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QUANTUM GROUPS, DIFFERENTIAL CALCULI
AND THE EIGENVALUES OF THE LAPLACIAN

J. KUSTERMANS, G. J. MURPHY, AND L. TUSET

ABSTRACT. We study *-differential calculi over compact quantum groups in
the sense of S.L. Woronowicz. Our principal results are the construction of
a Hodge operator commuting with the Laplacian, the derivation of a corre-
sponding Hodge decomposition of the calculus of forms, and, for Woronowicz’
first calculus, the calculation of the eigenvalues of the Laplacian.

1. INTRODUCTION

Compact quantum groups and differential calculi over them were introduced by
S.L. Woronowicz in a series of seminal papers [13] [14, [16]. The theory of compact
quantum groups is now well established—we refer to [§] and [11] for recent exposi-
tions. On the other hand, the theory of differential calculi over quantum groups is
still in a very rudimentary state of development. A possible reason for this is that
although it is an important part of non-commutative geometry, it does not fit into
the framework of A. Connes. The principal difference from Connes’ theory is that
the appropriate “integrals” on quantum differential calculi are not graded traces
but twisted graded traces. This involves the appearance of a twist automorphism
under the integral sign and the transition from graded traces to twisted graded
traces is analogous to that from ordinary traces in the theory of von Neumann
algebras to KMS states. Some of the implications of this transition, such as the
necessity of developing a twisted cyclic cohomology theory, are explored in [7].

In this paper we are principally concerned with studying the analogues of the
classical operators of ordinary differential calculus over a manifold. Thus, we show
that for the calculi that we study the differential admits an adjoint or co-differential
and therefore one can define Dirac and Laplace operators. We also show that
with suitable natural hypotheses on the calculi a Hodge operator exists. We then
show that the calculus of forms admits a Hodge decomposition. This is surprising,
since such a decomposition is known not to exist in general in the setting of non-
commutative differential geometry.

We derive some general results on the eigenvalues of the Laplacian; specifically,
we obtain formulas for the eigenvalues of the Laplacian when restricted to the spaces
of lowest- and highest- dimensional forms. (The eigenvalues of the Dirac operator
can be calculated from those of the Laplacian.)
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The differential calculi that we are concerned with are assumed to be left invari-
ant (this involves no loss of significant generality, since all the interesting examples
in the theory are left invariant). The choice of a suitable inner product on the
space of forms reduces to the question of choosing a suitable inner product on the
space of invariant forms, which is finite dimensional in our theory. For many results
this choice is quite arbitrary, since one needs only assume that the inner product is
chosen so that forms of different dimensions are orthogonal. However, we believe
that for the further development of the theory the choice of inner product and what
kind of properties it should have will play a more significant role. We take up this
question and show that one can always choose the inner product in such a way
that the Hodge operator corresponding to this choice has such desirable properties
as being a unitary that commutes with the Laplacian. We also show that the in-
ner product can be chosen so that the twist automorphism corresponding to the
“volume integral” on the calculus of forms is positive.

Connected with this, we show that under a natural condition on the twist auto-
morphism, this twist automorphism can be seen as the generator of a one-parameter
group of automorphisms on the space of differential forms. This one-parameter
group mimics the role played by the modular groups of normal faithful semi-finite
weights on von Neumann algebras. It also provides us with a symmetry group like
the one discussed in [6, VIL.12].

The important question of calculating all the eigenvalues of the Laplacian is
undertaken in the case of a specific calculus, namely the three-dimensional calculus
of Woronowicz over quantum SU (2) that was the first ever example of a quantum
calculus. The formulas for the eigenvalues are complicated, but we are nevertheless
able to obtain bounds for them that enable us to show a “scaled boundedness” result
for the commutator of the Dirac operator and an arbitrary element of the Hopf
algebra underlying the quantum group. This shows that although this differential
calculus does not fit into Connes’ framework, it has properties that are close to
those required to enable it to fit into the framework developed by A. Jaffe (this
theory is an extension of Connes’ theory). It may be that Jaffe’s theory can, and
should, be further developed to cover this example (and the quantum differential
theory in general)—in any case, our example illustrates what is required to be done.

A very nice solution to similar kinds of problems has been developed in [9] and
[10] by I. Heckenberger and A. Schiiler. In these two papers, the authors look
at metrics which they assume to satisfy the locality property but as a result the
considered metrics cannot be positive in some cases (as in the case of Woronowicz’
4-dimensional differential calculi on quantum SU(2)). Nevertheless, a powerful
theory emerges in their setting.

Commutator representations of differential calculi and the unboundedness of
them are also intensively studied by K. Schmiidgen; see for instance [3] and [4].

Now we summarise what we do in each section of the paper: Section 2 introduces
the basic concepts and terminology that will be needed throughout the paper and
shows the existence of the co-differential under suitable hypotheses (Theorem 2.4)).
Section 3 is concerned with the existence of the Hodge operator (Theorem B.2]) and
in Section 4 a Hodge decomposition is obtained (Theorem [AI)). In Section 5 we
prove some general results on diagonalising the Laplacian on the forms of lowest
and highest degree. Sections 6 and 7 are concerned with choosing the inner prod-
uct on the invariant forms in such a way that the Hodge operator and the twist
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operator have desirable properties (Theorems [6.1] and [Z9). Section 8 is devoted
to the calculation and analysis of the eigenvalues of the Laplacian for the three-
dimensional calculus of Woronowicz mentioned above. At the end of the paper
we have included a brief appendix on some non-standard results on exponential
one-parameter automorphism groups that we need.

2. DIFFERENTIAL CALCULI

We begin by recalling some basic definitions.

If Q is an algebra, a positive algebra grading on {2 is a sequence (€, ), of subspaces
of Q for which Q = @ZOZO Q, and 2,9 C Quim, for all n,m > 0. The pair
(2, (Q,)n) is called a graded algebra.

A conjugate-linear map w — w* of degree zero is called a graded involution on )
if (W*)* = w and (wjws)* = (—1)*wiw}, for all w € Q and all pairs wy,ws € Q of
degrees k and [, respectively. The pair consisting of {2 together with this involution
is called a graded *-algebra.

A graded x-derivation on ( is a linear map d: Q —  for which d(w*) = (dw)*
and d(w'w) = d(w")w + (=1)*w'dw, for all W’ € Q) and all w € .

A graded x-differential algebra is a pair (2, d), where Q is a graded *-algebra, d is
a graded x-derivation on €2 of degree 1 (as a linear map) and d? = 0. The elements
of Q are referred to as the forms of (2, d) and the elements of Q) as the k-forms.
The operator d is referred to as the differential.

Suppose now that (A, A) is a Hopf x-algebra. (We shall usually refer to the alge-
bra by the symbol A and suppress explicit reference to the co-multiplication A. For
Hopf algebra theory we refer the reader to [I].) We say that a graded *-differential
algebra (92, d) is a x-differential calculus over A if the following conditions hold:

1. Qg = A (as x-algebras) and, for all k£ > 0, Q is the linear span of all products
aodaq - - - day, where ag, ...,a, € A.

2. There exists an algebra homomorphism Ag: Q@ — A ® Q such that Ag(a)
= A(a), for all @ € A, and such that (id4 ®d)Aq = Aqd.

3. dl=0.

Note that Condition 2 is called left covariance of the differential calculus. (We
shall only be interested in left-covariant differential calculi.)

We now make a sequence of useful observations that follow from this definition:

Conditions 1 and 3 easily imply that the unit 1 of A is a unit for the algebra Q.

Since d(ab) = (da)b + adb, for a,b € A, it follows from Condition 1 that £
is the linear span of all products (dai)ag, where ag,a; € A. A simple inductive
argument now shows that € is the linear span of all products (dag) - - - (daq)ag,
where ag,...,a, € A.

It is easily seen that the map Ag is automatically of degree zero and *-preserving;
that is, Ag(w*) = Aqg(w)*.

Note that (A ® idg)Aq = (idg ®Aq)Aq and (e ® idg)Aq = idg, where € is the
co-unit of A; hence, the map Aq is a left co-action of the Hopf algebra A on €.
For the proof, see [7, Lemma 4.2].

Recall that a bi-module T" over A is said to be left covariant if there is a linear
map Ar: I' - A®T such that (A ® idr)Ar = (id4 ®Ar)Ar and (¢ ® idr)Ar =
idp, where € is the co-unit of A (that is, Ar is a left co-action) and Ar(ayb) =
A(a)Ar(y)A(D), for all v € T and a,b € A. An element v € T is said to be left
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invariant if Ar(y) = 1® 7. We denote by I'"™¥ the linear space of left-invariant
elements of T'.

We shall make use of the following results from the theory of left-covariant bi-
modules [B] (we do not state these results in their strongest forms). First, we need
some notation. If y is a linear functional on a Hopf algebra A and a € A, we write
x *a for (id®x)A(a) and a * x for (x ® id)A(a).

Theorem 2.1. Let I be a left-covariant bi-module over a Hopf x-algebra A. Then
there is a unique isomorphism of left A-modules from A®I'™ onto I' that maps
a®~ onto ay, for alla € A and v € T,

Theorem 2.2. Let A be a Hopf *-algebra with co-inverse k. Let T' be a left-

covariant bi-module over A and suppose that o, ...,V is a linear basis for TV,
Then 7o, ...,vn 18 a free left A-module basis for I' and also a free right A-module
basis of I'.  Moreover, there exist linear functionals fj on A, for j,k=0,...,n,

such that fir(ab) = Y_1_y fir(a) fri(b) and f;i(1) = 6;x and for which we have the
equations yja = 3¢ _o(fik * a)ye and av; = 300w ((firk™") * a).

If (©2,d) is a =-differential calculus over a Hopf #-algebra A, then it is clear
from our earlier observations that € is a left-covariant bi-module over A, so that
Theorem 1] applies. We shall identify A4 ® Q™ and Q, as left .A-modules, using
the isomorphism of the theorem. Observe that each space (2 is also a left-covariant
bi-module over A.

It is clear that Q™ is not only a linear subspace of 2, but also a subalgebra
closed under the involution w +— w*. For k > 0, set Qik‘“’ =0, N, Tt is easily
seen that Q™ = P, Q%50 that we have an induced algebra grading on QnY;
hence, Q" is a graded *-algebra. Since QI is clearly invariant under d, (", 9)
is a graded x-differential algebra, where 0 is the restriction of d to Q"V.

Suppose now that A admits a Haar integral h; that is, h is a unital linear
functional on A for which (id®h)A(a) = (h®@id)A(a) = h(a)l, for all a € A,
where 1 is the unit of A. We suppose further that h is positive; that is, h(a*a) > 0,
for all a € A. It is well known h is unique and automatically faithful; that is, if
h(a*a) = 0, then ¢ = 0. We endow A with an inner product derived from h, by
setting (a | b) = h(b*a), for a,b € A.

Now suppose that (£2,d) is strongly finite dimensional; by this we mean that Qinv
is finite dimensional (in this case Theorem applies to ). It follows that, for
some integer N, Qi = 0 for £ > N and Qn # 0. Hence, 2 is finite dimensional in
the sense of [7]. The integer N is the dimension of (€2, d).

Choose an arbitrary inner product on Q" for which the subspaces Qv are
pairwise orthogonal. Then endow Q2 = A ® Q" with the tensor product inner
product. Since Qf = A® Q™. the spaces ) are pairwise orthogonal. We call
an inner product on € graded if it has this property. We call an inner product
left-invariant if (aw | bn) = h(b*a)(w | 1), for all a,b € A and w,n € QY.

Suppose that dim(QV) = 1. Then it is easily seen that there is a unit vector 6
of QiJG" such that 8* = 6 and that 6 is unique up to sign. We shall call § and —0
the volume elements of (Q,d).

We shall now derive a very useful formula for the differential d. First we need to
introduce some linear operators. If x is a linear functional on .4, we denote by E,
the linear operator on A defined by setting F\(a) = x * a. If w € Q", we denote
by M,, the linear operator on Q" defined by setting M,,(n) = wn.
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For the next theorem, let us recall the definition of the adjoint x* of x: It is
given by the formula x*(a) = x(x(a)*), for all a € A. We shall also need to define
X in A by x(a) = x(a”)".

If T is an operator on an inner product space X, we shall denote by T the unique
operator—if it exists—for which (T(z) |y) = (x| T*(y) ), for all z,y € X. In the
case T™* exists, we say T is adjointable and call T* the adjoint of T. (Of course, if
X is a Hilbert space and T" a bounded linear operator on X, T™* necessarily exists.
The problem of existence arises with unbounded operators and incomplete spaces.)
If T is adjointable and T' = T™, then the eigenvalues of T' are real. Similarly, the
eigenvalues of TT*, T*T and T*T+TT* are non-negative. (The usual trivial proofs
apply.)

Lemma 2.3. Let A be a Hopf x-algebra admitting a Haar integral h and let x be
a linear functional on A. Then E\ is adjointable and EY = E\~.

Proof. Let a,b € A. Using the equality
((h@id)((g © 1A(p))) = (h@id)(Alg)(p© 1))
(see the proof of Proposition 3.11 of [I2]), we see that
(Ex(a) | b) = h(b"(id@x)A(a)) = x((h @id)((0" @ 1)A(a)))
= x(xH (R ®id)(A(b")(a ® 1)) = h((id@xK~)A(b")a)
= h((([d@x")AD))"a) = h(Ey-(b)"a) = (a | Ex-(b)).

Hence, F, has adjoint E,-, as required. ([
If wi,...,wys is an orthonormal basis for QY, there exist unique linear func-
tionals x1, ..., xa on A such that
M
(1) da = Z(XT*a)wr.
r=1

(See [5].)

