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L? IMPROVING ESTIMATES FOR SOME CLASSES
OF RADON TRANSFORMS

CHAN WOO YANG

ABSTRACT. In this paper, we give LP — L4 estimates and the L? regularizing
estimate of Radon transforms associated to real analytic functions, and we
also give estimates of the decay rate of the LP operator norm of corresponding
oscillatory integral operators. For LP — L7 estimates and estimates of the decay
rate of the LP operator norm we obtain sharp results except for extreme points;
however, for LP regularity we allow some restrictions on the phase function.

1. INTRODUCTION

In this paper, we consider oscillatory integral operators of the form

T f(z) = / e f(y)x(x, y)dy

and Radon transforms of the form
Rf(z1,22) = /f(y17332 +S(x1,91))X (21, 22, 91)dy1,

where z,y, x1,x2,y1 € R, S is real-analytic near the origin and x and y are smooth
cut-off functions supported in small neighborhoods of the origin of R? and R? x R,
respectively. For T, we are interested in the decay rate of the LP operator norm
as A — oo. For R we are interested in the LP regularizing property and LP — L7
boundedness.

There have been several results on the decay of the L? operator norm of T
([PSt2], [PSt3], [R], [S2]). When S is real-analytic, Phong and Stein proved sharp
results on the decay rate of ||Tx|[z2_ > depending on the Newton polygon of Sy,
[PSE2]. In [ST] Seeger obtained nearly optimal results when S is a C'*° real function.
In [R] Rychkov developed ideas from [PSt2] and [S1] to obtain optimal estimates
of ||T)\||p2— 2. For the LP operator norm of Ty, Greenleaf and Seeger obtained the
sharp decay estimates in the case of two-sided fold singularities, including uniform
estimates [GS].

Sharp LP regularity and LP? — L9 boundedness of R were obtained by Phong
and Stein [PSt3] when S is a homogeneous polynomial. L? regularity and LP — L4
boundedness of more general Radon transforms R of the form

Rf(x1,22) :/f(yl,6@17962,y1))X($17$2,y1)dyl
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were considered by Seeger ([S1], [S2]) when & is a C™ real function. In [SI],
he proved that R is bounded from LP to L’l’/p with m < p < oo if M satisfies
a ‘left finite type’ condition of order m > 3 and with 1 < p < m/(m — 1) if
M satisfies a ‘right finite type’ condition of order m > 3, where M = {(z,y) :
y2 = 6(x1, z2,y1)}. Moreover, he obtained strong estimates in the exponent range
3/2 < p < 3 with the assumption of two-sided fold singularities [S1)]. In [S2], finite
type conditions and optimal conditions for LP regularity and LP? — L? boundedness
of Radon transforms are formulated. In the special case where &(z1,z2,y1) =
x9 + S(z1,z2) the conditions reduce to the following:

Let A be the closed convex hull of the points in {(u,5): 0 <wu < 1,5 <0} and

the points ( L 1 ), where p and v are positive integers such that

ptv? ptv

oS
ozgry » 0 =0

if either ¢/ < pand v/ <vor p/ < pand v/ <wv, and

ortvs
orxoy

(0,0) # 0.

Let B be the closed convex hull of the points in {(u,v) : 0 < u < 1,v > u} and

H pt1 Iz
the points (MJFVH , MJFVH)
above conditions.

, where p and v are positive integers which satisfy the

Remark 1.1. We can use the ‘reduced Newton polygon’ of S to formulate the
conditions (see Remark 2.3 below).

Then in [S2] the following has been obtained:

(1) R is bounded from L? to L%, for all s € R if (1/p, ) belongs to the
interior of A.

(2) If R is bounded from L? to LY, for all s € R, then (1/p, a) belongs to A.

(3) R is bounded from L? to L7 if (1/p,1/q) belongs to the interior of B.

(4) If R is bounded from LP to L%, then (1/p,1/q) belongs to 5.

In this paper, we shall give the analogous results of (1) and (2) for T\ including
estimates on the boundary of A. For R, we shall extend (1) and (3) to some part
of the boundaries of A and B. To describe the results, we need some terminology.
The boundary of A contains at least two compact faces. Let [ and r be compact
faces of A containing (0,0) and (1, 0), respectively. Similarly we denote by I’ and
r’ the compact faces of B containing (0,0) and (1, 1), respectively. Let e(.A) be the
set of all vertices of the boundary of A except (0,0) and (1,0). Let e(B) be the set
of all vertices of the boundary of B except (0,0) and (1,1).

Theorem 1.2. Let S(x,y) be a real-analytic function near the origin.

(1) If T is bounded on LP with norm O(A~%) as A — oo, then (1/p, «) belongs
to A.

(2) If (1/p, @) belongs to A\ e(A), then Ty is bounded on LP with norm O(A™%)
as A — oo.

