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SUSPENSIONS OF CROSSED AND QUADRATIC COMPLEXES,
CO-H-STRUCTURES AND APPLICATIONS

FERNANDO MURO

ABSTRACT. Crossed and quadratic modules are algebraic models of the 2-type
and the 3-type of a space, respectively. In this paper we compute a purely
algebraic suspension functor from crossed to quadratic modules which sends
a 2-type to the 3-type of its suspension. We also give some applications in
homotopy theory and group theory.

1. INTRODUCTION

Crossed modules were introduced by J. H. C. Whitehead ([23]) in order to give
an algebraic invariant of a CW-complex stronger than the cellular chain complex
with local coefficients. Almost at the same time Mac Lane ([I8]) used them to de-
scribe the third cohomology of a group; moreover, in [I9] Whitehead and Mac Lane
proved that crossed modules are algebraic models of the 2-type of a C'W-complex.
Although they are defined by non-abelian groups, crossed modules have Peiffer
nilpotency degree 1 (see [22] and [9]), hence they are in some sense abelian-like
objects. Their non-abelian analogues in the sense of Peiffer are termed precrossed
modules.

In [7] Baues introduced quadratic modules to describe the 3-type of a CW-
complex. They are defined by means of non-abelian groups as well, but have Peiffer
nilpotency degree 2. Previously Conduché had defined similar objects called 2-
crossed modules and showed their relation with the fourth cohomology of a group
([16]). 2-crossed modules have been extensively studied and generalized to other
contexts; see for example [2I] and [3]. However, despite their name, they are
generalizations of precrossed modules rather than crossed modules, because they
do not satisfy any Peiffer nilpotency condition.

Whitehead’s homotopy systems [23], now usually called crossed complexes, are
chain complexes of groups which in low dimensions have a crossed module and in
higher dimensions consist of modules over a group. Baues constructs quadratic
complexes in a similar way by using quadratic modules, and proves that the cate-
gories of crossed and quadratic complexes are homotopy categories ([7]). In fact,
they are I-categories in the sense of [6] when we restrict to totally free objects,
which are the cofibrant models. A Quillen model category structure was already
known for crossed complexes ([14]).
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When we work with simply connected CW-complexes the notion of Peiffer nilpo-
tency corresponds to the usual notion of nilpotency of a group. For example, the
2-type of such a space is described by an abelian group, namely the second homol-
ogy group. Reduced quadratic modules are a special kind of quadratic modules,
describing the 3-types of simply connected C'W-complexes (see [7]), which are con-
structed with groups of nilpotency degree 2.

In this paper we define a suspension functor from crossed modules to reduced
quadratic modules (Proposition B-3)) that, topologically speaking, sends a 2-type to
the 3-type of its suspension (Corollary [£8). This functor is extended to crossed
and quadratic complexes (Proposition 1]). A notion of suspension exists in the
categories of totally free crossed and quadratic complexes, because they are I-
categories. However this categorical suspension applied to a crossed complex gives
simply a chain complex of abelian groups. It does not encode the 3-type of the
suspension, but only the 2-type. The functor constructed here avoids this problem.
Furthermore, we prove that the suspension functor in the category of quadratic
complexes is, up to isomorphism, the composition of the canonical functor from
quadratic to crossed complexes, which sends a 3-type to its 2-type ([7]), and our
suspension functor (Theorem [F3).

Suspensions in the category of totally free quadratic complexes have a canon-
ical co-H-structure that we study in Section 5. We observe that it is not only a
co-H-structure, but a strict cogroup structure, and compute explicitly their struc-
tural morphisms in terms of the basis (Theorem and Corollary [0.8)). These
computations are applied in Section 6 to calculate for any CW-complex X the nat-
ural homomorphism HoX — A?H; X induced in the second homology by the map
h: X — K(H,X,1) such that m h: m; X — H;X is the Hurewicz homomorphism
(Theorem [G.T]). As a consequence we give abelian presentations for the second quo-
tient I'yG/T'3G of the lower central series of a group G with a given presentation
(Proposition [6.4), as well as for the second homology of Leedham-Green ([17]) of
G/T'3G in the variety of groups of nilpotency degree 2 (Corollary [G.5).

In the last section we define for any abelian group A a natural element c4 €
Ext(A, S?A) which vanishes if and only if the Moore space of type (4,2) has a
commutative co-H-structure (Proposition [7.2)). The results of Section 5 are applied
here to compute an explicit formula of the element ¢4 from a free resolution of A
(Theorem[T5)). In this way we show that if A is finitely generated, then cy4 is trivial
if and only if A has an element of order 2 (Corollary [.0]), generalizing a result of
Arkowitz and Golasinski ([2]) for cyclic groups.

Further applications of these results to proper homotopy theory will be given in
a future paper ([200]). More precisely, the results of Section 6 will be used to show
a proper Moore space of degree 2 which does not admit any co-H-structure at all.
See [5] and [4] for the construction and basic properties of proper Moore spaces.

2. PRELIMINARIES

2.1. Categorical notations. We use the multiplicative notation for the compo-
sition of two morphisms ¢: X — Y, ¢¥: Y — Z in a category C, vp: X — Z.
The coproduct of two objects X,Y in C is denoted by X VY, the corresponding

inclusions are X <5 X VY < Y. Given two morphisms X 4, Z <Y i C,
(f,9): X VY — Z is the unique morphism with (f,g)i; = f and (f,g)is = g.
Moreover, 1x is the identity morphism in X (we shall omit the subindex if it is
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not relevant), and the arrows “—”, “—” and “—” mean epimorphism, monomor-

phism and cofibration, respectively. The symbol ~ will stand for isomorphisms in
any category as well as for the homotopy relation between morphisms in homotopy
categories, the meaning of this symbol in each case will be clear from the context.

2.2. Quadratic functors. Recall the definition of the following functors in the
category Ab of abelian groups

I',A%, S%: Ab — Ab.

The first one is Whitehead’s T’ functor ([24]), which carries an abelian group A to
the abelian group I'A generated by {y(a);a € A} with the relations

A/(a‘) = ’7(—@),
Yla+b+c)—y(b+c)—vyla+c)—v(a+b)+v(a) +~(b) +7(c) =0,

for any a,b,c € A. Let T: A®” ~ A%’ be the involution T(a®b) = b®a, the exterior

square N>A and symmetric square S*A are defined by the following natural exact
sequences

(2.A) TA -5 A% 5 A24,

(2.B) A T 4@ L g2y

where 7y(a) =a®a, g(la®b) =aAband ¢'(a ® b) = ab. There are short splitting
exact sequences

(2.C) A®B<ST(A®B) »TA®TB,

(2.D) A®B <5 N (A® B) » A2A® A’B,

with I(a ® b) = ~(i1a + i2b) — v(i1a) — Y(izb) and 2(a ® b) = i1a A izb, that is,

1 = q(i1 ®13). The arrows on the right are induced by the projections of the factors
of the direct sum; moreover,

(2.E) IT = T(ig, i1)l.

The sequences (2.()) and (2.D]) are natural in A and B. There is an analogous
exact sequence for S? as well, but we shall not use it. Notice that the failure in
the additivity of these functors is measured by a biadditive functor, for this reason
they are said to be quadratic.

The three functors above are right-exact in the quadratic sense, for A? this

property means that given an exact sequence C LB A, then

®17 2 2
(2.F) (C® By @ a2 EVND g M9y 0y

is also exact. Furthermore, if B is free abelian with basis £ and we choose a total
ordering < in E, then {e; Aes; e; < es € E} is a basis of A2B, hence an abelian
presentation of A and (2.F) yield an abelian presentation of A2A.
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2.3. A review of some group theory. The composition operation in a group G
will always be written additively a + b (a,b € G), even when the group G is not
commutative, because we shall use the multiplicative notation for the composition
of morphisms in a category and for the generators of the symmetric square; see
and (2.B). The commutator of two elements in a group a,b € G is [a,b] =
—a—b+a+0b, I',G is the normal subgroup of G generated by commutators of
weight n. We say that G is of nilpotency degree < n, or simply a nil(n)-group,
if I',41G = 0. The abelianization of G is the quotient G = G/T';G, and the
nilization is G™ = G /T'3G; moreover, we shall denote the natural projections by
p: G — G% and p: G — G™'. These constructions are functorial in the category
of groups.

Let gr, nil, ab be the categories of free objects in the varieties of all groups,
nil(2)-groups and abelian groups respectively. The object with basis E is denoted
in each case (E), (E)"" and Z(E). The “nilization” and “abelianization” defined
above restrict to functors

nil . ab
gr — nil — ab.
There is a natural central extension

(2.G) NZ(E) < (B 5 7(B)

where s(e1 A e2) = [e1, e2] (e1,e2 € E).
More generally, in any nil(2)-group G commutators are central, and the commu-
tator bracket is bilinear, hence there is a natural central homomorphism

(2.H) w: G*®G* — G

defined by w(p(g) ® p(g')) = [9. 9]

Furthermore, the homomorphism set Hom((E)", @) is also a nil(2)-group. The
sum of two homomorphisms ¢ + 1 is the unique one such that (¢ +¥)(e) = p(e) +
1 (e) for any e € E. In this way morphism sets in nil are nil(2)-groups. The sum
and the composition of morphisms in nil satisfy the following rules (see [10]):

(i) ¥(p1+ p2) = Po1 + P,

(ii) the symbol (Y1]th2)y = (Y1 + ¥2)p — Y29 — Y1¢ is linear in ¢; and ¥y;
moreover, it only depends on ¥§* and v$® and lies in the commutator
subgroup of the corresponding homomorphism group,

(i) (—)p =~ + (V).

