4, one can construct a 4-
dimensional space X with σ = σX by using [7], IV.7.5, compare with IV.8.5 in
the same reference. Since σ preserves cylinders and its structural maps, it also
preserves suspensions and its co-H-structures. Moreover, it is well known that
S1 ∧ − coincides with the suspension functor in the category of spaces, and the
canonical co-H-structure of a suspended space is induced by the usual co-H-structure
of S1. Therefore, the proposition is true for a quadratic complex σ with σn = 0
for n > 4. For a general quadratic complex it is a consequence of the previous
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particular case and the fact that chain complexes admit a unique co-H-structure
up to homotopy; see the next lemma. �

Lemma 5.4. A chain complex (of abelian groups) admits a unique co-H-structure
up to homotopy.

Proof. This category of chain complexes is an additive category. We can define a
co-H-structure on a chain complex C∗ by µ = i1 + i2 and ν = −1. Consider another
co-H-structure given by µ′ and ν′. There are chain homotopies {αn}n∈Z : (1, 0)µ′ �
1, {βn}n∈Z : (0, 1)µ′ � 1. One readily checks that {i1αn + i2βn}n∈Z is a chain
homotopy µ′ � µ. Similarly, if {γn}n∈Z : (1, ν′)µ � 0 is a chain homotopy, then
{γn}n∈Z is a chain homotopy ν′ � ν as well. �

A direct consequence of Proposition 5.3 is the following.

Corollary 5.5. The morphism set Q(Σσ, σ′) has a group structure such that the
natural projection onto the group of homotopy classes Q(Σσ, σ′) � [Σσ, σ′] is a
homomorphism.

In order to compute the cogroup structure of a suspended quadratic complex we
introduce the following notation. Given a homomorphism ϕ : 〈E〉nil → 〈F 〉nil, ∇ϕ
is the unique homomorphism

∇ϕ : Z〈E〉 → Z〈F 〉⊗
2

such that sı(∇ϕ)p = (i2|i1)ϕ; moreover,

∆: Z〈E〉 → Z〈E〉⊗2

is the non-natural diagonal homomorphism defined on generators by ∆(a) = a⊗ a,
(a ∈ E).

The comultiplication of the suspension of a quadratic complex σ such that
ϕ̄ : 〈E2〉 → 〈E1〉 is the basis of the nil(2)-module d2 : σ2 → σ1, is completely deter-
mined by the formulas of the following theorem, where ϕ = ϕ̄nil. The morphisms
r and ω are the structural morphisms of any totally free reduced quadratic module
in the central push-out diagram (3.C).

Theorem 5.6. The comultiplication µσ in Q verifies the following equalities:
(1) (µσ)n = i1 + i2 if n �= 3,
(2) (µσ)3r = r(i1 + i2) + ω(i2 ⊗ i1)(∇ϕ + ∆ϕab)p,
(3) (µσ)3ω = ω(i1 + i2)⊗

2
.

Before proving this result we shall state some consequences.

Corollary 5.7. The group structure in Q(Σσ, σ′) is given by the following formulas
(f, g ∈ Q(Σσ, σ′)):

(1) (f + g)n = fn + gn if n �= 3,
(2) (f + g)3r = f3r + g3r + ω(gab

2 ⊗ fab
2 )(∇ϕ + ∆ϕab)p,

(3) (f + g)3ω = ω(fab
2 + gab

2 )⊗
2
,

and
(4) (−f)n = −fn if n �= 3,
(5) (−f)3r = −f3r + ω(fab

2 ⊗ fab
2 )(∇ϕ + ∆ϕab)p,

(6) (−f)3ω = ω(fab
2 ⊗ fab

2 ).
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Proof. Recall that σ′
3 and Ker [d2 : σ′

2 → σ′
1] are nil(2)-groups (see (3.1) and (3.2)),

so the formulas above make sense. Equality (1) is trivial, (3) follows from (1), and
(4), (5), (6) can be obtained from (1), (2), (3) by imposing f + (−f) = 0. Finally,
(2) follows from the equalities:

(f + g)3r = (f, g)3(µσ)3r = (f, g)3r(i1 + i2) + (f, g)3ω(i2 ⊗ i1)(∇ϕ + ∆ϕab)p

= (f3r, g3r)(i1 + i2)(a)

+ ω(fab
2 , gab

2 )(i2 ⊗ i1)(∇ϕ + ∆ϕab)p

= f3r + g3r + ω(gab
2 ⊗ fab

2 )(∇ϕ + ∆ϕab)p.

In (a) we use that the basis of the coproduct of totally free quadratic complexes is
the coproduct of the basis. �

Since νσ = −1 ∈ Q(Σσ, Σσ), we also derive the following.

Corollary 5.8. The coinversion νσ is determined by the following equalities:
(1) (νσ)n = −1 if n �= 3,
(2) (νσ)3r = −r + ω(∇ϕ + ∆ϕab)p,
(3) (νσ)3ω = ω.

In order to prove Theorem 5.6 we first give some technical results.

Lemma 5.9. If ai ∈ E, εi ∈ Z and x = ε1a1 + · · · + εnan ∈ 〈E〉nil, then the
following equalities hold in 〈E〉nil ∨ 〈E〉nil:

(i2 + i1)x − i1x − i2x =
∑

1≤i<j≤n

εiεj [i1ai, i2aj ]

+
n∑

i=1

(
|εi|
2

)
[i1ai, i2ai] −

∑
εi<0

εi[i1ai, i2ai]

= sı

( ∑
1≤i<j≤n

εiεjai ⊗ aj

+
n∑

i=1

(
|εi|
2

)
ai ⊗ ai −

∑
εi<0

εiai ⊗ ai

)
.

Here
(
m
2

)
= m(m−1)

2 for any m ≥ 0.

Proof. The second equality is obvious. We proceed by induction on the number of
summands. Suppose n = 1, m > 0 and a = a1. The result is trivial for ε1 = m = 1.
If ε1 = m + 1 and it is true for ε1 = m, then

(i2 + i1)x − i1x − i2x = (m + 1)(i2a + i1a) − (m + 1)i1a − (m + 1)i2a
= m(i2a + i1a) + i2a + i1a − i1a − mi1a − i2a − mi2a

= m(i2a + i1a) − mi1a + [−mi1a,−i2a] − mi2a

= m(i2a + i1a) − mi1a − mi2a + [mi1a, i2a]

=
(

m

2

)
[i1a, i2a] + m[i1a, i2a](a)

=
(

m + 1
2

)
[i1a, i2a].