(3) R is bounded from LP(R?) to LY(R?) if (1/p,1/q) belongs to B\ e(B).
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Remark 1.3. We have learned that S. Lee [L] has independently obtained sharp
LP — L9 estimates using the multilinear arguments in [B] and [BOS].

In addition to this, we shall prove L? regularity estimates with some restrictions
on Sy/,. To describe the results in a precise way, we may need more terminology.

Definition 1.4. Let P be a real-analytic function near the origin with Taylor
expansion at (0,0),

(11) P(l‘,y) = Z Pi($7y)a

where P;(z,y) is a homogeneous polynomial of degree ¢ with real coeffecients.

(1) P, is said to be the leading term of P if P, is the first nonzero term in
1)

(2) Let Py, be the leading term of P. P is said to be almost translation invariant
if %(07 0) # 0, %(0,0) # 0 and P,,,(z,1) = 0 has only one root with
multiplicity m.

(3) P is said to be separate if P is not almost translation invariant.

(4) Let @ and 8 be nonnegative integers. Then P is said to have («, 3) factors
if

P(z,y) = 2y’ Q(z,y),
where Q(z,y) is an analytic function near the origin, which contains both
nonzero pure z'- and y"™-terms in its Taylor series expansion for some
m >0 and n > 0.

Theorem 1.5. Let S be a real analytic function near the origin. Suppose that Sg’g’y
is separate and does not have (1,1) factors. Then R is bounded from LP(R?) to

LY, (R?) for all s € R if (1/p,a) belongs to A\ (e(A)UlUT).

If M ={ys = x2+S(x1,y1)} satisfies a certain type of conditions, we have weak
type estimates at some vertices of A and B. More precisely, we define left and right
finite type conditions as follows:

Definition 1.6. (1) M is said to satisfy a left finite type condition of order k
if
oS 'S
——(0,0) #0 d =—%—F7—(0,0)=0
8:58yk—1( )#0 an OxdyFk —(0,0)
for k' < k.

(2) M is said to satisfy a right finite type condition of order [ if

d's 'S

for I < L.

Let ¢; and e} be in e(.A) and e(B), respectively, which are closest to the vertical
axes among points in e(A) and e(B), respectively. Let e, and €] be in e(A) and
e(B), respectively, which are furthest from the vertical axes. With these definitions,
we have the following theorem.
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Theorem 1.7. Suppose that Sy, is separate and that M satisfies a left (or right)
finite type condition. Then
(1) Ty is bounded from LPY/ (=) — LP (or from LP to LP'/*) with operator
norm O(A™%) as A — oo if (1/p, ) is e; (or e;).
(2) R is bounded from L% — L7 (or from LP to L9%") if (1/p,1/q) is €} (or
el) with1/p+1/p' =1/q+1/¢ = 1.
(3) R is bounded from LP/(1=2) — [P (or from LP to Lﬁ’l/a) if (1/p, ) is e
(or ey).
In Section 2, we give a brief review on the Newton polyhedron of S and the
factorization of Sy, in [PSt2]. We then describe the relation between the reduced
Newton polyhedron of S and domains A and B and prove several preliminary

+v—2
lemmas. Section 3 will be devoted to obtaining LT estimates of operators of
the form

Ty o, fl@)= /6”5(“’) |82, ()|~ D x(,y) f(y) dy,

where (u,v) is in a part of the boundary of the reduced Newton polyhedron of S.
When (u, v) is contained in the interior of the compact face of the reduced Newton

diagram, we shall show the strong LT boundedness. If (u,v) is contained in
the noncompact faces or vertices of the reduced Newton diagram, we do not have

the L% estimates. However, if S satisfies some suitable conditions, we shall
obtain weak type estimates at some vertices. At the end of the section, we shall
show that the strong LP(R) estimate of Ty _, implies the strong L?(R?) estimate
of R_, defined as

R_, f(z1,22) = /f(yl,@ + S(21, Y1) S5y (x, 9) | x (21, y1)dys -

In Section 4, we shall prove theorems stated in this section by using interpolation
theorems and the results in Section 3.

2. PRELIMINARIES

We will need to understand the geometry of the singular set {57, (z,y) = 0}.
It has been studied in [PSt2] in terms of the Newton polyhedron and Puiseux
series. Let Y cpqaPy? be the Taylor series of S and let K = {(p,q) € Z%|cpq #
0}. The Newton polyhedron I'y(S) of S is defined by the closed convex hull of
Uner(n + R%). The Newton diagram I'(S) of S is defined by the boundary of

', (S). The reduced Newton polyhedron I'y (S) of S is defined as
T4 (S) =T1(S,) + (1,1).