Theorem 2.4. Let (2,d) be a strongly finite-dimensional *-differential calculus
over a Hopf x-algebra A admitting a Haar integral. Then d is adjointable and d*

is of degree —1. Indeed, if wy,...,wpnr and X1, .., Xnm are as in Equation (), then
M
(2) d=id @0+ Y By, @ M,,
j=1
and
M
(3) d* =ida®0" + Y Ey: @ M .
j=1

Proof. Recall that we identify  and A ® Q™ by identifying aw with a ® w, for a €
Aand w € Q™. Since d(aw) = (da)w+adw = Z;-\il(Xj *a)wjw +adw, we have d =
ida®9+°1L, By, ® M,,. Adjointability of d now follows from adjointability of the
operators F, , and M, and 0. The operators £, are adjointable by Lemma 2.3]
and the other operators are adjointable since Q2™ is finite dimensional. The formula
for d* in the statement of the theorem follows immediately. Since d is of degree +1,
it is trivially verified that d* is of degree —1. (I
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The operator d* is called the co-differential of d. The sum D = d + d* is the
Dirac operator and the square V = (d +d*)? the Laplacian. Since d* = d*?> = 0, we
have V = dd* + d*d. We call the forms w € 2 such that V(w) = 0 the harmonic
forms of (2, d) and denote the linear space of these forms by Qy.

3. THE HODGE OPERATOR

To avoid tedious repetition of hypothesis, throughout this section we denote by
(Q,d) a strongly finite-dimensional x-differential calculus of dimension N over a
Hopf *-algebra A admitting a Haar integral h. We suppose that dim(QV) = 1
and we denote by 6 a volume element of (Q,d). We also fix a graded, left invariant
inner product (. |.) on Q.

We define a linear functional [ on © by setting [w = 0, if w is a k-form for
which £ < N, and [w = h(a), if w is an N-form for which w = af, where a € A.
We call [ the integral on © associated to the volume element 6.

We say that (Q,d) is non-degenerate if, whenever 0 < k < N and w € Q, and
w'w =0, for all w € Qn_, then necessarily w = 0.

Lemma 3.1. If (Q,d) is non-degenerate, and n is an element of Q for which
Jwn =0, for all w € Q, then n = 0.

Proof. We may clearly reduce to the case where n is a k-form, for some k£ < N.
Then, if w belongs to Qx_x, we have wn = af, for some element a € A, since
dim(QV) = 1. Hence, [a*wn = [ a*af = h(a*a) = 0 and therefore, by faithfulness
of h, a = 0. Hence, wn = 0, for all forms w in Qp_x. Therefore, by non-degeneracy
of Q, n=0. (]

The property enjoyed by [ in this lemma is called (left) faithfulness [T].

Theorem 3.2. Suppose (2,d) is non-degenerate. Then there exists a unique left
A-linear operator L on Q) such that L(Qy) = Qn_g for k=0,...,N and such that
Jw*L(w') = (' |w), for alw,w" € Q. Moreover, L is bijective.

Proof. Uniqueness of L follows immediately from Lemma [B.I so we confine our-
selves to showing existence. Let n € QI and ¢ € QY where 0 < k,I < N. If
k+1 = N, then n*¢ = (&, )0, for a unique scalar v(¢,n). Extend v to a sesquilinear
function on Q™ by setting v(¢£,m) = 0 if k+1 # N. Let F be the unique linear op-
erator on MV for which ( F(n) | £) = v(n, &), for all n, & € Q™. Tt is easily checked
that F(QI"V) C QY and that, since {2 is non-degenerate, F' is injective. Since Qv
is finite dimensional, F is therefore bijective. It follows that F(Qi"V) = Qv . Now
set L =id @ F~', where we identify Q with A ® Q'", as usual. It is clear that L is
a bijective left A-linear operator on € and that L(Qy) = Qn_g, for k=0,..., N.
To show that [w*L(w') = (v’ |w), for all w,w’ € Q, we may clearly suppose
that w and w’ are both r-forms, for some r =0,..., N, using the fact that both
sides of the equation are graded sesquilinear forms. Since €, is a left-covariant
bi-module, and QI"V is finite dimensional, we may apply Theorem to choose
a basis #1,...,0y; for Qirn" and associated linear functionals g;; on A, where
Jj.k=1,...,M, such that af; = Zkle 0k (gjk * a), for all a € A. We may also
suppose that g;i(1) = d;5. To prove [w*L(w') = (' | w) we may make an addi-
tional simplification and suppose now that w = af; and w’ = bf;, for some a,b € A
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and some indices j and [ in the set {1,...,M}. Then

/w%wszfﬁwwﬂwnz/wwﬂw*wa

/Zﬁkgjk* (b*a)) 01 /Zg]k* (b*a)) 0pF (91)
=2/@MWWWﬂ@wm=Z/@wwwmwm
k=1
M

=3 bl s @) (0 161) =

=1
( )01 0;) = (b0, | ab;) = (o |w).
This completes the proof. O

M:

h(ab)g;x(1) (00 | 0% )

??‘

The operator L whose existence is shown in Theorem is called the Hodge
operator on ). Let us observe that, since L(Q"V) = QY for 0 < k < N, we have
dim (V) = dim(QiY ).

Observe also that L(1) = 0 and L(6) = 1 (these equalities are easily verified
from the definition of F' in the proof of the theorem).

The following result gives a formula for the co-differential that is familiar from
classical differential geometry.

Theorem 3.3. Suppose (Q,d) is non-degenerate and d(Q% ) = 0. Then, if 0 <
k< N and w is a k-form of ), we have

d*w = (-1)*L Y dL(w).

Proof. If k = 0, then d*(w) = 0, since d* is of degree —1. Also, dL(w) = 0, since
L(w) is in Qx and d(Qx) = 0. Hence, d*w = (—1)*L~'dL(w) in this case.
Suppose now that k > 0. Clearly, 1dL( )€ Qi 1 Hence, if W' € Qp_q,
then ((—1)*L7'dL(w) |w') = W [w*dL(w) = [d(w’ = (w|dW)) =
(d*w | w'). Here we have used the fact that f is closed; that is, fd = 0. This is
a consequence of our assumption that d(QWY ;) = 0 [7, Corollary 4.9]. Therefore,
d*w = (=1)*L7'dL(w) in this case also. O

4. THE HODGE DECOMPOSITION

Suppose that G = (A, A) is a compact quantum group in the sense of Woronow-
icz [11, I4]. Let G denote the set of equivalence classes of irreducible unitary
representations of G. For each o € G, choose once and for all an irreducible uni-
tary representation U* = (Uf}) € My, (C) ® A belonging to a. Of course, N, is
the dimension of U®. Also, A(U$,) = S0, US @ UG, for j,k=1,..., N,.

Recall that the linear span A = Ag of the set {U§} | a € G, jk=1,...,Ny}
is a Hopf *-algebra, when endowed with the restriction of the co-multiplication A
on A. We say that Aq is the Hopf x-algebra associated to G. Recall also that the
matrix elements U7} are linearly independent and therefore form a linear basis of
A.

The quantum group G admits a Haar integral h. When restricted to A, h is a
(positive) Haar integral in the sense of Section
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We denote by A, the linear span of the set {Uf, | j,k=1,...,No}. If x is a lin-
ear functional on A, then A, is invariant for the operator E, = (id ®x)A. This fol-
lows from the calculation E\ (Uf;) = (id®x)A(Us;,) = (id ®X)(Zi\]:‘*1 U, @Ug) =

Na (03 (e
Z'r‘:l Uer( rk)'

A x-differential calculus over G is, by definition, a x-differential calculus over the

associated Hopf *-algebra A. If (2, d) is such a strongly finite-dimensional calculus,
set Q(a) = A, ® QY. Then Q(a) is a finite-dimensional linear subspace of 2 and

(4) Q=P ).

ac@

Moreover, if we have a left invariant inner product on €, the spaces Q(«) are pair-
wise orthogonal, since the spaces A, are pairwise orthogonal in A [11 Theorem 7.4].

From Equations (@) and @) it follows that Q(«) is invariant for both d and d*,
since E, (Aq) C A, for every linear functional x on A.

We shall say that an operator T on a linear space X is diagonalisable if X admits
a linear basis consisting of eigenvectors of T'.

Condition 3 of the following result is our Hodge decomposition.

Theorem 4.1. Let (Q,d) be a strongly finite-dimensional *-differential calculus
over a compact quantum group G and suppose we have a graded, left invariant
inner product on ) . Then

1. The Dirac operator D and the Laplacian V are diagonalisable.
2. We have ker(V) = ker(D) = ker(d)Nker(d*) and, if t is a positive eigenvalue
of V, then

ker(V —t) = ker(D + vt) @ ker(D — /).
3. The space ) admits the orthogonal decomposition
Q= Q¢ & d(Q) & d*(9).

Proof. First, let ¢ be a non-zero real number and let ¢? be an eigenvalue of V. Let
w be a corresponding eigenvector and set wy = w + ¢t 1D(w). If wy and w_ are
non-zero, then a simple computation shows that w, and w_ are eigenvectors of D,
with ¢ and —t as the corresponding eigenvalues. If w; = 0, then D(w) = —tw.
Similarly, if w_ = 0, then D(w) = tw. In any case, whether wy or w_ are zero or
non-zero, we can use the fact that w = (wy +w_)/2 to deduce that ker(V — t?) =
ker(D + t) @ ker(D — t). We shall presently show that ker(V) = ker(D).

As we observed in the remarks preceding this theorem, each subspace () of 2
is invariant for both d and d*. If d, and d}, denote the restrictions of d and d* to
Q(a), it is clear that d}, is the adjoint of d,. Let D, = d, + d, be the restriction
of D =d+ d* to (). Since D,, is a self-adjoint operator on a finite-dimensional
space, its matrix with respect to a suitable basis is diagonal. This implies easily
that ker(D2) = ker(D,). These observations show that Qy = ker(V) = ker(D).
On the other hand, the spaces d(€2) and d*(Q2) are orthogonal, since d> = 0. Hence,
if D(w) = 0, then dw = —d*w, and therefore, dw = 0 = d*w. It follows that
ker(D) = ker(d) Nker(d*). Hence, Condition 2 holds.

Also, (dodf)(didy) =0 = (dfdy)(dadY). Hence, d,df, and dfd, are commuting
(positive) normal operators on the finite-dimensional space Q(«) and are therefore
simultaneously diagonalisable. It follows from Equation (@) that 2 admits a linear
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basis (e;);er of simultaneous eigenvectors of dd* and d*d, implying that V is diago-
nalisable. Since Condition 2 holds, this also implies that D, is diagonalisable, and
we have proven Condition 1.

To prove Condition 3, we first observe that 0y is orthogonal to the spaces
d(Q) and d*(Q). For, if w € Qy and ', w" € Q, then (d(v')+d* (W) |w) =
(W' | d*w) + (W | dw) = 0, since dw = d*w = 0, by Condition 2.

Now let \; and p; be scalars such that (dd*)(e;) = A\ie; and (d*d)(e;) = pie;.
Since (dd*)(d*d) = 0, we have \ju; = 0, for all 4 € I. If \; # 0, then e; € d(£2).
Similarly, if p; # 0, then e; € d*(2). On the other hand, if A\; = p; = 0, then
e; € Qy. This shows that Q = Qv + d(Q) + d*(©2), and Condition 3 holds. O

Corollary 4.2. The orthogonal complements of d(Q2) and d*(Q2) in Q are given by
d(Q)t = Qv @ d*(Q) = ker(d*) = ker(dd*)

and
d*(Q)* = Qv @ d(Q) = ker(d) = ker(d*d).

Proof. We consider only the case of d(Q)* (the case for d*(Q)* is handled the same
way). It is clear from the theorem that d(Q)+ = Qv @ d*(2) and it follows directly
from the definition of d(Q)* that d(Q2)* = ker(d*) C ker(dd*). Then suppose
w € ker(dd*). By the theorem, we may write w = wg + dw; + d*ws, where wy € Qv
and wy,wy € Q. Then 0 = dd*(w) = dd*(wp) + dd*d(w1) = —d*d(wg) + dd*d(w1),
since V(wp) = 0. Hence, d*d(wp) = dd*d(w1) belongs to d*(2) and to d(£2), and
is therefore equal to zero. It follows that V(dw;) = dd*d(w;) = 0. Consequently,
d(wy) = 0. Hence, w = wy + d*(w2) € d(Q)*. Therefore, ker(dd*) = d()*. O

5. DIAGONALISING V ON THE 0- AND N-FORMS

Throughout this section we denote by (),d) a strongly finite-dimensional *-
differential calculus of dimension N over the Hopf x-algebra A associated to a
compact quantum group G. We suppose that dim(Q%") = 1 and that d(Q% ;) = 0.
We fix a volume element 6 in QI and denote by h the Haar measure of A. We
also fix a graded, left invariant inner product (.| .) on ).

The representations U® are as in the first paragraph of Section [4]

Set x = Zf\il XiXr, where wy,...,wpr and xi,...,xn are chosen as in Equa-
tion (). Multiplication of linear functionals f and g on A is given, as usual, by
setting (fg)(a) = (f ® g)A(a).

Theorem 5.1. Ifa € A, then Va = x * a.

Proof. Applying Equation ([B) to Equation (), we get

M M
d*da =Y Ey:y, ()M (wr) + Y By, (a)d" (wy).
s,r=1 r=1

Since d1 = 0, d*(Q"V) = 0; hence, the second sum above vanishes. It is trivially
verified that M (w.) = 6,,. Hence, d*da = Ziw:l Ey+y.(a) = Ey(a). Since
d*a =0, it follows that Va = x * a. ]

The formula for V in the preceding theorem shows that y does not depend on
the choice of orthonormal basis wy,...,wp of QY.

