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HOLDER NORM ESTIMATES FOR ELLIPTIC OPERATORS
ON FINITE AND INFINITE-DIMENSIONAL SPACES

SIVA R. ATHREYA, RICHARD F. BASS, AND EDWIN A. PERKINS

ABSTRACT. We introduce a new method for proving the estimate
8%u
<dlflice,
axiazj co
where u solves the equation Au — Au = f. The method can be applied to
the Laplacian on R°°. It also allows us to obtain similar estimates when we

replace the Laplacian by an infinite-dimensional Ornstein-Uhlenbeck opera-
tor or other elliptic operators. These operators arise naturally in martingale
problems arising from measure-valued branching diffusions and from stochastic
partial differential equations.

1. INTRODUCTION

Let A be the Laplacian on R% and for « € (0, 1) define the usual Hélder norms
by

= [1fllee + | flee

L) [flen =sup| () | + sup LETN @]
x &, h7#0 |I]

A classical estimate is that if A > 0 and u is the solution in R? to
(1.2) Au— Au = f,

then we have the inequality

0%u
(1.3) H <callfllces

8,]31'8{13]' Co

where 1 < 4,5 < d and c¢; is a constant not depending on f. In the case of
the Laplacian in finite dimensions, there are a number of proofs of (1.3). See,
for example, |[GT], Chapter 4, or [Bal, Section II.3. Another proof can be found
n [Ba], Section IV.3 or [J], Section V.4. This latter proof is the basis of the
method we pursue in this work. Two of the more important applications of (1.3)
and its generalizations are to the existence of solutions to certain elliptic partial
differential equations with variable coefficients and to the uniqueness in law of
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solutions to certain stochastic differential equations. The connection of (1.3) with
the latter arises from the fact that the resolvent of Markov solutions to the stochastic
differential equations will provide solutions to the generalization of (1.2) to more
general elliptic operators.

In this paper we investigate the analogue of (1.3) when the Laplacian is replaced
by other elliptic operators. In particular we:

(1) introduce a new method, which we call the semigroup method, for proving
(1.3);

(2) use our method to obtain an analogue of (1.3) for the case of infinite-
dimensional Ornstein-Uhlenbeck operators; and

(3) show how the semigroup method allows one to determine the appropriate
substitute for the norms given in (1.1) and illustrate this by proving that
the norm introduced in [BP] to handle a class of degenerate diffusions is a
special case of this general method.

In work in preparation [ABGP] we use some of the above results to prove unique-
ness for an infinite-dimensional system of Ornstein-Uhlenbeck type stochastic dif-
ferential equations with Hélder continuous coefficients.

The semigroup method is particularly simple in the case of the Laplacian, even
if we replace R? by R>. We need one elementary calculation, namely, that

(o]
/ ‘8p—t(x’y) dy < 7.
Oz Vi
where p;(z,y) = (2rt)~/2exp(—(y — x)?/2t) for 2,y € R. We use this and the
fact that the transition density for d-dimensional Brownian motion is a product of
1-dimensional densities to see that
OP, f Co
0z ||~ Vi
where P; is the semigroup corresponding to the Laplacian. Some manipulations of
semigroups then lead to (1.3). A key step is to define the semigroup norm

Bf— oo
(1.4) [fllse = llflloo + sup [P = Flleo
>0 te/?

— 00

This norm was also used in the argument of [CD].

The proof of (1.3) for the Laplacian in infinitely many dimensions is relatively
recent and is due to Cannarsa and Da Prato [CD]. Their method involves inter-
polation spaces. It is well suited to the Laplacian, but perhaps less so for other
operators. Our results in Section 3 give a new proof for the infinite-dimensional
Laplacian.

We use the semigroup method to obtain an analogue to (1.3) when the Laplacian
is replaced by the operator £ defined by

(15) £1@) = 3wy (@) = 3 Vomy 3 (o)
i.j=1 ‘ inj=1 '

where a is positive definite and V' is nonnegative definite (see Theorem 5.6). This
operator is a generalization of the infinite-dimensional Ornstein-Uhlenbeck oper-
ator. It is well known that the infinite-dimensional Ornstein-Uhlenbeck operator
arises when using Fourier transforms to study parabolic stochastic partial differ-
ential equations (see [W]) and this was in fact the motivation for considering this
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problem. One principal difference from the Laplacian case is that the operators
0/0x; and P; no longer commute. Related results for the Ornstein-Uhlenbeck case
have been obtained by [D], [L], [Z]. In Remark 5.8 we discuss them briefly and
compare them to our results Theorem 5.6 and Corollary 5.7.

When one considers operators other than the Laplacian, it turns out that the C®
norms defined by (1.1) may not be the most appropriate. In fact, the semigroup
norm given in (1.4) is in some cases the natural one. In the case of certain degenerate
elliptic operators, we discovered this after the fact. In [BP|] two of the authors
investigated Holder norm inequalities for an operator that arises in the study of
branching measure-valued diffusions. There the estimates were proved by hand,
and we were forced to replace the use of the C'* norms by weighted Holder norms.
In this paper we prove that these weighted Holder norms are precisely the S norms
used by the semigroup method. This suggests the potential for a more unified
approach to such norms in the study of degenerate stochastic differential equations
in both finite and infinite dimensions and avoids having to guess the appropriate
norm through ad hoc methods.

Layout of the paper. Here is the plan for the rest of the paper. In Section 2
we define the semigroup norm and establish some preliminary facts. In Section 3
we present the semigroup method in the case of the infinite-dimensional Laplacian
(Proposition 3.3). Although the estimates in the Laplacian case are known, we
present this case separately for clarity. In Section 4 we give some connections
between the semigroup norm and the usual Holder norms (Propositions 4.1 and 4.2).
Next, in Section 5, we consider the Ornstein-Uhlenbeck operator, and establish the
analogue of (1.3) in Theorem 5.6 and Corollary 5.7. Section 6 considers geometrical
aspects of the semigroup norm, analogous to Section 4. Many of these results will
be used in the in the uniqueness proof for infinite-dimensional stochastic equations
in [ABGP]. In Section 7 we establish the equivalence of the semigroup norm with
weighted Holder norms in the context of the operator considered in [BP]. We use
the letter ¢ with subscripts for finite positive constants whose value is unimportant.
The constants ¢y, co, ... may change from proposition to proposition.

2. THE SEMIGROUP NORM

We use the following notation. If E = R%, Ri, R, or a separable Hilbert space
H,and f : E — R, D,f(x) is the directional derivative of f at x € E in the
direction w; we do not require w to be a unit vector. We write D; for D., and D;;
for D;D;, where €; denotes the ith unit vector in a convenient orthonormal system;
for R? or R, ¢; will be the ith coordinate direction.

The inner product in F is denoted by (-, -), and |-| denotes the norm generated by
this inner product. C, = Cy(E) is the collection of R-valued bounded continuous
functions on E and for o € (0,1), C* is the set of functions in C} for which
Il fllce = I flloo +|f|ce, defined as in (1.1) by replacing R? with E, is finite. Finally
C? is the set of functions in Cj for which the first and second order partials are
also in (.

Given an operator £ that is the infinitesimal generator of a semigroup P; on the
space of bounded measurable functions on E, we let

o0
RAZ/ e NP, ds
0
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be the corresponding resolvent. Recall that (A — £L)Ryf = f provided Ry f is in
the domain of the operator £. We define the semigroup norm (the “S” stands for
“semigroup”) || - ||se for

(2.1) a€(0,1) by |[fllse =fllsc + iglgt’mllﬂf — Fllo-

Let S® denote the space of measurable functions on F for which this norm is finite.
We set | f|se equal to the last term in (2.1), so

1fl[se =1 flloo + [flse-
In a number of places we will use a similar convention: |f|p will denote a seminorm

in some Banach space B, and || f|| g will then be || f|loc + | f|5-
Remark 2.1. Since ||Pif — flloo < 2||f|lco, we have

(2.2) Ifllse <3 fllos + sup £~ 2| Pif = fllo-
0<t<1

We will use the following result a number of times.