The reduced Newton diagram I'(S) is defined as the boundary of ' (S). In view
of the Weierstrass preparation theorem and factorization by Puiseux series, we can
write Sy, as

n N

(21) S:Iv/y(xvy) = 117 y x yBHH rlz

l=11=1

xyx yBHH$—’I"lZ

m=1 j=1

(2.2)
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where 7;(z) = ¢ 2™ 4+ -+, T j(y) = 6m7jybm + .- with0 < a1 < -+ < ay,
U

and 0 < b, < --- < by, and U and U are smooth functions with U(0,0) # 0 and
U(0,0) # 0 (see [PSt2]). We set

k k
(2.3) A, = A+ZaiN1:A+ZMi,
=1 =1

B+ i N; =B+ i b M;.
i=k+1 i=k+1

(2.4) By,

We can immediately see that {(Ax+1, B +1)}7_, is the set of the vertices of r(S).
We set pui = m, Pr = A’“XkBk and g = AkBLk&“.

Remark 2.1. Tt may be useful to paraphrase Definition [[L4(3) and [[.4(4) in terms

of 1) and 22).

1. S7,(z,y) is separate if and only if it is not of the form

N
Sey(@,y) = Ulz,y) [Ty —ri(2)),
i=1
where 7;(z) = cx + - -- with nonzero real number c.

2. Sy, has (a, 3) factors if and only if A =« and B = 8 in (1)) and (2.2).

To understand the relation between the reduced Newton polyhedron and A, B
in a precise way, we need the following lemma.
Lemma 2.2. Let o(z,y) = (735 w—}ry) and Y(z,y) = (#;}rl, )

(1) The map ¢ from (0,00) x (0,00) to (0,1) x (0,00) is a diffeomorphism and
it maps line segments to line segments.

(2) ¥ is a diffeomorphism from (0,00) x (0,00) to {(z,y) |0 < z,y <1, y <z}
and it maps line segments to line segments.

Proof. 1t is clear that ¢ and v are diffeomorphisms on the given domains. To show
that ¢ maps line segments to line segments, it suffices to show that it maps the
midpoint of two points A and B to a point on a line segment connecting ¢(A) and
©(B). We take A(x1,y1) and B(z2,y2) contained in (0, 00) x (0,00). The midpoint
of Aand Bis C((x14+x2)/2, (y1+y=2)/2) and we have p(A) = (=2 L) ¢o(B) =

L i ) 141’ T1+y1
T2 — L1 T2
(5t mos) and ©(0) = (575 25 s7ma19 75, - Here we can observe that

p(C) = 0p(A) + (1 — 0)p(B) with § = 21— This shows that ¢ maps

line segments to line segments. The argument for ¢ is parallel to the above with

9 = z1+y1+1 0
rz1+x2ty1+y2+2°

Remark 2.3. By Lemma[ZZ, we observe that AN (0,1) x (0,00) = o(I'4(S)) and
Bn{(z, )| 0 <zy <1, y<a}=¢I(S)).

Now, we shall prove elementary facts which will be used later. The first one is a
variant of Schur’s lemma.

Lemma 2.4. If K(x,y) > 0 is a kernel of an operator T and K (z,y) satisfies

1 1 _1 _1
/K(:c,y)y rdy < Cx™ 7, /K(x,y)x adr < Cy~a,
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where 1/p+1/q =1, then

Tf() = [ Ko fw)dy
is bounded in LP.

Proof. For f € L? and g € L4 (% + % = 1) with || fl|, = llgllq = 1,
_1 T
IfW)g(@)| = |f(y)z=rayrag(a)y raa|
1

1
< + 5|g<x>|Qy-ax%.

We therefore obtain

| [ K@iy
< //K(%y)%lf(y)\px‘%y%dydx
i / / K(:c,y>§|g<x>|qy*%x%dydx

= 2 1o | [ K] viay

1 _1 1
w2 [l | [ Ky tas] oo
< C/p+ClJq.
This completes the proof. O

Lemma 2.5. Let S, be as in (1)) and 22). If either a; > 1 and Nyp < 1 or
a; <1 and Mju < 1, then

Crz™
(2.5) / L |5¥y(a¢,y)|7“ y*l/de < Cp—(Ar+Bp—ar/p+ar

1zl

Proof. (1) a; > 1. In view of (ZTI)
N,
|57y (2, 9)] ~ et =B T Ty — 1)

i=1

when ¢z <y < Cjz®. We therefore obtain

Cyzl
/ |S;’y(m, y)‘_“ y_l/pdy < CI—(A171+Bz)u—az/p/

1x®l crx®l

—p

dy.