SUSPENSIONS OF CROSSED AND QUADRATIC COMPLEXES 3639

The induction hypothesis is applied in (a). If ε1 = −m for some m > 0, then

(i2 + i1)(−ma) − i1(−ma) − i2(−ma) = −m(i2a + i1a) + mi1a + mi2a

= m(−i1a − i2a) + mi1a + mi2a.

Now we check by induction on m that this is equal to
(
m
2

)
[i1a, i2a] + m[i1a, i2a]. It

is clear for m = 1. If it is true for m, then

(m + 1)(−i1a − i2a)
+(m + 1)i1a + (m + 1)i2a = m(−i1a − i2a) − i1a − i2a

+i1a + mi1a + i2a + mi2a

= m(−i1a − i2a) + [i1a, i2a]
+ [i2a,−mi1a] + mi1a + mi2a

= m(−i1a − i2a) + mi1a + mi2a + (m + 1)[i1a, i2a]

=
(

m

2

)
[i1a, i2a] + m[i1a, i2a] + (m + 1)[i1a, i2a](b)

=
(

m + 1
2

)
[i1a, i2a] + (m + 1)[i1a, i2a].

The induction step is given in (b).
Suppose now that the lemma is true for ≤ n summands (n ≥ 1). Let us check it

for n+1 summands. For this, we set y = ε1a1 + · · ·+ εnan, ε = εn+1 and a = an+1.
Then

(i2 + i1)x − i1x − i2x = (i2 + i1)y + (i2 + i1)(εa) − i1(εa) − i1y − i2(εa) − i2y

= (i2 + i1)y + (i2 + i1)(εa) − i1(εa) − i2(εa)
+[−i2(εa), i1y] − i1y − i2y

= (i2 + i1)y − i1y − i2y(c)
+(i2 + i1)(εa) − i1(εa) − i2(εa) + [i1y, i2(εa)]

=
∑

1≤i<j≤n

εiεj [i1ai, i2aj ] +
n∑

i=1

(
|εi|
2

)
[i1ai, i2ai](d)

−
∑

εi<0,i≤n

εi[i1ai, i2ai] +
(
|ε|
2

)
[i1a, i2a]

+sign(ε)ε[i1a, i2a] +
n∑

i=1

εiε[i1ai, i2a]

=
∑

1≤i<j≤n+1

εiεj [i1ai, i2aj ] +
n+1∑
i=1

(
|εi|
2

)
[i1ai, i2ai]

−
∑
εi<0

εi[i1ai, i2ai].

Here sign(ε) is −1 if ε < 0 and 0 otherwise. In (c) we use that (i2+i1)(εa)−i1(εa)−
i2(εa) belongs to the commutator subgroup, by the case n = 1, and commutators
are central in any nil(2)-group. We apply the induction hypothesis in (d). Now the
proof is finished. �

Lemma 5.10. For any ϕ ∈ nil we have ∇ϕ + ∇(−ϕ) = (ϕab ⊗ ϕab)∆.
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Proof. In fact, it follows from Lemma 5.9 that if ai ∈ E, εi ∈ Z and x = ε1a1 +
· · · + εnan ∈ 〈E〉nil, then

(i2 + i1)x − i1x − i2x

+(i2 + i1)(−x) − i1(−x) − i2(−x) =
n∑

i,j=1

εiεj [i1ai, i2aj ] = sı(p(x)⊗ p(x)),

hence the lemma holds. �

Now we are ready to prove Theorem 5.6.

Proof of Theorem 5.6. The first formula can be easily checked by using the descrip-
tion of the suspension functor in Q and the cogroup structure of a suspension given
in Proposition 5.3, together with the formulas in [7], IV.12.10, IV.12.3 (3) and
IV.12.3 (5). The third one is a consequence of (1) for n = 2.

In order to prove (2) consider b ∈ E with d2(b) = ϕ̄(b) = ε1a1+· · · εnan, for some
ai ∈ F , εi ∈ Z. Then (µσ)3r(b) is the projection of (e1 +e2)⊗b ∈ ((σS1∨σS1)⊗σ)3
to the quotient (Σσ∨Σσ)3 = ((σS1 ∨σS1)⊗σ/(σS1 ∨σS1)∨σ)3; see [7], IV.12.10
and IV.12.5 (2). In the following equations the formulas are in ((σS1 ∨ σS1)⊗ σ)3
and the symbol ≈ means that they coincide when projecting onto (Σσ ∨ Σσ)3 =
((σS1 ∨ σS1) ⊗ σ/(σS1 ∨ σS1) ∨ σ)3,

(e1 + e2)⊗b = −Se1+e2
2 (b)(a)

= ωΘ(e1 + e2, ϕ̄(b)) + S(b)(e1 + e2)(b)

≈ −ωT̃ (ϑσS1∨σS1
(e1 + e2) ⊗ ϑσϕ̄(b)) + e2 × b + e1 × b.(c)

Here T̃ is the same as T in [7], IV.12.4(3). We have changed the name of this
homomorphism because in this paper T is the interchange of factors in the tensor
square; see (2.2). We have used [7], IV.12.5 (13) for (a), IV.12.5 (12) for (b), and
IV.12.4 (6) together with IV.12.5 (9) for (c). Moreover, by [7], IV.12.4 (1), we have
that ϑσ(0) = ϑσ(0 + 0) ≈ ϑσ(0) + ϑσ(0), and given a ∈ F ,

0 ≈ ϑσ(0) = ϑσ(a + (−a)) ≈ ϑσ(a) + ϑσ(−a) − a ⊗ a = ϑσ(−a) − a ⊗ a,

so ϑσ(−a) ≈ a⊗a. By using this relation one can check inductively, as in the proof
of Lemma 5.9, that the following relation holds:

ϑσϕ̄(b) ≈
∑

1≤i<j≤n

εiεjai ⊗ aj +
n∑

i=1

(
|εi|
2

)
ai ⊗ ai −

∑
ε1<0

εiai ⊗ ai,

and thus by using [7], IV.12.4 (3), and the fact that ω is central we see that

(c) ≈ e2 × b + e1 × b −
∑

1≤i<j≤n

εiεjω(e2 ⊗ aj ⊗ e1 ⊗ ai)