Lemma 2.2. There exists co(a) such that if for some w € E and 0 < ¢1 < 00,
C1|w
1Du Pl < &

|
<7 [1flloo

for all bounded measurable f, then for all f € S<,
1DwPifllse < crcalw|t /%] f]se.
Proof. Note forr > 0,w € E
DyPorf — Dy P, f = Dy P[P f — f].

The sup norm of the expression inside the brackets is bounded by r*/2 |flse. There-
fore by our hypothesis,

(2.3) | D Parf — Dy Prflloo < e1|w]r @ Y/2| f|ga.
Using the hypothesis again,

| Dws Prar flloo < ex|w|(£25) 7% flloc — 0
as k — oo. Therefore

D,Pf = Z(DthZkf — Dy Pygrsa f).
k=0

Using (2.3) and the triangle inequality,

1D Pifllo <D erlw|(25) D72 flsa < erfwlea (@)D 2| flge.
k=0

Lemma 2.3. Assume

(2.4) |DuPufll < Cl}f' 1l

for all bounded measurable f on E and allw € E. Then S C C* and
[fllee < (erea(a) +2)[1f]lse,

where co(a) is as in Lemma 2.2.
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Proof. By (2.4), Lemma 2.2 and the mean value theorem, if w € E, then
|Pof(w+w) = Pif (2)] < excalwlt®D"2| 5.
We also have
Pef(@+w) = flz+w) <t fllse,  |PS(@) = Fl@)] <272 fllse,
by the definition of S®. By the triangle inequality,
|f (@ +w) = f(2)] < 2 (erezlwlt™2 4+ 2)||f || se.
If we take t = |w|?, we see that || f||ce < (cica + 2)||f]|sa- O

Lemma 2.4. Let {X;,t > 0} be an E-valued Markov process with semigroup P;
and laws {P* x € E}. Assume (2.4) and also

(2.5) E*(| Xy — E*(X)[?) < cot? for all t < 1.

If f,g € S%, then fg € S and for some ¢1 = ¢1(co, @),

(2.6) [f9lse < erlllflloolglse + | flsallglloc + [flealglos + 1 Fllocllglloc];
and

(2.7) 1f9llse < el fllsellgllse-

Proof. Let Q:x = E*(X;) € E (by hypothesis). Note that
Pifg(x) — fg(@) =E*((f(X¢) — f(Qex))(9(Xe) — 9(Qex))) + g(Qex) (P f (x) — f(x))
(2.8) + [(Qex)(Prg(x) — g(x)) — (f (Qsz) — f(2))(9(Qex) — g(2)).
Note also that for ¢t <1,
(2.9) £ (Qex) — f(2)| < |Pef(x) — f()] + [E*(f(X2) — f(Qex))]

< [flsat®? + |floa B (1X: — Q)

< |flsat®” + | floacy /%,

the latter by (2.5) and Jensen’s inequality. We put this into (2.8) and use Holder’s
inequality to conclude that for all ¢t < 1,

1P fg(x) = fo(x)| <|fle=lgleaB (|1 X: — Qu|*)®
+ (lglloolflse + [ Flloolglsa)t*"
+1£(@Qu) = f@)I ([glset2/? + c§*glo=t2/1] A 2llg]lo0)
<[l flowlglow + gllool flse + 3|1 flloolglsalt/?
+1£(Qex) = f()les[(lgleat™™) Allglloo)-
We use (2.9) again to bound the last term by
callflsellglloo + | floxlglealt™’?.
Substituting this into the above, we see that for ¢t < 1,

|Pifg(x) = fg(@)] < ealllflloolglse + [flsellglloo + [ floxlgloe].

If t > 1, the left-hand side is at most 2||f]|co||g]|cc and, using the fact that || f|lec <
| flls=, we arrive at (2.6). This and Lemma 2.3 now imply (2.7). O
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3. HOLDER ESTIMATES — THE LAPLACIAN CASE

Let £2 be the space of real square summable sequences {z; : i € N} equipped with
the norm |z| = (32, 22)1/2 and take ¢; to be the unit vector in the ith coordinate
direction. We study perturbations of

L= % ZG%D”
i

Here we assume each a; > 0 and |a]? = Y, a? < co. The reader interested only
in the finite-dimensional case may restrict all indices to the range 1 to d and take
each a; = 1, but we will be implicitly working in ¢2 below. Let P, be the semigroup
corresponding to L.

Lemma 3.1. There exists ¢1 such that for any bounded measurable f,

I1DiPiflloe < [ lloo-

mf

Proof. Let
1

—(yj—rj)2/2a2-td .
e J
ajV2nt Yi

pi(;, dy;) =
be the transition density of one-dimensional Brownian motion with parameter a?.
Let

) . L oyi—ai 22
qi (x5, dy;) = Djpi(x;,dy;) = 2 e i) 205t gy
a;V2nt  ajt

Note that

L |y — —(y;—x;)?/2a%t C2
ql (x; ’d / e \Wi—%; itdy; =
/| i (x5, dy;)| o O ot a?t Yj a

B

Now fix 7 and let

F(ywx t Z /Hpt x]7dyj y17y27"')'

J#i

Here we are integrating f with respect to the Gaussian measure [],_; Pl (x5, dy;)
which is supported on ¢2 for z = (x]) € £? since |a|? < co. Then

Dptf /D Hpt x]ady] //qt xzadyz Hpt x]vdy] )
J#i

Z/qi(wi,dyi)F(w;x,t,i)-

Since p] (xj,dy;) integrates to one for each j, we see that || F||s < || f|loo. Therefore

DA @) < |l [ laiGos.dus) <

a;

d

Remark 3.2. The conclusion of Lemma 3.1 is not the same as (2.4) because of the
presence of the a;.
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Proposition 3.3. Let Ry be the resolvent corresponding to L. There exists ¢y not
depending on A and co = co(\) such that for all f € S¢,

c —«
(a) IDiD;Rxflloc < —— 27| f||se,
14
C2 A
(v) 10D, B lse < 22 s,
a;a;
C
(c) |DiBxfllae < =X f]l5e
and
ca(A
(@ IDBsfllse < 2N s

Proof. (a) By the translation invariance of Brownian motion, D; and P; commute.
By the semigroup property we have

oo

o0
D;D;Rf(x) = / e MD;D;Psf(x)ds = / e D, P, /3D, Py o f (x) ds.
0 0

(The interchange of the integration and differentiation follows easily by dominated
convergence.) By Lemmas 3.1 and 2.2, || D;P/2f|cc < c3a;13(0‘*1)/2||f||sa. Using
Lemma 3.1 again

caa [T sl iy C5 \—a/2
3.1 DiD;Rxflloo < — e s ds||fllse < A Sa.
31 DD RSl < 2 [T e Il < A2 )
(b) In view of Remark 2.1, we need only consider ¢t < 1. We write

(3.2) P,(D;D;Rxf) — (D;DjR\f)

(o) o0
= e)‘t/ e D;D;P,f ds —/ e D;D;P,f ds
t 0

oo t
= (eM — 1)/ e D;D;P,f ds — e>‘t/ e D;D;P,f ds.
0 0

Since t < 1, then |eM — 1] < ¢5(A\)t < ¢6t®/2, and so the L norm of the first term
on the last line is bounded by cst®/2||D;D; Ry f|ls-. Applying (3.1), we bound the
first term by c7(\)(aza;) 12| f| s
Since t < 1, then e is bounded. By Lemmas 3.1 and 2.2,
cg _
HDiDszfHoo = ”DiPS/ZDjPS/ZfHoo < ;5 1/2||Dsz/2f||oo

(3

< ST
aiQ;

S(! .