N

[1—rui(2))

i=1

Crxl

By using the Holder’s inequality, we obtain

Clmal Nl
!

i=1

—n N,

dy c1l
=1

N;
CHx(*NzaLMJraz)/Nz
1=1
_ —Niajp+a
Cg~Niantar,

(y —r1.6(2))

IN

Crxfl 1/N;
/ ly— n,i<x>—wy]
C

1zl

IN

which proves (23] in the case where a; > 1.
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(2) a; < 1. In this case, we need to use (Z2) to obtain

Crzl - Cyzt M,
/ ‘Sgy(% y)| y*l/pdy < Cl-*(AL—1+BL)M*al/P/ H(x — 1 ()| dy.
C,

1l crxr®l j=1
By applying Holder’s inequality again, we obtain (2.5]). O

3. LP ESTIMATES

In this section, we obtain LP estimates of oscillatory integral operators with
factor | Sy, |7#. Precisely, we shall consider the Newton diagram I'(S;, ) of Sy, . We
have two noncompact faces which are parallel to the coordinate axes. From (2.3)
and (2.4), we know that {(Ag, By)}i_ is the set of vertices of I'(S},). If a point
(a,b) in I'(SY,) is contained in neither the noncompact faces nor the set of vertices
of I'(Sy,), we can find two vertices (Ax—1, Br—1), (A, By) for k = 1,---,n and
6 (0 < 6 < 1) such that

= 0A,_1+ (1 — 9>Ak = Ay — Oap Ny,

b = 0Bp_1+ (1 — 0)By, = By, + ONy,.
Now we set Ag = A — Oar Ny, By = By, + 0N, and
1 1
Ho =

Ag+ By Ap+ Bp+0(1—ap)Ng
Ap+ By  Ar+ Br +60(1 —ax)Ng

po= 0 = A, — Oap Ny, :
_ Ag + By _ Ak—FBk—i-@(l—ak)Nk
©="pg = B+ 6N, '

Remark 3.1. Since (Ag, Bp) is not in either the noncompact faces or the set of
vertices of I'(SY, ), we always assume 0 < ¢ < 1.

Now we are going to obtain LP? boundedness of

+oo )
Ty o f(z) = / ES@D[S ()| 10y (. ) f (9)dy.

Since the purpose is to get the boundedness without a decay rate, the oscillating
factor plays no role. Therefore, instead of considering T _,,,, we shall consider the
operator of the form

|y / 187 ()| () dy,

where [ is a small interval near the origin in R such that the support of x is
contained in I x I. Moreover, by considering the four quadrants in the xy-plane
separately, we may assume that x and y are small and positive. Therefore, we
assume that I is a small interval containing the origin in R;.

Proposition 3.2. If Sg’g'y is separate, then for 0 < 0 < 1

III
T~ o () = |Szy ) ‘ " dy
0

is bounded on LP(I).
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Proof. By Lemma [Z4] it suffices to show that

1]

(3.1) | I8t ey < oo

and

(3.2) / |82 ()| 2w dw < Oy,
0

By using a symmetric argument, one can easily observe that it suffices to prove
B1). To do this, we divide I x I into regions of the forms: 0 < y < c,z%",
qr <y < Cz®, Crpx®+t <y < ¢ga®, and Crz* < y < |I|, where ¢; and C|
are chosen so that 0 < ¢; < Cy, ¢z < r(z) < Ciz®, and Cipz%+1 < ¢z®. Now
we treat each region separately.

(1) 0 < y < cpz® . In this region one observes

An
1S5y (@ )| ~

which implies
/O |S;/y(x, y)‘*ue yfl/psdy < C/O fon/(Ae+Be)y7(B+A9)/(A3+Be)dy.
By Remark B.1] we observe that (B + Ap)/(Agp + Bp) < 1. Therefore

/m = An/(Aa+Ba)  ~(B+40)/(Aa+Bo) gy
0

< Op(-An—an(B+40))/(Ag+Bo)+an
Cz(—An—anB+anBo)/(Ao+Bo)

Here a simple computation yields

—A, —a,B+ a, By Ay
Ag+ By Ay + By
_ Z?:kﬂ(an — a;)N; + 60(an — ar) Ny, >0
a Ag + By -
This implies
/1 1S ()| "y~ VPody < O™ Fa¥Er = OV,
0

which is the desired estimate.

(2) qz™ <y < Ciz®. In this region we consider three cases: a; > 1, a; < 1 and
a; = 1.