Lemma 5.2. The operator T = (id @x)A(U®*) € B(H,,) is necessarily positive.
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Proof. If T and o are linear functionals on A, it follows easily from the basic repre-
sentation theory that (id ®7)(U*)(id ®0)(U®) = (id®@70)(U®) and ((id ®@7)(U*))*
= (id®@7*)(U?). Therefore, we have T* = (id @x)(U*) = M (id@xix,)(U*) =
M ((([d@x,)(U*)*(id @x,)(U*). Thus, T* is a sum of positive operators and is
therefore itself positive. O

Theorem 5.3. Let (U*), be a complete family of mutually inequivalent irreducible
unitary representations of the compact quantum group G. Let T® = (id @x)A(U*).
Choose an orthonormal basis ef', ..., e} for the space Ho on which U* acts making
T* diagonal, so that T%e = Afei, for some elements A € C. Let Uf be the

matriz elements of U* relative to this basis. Then VU = AFUS.

Proof. By Theorem 5.1}, VU = x * Uf. Since A(Uf}) = ZkN;”l i ® Uy, we have
(0% NOL (03 « N(X (a7 (0% N(X o\« (07 o
X * Uij =D k1 UikX(Ukj) =D k1 ikaj =D k1 ik)‘j Okj = )‘j Uij' U

Thus, the theorem diagonalises Vg, the restriction of V to A, since the matrix
elements U form a linear basis for A. It is clear from the theorem that the
eigenvalues of V are precisely the eigenvalues of the operators T and that, once
we know the multiplicities of the eigenvalues of these operators, we can calculate
very simply the multiplicities of the eigenvalues of V.

Corollary 5.4. The eigenvalue corresponding to the eigenvector U of V is given
2 2
by x(UF5) = IldUG|I"/ UG-

Proof. From the proof of the theorem we have VU7 = AfU;, where Af = T7, =
x(Us;). Hence, x(Us;) (U | Uz )=(VUS | U3 ) =(d*dU5 | Ugy ) = (dUS | dUS ).
O

Woronowicz defines the compact quantum group G to be connected if Condition 1
of the following theorem is satisfied. The theorem provides two other equivalent
conditions.

Theorem 5.5. The following are equivalent conditions:

1. For any element a € A, da = 0 if, and only if, a = A1, for some A € C.

2. For any element a € A, Va = 0 if, and only if, a = A1, for some A € C.

3. If U™ # U, the trivial unitary representation of G, then the operator
T = (id @x)A(U®) is invertible.

Proof. Condition 2 clearly implies 1. Conversely, if Condition 1 holds, then so
does 2, since ker(V) = ker(d) Nker(d*) and d*a = 0, for all a € A.

Suppose now that Condition 2 holds and suppose that U® # U* and that T¢
is not invertible. Then A} = 0, for some j and therefore VU?;, = AfU7 = 0.
Hence, by Condition 2, there exists a scalar ¢ for which Uf; = cl. However, since
Ue # U, the element U, is orthogonal to 1 in A. Therefore, ¢ = h(1*U%) = 0.
Thus, Uf; = 0, an impossibility. To avoid contradiction it must therefore be the
case that T“ is invertible. Hence, Condition 2 implies 3.

Finally, suppose that Condition 3 holds. Let a € A be such that Va = 0.

. . . N
« «@ (07 «
Because the Uij form a linear basis of A, we may write a =) o > i cijliij, for
. N
(07 «@ (07 « « (e} «
some scalars cf;. Since 0 = Va = > > 72 ¢ AFUS, we have ¢f;AT = 0, for all

a, 7 and j. Hence, if U* # U*°, then A} # 0, and therefore cf; = 0. It follows that
a = cl, for ¢ = ¢f?. Hence, Condition 3 implies 2. (]



QUANTUM GROUPS, DIFFERENTIAL CALCULI AND THE LAPLACIAN 4691

We turn now to finding the eigenvalues and eigenvectors of the Laplacian on
the highest-dimensional forms, the N-forms. The situation here turns out to be
analogous to that for the lowest-dimensional forms, the 0-forms.

We first need to introduce a new linear functional v on A, an analogue for
the case of the N-forms of the functional y used for the case of the 0-forms. It
is clear, since QY = C#0, that M, M} (0) = c,s0, for some scalars c,,. Since
Crs = (My, M3 010) = (M3 0| M 0), the matrix (c.s) is positive. We set

M *
Y= Zr,s:l CrsXrXs:
Theorem 5.6. Ifa € A, then V(af) = (v *a)f.

Proof. Note first that d(af) = 0, since d(2x) = 0. Hence, V(af) = dd*(ab).
Using Equation @), we get d*(af) = ad*(0)+2iw:1 Ey-(a)M} (8). The first
term here is equal to zero, since d*(f) = 0; this is an immediate consequence
of the fact that d(QV,) = 0. It follows, using Equation (@), that dd*(af) =

Zivil Ey-(a)dM} (0) + Zi\,/lszl Ey, x:(a)M,, M} (0). Again using the fact that
d(Q¥Y.,) = 0, we see that the first sum vanishes. Since M, M} () = c0, we
have V(af) = dd*(ab) = Zi\)/[szl Crslly, o (a)0 = (v * a)d. O
The formula for V restricted to the N-forms in the preceding proposition shows
that « does not depend on the choice of orthonormal basis w1, ...,wys of QY.

Lemma 5.7. The operator S* = (id ®~)(U®) € B(H,) is necessarily positive.

Proof. We have S = Zi\fjszl ers(Id @x,) (U*) ((id @xs ) (U*))*. Also, since the ma-

trix (cqs) is positive, it can be written as a sum of matrices c!,..., X, with each

such matrix of the form ck = cFék for some scalars ck Hence,

T8

3T Ao (U (don) (07"

k=1r,5=1
K
Z ZC (id@x,)(U?)) ZC (id ®@x;)(U*))"
k=1 r=1 r=1
Thus, S% is a sum of positive operators and is therefore itself positive. O

Theorem 5.8. Let (U*), be a complete family of mutually inequivalent irreducible
unitary representations of the compact quantum group G. Set S¢ = (id ®@)(U®)
and choose an orthonormal basis ef, ... ey for the space Hy on which U* acts
making S® diagonal, so that S®e = \{'ef", for some elements A\ € C. Let U be
the matriz elements of U relative to this basis. Then V(Ug0) = A\;UZ0.

Proof. By Theorem 5.6, V(U30) = (v U5)0. Since v * U, Zk 2 Ui (Ug) =
chv;"l USi; = ZQ’;I UiiA§ ok = AGUS, we have V(Ui‘;‘ﬂ) = AjUSH, as requlred
O

Remarks analogous to those made after Theorem [£.3] apply to Theorem

We now show that a formula holds for the Laplacian applied to general k-forms
that is analogous to those we obtained in Theorems [5.1] and for O-forms and
N-forms, respectively.

Before proceeding, note that A, is finite dimensional, of dimension N2. Let k
be an integer such that 0 < k < N. The linear span ),  of the forms aw, where
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a€ Ay andw € Qiknv, is linearly isomorphic to the tensor product A, ® Q}cnv, where
the isomorphism maps aw onto a ® w. We shall use this isomorphism to identify
these two spaces. Using the fact that the matrix entries of U® are orthogonal to
the matrix entries of U, if a # 3, it is clear that ) = @D, Qa. k. as an orthogonal
sum.

Equations (@) and (@) imply that the space Q = A ® Q" is invariant for V; we
may therefore write V.= V& --- @ Vy, where Vy is the restriction of V to .
Similarly, the spaces 2, 1 are also invariant for V. Hence, Vi = @ o Va,k, Where
Vo, is the restriction of V to Q4 5. We therefore reduce the eigenvalue problem
for V to one for the finite-dimensional operator V, ;.

Recall, for the proof of the following theorem, the elementary fact that if (e;);er
is a finite linear basis for a linear space X, the corresponding system of matrix units
(€i5)ijer in B(X) is defined by setting e;;(ex) = d;xe; and that if T € B(X) has
matrix (A;;) relative to the basis (e;), then T'=3", . Aijes;.

Theorem 5.9. Suppose k is an integer such that 0 < k < N and let n1,...,n5 be
a linear basis for Q'}Cn".

1. Forp,q=1,...,L, there exist unique linear functionals g,q on A such that
L
V(an,) = Z(gqp * )1,
q=1
for all a € A.

2. If a € G, the restriction Vo, of V to Qg is similar to a direct sum of N,
copies of the block matriz

g (U%)  g12(U%) ... qi(U%)
g21(U%)  g22(U%) ... g20.(U%)
ng(.Ua) 9L2<U“) gLL(.Ua)

where gpq(U®) is the No X No-matriz with ijth entry gpq(US).

Proof. Let MF denote the operator from Q' to Q}g‘j_’l of left multiplication by
wy. Let xo be the co-unit of A and let Mé“ be the restriction of d to Qikn". Fi-
nally, set E, = FE,,. By Theorem 24 V; = M E.Er@ MU M 4

r,s=0
Zi\f[s:o EfEs® (MF)*MF. Since the operators MF~1(ME=1)* and (MF)*MF are
linear combinations of the matrix units 7,, corresponding to the basis 7,...,nL
of QI it follows that Vj, = Zﬁ g=1 Egpq @ Tpg, for linear functionals g, that are
linear combinations of the functionals x,x% and x}xs. This proves Condition 1
(uniqueness of the functionals g, is clear).

In the remainder of this proof, in summations the indices p, g will range over the
numbers 1, ..., L and the indices i, j over the range 1,..., N,. Form € {1,..., N, },
we have V(Uginp) = 22 (9ap * Uini)ilg = 2245 Unnj9ap(Ui)ng- Hence, if Y = Qq
and X, is the linear span of the elements Uy,q,...,US v, then Vi, = X, @ Qik“"
is an invariant subspace for V and ¥ = Y1 ®--- ® Yy,. We write T, for the
restriction of V to Y,,. Then Vo, = T1@®---®Ty,. We shall show that each
summand is similar to the block matrix displayed in Condition 2, and this will
complete the proof of the theorem.
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Let e; = U5, fori=1,..., N,. Then the e; form a basis for X,, and therefore

the elements e; @ 1, form a basis for Y,,. Let e;;, npq and f(; ), (j,q) form a system of

matrix units corresponding to the bases e;, 1, and e; ® 1, respectively. It is elemen-

tary to verify that f(i ) (j.q) = €ij ® Mpg- Since V(Uging) = 32, UsniGpa(Us)1ps
we have

T = ngq(U%)f(imL(j,q) = Z(Z gpq(U%)eij) & Npq-
1jpq pq  ij
Hence, T}, has matrix with respect to the basis e; ® , of Y, the block matrix
displayed in Condition 2 and therefore T, is similar to that matrix, as required. [

Thus, the eigenvalue problem for the Laplacian V has been reduced to the finite-
dimensional problem of finding the eigenvalues of the block matrix in Condition 2
of Theorem (.9 However, this matrix is of order N, L; it may be difficult to work
with in practice, since, in general, N, can be arbitrarily large. In Section [§ we
present an alternative approach in a special case.

6. THE INNER PRODUCT ON Qv

In this section we make the same assumptions and notational conventions as in
the first paragraph of Section [}l without fixing an inner product on ). In addition,
we suppose that §) is non-degenerate and that [ is the integral associated to 6.

In general, the Laplacian V and the Hodge operator L need not commute, as one
can see by looking at examples. However, when they do commute, the problem of
computing the eigenvalues of V is effectively halved. For, if w € Q) and Vw = Aw,
for some scalar A, then VL(w) = AL(w) also. Thus, if one computes the eigenvalues
of V on €, one knows them for V on Qpy_; also, where N is the dimension of €.

Up to this point, we have not specified how the inner product on Q2™ should be
chosen, except to say that it should be graded. It turns out that one can indeed
choose the inner product on Q™ in such a way as to ensure that VL = LV. We
turn now to showing this.

Choose an inner product ( - | -)/ on ™ and let L’ be the corresponding Hodge
operator on €. We obtain a new graded inner product (- |-) on Q" by defining

inv

(w1 | wa), for wy,we € M, as follows:

1. If k < N/2, set (w1 | wg) = (w1 | wg)/.
2. If k> N/2, set (wy |wa) = (L) Hwr) | (L) Hws) ).

For the moment, we set aside the case of k = N/2, which occurs, of course, only
if N is even. We suppose only that the new inner product has been specified in
some way on Q‘IG‘/’Q in this case.

Note that the new inner product on QI is the same as the old (since L'(1) = 6).
Hence, 6 is still a volume element for €2 with its new inner product.

Let L be the Hodge operator on €2 associated to this new inner product.

Observe that, if & < N/2, then L = L’ on Q). This follows immediately from
faithfulness of .

On the other hand, if ¥ > N/2, then L = (—1)*N=F)(L/)~1 on Q. To see this,
we need only show that L(w) = (—1)*V=kK)(L")~1(w), for w € Qi"V. Hence, we need
only show [ n*(L(w) — (—=1)*N=F)(L)~(w)) = 0, for all n € Q| by faithfulness
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of [. To see this equality, observe first that if w € QY , and n € Qi"Y, then

(zH= /nw—/nw*—_kwk)/w*n
= (- )k(N k) )_1( ) =(-1) k(N— k)( ‘(L,),l(n))/.

Hence, if n,w € Qv then fn*L(w) = (w]n) = (L) Yw) | (L) n) =
(~D)EN=R) (LY 2(w) | n) = (=1)*N=R) [*(L')~(w). Therefore, as required,
we have [n*(L(w) — (=1)*N=F) (L")~} (w)) = 0.

It follows from these calculations that L?(w) = (—1)*W=*y, for all w € Q, if
k # N/2. We now show how to choose the inner product on Qi", where k = N/2,
in such a way that, in this case also, L2( ) = (=1)*WN=k)y for all w € Q.

