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E-HYPONORMALITY OF FINITE RANK PERTURBATIONS
OF UNILATERAL WEIGHTED SHIFTS

RAUL E. CURTO AND WOO YOUNG LEE

ABSTRACT. In this paper we explore finite rank perturbations of unilateral
weighted shifts W,. First, we prove that the subnormality of W, is never
stable under nonzero finite rank perturbations unless the perturbation occurs
at the zeroth weight. Second, we establish that 2-hyponormality implies pos-
itive quadratic hyponormality, in the sense that the Maclaurin coefficients
of Dy (s) := det Py, [(Wo + sW2)*, Wy + sW2| P, are nonnegative, for ev-
ery n > 0, where P, denotes the orthogonal projection onto the basis vec-
tors {eo, - ,en}. Finally, for a strictly increasing and W, 2-hyponormal, we
show that for a small finite-rank perturbation o’ of «, the shift W,/ remains
quadratically hyponormal.

1. INTRODUCTION

Let H and K be complex Hilbert spaces, let £(H,K) be the set of bounded
linear operators from H to K and write L(H) := L(H,H). An operator T € L(H)
is said to be normal if T*T = TT*, hyponormal if T*T > TT*, and subnormal if
T = N|y, where N is normal on some Hilbert space K O H. If T is subnormal, then
T is also hyponormal. Recall that given a bounded sequence of positive numbers
' ap,aq, -+ (called weights), the (unilateral) weighted shift W, associated with «
is the operator on ¢%(Z ) defined by Wee,, := anpe, 11 for all n > 0, where {e,, }5°
is the canonical orthonormal basis for ¢2. It is straightforward to check that W,
can never be normal, and that W, is hyponormal if and only if «,, < ay,41 for all
n > 0. The Bram-Halmos criterion for subnormality states that an operator T is
subnormal if and only if

> (T2, Ta;) >0

.3

Received by the editors December 10, 1999 and, in revised form, December 31, 2001.

2000 Mathematics Subject Classification. Primary 47B20, 47B35, 47B37; Secondary 47-04,
47A20, 4TA5T7.

Key words and phrases. Weighted shifts, perturbations, subnormal, k-hyponormal, weakly
k-hyponormal.

The work of the first-named author was partially supported by NSF research grants DMS-
9800931 and DMS-0099357.

The work of the second-named author was partially supported by a grant (R14-2003-006-01001-
0) from the Korea Science and Engineering Foundation.

(©2005 American Mathematical Society

4719



4720 RAUL E. CURTO AND WOO YOUNG LEE

for all finite collections xg,x1, -+ ,xr € H ([2], [, 11.1.9]). It is easy to see that
this is equivalent to the following positivity test:

I T ... T*

T T*T ... T*T
(1.1) . . ) . >0 (for all & > 1).

Tk T*Tk .. T*kTE

Condition (1.1) provides a measure of the gap between hyponormality and sub-
normality. In fact, the positivity condition (1.1) for k¥ = 1 is equivalent to the
hyponormality of T, while subnormality requires the validity of (1.1) for all k. Let
[A, B] := AB — BA denote the commutator of two operators A and B, and define
T to be k-hyponormal whenever the k x k operator matrix

(1.2) My(T) = ([T¥,T'));

i,j=1

is positive. An application of the Choleski algorithm for operator matrices shows

that the positivity of (1.2) is equivalent to the positivity of the (k + 1) x (k + 1)

operator matrix in (1.1); the Bram-Halmos criterion can then be rephrased to say

that T is subnormal if and only if 7" is k-hyponormal for every k& > 1 ([16]).
Recall ([1], [16], [5]) that T € L(H) is said to be weakly k-hyponormal if

k
LS(T, T2+, T") =Y oyt v = (g, -+ ,op) € CF
j=1

consists entirely of hyponormal operators, or equivalently, M (T') is weakly positive,
ie. ([16]),

)\0]3 /\0]3
(1.3) M(T)| |, : >0 for z € H and Ao, -+, A\, € C.
)\kx )\kl‘

If £ = 2, then T is said to be quadratically hyponormal, and if k = 3, then T is
said to be cubically hyponormal. Similarly, T € L(H) is said to be polynomially
hyponormal if p(T') is hyponormal for every polynomial p € C[z]. It is known that
k-hyponormal = weakly k-hyponormal, but the converse is not true in general.

The classes of (weakly) k-hyponormal operators have been studied in an attempt
to bridge the gap between subnormality and hyponormality ([7], [8], [10], [11], [12],
[14], [16], [19], [22]). The study of this gap has been only partially successful. For
example, such a gap is not yet well described for Toeplitz operators on the Hardy
space of the unit circle; in fact, even subnormality for Toeplitz operators has not
been characterized (cf. [20], [6]). For weighted shifts, positive results appear in [7]
and [12], although no concrete example of a weighted shift which is polynomially
hyponormal and not subnormal has yet been found (the existence of such weighted
shifts was established in [I7] and [I§]).