(i) @; > 1. First, by the definition of Ay and By and the fact that a; > 1, we
know Ag + By > N;. The equality occurs only when the number of vertices of
['(Sy,) is two, A = B =0, and 6 = 1. However this cannot happen by Remark B1l
Hence N;ug < 1. By applying Lemma [2.5] we obtain

Crz
(3.3) / l |Sw T y)‘ y_l/P9dy < O~ (ArtaiBitaiAe)/(Ao+Bo)tar,

1l
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If > k, then
—(A1 + ;B + a;A) Ay
3.4 tLa +
(34) Ag + By “T A, 1 By
Zi:k.t,q(al - az)Nz + (al — ak)é)Nk >0
a Ag + By -
If I < k, then
—(A1 4+ a1 By + a; Ag) Ay
3.5 Loa+
(35) Ag + Be ! Ap + By
Zf;li1(ai —a;)N; + (ar, —a;)(1 — 6) Ny,
= > 0.
Ag + By -

Equations (3:4) and (3:5)) show that the right-hand side of (8:3) is dominated by
Cx—A0/(Ao+Be) and this completes the proof of the case a; > 1.

(ii) a; < 1. The argument for this case is the same as that for the case a; > 1.
First we observe Mjuy < 1. By applying Lemma again, we obtain the desired
inequality.

(ili) a; = 1. Similarly to (i), we know that Ag + By > N; and that the equality
occurs only when S7/, is of the form

Ny
S;/y(.%', y) = H(y —1i(2)),
=1
where the r;(z)’s are Puiseux series of the form ¢; ;2% + ¢; 02%2 + - where

dz’71 =1 and di,j < di,j+1-

If Ag + By > N;, the argument is parallel to that of (i). Therefore it suffices
to consider the case where Ay + By = N;. Since we assume that S;’y is separate,
ciq # ¢ for some 4,4¢" € {1,---, N1}. Then there exist a constant ¢ and ky € N
with rearrangement of r; if necessary such that

ri(z) <cx <rj(z), 1<i<ko<j<Ni.

We can divide the region ¢z < y < Cjz into two regions of the form ¢z <y < cx
and cx < y < Cjz. Then by applying Holder’s inequality we obtain

C’Lac P
e
/ |8y, ()| "y~ P dy
C,

1T
cx Cix
= / lsé'y(x,y)\_”ey‘”pedw/ |82 (a,y) |y P dy
cx c

T

cz | ko —1/Na
< Cx—(Nl—ko)/Nl—l/pe/ H(y_rl(x)) dy
ar li=1
Cix N1 —1/N
oot [T onta)|  dy
cx i=ko+1
< COgp~pe.
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(3) Crypr1x™+ <y < ™. Since we assume 0 < 0 < 1, (B;+ Ap)/(Ao+ Bp) # 1.
We therefore obtain

cyxl _
/ ‘S// z, y)‘ He y—l/pgdy

Clpra®i+1
crxl
< Cx—Al/(AO“FBG)/ y—(Bz-i-Ae)/(Ae-i-Be)dy
Chyp1a®i+1
Al (Bi+Aglay (BitAglaipy
< Cx 4otPBo (:c_ AgFbg T 4 g7 AgtBy 101
Al+(Bl+Ag)al _ At BipitAgai4a
(3.6) = Cz~ AetBy U4 (Cx A +Bp ta

By (4) and (335), each term of (B.6) is bounded by 2~1/7e.
(4) C1z* <y < |I]. In this region, by using the fact By > By, we obtain

/I| |S;,y($7y)|—ug yil/pedy < Ox_ﬁ /I| y_%;i_gg
Crx%1 Crxo1
< Cam
; Cxt/ve,
and this completes the proof. (I

We do not have strong bounds on the noncompact faces or vertices of I'(S},) in
general. However, if M = {(x,y)|y2 = z2 + S(x1,y1)} satisfies a left or right finite
type condition, we obtain weak type estimate at some vertices of I‘(Sgy).

Proposition 3.3. (1) If M satisfies a left finite type condition, that is, A =10 in
@), then (|T|_1/p,)* is bounded from L'(R) to L**>°(R).

(2) If M satisfies a right finite type condition, that is, B = 0 in (21), then
IT|_1/a4, is bounded from L'(R) to LV (R).

Proof. To obtain a weak type (1,1) bound of |T'|_;,4,, we consider the following
operators:

(1) [Ty f (= jﬁi:\s" )| Fy)dy
<>|T|mf< ) e |S"< )| F)dy.
3) [Tlo.nf(x) = [, [S2,(e.m)| " Fy)dy.

First, it is easy to see that the same argument in the proof of Proposition [3.2] yields

C;ybn
[ sl s <
iyt '

where C' is a constant independent of y, and this immediately implies that |T'|1 , is
bounded on L(R). For |T,. o, we observe

cpa
xenan

Thot@) = [ IS5 ™ sy < S [ fa,

which implies a weak type (1,1) bound of |T'|, .. This can be applied to obtain a
weak type (1,1) bound of |T'|p1. These prove the second part of the proposition.
We can prove the first part of the proposition by exchanging the roles of x and
Y. (I
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To obtain estimates of Radon transforms, we shall need the following lemma.