The sesquilinear form, (7),w) f w*n, is non-degenerate on QI by faithful-
ness of [. Also, this form is Hermitian if (— 1)F(N=F) — 1 and anti-Hermitian if
(—1)#(N=k) = 1. Set &4 = 1 in the first case and £, = i in the second. Then there
exists a basis eq, ..., e, for Q" such that fe;ep = teplpq, forallp,g=1,...,m
Now choose an inner product on Q" making e1, . . ., €, orthonormal. For this inner
product, the operator L on Q" defined by mapping e, onto (fl)k(N*k)(f €nep)eps
for p=1,...,m, satisfies the condition [ n*L(w) = (w |n). Hence, L is the Hodge
operator on 'V and extends in an obvious way to the Hodge operator on €.
Clearly, L?(w) = (—1)*N=Fy for all w € Q.

It is clear from our construction of L that it is a unitary operator on €.

We sum up what we have shown here in the following theorem and draw out
some useful consequences.

Theorem 6.1. Let (Q,d) be a non-degenerate strongly finite-dimensional *-differ-
ential calculus of dimension N over a Hopf algebra A admitting a Haar integral.
Suppose that dim(QW) =1 and d(Q% ;) = 0. Then Q™ admits an inner product
such that the corresponding Hodge operator L is a unitary and satisfies the following
conditions:

1. L2 (w) = (=1)* N =Ky for all w € Q..

2. Ld(w) = (=1)kT1d* L(w), for all w € Q.

3. d*dL = Ldd*, dd*L = Ld*d and LV = VL.

Proof. Condition 1 was proved above. To show 2, first observe that we may suppose
that k < N. Now observe that, by Theorem B3] dw = (—1)¥~"*Ld* L~ (w). Hence,

(5) L7 Ydw = (—1)N kg L7 (w).
Now, by Condition 1, we have
(—1)FHDWN=k=D 1q = L7 dw = (-1)V*d* L™ (w) (by Equation (F))
= (—1)N R (=)= g* [(w) (by Condition 1 again).

Hence, Ldw = (—1)FtDWN=k=1(_\N=k(_DEIN=K)g*[ () = (=1)F*1d* L(w).
Thus, Condition 2 holds.

Again with w € Q, we get d*dL(w) = (—1)*d*Ld*w = (—1)*(-1)*Ldd*w, by
Theorem [3.3] and Condition 2. Hence, d*dL = Ldd*. It follows from Condition 1

that dd*L = Ld*d. Hence, VL = dd* L+d*dL = Ld*d+ Ldd* = LV, so Condition 3
holds. O
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7. ONE-PARAMETER REPRESENTATIONS
INDUCED BY TWIST AUTOMORPHISMS

Throughout this section the same standing assumptions and notational conven-
tions will be used as specified in the first paragraph of Section B, with the added
assumption that ) is non-degenerate. We will also make use of the notations in-
troduced at the beginning of Section [l

The sets of non-negative and positive integers will be denoted by N and Ny,
respectively.

In this section we shall need a number of results from the general theory of ex-
ponential one-parameter groups of automorphisms. Since these are not completely
standard, we have gathered them together in an appendix to which we shall make
frequent reference. Therefore we shall use the terminology and notations of the
appendix in this section.

We begin by introducing the two most important one-parameter groups con-
nected to the Hopf algebra A. By [14, Theorem 5.6] there exist unique exponential
one-parameter groups p and 7 on A such that h(ab) = h(p;(b)a), for all a,b € A
and 7; = k2. We call p the modular group of A and of h, and 7 the scaling group
of A.

There is a family of linear functionals (f,).cc on A such that

p=(a) = (fi: ®ida®fi-) AP () and  7.(a) = (fir @ ida@f i) AP (a),
for all z € C and a € A. Here we use the usual convention A = (A ® id4)A
(ida ®A)A. (See [14, Theorem 5.6] for these functionals.) It follows that p,(Aq)
Ay and 7,(Ay) = A,, for all a € G.

We note the following facts: hp, = h1, = h, for all z € C. Also, (7, ® p.)A
(p.@7_ )A=Ap,and (1, @ T,)A = (p. @ p_.) A =Ar,.

Recall that there exists a unique *-anti-automorphism R on A such that k =
R7_ip = 7_j/2 R and R? = id4. This decomposition of « is called the polar
decomposition of k; R is called the unitary co-inverse of A.

Note that ¥(R ® R)A = AR, where 1) is the flip map. Also, h R = h. We refer
the reader to section 7 of [I5] for these results.

Lemma 7.1. Suppose that w : A — A is a surjective linear map. If w is multiplica-
tive (respectively, anti-multiplicative) and hm = h, then wp, = p, m (respectively,
TP, =p_,m), for all z € C.

Proof. We prove only the multiplicative case—the anti-multiplicative case is proved
similarly. For a,b € A, we have h(p;(m(b))m(a)) = h(m(a)w(b)) = h(ab) = h(p;(b)a)
= h(m(pi(b))m(a)). Therefore, surjectivity of 7 and faithfulness of h imply that
pi(m(b)) = 7(pi(b)). Hence, Lemma [@.2] implies that p, 7 = 7 p,, for all z € C. O

The following special cases should be noted: 7, py, = py 72, py R = Rp_, and
Py k = K p_y, for all y,z € C. Note also that 7, R=R7, and 7,k = K 7.

Lemma 7.2. Suppose that ¢ : A — A is a surjective algebra homomorphism such
that h¢ = h and such that h(a*¢(a)) is real, for all a € A. Then ¢(¢(a*)*) = a,
for all a € A.

Proof. The function A x A — C : (a,b) — h(b*¢(a)) is a hermitian form on .A.
Hence, for a,b € A, h(¢(p(a”)*) ¢(b)) = h(d(a™)*b) = h(b*¢(a”))” = h(ag(b)).
Therefore, by faithfulness of h, ¢(¢d(a*)*) = a. O
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Let | denote the integral on Q associated to 6. It is a twisted graded trace on
(Q,d), by [7, Corollary 4.9]. This means there is an algebra automorphism o of Q of
degree zero such od = do and [ w'w = (—1)* [ o(w)w’, for all non-negative integers
k and [ and all w € Q) and w’ € ;. Faithfulness of | implies that o is unique. We
call o the twist automorphism of [. Note that [o = [. Also, o(c(w*)*) = w, for
all w € Q. In order to prove this we may and will assume that w € Q. Since [ is
self adjoint, we get for all n € Qn_g,

/ no(o(w)?)" = (—1FVH ( / o(o(@)) )

= (o) =0 [o@n= [ne

Therefore the faithfulness of [ implies that o(o(w*)*) = w. The restriction of ¢ to
A will be denoted by gy4; it is an automorphism on A.
The proof of the following lemma is modeled on that of [I2, Proposition 3.14].

Lemma 7.3. (i 2®0)Aq = Aqo and o(Q™) = Qinv,

Proof. Let w € Q and i € Qy_y. By [7, Theorem 4.4], we have
(412 [)((52 0 o) Bal))(1@ )
=k 2((da® [)((dama)(Ba) A om))
= ()2 ((dae (10 Aaw)
= () (e [)(Balnsw))
=k (([dao (18 0@)Aaln)) = (da® [)(Balol)1om)

Consequently, faithfulness of [ implies that (k™2 ® 0)Ag(w) = Ag(o(w)). This
equation clearly implies in turn that o(Q™) C Q™. Since o(o(w*)*) = w, we have
J(Qinv) — Qinv. O
Theorem 7.4. For all z € C, hog=h, 04p, = p,04 and 04T, = T, 04

Proof. Theorem 4.5 of [7] implies that h(o(a)) = [o(a)d = [6a = h(a), for every
a € A, proving that the first equation holds. The second equation now follows from
Lemma [Z.1}

Using Lemma [[.3], we see that, for z € C,

(pz K2 Tz UA)A = (pz & sz)AUA = APZUA = Aogap.
= (‘%_2 ® 0a)Ap, = (K‘_Q Pz @ 0oaT2)A = (p, K2 ® oAT-2)A
implying that (id4 ®7_,04)A = (id4 ®o47_,)A. Since A is the linear span of

elements of the form (f ® id4)A(a), where a € A and f € A’, we conclude that
T_, 04 =0AT_». [l

We extend the concept of a one-parameter group from a *-algebra to our differ-
ential calculus Q. A map S from C into the space of algebra automorphisms on 2 is
a one-parameter group of automorphisms if By, = 8,0, and §,(w)* = fz(w*), for
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all y, z € C and w € Q; furthermore, it is ezponential if the map C — Q : z — [, (w)
is of finite exponential type, for all w € Q.

We shall call a family of elements (e;);ecs in A homogeneous if each of the ele-
ments e; belongs to some space A, for some a € G.

Theorem 7.5. Suppose that h(a*o(a)) > 0, for all a € A. Then there ezists a
unique exponential one-parameter group B on ) such that B; = o. Moreover, there
is a homogeneous orthonormal basis (e;);cs for A and there are positive numbers
(Aj)jes such that B.(e;) = )\;iz ej, forall j € J and z € C.

Also, 8. is of degree zero, d3, = 8.d and [ 3, = [. Finally, (1. ® 3.)Aq =
AqofB, and ﬂz(Qinv) = Q.

Proof. Uniqueness of 3 is obvious, so we concern ourselves only with existence. If
a€ G, k3 Ay) = 1i(As) = Ao Using Lemma [73] we get, for i, = 1,..., Ny,

Nao
A(o(US) = (k2 @ a)AUS) = > k2 (Uk) ® o(US) -
k=1

Applying id4 ® € to this equation, we get that the element O'(UZ-O;) is equal to
Zgi‘l k2(Ug) e(a(UR)) € A Hence, 0(Ay) € A, Define the bijective lin-
ear operator P, on A, by setting P,(a) = o(a), for all a € A,. By assumption,
(Pya|a)=h(a*o(a)) >0, for all a € A,; hence, P, is positive. This allows us to
define complex powers of P,.

Now define the function v from C into the space of linear maps on A such that
for 2 € C and a € G, we have that 7.(As) C Aa and 7.(a) = Py a, for all
a € A,. It is clear that v,; = o}, for all n € N.

By diagonalising each operator P,, we can find a homogeneous orthonormal basis
(ej)jes for A and positive numbers (\;);ecs such that o(e;) = Aje;, for all j € J.
Then 7. (e;) = )\;iz ej, for all j € J and z € C. Hence, Theorem implies that
o4 is induced by an exponential one-parameter group, which must be equal to +.

Let z € C. We will extend v, to ). Let m and n be a non-negative and a
positive integer, respectively, and let v;; be elements in A, where j =1,...,m and
k=0,...,n, such that Z;”:l vjo dvj1 - - - dvj, = 0. Define the map f: C — 1 by
setting f(y) = 37, Yy (vjo) d(vy(vj1)) - - - d(vy(vjn)), for all y € C. The function f
is clearly of finite exponential type. Moreover, for | € Z, we have

m

fli) = Zm(vfjo) d(vi (1)) - - d(ii(vjn))

m

_ Zgl@jo) (o' (vj1)) -+ d(0" (vjn)) = o' (D vjodvji -+ -dvj ) = 0.

j=1

Hence f = 0. In particular, f(z) = Z;”Zl Yz (vjo) d(vz(vj1)) - - - d(72(vjn)) = 0.
This allows us to define a map ( from C into the space of linear maps on 2 such
that each (3, is of degree zero and

(6) B=(vodvy - - dvn) = 72(v0) d(vz(v1)) - - - d(72 (vn)),

for all z € C, n € Ng and vy, ..., v, € A. Hence, each (3, is an algebra homomor-
phism extending v, and 3, d = d3,. The equality ~,(a)* = vz(a*), for all a € A,
extends easily to the equality 8, (w)* = 85 (w*), for all w € Q.
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Furthermore, because v, 7. = Vy+2, we get 8y 3. = By, for all y,z € C.
Therefore, 3 is a one-parameter group on 2. Combining Equation (@) with the fact
that « is an exponential one-parameter group on A shows that (3 is exponential.
Since [ o = [, the remarks preceding Theorem .1l imply that [ 3, = .

If w € Q, the functions z — (7, ® 8,)Aq(w) and z — A (B, (w)) from C to
AR Q are of finite exponential type. For n € Ny, we have (7,; ® Oni)Aq(w) =
(k72" ® 0")Aq(w) = Aq(c™(w)) = Aq(Bni(w)). Therefore, the two functions
agree on the whole complex plane. We conclude that (7, ® 8,)Aq = Apf., for all
z € C. Clearly, this equality implies that 3,(Q"V) = Q" for all z € C. O

The condition h(a*c(a)) > 0 is not easy to check. However, in the next result
we give some equivalent conditions, of which the third one can be easily checked on
an algebraic level.

Corollary 7.6. The following conditions are equivalent:
1. h(a*c(a)) > 0, for all a € A.
2. There exists an algebra automorphism ¢ on A such that ¢*> = o4, hé = h
and ¢(d(a*)*) = a, for all a € A.
3. There exists an algebra automorphism ¢ on A such that ¢> = o4,
(Tij2 ®@ O)A = A¢ and ¢(¢(a*)*) = a, for all a € A.

Proof. First we show 1 = 3. Therefore, assume Condition 1. By the theorem, there
exists a unique exponential one-parameter group 5 on A such that §; = g4. Put
¢ = Bis2- Then ¢ satisfies the conditions in Condition 3.

The implication 3 = 2 follows from fact that the equality (7,2 ® ¢)A = A¢
implies h¢ = h.