By using (ii) and (iii) one can check that

(iv) if 9* = 5", then (1 —v2)p = Y1 — Y.

Given any two groups 7, G we say that G is a w-group if 7 acts (on the right) on
G by automorphisms, the action is written exponentially a® (a € G, « € 7). Notice
that G is canonically a G group acting on itself by conjugation a® = —b +a + b
(a,b € G). If H is a n’-group and v: 7 — 7/, ¥: G — H are homomorphisms, we
say that ¢ is v-equivariant if (a®) = 1(a)?(®) for any a € G, € 7. When 7 = 7/
and v = 1 we simply say that ¢ is w-equivariant.

If we have two groups GG, H acting one on each other, their non-abelian tensor
product G ® H is the group generated by the symbols g ® h with relations

(g+9)oh=g" @h' +¢ @h, g0 (h+h)=goh' +g¢" @n"

for any g,9' € G and h,h’ € H. Here the relations are slightly different from those
in [I5] since we consider right-actions. This translation will be needed whenever
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we use this construction and related results in [I5]. If the actions are both trivial,
then G ® H = G% ® H is the usual tensor product of the abelianized groups.
Moreover, one can easily check that this tensor product is functorial with respect
to homomorphisms ¢: G — G’, »: H — H’ such that ¢ is ¥-equivariant and 1 is
p-equivariant, p @ Y: G H - G'@H': g h — ¢(g9) ® (h). Furthermore, there
is a canonical homomorphism induced by the commutator bracket

wW: GG —G:ged —lg4]

3. A SUSPENSION FUNCTOR FROM CROSSED MODULES
TO REDUCED QUADRATIC MODULES

In this section we are going to construct a functor from the category of crossed
modules to the category of reduced quadratic modules which we shall call suspension
functor. We shall justify the name “suspension” in the next section. We also give
here a brief account of the definitions and basic properties of these algebraic objects;
see [[] for more details.

Recall that a precrossed module 0 is an N-group M together with an N-equivar-
iant homomorphism 9: M — N. A morphism of precrossed modules (¢, v): 9 — 9’
is a commutative square of homomorphisms

M—2N

b, L
M N

such that 9 is v-equivariant. The Peiffer commutator of two elements z,y € M
is [v,y] = —x —y +z +y?%, and P,,0 C M is the subgroup generated by Peiffer
commutators of weight n. We can define the nilpotency degree of a precrossed
module just as in the case of groups by using here P, 0 instead of I',,G; see [9].
We call nil(n)-modules to precrossed modules of nilpotency degree < n, nil(1)-
modules are usually termed crossed modules. The crossed module 0" associated to
a precrossed module 9 is the quotient

9. M = M/Pyd — N,
and the related nil(2)-module is
o™il M/P3d — N.

Remark 3.1. Notice that a precrossed module 0 with N = 0 is just a group M, in
this case P,0 = I, M. In general, I';Ker 9 C P,,0, hence if 9 is a nil(n)-module
Ker 9 is a nil(n)-group.

If 9: M — N is a crossed module and we consider M acting on N via 0 and
conjugation, then one easily checks that the actions are compatible in the sense of
[15], and hence the following homomorphism

(3.A) M®N -Z M:m®n— —m+m"

is well defined and natural, and verifies
e w(l1®d)=w: MM — M,
e Jw=w'(0®1): M®N — N.
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In [7] a quadratic module (w,d,0) is defined as a diagram of N-groups
ceCcSLSMEN

where 9 is a nil(2)-module, ¢: M — (M) = C is the natural projection (which
induces a unique action of N on C such that ¢ is N-equivariant), C' ® C has the
diagonal action, and the following equalities hold (a,b € L;z,y € M):

(i) 96 =0,

(i) [z,y] = dw(o(z) ® (y)),

(iii) aax =a+w(l+T)(pd(a) ® ¢(x)),
(iv) [a,b] = w(¢d(a) @ ¢3(b)).

Remark 3.2. Notice that w is central and L is a nil(2)-group by (iv).

A morphism of quadratic modules (¢,v%,v): (w,d,9) — (W',0’,9") is a commu-
tative diagram

CoC—2 51— sm—25N
oo o )
o~y 2 N

of v-equivariant homomorphisms with v, : C — C” induced by 1.

We are mainly interested in reduced quadratic modules, which are those with
N = 0. In this case M is also a nil(2)-group, C' = M and conditions above reduce
to the following;:

(i) [z, 9] = dw(o(z) © B(y)),
(if) w(l+T)(¢d(a) ® ¢(x)) =0,
(iif) [a,b] = w(¢d(a) © ¢3(b)).

We shall also use the central push-out P of a diagram of groups H <~ G ENY
with A abelian. Namely, P is a group which fits into a commutative square

f
—

G A
l c—push l
H P

—
f

with g central, and satisfies the following universal property: for any pair of ho-
momorphisms ¢: H — K, ¢: A — K with ¢ central and pg = ¥ f there exists a
unique homomorphism ¢: P — K with ¢ = ¢f and ¢ = ¢g. The group P can
be constructed as the quotient of H x A by the normal subgroup generated by the
elements (g(z), —f(x)), z € G.

Proposition 3.3. There exists a suspension functor ¥ from crossed to reduced
quadratic modules which sends 0: M — N to the reduced quadratic module %0 =
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(w,d) given by the following commutative diagram:

9% )@
M®N%(Nab®Nab)/R

w‘/ c—push Jw

Nnil
Here R is the image of (1+T)(0%° ®1): M® @ N* — N® g N,

Proof. The natural homomorphism w defined in (2.H]) factors through R, since
commutators are anticommutative. Moreover, ¢ exists and (w, ) is a reduced qua-
dratic module by the properties of @ in (B-A]) and central push-outs. Furthermore,
the diagram above is clearly natural in the category of crossed modules, hence ¥ is
a functor and the proof is finished. (I

We say that a precrossed module 9: M — N is totally free with basis ¢: (E) —
(F)if N = (F) and a homomorphism r: (E) — M is given such that if 9’ is another
precrossed module, then any commutative diagram of groups

(B) ——(F)

o, |

M2 N

extends to a unique morphism (¢, v): d — & of precrossed modules with ¥r = ¢)’.
This object is constructed in the following way: M = Ker[(0,1): (E) * N — N]
with NV acting on M by conjugation in the free product (E) * N, and

(3.B) 9: M c (E)« N YN,

The totally free crossed module (resp. nil(2)-module) with basis ¢ is 0°" (resp.
anil)'

Similarly, a quadratic module (w,d,0) is totally free with basis (D) — M if the
nil(2)-module 9 is totally free and there is a homomorphism r: (D) — L satisfying
the universal property analogue to the case of precrossed modules.

A reduced quadratic module M @ M*® = [ 2 M s totally free with basis
o (E)" — (Fy"lif M = (F)™! and a homomorphism 7: (E)" — [ is given
satisfying the obvious universal property. This object is constructed by the following
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diagram:
(¢
(3.0) ZEY®® S 7(F)® /R
sql c—push lw s
<E>n1l r Ny

Here R’ is the image of (1+ T)(¢® ©1): Z(E) ® Z(F) — Z(F)®".
The next proposition shows that the suspension functor defined in ([B.3) preserves
totally free objects.

Proposition 3.4. If the crossed module 9: M — N is totally free with basis
v: (E) — (F), then the reduced quadratic module 0 = (w, ) is totally free with
basis ™.

Proof. Write 0: M — N for the totally free precrossed module with basis ¢, then

M = ; >0<<F><Ef> C (E) % (F) and M?* in Proposition 33 is the quotient of M x
€

(Z({F >®2 /R) by the normal subgroup generated by the elements
(=€ —ete +e7,0) , (—e+ef,—p"p(e) @ p(f))

for any e, e’ € (E), f € (F). Hence in the quotient we have the equality (ef,0) =
(e, 0p(e)@p(f)), and therefore M is also the quotient of (E)x (Z(F)®” /R) by the
elements ([e’, €], ™p(e) @ **p(e’)) for any e,e’ € (E). In particular, ([e, [¢/,"]],0)
is a relation for every e, ¢/, ¢” € (E), then M™ is the quotient of (E)"'x (Z(F)®" /R)
by the relations (—[e, e'], p*p(e) @ p®p(e’)) for any e, e’ € (E)™ since [¢/,e] =
—[e,€’']. Moreover, by an easy computation one can check that R = R’, hence

M?® coincides with L in the central push-out diagram (3.0). The proof is now
complete. |

4. CROSSED AND QUADRATIC COMPLEXES. SUSPENSIONS

Crossed (resp. quadratic) complexes are special chain complexes of groups with
a crossed (resp. quadratic) module structure in low dimensions (see [7]). These
algebraic objects are used to encode homotopical information of spaces, such as the
2-type and the 3-type. In this section we extend to those complexes the suspension
functor defined in the previous section, and give a topological interpretation of this
algebraic functor.

A crossed complex is a positive chain complex of groups p = (ps, d,) such that
ds: pa — p1 is a crossed module, p,, (n > 2) is a (right) module over Coker dy (and
hence over p; through the natural projection p; — Cokerds), and the differential
d, is pp-equivariant. Similarly, a quadratic complex 0 = (04,d.,w) is a positive
chain complex of groups (o, d,) and a homomorphism w: Cy ® Cy — o3 such that
(w,ds,ds) is a quadratic module, o, (n > 3) is a module over Coker ds, and the
differential d, is oi-equivariant. The homotopy groups of p and o are

(4.A) Tnp = Hy(ps, di), Tpo = Hp (04, dy).
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A morphism of crossed complexes is a morphism of chain complexes

f= {fn}n21: p—p
such that f,, is fi-equivariant (n > 1), and morphisms of quadratic complexes f =
{fn}n>1: 0 — o' are morphisms of chain complexes with (fs, f2, f1): (w,ds,d2) —
(W', d,d5) a morphism of quadratic modules and f,, an fi-equivariant homomor-
phism (n > 1). A morphism of crossed or quadratic complexes is said to be a weak
equivalence if it induces isomorphisms in homotopy groups.