Lemma 3.4. Define
R_, f(x1,22) = / 1Sy (1 y) |7 f(y1, w2 + S (1, 91))x (21, T2, y1)dys -
R

If |T|-,, is bounded on LP(R), then R_, is bounded on LP(R?).
Proof. Take f € LP(R?). Then we have

[1R—p fl] Lo (r2)
[ p 1/p
S C // |:/ |Silblly1 (fflayl)‘_“f(yhfm + S(l‘layl))dy1:| d$1d$2:|
LJIJI I
i 1/p P 1/p
< C / [/ |Sa/c/1y1 (w1, y0)| 7" [/ |f(y1, 2 + S(:C1,y1))|p d$2:| dy1] dml]
I I I
[ P 1/p
S C / |:/ |Silblly1 (ﬁlayl)‘_“Hf(yl, ')|LP(R)dy1:| d$1:|
LJS 1 I
[ P 1/p
< | [|rise M ey o] o]
< Cllfllzere)-

4. PROOFS OF THE THEOREMS

In this section, we shall prove Theorems [T.2] and [ The proofs will be
based on the interpolation argument in [CSWW], [PSt3], and [StW]. In the proof
of Theorem [[2(1), we use examples constructed in [PSt2]. Phong and Stein used
those examples to show the sharpness of the L? bounds of Ty. We observe here
that they also give the sharpness of L bounds of Ty. In what follows, Ra and S«
denote the real and the imaginary parts of «, respectively.

Proof of Theorem[L2. (1) To see that the domain A is the optimal domain for the
decay rate of the LP operator norm of T, we need to show that for every point
(C, D) in the reduced Newton diagram, there exists Cy > 0 such that

(4.1) IToll esp  exn > CoATHD

as A — oo. Here, without loss of generality, we may assume that S(x,0) = 0 and
5(0,y) = 0. If not, we may use e~ 30 £ and e~"*5(@.0) g\ instead of f) and gy
below. Therefore, we may assume that there is no pure ™ or y™ term in the Taylor
series ) cpgzPy? of S. We consider the two cases depending on whether (C, D)
is contained in the compact face of the reduced Newton diagram or not. First, let
us consider the case that (C, D) is in the compact face. Let (o, 0) and (0, 3) be the
intersections of the extended line of the face with p- and g-axes. Then, we clearly
have

(4.2)
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Now, define fy, gx by
1 if 1< P <1+¢,
otherwise,

w1 if 1<\ <1+e,
IMTI =3 0 otherwise.

=
S
I
—N
[an)

Then
(4.3) 1£llesn ~ A3 and lgallesn ~ AP,
For every € > 0, we can take ¢; > 0 and Ag such that

INS(z,y) — So| <€ if A> M,

where (z,y) is in the support of fi(y)gx(z) and Sy = >’ ¢,, when the sum runs
through all (p, ¢) which are on the compact face. Now, we have

(4.4) (T s g0)] > c/fAdy/g)\dx -,
Combining (£2)), ({3) and (£4), we see that there exists Cp > 0 such that
[(Txfs 90)]

AL oA (G R ern = CpA e
Fllesellgllcze
as A — oo. This gives ({]) when (C, D) is not in the noncompact faces. Now, let
us consider the case that (C, D) is not contained in a compact face. (C,D) can
be contained in the vertical face or in the parallel face. We assume that (C, D)
is contained in the vertical face. In this case, put a« = C' and 8 = 0. Take f) as
a characteristic function of small interval about the origin. Then the argument is
parallel to the above. We can use the same argument for the case where (C, D) is
in the parallel face.

(2) First, we shall consider the case where S7/, is separate. In this case, we imbed
T in an analytic family of operators T) , of the form

Tyaf(e) = [ @501, (o 0)|* Fo)x (e )y
If Ra = 1/2, the result in [PSET] gives
(4.5) I Txallr2—re < C(1 4+ [Saf)2A712,

If R = —1/(Ag + By), we have LA¢/(A0+50) houndedness of T.o by Proposition
B2 By the interpolation theorem [StW], we obtain L(Ae+1)/(4e+Bs+2) houndedness
of Tho = Ty with norm O(A~/(Ae+Be+2)) a5 X\ — co. This treats the case where
S;’y is separate. Now we shall prove a restricted weak type inequality at e; and e,
and this finishes the proof by real interpolation. We start with decomposing T by
using smooth cut-off functions. Let n € C§°(—1,1) so that n(s) =1 for |s| < 1/2.
Set
Biler,y) = n(21SY, (@ m)]) — n@SY, (@ m)).

Now, define T)l\ as

T41(@) = [ 5 x o) ()
The results of Phong and Stein in [PSt1] yield
(4.6) [T 22 < CATY/220/2,
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We shall obtain estimates at e;. The duality argument can be applied to obtain
estimates at e,. In view of (Z3) and (Z4), (Ao, Bo) is the extreme point of I'(S7,)
which is closest to the vertical axis and
er = ((Ao+1)/(Ao + Bo +2),1/(Ao + Bo + 2)).