In the present paper we renew our efforts to help describe the above-mentioned
gap between subnormality and hyponormality, with particular emphasis on polyno-
mial hyponormality. We focus on the class of unilateral weighted shifts, and initiate
a study of how the above-mentioned notions behave under finite perturbations of
the weight sequence. We first obtain the following three concrete results.
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(i) the subnormality of W, is never stable under nonzero finite rank perturbations
unless the perturbation is confined to the zeroth weight (Theorem 2.1);

(ii) 2-hyponormality implies positive quadratic hyponormality, in the sense that
the Maclaurin coefficients of D,,(s) = det P, [(Wy + sW2)*, W, + sW2] P, are
nonnegative, for every n > 0, where P,, denotes the orthogonal projection onto the
basis vectors {eg, - ,en} (Theorem 2.2); and

(iii) if o is strictly increasing and W, is 2-hyponormal, then for o’ a small pertur-
bation of «, the shift W, remains positively quadratically hyponormal (Theorem
2.3).

Along the way we establish two related results, each of independent interest:

(iv) an integrality criterion for a subnormal weighted shift to have an n-step
subnormal extension (Theorem 6.1); and

(v) a proof that the sets of k-hyponormal and weakly k-hyponormal operators
are closed in the strong operator topology (Proposition 6.7).

2. STATEMENT OF MAIN RESULTS

C. Berger’s characterization of subnormality for unilateral weighted shifts (cf.
[21], [4, II1.8.16]) states that W, is subnormal if and only if there exists a Borel prob-
ability measure p (the so-called Berger measure of W,,) supported in [0, ||[W,]||?],
with ||W,||? € supp u, such that

Tn = /t”du(t) for all n > 0.

Given an initial segment of weights « : ag, - , @, the sequence & € £>°(Z) such
that &; = o; (i = 0,--- ,m) is said to be recursively generated by « if there exist
r>1and g, - ,pr-—1 € R such that

(2.1) Ytr = QoYn + -+ Or—1Yntr—1 (for all n > 0),

where 79 := 1, v, := a3 ---a2_; (n > 1). In this case Wy with weights & is said to

be recursively generated. If we let

(2:2) g(t) =t"— (pr_1t" '+ + o),
then g has r distinct real roots 0 < sg < -+ < $,—1 ([II}, Theorem 3.9]). Let

1 1 1
S0 S1 Sr—1
V= )
st
and let
Po Y0
=y1 :
Pr—1 Tr—1

If the associated recursively generated weighted shift W is subnormal, then its
Berger measure is of the form

M= p0550 + -+ pr—15T—1~
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For example, given ap < a1 < a2, Wiqag,a1,a.)~ 18 the recursive weighted shift whose
weights are calculated according to the recursive relation

1
(2.3) 0‘721+1 = Q1+ Yo,

an
where

2 2/ 2 2 20,2 2
agai(as —af) ai(ag — ag)

2.4 = 2 d ===
24 ST e M T T

In this case, W, a,,0,)r is subnormal with 2-atomic Berger measure. Let
Wa (ao,a1,00)~ denote the weighted shift whose weight sequence consists of the initial
weight z followed by the weight sequence of W o as)n-

By the Density Theorem ([11, Theorem 4.2 and Corollary 4.3]), we know that
if W, is a subnormal weighted shift with weights & = {a,} and € > 0, then
there exists a nonzero compact operator K with ||K|| < € such that W, + K is

a recursively generated subnormal weighted shift; in fact W, + K = WJ\) for

some m > 1, where a(™ : ag,--- , ay,. The following result shows that K cannot
generally be taken to be of finite rank.

Theorem 2.1 (Finite Rank Perturbations of Subnormal Shifts). If W, is a subnor-
mal weighted shift, then there exists no nonzero finite rank operator F' (# cPie,})
such that W, + F is a subnormal weighted shift. Concretely, suppose W, is a sub-
normal weighted shift with weight sequence o = {a,}22 and assume o/ = {al,} is
a nonzero perturbation of « in a finite number of weights except the initial weight.
Then W is not subnormal.

We next consider the self-commutator [(W, + s W2)*, W, + s W2]. Let W, be
a hyponormal weighted shift. For s € C, we write

D(s) := [(Wy +sWH* W, + s W2

and we let
D, (5) := P [(Wy + s W2)* W, + s W2]P,
q0 77() 0 PN 0 0
T @1 T1 ... 0 0
(25) 0 1 Qg2 e 0 0
0 0 0 ... gno1 Tn-1
0O 0 0 ... 7rp_1 qn
where P, is the orthogonal projection onto the subspace generated by {eq, - ,e,},
Qn ‘= Up + |S|2Un;
Ty 1= Sy/Wnp,
(2.6) Up =a2 —a2_,

e 242 2 2
Un = anan+1 — O 109,

wn = ap (0 — o 1)

and, for notational convenience, a_o = a_; = 0. Clearly, W, is quadratically
hyponormal if and only if D,,(s) > 0 for all s € C and all n > 0. Let d,(-) :=
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det (D,,(+)). Then d,, satisfies the following 2-step recursive formula:

(2.7) do=qo, di=qq —|rol*, dni2 = ni2dni1 — |Tni1l>dn.

If we let t := |s|?, we observe that d,, is a polynomial in ¢ of degree n + 1, and if
we write d,, = Z?jol c(n,i)t’, then the coefficients c(n, i) satisfy a double-indexed
recursive formula, namely

en+2,4) = upqac(n+1,4) + vppac(n+ 1,0 — 1) — wpqq e(n,i — 1),

c(n,0) =ug - up, cn,n+1)=vg- vy, ¢c(1,1)=wuvg+ viup— wo

(2.8)

(n>0,1>1). We say that W, is positively quadratically hyponormal if ¢(n,i) > 0
for every n > 0, 0 < i < n+1 (c¢f. [0)). Evidently, positively quadratically
hyponormal = quadratically hyponormal. The converse, however, is not true in
general (cf. [3]).