−
n∑

i=1

(
|εi|
2

)
ω(e2 ⊗ ai ⊗ e1 ⊗ ai) +

∑
εi<0

εiω(e2 ⊗ ai ⊗ e1 ⊗ ai).
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This proves, by projecting onto (Σσ ∨ Σσ)3, that

(µσ)3r(b) = ri2(b) + ri1(b) − ω(i2 ⊗ i1)

( ∑
1≤j<i≤n

εiεjai ⊗ aj

+
n∑

i=1

(
|εi|
2

)
ai ⊗ ai −

∑
ε1<0

εiai ⊗ ai

)

= ri2(b) + ri1(b) − ω(i2 ⊗ i1)

(
∇(−ϕ)(b) − ∆ϕab(b)

)
.(d)

In (d) we use Lemma 5.9. By Lemma 5.10 this implies that

(e) (µσ)3r = r(i2 + i1) + ω(i2 ⊗ i1)(∇ϕ − (ϕab ⊗ ϕab)∆ + ∆ϕab)p.

Recall that the basis of the low-dimensional reduced quadratic module of the co-
product Σσ ∨ Σσ is (−ϕ) ∨ (−ϕ) ∈ nil, hence by using (3.C) we obtain

ω(i2 ⊗ i1)(ϕab ⊗ ϕab)∆p = ω(ϕab ⊕ ϕab)⊗
2
(i2 ⊗ i1)∆p = rsq(i2 ⊗ i1)∆p.

Furthermore, for any b ∈ E we have that rsq(i2⊗i1)∆p(b) = r[i2b, i1b] and therefore

(e) = r(i1 + i2) + ω(i2 ⊗ i1)(∇ϕ + ∆ϕab)p.

�

6. The natural homomorphism H2X → ∧2H1X

The Pontrjagin product in the homology of an abelian group A induces an iso-
morphism ∧2A � H2A; see [13]. In [15] it is proven that the James-Hopf invariant
γ2 : π3ΣK(A, 1) → A⊗2

is an isomorphism; moreover, the Hurewicz homomorphism
h3 corresponds with the natural projection q in the following diagram:

(6.A) π3ΣK(A, 1)

h3
����

�
γ2

�� A⊗2

q

����

H3ΣK(A, 1) ∧2A

Given any space X, consider the natural homotopy class h : X → K(H1X, 1)
such that π1h = h1 : π1X � H1X is the Hurewicz homomorphism. The naturality
of the James-Hopf invariant γ2, the Hurewicz homomorphism, the suspension iso-
morphism in homology, and (6.A) imply that the following diagram also commutes

(6.B) π3ΣX

h3

����

γ2 �� (H1X)⊗
2

q

����

H2X
h∗ �� ∧2H1X

In this section we shall compute the natural homomorphism h∗ by using the
results of Section 5. The results concerning the co-H-structure of a suspension are
useful because of the existent relation between the James-Hopf invariant and this
co-H-structure; see (6.C) below.
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We can suppose, without loss of generality, that the 2-skeleton X2 of the space
X is the mapping cone of a based map between wedges of circles

f : ∨E2 S1 −→ ∨E1S
1.

This map carries the same homotopical information as the induced homomorphism
in π1,

ϕ̄ = π1f : 〈E2〉 −→ 〈E1〉,
which is the basis of the low-dimensional nil(2)-module of the quadratic complex
σ(X).

If we write C∗X for the (reduced) cellular chain complex of X, it is clear that
Ei ⊂ CiX are bases (i = 1, 2); moreover, ϕ̄ab = d2 : C2X → C1X.

Theorem 6.1. Choose a basis of 2-cycles Z2 ⊂ Ker d2 and a homomorphism
ψ : 〈Z2〉nil → 〈E2〉nil such that ψab : Ker d2 ↪→ C2X is the inclusion. The natu-
ral homomorphism h∗ : H2X → ∧2H1X is induced by the unique homomorphism
α : Ker d2 → ∧2C1X verifying ϕψ = sαp, where ϕ = ϕ̄nil, and p and s are part of
the central extension in (2.G).

Before beginning with the proof of this result we shall give some homotopical
considerations. The following natural identifications are obtained by using Hure-
wicz’s theorem, the suspension isomorphism in homology and Künneth’s formula,

π3ΣX ∧ X = H3ΣX ∧ X = H2X ∧ X = (H1X)⊗
2
.

If h1 : π1X � H1X is the Hurewicz homomorphism, then the natural identification
(H1X)⊗

2
= π3ΣX ∧ X sends a generator h1(f) ⊗ h1(g) to the homotopy class of

the map Σ(f ∧ g) : S3 = ΣS1 ∧ S1 → ΣX ∧ X; compare Section 5 in [12] and
[1], 6.3.16. By using the naturality properties of the Whitehead product element
[i1, i2]Y ∈ [ΣY ∧ Y, Σ(Y ∨ Y )] (see [8]), we observe that the following diagram
commutes:

S3

[i1,i2]S1

��

Σ(f∧g)
�� ΣX ∧ X

[i1,i2]X

��

S2 ∨ S2
Σ(f∨g)

�� Σ(X ∨ X)

Hence the homotopy left distributivity formula in [8], A.10.2 (b), proves that the
following diagram commutes:

(6.C) π3ΣX

µX∗−i2∗−i1∗

		��
��

��
��

��
γ2 �� π2ΣX ⊗ π2ΣX

��

[i1∗,i2∗]



������������

π3ΣX ∨ ΣX

Here the bracket [ , ] is the usual Whitehead product operation in homotopy groups,
induced by [i1, i2]S1 , and [i1∗, i2∗](f ⊗ g) = [i1f, i2g], (f, g ∈ π2ΣX). It is a well-
known fact that [i1∗, i2∗] is a splitting injection whose cokernel is π3ΣX ⊕ π3ΣX.

Diagram (6.C) and formulas in Theorem 5.6 will help us to compute the James-
Hopf invariant γ2 in certain cases, which allow us to prove Theorem 6.1 by using
the commutativity of (6.B).