We claim that
(4.7) T |0 e < €271,
where pg = (Ao + Bo)/Ap and v = 1/(Ag + By). To prove the claim, we define
Ai(z) as

() = {y : 57, (z,y)) <2771
The van der Corput type lemma of M. Christ in [ChI] gives

meas(A;(z)) < €271/ Bog=A0/Bo,
By Holder’s inequality, we obtain

T3 f(2)] < C2 a0 f]| oo,

which implies (@7)). By interpolation of [@7)) with [£6) (cf. [CSWW]), we obtain
the restricted weak type estimate at e;.
(3) To obtain LP — L9 boundedness, we shall first consider the case that SI  is

Z1Y1

separate. We shall follow the procedure in [PSt3]. We shall omit the details but let
us recall the procedure in a brief way. First, define an analytic family of operators
R p of two parameters, o and 3,

Ra’ﬁf(xl,.ﬁQ)
1 ')

- 3 / / S,z — s+ SIS, 1%~z yr)dynds,
0 —00

where « and § are complex numbers. By using the same argument as in [PSt3],
we obtain the boundedness of R, from L3/2(R?) to L?(R?) when R(a) = 1/3,
with ||Raollzs2—ps < C(1 + |Sal)V for some N € N. By interpolation of this
with Proposition B2 we obtain the desired estimate. Now it remains to show the
restricted weak type estimates at €) and e/.. We define R as

R f (21, 22) :/ flyr, xo + S(x1,y1))x (21, 22, y1) Bi(21, y1)dys .-

Set
A(wy, @) = {y1 : SY,, (w1, 1) <2711
By the van der Corput type lemma of M. Christ in [Chi], we obtain
meas(4;(x1,22)) < CQ—l/Box;AO/Bo.

We consider
D, = {(z1,z2) : |le(:c1,x2)| > al.
Hoélder’s inequality gives

|R f(z1,w2)| < C27]ay |72 | £, w2 + S (@1, )| ro-
This implies that if (z1,z2) € D,, then
21| < C271PaP||f (-, 0 + S(z1, )|,

Integrating in x5 yields
1] < C27DPaP|f]|7,.
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‘We therefore obtain
meas(D,)"/Pa < 0277\ f|| 1,

which immediately implies
(4.8) | R|| Lro — prowee < C2717.
Now we define R; g by

R,laf (21, 22)

1 [e'e)
. / / s wa — 5+ S(a1,51))s~ P By, y)x(@, y1)dyads,
0 —o0

The argument in [PSt3] yields
(4.9) (15[ parzpa < C(L+ [SBI)217,

when 16 = 0. By combining (B9) with (£3]), we have the boundedness of R from
LP! to L®*° when €] = (1/p,1/q). The duality argument gives the estimate at
el O

Now, we discuss LP regularizing properties of R. LP regularity of R follows
from Proposition B2 and L? regularity of Radon transforms with a damping factor
1S |'/2. However, in this paper, we allow two restrictions on S, for the LP
regularity of R as stated above. We do not have strong estimates in Proposition
if 7/, is almost translation invariant. In the case of L” bounds of T and L? — L4
estimates of R, we could get rid of this restriction using the interpolation theorem
in [CSWW]|. However this method cannot be applied to LP regularity because the
real interpolation space of Sobolev spaces is usually not a Sobolev space. One more

restriction comes from Lemma 1] below.

Proof of Theorem [LH. We imbed R in the analytic family of operators of the form

Ro(f) (21, 2) = 1 Flyrsza + 80, 90)|S7 12X (@, 1)

We claim that if o = 1/2 and S/ does not have (1,1) factors, then R,, is bounded
from L?*(R?) to L? /2(R2). In what follows f denotes the Fourier transform of f in

the second variable. Then we have

(4.10) Ra(F)(21,2) = Taa(F(, N) (1)

By (@I0) and (EH), we know that (1 + |D.,|?)'/*R, is bounded on L?(R?) for
Ra = 1/2, with norm of polynomial growth in Sa. Now, to prove the claim, it
suffices to show that if Ra = 1/2, then D,, Ty , is bounded on L*(R) when A # 1
in with norm O((1+|Sa|)™N (14-|A))/2). By the argument in [PSt3], it suffices
to prove the following lemma.

