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REPRESENTATION FORMULAE AND INEQUALITIES
FOR SOLUTIONS OF A CLASS OF SECOND ORDER

PARTIAL DIFFERENTIAL EQUATIONS

LORENZO D’AMBROSIO, ENZO MITIDIERI, AND STANISLAV I. POHOZAEV

Abstract. Let L be a possibly degenerate second order differential operator
and let Γη = d2−Q be its fundamental solution at η; here d is a suitable
distance. In this paper we study necessary and sufficient conditions for the
weak solutions of −Lu ≥ f(ξ, u) ≥ 0 on RN to satisfy the representation
formula

(R) u(η) ≥
∫

RN
Γηf(ξ, u) dξ.

We prove that (R) holds provided f(ξ, ·) is superlinear, without any as-
sumption on the behavior of u at infinity. On the other hand, if u satisfies the
condition

lim inf
R→∞

−
∫

R≤d(ξ)≤2R
|u(ξ)|dξ = 0,

then (R) holds with no growth assumptions on f(ξ, ·).

1. Introduction

In the recent paper [12] we studied the following challenging problem. Consider
a pair (L, f), where L is a linear differential operator and f a given nonnegative
Caratheodory function, that is,

f : R
N × R → R ,

satisfies
i) s → f(ξ, s) is continuous for almost every ξ ∈ RN ,
ii) ξ → f(ξ, s) is measurable for all s ∈ R.

Suppose that the set of distributional solutions of

(1.1) L(u) ≥ f(x, u) on R
N

is not empty and that no information on the solutions at infinity is known.
What are the assumptions on the pair (L, f) that guarantee the inverse positivity

of L on the set of solutions of (1.1)?
It turns out that a good and classical way for giving an answer to this problem

is to find representation formulas (inequalities) for the solutions of (1.1). However,
since no decay on u at infinity is assumed, there is no short-cut to give an answer
to this problem by using comparison principles.
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On the other hand, in general, the answer to the problem is negative as the
following simple example shows.

Consider

(1.2) −∆u ≥ |u |p on R
N ,

where 0 < p ≤ 1. It is easy to see that, for any p with 0 < p ≤ 1, the function
defined by

u(x) = −ex2
1

is a regular solution of (1.2). Indeed, the results of [12] show that the main ingre-
dient for solving the problem in the affirmative is the superlinearity of the function
f .

In this paper we address the question of finding representation formulae for so-
lutions of semilinear equations or inequalities associated to a general class of differ-
ential operators. In particular we can handle nonlinear problems associated to the
Kohn laplacian on the Heisenberg group or, more generally, differential inequalities
on Carnot groups. We are especially motivated to consider our problems on the
latter structure because Carnot groups arise in several contexts: optimal control
theory, asymptotic geometry of manifold with negative curvature, CR geometry
and study of hypo-elliptic partial differential equations. Roughly speaking, all re-
sults in this paper are essentially proved by using a classical tool, namely judicious
choice of test functions.

The paper is organized as follows. The main body of the next section is devoted
to the formulation and proof of the representation formulae for various types of
semilinear equations and inequalities under different assumptions on the nonlin-
earity and on the possible solutions that we are dealing with. In particular we
prove (see Corollary 2.10 below) a nonexistence result for semilinear inequalities
associated to sublinear nonlinearities.

Subsection 2.1 deals with some remarks on representation of solutions of systems
of semilinear inequalities. Section 3 contains preliminary facts on Carnot groups
and to the formulation of related representation formulae for solutions of semilinear
problems. In particular we consider problems on the Heisenberg group associated to
the Kohn Laplacian. We end the paper with a note on problems involving Grushin
type operators.

The results contained in this paper have been announced at the International IN-
dAM meeting Nonlinear Partial Differential Equations and connected Geometrical
Problems, September 2-4, 2003, Grado, Italy.

1.1. Notation. The symbol ‖·‖∞ stands for the norm in L∞(RN ), while for ξ ∈
RN , |ξ| denotes the Euclidean norm of ξ. For p > 1 we denote by p′ its conjugate,
that is, 1

p + 1
p′ = 1. For any measurable set E ⊂ R

N , its measure is indicated by
|E|.

2. Main results

Let µ ∈ C 1(RN ; Rl) be a matrix with entries, µ := (µij), i = 1, . . . , l, j =
1, . . . , N . Let Xi (i = 1, . . . , l) be the vector field defined by

(2.3) Xi :=
N∑

j=1

µij(ξ)
∂

∂ξj
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and let ∇L be defined by

∇L := (X1, . . . , Xl)T = µ∇.