We also need the translation of the Whitehead product operation and the Hure-
wicz homomorphism h3 to the language of quadratic complexes. For this, note that,
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when σ is a reduced quadratic complex, the second homotopy group π2σ is a quo-
tient of σ2 and the natural projection σ2 � π2σ factors through the abelianization
σ2 � σab

2 = C2.
The Whitehead product homomorphism [i1∗, i2∗] for a suspended quadratic com-

plex Σσ can be computed by passing to the quotient the following homomorphism

(6.D) ω(i1 ⊗ i2 + i2 ⊗ i1T ) : (Σσ)ab
2 ⊗ (Σσ)ab

2 → Ker d3 ⊂ (Σσ ∨ Σσ)3,

compare IV.3.7 and I.4.4 in [7]. Moreover, if σ = σ(X), then C∗ΣX is λΣσ.
This crossed complex is in fact a chain complex of free abelian groups because
a suspended crossed complex is reduced. There is a natural projection of chain
complexes of groups Σσ � λΣσ = C∗ΣX; in fact, for any quadratic complex σ
one can easily construct a canonical projection σ � λσ from the construction of
λ; see Section 4 or [7], IV.3.3. The Hurewicz homomorphism h3 coincides with the
morphism induced by this projection in the third homology; see IV.C.10 and IV.3.7
in [7].

Proof of Theorem 6.1. Consider σ = σ(X). In order to carry out the necessary
computations we choose a total ordering 	 in E1 and define the homomorphism
η : ∧2Z〈E1〉 → Z〈E1〉⊗

2
as η(e1∧e2) = e1⊗e2 (e1 ≺ e2 ∈ E1). This homomorphism

is a splitting of q since it satisfies qη = 1.
Let β : Ker d2 → ∧2C1X be the unique homomorphism satisfying (−ϕ)ψ = sβp;

by (2.3) (iii)

s(α + β)p = (ϕ | ϕ)ψ

= (ϕ + ϕ)ψ − ϕψ − ϕψ

= (ϕ, ϕ)((i2 + i1)ψ − i1ψ − i2ψ)

= (ϕ, ϕ)sι(∇ψ)p

= s(∧2ϕabq(∇ψ)p

so α + β = (∧2d2)q(∇ψ). In the last equality we use that, given a, b ∈ E2,

(ϕ, ϕ)sι(a⊗ b) = (ϕ, ϕ)s(i1a ∧ i2b) = (ϕ, ϕ)[i1a, i2b]

= [ϕ(a), ϕ(b)] = s(∧2ϕab)q(a ⊗ b).

The image of the homomorphism

(6.E) rψ − ωηβp : 〈Z2〉nil → (Σσ)3
lies on Ker d3, since, by Lemma 4.6, d3(rψ−ωηβp) = (−ϕ)ψ−sqηβp = sβp−sβp =
0.

Let us begin with the proof of the statement of the theorem. Given a 2-cycle
x ∈ Z〈Z2〉, if x̄ ∈ 〈Z2〉nil is an element such that p(x̄) = x, then

y = (rψ − ωηβp)(x̄) ∈ (Σσ)3
represents an element of π3ΣX such that h3 {y} = {x}, here { · } denotes the
equivalence class in the corresponding quotient group, so by (6.C),

(µσ)3(y) − (i2)3(y) − (i1)3(y) ∈ (Σσ ∨ Σσ)3
represents [i1∗, i2∗]γ2 {y} ∈ π3(ΣX ∨ ΣX).

Let us compute this element and γ2 {y}. For this recall that (−ϕ) ∨ (−ϕ) ∈ nil
is the basis of the low-dimensional reduced quadratic module of Σσ ∨ Σσ, and the
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inclusions of the factors of the coproduct ik : Σσ → Σσ ∨ Σσ (k = 1, 2) satisfy
(ik)n = ik (n �= 3) and (ik)3r = rik.

(µσ)3(rψ − ωηβp) = r(i1 + i2)ψ + ω(i2 ⊗ i1)(∇ϕ + ∆ϕab)pψ(a)

−ω(i1 + i2)⊗
2
ηβp,

(i1)3(rψ − ωηβp) = ri1ψ − ω(i1 ⊗ i1)ηβp,(b)
(i2)3(rψ − ωηβp) = ri2ψ − ω(i2 ⊗ i2)ηβp,(c)

(a) − (c) − (b) = r(i1|i2)ψ + ω(i2 ⊗ i1)(∇ϕ + ∆ϕab)pψ(d)
−ω(i1 ⊗ i2 + i2 ⊗ i1)ηβp,

r(i1|i2)ψ = r(i2, i1)(i2|i1)ψ(e)
= r(i2, i1)sı(∇ψ)p
= rs ∧2 (i2, i1)ı(∇ψ)p(f)
= rsq(i2 ⊗ i1)(∇ψ)p(g)

= ω(ϕab ⊕ ϕab)⊗
2
(i2 ⊗ i1)(∇ψ)p(h)

= ω(i2 ⊗ i1)(ϕab ⊗ ϕab)(∇ψ)p.

Here we use that ω is central. Moreover, in (a) we apply Theorem 5.6, in (f) the
naturality of (2.G), in (h) (3.C), and in (g) we use that for any a, b ∈ C2X,

∧2(i2, i1)ı(a ⊗ b) = ∧2(i2, i1)(i1a ∧ i2b) = i2a ∧ i1b = q(i2 ⊗ i1)(a ⊗ b).

Furthermore, ϕabpψ = ϕabψabp = 0p = 0, therefore by (e) we get

(d) = −ω(i1 ⊗ i2)ηβp(i)

−ω(i2 ⊗ i1)(ηβ − (∇ϕ)ψab − (ϕab ⊗ ϕab)(∇ψ))p.