Finally, we show the implication 2 = 1 holds: Assuming Condition 2, we get,
for a € A, h(a*c(a)) = h(a*¢*(a)) = h(¢ ' (a*¢?*(a))) = h(¢"'(a*)¢(a)) =
h(¢(a)*¢(a))
> 0. O

It is useful to note that, of course, the equations in Condition 3 of the corollary
hold for all @ in A if they hold for all a in a set of algebra generators of A.

Suppose that h(a*o(a)) > 0, for all @ € A. Let 8 denote the unique exponential
one-parameter group on € such that 3; = . We denote by v and ~' the exponential
one-parameter groups on A obtained, respectively, by restricting 4 and by setting
v, =R~ R, for all z € C.

Since o4 p, = p. o4 and g4 7, = T, 04, for all z € C, Lemma implies that
Yy Pz = PzYy and v, T, = T, Yy, for all y,z € C. Because K = R7_;/5 = 7_;/2R,
we get v, = kY, kL = K1y, k. Also, Yy Pz = Pz, and vy, T, = 7,7, since
Rp,=p_.R and R7, = 7. R.

Lemma 7.7. Suppose that h(a*o(a)) >0, for alla € A. Lety,z € C. Then:
1. (. @1)A=AA.
2. ('7; ® 'YZ)A = A'Y,/z Yz T—z-
3 =W

Proof. Theorem implies that (1, ® v,)A = A~,. Hence, if ¢ is the flip map,
(V. @ T)A = (k7. k@ k7o kDA = (kY. @ k7)Y ART!
= (kT @ kY.) AT = Y(k @ K)AY, k1 = Ak k! = Ay,
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and therefore,
('Y./z ®7:)A = ('Y; T ®Y: T) AT, = ('Y./z T ®@T.V:)AT_,
= (’7; ® TZ)A’YZ T2 = A'Y; VzT—z -

Also,
AY, vy = (72 @ 72) Ay = (1. 7y @ T2 7) A
= (ry . @ W T)A = (7y @ 1) Av, = Ay 7. -
Therefore, injectivity of A implies that . v, = v, 7. O

Lemma 7.8. Suppose that h(a*o(a)) > 0, for all a € A. For every integer k € Ny,
there exists a basis (wgn)m*y for QP and positive numbers (Vg,)n*y such that
Bz (win) = v, " win, for alln=1,...,my and z € C.

Proof. Define the linear map w : A — Q; by setting w(a) = m(k ® d)A(a), for
all a € A. Here m : A® Qy — ; is the linear map given by m(a ® w) = aw,
for all a € A and w € ;. Observe that w(A) = QY. We refer the reader to [5l
Section 14.1.1] for more information on the map w.

By Lemma [I7] we have, for all a € A,

B:(w(a)) = B (m(k @ d)A(a)) = m(v: k ® B, d)A(a) = m(ky, @ dv;)A(a)
=m(k® d)A((7. 72 7-2)(a)) = w((7. 7> 7-2)(a)) -
Define the automorphism ¢ on A by setting ¢ = 72’./2 Vij2 T—ij2- Then ¢ =
YiviT—i, b = h and ¢(p(a*)*) = a, for all a € A. As in the proof of Corollary [T
this implies that h(a*¢?(a)) > 0, for all a € A.

Let a € G. In the same way as in the beginning of the proof of Theorem [7:5]
the equalities Ay}, = (7}, ® 7i/2)A and 7;/3(Aq) = Aq allow us to conclude that

Y o(Aa) = Aq. Similarly, 7i/2(Aa) = Aa. Hence, ¢(Aa) = Aq, for all a € G.
We can therefore use the same idea as in the proof of Theorem to find a basis
(f)jes of A and positive numbers (p1;)jes such that ¢?(f;) = p; f;, for all j € J.

Equation (@) gives 3;(w(f;)) = pjw(f;), for all j € J. Hence, fi(w(f;)) =
(B (w(f;)) = phw(f;), for all I € Ny. The functions z — B.(w(f;)) and z —
uj_iz w(f;) from C to Qy are both of finite exponential type and agree on N1,
implying that they are equal on the whole complex plane. Thus, G.(w(f;)) =
u;iz w(f;), for all z € C.

The lemma now follows easily, using the fact that Q" is the linear span of the el-
ements w(fj,)---w(f;,), where ji,...,jr € J, combined with the fact that, for z €
C, the multiplicativity of 8, implies that B, (w(f;,) - w(f;.)) = (wj, -+ pj) "
w(fj,) - w(fj,), forall ji,...,j, € J. O

By defining the inner-product on each space Q" in such a way that the basis
in the previous lemma is orthonormal, we get the following theorem.

(7)

Theorem 7.9. There exists a graded, left-invariant inner product (- | -) on Q such
that (o(w) |w) >0, for all w € Q, if, and only if, h(a*c(a)) > 0, for all a € A.

Theorem 7.10. Suppose we are given a graded, left-invariant inner product (- | )
on  relative to which o is positive. Let 3 be the unique exponential one-parameter
group on ) such that B; = 0. Then the following conditions hold:

1. (B:(w) |w) >0, for allw € Q and z € Ri.



4700 J. KUSTERMANS, G. J. MURPHY, AND L. TUSET

2. (Ba(w) [n) =(w|B-2(n)), for allw,n € Q.
3.d*"3,=p8.d, DB, =06,D and V 3, = 3.V, for all z € C.
4. For L the Hodge operator, we have L 3, = 3, L, for all z € C.

Proof. Combining Theorem and Lemma [T.8 shows that there exists an or-
thonormal basis (1r)rex of Q and a family of positive numbers (v )rex such that
B.(nk) = vy, "* ny, for all k € K. From this, Conditions 1 and 2 follow. Condition 2
implies that, if z € C, then [S_; is adjointable and that its adjoint is 3.. Hence,
taking the adjoint of the equation d3_; = B_sd, we get B, d* = d* 3,. The other
two equalities of Condition 3 follow immediately.

If w,n € Q, then, using the fact that [ o = [, we have

/ W Lo(m) = (o(n) |w) = (1] o(w)) = / o(w)*L(n)
- / o(o(w)*) o (L(n)) = / W o(L(n))

Hence, by faithfulness of [, L(c(n)) = o(L(n)) and therefore, by Lemma [0.2] (more
precisely, by a result for Q that is analogous), L3, = (3, L, for all z € C. Thus,
Condition 4 holds. (]

Theorem 7.11. Suppose that h(a*o(a)) > 0, for all a € A. Then there erists a
graded, left-invariant inner product (- |-) on Q such that (o(w) |w) > 0, for all
w € Q, and such that the Hodge operator L associated to this inner product satisfies
the conditions of Theorem [6.11

Proof. First we choose, as we may, a graded, left-invariant inner product (- | -)/

on Q such that (o(w)|w)" > 0, for all w € Q. Now construct a new graded,
left-invariant inner product (- | -) by the method outlined in Section @l One easily
checks that (o(w) |w) > 0, for all w € Q, if k¥ # N/2, by using the fact that
o and the Hodge operator L’ associated to (- |-)" commute. We now show that
by refining the method used in Section [6] to define the inner product on €2, when
k = N/2, we can arrange to have in this case also that (o(w)|w) > 0, for all
w € Q.

Let T be the unique linear operator on Q" such that (7w | n ) = [ n*w, for all
w,n € M. Then T* = (—1)*N=F) 7. Using the fact that o is a positive operator
with respect to (-|-)’, and that, for w,n € I, [n*o(w) = [o7 (n*o(w)) =
Jo(n)*w, it follows that the operators o and T commute. Since these operators
are normal, there is an orthogonal basis u1, . . ., U, of Qik“" consisting of eigenvectors
of ¢ and T. Setting ), = 1, if (=1)*NV=F) =1 and ¢, = i, if (=1)FN=F) = 1, we
can re-normalize the basis elements u; to get a new basis ey, ..., e, of eigenvectors
of o such that fe:;ep = *e10pq, for p,qg=1,...,m. We now proceed as before, in
Section @ to choose a new inner product on Qik“" making the basis e; orthonormal.
From this we complete our construction to get a graded, left-invariant inner product
(-]-) on Q. For this inner product the associated Hodge operator L satisfies the
conditions of Theorem [G.Il Also, o is clearly positive for this inner product. O

8. WORONOWICZ’ 3-DIMENSIONAL CALCULUS

In this section we compute the eigenvalues of the Laplacian for a special 3-
dimensional calculus over the quantum group SU,(2), where ¢ is a real number for
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which 0 < |g| < 1. This calculus has a special interest, since it was the first calculus
constructed by Woronowicz in the quantum group setting.

We begin by recalling some basic facts about the calculus (see [I3] for details).
It is a left-covariant, 3-dimensional #-differential calculus (€2, d) over the Hopf al-
gebra A, underlying SU,(2). The space Q"V has a linear basis 71, 72,73 such that
M2, M2M3, 3m1 is a basis of QY and 117973 is one of QY. The involution on (2 is
determined by the relations

ny=qns, 05 =—n2, M5 =q "n.

Left-covariance implies that there exists linear functionals x1, x2, x3 on A such
that
3
da = Z(XT * Q)N
r=1

for all a € A. We note that
(8) Xi=—a""X3, X3 =X2, X5 =—qx1-

As usual, we shall set x = Zi:l Xixr- Note that d(Q)Y) = 0, by Equation
Set (3.13) of [I3).
The following commutation relations will be needed frequently [I3] Table 5]:

o = —q mna, 32 = —q nanz, MmNz = —q *N3m.

Note also that 2 = 0, for r = 1,2,3. It follows that 1,.nsm; = cnin2n3, for some
scalar ¢ and that ¢ # 0 if, and only if, the subscripts r, s,t are distinct.

We set 8 = m11m21m3. Then 6* = 6.

We now choose an inner product on Q™ such that the vectors

1, 0, m2, M3, M2, M2”3, N30, MN203

form an orthonormal basis. In the usual way, this allows us to define a graded,
left-invariant inner product on . Then 6 is a volume element, since 8* = 6 and
6]l = 1. We let [ denote the integral associated to 6.

If n.1sne = emmnans, then ¢ = [ n.nsne; hence, [ nnsm # 0 if, and only if, r, s, ¢
are distinct.

Theorem 8.1. ) is non-degenerate.

Proof. We have to show that if 0 < k < 3 and w € Q and Ww'w = 0, for all
w' € Q3_g, then w = 0.

Consider first the case where k = 0, so that w = a, for some element a € A,.
Then, we suppose 0ba = 0, for all b € A,. If we take b = 1, this becomes fa = 0
and therefore, a = 0, as required.

Now we consider the case where k = 1. In this case we may write w = 2321 Ny Q-
for some elements ai,a2,a3 € A, If s,t are distinct elements of {1,2,3}, then
0 = nsmw = nsmenra,, where r; st are distinct. Hence, a, = 0. It follows that
w=0.

Suppose now k = 2. In this case, we may write w = m1m2a1 + 1n2m3a2 + 13N103,
for some elements ai,a2,a3 € A,;. Then 0 = nsw = n3mn2ai. Hence, a; = 0.
Similarly, as = 0 and a3 = 0 and therefore, w = 0.

If £k =3, then w = 1w = 0.

Thus, in all cases, w = 0 and therefore {2 is non-degenerate, as required. O
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It follows from non-degeneracy of Q that [ is faithful (Lemma [31]) and a Hodge
operator L’ exists (Theorem B.2]). We need to know the values of L’ on 11, 12,73.
First, set L'(n1) = Aimime + Aanans + Asnsmi, where Aj, A2, A3 are scalars to be
determined. Observe that [nZL'(n,) = (0, | ns) = 6. Hence, 1 = [niL'(m) =
Janshimne = gh [(=¢®)mnsme = =M [ m(—q*nanz) = "M [ minans = ¢" .
Hence, \; = ¢~ 7. Similar reasoning shows that Ay = 0 and A3 = 0. Continuing this
way we can calculate that

L'(m) =q "mnz, L'(n2) = —q Snzm, L' (n3) = qans.

Now we redefine the inner product on 2 as in Section [ to obtain a new Hodge
operator L satisfying the conditions of Theorem[6.]] The new inner product remains
unchanged on Qi QI and QI (since L'(1) = ), but on Q4P it is chosen in such
a way that L maps Q" isometrically onto QI'V. Hence, for the new inner product,
the elements

L, M2, M3, 4 T2, qN2n3, —q 3, mnans

form an orthonormal basis.
Since L = L’ on Q™ and since L? = 1 we get

L(m) = ¢ ", L(n2) = —¢" nsm, L(ns) = qnens
and
L(mnz) = q"m, L(nans) = ¢~ 'ns, L(nsm) = —¢°n.

Now set Ey = idas, and E,. = E, , for r = 1,2,3. Also, denote by M, the
restriction of d to Q™ and, for r = 1,2,3, denote by M, the operator on Q™ of
left multiplication by 7,. Using the usual identification of 2 with 4, ® Qv we
have d = Zi:o E, ® M,, by Equation ([@). If £ denotes the restriction of L to Q™",
then clearly L = id 4, ®¢. Hence Ld = Zi:o E, ®(M,.

Now let T be the restriction map Ld: 1 — Qq, and, for r = 0,1, 2,3, let T} be
the restriction of /M, to Q*Y. Then T = Ef:o E.®T,.

Observe that T'= T* and that T?(w) = d*dw, for all w € Q. For, if w,w’ € O,
then (w|Tw') = (w | Ldw') = (w | d*Lw’), by Theorem [6l1 Hence, (w | Tw') =
(dw| Lw') = (Ldw | L?W') = (Tw | w'), since L? = id. Hence, T is adjointable,
with adjoint T* = T. Also, T?(w) = LdLd(w) = d*LLd(w) = d*d(w).

This identification of a self-adjoint square root T' for the restriction of d*d to
Q; will be the key to our approach to calculating the eigenvalues of the Laplacian
V on ;. In fact, we shall calculate the eigenvalues of 7" and use these and some
calculations from Section [O] to find the eigenvalues of V on €.