Integrating from 0 to ¢, the second term on the last line of (3.2) is bounded by

t
C10 o C11
I£lse [ 537 1ds = St e,
0

i@ i

(c) The first derivative estimates are similar but easier. Using Lemma 3.1,
33) DRl < [ e MIDP S ds
0

o0
<2525 oo < 2N £ o
ai Jo .
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(d) For t < 1, we write
t
Pi(DiRxf) = (DiRaf) = (e = 1)DiR\ f + € / e M D;P,f ds
0

as in (3.2). The first term on the right is bounded by c14(A\)a; 't||f||o0, Which is
fine since t < 1. Use Lemmas 2.2 and 3.1 to bound the second term on the right by

t
C15 _ Ci6 C17
Hf”S& / sla=1/2 4 < t(oe+l)/2HJc||SCY < ta/QH.f”SD‘-
a; 0 a; Q5

4. RELATIONSHIP BETWEEN NORMS — THE LAPLACIAN CASE
Proposition 4.1. If f € C* and g € 5%, then

1fglls= < (lal* + DIl flleelgllse-
In fact,
|fglse < [ flloolglse + lal®[fle[lglls]-

Proof. The L* norm of fg is clearly bounded by the product of the L> norms of
f and g. Fix . We need to obtain a bound on

|P:(fg)(x) — (fg)(=)].

Let f(y) = f(y) — f(x); clearly f(z) = 0. Then
Py(fg)(x) = fg(x) = Pi(fg)(x) + f(x) Pig(z) — f(x)g(x),

SO

Pi(f9) (@) = fg(@)] < [Pi(fg)(@) + (@) |[Pig — 9] < [Pu(fg)()| + || floogl 5=
The first term on the right-hand side is

E(f9)(@+ X0)| < llgllElf (z + Xi) = f(2)]
< llglloolflo=E(| X¢%)

< llglloolflo= (B(1 X))/
= llglloc|flceal /2,

where X; is the Brownian motion associated with the semigroup P;. The required
bound follows. O

Clearly the function that is identically one is in S, and hence the above propo-
sition implies that C* C S®. Here is a partial converse, which also shows that
these spaces coincide and have equivalent norms in the finite-dimensional case.
Incidentally, this and Proposition 3.3 provide a new proof for (1.3) as well.

Note that because of the presence of the a; in the conclusion of Lemma 3.1, we
cannot conclude that S and C“ are equivalent in the infinite-dimensional case.
Let us set

| f@the) - f(@)]
(4.1) | flay = swug) e .

Proposition 4.2. There exists c1(a) such that for each i, |fla, < c1a; “|flse.
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Proof. By Lemmas 2.2 and 3.1
|Pf (2 + hei) = Pof (@) < ||| DiPof oo < ealhla; 07072 fsa.

We also have
[Pof () = f(2)] <772 flse,
and the same with x replaced by = + he;. Using the triangle inequality,

|[f(z+ hes) = f(@)] < (2472 + cahla; O 7V/) f| .
Taking ¢ = a; %|h|? yields our result. O

Remark 4.3. Although our bounds show |f|g« < |a|®|flce and |f|a,i < c1a; | flse,
this does not give a geometric characterization in terms of Holder norms. It is
natural to ask if a more complicated combination of |f|,,; and |f|ce could be used
to accomplish this. To see that this does not appear to be possible, consider the
d-dimensional case with all the a;’s equal to 1. For each integer 1 < k < d, we now
construct an example where || f||ca = 1, |f|a; & 1 for each i, yet ||f|se ~ k/2.
Here “~” means the ratio of the left- and right-hand sides are bounded above and
below by positive constants that do not depend on i, k, or d. All constants ¢ below
are also independent of these quantities.

Let ¢ : [0,00) — [0,1] be a smooth decreasing function which equals 1 on [0, 1]
and 0 on [2,00). Let g(z) = ¢(2)2z for z > 0. Then

(4.2) l9(21) = g(2)| < calz1 — 22|, [lglleo < 2%

Set y(k) = 0 € R* and choose {y(j) : j = k+1,...,d} in R* so that for all distinct
i, 7, ly(i) —y(4)] > 4M = 4M(d, k) > 20, where M will be chosen sufficiently large
in what follows. If 7, : R? — RF is the projection onto the first k coordinates,
define

f(@) = g(|mi(z Z ¢(lme(x) = y(5)Dg (1),

j=k+1
where x; is the jth coordinate of z. Note that our spacing of the y(j)’s means at
most one of the summands will be nonzero and so || f||e < 2%. For € R? there is
at most one j so that |mg(x) — y(j)| < 2M. Let jo = jo(x) denote this j when it
exists. If jo = k we have

[E*f(Xe) = f@)] < [E*(g(|ma(X2)]) = g(|mr]))]

+ Z E*(¢(|m(Xe) — y(i)Da(1X7])

j=k+1
d
< B (|mi(Xe) — m(@)|?) +2° Y P (|me(Xe) — ()| > M)
j=k+1

< eoB(|mu(Xy) — mi(@)[*)*72 + 2°dE” (|my(Xe) — mp(2)|*) M~
< c2ta/2ka/2+2adta/2ka/2M—a
< Cgka/2ta/2.

In the last line we have taken M sufficiently large depending on (d, k). If there is
no jo, then the above argument remains valid. If jo > k a similar argument gives
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the same bound and we have shown

| flga < ck/2,
To obtain the reverse bound note that
d
[EC(f(X0) = £(0)] = B2 (Jme (X0)[*d(|mi(X)]) — 2% D PO(|mi(X) — y(4)] < 2)
Jj=k+1
> EO(|m (X2)|*) = B (| (Xo)|“ Ly () [51))
d
—20 3 P(|m(Xy)| > M).
j=k+1

An easy calculation shows that the first term on the right-hand side is at least
csk®/2t*/2 and so the right-hand side is at least

esk®/2/2 — B (jmi(Xo)|?) — 2% dE” (jme(Xe)[*) M2
> /2 2 o5 — (kt)!=/2(1 + codM )]
Z C7ta/2ka/27

where the last line is valid for M large and t < to(k). This proves |f|ge > c7k®/?
and so we have established |f|ga =~ /2.

If |h| < 1it is easy to see that there is at most one summand in the definition of f
which is non-zero for either x or x + h. It is therefore straightforward to check that
|flce & |flas =~ 1 for all i. For the lower bounds on |f|,,; consider |f(he;) — f(0)]
ifi <kand |f(§(:)+ he;) — f(5(4))], where §(7) = (y(7),0,...,0) if i > k.

Therefore there does not appear to be a simple characterization of S% in terms
of the |f|q,i- On the other hand, if we write || f|| s« as

I£lle +sup =" sup | P(2,0. = 2)f () - F)]dy)

where P(t,x,y) is the transition density for P; in R?, we see that S does have a
geometric characterization in terms of a weighted average of f(y) — f(x).

5. HOLDER ESTIMATES — THE GENERALIZED ORNSTEIN-UHLENBECK CASE

In this section we obtain Holder norm estimates for perturbations of an appro-
priate Ornstein-Uhlenbeck operator. Let H be a separable Hilbert space with inner
product (-,-) and let V : D(V) — H be a (densely defined) self-adjoint nonnegative
definite operator on H such that

(5.1) V~1is a trace class operator on H.