We shall denote by X∗
i the formal adjoint of Xi, that is,

X∗
i := −

N∑
j=1

∂

∂ξj
µij(ξ),

and set ∇∗
L := (X∗

1 , . . . , X∗
l )T .

Let L be a second order differential operator defined by

L := −
l∑

i=1

X∗
i Xi = −∇∗

L · ∇L.

We shall assume that

(2.4)
N∑

j=1

∂

∂ξj
µij(ξ) = 0, i = 1, . . . , l.

Notice that in this case ∇∗
L = −∇L and L =

∑l
i=1 X2

i = ∇L · ∇L.

Definition 2.1. Let η ∈ RN be fixed. We say that (Hη) is satisfied if there exist
a real number Q = Q(η) > 2 and a nonnegative continuous function dη : R

N → R+

such that the following four properties hold:
(1) dη(ξ) = 0 if and only if ξ = η.
(2) dη ∈ C 2(RN \ {η}).
(3) The fundamental solution of −L on R

N at η is given by Γη = d2−Q
η . That is,

the functions d2−Q
η and d1−Q

η belong to L1
loc(R

N ) and for any φ ∈ C 2
0 (RN )

we have ∫
RN

(−Lφ)(ξ)Γη(ξ)dξ = φ(η).

(4) For any i, j = 1, . . . , l the functions Xidη, Xj(dηXidη) are bounded and
ψ2

η := |∇Ldη|2 �= 0 almost everywhere on RN .

Finally, setting Bη(R) := {ξ ∈ RN |dη(ξ) < R}, we say that (Vη) holds if there
exist Cη, Rη > 0 such that for any R > Rη, we have |Bη(R)| ≤ CηRQ.

The conditions (Hη) and (Vη) hold if the operator L is the usual Laplace oper-
ator ∆ or if L is a sub-laplacian on a Carnot group (see section 3 for details).

Throughout this paper we shall assume that f : R
N ×R → R is a Caratheodory

function.
We deal with the inequality

(2.5) −Lu(ξ) ≥ f(ξ, u(ξ)) a.e. on R
N

and the equation

(2.6) −Lu(ξ) = f(ξ, u(ξ)) a.e. on R
N .

Theorem 2.2. Assume that conditions (Hη) and (Vη) hold and suppose that there
exist p > 1, Cf > 0 such that

(2.7) f(ξ, t) ≥ Cfψ2
η(ξ)|t|p for any t ∈ R and a.e. ξ ∈ R

N .
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If u ∈ C 2(RN ) is a solution of (2.5), then the following inequality holds:

(2.8) u(η) ≥
∫

RN

Γη(ξ)f(ξ, u(ξ))dξ.

Moreover, if u is a solution of the equation (2.6), then

(2.9) u(η) =
∫

RN

Γη(ξ)f(ξ, u(ξ))dξ.

Remark 2.3. From the above result it follows that if u is a solution of (2.5), then
either u ≡ 0 or u(η) > 0.

Remark 2.4. We note that in (2.5) we do not assume any kind of particular be-

haviour on u at infinity. The fact that the integral
∫

RN

Γη(ξ)f(ξ, u(ξ))dξ is conver-

gent, is a consequence of our assumptions.

Remark 2.5. The above theorem is in some sense sharp. Indeed, the negative
function u defined by u(x) = u(x1, . . . , xN ) := −ex2

1 satisfies

−∆u(x) = (2 + 4x2
1)e

x2
1 .

Therefore −∆u(x) ≥ |u(x)|p with p ≤ 1.
On the other hand for p = 1 there exist solutions that may change sign. This

can be seen as follows: let u be a radial solution of −∆u(ξ) = |u(ξ)|, that is, u
is the unique global solution of the Cauchy problem: −u′′(r) + 1−N

r u′(r) = |u(r)|,
u(0) = u0, u′(0) = 0. We easily realize that if u0 > 0, then this solution must
change sign on R+. In fact, since u is superharmonic, it follows that u is decreasing.
Arguing by contradiction, we assume that u(r) > 0 for any r ≥ 0. Thus, u solves
the equation

−(rN−1u′(r))′ = rN−1u(r).

Integrating the last relation twice, and taking into account that u′(r) < 0, for every
r > 0 it follows that u(r) ≥ cN r2u(r), where cN > 0. By the strict positivity of
u we obtain a contradiction. Hence, there exists r0 > 0 such that u(r0) = 0. This
fact, with u′(r0) < 0, implies the claim.

The following result deals with a bounded solution of (2.5) in the case p ≤ 1.