Lemma 4.1. The operator H whose kernel is of the form
(4.11) 1Sty (@, 9)| 72180, (2, 9) X (2, )]

is bounded on L*(R) with norm O(1) if A # 1 in [2.1).
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Proof of LemmalZdl We shall use the argument in the proof of Proposition
with suitable modification. We may assume that x > 0 and y > 0. We divide the
first quadrant into regions of the forms: {0 < y < cpa}, {qz® <y < Ciz“},
{Cly127+t <y < ga™}, and {C1z* <y < |I|}, and denote these by Eoo n, Ei i,
Ei41,, and E o, respectively. Now, we consider operators H; ; whose kernels are
of the form

|55, ()| 721800, (e, y) X (@, y)xe, , (2, 9),
where X, ; (z,y) are characteristic functions of the region E; ;. By @1), we obtain

1/2)
St (@, ) 712180 (2, )|

n N
< CQJA/Z 1 B/QHH‘y_Tll |1/2
1=1i=1
n N
+CZZW BT v — rua @)%/ (ly = v ()=o)
i=11=1 1=1i=1
= Si(z,y) + Sa(z,y).
By ([22), we obtain
n M,
ZZ@“M BETTT e = 7a )2/ — 7 ().
i=11=1 1=14=1

Here, we observe that if A = 0, then S; = 0 and if A > 2, (ET])) is integrable in
both z and y with uniformly bounded norm. This implies that the operator H is
bounded on LP(R) for 1 < p < oo if A > 2. Therefore, to prove the lemma, it
suffices to show that H is bounded on L?(R) when A = 0.

Case 1. (i = oo and j = n) In this case

cpxtn 2
[ [satenr s, @] a

IN

C/ [Sa(, y)]2dy
0

CxAn+aan2+an )

IN

Since A, + anB — 2 + a, > —1, aAntenB=2%an jg integrable. This yields L2
boundedness of Hoo .-
Case 2. (i =1 and j =) In this case

Clwal
/ Y2180 () [TV2ISM ()| dy

1z
Crxl
< C y 28y (x, y)dy

crx®l

< OgpAtaBita)/2=1 < o, —1/2
and
Cly
[ e sy
cjy°l
S Cy(Albl+Bl*bl)/2 S Cyfl/Z.
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L? boundedness of H,; is implied by Lemma P4 with p = ¢ = 2.
Case 3. (i=1+1 and j =1) In this case

crz?l 2
L sl st ] dy

Cl+1:cal+1

< CxAl+alBl+al—2+CxAl+1+al+lBl+1+al+1—2.

Since Ay + apBi + ar — 2 > —1, ghtubBita=2 gpd ghmtanBiatas =2 gre
integrable. This proves L? boundedness of Hit1-
Case 4. (i =0 and j = 1) In this case

/by

Gy 2
[ s, @] d

n My C/lybl

< C E E / yBo=2v gy
ir=11'=1"0
n M,

< C § § yBO+b172bl/.
ir=11=1

Since By + by — 2by > —1, yBotb1=2br ig integrable in y. This shows that Ho,1 is
bounded on L2.

The treatment of all cases gives L? boundedness of the operator H in the case
A =0 and this completes the proof. (Il

Now, we have boundedness of R, from L?*(R?) to L%/Q(RZ) for R = 1/2 with

norm O((1 + |Sa|)Y). We obtain the desired estimate by applying the complex
interpolation theorem in [SEW] with Proposition [3:2] O

Now we prove Theorem [[.7]

Proof of Theorem [L.7. We prove the case that M satisfies a left finite type condition
because the other case can be proved by the duality argument.
(1) This is an easy consequence of Proposition B.3] and complex interpolation

with ([@3).

(2) By using Proposition B:3] we obtain
(4.12) H{(z1,22); [R_1)a, f(21,22)| > B}
= /\{931; |R_1/a, f(x1,22)] > B}|dxs

/%//U(yl’xQ+S(x1’y1)|dy1d$1d:c2

C
< E”fHLl(RQ)a

IN

which implies that R_;,4, is of weak type (1,1). Now we use the argument in the
proof of Theorem [[2(3) to obtain the desired estimate.

(3) From the proof of Theorem [LH, we know that Ry, is bounded from L? to
L3 ,,. By [I2), we know that Ry /4, is of weak type (1,1). It is easy to see that
the complex interpolation theorem implies the desired estimate. O

We conclude this paper with some remarks.
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Remark 4.2. (1) Bak obtained sharp LP — L9 estimates when S is a homogeneous
polynomial with left and right finite type conditions |[B]. During the preparation
of this paper, we learned that Bak, Oberlin and Seeger obtained endpoint LP — L?
estimates of generalized Radon transforms with the assumption of both left and
right finite type conditions [BOS|, and that Lee obtained sharp LP — L9 estimates
at all extreme points when S is a real analytic function [LJ.

(2) Strong endpoint L? Sobolev estimates at extreme points may not be true (see
[Ch2| for a counterexample of the translation invariant case), but there has been
evidence which has indicated that we may have strong endpoint decay estimates of
the LP operator norm of Ty [GS].
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