Then there is a complete orthonormal system {e, : n € N} of eigenvectors of V1
with corresponding positive eigenvalues A, ! satisfying

Z Ml <oo, Aploo, Ven = Anen
n=1

(see, e.g. Section 120 in [RN]). Let Q; = e~*Y be the semigroup of contraction
operators on H with generator —V. If w € H, let w,, = (w, €,,) and, as discussed in
Section 2, we will write D; f and D;; f for D, f and D, D, f, respectively. (In the
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example from the theory of SPDEs that motivated us, V is given by Ve; = c14%¢;,
and clearly V! is of trace class.)

Assume a : H — H is a bounded positive definite operator on H with a bounded
inverse and set a;; = (ae;, €;). Therefore for some v > 0,

(5.2) 722 > Zaijzizj > v|z)?, z € H.

4,J
We consider the H-valued process which, with respect to the coordinates x; =
(x,¢;), is associated with the generator

i,j=1 i=1
The definition is as follows.

Let (W, ¢t > 0) be the cylindrical Brownian motion on H with covariance a. Re-
call (see section 3.2 of [KX]) that this means if ¢ is the positive definite square root
of a, then W, is an R*>°-valued process such that for some sequence of independent
1-dimensional Brownian motions {B;},

Wit) = Wile;) = Z%‘Bj(f)»

and so more generally,

Wi(h) = (h,e)Wi(ei)),  heHt>0,

(3

is a mean zero Gaussian process with covariance

E(Ws(h)Wi(h')) = (h,ah/)(s A t).
As usual we may extend the definition of (Wi(h),t < T) to measurable paths
h :[0,T] — H such that fOT |hs||?ds < oco. Then (Wy(h),t < T,h € H) is again a

mean zero Gaussian process with covariance

EOVWW.0) = [ (hrvag)ir

We will often write fot hsdWy for Wy(h), where the integral is the Wiener integral.
F: denotes the right-continuous filtration generated by W.
Consider the stochastic differential equation

dX; = =V Xidt + dWy.

A continuous H-valued F;-adapted process is a solution of this stochastic differential
equation if and only if for all h € D(V) we have

(5.4)  (X,h) = <X0,h>—/Ot<XS,Vh>ds+Wt(h), £>0, as.

Using standard techniques (extend (5.4) to time dependent h and set hy = Q;—sh
first for h € D(V) and then for h € H), one can show that such a solution is a
continuous H-valued Fi-adapted process which solves the mild form of (5.4) with
initial condition Xy € H, that is,

t
(5.5) (X, h) = (Xo, Qih) —|—/ Qi_shdW, a.s.forallt>0and h € H.
0
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There is a pathwise unique solution of (5.5) (which also solves (5.4)) whose laws
{P*,z € H} define a unique homogeneous strong Markov process on the space of
continuous H-valued paths (see, e.g. Section 5.2 of [KX] and note that (5.4) follows
trivially from (5.2.26) of [KX]). We let P, f(x) = E*(f(X;)) denote the associated
semigroup. Clearly {X;,t > 0} is an H-valued Gaussian process satisfying

(5.6) E((X,, h)) = (Xo,Quh) for all h € H
and
(5.7) Cov((Xy, ) (Xo, hY) = /O (Q1_oh, aQs_sg)ds = Cy(g, h).

Our reason for introducing (5.4) is that it shows that X will solve a martingale
problem associated with £. More precisely if f : H — R is a bounded C? function
of (x1,...,2,) with bounded first and second partial derivatives, then f(X;) —
f(Xo)— fot Lf(Xs)ds is an Fy-martingale. Our objective in this section is to obtain
bounds on D; DRy in the S norm associated with P;, where Ry is the A-resolvent
corresponding with P,. We start by noting that P; no longer commutes with the
differential operators D,,.

Proposition 5.1. Assumet >0, w € H, and f: H — R is a bounded measurable
function such that Dg,. f is bounded and continuous (on H). Then

DyP,f(x) = Pi(Dg,wf)(x), x € H.

Proof. Let Z; € H denote a mean zero Gaussian random vector with covariance
Ct. Then P*(X,; € -) = P(Qix + Z; € -). Therefore if r € R,

P f(x 4+ rw) — P f(x) _ E(f(Zt + Qi(z+rw)) — f(Z +th))'

r r

(5.8)

Use the mean value theorem to see that for some r’ between 0 and r the integrand
on the right side of (5.8) equals Dq,wf(Z: + Quz + ' Qiw), which approaches
Dg,wf(Zi + Qux) as r approaches 0 by the assumed continuity of Dg,,f. The
result now follows by dominated convergence. O

The next step is the analogue of Lemma 3.1, which will require considerably
more work in the present Ornstein-Uhlenbeck setting. Recall that Cy(H) is the
space of bounded continuous real-valued functions on H.

We introduce the following notation. Let

2% _ :
h(t) = 2t/(e 1) ?ft > 0,
1 ift=0.

For t > 0 and w € H set |w|y = (3, w?h(\it))}/2. Clearly h(t) and |w|, are
decreasing functions of ¢ and |w|y = |w|.
The next result is closely related to (6.2.10) and (6.4.14) of [DZ].

Proposition 5.2. If f : H — R is bounded and measurable and w € H, then for
allt > 0, Pif is Lipschitz continuous on H, D, Pif € Cp(H) and

e [
DyPiflloc £ —F—=.
IDuPf e < 200
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Proof. First consider f € Cp(H). Let m, be the projection operator of H onto R™
given by m,y = ((y,€))i<n. Then under P, m,X; is an n-dimensional Gaussian
variable with mean 7, @Q:x and covariance matrix

t ¢
Ci(i,j) = / (Qi—s€i, aQi—s€5)ds :/ e~ itAi)s g @i, 1,] < n.
0

0
Here of course aij = <ei, ae;). If € R™, then for some ¢, ¢ > 0,

i=1 j=1 i=1
This shows C}' is nondegenerate and so 7w, X; has a Gaussian density
pr(z) = (2m)7"/2(det CP) Y2 exp(—(z — mQu, (2C1) 71 (2 — 1, Qu))).
Let fu(y) = f(X (v, €i)ei) = fn(ﬁny Then
Pifo(z+rw) — Pfalz /fn pt Tﬂthw) p?(y)}dy.

(5.9) :

By the mean value theorem, there is an ' = r’(y) between 0 and r such that the
expression in square brackets is

(5.10)  —Dr,@upi (y — r'mnQrw)
= p?(y - T/ﬂ-thw)«Ctn)_lﬂ-thwa y— TnQeT — T/Wthw>,

by an easy calculation. As r — 0 the above converges to

Py {(CF) T Quw, y — 1 Q).

It is easy to see that the integrands on the right side of (5.9) are uniformly integrable
in r over |r| < 1 due to the Gaussian tail of p?". For example, one can show the
contribution from |y| > k is small uniformly in |r| < 1 for k large. Therefore we
may apply dominated convergence to take the limit as » — 0 through the integral
n (5.9) and conclude that

Dy P fr(x /fn pt n) WvLQtw Y — T Qir)dy

= E*(fo(X)((C) 1, Qew, T (X — Qi))).
Introduce U,, = (C})"'?1,Qiw, Z, = (C?) V271, (X; — Qi) and R,, = (Uy, Z,).
The above may now be rewritten as
(5.11) Dy Py fr(x) = E*(fo(Xi) Rn).
We need the following lemma whose proof is provided at the end of the current

argument.

Lemma 5.3.

|wle
(5.12) U, < e
Vvt
The coordinates of Z,, are i.i.d. standard normal random variables and so Lemma,
5.3 implies that
|w|?