It is straightforward to calculate the matrices of the operators Ty, T, T, T3 (rel-

ative to the basis 71,72, 73), using the following Cartan—-Maurer formulas from [I3]
Table 6]:

dm = ¢ (L+¢*)mnz, dnz = gmns, dns = ¢*(1+ ¢*)nans.

Hence, Ldn; = ¢°(1 + ¢*)m1, Ldns = ¢°n2 and Ldnz = q(1 + ¢*)ns. Therefore, the
matrix form of Ty is given by
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Since T (w) = L(mw), we have Ty (n1) = 0, T1(n2) = ¢"m and T1(n3) = ¢*n2, which
gives us the matrix of 77. We can calculate 75 and T3 similarly. We get

0 ¢ 0 "0 0 0 0 0
T,=10 0 q4 , T = 0 0 0 , T3 = —q6 0 0
0 0 0 0 0 ¢! 0 —¢® 0

Now, if 7, is the system of matrix units for B(Q") corresponding to the basis
M1,M2,M3, then T' = Zis:l Ts ® n-s, where, from our calculations,

Ty T2 Tis P’1+¢*) —¢"Es ¢"E; 0
To1 Toy T3 | = —q°Es ¢ ¢*Ey
T3 T30 T33 0 —®Fs q(1+¢*) +q 'E;

It is useful to observe that, if @ € A, then

3

T(ans) = Z Trs(a)mr-

r=1

The formula for T" we have derived is still not explicit enough to enable us to cal-
culate eigenvalues. To make things fully explicit, we now need to use some aspects of
the representation theory of SU,(2). Recall that this quantum group has a complete
system of inequivalent invertible irreducible representations W', W2, ... WM
where WM acts on a Hilbert space Hj; of dimension M.

The WM are defined as in [I3, Equation 5.32]. They are not unitary, which is
not in line with our practice up to this point of only dealing with unitary repre-
sentations. However, we shall be making extensive use of various formulas from
[13], so we use the W . There is a standard way of constructing an equivalent
unitary representation to a given invertible representation. If Qn; = h(WM*WM)
(that is, the scalar matrix obtained by applying h to each entry of WM*WM) then
Qs is positive and invertible and UM = Q}V/[QWM QX/[l/ % is an irreducible unitary
representation equivalent to W . See [14, Theorem 5.2] for details.

We shall need some quasi-orthogonality relations for the W . Since the matrix
entries of UM are orthogonal to those of U, if M # N, the matrix entries of WM
are orthogonal to those of W,

It is well known that U)} and U}/ are orthogonal if &k # u [11, Theorem 7.3]. It
turns out that the elements WI% have this property also, and this will be important
in the sequel. The reason is that in this special case the matrix @, is diagonal, so
that there are positive numbers gps(k) such that U% =qum (p)qM(k)’lWZf\g.

For this example we even have that h((W%)*W%) =0ifk#lorp#yp. A
proof of this fact will be given in Lemma [R.9]

Fix M > 1. Set A, = x,.(WM), for r = 1,2,3 (these matrices are the infin-
itesimal generators of the representation W™ ; see [I3, Theorem 5.4]). Let m be
the integer or half-integer for which M = 2m + 1. Then the space Hj; admits an
orthogonal basis &€_,,, & i1, .-+ Em—1,En for which we have

9) A&k = —cpr18+1, A2kk = Mebr, Asér = qerp—1.

Here, for arbitrary k, we set

)\k _ q2(1 o q2)71(q74k o 1)
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and, for —m < k < +m, we set

cr=q(l—q*) (g —¢®™) (g 7™ — g 22
(Of course, ¢ is dependent on m, that is, on M, as well as on k, but we suppress
this dependence in the notation for the sake of simplifying it.)
So that our formulas will always make sense, we define £_,,,_1 = &,4+1 = 0 and
Com—-1=Cmn41 = 0.

Denote by W2 the matrix entries of W relative to the basis £y, ..., &n. To
calculate d(WI%) we need to calculate ET(WI%), for r =1,2,3. We have
i=+m i=4+m

E(W) = (dexi) Y. WM ewl = 3 Aiik)WH = —co WM.
i=—m i=—m
By similar calculations we get the following:
(10)  Ey(Wh) = —crsa W1, B2(WhD) = MWL Es(Wa) = qer W)y

So that these formulas always make sense, we define W;f\,{mq = sz\’/fm +1 =0. For

other purposes below, we also set W;"{md = Wé‘ffm 12 = 0. It follows from the
preceding equations that for & in the range —m, ..., +m,

(11) dWI% = —ck+1WI%§+1m + )\kW%ng + QCkW%_lT]g.

Of course, TdWZ% = LdZWZ% = 0. Moreover, if M > 1, then dWZ% is non-zero.
Otherwise, WI% = cl, for some scalar ¢ (this is a “connectedness” result for SU,(2);
see [13, Theorem 2.3]). Since WZ% and the unit 1 are orthogonal in 44, because
they are matrix elements of inequivalent representations of SU,(2), we must have
c = 0. But then WI% = 0, an impossibility, since WI% belongs to a linear basis of
Ajy. Hence, dW)l # 0, as claimed. It follows that dW )}l is an eigenvector for T.

From these observations, it is plausible to conjecture that it may be useful to
look at the linear space spanned by the vectors occurring in the right-hand side
of Equation ([Il). Indeed, this turns out to be the key to solving the eigenvalue
problem for T'.

Forp=—-m,—m+1,...,4+m,k=—m —1,—m,...,m+ 1, denote by & (M, p, k)
the linear span of the vectors Wxﬁ_lm, W%’I’]Q and Wé‘i_lm. Since 11, 12, N3 are or-
thogonal, so are these spanning vectors. It follows that we have dim(&; (M, p,k)) =
3, if k£ is in the range —m+1,....m—1. If M # 1 and k = —m or k = +m,
dim(& (M, p, k) =2. f M # landk = —m—1lork =m+ 1, dim(& (M, p, k)) = 1.
Finally, the spaces &(1,0,—1), & (1,0,0) and & (1,0,+41) all have dimension one
also.

Set f1 =W im, fa=Woing and fz = WY ns.

We shall need the following result.

Lemma 8.2. Let w be an element of E1(M, p, k) that is orthogonal to dWI%, Then
d*w = 0.

Proof. We have w= Zle a. fr, for some scalars a1, as, ag. So, d*w:Zle o d* f.
Using Equation Set ([{), and the relations Ef = —q~'E3, E5 = Ey and £} = —qF},
which follow from Lemma [Z3] and Equation Set (§]), we calculate that d*f; =
—ch Wi, d* f2 = MW and d* fs = qe W)Y, Hence, d*w = (—aicpy1 + aa)i
—|—a3qck)WI%. However, by hypothesis (d*w | W%) = (w] dWI%I) = 0. Hence,
d*w = 0. (I



QUANTUM GROUPS, DIFFERENTIAL CALCULI AND THE LAPLACIAN 4705

It is clear that the spaces & (M, p,k) are pairwise orthogonal; more precisely,
Ei(M,p, k) L EM',p' k) if (M,p,k) # (M',p' k"), since the elements WZ% are
orthogonal in A, and 7;,72,73 are orthogonal in Q. Also, since Q; is linearly
spanned by the vectors WI% 7y, it is the orthogonal sum of the spaces &1 (M, p, k);

that is,
@ gl (Ma D, k)
(M,p,k)
where M ranges over the positive integers and p=—m,—m+1,...,+m and k =

—m—1,—m,...,m+1 (and M = 2m + 1). We shall show that all the spaces
occurring in this decomposition of §2; are invariant under 7. Hence, we shall have
reduced the eigenvalue problem for T to the problem of explicitly calculating T on
these spaces of dimension 1, 2 or 3.

The relevance of this to the problem of finding the eigenvalues of V can now
be stated very explicitly. We can split & (M, p, k) into the sum of CdW% and its
orthogonal complement F(M, p, k). By the same reasoning as we used in Section [B]
it follows from Equation Set (I0) that WI% and dWI% are eigenvectors of V, with
eigenvalue vy, given by
(12) Uk = Gy + AR 00
(For dW% to be an eigenvector, we need M > 1.) Observe that v > 0, unless
m = k = 0, as is trivially verified. For w € F(M,p,k), we have d*w = 0, by
LemmaR2l Hence, Vw = d*dw = T?w. Therefore, using the invariance of the space
E1(M, p, k) under T that we shall show below, and that T'= T, it follows from the
equation TdWé” = 0 that F(M,p, k) is invariant under T" also and therefore that
F(M,p, k) is invariant under V. Moreover, the eigenvalues of V on this space are
the squares of the eigenvalues of T on it. Thus, we have reduced the eigenvalue
problem for V to the problem of calculating the eigenvalues of T on the spaces
F(M,p, k).

We now calculate the values of T' on the vectors WI% 1, ka ny and WM ok 1135
where k is in the range — ,+m. We have

Wk M) Z T (W,

=q (1 + OWhinm — "' Ex(Wohym — a®Es(W)Dne
= ("(L+¢*) = ¢"N)Wpim — ¢ Wi _ima,
by Equation Set (I0). Similarly, one can show that
T(Woite) = —q"ck1 Wi + @ Woiine — ¢ e Wi_1ms
and
T(Woins) = —q cer Wi amz + a(L+ @)Woins + ¢ AWl ns.

However, it is elementary to show that ¢°(1 + ¢%) — ¢'* A\, = —¢"\,_1 and therefore
also ¢(1+ ¢%) + ¢ *XMe_1 = ¢®\i. Hence,

T(f1) = —a" e fi — ¢ crsr fo,
T(f2) = —q" ki1 fr + ¢ fo — ¢ er fs,
T(fs) = —q*cefo + @M f3.
Hence, & (M, p, k) is invariant for T.
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Now consider the case that k is in the range —m + 1,...,m — 1, so that fi, f2, f3
form an orthogonal basis for &€ = & (M, p, k). Our preceding calculations show that
the matrix form of the restriction Tg of T relative to this basis is given by

—q" N —qcrp 0
Te=|~¢"c1 ¢ —q'a
0 —q*er PN

By Equation (ITI), dWZ% belongs to £ and we showed above that TdWIfVI =0. It
therefore remains only to calculate the eigenvalues of Tg on F; = F(M, p, k).
Let us write

z s 0 —q" Ny —q"ch 0
sy t|=Te=|—-qp q° —q*cy
0 t =z 0 —qte i

Then the characteristic polynomial P(\) = det(Te — A1) of Tg is given by
P =X+ (@+y+ 2\ = (zy +yz+ 22— %2 — )\ +zyz — t22 — 522
Since 0 is an eigenvalue of T¢, we must have zyz — t?z — 522 = 0. Hence,
PN =-AN = (@+y+2)A+ay+yz+az—s —t7).

Set By, =z +y+z and O = 2y +yz + 22z — 52> — t2. Then the eigenvalues of T on
J1 are given by

(13) wE = (B £1/B2 — 4Cy) /2.

Explicitly,

(14) Br=(*—q)+¢

and

(15) Cr = ¢*[(1 = ¢ )\ — X} — °ciyy — il = ="y

The second equality in Equation (&) follows from Equation (I2) and the first
equality in (I5) together with the easily-checked fact that Ay = ¢ — ¢*ci ;.

As observed above, the eigenvalues of V on F(M, p, k) are the squares of those
of T, that is, (y;)? and (u; )2

We turn now to the case where & = £ (M, p, k) is 2-dimensional; that is, where
M >1and k=—-mor k=-+m.

Suppose first that £k = —m. Then f3 = 0 and f1, fo form an orthogonal basis of
£. Hence,

Te = _q7)\k —q Ck+1
Since one eigenvalue of this matrix is zero (because TdWZ% = 0), the other eigen-
value on Fi(M,p,—m) is the sum of the diagonal entries ¢° — ¢ \j.

Similar considerations show that 7" has eigenvalue ¢° + ¢*\x on Fy (M, p, +m).

Finally, we consider the trivial case where &1 (M, p, k) is 1-dimensional: If M > 1,
then k = —m — 1 or k = m + 1, and it is trivially checked that the eigenvalue
of T on & (M,p, k) is —q" A\ or ¢®\i, respectively. If M = 1, then & (M,p, k) =
&1(1,0,k) = F1(1,0,k). Clearly, F1(1,0,—1) = Cr; and we computed earlier that
T = ¢°(1 + ¢*)n1; similarly, F1(1,0,0) = Cng and T'(12) = ¢°n9; finally, we have
F1(1,0,+1) = Cns and Tz = q(1 + ¢*)ns.
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This completes the computation of the eigenvalues of T' and therefore of the
eigenvalues of V on ;. We summarize our results:
The space ; is the direct sum of the spaces & (M, p, k); that is,

le @ Sl(Map7k)
(M,p,k)

and the spaces £ (M, p, k) are invariant under V. Hence, the eigenvalue problem
for V is reduced to the problem of calculating the eigenvalues on these spaces of
dimension 1, 2 or 3.

Case 1: If dimé&(M,p,k) = 1 and M > 1, then V has eigenvalue ¢'*)\? or
¢®22 on & (M, p,k); if dim& (M,p,k) = 1 and M = 1, then V has eigenvalues
B (1+¢*? ¢*° and ¢*>(1 +¢*)? on &(1,0,-1), £(1,0,0) and &;(1,0,+1), re-
spectively.

Case 2: If dim & (M,p, k) = 2, then, on & (M, p, k), V has eigenvalue v, and
either (¢° — ¢"\¢)?, if k = —m, or (¢® + ¢®\)?, if k = +m.

Case 3: If dim& (M, p,k) = 3, then V has eigenvalues vy, (u)? and ()2,

where
py; = (Bi £ (/B — 4Cy) /2,

with
By=(¢* ¢+ and Cr = —q* ;.