We say that a crossed or quadratic complex is reduced if the 1-dimensional group
is trivial. Notice that reduced crossed complexes are simply chain complexes of
abelian groups, while reduced quadratic complexes have a reduced quadratic module
in low dimensions with a chain complex of abelian groups attached in dimensions
> 3.

In the next proposition we extend the suspension functor defined in Proposition
to a functor between complexes.

Proposition 4.1. There is a suspension functor ¥ from crossed to reduced qua-
dratic complezes which sends p = (ps, ds) to the reduced quadratic complex Xp =

((E,o),k,dE w) with (o.),d3) Sdy, (Xp)nt1 = pn @myp Z for n > 2, where 7 is the
trivial m p-module, and dE_H =dy Qr,p L for n > 3. Moreover, the homomorphism

dy is the unique one which extends commutatively the following diagram:

(d3°p)®p
p2 ® p1 ——— (p? @ pat) /R

wJ c—push lw
’

P2 —>T (ip)g

/F =
d3 | dF
I

p3 —————% p3 @, L
where z is the natural projection z(x) =x ® 1 (x € p3).

Proof. The filler d% exists and is unique provided ds(Ker z) C Kerr'. This inclusion
is satisfied, because Ker z is generated by the elements —z + =% (z € ps3, a € p1),
and
rlds(—x +2%) = r'(=ds(x) + ds(x)®)
= r'w(ds(z) ®a)
= w(ds’pds(z) @ pa)
w(pdadsz(z) ® pa)
0.
It is readily checked that EdE = 0, since dd = 0, hence f]p is a reduced quadratic

complex. Furthermore, ¥ is a functor because the diagram of the statement is
natural in the category of crossed complexes. O

A crossed (resp. quadratic) complex p (resp. o) is said to be totally free if dy
(resp. (w,ds,ds)) is a totally free crossed (resp. quadratic) module and p,, (resp.
oy) is a free module over Coker dy for n > 2 (resp. n > 3).
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We say that {E,},>1 is the basis of a totally free quadratic complex o =
(04,ds,w) if E, C 0, is a subset such that
(i) o1 = (Ey),
(ii) dg induces a group homomorphism (FE3) — (E;) which is the basis of the
nil(2)-module ds,
(iii) the homomorphism (F3) — o9 induced by ds is the basis of the quadratic
module (w, ds, d2),
(iv) E, (n > 4) is the basis of the free m1o-module o,.
If o is reduced, then E; = ) is the empty set and conditions above reduce to the
following:
(i) o2 = (Ep)™",
(ii) ds induces a homomorphism (E3)"! — (FE5)" which is the basis of the
reduced quadratic module (w, ds),
(iii) E, (n > 4) is the basis of the free abelian group o,,.

Remark 4.2. The basis of crossed complexes is defined in a similar way, and has
analogous properties. Moreover, a totally free crossed or quadratic complex is
completely determined by the basis sets and the values of the differential over the
basis. Furthermore, if f: 0 — ¢’ is a morphism of quadratic complexes and o is
totally free, f is also determined by its values on the basis. The same happens in
the crossed case.

The categories H, Q of totally free crossed and quadratic complexes, respectively,
are homotopy categories; in fact, I-categories with the structure given in [[7]. The
zero object in both categories is that with the trivial group in each dimension,
and the basis of the coproduct of two objects is the coproduct (disjoint union)
of the basis. Moreover, the inclusion of a factor into a coproduct is induced by
the inclusion of its basis; see also the construction of homotopy push-outs in these
categories given in [7], II1.4.17 and IV.5.5.

The basis of the cylinder Io of a quadratic complex o with basis {E,},>1 is
given by the sets {E/ },>1 with

Erlw = iQEn vV SEn_l \ ilEn (Tl Z 2),
Ei = ioEl V ilEl.

Here i, E,, sE, are copies of E,, (n > 1,t = 0,1) and V is the disjoint union of
sets. The natural top and bottom inclusions of ¢ into the cylinder i;: ¢ — Io
(t = 0,1) are induced by the basis inclusions E,, = i:FE, C FE/, and the natural
projection p: Io — o by piy = 1 and ppri1(sz) =0 (t = 0,1;2 € E,,n > 1).
The differential in the cylinder is defined by the differential of o and the following
equalities (z € Ep,,n > 1,t =1,2):

dpir(x) = ipdy(2), dpy1(sx) = —ig(x) +i1(x) — Sp_1dp ().

Here Spdi(z) = 0 and S,: 0, — (Io)py1 (n > 1) is the function defined by
Spr = sx (x € E,) and the fact that it is an ip-equivariant homomorphism for
n > 3, an ig-crossed homomorphism for n = 1, and an (51, ig, 41 )-quadratic operator
for n = 2.

Recall that, if G is a 7’-group and ¢: @ — 7’ is a homomorphism, ¥: 7 — G
is a p-crossed homomorphism if 1 (a + b) = ¥(a)¥® + (b) for any a,b € 7. The
definition of quadratic operator is more complicated, we refer to [7], IV.4.3.
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Given a morphism f: 0 — ¢’ in Q, the induced morphism If: Ioc — Ic’ is the
unique one with (If)i; = i,f (t =0,1) and (I f)n+1(sz) = Spfu(x) (x € Ep,n > 1).

The suspension functor in Q, as in any I-category, is defined by Yo = Io /o V o,
the cofiber of the natural morphism (ig,41): 0 V o »— Io. In order to relate this
suspension functor with that defined in Proposition [£.1]recall that there is a functor
A from quadratic complexes to crossed complexes which sends o = (04, dys,w) to
the crossed complex Ao = ((Ao).,d?) such that ((Ao).,d?) coincides with (o, d.)
in dimensions > 3,

dy: (\o)y = 04 24 5y — Cokerw = (Ao)s,
dé\ =d5": (Ao)e =05 — o1 = (\o)1,

and dj fits into the following commutative square:

d3
03— 09

L,

3
Cokerw —— 05"

(see IV.3.2 in [7]). This functor preserves totally free complexes; moreover, if
{E, }n>1 is the basis of o, then it is also the basis of Ao, and Ao = I)o.

Suspensions in H are just chain complexes of free abelian groups which are trivial
in dimensions < 1, so they are not of much interest. The main result of this section
is the following.

Theorem 4.3. There is a natural equivalence between the functors
Q 2Q and Q- 2H ZQ.

In order to prove this theorem we first state several lemmas.
The following lemma follows directly from Proposition 5.4l and the construction
of ¥ in Proposition E1l.

Lemma 4.4. If p is a totally free crossed module with basis {Ey}n>1, then the

reduced quadratic module Xp is totally free with basis {EE}@I, EY =0, EX =
En,1 (n Z 2)

By observing the explicit constructions of the cylinder functor, the suspension
functor X, and homotopy push-outs in Q ([7]) one easily checks that

Lemma 4.5. If {E,},>1 is the basis of the quadratic complex o, then the basis of
Yo is {E2},>1 with EY = 0 and EX = E,_y for n > 2. Moreover, if o: o —
Io/oV o = Xo is the natural quotient morphism, then the restriction of o, induces
the identity oy : sE,_1 = Ep_1 = EE (n>2).

In the next lemma we determine the low-dimensional reduced quadratic module
of a suspended quadratic complex.

Lemma 4.6. If @: (E3) — (Ey) is the basis of the nil(2)-module ds: 09 — o1 and
o = @ then —p: (Eo)™ — (E,)™ is the basis of the low-dimensional reduced
quadratic module of Yo,

>

ZUEDN® 2 (S0)s 2 (S0)s = (E1)
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Proof. By (&3] we only need to prove that the composition
By =3By C (I0)3 & (I0)s & (X0)y = (E;)™!

sends z € Ey to —p(x) € (F;)"". By construction of the differential of Io and the
suspension functor we have that

02d3(sz) = —02519().
Moreover, since gig = 0, 0257 is in fact a group homomorphism, and given y € Fj,
0251(y) =y, 50 0251 = p: (E1) — (E1)™" is the natural projection and gods(sx) =
—02516(x) = —pp(x) = —p(z). O

Now we are ready to prove Theorem (3]

Proof of Theorem B3 Let o = (0., ds,w) be a quadratic complex. We claim that
(X0), = (S)\U)n and the natural equivalence is given by the morphism x: Yo —
Yo with x, = (=1)" for n # 3, ysw = w and xar = r(—1).