The following theorem establishes a useful relation between 2-hyponormality and
positive quadratic hyponormality.

Theorem 2.2. Let a = {a,}02, be a weight sequence and assume that Wy, is
2-hyponormal. Then W, is positively quadratically hyponormal. More precisely, if
Wy is 2-hyponormal, then

(2.9) c(n,i) > Vo Vi—Ui Uy (n>0,0<i<n+1).

In particular, if a is strictly increasing and W, is 2-hyponormal, then the Maclaurin
coefficients of d,(t) are positive for all n > 0.

If W, is a weighted shift with weight sequence o = {0, }52, then the moments
of W, are usually defined by Sy := 1, Bnt1 = anfn (n > 0) [23]; however, we
prefer to reserve this term for the sequence 7, := (2 (n > 0). A criterion for
k-hyponormality can be given in terms of these moments ([7, Theorem 4]): if we
build a (k+ 1) x (k + 1) Hankel matrix A(n;k) by

Yn Yn+1 ... Yn+k
Yn+1 Yn+2 ceo Yndk+l
(2.10) A(n; k) = : . . (n >0),
Yn+k  Vnt+k+1 .- In+2k
then
(2.11) W, is k-hyponormal <= A(n;k) >0 (n>0).

In particular, for « strictly increasing, W, is 2-hyponormal if and only if

711 7n+1 ’Yn+2
(212) det Yn+1  Vn+2 In+3 Z 0 (TL Z 0)
Tn+2  Tn+3  Tnt4

One might conjecture that if W, is a k-hyponormal weighted shift whose weight
sequence is strictly increasing, then W, remains weakly k-hyponormal under a small
perturbation of the weight sequence. We will show below that this is true for & = 2
(Theorem 2.3).

In [I2] Theorem 4.3], it was shown that the gap between 2-hyponormality and
quadratic hyponormality can be detected by unilateral shifts with a weight sequence
a:\/x,(y/a,Vb,\/c)". In particular, there exists a maximum value Hy = Hs(a, b, ¢)
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of z that makes W N AN RNLL 2-hyponormal; Hs is called the modulus of 2-
hyponormality (cf. [12]). Any value of z > Hs yields a non-2-hyponormal weighted
shift. However, if x — Hs is small enough, W JE(VanB o) is still quadratically
hyponormal. The following theorem shows that, more generally, for finite rank
perturbations of weighted shifts with strictly increasing weight sequences, there
always exists a gap between 2-hyponormality and quadratic hyponormality.

Theorem 2.3 (Finite Rank Perturbations of 2-Hyponormal Shifts). Let o =
{an}22, be a strictly increasing weight sequence. If Wy, is 2-hyponormal, then
Wy remains positively quadratically hyponormal under a small nonzero finite rank
perturbation of c.

3. PROOF OF THEOREM 2.1

Proof of Theorem 2.1. It suffices to show that if T" is a weighted shift whose restric-
tion to \/{en, ent1,---} (n > 2) is subnormal, then there is at most one «,,_; for
which T is subnormal.

Let W = Tly{e,_1.emenis,-} and S := Tlyqe, enir, 3> Where n > 2. Then
W and S have weights ai(W) := agyn—1 and ag(S) := agqn (k > 0). Thus the
corresponding moments are related by the equation

e (W)

Ww(S)=of ania = 5
Qn_1

We now adapt the proof of [7, Proposition 8]. Suppose S is subnormal with asso-

2
ciated Berger measure p. Then v, (S) = fOHT” t* dy. Thus W is subnormal if and
only if there exists a probability measure v on [0, ||T||?] such that

[Eals [Eals
/ th T du(t) = / th du(t) for all k >0,
0 0

which readily implies that ¢t dv = a2 ;| du. Thus W is subnormal if and only if the

formula

1

2
Qn_1

oy

7
defines a probability measure for some A > 0, where gy is the point mass at the
origin. In particular } € L*(p) and p({0}) = 0 whenever W is subnormal. If we
repeat the above argument for W and V := T'|y(c, ,.e,_ ;.- }, then we should have
that ©({0}) = 0 whenever V is subnormal. Therefore we can conclude that if V' is
subnormal, then A = 0, and hence

(3.1) dv:=\-6p +

(3.2) dv =

Thus we have

so that

[Eal& -t
(3.3) . ( / %dw)) ,
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which implies that «,_1 is determined uniquely by {«;,, @nt1,- -} whenever T is
subnormal. This completes the proof. (Il

Theorem 2.1 says that a nonzero finite rank perturbation of a subnormal shift
is never subnormal unless the perturbation occurs at the initial weight. However,
this is not the case for k-hyponormality. To see this we use a close relative of the

Bergman shift By (whose weights are given by a = { Z—I;};’;O); it is well known

that B, is subnormal.

Example 3.1. For z > 0, let T, be the weighted shift whose weights are given by

1 1
Qo = \/g, ay =+, and o, = nt (n>2).

n -+ 2
Then we have:
(i) T, is subnormal <= z = 2;
(ii) T, is 2-hyponormal < 63*8@ <z< ,25.