We have the following equalities:

sı(∇ϕ)ψabp = ((i2 + i1)ϕ − i1ϕ − i2ϕ)ψ(j)
= (i2 + i1)ϕψ − (i2ϕ + i1ϕ)ψ,

sı(ϕab ⊗ ϕab)(∇ψ)p = s ∧2 (ϕab ⊕ ϕab)ı(∇ψ)p(k)
= (ϕ ∨ ϕ)sı(∇ψ)p(l)
= (ϕ ∨ ϕ)((i2 + i1)ψ − i1ψ − i2ψ)
= (i2ϕ + i1ϕ)ψ − i1ϕψ − i2ϕψ,

(j) + (k) = (i2 + i1)ϕψ − i1ϕψ − i2ϕψ(m)
= (i2 + i1)sβp − i1sβp − i2sβp

= s(∧2(i2 + i1) − ∧2i1 − ∧2i2)βp(n)
= sı(1 − T )ηβp.(o)

In (k) we apply the naturality of (2.D), and in (l) and (n) the naturality of (2.G).
In (o) we use that given e1 ≺ e2 ∈ E1,

(∧2(i2 + i1) − ∧2i1 − ∧2i2)(e1 ∧ e2) = (i1e1 + i2e1) ∧ (i1e2 + i2e2)
−i1e1 ∧ i1e1 − i2e2 ∧ i2e2

= i1e1 ∧ i2e2 − i1e2 ∧ i2e1

= ı(1 − T )η(e1 ∧ e2).
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Hence by (m) we get

(i) = −ω(i1 ⊗ i2)ηβp − ω(i2 ⊗ i1)(ηβ − (1 − T )ηβ)p
= −ω(i1 ⊗ i2 + i2 ⊗ i1T )ηβp.

So by (6.C) and (6.D) γ2 {y} is represented by −ηβ(x) ∈ (C1X)⊗
2
, and by using

also (6.B) and qη = 1 we see that either −β(x) = α(x) − (∧2d2)q(∇ψ)(x) or
α(x) ∈ ∧2C1X represents h∗ {x}. The proof is now finished. �

In the following remark we make some observations about the proof of Theorem
6.1 which will be useful in applications of this result to proper homotopy theory.

Remark 6.2. If we consider diagram (6.B) for the 2-skeleton X2 we get

(6.F) π3ΣX2

h3

����

γ2 �� (H1X)⊗
2

q

����

Ker d2
h∗ �� ∧2H1X

since Ker d2 = H2X
2. This group is known to be free abelian, hence h3 in (6.F)

admits a section homomorphism. In fact a concrete section is determined by the
homomorphism rψ − ωη(−α + (∧2d2)q(∇ψ))p in (6.E). For the definition of this
homomorphism we use the homomorphism ψ chosen in the statement of Theorem
6.1, the section η : ∧2 C1X ↪→ (C1X)⊗

2
of the natural projection q induced by a

total ordering 	 in the set of 1-cells of X, and the homomorphism ϕ induced by
the attaching map of 2-cells in X. Let us call ζX to this section of h3. Moreover,
in the proof of Theorem 6.1 we check that, if tX : C1X � H1X is the natural
projection, then the composition of this section with the James-Hopf invariant is
γ2ζX = (tX)⊗

2
η(α− (∧2d2)q(∇ψ)). Recall from the statement of Theorem 6.1 that

α is the unique homomorphism such that ϕψ = sαp.
If Y ⊂ X is a subcomplex, the homomorphism ϕ′ induced by the attaching map

of 2-cells in Y is completely determined by ϕ; in fact, ϕ′ is a restriction of ϕ in
the target and the source to the subgroups with basis the cells of X which lie in
Y . Moreover, the section η induces a section η′ : ∧2 C1Y ↪→ (C1Y )⊗

2
which is the

section defined by the restriction of the total ordering 	 to the subset of 1-cells in
Y . Furthermore, suppose that we choose the basis set Z2 of the free abelian group
Ker d2 = H2X

2 considered in the statement of Theorem 6.1 in such a way that
Z2 contains a basis Z ′

2 of H2Y
2, and the homomorphism ψ such that the image

of Z ′
2 lies in the subgroup generated by the 2-cells of Y . In this case there exists

a homomorphism ψ′ from 〈Z ′
2〉nil to the free nil(2)-group with basis the set of 2-

cells in Y which is a restriction of ψ in the same way as ϕ restricts to ϕ′. This
homomorphism ψ′ satisfies the conditions of the statement of Theorem 6.1. Let α′

be the unique homomorphism such that ϕ′ψ′ = sα′p, this α′ is also determined by α,
in the same way as ϕ′ and ψ′, and there is a section of the Hurewicz homomorphism
ζY : H2Y

2 ↪→ π3ΣY 2 induced by α′, ψ′ and η′, as in the case of ζX . This section
ζY is compatible with ζX in the sense that the following diagram is commutative:

(6.G) π3ΣY 2 �� π3ΣX2

H2Y
2 ��

��

ζY

��

H2X
2

��

ζX

��
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Moreover, we also have that γ2ζ
′
X = (tY )⊗

2
η′(α′ − (∧2d2)q(∇ψ′)), and notice that

the homomorphisms η(α − (∧2d2)q(∇ψ)) and η′(α′ − (∧2d2)q(∇ψ′)) are also com-
patible, that is, the next diagram commutes:

(6.H) Z〈Z ′
2〉

η′(α′−(∧2d2)q(∇ψ′))
��

� �

��

(C1Y )⊗
2

� �

��

Z〈Z2〉
η(α−(∧2d2)q(∇ψ))

�� (C1X)⊗
2

Now we shall give two applications of Theorem 6.1 in group theory, based on the
following observation.

Remark 6.3. The image of h∗ : H2X → ∧2H1X coincides with that of the homo-
morphism H2π1X → H2H1X = ∧2H1X induced by the abelianization π1X �
(π1X)ab = H1X, here we use the Hurewicz theorem and the Hopf exact sequence
in [13], II.5.2. Hence, by the classical 5-term exact sequence in the low-dimensional
homology of groups, the cokernel of h∗ is the homomorphism w̃ : ∧2 (π1X)ab �
Γ2π1X/Γ3π1X induced by the commutator bracket. In fact, w̃ is a factorization of
w in (2.H) through the natural projection q in (2.A).

A presentation of a group G can be regarded as a pair of homomorphisms

(6.I) 〈E2〉
ϕG→ 〈E1〉

pG� G

such that Ker pG ⊂ 〈E1〉 is the normal subgroup generated by the image of ϕG. In
the next proposition we construct a presentation of Γ2G/Γ3G as an abelian group
from a given presentation of G.

Proposition 6.4. Let G be a group presented by (6.I). If Z2 is a basis of Ker ϕab
G ,

ψ : 〈Z2〉nil → 〈E2〉nil is a homomorphism such that ψab : Kerϕab
G ↪→ Z〈E2〉 is the

inclusion, and α : Z〈Z2〉 → ∧2Z〈E1〉 satisfies sαp = ϕnil
G ψ, then the following

sequence is exact:

Z〈Z2〉 ⊕ Z〈E2〉 ⊗ Z〈E1〉 ⊕ ∧2Z〈E2〉
ζ−→ ∧2Z〈E1〉

w̃(∧2pab
G )

� Γ2G/Γ3G.