1 E*(R?) =|U,|?> < .
(5.13) (Ry,) = |Un|” < ot
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If V; = Xy — Qix, then the joint laws of (Y3, Z,),n € N, are independent of x
(recall Z, = (CP)~'/27,Y;) and the same is therefore true of the joint laws of
(Y;, R,) on H x R. This sequence of laws is tight by (5.13) and so we may choose
a subsequence {ny} (independent of x and f) such that (Y, R,,) = (¥;°°, R) with
respect to weak convergence in H x R. As Y;> clearly is equal in law to Y; we will
drop the superscript. Using (5.11), we have

(5'14) Dthfnk (33) = ]Ez(f(th + Yt)Rnk) + ]EI((fnk (Xt) - f(Xt))RTLk)
The second term is bounded in absolute value by
E((fn(Xe) = f(Xe))*)VPES (R, )2

which approaches 0 as k — oo by (5.13), the continuity of f and dominated con-
vergence. The above weak convergence along with the continuity of f and (5.13)
show that as k — oo, the first term in (5.14) converges to E(f(Q:x + Y;)R), and
Fatou’s lemma and (5.13) show that

2y Wl
(5.15) E(R?) < -

‘We have proved that
klir{)lo DyPifn, (x) =E(f(Qix + Y1)R) = J(x).

Clearly J is continuous on H by the continuity of f, (5.15) and dominated conver-
gence. Dominated convergence also shows that P;f,, (z) — P.f(z) as k — co. An
elementary argument using the fundamental theorem of calculus now shows that

D, P, f(z) exists and equals J(x).

In particular, D,, P; f is continuous. The required bound on the sup norm of D,, P; f
is now immediate from (5.15) and Cauchy-Schwarz.

Consider now the case when f is only bounded and measurable. We have shown
above that for a fixed w € H and all g € Cy(H),

1
(5.16) Pig(z +w) — Pig(x) = /0 E(g(Q+(x + sw) + Yi)R)ds, x € H.

Let S be the set of all bounded measurable (real-valued) maps on H for which
(5.16) is valid. S is clearly a vector space containing Cy(H) and is closed under
bounded pointwise limits. A standard result (e.g., p. 11 of [M]) now shows that S
contains all bounded measurable functions. This, together with (5.15), proves that
for f as above,

Pf(e +w) — Pf(2)] < %

and in particular P, f is Lipschitz continuous on H.

Finally if 0 < & < t, we may apply the bound obtained in the continuous case to
the continuous map P.f and conclude that D, P;f(x) = Dy P;—o(P-f)(x) exists, is
continuous and is bounded in absolute value by

[P flloolwlt—c . [[flloolw]e—c
Vt—e) T VAlt-e)
Let € | 0 to obtain the required bound. ([
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Proof of Lemma 5.3. Note that m,Q;w = (e~ **w;);<,, where m,w = Y | w;e¢;, and
so by replacing w with Y} w;€;, we may assume (w,¢;) = 0 for i > n. We may
consider @, as an operator on R" via @Q; = diag(e *i");<,, and the required result
then becomes

2
e PQup <, were,
e Nitw,; :
Define D, : R" — R" by Dyw = ( \/m)mn Then we claim the above follows
from
2
(5.17) |(CM)~Y2Dyul? < |:L u€R™

To see this set u; = w;/h(A;t). Then Dyu = Quw and (5.17) would imply the
required inequality. If B = D, 'C?D; " (all operators now are on R"), then

t
B (i, j) = / VRO D RO E)ed 9 ds,
0
If v is as in (5.2), then one easily sees that
t n
(2, Bz) > / Wszh()\it)eQ/\i(t’s)ds = yt|z|2.
0 =1

Therefore By is a symmetric positive definite matrix with all eigenvalues no smaller
than vt. If the eigenvectors of B}* are 7; with corresponding eigenvalues p;, then

z,By'z) Z”Z (z, ’7'2

<y %@, )2

= (v) 7Nz, (B)?2) = (vt) 7By 2.
Therefore if 2 = (C?) "' D;u, then

(C7)"V2Dpuf? = (2,C2)
= (z,D:B}'D:z)
= (Dyz, B}'Dyz)
< (yt)"YBPDyz|? (by the above with D,z in place of z)
= () ul®

Thus (5.17) holds and the proof is complete. O

Now that we have Proposition 5.2, we obtain the Holder norm estimates by
making suitable modifications to what we did in Section 3. The main difference is
the lack of commutativity between P; and D,,.

Proposition 5.4. Let f : H — R be in S* and let u,w € H. Then D, P.f and
D,DyP,f are in Cpy(H) and for some constant c1(a,7y), satisfy

(5.18) 1Dw Puflloo < crlw]et = | £ se
and

(5.19) 1DuDu Piflloo < erltlea]Qupzwleot®™ > | £ e
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Moreover
(5.20) FeC® and ||fllce <cillfllse-

Proof. Using Proposition 5.2 we have by Lemma 2.2 (with ¢; = |w|/|w| in that
result) that
(5.21) [DwPiflloo < ealw]it D2 f| g

The continuity of D, P;f is given by Proposition 5.2.
Use (5.21) with Propositions 5.1 and 5.2 to conclude that for ¢ > 0 and u,w € H,

(5.22) DyDyPif = DuPyj2Dq, puwPy o f exists, is continuous,
and satisfies

”DquPtf”OO < (’Vt/2)71/2|u‘t/2”DQt/Z“’Pt/Qf”OO
< egt™ 2 ulyya|Qejawlesa(t/2) 2| £l se

which gives (5.19).
The last result follows from Proposition 5.2 and Lemma 2.3. O

Lemma 5.5. If r > 0,5 < 1, there is a ¢1(83,7) such that for any A > 0,

oo o0
/0 e Muff T dt < ey (A4 0)7 M.
=1

Proof. If I; = [;° e h(Ait/r)t~Pdt, Fubini’s theorem shows that

(5.23) /0 e Muwl}, tPdt =Y wil;.
i=1
Note that if A; > 0, then

2Nt
0 esnit/T

o0
< 02(7‘)/\?71/
0

Moreover for all A we have

1-8
Y 1dv 203(7“))\?71.

ev —

(o]
Iig/ e M) AN TINGE < ey NP
0

Therefore I; < c5(r)(A+ X;)?~1, and if this is used in (5.23), the desired result
follows. .

If we H, set ||w||g1 = E;ﬁl |wi].

Theorem 5.6. Let A > 0, f : H — R be in S%, and u,w € H. The functions
DyRxf and DD, Ryf are bounded and continuous on H. Moreover there exist
constants c1(a,7) and {c2(a,v,€) : € € (0,a/2)}, independent of f and A, such
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that for each e € (0,0/2),

o 1/2
(5.24) 1DuRAfllo < e+ (3 w2+ 2)7727) s,
1=1
i 172 , 1/2
(5:25) [DuDulaflloe < c2(D w0+ 20)75) (3o utA+2)) T fllse
=1 =1
(5.26) [DuBAflse < e (3 [wil A+ 2072 1 e
i=1
(5:27) [DuDu R flse < exlful [l + ol ful.) | £l s

Proof. A use of Proposition 5.4 allows us to differentiate through the time integral
and see that

[ee]
Dubsf(@)= [ e DuP.f(a)ds

0
and

[ee]

DuDyRyf(x) = / 3Dy Doy P f () ds

0

are both continuous on H. Moreover by (5.19) and the Cauchy-Schwarz inequality,

(5.28)

o0
< callfllse / fuly 2] Qs jotw]s 25> e ds
0

= 12, [ 1/2
SC‘*"f”S“(/O [uf2 57 e s ) (/O Quppol?ps™ e s )

Use Lemma 5.5 and the trivial bound |Q,/ow|s/2 < |wls/2 to conclude from the
above that

oo oo

| DuDwRxfllso < esllf|lse (Z(/\ + Ai)s—aug)l/z (Z(A + Ai)—swf) 1/2.