[

w

Proof. Assertion (i) follows from Theorem 2.1. For assertion (ii) we use (2.12): T,
is 2-hyponormal if and only if

1 1 1 1 3
1 2 2 2 2T g7
101 3 1 3 3

det | 5 57 gx | >0 and det| 5z zx 52| >0,
1 3 3 3 3 1
2T gL 197 st 10T 27

:

63—

or equivalently, o 9 < g < 2 O

&l
S

For perturbations of recursive subnormal shifts of the form W( Van/BJE)A sub-
normality and 2-hyponormality coincide.

Theorem 3.2. Let o = {0, }5%, be recursively generated by v/a, Vb, \/c. If T, is
the weighted shift whose weights are given by oy @ ap, -+ ,j—1,/T,Qjy1,-- - , then
we have

=ai  ifj>1;

T, is subnormal <= T, is 2-hyponormal <= T o
r<a if 7 =0.

2 _
1=

Proof. Since « is recursively generated by 1/a, Vb, /¢, we have that o2 = a, «
b, a3 =c,
b(c? —2
_ (¢ ac—i—ab)’ and
c(b—a)
be® — 4abc? + 2ab*c + a?be — a?b? + a?c?
(b—a)(c? — 2ac + abd)
Case 1 (j = 0): It is evident that T, is subnormal if and only if 2 < a. For
2-hyponormality observe by (2.12) that T, is 2-hyponormal if and only if
1 =z bx
det | bz bex | >0,
br bex albex

wn

(3.4)

«

(3R]

or equivalently, z < a.
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Case 2 (j > 1): Without loss of generality we may assume that j =1 and a = 1.
Thus a3 = y/z. Then by Theorem 2.1, T, is subnormal if and only if z = b. On
the other hand, by (2.12), T, is 2-hyponormal if and only if

1 1 x 1 T cx
det |1 = cT >0 and det| z cx agcx > 0.
T cx a%caz cr oz3cx a%aicm

Thus a direct calculation with the specific forms of a3z, a4 given in (3.4) shows

that T, is 2-hyponormal if and only if (z — b) (x — b(ct_iiﬁb)) < 0and z < b.

Since b < M it follows that 7T} is 2-hyponormal if and only if x = b. This
completes the proof O

4. PROOF OF THEOREM 2.2
With the notation in (2.6), we let
Pn = Up Uny1 — Wnp (TL > O)

We then have:
Lemma 4.1. If a = {a,}32, is a strictly increasing weight sequence, then the
following statements are equivalent:
(i) Wy is 2-hyponormal;
( ) n+1(un+1 =+ un+2) < Up41Un42 (” > 0);
(111) n Un+2 < Un+1 (n 2 O);

)

,H_Q Un+3 — Un42

(iv) pn >0 (n>0).
Proof. This follows from a straightforward calculation. O

Proof of Theorem 2.2. If « is not strictly increasing, then « is flat, by the argument
of [7, Corollary 6], i.e., ®p = a3 = ag = ---. Then

2 2 4 _ .3
(41) Dn(s) = (Oéo'Hs:\5 g |:‘ggg) o Ooo

SOéO

(cf. (2.5)), so that (2.9) is evident. Thus we may assume that « is strictly increasing,
so that u, > 0, v, > 0 and w, > 0 for all n > 0. Recall that if we write

dn(t) = Z?Jrol c(n,i)t', then the c(n,i)’s satisfy the following recursive formulas

(cf. (2.8)):
4.9 C(?’l—l—?,z) = Unp+2 C(Tl+1,i)+1}n+2 C(?’l—Fl,Z—l)
(42) —wpt1¢(n,i—1) (n>0, 1 <i<n).

Also, e(n,n+1) = vy ---v, (again by (2.8)) and p, := Uupvnr1 —w, > 0 (n > 0),
by Lemma 4.1. A straightforward calculation shows that
do(t) = ug + vo t;
43) di(t) = upus + (vous + po) t + vovy t2;
da(t) = uouruz + (vouruz + uep1 + uzpo) t
+ (vov1us + vop1 + Vapo) £ + voviva .
Evidently,

(4.4) e(n,i)>0 (0<n<2 0<i<n+1)
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Define
B(n,i) :=c(n,i) —vg - V;_1U; - Up (n>1,1<i<n).

For every n > 1, we now have

Ug Uy >0 (i=0),
(45) c(n,i) = Vo Vi—1Uj """ Up + 6(71,1) (1 SZ S’Il),
vo Uy >0 (i=n+1).
For notational convenience we let 3(n,0) := 0 for every n > 0. g
Claim 1. Forn >1,
(4.6) c(n, n) > upc(n—1,n) > 0.

Proof of Claim 1. We use mathematical induction. For n =1,
c(1,1) =vous +po > u1¢(0,1) >0,

and
C(’I’L + 1) n+ 1) = Un+1 C(?’L, n+ 1) + Un+1 C(?’l, ’I’L) - wnc(n - 17 ’I’L)
> Uptrc(n,n+ 1)+ vpp1 upe(n — 1L,n) —w, e(n—1,n)
(by the inductive hypothesis)

=tUupt1c(n,m+1)+ppe(n—1,n)
> Uptyc(n,n+ 1),

which proves Claim 1.