Here ζ = (α, q(ϕab
G ⊗ 1),∧2ϕab

G ).

Proof. If we take X to be the 2-dimensional CW -complex with the attaching map
of 2-cells given by ϕG, then, by Theorem 6.1 and Remark 6.3, we get an exact
sequence

(6.J) Z〈Z2〉
(∧2pab

G )α−→ ∧2Gab w̃� Γ2G/Γ3G.

Therefore this proposition follows by (2.F). �

The kernel of w̃ in (6.J) is the second homology group of Gnil in the variety of
groups of nilpotency degree 2, as defined in [17]; see Theorem 5.1 in [11]. This
abelian group is denoted by B1(Gnil, Z) in [17] and HNil

2 Gnil in [11]. Thus if β1

β2

β3

 : Z〈F 〉 ↪→ Z〈Z2〉 ⊕ Z〈E2〉 ⊗ Z〈E1〉 ⊕ ∧2Z〈E2〉
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is the kernel of ζ, then by (2.F) one easily checks that

Corollary 6.5. There is an exact sequence

Z〈F 〉 β1−→ Z〈Z2〉 � HNil
2 Gnil.

This is in fact an abelian presentation of the homology group HNil
2 Gnil. This

presentation and the universal coefficient exact sequences for HNil
∗ in [11] yield an

explicit computation of HNil
n Gnil for any finitely presented group G and n ≥ 1.

7. Commutative co-H-structures on degree 2 Moore spaces

A Moore space of type (A, n) is a simply connected space M = M(A, n) whose
unique non-trivial reduced homology group is HnM = A, this space is unique up
to homotopy type. The number n is the degree of the Moore space. The quadratic
complex σA of the Moore space M(A, 2) is the suspension of the quadratic complex
concentrated in degrees 1 and 2 whose nil(2)-module has as a basis a homomorphism

ϕ̄A : 〈A2〉 → 〈A1〉

such that ϕ̄ab
A is injective and Coker ϕ̄ab

A = A, the natural projection is denoted by

p̂A : Z〈A1〉 � A.

Hence, by Lemma 4.6, σA is the reduced quadratic complex concentrated in degrees
2 and 3 such that the basis of its reduced quadratic module is −ϕA, where ϕA =
ϕ̄nil

A . This suspended quadratic complex is constructed as in (3.C) and carries a
canonical cogroup structure µA, νA, which is determined by ϕA; see Theorem 5.6
and Corollary 5.8.

The goal of this section is constructing and computing an extension element

cA ∈ Ext(A, S2A)

such that cA = 0 if and only if M(A, 2) admits a commutative co-H-structure. We
shall see that this element is natural with respect to homomorphisms f : A → B,
that is,

(7.A) (S2f)∗cA = f∗cB ∈ Ext(A, S2B);

therefore it represents an element in the cohomology of the category Ab of abelian
groups with coefficients in the bifunctor Ext(−, S2) (see for example [7], VI.1),

c ∈ H0(Ab, Ext(−, S2)).

Moreover, we shall show that c is a non-trivial element of order 2.
Since Moore spaces of degree 2 are 3-dimensional, the homotopy category of

these spaces coincides with that of their quadratic complexes. There is a well-
known natural central extension

(7.B) Ext(A, ΓB)
j

↪→ [σA, σB]
H2� Hom(A, B).

Here H2 = π2 as defined in (4.A), by the Hurewicz theorem. Moreover, given an
element β ∈ Ext(A, ΓB) represented by β̄ : Z〈A2〉 → ΓB, jβ is the morphism of
quadratic complexes with (jβ)n = 0 if n �= 3,

(jβ)3r = β̄p : 〈A2〉nil → ΓB = π3M(B, 2) = Ker d3 ⊂ (σB)3,
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and (jβ)3ω = 0. The natural extension (7.B) satisfies the following linear dis-

tributivity law (see [8]): given two morphisms σA
f→ σB

g→ σC and elements
β ∈ Ext(A, ΓB), ζ ∈ Ext(B, ΓC), then

(7.C) (g + jζ)(f + jβ) = gf + j(ΓH2g)∗β + j(H2f)∗ζ ∈ [σA, σC ].

Remark 7.1. In this section we often identify a morphism in Q with its homotopy
class in Q/ �, hence the symbol “=” sometimes means that two homomorphisms
in Q are homotopic, but may not be strictly equal. However, it will be clear from
the context when “=” stands for equality and when for homotopy.

If we combine (7.B) with (2.C), we easily check that the following sequence,
where p1 = (1, 0) and p2 = (0, 1), is a central extension as well:

(7.D) Ext(A, B⊗2
)
� � jl∗ �� [σA, σB ∨ σB ]

(p1∗,p2∗)
�� �� [σA, σB] × [σA, σB] .

Here if β ∈ Ext(A, B⊗2
) is represented by (p̂B ⊗ p̂B)β̃ for some β̃ : Z〈A2〉 →

Z〈B1〉⊗
2
, then jl∗β is the morphism with (jl∗β)n = 0 for n �= 3 and

(7.E) (jl∗β)3r = ω(i1 ⊗ i2 + i2 ⊗ i1T )β̃p : 〈A2〉nil → (σB ∨ σB)3.

Here we use (6.D) and the well-known fact that the Whitehead product [i1∗, i2∗] :
π2M⊗π2M → π3(M∨M) coincides with l in (2.D) for a Moore space M = M(B, 2).

From (7.D) it is easy to observe that there is an effective and transitive action
of Ext(A, A⊗2

) in the set of homotopy classes of co-H-multiplications for M(A, 2);
see [2]. Recall that this set is formed by the elements µ ∈ [σA, σA ∨ σA] such that
(1, 0)µ = (0, 1)µ = 1. The homotopy class of µA is such a co-H-multiplication and
any other co-H-multiplication verifies µ = µA + jl∗β for a unique β ∈ Ext(A, A⊗2

),
in particular, there is a unique ĉA ∈ Ext(A, A⊗2

) such that µA + jl∗ĉA = (i2, i1)µA.
By using the canonical morphism q′ in (2.B) we get an element

cA = q′∗ĉA ∈ Ext(A, S2A)

which satisfies the following obstruction property.