i=1 =1

This gives (5.25), and the derivation of (5.24) is similar.
Now consider (5.26). As in Remark 2.1 we may assume that 0 < ¢ < 1. Use
(5.18) to see that

(5.29)
HDthR)\f - DwR)\fHoo

[e%e} t
< (eM — 1)‘ / e_)‘SDisfdsH + H/ e_’\SDisfdsH
t o 0 ©

[e’s} t
< CG(OC,’Y)”fHSa {(e)\t N 1)/ 67A8|w|58(a71)/2d5 +/ ef)\s|w|ss(a71)/2ds
t 0

= collfllse |11 + I2).
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First bound I; by
(5.30)

(o) o0
(GAt _ 1)/ e—)\s Z |wz| /2Ai8(62)\i8 _ 1)—1/28(a—1)/2ds
Z |wile™ / V2\s(e?is — 1/2(/\ 5)(a D/2), ds)\ —1-a)/2

Ai>A

+(eM—1) \wz|/ e M (As) @7 D/2xds N(T1me) /2,
Ai<A

A substitution shows the integral in the first term in (5.30) is bounded uniformly
in ¢ and so this first term is at most

(5.31) cr(@)(1—e ) 37 Ju AT,
Ai>A

The integral in the second term in (5.30) is at most cg(a)e™* and so the second
term in (5.30) is at most

(5.32) cs(1—e ) > A1/,
Ai <A

Use (5.31) and (5.32) in (5.30) to conclude that

(5.33) I <co(1— M) fa (A4 )T/
i=1
< eot™? Y i (A + )2,
i=1

Next bound I by
(534) / _ASZ‘wzl\/m 2Xis —1/2 (a 1)/2d8
< Z |wz|/ \/m 2Xis 1 1/2()\ S)(a /2y, ds)\ —a-1)/2

Ai>A
+> |wz|/ S(As) (@ D/2) gs (-1 )/2
A <A
Ait
< |w;| V2(e2" — 1)’1/2u°‘/2du /\l(—l—a)/Z
Ai>A 0

+ 3wl / —uy(a=D)/2gy \(-1=a)/2,

A<

The integral in the first summation is at most

At
010/ w2y < clo(/\it)a/2
0
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and the integral in the second summation in (5.34) is at most
At
/ e~ W22 gy < clo()\t)a/2.
0

Use these bounds in (5.34) to see that I is also bounded by the right-hand side of
(5.33). Use this and (5.33) in (5.29) to conclude that

oo

(535)  IDWPRAS — DuBiflloe < enn (300 M) 2l ) /2] £l se.

i=1

Proposition 5.1 and (5.18) imply that
(536) HPtDisf - DthPsf”oo = HPtDw—QthSfHOO
< crafw — Quwlss V2| f|ga.

Note that

o0
/ e M |w — Quuwlss @ 2ds
0
el oo
< Z |w;| (1 — e”\it)/ e (2)05) /2 (2N — 1)~1/25(0= /2
i=1 0

< Z ‘wz|(1 _ ef)\it)/ (2/\1‘8)1/2(62)\i5 _ 1)71/2()\is)(afl)/Z)\idS)\l(flfa)/Q
Xi>A 0

00
+ Z \wi\(l _ 67)\1'15)/ 67>\S()\8)(&71)/2>\d8)\(717a)/2
<A 0

o
< ci3 Z lw;|(1 — e—Ait>()\ + )\i)(_l_a)/Z
i=1

< oy 3 O+ NN
=1

Integrate (5.36) with respect e ~**ds, use the above bound, and combine the result-
ing inequality with (5.35) to derive (5.26).
Finally consider (5.27). Use (5.19) to see that for 0 < ¢ <1 and u,w € H,

(5.37) | DuDwPRrf — DuDuRof|los
0 t
< (M- 1)H/ e*ASDquPSfdsH n H/ e*ASDquPSfdsH
t 0 0 0

< cual|f]

o[ =1) [ el plQuppuly s ds
t

t
+ / €_>\S|UJ‘S/2‘QS/QW|S/25(Q/2)_1dSi|
0

o0

t
< cusfwlful | fllse (¥ = 1) / e~ /2 gy A=/ / se/2 1]
At 0

< caslwl [ul | fllse[(1 = e M)A 4 4972]
< exglw| ful | flset*"2.
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Now
(5.38) P.D,D,Psf — D,D,P.Psf = [P;D,D,,Psf — D,P,D,,Psf,
+ [DuPtDwPSf - DquPtPsf]

By Proposition 5.1 and (5.22) (the latter to verify the hypothesis of Proposition
5.1), the first term on the right is equal to P,Dy_q,,DwPsf and so by (5.19) has
sup norm bounded by

cr7s® T Mu — Qeulsy21Qs 2wl 2|l fllse < c1s5? Hu — Quulsjalwls 2|l £l se-

Proposition 5.1 and Proposition 5.2 show that the second term on the right-
hand side of (5.38) is Dy P, Dy—Q,wPsf, which by (5.22) and Proposition 5.1 equals
PDq,uD1-q)ywPsf- Use (5.19) to bound the sup norm of this expression by

0195%_1|Qtu\s/2|Qs/2(w - Qtw)|s/2||f||sa < C195%_1|U|s/2|w - Qtw|s/2“f||sa-
These bounds and (5.38) give
(5.39) |P.Dy Dy Psf — Dy Dy PPy f || oo

< 6205%71“7—43/2‘“} — Quwlg/a + |wls 2|t — Qeuls o] || fll 5o

Note that

[ee]
/ e_’\ss(o‘/Q)_1|U|s/2|w — Qiwlg/2ds|| f||sa

0
/) X\ Ais 11/2
< [ul Hf||5a/ s(/2) I{Ziw?(l—e A@t)Z#} ds
0 e i _1
<l Il [ S 1 - e 2
0 ' Ve — 1

00 ()\is)(a—l)/Q)\fa/2
< |u o) . |W; -
SSTEES ST e

Note that 1 — e it < ()\it)“/2 and so the above gives

Nids(1 — e Nit).

o0
/ e sl olw — Quulsjads| fllse < corlul wlmallf]lset*.
0

Integrate (5.39) with respect to e~**ds, use the above bound, and combine the

resulting bound with (5.37) to conclude that
1P DuDy Raf — DuDuw R flloe < coz(lul [w] + [ul [wl| .1 + [[ullmrahw] T[1f]| 522/

and (5.27) follows. O

Corollary 5.7. There erxists a constant c1(a,vy) such that for all A > 0, any
bounded measurable f : H — R, and for all i < j € N,

(5.40) IDiRAflloo < cr(A+ X)) £l s,
(5.41) IDi R flloo < cr(A+ X))~ 2| £l e,
(5.42) IDiRxfllse < cr(A+ X)) 2| £l s,
(5.43) | Dij B fllse < ca fllse-
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Proof. The first two inequalities follow easily from the bounds in the proof of The-
orem 5.6 prior to the use of Holder’s inequality. For example, to derive (5.41), use
(5.28) with u = ¢; and w = ¢; to conclude that

Dihsfl < calfllse [ fnOs 2152 1 Vs
DyRAfI < eslfllse | \/hOys/2)
<elflse [ VAT

< ea fllsa ;72

Use h < 1 to also bound the first line of the above display by cs|| f||seA~%/2, and
(5.41) follows. A similar argument gives (5.40). The last two inequalities are now
immediate from (5.26), (5.27) and the first two inequalities. O

Remark 5.8. In Corollary 5.7 we showed that the operator D;; Ry is a bounded
operator on S with a norm independent of 7 and j. It is also known that D;; R
is a bounded operator with respect to the usual C“ norm, again with a norm
independent of 7 and j; see [D], [L], [Z], or especially Section 6.4.1 of [DZ]. Neither
of these results contains the other. The C'* norm emphasizes the local continuity,
while the S* norm also gives weight to the behavior of f(z) when |z| is large. Both
results are of interest.