Theorem 2.6. Assume that (Hη) and (Vη) hold. Suppose that 0 ≤ p ≤ 1 and
there exists Cf > 0 such that

(2.10) f(ξ, t) ≥ Cfψ2
η(ξ)|t|p for any t ∈ R and a.e. ξ ∈ R

N .

Let u ∈ C 2(RN ) be a bounded solution of (2.5). Then

u(η) ≥
∫

RN

Γη(ξ)f(ξ, u(ξ))dξ

holds.
Moreover, if u satisfies the equation (2.6), then we have

u(η) =
∫

RN

Γη(ξ)f(ξ, u(ξ))dξ.

Therefore, if u �≡ 0 is a solution of (2.5), then u(η) > 0.
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Definition 2.7. A function u ∈ C 1(RN ) is a C 1-weak solution of (2.5) if f(·, u(·))∈
L1

loc(R
N ) and for any nonnegative ϕ ∈ C 1

0 (RN ) there holds∫
RN

(∇Lu(ξ),∇Lϕ(ξ))dξ ≥
∫

RN

f(ξ, u(ξ))ϕ(ξ)dξ.

We have the following

Theorem 2.8. Assume that (Hη) and (Vη) hold. If p ≤ 1, then the differential
inequality

(2.11) −Lu ≥ Cfψ2
ηup, u > 0, a.e. on R

N

has no C 1-weak solution.

Remark 2.9. From the proof of Theorem 2.8, it is easily seen that L can be replaced
by any quasilinear operator of the form ∇L(A(ξ, u,∇Lu)∇Lu), where A is a positive
bounded function. In this case the same result holds. For distributional solutions,
an analogue of the above result has been proved in [11] in the case when ∇L is the
usual gradient ∇.

We refer the interested reader to [3], where the authors study existence and
nonexistence of positive solutions of the equation −∆u = k(x)up on RN ; here
0 < p < 1 and k ≥ 0.

Corollary 2.10. Assume that (Hη) and (Vη) hold for any point η ∈ RN . If

(2.12) f(ξ, t) ≥ Cf |t|p for any t ∈ R and a.e. ξ ∈ R
N ,

with 0 ≤ p ≤ 1, then (2.5) has no nontrivial bounded solution.

Remark 2.11. The statement of the above Theorem 2.6 and hence of Corollary 2.10
can be extended up to include the case p < 0.

Assume that (Hη) and (Vη) hold. Let u be a solution of (2.5) with f(ξ, t) ≥
Cfψ2

η(ξ)|t|p and p > 1. If representation formula (2.8) holds, then the integral∫
RN

Γη(ξ)ψ2
η|u(ξ)|pdξ

is convergent. Therefore

(2.13) lim inf
R→+∞

1
R2

∫
R≤dη(ξ)≤2R

ψ2
ηΓη(ξ)|u(ξ)|pdξ = 0.

Hence, by Hölder inequality, we have

(2.14) lim inf
R→+∞

1
RQ

∫
R≤dη(ξ)≤2R

ψ2
η|u(ξ)|dξ = 0.

The necessary condition (2.14) also turns out to be sufficient, for the validity of
formula (2.8).

Indeed, we have

Theorem 2.12. Assume that (Hη) and (Vη) hold. Let f : RN × R → R+ be a
nonnegative Caratheodory function and let u ∈ C 2(RN ) be a solution of (2.5). If u
satisfies (2.14), then

(2.15) u(η) ≥
∫

RN

Γη(ξ)f(ξ, u(ξ))dξ.
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Moreover, if u is a solution of the equation (2.6), then

(2.16) u(η) =
∫

RN

Γη(ξ)f(ξ, u(ξ))dξ.

Remark 2.13. It is easy to check that if 1 ≤ p < +∞ and u ∈ Lp(RN ), then (2.14)
holds. On the other hand the reverse implication is not true. Indeed by considering

u(x) :=
1

1 + log(1 + |x|) , x ∈ R
N ,

it follows that u satisfies (2.14), but u �∈ Lp(RN ) for any 1 ≤ p < +∞.

The following corollary is worthwhile.

Corollary 2.14. Assume that (Hη) and (Vη) hold. Let u ∈ C 2(RN ) be a solution
of

(2.17) −Lu ≥ 0 on R
N .

If (2.14) holds, then u(η) ≥ 0. Moreover, if equality holds in (2.17), then u(η) = 0.

Remark 2.15. If in the above theorem we assume that for a.e. ξ ∈ RN the equation
f(ξ, t) = 0 implies t = 0, then either u ≡ 0 or u(η) > 0, u being a solution of (2.5).

In what follows φ0 denotes a nonnegative function belonging to C 2
0 (R) and such

that

(2.18) φ0(t) =
{

1 if |t| ≤ 1,
0 if |t| ≥ 2,

0 ≤ φ0 ≤ 1.