Because of our choice of inner product, the Hodge operator L commutes with
the Laplacian V. Hence, the eigenvalues of V on {5 are the same as those on ;.
The eigenvalues of V on )y are determined by the equation VWZ% = VkWZ% . Since
L() = Q3, and L commutes with V, the eigenvalues of V on Q3 are the same as
those on §2g. We have therefore calculated all the eigenvalues of V.

Now we turn to the question of trying to fit this three-dimensional differential
calculus into the framework of Connes’ non-commutative differential geometry. For
this we shall need to obtain some asymptotic estimates for the eigenvalues we have
just computed.

Theorem 8.3. There exists a positive constant C(q), depending only on q and not
on M, p and k, such that V > C(q) max(q~%*,1) on & (M, p, k).

Proof. Since & (M, p, k) admits an orthonormal basis of eigenvectors of V, we need
only show that if u is an eigenvalue of V on & (M, p, k), then p > C(g) max(q~8%, 1).
We shall prove this only in the case that dim(&; (M, p,k)) = 3. The cases where
dim (&1 (M, p,k)) is equal to 2 or 1 can be dealt with similarly, but much more
simply.

We first need to establish some lower bounds for )\i, when k # 0. If £ > 0, then
k > 1/2 and therefore ¢~** > ¢=2, from which it follows immediately that A, > 1.
If k <0, then k < —1/2 and therefore ¢=** < ¢. Hence, A\ < —¢?. In either case,
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A7 > ¢*, provided k # 0. Moreover,

g8 B g8 —2g~4 41 oy g1 . i

X AL AL AL
=P 20-) N 1
R A R R
S0=e)? 20-¢) 1 1
- ¢ N PYARRPY
=) 20-¢) 1 (2-¢)
- ¢ q* q* ¢

Since ¢* > ¢*(2—¢%)72, we have A2 > ¢*(2—¢?) "2 max(q %%, 1), provided k # 0.
Since v > )\i, by Equation (I2), this gives lower bounds for v also, when
k # 0. If k = 0, we use the inequality vy > ¢*>c2. Since dim & (M,p,k) = 3,

we have m > 1 and therefore qu < q2 and q_2m > q_2. Hence, we have cg >

q2(1 _ q2'm)(q—2 _ q2)(1 _ q2)—2 _ (1 _ q2m)(1 +q2)(1 _ q2)—1 Z 1 +q2. Thus7
vy > q*. Therefore, for all k,

ve > a(q) max(¢~%,1), where a(q) =¢*(2-¢*) 2

We turn now to the question of obtaining similar inequalities for the other two
eigenvalues of V on & (M, p, k). Recall that these are (u;)? and ()2, where
are given by Equation (I3). Hence, if u is one of u* or p~, then

p? = (X £/ X2 —4C3)/2,
where we set Xj, = B — 2C},. It follows from Equations ([4) and (I5) that
(16) X =1+ )N+ ¢* +2¢°¢; 1 +2¢°c).

In particular, X}, # 0, since Xj, > ¢*°. Note that p? > (X — /X2 —4C?)/2 =
203(Xy, + /X2 —4CEH) ™1 > C}/Xy, because /X7 —4C7 < Xj,. Since Cj =

—q*% and vy, # 0, therefore Cy # 0. Also, since C7 = ¢*°vZ, it follows that C?
is greater than or equal to each of the numbers qzo)\i, qQOAiciH and q22/\§,cﬁ, by
Equation ([[2)). Moreover, CZ > ¢®%a(q)vr > ¢*°a(q)?q~*. Using these inequalities
and the inequality ¢=8% /A2 < 1/a(q), where k # 0, that we established above, we
get

q78k - qu78k B q_Skq6[(1+q8))\%+q4+2q80i+1+2q20i]

we-o o i
—8k _8k _8k _8k
< SN 8y 4 19 28‘1 9 29
<q¢[(1+q )qQOAi +q o7 +2¢q EDY + 2¢ qgg/\i]

<[+ ¢*) g alg) ™" + ¢ Pale) > + 29" Palg) " +2¢*a(q) ™).

If we denote the reciprocal of the right-hand side of this last inequality by b;(q),
then we have shown that u? > by (q)q %", whenever k # 0.
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If we leave out the factor ¢~8* in the above inequalities and use the fact that,

for k # 0, we have )\i > ¢* and therefore C,f > 8, we get

1

1
— < qﬁ[(l +q°)

5775
q22 )\%

q4
+ = +2¢° + 2¢*

q20 )\% C',% q20 )\%

1 1 1
+ ‘fﬁ +2¢° PEpT +2¢° q22q4]‘
Hence, if ba(q) denotes the reciprocal of the right-hand side of the last inequality,
we have shown that u? > by(q).

Finally, we have to consider the case where k = 0. (Then Ay = 0 and we can-
not use the preceding estimates.) However, in this case, we have C3 = ¢*'13 =
q?°(c? + ¢*c2)?, by Equation ([[); hence, C2 > ¢*°cf > ¢*°c? and C2 > ¢**ch >
q?5¢c3. Also, since vy > a(q), we have C2 > ¢*°a(q)?. It follows from these inequal-
ities that

<¢°[(1+4¢®
[( )q20q4

6[£ QQSC% 2q2cg] q6[ L]4 @ + %]

¢ Gy CF T ¢®ale)? ¢ ¢
Thus, u? > b3(q), where bs(q) is the reciprocal of the right-hand side of the last
inequality.

Set b(q) = min(b1(q),b2(q),b3(q)). Then b(q) is a positive constant depending
only on ¢ and not on M, p and k£ and, for u = uf, we have shown that p? >
b(q) max(q 8%, 1), for all k. To complete the proof (in the case that dim(&; (M, p, k))
= 3), take C'(¢) = min(a(q), b(q)). O

L _ Xy
2 -cg !

We now define a decomposition for the space €2 that is analogous to that given
for Q1: If m is a non-negative integer or half-integer, M = 2m + 1 and if p,k =
—m,—m+1,...,4+m, set Eo(M,p, k) = CWI%; ifk=-m—1ork=m+1, set
Eo(M,p, k) =0. Set E(M,p, k) = L(E1 (M, p, k)) and E5(M, p, k) = L(Ey(M, p, k)).
We have

Q= P EWM,pk)
(M,p,k)
where £(M, p, k) denotes the orthogonal sum @?:o E(M,p, k). Tt follows from
Theorem that there exists a positive constant C(q), depending only on ¢ and
not on M, p or k, such that, for M > 1, the restriction Vg of V to E(M,p, k)
satisfies the following inequalities:

(17) Ve >C(q), Ve>Clq)g ™, Ve>Clg)q **.

For M = 1, these inequalities hold for V¢ equal to the restriction of V to &,
where € = E1(1,p, k) ® E(1,p, k) (V =0 on &(L,p, k) ® E(L,p,k)). The third
of the inequalities in (7)) is an easy consequence of the first two. The required
inequalities for & (M, p, k), when this space is non-zero, and M > 1, follow from
the fact that the eigenvalue of V on & (M,p, k) = CW% is v, which is also an
eigenvalue of V on the corresponding space &1 (M, p, k). We are also using the fact
that the eigenvalues of V on &(M, p, k) and E3(M, p, k) are the same as those on
E1(M, p, k) and Ey(M, p, k), respectively.
We set
p=+m
G(M, k)= €@ EM,p,k) for k=—-m—1,—m,...,mm+1.

p=—m
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Then Q = @(M)k) G(M, k), as an orthogonal sum by the orthogonality properties
of the WM,

Since G(M, k) is finite dimensional and V is self-adjoint, the restriction Vpy x) to
G(M, k) is diagonalisable. The inequalities in (IT), for M > 1, imply corresponding
inequalities for the eigenvalues of V), from which it follows that

(18) Vark = CW@), Vour = C@a ™, Vory > Clg)g .

Now define a bounded operator R on 2 by setting R = (1 + V)~ /2. This is to
be understood more precisely as saying that R is the direct sum of the operators
Ry, where Ry = (1 + V(Myk))fl/z. Since Ry < 1, we have [|R|| < 1.
However, we can do better: it follows easily from the inequalities in (I8]) that

(19) IR |l < Clg)~/? min(g®, ¢*).

(We can easily modify C'(¢) by making it smaller so that (I9) also holds for M = 1.)

We recall from [I3, Equation 2.16] that there are linear functionals fi, fa, f3
on A, such that n.a = (id®f,)A(a)n,, for all a € A,. Moreover, f3 = fi and
(i ® f1)A = fa =e+ (¢7? — 1)x2, where ¢ is the co-unit of A,.

Set B, = fT(WM) Then (B2>pk = Opr + (q_2 — 1))\195;)]9 = q_4k5pk. Also,
B; = B3 and B} = By. Since B, is diagonal, with distinct diagonal entries, and
B; commutes with Bs, therefore B; is also diagonal. In fact, the diagonal entries
of By are positive [I3, Equation 5.53], so (B1)px = ¢~ 2¥6,;. Hence, for all r,

(20) UTWI% = (id ®fT)A(Wp]\I?)nT = (WMBr)pknr = q*%"kWé‘f%

where 61 = e3 =1 and 9 = 2.

Suppose that M is an integer, M = 2m + 1, and that k is a half-integer or
integer. We define G(M,k) = 0, if M < 0 or if k does not belong to the set
{-m—-1,—m,...,m,m+1}.

Lemma 8.4. There exists a positive number C(q) (depending on q but not on M
or k) such that, for M > 1 and k = —m —1,—m,...,m,m+ 1, we have:

L Mi(G(M, k) € G(M,k—1) and [|(M)gauml < Cla)a™";

2. Mx(G(M,k)) C G(M, k) and [|(M2)gm |l < Cla)a™*;

3. ]\43(g(]\47 k?)) g Q(M,k; + 1) and ||(M3>Q(M,k)H S C(q)q_2k.

Proof. The subset inclusions M;(E(M,p,k)) € E(M,p,k — 1), Ma(E(M,p, k) C
E(M,p, k) and M3(E(M,p,k)) CE(M,p,k+ 1) are easy consequences of Equation
Set (20). The subset inclusions in Conditions 1-3 follow immediately. The space
E(M,p, k) is the linear span of the orthogonal vectors

g5 95 94 V[jp,kJrlnl VJ[\/fk 2 V][Cf,qulS

95 g5 95 WY Lim) WpiL(n) WY L(ns)

98 W L(1)
Wi
D
_ yf%ﬂm WZ%IJ\ZZ W13
¢ W amne —q‘ﬁ%kmm qW — 171213
WM,

Hence, setting by, = (B1)gr = ¢~ 2¥ and b_,,,_1 = 0, and using Equation Set (Z0)
and the commutation relations for the products of the elements 7;, 12 and ns3, we
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get that the images of the above vectors under M; are given by

bW
0 —q ' oeWhilnam  —q bk AW _1m3m
0 0 q b A W12
0
that is, by
bkgfm
0 —q *brgkm  —q *br_19ym
0 0 q Sbp_1gfm
0
Now let Z, be the linear span of the vectors g™, g "%, ..., g™. Note that

the linear map, R, : w + wnq, is bounded, since it is the tensor product of the
identity map on A, and its own restriction to "V, and the latter is bounded since
Qv is finite dimensional. The norm of R,, clear depends only on ¢ (provided
we fix, as we have, the inner product on Q). Then, if w € Z;, M;(w) = brwny,
so that [[(M1)z, || < bl Ry ll. Similarly, (M) 7]l < g6l Ryy I, (M) 2] <
q 2bg1|| Ry |l (M) 2, ]| < ¢ Cb—1|| Ry, || and My = 0 on Za, Z5, Zg and Zs. Now
G(M, k) is the orthogonal direct sum of the spaces Z,., that is, G(M, k) = @le Z.
It follows that

I(M1)g(ari || = max([|(M) z, ||) < max(be, ¢~ br, ¢ *br—1,4~ br—1) | By, |

< maX(q_Qk, 61_461_%, C]_Zkv q_4q_2k) HRm H

Setting a1(q) = max(1,¢~*)|| Ry, ||, we get [|(M1)gapll < a1(q)g2".

One can obtain, by similar methods, positive numbers as(q) and as(q) such
that [[(M2)goumll < a2(q)g™** and [|(Ms)gumll < as(q)g—?*. Setting C(q) =
max(ai1(q), a2(q),as(q)), we get the inequalities in Conditions 1-3. O

If a € Ay, we denote by L, the bounded operator on 2 obtained by left multi-
plication by a.

Theorem 8.5. Let 8 and § be non-negative numbers for which 3+ 3§ =1. Then
RP[L,, DIR° is a bounded operator on (2, for all a € A,.

Proof. We shall prove that R?[L,, d]R’ is bounded, for all a € A,. This will suffice,
since then, replacing a by a* and interchanging the roles of 8 and ¢, and using the
fact that L¥ = L,-, we get that the adjoint —RP[L,,d*|R® of R%[L,,d]RP is
bounded. Hence, R?[L,, D]R?® is bounded.

Since [Lg,d](w) = —(da)w, for all w € 2, we have [L,,d] = _23:1 Ly, vaM,.
Consequently, it suffices to show that R®L,M, R’ is bounded, for all a € A, and
r=1,23.

Let 7 denote the set of all bounded operators in B(2) for which there exist
N € Z and | € 3Z such that TG(M,k) C G(M + N,k +1), for all M € Z and
ke %Z. One easily checks that 7 is self-adjoint and closed under multiplication, so
that its linear span 7" is a self-adjoint subalgebra of B(Q2). Hence, by the following
lemma, L, € 7', for all a € A;. Thus, to prove the theorem, we need only show
now that R°T M, R® is bounded, for all T € 7. We shall show this only in the case
that » = 1. The cases where r = 2 or r = 3 have similar proofs.
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Before proceeding let us first note that by combining Inequality (I9) and the
inequality in Condition 1 of Lemma [B4] we get a positive constant C' depending
only on g such that ||Ryp)ll < C¢®* and [|(M1)garr)ll < Cq=2 .