Claim 2. Forn > 2,

(4.7) B(n ) > un B —1,1) >0 (0<i<n—1).

Proof of Claim 2. We use mathematical induction. If n = 2 and ¢ = 0, this is
trivial. Also,

B(2,1) = ug p1 + us po = ugp1 + uz B(1,1) > us B(1,1) > 0.
Assume that (4.7) holds. We shall prove that
Bn+1,4) > unp1 B(n,i) 20 (0 <i<n).
For,
Bn+1,4) 4 vg-- Vi1t Upy1 = c(n+1,1) (by (4.2))

= Upy1¢(n, i) + vprre(n,i — 1) —wpe(n — 1,1 — 1)

= Upi1 (ﬂ(n,i) + Vg VUG un>
+ Un+41 (5(71,2 — 1) + Vo' Vj—2Uj—71 """ un)

—wn<5(n— 1,i—1) +U0"'Ui2Ui1"'Un1>7
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so that
Bn+1,4) = upt18(n, i) + vnp18(n,i — 1) —w,B(n—1,i — 1)
+ Vo Vi—2Ui—1 Up—1 (Unvn+1 - wn)
= Upt18(n, i) + vpp18(n,i — 1) —w,B(n—1,i — 1)
+ (Vo -+ Vi—oUi—1 - Un—1) Pn
> Upt18(n, i) + vpp1unfn—1,i— 1) —w,B(n —1,i — 1)
(by the inductive hypothesis and Lemma 4.1;
observe that i — 1 <n — 1, so (4.7) applies)
= Up118(n, i) + pn B(n—1,i—1)
> Unt1 B(n, 1),
which proves Claim 2.

By Claim 2 and (4.5), we can see that ¢(n,i) > 0foralln >0and 1 <i<n-—1.
Therefore (4.4), (4.5), Claim 1 and Claim 2 imply

c(n,i) > Vo Vi_1U; U (n>0,0<i<n+1).

This completes the proof.

5. PROOF OF THEOREM 2.3

To prove Theorem 2.3 we need:

Lemma 5.1 ([15, Lemma 2.3]). Let o = {a, }52, be a strictly increasing weight
sequence. If W, is 2-hyponormal, then the sequence of quotients

(5.1) O, = Untl (n>0)
Up 42

is bounded away from 0 and from co. More precisely,

(5.2) 1<, < [Wall®
- - Qo

2
) for sufficiently large n.
U

In particular, {un}32, is eventually decreasing.

Proof of Theorem 2.3. By Theorem 2.2, W, is strictly positively quadratically hy-
ponormal, in the sense that all coefficients of d, (t) are positive for all n > 0. Note
that finite rank perturbations of « affect a finite number of values of u,, v, and
wy,. More concretely, if o’ is a perturbation of « in the weights {«ag, -, an}, then
Up, Un, Wy, and p, are invariant under o’ for n > N + 3. In particular, p,, > 0 for
n>N+3.

Claim 1. Forn>3, 0<i<n+1,
c(n,i) = upc(n—1,4) + pp_1c(n —2,i — 1)
(5.3) -

n
+Zpk—2 ij clk—3,i—n+k—2)+v, V3 pPi—n+1,
k=4 =k
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where
0 (i<n—1),
Pi—n+1 = top (Z =r=1)
Uop1 + V2P0 (i =n),
VU1 V2 (i=n+1)

(cf. [12, Proof of Theorem 4.3]).
Proof of Claim 1. We use induction. For n =3, 0 <1 <4,
c(3,i) =usc(2, i) +vsc(2,i—1) —wac(l,i—1)
= uzc(2,4) + v (uz e(lyi—1)4wvace(l, i —2) —wy (0, i — 2))
—wge(l,i—1)
=wugc(2,7) +p2c(l,i—1) + vs (’Ug e(l,i—2) —wy ¢(0,i — 2))
=uzc(2,9) +p2c(l,i—1) +v3 pi—2,

where by (4.3),

0 (1 <2),
) uop1 (i =2),
Pi—2 = .
UoP1 + V2o (i =3),
VU1V (’L = 4)

Now,
en+1,4) = upp1¢(n, i) + vpp1e(n, i — 1) —wpe(n — 1, — 1)

= tpt1¢(n, i) + Vpit1 (unc(n —1,i=1) 4+ pp_1c(n —2,i —2)

+Zpk*2 ij c(k—3,z’—n—|—k—3)+vn---v3pin)
k=4 j=k

—wpe(n—1,i—1)

= Upi1¢6(n, i) + pre(n — 1,4 — 1) + vpp1pn—1c(n — 2, — 2)

n n
—|—vn+12pk_2 ij clk—3,i—n+k—3)+vpt1 - V3pi—n
k=4 =k

(by the inductive hypothesis)
= Ups16(n, i) + ppe(n —1,i—1)

n+1 n+1
+Zpk,2 ij clk—3,i—n+k—3)+Vnt1V3Pizn,
k=4 =k

which proves Claim 1.
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Write ul,, v, w,,p,, o, and ¢'(+,-) for the entities corresponding to o'. If p,, >
0 for every n = 0,--- , N + 2, then in view of Claim 1, we can choose a small
perturbation such that p), > 0 (0 < n < N + 2) and therefore ¢/(n,7) > 0 for all
n > 0and 0 <7 < n+ 1, which implies that W, is also positively quadratically
hyponormal. If instead p, = 0 for some n = 0,--- , N + 2, careful inspection of
(5.3) reveals that without loss of generality we may assume pg = -+ = py1o = 0.
By Theorem 2.2, we have that for a sufficiently small perturbation o’ of «,

(5.4) (n,i) >0 (0<n<N+2, 0<i<n+1) and (n,n+1)>0 (n>0).