For any φ ∈ C 2
0 (R) define the function L̃ηφ by

L̃ηφ(ξ) := φ′′(dη(ξ)) +
3 − Q

dη(ξ)
φ′(dη(ξ)), ξ ∈ R

N , ξ �= η.

The following lemma plays a fundamental role for most of the results proved in
this paper.

Lemma 2.16. Assume that (Hη) holds. Let u ∈ C 2(RN ) be a solution of (2.5).
Then for any nonnegative function φ ∈ C 2

0 (R) such that φ(t) = 1 for |t| ≤ 1, we
have

(2.19) u(η) − J ≥
∫

RN

f(ξ, u(ξ))Γη(ξ)φ(dη(ξ))dξ,

where

(2.20) J :=
∫

S

u(ξ)Γη(ξ)ψ2
η(ξ)L̃ηφ(ξ) dξ

and S denotes the support of L̃ηφ.
If u also solves equation (2.6), then

(2.21) u(η) − J =
∫

RN

f(ξ, u(ξ))Γη(ξ)φ(dη(ξ))dξ.

Moreover, if we choose φ := φγ
0(t/R) with R > 1, γ ≥ 2 and φ0 ∈ C 2

0 (R) as in
(2.18), then

(2.22) |J | ≤ MR−2

∫
S

|u(ξ)|Γη(ξ)ψ2
η(ξ)φγ−2

0 (
dη(ξ)

R
)dξ,



SOLUTIONS OF SECOND ORDER P.D.E. 899

where S := Bη(2R) \ Bη(R) and

M :=

∥∥∥∥∥ L̃ηφγ
0

φγ−2
0

∥∥∥∥∥
∞

γ

∥∥∥∥φ0(t)φ′′
0(t) +

3 − Q

t
φ0(t)φ′

0(t) + (γ − 1)(φ′
0(t))

2

∥∥∥∥
∞

.

Before proving the above lemma, let us observe that assumption (Hη) implies
the following:

0 = L(dη(ξ)2−Q) = (2−Q)dη(ξ)−Q
(
(1 − Q)ψ2

η + dη(ξ)L(dη(ξ))
)

(ξ ∈ R
N \ {η}).

Then L(dη(ξ)) = (Q − 1)ψ2
η(ξ)/dη(ξ) for any ξ ∈ RN \ {η}. Therefore, if φ(ξ) :=

ϕ(dη(ξ)) with ϕ ∈ C 2(R), we obtain

(2.23) Lφ(ξ) = ψ2
η(ξ)

(
ϕ′′(dη(ξ)) +

Q − 1
dη(ξ)

ϕ′(dη(ξ))
)

.

In what follows we shall omit writing the dependence on η. Hence d stands for
dη, Γ for Γη, B(R) for Bη(R) and ψ for ψη.

Proof of Lemma 2.16. First we prove (2.19). Let m > 2, ε > 0 and let Γε : R
N →

R+ be defined as follows:

Γε(ξ) := (εm + dm(ξ))
2−Q

m .

From (2) and (4) of (Hη), we easily deduce that Γε ∈ C 2(RN ).
Let u be a solution of (2.5) and let φ̃ := φ ◦ d : RN → R+. Multiplying both

sides of inequality (2.5) by φ̃Γε and integrating by parts, we obtain∫
RN

f(ξ, u(ξ))Γε(ξ)φ̃(ξ)dξ ≤ −
∫

RN

u(ξ)L(Γεφ̃)(ξ)dξ = −Iε
1 − Iε

2

= −
∫

RN

u(ξ)φ̃(ξ)LΓε(ξ)dξ −
∫

RN

u(ξ)[Γε(ξ)Lφ̃(ξ) + 2(∇Lφ̃,∇LΓε)(ξ)]dξ.

Since Γε → Γ and ∇LΓε → ∇LΓ pointwise a.e. on RN , by the Lebesgue dominated
convergence theorem it follows that

(2.24) −Iε
1 = −

∫
RN

L(uφ̃)(ξ)Γε(ξ)dξ → −
∫

RN

L(uφ̃)(ξ)Γ(ξ)dξ = u(η)φ(0).