Suppose then T'€ 7 and N € Z and [ € %Z are such that for all M =1,2,...
and k=-m—1,m,...,m;m+1, we have TG(M,k) C G(M + N,k +1). Let
w € G(M,k). Then TM;R°w € G(M + N,k +1—1). Hence,

IRPT My Row||” < % g k+=D8 | ROw|)?
< G 7| P02k | R
< C2,Bq4(k+lfl),6||T‘|202q74kc25q4k5”w”?
_ 02(,6+6)O2”T‘|2q4k(6+5)q4(171),@’q74k||w||2

= CYTIPq* D7 o] .

It follows now, from orthogonality of the image spaces R°TM;R°G(M, k), that
RPTM, R° is bounded. O

Lemma 8.6. If a and vy are the canonical generators of A, (see [13]), then L, and
L., belong to the linear span of the set T defined in the preceding proof.

Let us introduce some extra notation. We will use the elements x; introduced
in the proof of [I3] Theorem 5.8], but add an extra parameter into the notation.
Let m € $Z. Then we define 2" = o™ ™% (y*)™ =% for k = —m,...,m.

For k € Z and y € A, we set y(k) = y* if k > 0 and y(k) = (y*) % if k < 0.
We also define a(k,l) = a(k)y(l) for all k,l € Z. It follows from [I3, Theorem 1.2]
that the family {a(k,1) (v*y)™ | k,1 € Z,m € N} forms a linear basis for A,. So
if A,(y*v) denotes the unital *-subalgebra of A, generated by y*~y, we see that A,
is the direct sum €@, , ¢z a(u, v)Aq(v*7)-

Lemma 8.7. Consider M € Ny and m € %Z so that M = 2m + 1. If j,k €
{-=m,....,m}, then W)l € a(j +k,k —5) Ay(v*7).

Proof. We proceed by induction on M. Since W, = 1, the lemma is certainly true
for M = 1. Next we suppose that M > 1 and that the lemma is true for M — 1.
(1) Let j € {=m,...,m}. Clearly, 2™ = (v*)*" thus >."  z" @ WM =

A(y*)?™ = (a@v* +9* ®a*)?™. Since a ®~* and v* ® a* commute up to a scalar,
there exist complex numbers r_,,, ..., 7, such that

(Y ®a +a®y)? =Y ri(a®y) Ty @ o)

=—m

_ Z ri q(eri)(m*i) ' ®@a(i —m,—i—m) ;

i=—m

thus, WL, =r; qm+Im=0) q(j —m, —j —m).
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(2) Let k € {-m+1,...,m} and j € {—m,...,m}. Clearly, aka__f =z}
2
Hence
- m M Alz™ A m—% A A _%
S ar oW = Ap) = Aaa? }) = A@) AE )
i=—m
m—1 1
=(@®a-gqy ®y) Y o TeWiT)
i:7m+%
m—% 7”_%
— M—1 —m—i+t+3 M—1
= D why@aWiTi— Y TRl @y WD)
i=—m+3 i=—m+3
m m—1
- Y areamil, - S el
i=—m+1 i=—m

This implies the existence of complex numbers c,d such that Wj\g is equal to
ca W;\{Ilk, , +dy W;\J{Ilk, 1. Therefore the induction hypothesis implies that
25 2 20 2

Wil eaa(j+k—1,k—3) A,(v*y) +va(+ k. k—j—1) Al(v* 7).

Since aa(p, q) € a(p +1,9) Ay(v*y) and ya(p,q) € a(p,q+ 1) Ay(v*y), it follows
that Wi € a(j + &, k — j) Ag(v*).

So we have proven that le‘,f €a(j+kk—j)As(y*y) for all possible values of
j and k. (I

Lemma will be an immediate consequence of the next one.

Lemma 8.8. Consider M € Ny and m € %Z so that M = 2m + 1. If j,k €
M M—1 M+1 M M—1
{=m,...,m}, then a W GCWj+%7k+%+CWJ_+%7k+% and vy W, ECWJ._%JH_%
M+1
+CWj7%)k+%.

Proof. One easily checks that W? = ( : B ) Since W, = 1, this implies that
the lemma is certainly true if M = 1. From now on, we suppose that M > 1.

By [13, Theorem 5.11], we know that the tensor product representation W2 WM
is equivalent to WM—1 @ WM+1 that is, there exists an invertible matrix Q €
Mo (C) such that W2 @ WM = Q(WM-1 o WM+HQ~!. But a W% appears as
a matrix element of W2 @ WM. It follows that « Wj\g belongs to (WM=1|r s =
—m4+3,...,m— )+ (WM | rs=—-m—1,... . m+3).

By the previous lemma, « Wj]\,f ca(j+k+1,k—j) Ag(v*y). On the other hand,
we know that WM =1 € a(r+s, s—1) Ay (y*y) and WAF € a(r' 45", 8'—1") Ay (v*7),

r's!
for all r,s € {—m—l—%,...nn—%} and ', s’ € {—m—%,...,m—i—%}. Note also that
j+k+l=r4+sandk—j=s—rsr :j+% and s = k+%. Since A, is the direct
. Do M1 M+1
sum P, , a(u,v) Ag(v*y), this implies that aWjj\,g[ € CWj+%’k+% + CWJ.+;]€+%.
The statement concerning « is proven in a similar way.

We used the next result earlier in this section but prove it here because it is an
easy consequence of Lemma [R.7]
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Lemma 8.9. Consider M € Ng and m € %Z so that M =2m + 1. If p,p',j, k €
{-m,...,m} and (p,j) # (P', k), then h((WIZI)*W%) =0.

Proof. It i,4,1,j' € Z and b,c € A,(v*v), [14, A 1.8] implies that
h((a(i’,j") €)*(a(i, j) b)) = 0

if (4,7) # (¢, 7). By assumption, (p+ 7,5 —p) # (p' +k,k—p'). As a consequence,
Lemma 8.7 implies that 2 ((W)*W)}) = 0. 0

It is very unlikely that the Dirac operator considered here fits into the framework
of Connes’ non-commutative geometry (although we do not have a proof of this
fact). This provides another indication that generalisations of this non-commutative
geometry have to be studied. One such generalisation is considered in [6], but we
could not prove that our Dirac operator fits into this more general framework for
non-commutative geometry. The problem lies in the fact that we can only prove
Theorem [R5l under the assumption that S + § = 1, whereas the theory in [6] relies
on the fact that this same theorem is true if 5+ < 1 (see [0, Section V.5]).

In the next part we collect some concrete formulas for the one-parameter groups
and twist automorphism. Let p be the modular group and let 7 denote the scaling
group of A,. It follows from [14, Appendix Al] that p,(a) = ¢~ ** «, p.(v) =7,
7.(a) = o and 7. () = ¢*** v, for all z € C.

We denote the twist automorphism of [ by o. We know from [I3, Table 1] that
fa=q *a, 0y =q *y. Thus o(a) = ¢ % p;(a) = ¢ % . Similarly, o(a*) = ¢% a*,
o(y) = ¢y and o(y*) = ¢*y*. Since ¢ commutes with the differential d, it
follows from [I3, Table 3] that o(n;) = ¢®n1, o(n2) = n2 and o(n3) = ¢ °n3. In
Section [0 it turned out that it is beneficial to require the inner product on "V
to be chosen in such a way that o is a positive operator. Since 1, 172 and n3 are
eigenvectors of o with different eigenvalues, this requirement implies that ny, 12, 73
are necessarily orthogonal with respect to such an inner product (which is true for
the inner product used in this section). Similar remarks apply to the second order
forms.

By the universality of A, there exists a unique algebra homomorphism ¢ : A, —
A, such that ¢(a) = gL, é(a*) = ga*, ¢(7) = g2~ and ¢(y*) = ¢27*. One
easily checks that ¢?(a) = o(a), ¢(é(a*)*) = a and (1: ® 9)A(a) = A(¢(a)), for
all @ € A, (it is enough to check these equalities on the generators of A,). Thus
it follows from Corollary that h(a*o(a)) > 0. By Theorem there exists a
unique exponential one-parameter group  on €2 such that 3; = o.

9. APPENDIX: ONE-PARAMETER GROUPS

In this Appendix we present a self-contained brief account of the material on
exponential one-parameter groups of automorphisms needed for this paper. We
have included this since the material is not standard and we know of no suitable
reference for it in the literature.

Let 8 be a map from C into the set of algebra automorphisms on a *-algebra B.
Suppose that 3,(b)* = fz(b*) and By4. = By 3., for all b € B and y,z € C. Then
0 is called a one-parameter group on B.

Note that 8y = idg and (3.,)"! = _., for z € C.
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One-parameter groups become even more interesting if extra analyticity condi-
tions are imposed. In the case of compact quantum groups an exponential growth
condition can also be imposed.

We say that an analytic function f : C — C is of exponential type if there exist
positive numbers M and r such that |f(z)| < Me"!"™*I for all z € C.

It is easy to check that the functions of exponential type form an algebra. It is
equally clear that for any positive number ), the function C — C : z — A% is of
exponential type. The translate of a function of exponential type is another such
function.

Consider a vector space V' and a function f: C — V. We say that f is of finite
exponential type if there exist elements vq,...,v, € V and functions fy,..., f, of
exponential type such that f(z) = Z?zl fi(z)v;, for all z € C.

Let f,g : C — V be two functions of finite exponential type and let ¢ be a
non-zero number on the imaginary axis. Then, by [14] Lemma 5.5], f = ¢ if and
only if f(nc) = g(nc), for all n € Ny.

Consider a one-parameter group ( on a *-algebra B such that for every b € B,
the function C — B : z — (,(b) is of finite exponential type. Then we call 5 an
exponential one-parameter group on B.

Let ¢ be a non-zero number on the imaginary axis. Then an exponential one-
parameter group on B is completely determined by its value at ¢: If § and v are
exponential one-parameter groups on B, then § =« if and only if 8. = ..

Another basic fact is the following: If 7 is a linear functional on B such that
7B, = T, then 73, = 7, for all z € C. This is true because, for every b € B, the
function C — C : z +— 7(8,()) is of exponential type and 7(8,.(b)) = 7(b), for all
n e No.

In order to check that an algebra automorphism on a *-algebra is induced by an
exponential one-parameter group, it is enough to check it on a set of generators:

Theorem 9.1. Let B be a *-algebra and S a subset such that SU{1} generates B
as a x-algebra. Let ¢ be an algebra homomorphism on B satisfying ¢(é(b*)*) = b,
for all b € B. Assume for every b € S the existence of a function f : C — B of
finite exponential type such that f(ni) = ¢™(b), for alln € N. Then there exists a
unique exponential one-parameter group 3 on B such that §; = ¢.

Proof. Define T to be the set of elements b € B such that there exist a function
f: C — B of finite exponential type satisfying f(ni) = ¢"(b), for all n € N. Note
that f is unique; we denote it by f,. Clearly, 1 € T and f;(z) = 1, for all z € C.
By assumption S C T

The set T is self-adjoint: To see this, let b € T' and m € Ng. Then the functions
C — B:zw ¢"(fp(2)) and C — B : z — fi(z + mi) are of finite exponential
type and agree on the set Ngi. So they must be equal on the whole complex
plane. Hence, ¢™(fp(—mi)) = fp(0) = b. Therefore, f,(—mi) = ¢~™(b) and
fo(—=mi)* = ¢™(b*). Tt follows that b* € T and fi«(2) = fp(2)*, for all z € C.

If b,/ € T and ¢,d € C, linearity of each ¢™ implies easily that c¢b + db’ € T
and feprap = ¢ fp + d fi. Also, multiplicativity of each ¢™ implies that b’ € T
and fyy = fp for- It follows that T is a *-subalgebra of B containing S and 1, and
therefore it is equal to B.

Define the function 8 from C into the set of mappings on B by setting 3,(b) =
fo(2), for all z € C and b € B. The preceding considerations imply, for every z € C,
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that (3, is an algebra homomorphism and that 3,(b)* = §5(b*), for all b € B. It is
also clear that (,; = ¢™, for all n € Njy.

Let b € B, y € C, and m,n € Ny. The functions C — B : z +— (,(0mi(b))
and C — B : z — f,1mi(b) are of finite exponential type and B,;(8mi(b)) =
¢"(¢™ (b)) = ¢"T™(b) = Brirmi(b). Hence, both functions agree on the whole
complex plane; in particular 8y (5m: (b)) = By+mi(b).

Since the functions C — B : z + (3,(06,(b)) and C — B : z + (,1,(b) are both
of finite exponential type, the preceding considerations imply that both functions
agree on the whole complex plane; hence, (8,(8.(b)) = By4-(b), for all y,z € C.
From all this we conclude that § is an exponential one-parameter group on B. [

Lemma 9.2. Let B be a *-algebra, let m : B — B be a linear map and let 3 be an
exponential one-parameter group on B. Let ¢ be a mon-zero number on the imagi-
nary axis. If w B. = Be 7 (respectively, nf3. = B_.7), then w8, = B, 7 (respectively,
w03, = B_,7), for all z € C.

Proof. We prove the result only in the first case, where w3, = (. 7; the proof
of the other case is almost the same. Let b € B. It is clear that the functions
C - B:z— 7(8.(b)) and C — B : z — [,(7(b)) are of finite exponential type.
Our assumption implies that 7 8, = Gy 7, for all n € Ny, implying that the above
functions are equal on Ny ¢, and therefore on the whole complex plane. O
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