Write
Un
kn = — (n=2,3,---).
Unp
Claim 2. {k,}22, is bounded.
Proof of Claim 2. Observe that
2 2 2 2
ko= U_n I T Ty 0 Srp
n = - 2 _ 2
Un an a1
(5:5) o? o? o? o?
2 2 2 Yn4+1 7 B 2 n—1"~" “%n-2
=, + Qp—1 + an 2 2 + [Som] 2 2
n T Op_1 QO — Qg

Therefore if W, is 2-hyponormal, then by Lemma 5.1, the sequences

oo (oo}
a?m—l -a an_y —Qp_y
2 _ 2 and 2 2
ay —h_1J =9 ap —Qnp_q n=2
are both bounded, so that {k,}>2, is bounded. This proves Claim 2.

Write k := sup,, k,. Without loss of generality we assume k < 1 (this is pos-
sible from the observation that ca induces {c*k,}). Choose a sufficiently small
perturbation o’ of a such that if we let

N+4 N+3
(5.6) hi=sup > phoo | [T 0] (k=30 +vhis--vhp|,
0<lSN+2 | =4 j=k
0<m<1
then
1
(5.7) (N + 3, i)—mh >0 (0<i<N+3)

(this is always possible because, by Theorem 2.2, we can choose a sufficiently small
|p%| such that

d(N+3,i) > v+ vi—1u; - - ungs—e and |h] < (1—=k)(vo -+ vi—1u; - - un43—€)

for any small € > 0).
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Claim 3. Forj >4 and 0<i< N + 7,

j—3

(58) C/(N + 7, Z) > UN4j ** UN+4 (C/(N + 3, Z) — Z k" h) .
n=1

Proof of Claim 3. We use induction. If j = 4, then by Claim 1 and (5.6),

(N +4,1) =ty g (N +3,0) + plyysc (N +2,i - 1)

N+4 N+3
+v§v+42p§€_2 Hv; d(k—3,i—N+k—6)
k=4 j=k

+UN 4 VP ()
> Uy g (N 4 3,1) + Py s (N + 2,0 — 1) — vy, 4h
> un4a('(N +3,i) — kniah)
> unta('(N +3,i) — kh),

because uy 4 = UNt4, Vyyy = Unta and piy s = pnis > 0. Now suppose (5.8)
holds for some j > 4. By Claim 1, we have that for j > 4,

C(N+j+1,0) =unyjq ¢ (N +7,9) + pyyje(N+5—1,i—1)

N+j+1 N+j+1
+ 3 o | II v cte—3i-N+k—j-3)
k=4 j=k

T UN 1 VEP— (N )
= Uy i1 (N +74,8) +pype(N+j5—1,i—1)

N+j+1 N+j+1

+ > pho| ] v Ck=3i-N+k—j-3)
k=N+5 j=k
N+4 N+j+1

+> pho| [ vj|d=38i-N+k—j-3)
k=4 j=k

/ /AN
T UN+1 T V3P~ (N +4)-

Since p!, = p, > 0forn > N+3 and ¢’(n,£) > 0 for 0 < n < N+j by the inductive
hypothesis, it follows that

N+4j+1 N+4j+1

(5.9) Pyye(N+i—1i-1)+ Y po| [[ v} | (k=3,i-N+k—j-3) >0.
k=N+5 =k
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By the inductive hypothesis and (5.9),
(N +j+1,4)

N+4 N+4j+1
>y d(N+5, 0+ > pha | [ of | dk=3i-N+k—j-3)
k=4 j=k

/ /AN
T UN4j+1 7 V3P (N+j)

> UN4j+1UN4j " UN 44 ( (N +3,4) Z k"™h )

n=1

N+4 N+3
Do v; d(k—=3,i—N+k—j—3)

k=4 j=k

+ UN4j+1UN+j =" " UN44
/ /AN

T Unts 'v3pi—(N+j)>

Z UN4j+1UN4j " UN+4 ( N +3,1) E k™h > — UN4j+1UN+j " UN+44 D

]—3
= UN4j+1UN4j **  UN44 (CI(N +3,4) — Z E"h —kngjriknyj - knta h)

n=1

ZUN+j+1uN+j"'uN+4< N+3Z anh>

which proves Claim 3.
Since ZfL:l k™ < 1 for every j > 1, it follows from Claim 3 and (5.7) that

(5.10) d(N+j,i)>0 forj>4and0<i<N+j.