Given ¢ € nil, the reduced quadratic modules with basis —¢ and ¢, (w1, d1)
and (ws, d2) respectively, are defined by the same groups, w; = wy but §; # 09
in general, here we use (3.0) and the fact that (—®)®° = (©%)®*. Moreover,
(x3,1,0): (w1,01) — (w2,d2) is an isomorphism of quadratic modules. Therefore,
the equalities (30), = (SA0), and y2d3 = d5*xs follow from Proposition [3.4] and
Lemmas [£.4] [£.5] and [£.6]

Since giy = 0 (t = 0,1), for n > 5 we have that 0,5,-1: 01 — (Z0), =
(XX0)n = On_1 ®ro Z is the natural projection z — z ® 1 and dy, . (z) =

—0nSn—1d,(x), so d§+1 = —dp Or0 L = fdg_j\_l and Xnd,a_l = d%j‘_lxnﬂ. Fur-
thermore, 0453: 03 — (Y0)s = (XAo)s = (Cokerw) ®x,o Z is also the projection
homomorphism onto the quotient, and if * € Ey, then d¥(x) = —p4S34dy(x) =

—d?k(x), hence 4df = dsi’\)@. The map Sy is an (57,149, 1)-quadratic operator
in the sense of [7], IV.4.3 (see [7], IV.4.10 (5)); in addition gip = 0 = pi; and
0251 = p (for this last equality see the proof of Lemma 4.6). Then p35: is a

(p, 0,0)-quadratic operator. Let & be the composite oy — 05" = (Ao)g (i/\O’)g;
see Proposition 3.3. By using property (iii) in the definition of a reduced qua-
dratic module (see Section 3) and Proposition 3.3 it is easy to see that the map
—x3& 1 09 — (i)\O’)g = (Xo3) : ¢ — —x3&(z) is also a (p,0,0)-quadratic opera-
tor. Moreover, given e € E», 0352(e) = e = —x3&(e) and therefore by [7], IV 4.5,
0251 = —x3&. In particular by Proposition 4.1 we have that for € E3,dy x4(z) =
di*z = &dz(x) = x3x3€ds(z) = x3(—0S2ds(w)) = x3dy(z). Here we use the
obvious fact that x3x3 = 1. The proof is now finished. O

Let CW be the category of CW-complexes with trivial 0-skeleton and cellular
maps. From the homotopy point of view this category is equivalent to the category
of all connected spaces, therefore in this paper “space” will mean CW-complex as
above, and maps between them will always be cellular.

Given a space X there are defined objects p(X), ¢(X) in H and Q, respectively,
such that p(X) = Ao (X); see [7]. Moreover, the basis of these objects is the set of

0 0
cells of X. In fact, they are functors p: CW — H and 0: CW — Q/ ~. Here ~
is a natural equivalence relation in Q given by 0-homotopies, which are filtration-
preserving homotopies with respect to skeleta. More precisely, two morphisms
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fyg: 0 — o' are 0-homotopic if f, = g, for n = 1 and n > 4, and there is a
71 f-equivariant homomorphism «: Cy — C% ® C) such that if ¢: o9 — Cy is the
natural projection, then

—fa(a) + g2(a) = dsw'ag(a), —f3(b) + g3(b) = w'apds(b),

for any a € oy, and b € o3. The functor p (resp. o) is full and faithful when we
restrict to the full subcategory of spaces of dimension 2 (resp. 3) and take the
quotient by the homotopy relation, in particular, there are natural isomorphisms
Tnp(X) =~ mp X (resp. mpo(X) =~ 7, X) for n < 2 (resp. n < 3). Moreover, the

0
functor A factors trough Q/ ~ and there is a natural equivalence p = Ao. Fur-
thermore, o and p preserve cylinders and homotopy push-outs, hence the following
result follows directly from Theorem A3

Corollary 4.7. For any space X there is a natural isomorphism Sp(X) ~ o(2X).

The 2-type of a crossed complex p = (ps,d.) is the crossed module Pop =
dy: p2/dsps — p1 and the 3-type of a quadratic complex o = (04, d,,w) is the
quadratic module Pso given by

w d d
Co® Cy = 03/dsoq =5 09 3 07.

For any space X the algebraic objects Pp(X) and P3o(X) are models of its
topological 2-type P, X and 3-type P3X in the following sense: a map f: X — Y
induces a weak equivalence Pop(f): Pop(X) — Pop(Y) if and only if Pof: P, X —
P,Y is a homotopy equivalence, and the same for Pso; see [[7].

The next corollary is a direct consequence of Corollary [£.7], and shows that the
suspension functor from crossed to quadratic modules defined in Proposition is
equivalent to the topological functor which sends the 2-type of X to the 3-type of
¥ X.

Corollary 4.8. Given any space X, there is a natural isomorphism f]ng(X) ~
Pso(XX).

5. THE CO-H-STRUCTURE OF A SUSPENDED QUADRATIC COMPLEX

As in any [-category, suspensions in Q are equipped with a natural co-H-group
structure given by morphisms

e the co-H-multiplication p,: Yo — Yo V Yo,
e and the co-H-inversion v, : Yo — Yo,

such that
(5.A) (1V po)pto = (o V Ditg, (1,0 ) = 1 2= (0, 1) pt, (1, v5 ) 1o = 0 = (vy, 1) i,

here the symbol ~ denotes the homotopy relation. These morphisms are well de-
fined up to homotopy; see [6], I1.6. In this section we shall give explicit formulas
for these morphisms. Moreover, we shall prove that the co-H-structure of Yo is a
strict cogroup structure in Q, that is, the homotopies above are in fact equalities.

Remark 5.1. The quadratic complex of a wedge of circles o(VgS?!) is naturally
isomorphic to m(VES!) = (E) concentrated in degree 1 and trivial otherwise.
Therefore the canonical co-H-structure of S' induces the co-H-structure in ¢S?!
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given by
e the co-H-multiplication pu: 0S' — ¢SV ¢S8!, which is u1: (€) — (e1,e2),
u1(e) = e1 + eg, in dimension 1, here e, = ige (k= 1,2),
e and the co-H-inversion v: oS! — oS, given by v;: (e) — (e), vi(e) = —e.
One readily checks that this is in fact a strict cogroup structure in Q, that is, the
homotopies in (B.A]) are strict equalities in Q.

In [7] Baues constructs a tensor product of quadratic complexes o ® ¢’ such
that 0(X) ® o(Y) is isomorphic to the quadratic complex of the product space
(X xY). This isomorphism is natural in Y if we fix X and vice versa. Moreover,
there is a natural inclusion (actually a cofibration) of the coproduct of two quadratic
complexes into their tensor product j7: ¢ V ¢/ — ¢ ® o', which corresponds to the
natural inclusion X VY C X x Y see [7], IV.12.2 (3). Hence if we define the smash
product of quadratic complexes as the cofiber of 3,

oNd' =o0®d JoVd,
we get an induced isomorphism
o(XANY)~o(X)ANo(Y).

Remark 5.2. Notice that smash products are always reduced quadratic complexes,
since the natural inclusion 7 is an isomorphism in dimension 1. Moreover, the smash
product is naturally distributive with respect to the coproduct

(cNd")V(c'No")~=(cVa')Nd".
The isomorphism is (i3 A 1,i2 A 1).

In the following proposition we give a further characterization of the suspen-
sion functor in Q which will allow us to compute explicit formulas for the co-H-
structures.

Proposition 5.3. The suspension functor in the I-category Q coincides with the
smash product with the quadratic complex of the circle S',

L=08'A-:Q —Q,

up to natural equivalence. Furthermore, under this equivalence the co-H-structure
of a suspension is induced by the canonical co-H-structure of 0S', that is,

Mo =puANly, Ve =vAlg,
and therefore it is a strict cogroup structure in Q.

Proof. Suppose we have checked that ¥ = 0S' A —, i, = p A1y and v, = v A 1,.
Then p,, v, is a strict cogroup structure in Q because u, v is a strict cogroup
structure for 05! and — A ¢ is a functor from Q to Q.

If ¢ is a quadratic complex with o, = 0 for n > 4, one can construct a 4-
dimensional space X with ¢ = ¢X by using [7], IV.7.5, compare with IV.8.5 in
the same reference. Since o preserves cylinders and its structural maps, it also
preserves suspensions and its co-H-structures. Moreover, it is well known that
S A — coincides with the suspension functor in the category of spaces, and the
canonical co-H-structure of a suspended space is induced by the usual co-H-structure
of S'. Therefore, the proposition is true for a quadratic complex ¢ with o, = 0
for n > 4. For a general quadratic complex it is a consequence of the previous
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particular case and the fact that chain complexes admit a unique co-H-structure
up to homotopy; see the next lemma. O

Lemma 5.4. A chain complez (of abelian groups) admits a unique co-H-structure
up to homotopy.

Proof. This category of chain complexes is an additive category. We can define a
co-H-structure on a chain complex C, by p = i1 +i and v = —1. Consider another
co-H-structure given by p/ and /. There are chain homotopies {ay, bnez: (1,0)p ~
1, {Butnez: (0,1)p =~ 1. One readily checks that {ijay, + 928, tnez is a chain
homotopy g/ ~ p. Similarly, if {y,}nez: (1,7 )p >~ 0 is a chain homotopy, then
{Yn}nez is a chain homotopy v’ ~ v as well. d

A direct consequence of Proposition [5.3]is the following.

Corollary 5.5. The morphism set Q(3o,0’) has a group structure such that the
natural projection onto the group of homotopy classes Q(Xo,0’) — [Xo,0'] is a
homomorphism.

In order to compute the cogroup structure of a suspended quadratic complex we
introduce the following notation. Given a homomorphism ¢: (E)" — (F)nil gy
is the unique homomorphism

Vo: Z(E) — Z(F)®’
such that s1(Ve)p = (i2]i1),; moreover,

A: Z(E) — Z(E)®’
is the non-natural diagonal homomorphism defined on generators by A(a) = a ® a,
(a € E).

The comultiplication of the suspension of a quadratic complex ¢ such that

@: (F2) — (Fq) is the basis of the nil(2)-module dy: o2 — o1, is completely deter-
mined by the formulas of the following theorem, where ¢ = ™. The morphisms

r and w are the structural morphisms of any totally free reduced quadratic module
in the central push-out diagram (BC).

Theorem 5.6. The comultiplication p, in Q verifies the following equalities:
(1) (ﬂa)n =11 +i2 ifn 75 3,
(2) (no)sr = r(in +i2) + w(is ®i1)(Vip + Ap™)p,
(3) (ua)gw = w(il + i2)® .