Proposition 7.2. The element cA ∈ Ext(A, S2A) is zero if and only if M(A, 2)
admits a commutative co-H-multiplication. Moreover, it is natural in the category
of abelian groups, in the sense of (7.A).

Recall that a co-H-multiplication µ is commutative if µ is homotopic to (i2, i1)µ.

Proof of Proposition 7.2. As we have seen, M(A, 2) admits a commutative co-H-
multiplication if and only if there exists β ∈ Ext(A, A⊗2

) such that

µA + jl∗β = (i2, i1)(µA + jl∗β)
= (i2, i1)µA + j(Γ(i2, i1))∗l∗β(a)
= (i2, i1)µA + jl∗T∗β.(b)

In (a) we use (7.C) and in (b) (2.E). Therefore ĉA = (1 − T )∗β and, by the
construction of S2 in (2.B), we get cA = q′∗ĉA = q′∗(1 − T )∗β = 0.

On the other hand, the functor Ext(A,−) is known to be right-exact, so that
0 = cA = q′∗ĉA if and only if there exists β ∈ Ext(A, A⊗2

) such that ĉA = (1−T )∗β;
see (2.B). In this case one can check as above that µA + jl∗β is a commutative
co-H-multiplication for M(A, 2).



SUSPENSIONS OF CROSSED AND QUADRATIC COMPLEXES 3649

Now we prove the naturality of cA. Given a homomorphism f : A → B we can
choose a morphism F : σA → σB such that H2F = f , then

(i2, i1)(F ∨ F )µA = (F ∨ F )(i2, i1)µA

= (F ∨ F )(µA + jl∗ĉA)
= (F ∨ F )µA + j(Γ(f ⊕ f))∗l∗ĉA(c)
= (F ∨ F )µA + jl∗(f ⊗ f)∗ĉA,(d)

(i2, i1)µBF = (µB + jl∗ĉB)F
= µBF + jl∗f

∗ĉB(e)

In (c) and (e) we apply (7.C), and in (d) (2.E). Hence

(f) (i2, i1)((F ∨ F )µA − µBF ) = (F ∨ F )µA − µBF + jl∗(f ⊗ f)∗ĉA − jl∗f
∗ĉB.

By (7.D) there exists a unique ζ ∈ Ext(A, B⊗2
) such that µBF +jl∗ζ = (F ∨F )µA,

therefore by (7.C) and (2.E) (i2, i1)µBF + jl∗T∗ζ = (i2, i1)(F ∨ F )µA, and hence
(f) is equivalent to the following equality in Ext(A, B⊗2

):

T∗ζ = ζ + (f ⊗ f)∗ĉA − f∗ĉB.

Thus
f∗cB − (S2f)∗cA = q′∗(f

∗ĉB − (f ⊗ f)∗ĉA) = q′∗(1 − T )∗ζ = 0.

Here we use the naturality and exactness of (2.B). The proof is now finished. �

Corollary 7.3. The extension element cA ∈ Ext(A, S2A) does not depend on the
choice of the homomorphism ϕ̄A for the construction of σA and µA.

Proof. Take ϕ̄′
A in the same conditions as ϕ̄A. Let σ′

A be the Moore space qua-
dratic complex of type (A, 2) constructed by using ϕ̄′

A instead of ϕ̄A, and c′A ∈
Ext(A, S2A) the extension element related to ϕ̄′

A, constructed in the same way
as cA. Choose B = A, f : A → B the identity homomorphism f = 1A, and
F : σA → σ′

A a quadratic complex morphism inducing 1A in H2. Then the same
technique used in Proposition 7.2 to prove the naturality of cA shows that cA =
c′A ∈ Ext(A, S2A). �

Corollary 7.4. For any abelian group 2cA = 0. Therefore if Ext(A, S2A) has no
element of order 2, then M(A, 2) admits a commutative co-H-multiplication.

Proof. In general S2(n1A) = n21S2A, then by the naturality property of cA in (7.A),

0 = (S2(1A + 1A))∗cA − (1A + 1A)∗cA = 4cA − 2cA = 2cA.

�

In the next theorem we compute a formula for cA from a free resolution of A.

Theorem 7.5. If Z〈A2〉
ψA
↪→ Z〈A1〉

p̂A� A is a free resolution of A such that ψA(b) =∑n
i=1 εiai for b ∈ A2, ai ∈ A1 and εi ∈ Z, then the extension element cA ∈

Ext(A, S2A) is represented by the homomorphism čA : Z〈A2〉 → S2A defined by

čA(b) =
n∑

i=1

(
|εi|
2

)
p̂A(ai)2.
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Proof. We can take the basis −ϕA = −ϕ ∈ nil of the reduced quadratic complex
σA of the Moore space M(A, 2) to be defined by ϕ(b) = ε1a1 + · · ·+ εnan ∈ 〈A1〉nil,
hence ϕab = ψA. The following equalities hold:

(µσ − (i2, i1)µσ)2 = i1 + i2 − i1 − i2(a)
= [i1, i2]
= sı∆p(b)
= sq(i1 ⊗ i2)∆p(c)
= d3ω(i1 ⊗ i2)∆p.(d)

Here we use Theorem 5.6 in (a), Lemma 5.10 in (b), the definition of ı (2.A) in (c),
and (3.C) in (d). Hence the homomorphism (i1⊗i2)∆: Z〈A1〉 → (Z〈A1〉⊕Z〈A1〉)⊗

2

determines a 0-homotopy between µσ−(i2, i1)µσ and f : Σσ → Σσ∨Σσ with fn = 0
for n �= 3, f3ω = 0 and

(e) f3r = (µσ − (i2, i1)µσ)3r − ω(i1 ⊗ i2)∆p(−ϕ).