It thus follows from (5.4) and (5.10) that ¢/(n,4) > 0 for every n > 0 and 0 < ¢ <
n + 1. Therefore W, is also positively quadratically hyponormal. This completes
the proof. 0

Corollary 5.2. Let W, be a weighted shift such that oj_1 < a; for some j > 1,
and let T, be the weighted shift with weight sequence

[0 7 e T P ,()éj_l,Z,O[j+1,"' .
Then {x : T, is 2-hyponormal} is a proper closed subset of {x : T, is quadratically
hyponormal} whenever the latter set is nonempty.
Proof. Write

Hy := {xz : T, is 2-hyponormal}.
Without loss of generality, we can assume that H, is nonempty, and that j = 1.
Recall that a 2-hyponormal weighted shift with two equal weights is of the form

Qg = =@y = -+ Or g < a1 = ag = ag = ---. Let z,, := inf Hy. By
Proposition 6.7 below, T, is hyponormal. Then x,, > ag. By assumption, z,, <
ag. Thus ag, X, as, as, - -+ is strictly increasing. Now we apply Theorem 2.3 to

obtain z’ such that ag < 2’ < x,, and T, is quadratically hyponormal. However
T, is not 2-hyponormal by the definition of z,,. The proof is complete. O
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The following question arises naturally:

Question 5.3. Let a be a strictly increasing weight sequence and let k£ > 3. If W,
is a k-hyponormal weighted shift, does it follow that W, is weakly k-hyponormal
under a small perturbation of the weight sequence 7

6. OTHER RELATED RESULTS

6.1. Subnormal extensions. Let o : ag, a1, -+ be a weight sequence, let x; > 0
for 1 < i < mn, and let (xn, - ,z1)a : Tp, -+ ,T1,00,Q1, - be the augmented
weight sequence. We say that W, . . )q is an extension (or n-step extension) of
W,,. Observe that
W(mm... 7m1)a|\/{cmen+17... = We.

The hypothesis F' # ¢ P,y in Theorem 2.1 is essential. Indeed, there exist infinitely
many one-step subnormal extensions of a subnormal weighted shift whenever one
such extension exists. Recall ([7, Proposition 8]) that if W, is a weighted shift
whose restriction to \/{e1,es, -} is subnormal with associated measure y, then
W, is subnormal if and only if

(i) € L(n);
(i) of < ([$]lz1 ()
Also note that there may not exist any one-step subnormal extension of the subnor-

mal weighted shift: for example, if W, is the Bergman shift, then the corresponding

Berger measure is p(t) = t, and hence % is not integrable with respect to u; there-

fore W, does not admit any subnormal extension. A similar situation arises when
w has an atom at {0}.

More generally we have:

Theorem 6.1 (Subnormal Extensions). Let W, be a subnormal weighted shift
with weights « : ag,aq,--- and let p be the corresponding Berger measure. Then
Wig, o z1)a @8 subnormal if and only if

(1) 7= € L (n);

1
. ||4‘1—1'HL1( 2 .
i) z; = | o orl<j<n-—1;
( ) J ( HTIJ'HLI(M f =] = ;

(iii) @, < (7”‘"3“”));
LT (u)
In particular, if we put
Si={(w1, - ,2n) ER" : Wi, .. 21)a 18 subnormal},
then either S =0 or S is a line segment in R™.
Proof. Write W; := W, .. 2)alV{en_jien_jir,} (1 < 3 < n) and hence W, =

Wz @1)a- By the argument used to establish (3.2) we have that 1/; is subnormal
with associated measure v, if and only if

(i) ¢ €L (p);
, _
(ii) dvr = %fdu, or equivalently, 2?2 = ( OHW"‘H %du(t))
Inductively W,,_; is subnormal with associated measure v, _1 if and only if

(i) Wy —o is subnormal;
(ii) v € L (w);
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cos 1/'2 1/'2 "'132 .
(iii) dvy—1 = 2—=dvp o = -+ = ZF=—"du, or equivalently,
IWall®> 1
1‘2 _Jo tn—2 d:u(t)

-1 =
n OHI/VaH2 tn{I du(t)
Therefore W, is subnormal if and only if

(i) Wy —1 is subnormal;
(it) g € L'(p); 1
Wo |2 -1 Wall2 22, a2 —
(iii) 22 < <f0” I %dun,l) = (foH I %du(t))
e S )
fO\IWaH2 tiﬂ dp(t) !

O

Corollary 6.2. If W, is a subnormal weighted shift with associated measure p,

there exists an n-step subnormal extension of W, if and only if ti € LY(p).

For the next result we refer to the notation in (2.1) and (2.2).

Corollary 6.3. A recursively generated subnormal shift with g # 0 admits an
n-step subnormal extension for every n > 1.

Proof. The assumption about ¢q implies that the zeros of g(t) are positive, so that

so > 0. Thus for every n > 1, ti is integrable with respect to the corresponding

Berger measure jt = pods,+- -+ pr—10s,_,. By Corollary 6.2, there exists an n-step
subnormal extension. O
We need not expect that for arbitrary recursively generated shifts, 2-hyponor-

mality and subnormality coincide as in Theorem 3.2. For example, if « : \/g VI,

(V3,1/2, /)", then by (2.12) and Theorem 6.1,

(i) T, is 2-hyponormal <= 4 — /6 < x < 2;

(ii) Ty is subnormal <= z = 2.
A straightforward calculation shows, however, that T, is 3-hyponormal if and only
if x = 2; for,

1 % %:c %x
101 3
A@;3):= | 2 2F 27 i I P
U iy 32 5p 12| T 7
2 2

%x 5 17x 58z

This behavior is typical of general recursively generated weighted shifts: we show
in [I3] that subnormality is equivalent to k-hyponormality for some k > 2.

6.2. Convexity and closedness. Next, we will show that canonical rank-one per-
turbations of k-hyponormal weighted shifts which preserve k-hyponormality form
a convex set. To see this we need an auxiliary result.