Before proving this result we shall state some consequences.

Corollary 5.7. The group structure in Q(Xo,d’) is given by the following formulas
(f,9 € Q(¥0,0")):

(1) (f+g)n = fon+gn if n#3,

(2) (f+g)ar = far + gar + w(gs" ® f3")(Vip + Ap™)p,

(3) (f +9)aw = w(fs® +g5")%",
and

(4) (=fla=—fnifn#3,

(5) (—far = —far +w(fs* @ f5°) (Vo + Ap®)p,

(6) (—flaw =w(fs" @ f5°).
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Proof. Recall that o4 and Ker [dy: 0, — o] are nil(2)-groups (see (B1I]) and (32)),
so the formulas above make sense. Equality (1) is trivial, (3) follows from (1), and
(4), (5), (6) can be obtained from (1), (2), (3) by imposing f + (—f) = 0. Finally,
(2) follows from the equalities:
(f + 9)sr = (f, 9)3(ko)ar = (f,9)sr(in +i2) + (f, 9)sw(iz ® i1) (Ve + Ap®)p
(a) = (far, gsr)(i1 +i2)
+w(fs",95") (12 @ 11) (Ve + Ap™)p
= far + g3r + w(g5” @ f5°) (Ve + Ap™)p.

In (a) we use that the basis of the coproduct of totally free quadratic complexes is
the coproduct of the basis. ([

Since v, = —1 € Q(Xo, X0o), we also derive the following.

Corollary 5.8. The coinversion v, is determined by the following equalities:

(1) Wo)n=—11fn#3,
(2) (vo)sr = —r+w(Ve+ Ap®)p,
(3) (Wo)3w =w.

In order to prove Theorem we first give some technical results.

Lemma 5.9. Ifa; € E, ¢; € Z and © = e1a1 + - + €nay € (EY™ then the
following equalities hold in (E)™ v (E)™:

(ig + i1)$ — 11X — il = Z €€ [Z'1CL1L', igaj]
1<i<j<n

n
€; . . ; )
+ (|£|> [irai,iaai] = Y _ eilirai, inai]
P ;<0
sz( Z €;€;0; Q a;

1<i<j<n
+Z (|€2i|>ai ® a; — Z €:a; @ aZ-).
=1 €; <0

Here (73) = W for any m > 0.

Proof. The second equality is obvious. We proceed by induction on the number of
summands. Suppose n =1, m > 0 and a = a;. The result is trivial for e, = m = 1.
If e =m + 1 and it is true for €; = m, then

(ia +i1)x —i1x —isx = (m+1)(ica+i1a) — (m+ 1)ira — (m + 1)isa

m(iza + i1a) + isa + i1a — i1a — mira — isa — Misa

= m(iza +i1a) — mija + [—miia, —isa] — miza

= m(iza +i1a) — mija — misa + [miya, izal

(a) = < ) i1a, ipa] + mliia, iza)

_ < )m inal.
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The induction hypothesis is applied in (a). If ¢, = —m for some m > 0, then
(i2 +11)(—ma) — i1 (—ma) — ia(—ma) = —m(iza+ i1a) + miita + misza
= m(—iia — iza) + mija + misa.

Now we check by induction on m that this is equal to () [i1a, i2a] + m[i1a,iza]. It
is clear for m = 1. If it is true for m, then

(m+1)(—i1a — iza)
+(m+1)ia+ (m+1)ica = m(—ira —iza) —ija—iza

+i1a + miia + i2a + misa

= m(—iya — iga) + [i1a,i2q]
+ [i2a, —miia] + mija + misa

= m(—i1a — iz2a) + mira + miza + (m + 1)[i1a,i2q]

(b) - (Z‘) [i1a, i2a) + m[ira, iza) + (m + 1)[i1a, iza]

— (m; 1) liva, iza] + (m 4 1)[i1a, iza).

The induction step is given in (b).

Suppose now that the lemma is true for < n summands (n > 1). Let us check it
for n+ 1 summands. For this, we set y = €1a1 +- -+ €pan, € = €441 and a = ap41.
Then

(ia+i1)x —irx —igx = (ia +i1)y + (iz + i1)(ea) — i1(ea) — i1y — iz2(ea) — i2y
= (ig + il)y + (ig + il)(ea) — 11 (ea) — ig(ea)
+[—ia(€a),iry] — i1y — iay
(c) = (ig+i1)y — i1y —i2y
+(i9 +i1)(ea) — i1(ea) — iz(€a) + [i1y, i2(ea)]

(d) = Z €i€j [i1a;,i2a;] + Z <|€22|> [i1a;, 9204
i=1

1<i<j<n
e (N s
— Z €iliraq, i2a;] + 5 [i1a,i20]
€;<0,i<n
n
+sign(e)elira, izal + Z €;€lira;, iza)
i=1
n+1
_ . . ‘61" . i
= Z fiej[llaiJQaj]“‘Z 9 [i1a;, i2a;]
1<i<j<n+1 i=1
- Z 61‘[2'1(12', i2ai].
€; <0

Here sign(e) is —1 if € < 0 and 0 otherwise. In (c¢) we use that (i +11)(ca) —i1(ea)—
ia(€ea) belongs to the commutator subgroup, by the case n = 1, and commutators
are central in any nil(2)-group. We apply the induction hypothesis in (d). Now the
proof is finished. O

Lemma 5.10. For any ¢ € nil we have Vo + V(—¢) = (0% @ p®)A.
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Proof. In fact, it follows from Lemma that if a; € F, ¢; € Z and x = €1a1 +
<o+ €epan € (E)™! then

(ig + il)x — 11T — 12X
+(ig +i1)(—2) — iy (—2) —iz(—2) = Z €i€jlirai, iza;] = su(p(z) @ p(x)),

i,j=1

hence the lemma holds. O
Now we are ready to prove Theorem

Proof of Theorem .6 The first formula can be easily checked by using the descrip-
tion of the suspension functor in Q and the cogroup structure of a suspension given
in Proposition B3, together with the formulas in [7], IV.12.10, IV.12.3 (3) and
IV.12.3 (5). The third one is a consequence of (1) for n = 2.

In order to prove (2) consider b € E with da(b) = ¢(b) = €1a1+ - - €n,ay, for some
a; € F, ¢; € Z. Then (j,)37(b) is the projection of (e; +e2)®b € ((65' VoSt ®0)3
to the quotient (Yo VXo)3 = ((6StVeS)®@a/(0StVaSt)Va)s; see [7], IV.12.10
and IV.12.5 (2). In the following equations the formulas are in ((¢S*V oS! ® 0)3
and the symbol ~ means that they coincide when projecting onto (X0 V Xo)3 =

(eSt*vaSY)®a/(oS' VoSt Vo),

(a) (e1+e)® = —S37(b)
(b) = wO(e1 +e2,9(b)) + S(b)(e1 + €2)
(c) ~ —wT (07575 (61 4 €2) @ 97B(b)) + €3 X b+ 1 X b.

Here T is the same as T in [7], IV.12.4(3). We have changed the name of this
homomorphism because in this paper T is the interchange of factors in the tensor
square; see (2:2). We have used [7], IV.12.5 (13) for (a), IV.12.5 (12) for (b), and
IV.12.4 (6) together with IV.12.5 (9) for (c). Moreover, by [7], IV.12.4 (1), we have
that ¥7(0) = 97(04 0) = 97(0) + ¥7(0), and given a € F,

0~97(0) =97(a+ (—a)) = 97 (a) + 97 (—a) —a®@a =9 (—a) —aQa,

s0 99 (—a) ~ a®a. By using this relation one can check inductively, as in the proof
of Lemma B9, that the following relation holds:

n &
97 @(b) ~ Z €i€;0; Q aj +Z (|2|>ai®ai — Z €a; & ag,
1<i<j<n i=1 €1 <0

and thus by using [[7], IV.12.4 (3), and the fact that w is central we see that

(c) = eaxbte xb— Z cicjw(ez ®aj ®er @ a;)
1<i<j<n

n e
_Z (|2|>W(62 ®@a; ey ®CL1) + Z eiw(ez Ra; ® ey ®az)

i=1 €;<0



SUSPENSIONS OF CROSSED AND QUADRATIC COMPLEXES 3641

This proves, by projecting onto (Xo V Xo)s, that

(1o )sr(b) = Tiz(b)+7“i1(b)—W(i2®i1)< Y ecjai®a;

1<j<i<n

n &
o3 (Deen- ®>
=1

€1<0
(d) = riz(b) + ri1(b) — w(iz ®11) (V(—<P)(b) - A‘Pab(b)>-

In (d) we use Lemma [5.9 By Lemma [5.10] this implies that
(e) (po)sr = r(iz + 1) + w(iz ®i1) (Ve — (9™ @ ") A + Ap™)p.

Recall that the basis of the low-dimensional reduced quadratic module of the co-
product Yo V X0 is (—p) V (—¢) € nil, hence by using (B.0) we obtain

wia @ 1) (™ @ p™)Ap = w(p™ & ") (12 ® 1) Ap = rsq(is ® ir) Ap.
Furthermore, for any b € E we have that rsq(io®i1)Ap(b) = r[izb, i1b] and therefore
() = r(iy +i2) + wlia ®i1) (Ve + Ap®®)p.