6. RELATIONSHIP BETWEEN NORMS — THE GENERALIZED
ORNSTEIN-UHLENBECK CASE

We now prove the analogue of Proposition 4.1. Let |f|q,; be defined as in (4.1)
and set
f(x+ he;) — f(z)] |s]*/?
(6.1) | flaiw = sup |/ ) Q/Q( )| || .
x,h#0 ||

Let
62)  Ifllee = Dl + 32 1o + A7 Pl = 1l + 7]

and let B be the space of continuous functions with || f|| g« < co. In Proposition 6.3
below we introduce a norm || - || p» which is equivalent to || ||se in finite dimensions.
This norm could be used in place of || - || g~ in the statement of Proposition 6.1; we
use || - ||[ge in the next proposition because of its simpler form.

Proposition 6.1. There exists c1(a,y) such that if f € E¢ and g € S%, then
1f9

se < el fllzelgllse
In fact,

1f9llse < ealllflloclglse + [ flEellglloc]-
In particular E* C S¢ C C'*.

Proof. As in the proof of Proposition 4.1, it suffices to fix x € H and show that if
f(x) =0, then for some ¢y = co(,7)

(6.3) |Pi(f9)(@)] < ealflpalglloct®/?.
For y € H let z(y), 2] (y) € H satisfy

<Zi(y)v€j> = <ya€j>1(j§i) + <xa5j>1(j>i)
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and
(27 (), €5) = (W, €)1 <y +(Qex, €)1 (j—iy + (T, €5) 1554
Let
fily) = f(zi(y)) — f(ziea(y))-
Note that f;(y) is equal to f(zi—1(y) + (y; — zi)e;) — f(zi—1(y)). Therefore we

see || filloo < |fla,ilys — x:]®. Our assumption f(z) = 0, together with dominated
convergence and the continuity of f, implies Pi(fg)(z) = Y o Pi(fig)(z). Then

(6.4) PUfa)@)| < 32 Pfale) < 3 lallo RS2

Let Z; denote a mean zero Gauss1an random vector in H with covariance C;. Then
(6.5) Pi(|fil)(z) = E(|f(2:(Qex + Zt)) — f(2i-1(Qex + Z))])
SE(f(2:(Qex + Zy)) — f(27 (Qex + Z3))])
+E(f (2 (Qur + Z1)) — f(zi1(Qux + Z4))])
< | flaiB(Ze, €)*) + | Flaiw [(Qex — 2, €)|* 2 ai| =/ *1 (4, 20).-

Note that

(6.6) E((Zi,€)?) = au(1 — e 2y (2);) 71 <47 Mt
Therefore the first term in (6.5) is at most

(6.7) | laiB((Ze, €0)2)*"? < | flay /24072
The second term in (6.5) is bounded by

(6.8) [Flaiw (1= €2 < [ flos w25 80/2.

Put (6.7) and (6.8) into (6.5) and sum over i to conclude that
SORUADE) < [y Flas + 3 Il X272

< ca(a, 7)| f|pat™/?.

Put this bound into (6.4) to derive (6.3) and hence complete the proof of the
required inequalities.
Set g = 1 and use (5.20) to prove the final inclusions. O

Proposition 6.2. Assume \; > c1i2 for all i and some ¢; > 0. Then S® is an
algebra and (2.6) and (2.7) are valid.

Proof. We verify the hypothesis of Lemma 2.4. If Z; is as in the previous proof, by
(6.6),

E*(| X, — E*(X,)?) = ZE(<Zt,6i>2)
_ Za 1

o0

<) (iTPA).

=1

. e-zA t

i
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An elementary calculation shows the above is at most ¢35/t and so the result follows
now from Lemma 2.4. O

Finally, we present a norm that is equivalent to S in the finite-dimensional case.
Define

1£(@u) — F(@)|

(69) ‘f|F°‘ = tjé%l,)w to/2

The letter F' stands for “flow”, as what we have here is a weighted Holder seminorm
along the flow Q;z. Note Q; is deterministic:

Qe = Qt(zl’iﬁi) = Z e Milaie;.
Define
(6.10) [fllFe = [l fllce + | f]re-

Recall 7, is the projection of H onto the subspace spanned by {e1,...,e,}. In
the next result we effectively reduce to the finite-dimensional case by considering
functions which only depend on the first d coordinates.

Proposition 6.3. There exist positive ¢; and co depending on (y,d) such that for
any measurable f: H — R satisfying f = f o mq,

cillfllse < N fllrpa < el fllsa-

Proof. Let Z; be the Gaussian vector introduced in the previous proof. Then, using
(6.6), we have

(6.11) P f(z) — F(2)| < [E(Ff(Qux + Z,) — F(Qua))| + |£(Quz) — f(=)]
< |fleaB(|maZe|®) + | f|pat®/?
<l {|f|0a (dy~1)*/? + |f|Fa}

and the left-hand inequality is established.
Turning to the right-hand inequality we have

Qi) = f(@)| = |(Pf (@) = f(2)) = (B(f Qe + Z0)) = F(Qux))
< |flset™/? + | floeE(|maZl”)
<1972 |flse + sl Flse (dy 1)),

where in the last line we have used (5.20) and (6.6) again. This together with a
further application of (5.20) give the right-hand inequality. (]

The following gives a relationship between S and C'*.

Proposition 6.4. We have
[flse <1 Y | flak + | flpe
k

Proof. As in (6.11),
|Pf(z) — f(@)] < [Ef(Qex + Zi) — f(Qex)| + [f(Quz) — f(2)]-



5024 SIVA R. ATHREYA, RICHARD F. BASS, AND EDWIN A. PERKINS

The second term on the right is bounded by |f|r«t®/2, so we need to bound
[Ef(y + Z:) — f(y)|, where we write y for Qxz. Replacing f(-) by f(:) — f(y),

without loss of generality we may assume f(y) = 0. Define random variables Y; by
(Yi(w), €) = {y + Ze(w), €)1 (j<iy + (¥, €)1 (j>0)-
Then

EBf(y+ Z) < EIf(Y:) = f(Yio1)]

=1
< ladBIZe )
1=1

Using the calculation in (6.7), this is turn is bounded by

Z [ flai (v~ 18)*72,

K2

which gives the proposition. (Il

7. RELATIONSHIP BETWEEN NORMS: SUPER-MARKOV CHAINS

In [BP] Holder norm estimates were proved for the operator

d

Lf(x) =" [iz:Diif(x) +b:Dif(x)]

=1

operating on CZ(R%). Here v = (v1,...,7a) € (0,00)? and b = (by,...,bq) € R%.
The estimates were with respect to the norm defined by

d
1flles = 1 lloo + 3 Flavios

i=1

where
hi - «
Ploiw = sup DTz
h>0,z€[0,00)4 h

Set C2 = {f € Co(R%) : || fllca < oo}. In [BP] this norm was essentially forced on
us in order to get the estimates we needed. The Holder norm estimates analogous
to Corollary 5.7, but for || f||ca, are derived in [BP] and make up a considerable
portion of that paper. So in this section we content ourselves with showing that
the CZ norm is equivalent to the S norm for this operator.

Let P, denote the semigroup associated with £ and let E* denote expectation
with respect to the associated Markov process (X, ¢t > 0) in R‘j_, starting at x € Rff_.
More precisely under P*, X is the unique (in law) process such that Xo = 2 and

M (8) = F(X0) — f() - / £(X,)ds

is a 0(X,, s < t)-martingale for all f € CZ(RL). If d = 1, let P*(X, € dy) =
P’ (z, dy) and write pé(z;, dy;) for p}"" (x;, dy;).
We will need some results proved in [BP]. The first lemma is elementary.
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Lemma 7.1. (a) For each p > 0 there exists a constant ¢, such that if r > 0, then

oo Zr—l
/0 |z — r|p—F(r) e *dz < cp(rp/2 +1).