Lemma 6.4. Let [ = {1,--- ,n} x {1,--- ,n} and let J be a symmetric subset of
I. Let A= (a;j) € My,(C) and let C = (¢;;) € M, (C) be given by

o Jcag Zf (’L,j)EJ
“ {aij g Gpenng 7V
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If A and C are positive semidefinite, then B = (b;;) € M, (C) defined by

by = {b‘“j i (g ed (be[l,d ore1])

@ij if (i,5)el\J
s also positive semidefinite.

Proof. Without loss of generality we may assume ¢ > 1. If b = 1 or b = ¢, the
assertion is trivial. Thus we assume 1 < b < ¢. The result is now a consequence of
the following observation. If [D]; ;) denotes the (4, j)-entry of the matrix D, then

[c—b(A+b—1o)] [ (i) i el
c—1 c=bJlay Z?O+ﬁj)mj if (i,5) eI\ J,
_{b%‘ if (i,5) € J,

ai; i (i,5) € I\ J,
:[B](i,j)a

which is positive semidefinite because positive semidefinite matrices in M, (C) form
a cone. Il

An immediate consequence of Lemma 6.4 is that positivity of a matrix forms a
convex set with respect to a fixed diagonal location; i.e., if

* % %
A, = e
* % %

then {z : A, is positive semidefinite} is convex.
We now have:

Theorem 6.5. Let o = {a,}22, be a weight sequence, let k > 1, and let j > 0.
Define a(j)(:c) TOQ, 1, &, 041, - - . Assume Wy, is k-hyponormal and define

Qkd = {x: Wi () 18 k-hyponormal}.
Then QFJ is a closed interval.

Proof. Suppose x1,z2 € QFJ with 71 < z9. Then by (2.11), the (k + 1) x (k + 1)
Hankel matrix

Tn Tn+1 s Tn+k
Tntl  In+2 oo Tkl
Agy(mik) = | " " (n>0; i=1,2)
Yn+k  In+k+1 -0 TYnt2k

is positive, where A, corresponds to a¥)(z;). We must show that tz; + (1 —t)zs €
QkI (0<t<1),ie,

At;c1+(1—t)3:2 (n, k) Z 0 (n 2 O, 0<t< 1)
Observe that it suffices to establish the positivity of the 2k Hankel matrices corre-
sponding to a¥) (tz; + (1 —t)x3) such that tz; + (1 — )z appears as a factor in at
least one entry but not in every entry. A moment’s thought reveals that without
loss of generality we may assume j = 2k. Observe that

Az (5 k) = Azy (k) = (2 — 23) H(ns k)
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for some Hankel matrix H(n; k). For notational convenience, we abbreviate A, (n; k)
as A,. Then

2 Ay, + (1 — )2 Ap, +26(1 — 1) A fzzy  for 0 < n < 2k,
Atgr+(1—t)y = s\ 2
(t+(1—t)—j) A, for n > 2k + 1.

x

Since Az, > 0, A;, > 0 and A 77 have the form described by Lemma 6.4
and since 1 < /T1Ty < Zg, it follows from Lemma 6.4 that A\/m > 0. Thus
evidently, Ay, 4+ (1-)2, > 0, and therefore txy + (1 —t)z2 € QFJ. This shows that

QFJ is an interval. The closedness of the interval follows from Proposition 6.7
below. g

In [I7) and [I8], it was shown that there exists a nonsubnormal polynomially
hyponormal operator. Also in [22], it was shown that there exists a nonsubnormal
polynomially hyponormal operator if and only if there exists one which is also a
weighted shift. However, no concrete weighted shift has yet been found. As a
strategy for finding such a shift, we would like to suggest the following:

Question 6.6. Does it follow that the polynomial hyponormality of a weighted
shift is stable under small perturbations of the weight sequence ?

If the answer to Question 6.6 were affirmative then we would easily find a poly-
nomially hyponormal nonsubnormal (even non-2-hyponormal) weighted shift; for

example, if
/10 /17
a: 17\/5’(\/5’ ?7 g)/\

and T, is the weighted shift associated with «, then by Theorem 3.2, T, is subnormal
< ¢ = 2, whereas T}, is polynomially hyponormal < 2 — §; < x < 2 + §, for some
01,02 > 0 provided the answer to Question 6.6 is yes; therefore for sufficiently small

e >0,
1 17
aezl,\/2+e,(\/§,\/§0,q/€)A

would induce a non-2-hyponormal polynomially hyponormal weighted shift.
The answer to Question 6.6 for weak k-hyponormality is negative. In fact we
have:

Proposition 6.7. (i) The set of k-hyponormal operators is sot-closed.
(ii) The set of weakly k-hyponormal operators is sot-closed.

Proof. Suppose T;, € L(H) and T,, — T in sot. Then, by the Uniform Boundedness
Principle, {||T;|[}, is bounded. Thus T;*T;) — T**T7 in sot for every i, j, so that
My (T,)) — My(T) in sot (where My(T) is as in (1.2)).

(1) In this case My(T;,) > 0 for all n, so My(T) > 0, i.e., T is k-hyponormal.

(i) Here, My(T;,) is weakly positive for all n. By (1.3), My(T) is also weakly
positive, i.e., T is weakly k-hyponormal. Il
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