6. THE NATURAL HOMOMORPHISM HyX — A2H; X

The Pontrjagin product in the homology of an abelian group A induces an iso-
morphism A?A ~ HyA; see [13]. In [15] it is proven that the James-Hopf invariant
Yo: gL K (A, 1) — A®” is an isomorphism; moreover, the Hurewicz homomorphism
hs corresponds with the natural projection ¢ in the following diagram:

(6.A) mEK (A1) —— 4®*
h3l lq
H3YK (A, 1) == p24

Given any space X, consider the natural homotopy class h: X — K(H,X,1)
such that mh = hy: m X — H1X is the Hurewicz homomorphism. The naturality
of the James-Hopf invariant ~s, the Hurewicz homomorphism, the suspension iso-
morphism in homology, and (6.A]) imply that the following diagram also commutes

(6.B) mEX — s (H, X)®

h{ l

B
HQX e /\2H1X

In this section we shall compute the natural homomorphism h, by using the
results of Section 5. The results concerning the co-H-structure of a suspension are
useful because of the existent relation between the James-Hopf invariant and this
co-H-structure; see (6.C) below.
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We can suppose, without loss of generality, that the 2-skeleton X? of the space
X is the mapping cone of a based map between wedges of circles

fl \/E2 Sl i \/ElSl.
This map carries the same homotopical information as the induced homomorphism
in 1,

¢=mf: (E2) — (E1),
which is the basis of the low-dimensional nil(2)-module of the quadratic complex
o(X).

If we write C, X for the (reduced) cellular chain complex of X, it is clear that

E; C C;X are bases (i = 1,2); moreover, 3 = dy: Co X — C1 X.

Theorem 6.1. Choose a basis of 2-cycles Zy C Kerds and a homomorphism
V1 (Zo)™ — (B such that ¥ : Kerdy — C2X is the inclusion. The natu-
ral homomorphism h.: HyX — AN?H1X is induced by the unique homomorphism
a: Kerdy — N2C1 X werifying b = sap, where ¢ = @™, and p and s are part of
the central extension in ..

Before beginning with the proof of this result we shall give some homotopical
considerations. The following natural identifications are obtained by using Hure-
wicz’s theorem, the suspension isomorphism in homology and Kiinneth’s formula,

mEXAX = HsSXAX = HoX AX = (H X)¥.

If hi: m X — H;X is the Hurewicz homomorphism, then the natural identification
(HlX)®2 = w33 X A X sends a generator hy(f) ® hi(g) to the homotopy class of
the map X(f Ag): S2 = BST A ST — IX A X; compare Section 5 in [12] and
[1], 6.3.16. By using the naturality properties of the Whitehead product element
[i1,i2]y € BY ANY,E(Y VYY) (see [8]), we observe that the following diagram
commutes:

. 2(frg)
g3 = LA X

[i11i2]le/ l[il,ig]x

2\ g2 (X VX
Svsm)( )

Hence the homotopy left distributivity formula in [§], A.10.2 (b), proves that the
following diagram commutes:

72

(6.C) 35X

FQEX X '/TQEX

BX oy~ 02,014 (i1 4,024]

mEX VOX

Here the bracket [, ] is the usual Whitehead product operation in homotopy groups,
induced by [i1,i2]s1, and [i1,,i2.](f ® g) = [i1f,i29], (f,g € mXX). Tt is a well-
known fact that [i1,,142,] is a splitting injection whose cokernel is 32X @ w32 X.

Diagram (6.C)) and formulas in Theorem 5.6 will help us to compute the James-
Hopf invariant v, in certain cases, which allow us to prove Theorem by using
the commutativity of (G.B]).

We also need the translation of the Whitehead product operation and the Hure-
wicz homomorphism hg to the language of quadratic complexes. For this, note that,
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when ¢ is a reduced quadratic complex, the second homotopy group meo is a quo-
tient of o5 and the natural projection oo — w0 factors through the abelianization
T9 —» ng = (Cs.

The Whitehead product homomorphism [i1,, i2,] for a suspended quadratic com-
plex Yo can be computed by passing to the quotient the following homomorphism

(6.D) Wiy @ig +ia @1 T): (£0)5° @ (20)5° — Kerds C (Zo V Xo)s,
compare IV.3.7 and 1.4.4 in [7]. Moreover, if 0 = o(X), then C.XX is AXo.
This crossed complex is in fact a chain complex of free abelian groups because
a suspended crossed complex is reduced. There is a natural projection of chain
complexes of groups Yo — AXo = C,.XX; in fact, for any quadratic complex o
one can easily construct a canonical projection o —» Ao from the construction of
A; see Section 4 or [7], IV.3.3. The Hurewicz homomorphism hg coincides with the
morphism induced by this projection in the third homology; see IV.C.10 and IV.3.7
in [7].
Proof of Theorem Bl Consider 0 = o(X). In order to carry out the necessary
computations we choose a total ordering < in F; and define the homomorphism
n: N2Z(E,) — Z(E1>®2 asn(e;Ney) = e1®ey (e1 < eg € Eq). This homomorphism
is a splitting of ¢ since it satisfies gn = 1.

Let 3 : Kerdy — A?C1 X be the unique homomorphism satisfying (—p)v = sf,;
by (2.3) (iii)

s(a+B)p | ©)y

+ )V — o — o
@) ((i2 +i1)y) — i1 — ia1))
@, p)su(Vih)p
= s(\2p"q(Ve)p
so a+ 3= (A%dy)q(V1). In the last equality we use that, given a,b € Ey,
(0, @)st(a @ b) = (p,)s(ira Aigh) = (@, p)[ira, izd]
= [p(a), p(b)] = s(A*¢™)g(a @ b).
The image of the homomorphism
(6.E) r —wnfp: (Zo)""' — (So)3

lies on Ker d3, since, by Lemma L8], d5(rv) —wnBp) = (—p)h—sqnBp = sPp—sBp =
0.

Let us begin with the proof of the statement of the theorem. Given a 2-cycle
x € Z(Zs), if T € (Z3)™! is an element such that p(T) = x, then

y = (rY —wnfPp)(T) € (So)3
represents an element of m3XX such that hs{y} = {z}, here {-} denotes the
equivalence class in the corresponding quotient group, so by (E.C)),
(ko)3(y) — (i2)3(y) — (i1)3(y) € (Yo V Xo)s

represents [i1,, i2.]72 {y} € m3(ZX vV EX).
Let us compute this element and ~, {y}. For this recall that (—¢) V (—¢) € nil
is the basis of the low-dimensional reduced quadratic module of Yo V X0, and the

= (p
= (p
= (
= (
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inclusions of the factors of the coproduct ix: Yo — Yo V Yo (k = 1,2) satisfy
(ig)n =1k (n # 3) and (ig)3r = rik.

(a) (Ho)a(r —wnBp) = r(is +iz)y + wliz ® i1) (Ve + Ap™)pip
—w(ir + i2)®2775p7

(b) (i1)3(r —wnBp) = rity —w(iy ®@i1)nBp,

(c) (i2)3(r —wnBp) = rigy — w(iz @ iz2)nBp,

(d) (a) = () = (b) = r(ir]iz)y +w(iz ® i1)(Vip + Ap™)pip
—w(i1 R iy + i ® i1)nPp,

(e) r(irliz)y = r(iz,i1)(i2li1)y

= r(ig,i1)s0(V)p

() = 75 A? (ig,i1)2(V)p

(2) = rsq(iz ®1i1)(VY)p

(h) = w(p™ @ ™) iy ® 1) (Vib)p

= w(iz ®i1) (" @ ) (VY)p.

Here we use that w is central. Moreover, in (a) we apply Theorem in (f) the
naturality of (ZGJ), in (h) (3:C)), and in (g) we use that for any a,b € Co X,

/\Z(ig, i1>l(a ® b) = /\2(2'27 il)(ila A Zgb) = i9a Ni1b= q(iz &® il)(a &® b)
Furthermore, ¢®py) = )% p = 0p = 0, therefore by (e) we get

(i) (d) = —w(ih @iz)nbp
—w(iz @ i1) (18 — (Vo)™ — (9™ © ™) (Ve))p.

We have the following equalities:

§), suVe)p™p = ((iz +1i1)p — i — i2)h

= (2 +1i1)pY — (i2p + i10)Y,
(k) s @ ") (Ve)p = sA% (0™ ® o™ )(Ve)p
1 = (pVe)su(Vy)p

= (eV)((izg +i1)Y —i1p —i27))

= (2 +119)Y — i1 —d2),
(m) () + k) = (2 +i1)pY —i1py — iz

= (i2 +11)sBp — i188p — i280p
(n) = 5(A%(ig +1i1) — A%y — A%ip)Bp
(o) = su(1 —T)nPp.

In (k) we apply the naturality of (2), and in (1) and (n) the naturality of (2.Gl).
In (0) we use that given e; < ey € Fy,
(A%(ig 4+ 141) — A%ip — A%ig)(e1 Aex) = (irer +iger) A (ires + iges)
—1161 Ni1e1 — i9€s A tges
= 4161 Nigeg —i1e9 Aiger
= (1 —=T)n(e1 Ae2).
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Hence by (m) we get

() = —w(ih ®iz)nfp —w(iz @ir)(nf — (1 =T)nb)p

So by (6.C) and (6D) 2 {y} is represented by —nB(z) € (C1X)®”, and by using
also ([6.B) and gn = 1 we see that either —3(z) = a(z) — (A%da)q(Ve)(z) or
a(z) € A2C1 X represents h, {z}. The proof is now finished. O

In the following remark we make some observations about the proof of Theorem
which will be useful in applications of this result to proper homotopy theory.