(b) Let N be a Poisson random variable with parameter w and let r > 0. Then
EN""Tns>n] <er(TAw™).
Proof. See Lemma 3.2(a) and Lemma 3.3(a) in [BP]. O

Lemma 7.2. Let (P;) be as above.
(a) Let d=1 and t > 0. If f : Ry — R is bounded and measurable, then

0o k1 ) szr% zk71+% dz
Py =S (2)L [ e - -
(Pf) (z) =e ;(w) A Flt)e [r(k+1+g) F(k+§)}7t
+e—x/”t/0 f(zvt)zge_Z%
0o 21

B dz

-1 *w/vt/ e =

(b>0)€ 0 f(Z7 )6 ]_"(b/,y) 7t

> _dz
— 1= e_“/'ytf(O/ e —.
(b=0) ) 0 vt

The series converges uniformly in x on compacts in [0,00) for all t > 0.
(b) If f € CS(RY), then for allt > 0, P,f € CZ(RL). Moreover there is a cq > 0
such that

1(Pof)illoo + 12i(Prfiilloo < Calflai(1it)*/27L.

Proof. (a) See Lemmas 4.1(a) and 4.5(a) of [BP] and note the continuity assumed
there is not needed for this result.
(b) See Propositions 5.2 and 5.1(a) in [BP]. O

Remark 7.3. A measurable function on R% satisfying || f|lce < oo need not be
continuous on aRi and so we have added the continuity of f in our definition of
C¢ as was done in [BP]. It may be more in the spirit of our definition of S* to drop
the continuity condition for C and this can be easily done. If f : (0,00)¢ — R
satisfies || f|lca < oo (the norm is extended to such functions in the obvious way),
then Lemma 2.2 of [BP] shows that f has a unique continuous extension to ]R‘_f_
which is Holder (a/2) continuous and is necessarily in C¢. In view of Proposition
7.6 below, functions in S% will have the same property, i.e., are continuous when
redefined in the necessary manner on 9R?.

Lemma 7.4. Let f be a bounded Borel function on Ri. Ift > 0, then D;P,f(x)
i a continuous function in x; satisfying

1D;Pif ()] < ea[(vitas) ™2 A (3at) "1[1 1l oo
for some constant c;.
Proof. Let &; = (x1,...,Ti—1,Tiy1,...,%q) € Rff__l for x € R‘j_ and define

o) = [ TLwies. dup ).

J#i
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Set s = 4;t for a fixed ¢t > 0. Then use Lemma 7.2(a) to see

(7.1)
DiPuf(a) = D; | P (un)piCes. duy)
e 0 k+(bi /i) k+(bi/vi)—1
Z —x; /s \Li/°) ZL’Z/S / Fa:i(zs)efz z o z :|%
= 0 D(k+ (bi/vi) +1)  T(k+(bi/7:)] s
i/ dz

+e—xi/3/0 Fﬁi(zs)e_zm?

z bi/'Yi)71 dZ

0 ( N o0 dz
— 1, e*“/s/ Fi(zg)e # o 7 _1y _ge T/SFTi(Q / e F—.
(b >0) ; (zs) Tl /) s L= (0) ; S

If ar, = a(&;) is the integral in the above summation over k, then

o [P 0T (kg (b)) de
ol <IP e | G R G S

<eallflloe (U + (bs/3) 2 + 1) (b (bi/72)) 27"
<2¢o]|flloo (b + (bi /7))~ /%s 71,

where Lemma 7.1(a) is used in the second inequality. It is now easy to see that
the series in (7.1) converges uniformly for x; in a compact set and so D, P, f(z) is
continuous in z;. Moreover this bound, (7.1) and the elementary bound in Lemma
7.1(b) also show that

—x;/Ss Li/S — — —x:/s —
|Di P f ( |<Ze st / cal| flloo (k + (bi/72)) ™2™ + 2672 floos ™

SC4(1 A (wifs)” 1/2)||f\|oo$_1 + 27577 flloos ™
Since e=%i/5 < 1 A (2;/s)'/2, the required result follows. O

Lemma 7.5. If f is a bounded Borel function on Ri, then
t(a 1)/2

V7iZ

[DiPif(2)] < er(a) ||f||s ;

where c1 depends only on a.

Proof. This follows from the previous result, exactly as in the proof of Lemma
2.2. ([

Proposition 7.6. Let f be a bounded Borel function on R‘j_. Then

flaia < c1v; “2)1 flse.

Proof. If h > 0, then Lemma 7.4, the fundamental theorem of calculus and Lemma
7.5 show that

h
Pufathe) = Pf@) =| [ Dips(o+e)an

x;+h
o— —1/2 _
<eptl@ /21 / Y~ 2dy| £l e

L

§CQt(a71)/2(’)’iﬂfi)7l/2h||f||Sa~
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We also have
gat®/2,

|Pef(z) = fz)] < |If]

The above two inequalities imply

|f (@ + hei) = f(@)] < (292 + et D2 (520) 7 2R) | £ 50
We optimize by setting t = (c3/4)h%(z;v:) "1, and so

(x4 hei) — f(@)] < es@)y; **hea; )| £l s

Recall the definition of |f|ga from (2.1).

Proposition 7.7. If f € Cy(R%), then |f|sa < c1(a) 2 ((bi/3)+ D)2 flavivw-

Proof. We may assume without loss of generality that f € C'%. Let € > 0. Knowing
P.f € CZ(R%) from Lemma 7.2(b) and the fact that we are working with a solution
to the martingale problem for £ implies

|Pif(z) — P-f(z)| = \/OH PSLZ(PEf)(x)ds‘
= ‘/Ot—s L‘PSJFEf(x)dS‘

t
< [ Ierp@)as

Use the upper bounds in Proposition 7.2(b) to see that

d t
|Pef(z) = Pof(@)] < e2 Y (0™ 7 490" Flaiw / 5/21ds
i=1 €

d
<esy (1+ bi /)52 | f Lo a2,

i=1

Now let € | 0 to complete the proof. ([

Theorem 7.8. Assume 0 < ¢ < v; < K and b; < K fori =1,...,d, for some
e <1< K. There are constants ¢1 and co(a) such that for all f € Cb(R‘_f_),

d

a,i,w < |.f‘5‘x < C2(K/5) Z |f

i=1

c1e®/? max ,
1 i<d |f a,i,ws

and therefore there are constants cs and cy, depending on €, K and «, such that
c3d | flleg < Ifllse < eallflleg
for all f € Cy(RY).

Proof. This is immediate from Propositions 7.6 and 7.7. (]
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Remark 7.9. Let D denote differentiation with respect to ¢, define
Illee = 1f oo + sup [DPyf oot /2,
>0
and introduce
G* = {f € Cy(R%) : DP,f(z) exists and is continuous in
t >0 for all z,||f|lge < o0}.

The proof of Proposition 7.6 can be easily modified to show that C$ C G and

d
Ifllge < er > (1+bi/%)7 2 Flasiaw + 11 fllo
=1

for all f € C2. A trivial integration shows that G* C {f € Cp(R%) : || f|lsa < 0o}
and || f||se < 2||f|lge. Combine these observations with Theorem 7.8 to conclude
Co=G*=5*NCp and for €, K as in Theorem 7.7 there are cp and c3 such that

_ 2
c2d ™| flleg < IIfllse < SMfllee < esllflleg.
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