Moreover,

r[i1, i2] = rsq(i1 ⊗ i2)∆p(f)

= ω(ϕab ⊕ ϕab)⊗
2
(i1 ⊗ i2)∆p(g)

= ω(i1 ⊗ i2)(ϕab ⊗ ϕab)∆p,

((i2, i1)µσ)3r = r(i2 + i1) + ω(i1 ⊗ i2)(∇ϕ + ∆ϕab)p.(h)

Here we use (b) and (c) in (f), (3.C) in (g), and Theorem 5.6 in (h). Hence by
Theorem 5.6 and Corollary 5.7

(−(i2, i1)µσ)3r = −r(i2 + i1) − ω(i1 ⊗ i2)(∇ϕ + ∆ϕab)p

+ω(i1 + i2)⊗
2
(∇ϕ + ∆ϕab)p,

and

(e) = r(i1 + i2) + ω(i2 ⊗ i1)(∇ϕ + ∆ϕab)p(i)

−r(i2 + i1) − ω(i1 ⊗ i2)(∇ϕ + ∆ϕab)p

+ω(i1 + i2)⊗
2
(∇ϕ + ∆ϕab)p

+ω((i1 + i2) ⊗ (−i1 − i2))(∇ϕ + ∆ϕab)p − ω(i1 ⊗ i2)∆(−ϕab)p

= r[i1, i2] − ω(i1 ⊗ i2)(∇ϕ + ∆ϕab + ∆(−ϕab))p(j)

+ω(i2 ⊗ i1)(∇ϕ + ∆ϕab)p

= ω(i1 ⊗ i2)((ϕab ⊗ ϕab)∆ −∇ϕ) + ω(i2 ⊗ i1)(∇ϕ + ∆ϕab).(k)

In (j) we use that ω is central, and in (k) we apply (f).
By using Lemma 5.9, one can prove the equality T∇(−ϕ) = ∇ϕ + ∆ϕab by an

easy computation, therefore by Lemma 5.10

T (∇ϕ + ∆ϕab) = (ϕab ⊗ ϕab)∆ −∇ϕ,

and hence by (i)

f3r = ω(i1 ⊗ i2 + i2 ⊗ i1T )T (∇ϕ + ∆ϕab)p.

So, by (7.E), ĉA ∈ Ext(A, A⊗2
) is represented by −(p̂A ⊗ p̂A)T (∇ϕ + ∆ϕab), and

then cA ∈ Ext(A, S2A) is represented by

−q′(p̂A ⊗ p̂A)T (∇ϕ + ∆ϕab) = −(S2p̂A)q′T (∇ϕ + ∆ϕab) = −(S2p̂A)(∇ϕ + ∆ϕab).
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Here we use the naturality of q′ and the fact that q′T = q′; see (2.B).
From these computations we see that we can take čA = −(S2p̂A)(∇ϕ + ∆ϕab).

Let us check now that čA satisfies the formula of the statement. The first equality
in the next formula is a consequence of Lemma 5.9, in the third we apply the fact
that p̂AψA = 0

−čA(b) =
∑

1≤i<j≤n

εiεj p̂A(ai)p̂A(aj) +
∑
εi>0

εi(εi + 1)
2

p̂A(ai)2

+
∑
εi<0

εi(εi − 1)
2

p̂A(ai)2

=
∑

0<εi even

[
(εip̂A(ai))

(εi

2
p̂A(ai) +

∑
j 
=i

εj p̂A(aj)
)

+
εi

2
p̂A(ai)2

]

+
∑

0<εi odd

(εip̂A(ai))
(εi + 1

2
p̂A(ai) +

∑
j 
=i

εj p̂A(aj)
)

+
∑

0>εi even

[
(εip̂A(ai))

(εi

2
p̂A(ai) +

∑
j 
=i

εj p̂A(aj)
)
− εi

2
p̂A(ai)2

]

+
∑

0>εi odd

(εip̂A(ai))
(
− εi + 1

2
p̂A(ai) +

∑
j 
=i

εj p̂A(aj)
)

=
∑

0<εi even

[
(εip̂A(ai))

(
−εi

2
p̂A(ai)

)
+

εi

2
p̂A(ai)2

]

+
∑

0<εi odd

(εip̂A(ai))
(
−εi − 1

2
p̂A(ai)

)

+
∑

0>εi even

[
(εip̂A(ai))

(
−εi

2
p̂A(ai)

)
− εi

2
p̂A(ai)2

]

+
∑

0>εi odd

(εip̂A(ai))
(
−εi + 1

2
p̂A(ai)

)

=
∑
εi>0

−ε2i − εi

2
p̂A(ai)2 +

∑
εi<0

−ε2i + εi

2
p̂A(ai)2

= −
n∑

i=1

(
|εi|
2

)
p̂A(ai)2.

�
Corollary 7.6. If A is a direct sum of cyclic groups, then M(A, 2) admits a com-
mutative co-H-multiplication if and only if A has no elements of order 2.

Proof. Suppose that A =
⊕

i∈I Z/ni where ni ∈ Z is either 0 or a prime power.
We take the following free resolution of A:

Z〈{a2,i; i ∈ I, ni �= 0}〉 ψA
↪→ Z〈{a1,i; i ∈ I}〉

p̂A� A,

here ψA(a2,i) = nia1,i and p̂A(a1,i) is the generator of the direct summand Z/ni ⊂
A. If we choose a total ordering 	 in I the symmetric square of A is S2A =
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i�j Z/(ni, nj), where (ni, nj) is the greatest common divisor and the direct sum-

mand Z/(ni, nj) is generated by p̂A(a1,i)p̂A(a1,j). The element cA ∈ Ext(A, S2A)
is represented by the homomorphism čA with čA(a2,i) =

(
ni

2

)
p̂A(a1,i)2. Therefore,

if ni is odd, then

čA(a2,i) = (nip̂A(a1,i))
(

ni − 1
2

p̂A(a1,i)
)

= 0;

otherwise ni = 2m and čA(a2,i) = 2m−1p̂A(aii)2 is the unique element of order 2 in
Z/2m = Z/(ni, ni) ⊂ S2A. If A has no elements of order 2, then ni is always odd or
zero, and čA = 0 is the trivial homomorphism, hence cA = 0. On the other hand,
if A has order 2 elements, then ni = 2m for some i ∈ I, and the usual computation
of Ext(Z2m , Z2m) � Z2m shows that cA �= 0. �

Remark 7.7. Corollary 7.6 is no longer true if A is not a direct sum of cyclic groups.
Consider A = Q/Z. It is well known that (Q/Z)⊗

2
= 0, hence S2(Q/Z) = 0 and

Ext(A, S2A) = 0, in particular, cA = 0. But the class of 1/2 in Q/Z is a non-trivial
element of order 2.
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