Remark 6.2. If we consider diagram (6.1]) for the 2-skeleton X? we get

(6.F) mOX2 " (H, X)®°

Kerdy — 5 A2H, X

since Kerdy = H,X?2. This group is known to be free abelian, hence hs in (G.F)
admits a section homomorphism. In fact a concrete section is determined by the
homomorphism r¢ — wn(—a + (A%dy)q(Ve))p in (6E). For the definition of this
homomorphism we use the homomorphism 1 chosen in the statement of Theorem
6.1, the section 1: A% C1 X — (ClX)®2 of the natural projection ¢ induced by a
total ordering =< in the set of 1-cells of X, and the homomorphism ¢ induced by
the attaching map of 2-cells in X. Let us call (x to this section of hs. Moreover,
in the proof of Theorem we check that, if tx: C1 X — H{X is the natural
projection, then the composition of this section with the James-Hopf invariant is
Yolx = (tx)® n(a— (A2dy)q(V)). Recall from the statement of Theorem B that
« is the unique homomorphism such that oy = sap.

If Y C X is a subcomplex, the homomorphism ¢’ induced by the attaching map
of 2-cells in Y is completely determined by ¢; in fact, ¢’ is a restriction of ¢ in
the target and the source to the subgroups with basis the cells of X which lie in
Y. Moreover, the section 7 induces a section n': A% C1Y — (ClY)®2 which is the
section defined by the restriction of the total ordering < to the subset of 1-cells in
Y. Furthermore, suppose that we choose the basis set Zs of the free abelian group
Kerds = H>X? considered in the statement of Theorem B.Ilin such a way that
Z, contains a basis Z of HyY?, and the homomorphism ¢ such that the image
of Z) lies in the subgroup generated by the 2-cells of Y. In this case there exists
a homomorphism ¢’ from (Z5)™ to the free nil(2)-group with basis the set of 2-
cells in Y which is a restriction of 1 in the same way as ¢ restricts to ¢’. This
homomorphism 1)’ satisfies the conditions of the statement of Theorem [B.1. Let o
be the unique homomorphism such that ¢’t)’ = sa’p, this o is also determined by «,
in the same way as ¢’ and v¢’, and there is a section of the Hurewicz homomorphism
Cy: HY? — m3XY? induced by o, 9’ and 7/, as in the case of (x. This section
(y is compatible with (x in the sense that the following diagram is commutative:

(GG) 7T32Y2 *>7T32X2
Cy Cx

H2Y2 g H2X2
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Moreover, we also have that v,(% = (ty)® 0/ (o — (A2d3)q(V4')), and notice that
the homomorphisms 1(a — (A%d2)q(V1))) and 7' (o’ — (A%d2)q(V1)')) are also com-
patible, that is, the next diagram commutes:

n'(o/ = (A%d2)q(V'))

(6.H) z<f§> (clif®2
Z(Zs) n(a—(A*d2)q(V)) (ClX)®2

Now we shall give two applications of Theorem B.]in group theory, based on the
following observation.

Remark 6.3. The image of h,: H,X — A2H; X coincides with that of the homo-
morphism Hom X — HoH X = A2H;X induced by the abelianization m X —»
(1 X)® = H; X, here we use the Hurewicz theorem and the Hopf exact sequence
n [I3], IL.5.2. Hence, by the classical 5-term exact sequence in the low-dimensional
homology of groups, the cokernel of h, is the homomorphism w: A? (7, X)% —
Iym X/T3m X induced by the commutator bracket. In fact, w is a factorization of
w in (2.H) through the natural projection ¢ in (2.A]).

A presentation of a group G can be regarded as a pair of homomorphisms
(6.1) (By) 5 (By) 5 G

such that Ker pg C (F7) is the normal subgroup generated by the image of pg. In
the next proposition we construct a presentation of I'sG/T'3G as an abelian group
from a given presentation of G.

Proposition 6.4. Let G be a group presented by (6.1)). If Z3 is a basis of Ker cpg’,
Y (Zo)" — (E9)™ is a homomorphism such that 1¥®: Ker o& — Z(Es) is the
inclusion, and o: Z(Zy) — N?Z{E:) satisfies sap = @X, then the following
sequence 18 exact:

B(A%pE)

T Zs) & TAEs) @ Z{EL) & N2Z(Es) = N2Z(Ey)  —° T2G/T3G.
Here ¢ = (a,q(p® @ 1), N°p).

Proof. If we take X to be the 2-dimensional C'W-complex with the attaching map
of 2-cells given by g, then, by Theorem and Remark we get an exact
sequence

2 _ab O
(6.J) 7(Z5) " EE p2qab 5 pyq TG
Therefore this proposition follows by (2.1). O

The kernel of @ in (6.])) is the second homology group of G™ in the variety of
groups of nilpotency degree 2, as defined in [I7]; see Theorem 5.1 in [I1]. This
abelian group is denoted by B, (G",Z) in [I7] and HY*G™ in [11]. Thus if

b1
B2 | 1 Z(F) — Z{Zy) © Z{Es) ® Z{E:) & N*Z{F>)
B3
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is the kernel of ¢, then by (2.F) one easily checks that

Corollary 6.5. There is an exact sequence
Z(F) 2% 7(Zy) — HY' Gl

This is in fact an abelian presentation of the homology group HN*G™!. This
presentation and the universal coefficient exact sequences for HN% in [11] yield an
explicit computation of HN?G™! for any finitely presented group G and n > 1.

7. COMMUTATIVE CO-H-STRUCTURES ON DEGREE 2 MOORE SPACES

A Moore space of type (A,n) is a simply connected space M = M (A, n) whose
unique non-trivial reduced homology group is H, M = A, this space is unique up
to homotopy type. The number n is the degree of the Moore space. The quadratic
complex o4 of the Moore space M (A, 2) is the suspension of the quadratic complex
concentrated in degrees 1 and 2 whose nil(2)-module has as a basis a homomorphism

Pa: (Az) — (A1)
such that g% is injective and Coker %’ = A, the natural projection is denoted by
Pa: ZIAL) — A.

Hence, by Lemma B0, 0 4 is the reduced quadratic complex concentrated in degrees
2 and 3 such that the basis of its reduced quadratic module is —p 4, where 4 =
@"i. This suspended quadratic complex is constructed as in [3.C) and carries a
canonical cogroup structure p 4, v4, which is determined by ¢ 4; see Theorem 5.6
and Corollary (.8

The goal of this section is constructing and computing an extension element
ca € Ext(A, S2A)

such that ¢4 = 0 if and only if M (A4,2) admits a commutative co-H-structure. We
shall see that this element is natural with respect to homomorphisms f: A — B,
that is,

(7.A) (S%f)wca = f*cp € Ext(A, S’B);

therefore it represents an element in the cohomology of the category Ab of abelian
groups with coefficients in the bifunctor Ext(—, S?) (see for example [7], VI.1),

c € H°(Ab,Ext(—, S?)).

Moreover, we shall show that ¢ is a non-trivial element of order 2.

Since Moore spaces of degree 2 are 3-dimensional, the homotopy category of
these spaces coincides with that of their quadratic complexes. There is a well-
known natural central extension

(7.B) Ext(A,TB) < [g4,05] % Hom(A, B).

Here Hy = m; as defined in (f.A), by the Hurewicz theorem. Moreover, given an
element 8 € Ext(A,I'B) represented by §: Z{As) — I'B, j3 is the morphism of
quadratic complexes with (j3), = 0 if n # 3,

(jB)ar = Bp: (A2)™" —T'B = m3M(B,2) = Kerd; C (0p)3,
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and (jB3)sw = 0. The natural extension (T.B) satisfies the following linear dis-

tributivity law (see []]): given two morphisms o4 EN op % oo and elements
B € Ext(A,I'B), ¢ € Ext(B,I'C), then

(7.0) (9+3Of +B) =gf +i(TH2g).8+ j(H2f)*¢ € [04,0¢].

Remark 7.1. In this section we often identify a morphism in Q with its homotopy
class in Q/ ~, hence the symbol “=" sometimes means that two homomorphisms
in Q are homotopic, but may not be strictly equal. However, it will be clear from
the context when “=” stands for equality and when for homotopy.

If we combine ([ZB) with (ZC), we easily check that the following sequence,
where p; = (1,0) and p2 = (0, 1), is a central extension as well:

L (P1,,p2.)
(7.D) Ext(4, B®2)(]—> 04,08V oB] e [0a,08] X [04,08] .
Here if 8 € Ext(A,B®2) is represented by (pp ® pp)f for some 3: Z(A;) —
Z(B1)®’, then jl, 3 is the morphism with (jl,3), = 0 for n # 3 and
(7.E) (jlB)ar = w(ir ® iy + iy @ i1 T)Bp: (A2)™ — (05 V p)s.
Here we use (6.D)) and the well-known fact that the Whitehead product [i1,,ia,]:
ToM®@moM — 73(MV M) coincides with [ in (2.D)) for a Moore space M = M (B, 2).

From (Z.D)) it is easy to observe that there is an effective and transitive action

of Ext(A, A®2) in the set of homotopy classes of co-H-multiplications for M (A4, 2);
see [2]. Recall that this set is formed by the elements p € [o4,04 V 04] such that
(1,0)p = (0,1)pr = 1. The homotopy class of p14 is such a co-H-multiplication and
any other co-H-multiplication verifies u = pa + jl. (0 for a unique 8 € Ext(A, A®2),
in particular, there is a unique ¢4 € Ext(A4, A®2) such that pa +jléa = (io,41)pA-
By using the canonical morphism ¢’ in (2.B]) we get an element

ca = q.éa € Ext(A, S%A)
which satisfies the following obstruction property.

Proposition 7.2. The element c4 € Ext(A, S2A) is zero if and only if M(A,?2)
admits a commutative co-H-multiplication. Moreover, it is natural in the category
of abelian groups, in the sense of (TA).

Recall that a co-H-multiplication p is commutative if p is homotopic to (ig,41)u.

Proof of Proposition[T.2 As we have seen, M(A,2) admits a commutative co-H-
multiplication if and only if there exists § € Ext(A, A®2) such that

pa+ gl = (i2,i1)(pa + jlB3)
(a) = (i2,01)pa + J(T(i2, 1))l 0
(b) = (@2, i) pa + JLTLP.

In (a) we use (Z.J) and in (b) (2E). Therefore ¢4 = (1 — T).8 and, by the
construction of S? in ([2.B)), we get c4 = ¢.éa = ¢.(1 - T).5=0.

On the other hand, the functor Ext(A, —) is known to be right-exact, so that
0 = ca = ¢.¢4 if and only if there exists 5 € Ext(A,A®2) such that é4 = (1-T).0;
see (2B). In this case one can check as above that ua + jl.3 is a commutative
co-H-multiplication for M (A, 2).
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Now we prove the naturality of c4. Given a homomorphism f: A — B we can
choose a morphism F': 04 — op such that Ho F' = f, then

(i2,01)(F'V F)ua = (F'V F)(i2,i1)pa
(FV F)(pa+ jliéa)
(c) = (FVEF)ua+jT(f @ f))lta
(
(

(@) = (FVF)ua+iL(f ® fin,
(iz,i1)pupF = (uB+ jlé)F
(e) = upl +jl.f"¢p
In (c) and (e) we apply (Z.0), and in (d) (2.F). Hence
(f) (i2, i) (FV F)pa — ppF) = (FV F)ua — ppF + jl.(f ® f)eéa — jli fCp.
By (D)) there exists a unique ¢ € Ext(4, B®2) such that ugF +jl.( = (F'V F)pa,
therefore by (C.Q) and @ZE) (i2,i1)pusF + jl.T.( = (iz,i1)(F V F)ua, and hence
(@) is equivalent to the following equality in Ext(A4, B®"):
T.¢ =C+ (f ® f)uCa — freB.
Thus
Frep = (S f)wea = du(f"es = (F ® [)sta) = .(1=T).( = 0.
Here we use the naturality and exactness of (2B]). The proof is now finished. O

Corollary 7.3. The extension element c4 € Ext(A, S2A) does not depend on the
choice of the homomorphism @4 for the construction of o4 and 4.

Proof. Take ¢’y in the same conditions as ¢4. Let o’ be the Moore space qua-
dratic complex of type (A,2) constructed by using @', instead of @4, and ¢4 €
Ext(A, S?A) the extension element related to @/,, constructed in the same way
as cq. Choose B = A, f: A — B the identity homomorphism f = 14, and
F: 04 — o'y a quadratic complex morphism inducing 14 in Hy. Then the same
technique used in Proposition to prove the naturality of c4 shows that cq4 =
dy € Ext(A4,S%A4). O

Corollary 7.4. For any abelian group 2c4 = 0. Therefore if Ext(A, S2A) has no
element of order 2, then M(A,2) admits a commutative co-H-multiplication.

Proof. In general S?(nl4) = n?1g2 4, then by the naturality property of c4 in (A,
0=(S%(1a+14))wca— (1a+1a)ca=4cs —2cs =2ca.
U

In the next theorem we compute a formula for ¢4 from a free resolution of A.
Theorem 7.5. If Z{As) ¢4 Z{Ay) 2 As a free resolution of A such that ¥ 4(b) =

Yo €a; forb € Ay, a; € Ay and €; € Z, then the extension element ca €
Ext(A, S?A) is represented by the homomorphism ¢4: Z(As) — S?A defined by

s =3 (1) ater
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Proof. We can take the basis —p4 = —p € nil of the reduced quadratic complex
o4 of the Moore space M (A4, 2) to be defined by ¢(b) = ejay +- - - +epa, € (A"
hence p® = 1)4. The following equalities hold:

(a) (o — (i2si1)po)2 = i1 +i2 —i1 — 2
= [i1,i2]

(b) = s1Ap

(c) = sq(i1 ®i2)Ap

(d) = d3w(i] ®i2)Ap.

Here we use Theorem B.6lin (a), Lemma EI0lin (b), the definition of 2 (2.4]) in (c),
and (BC) in (d). Hence the homomorphism (i; ®i2)A: Z{A;) — (Z(A1>€BZ(A1>)®2
determines a 0-homotopy between p, — (2,41 ) tte and f: Yo — YoV Xo with f,, =0
for n # 3, fsw =0 and

(e) far = (o — (i2,i1) pio )37 — w(i1 ® i2) Ap(—¢).
Moreover,
() rli1,ia] = rsq(ii ®i2)Ap
(&) = w(e™ ®e™)® (i ®i2)Ap
= w(i1 @i2)(¢" ® ™) Ap,
(h) ((iayin)po)sr = r(iz +i1) + wlis @ i) (Ve + Ap™)p.

Here we use (b) and (c¢) in (f), BC) in (g), and Theorem (.6 in (h). Hence by
Theorem [5-6 and Corollary [5.7]

(—(iz,i1)po)sr = —r(iz+i1) —w(i1 ®i2) (Ve + Ap™)p
+w(in +i2)® (Vi + Ap™)p,

and
(1) (e) = r(i1 +i2) +wlia®i1) (Ve + Ap™)p
—r(iy + 1) — w(iy @ ia) (Vo + Ap®)p
+w(in +2)® (Vi + Ap™)p
+w((ir +i2) © (—i1 — i2)) (Vo + Ap™)p — w(is ® i) A(—p™)p
) = rliy,iz) — w(is ®i2) (Vo + Ap™ + A(—¢"))p
+w(ia ®1i1) (Ve + Aap“b)p
(k) = w(iy ®i2)(® ® P™)A — V) + w(is ® i1) (Ve + Ap®).

In (j) we use that w is central, and in (k) we apply (f).
By using Lemma B.9, one can prove the equality TV (—¢) = Vo + Ap® by an
easy computation, therefore by Lemma [5.10

T(Ve + Ap®) = (™ © ™) A = Vo,
and hence by (i)
far = w(iy @iy +1i2 ® W/ T)T(Vep + Ap™)p.

So, by ([TH), ¢a € Ext(A,A®2) is represented by —(pa @ pa)T (Ve + Ap®), and
then cs € Ext(A, S?A) is represented by

—d (pa®@pa)T (Ve + Ap™) = —(5?pa)d T (Ve + Ap®) = —(5%pa) (Vo + Ap™).
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Here we use the naturality of ¢’ and the fact that ¢/T = ¢/; see (2.1).

From these computations we see that we can take ¢4 = —(S%p4) (Vi + Ap).
Let us check now that ¢4 satisfies the formula of the statement. The first equality
in the next formula is a consequence of Lemma .9, in the third we apply the fact

that papa =0

5 . . €ile+1) .
) =Y aepalaliata) + Y N5, a2
1<i<j<n >0
eifei—1) 2
+6z<:0 9 pA(az)

= Z [(QﬁA(%))(%ﬁA(ai) + Zq@x(%)) + %ﬁA(Wﬁ]

0<e; even VE
€6 +1, R
+ Z €ipa(ai) ( 5 palai) + ZEij(aj))
0<e; odd J#i

p> [(azaA(az—))(%m(a»+Zejm<aj>)—%mmﬂ

0>¢; even J#i

€6 +1, «
+ > (epala)( - palai) + Zeij(aj))

2
0>¢; odd j#i

(
= Z [(EiﬁA(ai)) (‘525,4(@2')) + %ﬁA(ai)21

0<e¢; even

0<e; odd

> [<em,4<ai>> (%puan)%m(ai)?]

0>¢; even
€ +1,
+ Z sz az (_ ¢ 2 pA(ai))
0>¢; odd
— € . e +6 .
= Y- s bala)’ + ) - “palai)?
€; >0 €;<0
— (eil
= —Z<£>ﬁA(az)2
i=1

O

Corollary 7.6. If A is a direct sum of cyclic groups, then M(A,2) admits a com-
mutative co-H-multiplication if and only if A has no elements of order 2.

Proof. Suppose that A = @,.; Z/n; where n; € 7Z is either 0 or a prime power.
We take the following free resolution of A:

Z{{az; i€ I,n; #0}) @ Z({ars; i€ I}) ™ A,
here 14 (a2 ;) = n;a1,; and pa(as ;) is the generator of the direct summand Z/n; C
A. If we choose a total ordering < in I the symmetric square of A is S?A =
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®,<; Z/(ni,n;), where (n;, n;) is the greatest common divisor and the direct sum-
mand Z/(n;,n;) is generated by pa(ai;)pa(ar ;). The element cq € Ext(A, S?A)
is represented by the homomorphism ¢4 with ¢4(az;) = (7;"')15,4((11,1-)2. Therefore,
if n; is odd, then

ni—lA

ealaz) = (napa(or,)) (M5 palan) ) =0

otherwise n; = 2™ and é4(as,;) = 2™ 'pa(a;;)? is the unique element of order 2 in

Z/2™ = Z/(ni,n;) C S?A. If A has no elements of order 2, then n; is always odd or
zero, and ¢4 = 0 is the trivial homomorphism, hence ¢4 = 0. On the other hand,
if A has order 2 elements, then n; = 2™ for some ¢ € I, and the usual computation
of Ext(Zam, Zam) =~ Zom shows that cy # 0. O

Remark 7.7. Corollary is no longer true if A is not a direct sum of cyclic groups.
Consider A = Q/Z. 1t is well known that (Q/Z)®2 = 0, hence S?(Q/Z) = 0 and
Ext(A, S?A) = 0, in particular, c4 = 0. But the class of 1/2 in Q/Z is a non-trivial
element of order 2.
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