Next, by (2.23) and our choice on φ̃, we have

Iε
2 →

∫
RN

u(ξ)
[
Γ(ξ)Lφ̃(ξ) + 2(∇Lφ̃,∇LΓ)(ξ)

]
dξ

=
∫

S

u(ξ)Γ(ξ)ψ2(ξ)
[
φ′′(d(ξ)) +

3 − Q

d(ξ)
φ′(d(ξ))

]
dξ

=
∫

S

u(ξ)Γ(ξ)ψ2(ξ)L̃ηφ(ξ)dξ = J,

hence (2.19) follows.
By using the argument for proving (2.19), we easily check that identity (2.21)

holds.
Finally, by choosing φ := φγ

0(t/R) we immediately realize that (2.22) is a conse-
quence of the following inequalities:

|J | ≤
∫

S

|u(ξ)|Γ(ξ)ψ2
∣∣∣L̃ηφ(ξ)

∣∣∣dξ



900 L. D’AMBROSIO, E. MITIDIERI, AND S. I. POHOZAEV

and∣∣∣L̃ηφ(ξ)
∣∣∣ = R−2γ

∣∣∣∣φγ−1
0 (t)φ′′

0(t) +
3 − Q

t
φγ−1

0 (t)φ′
0(t) + (γ − 1)φγ−2

0 (t)(φ′
0(t))

2

∣∣∣∣
|t= d

R

≤ φγ−2
0 (

d(ξ)
R

)MR−2.

�

Let us briefly comment on the role of previous lemma. Let u ∈ L1
loc(R

N ) be a
weak solution of (2.5) and assume that (2.7) or (2.14) is fulfilled. If (2.19) (resp.
(2.21)) is satisfied, then the representation formula (2.8) (resp. (2.9)) holds. Thus,
representations formulae hold even for a weak solution u of (2.5) (resp. (2.6))
provided (2.19) (resp. (2.21)) holds. For instance, this is the case when the operator
L is a sub-elliptic operator on a Carnot group. For sake of simplicity the next lemma
deals with a special sub-elliptic operator, namely the laplacian operator ∆ on RN .
We refer to section 3 for the general case of sub-elliptic operators on Carnot groups.

As usual we define a weak solution of (2.5) as follows.

Definition 2.17. We say that u is a weak solution of (2.5) if u, f(·, u(·)) ∈ L1
loc(R

N )
and for any nonnegative ϕ ∈ C 2

0 (RN ) we have

−
∫

RN

u(ξ)Lϕ(ξ)dξ ≥
∫

RN

f(ξ, u(ξ))ϕ(ξ)dξ.

In a similar way we define a weak solution of (2.6).

Lemma 2.18. Let u be a weak solution of

(2.25) −∆u(ξ) ≥ f(ξ, u(ξ)) a.e. on R
N

and let η be a Lebesgue point of u. Then (2.19) holds for any nonnegative function
φ ∈ C 2

0 (R) such that φ(t) = 1 for |t| ≤ 1.
In particular if u is a solution of

(2.26) −∆u(ξ) = f(ξ, u(ξ)) a.e. on R
N ,

then (2.21) holds.

Proof of Lemma 2.18. It is well known that the fundamental solution of −∆ at η
is given by Γη(ξ) = (cE |η − ξ|)2−N , where cE is a suitable normalization constant.
Therefore the function dη is given by dη(ξ) = d(ξ) = cE |η − ξ| and ψη = 1. Let
φ ∈ C 2

0 (R) be such that φ(t) = 1 for |t| ≤ 1 and set φ̃ := φ ◦ d : RN → R+, that is,
φ̃ = φ(cE |η − ·|). Next we choose the test function ϕ in the definition of a weak
solution of (2.25), as ϕ := φ̃Γε. Our principal claim is to show that

(2.27) −Iε
1 = −

∫
RN

u(ξ)φ̃(ξ)LΓε(ξ)dξ → u(η) as ε → 0.

If u ∈ C 2(RN ), then arguing as in (2.24) and using the Lebesgue dominated
convergence theorem, (2.27) follows.

Now we consider the general case u ∈ L1
loc(R

N ). A simple computation yields

−Iε
1 = (N − 2)(N − 2 + m)

∫
RN

(uφ̃)(ξ)
εmdm−2

η (ξ)

(εm + dm
η (ξ))

N−2
m +2

dξ.
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Let g1 : RN → R be defined by

g1(ξ) :=
cE |ξ|m−2

(1 + cm
E |ξ|m)

N−2
m +2

for ξ ∈ R
N ,

and set gε(ξ) := 1
εN g1( ξ

ε ). Clearly we have
∫

gε =
∫

g1 < +∞. Now we rewrite −Iε
1

as follows:
−Iε

1 = (N − 2)(N − 2 + m)(uφ̃ ∗ gε)(η).
If τ is a Lebesgue point of uφ̃, it follows that (uφ̃ ∗ gε)(τ ) → (uφ̃)(τ )

∫
g1. On the

other hand, if η is a Lebesgue point of u, and hence of uφ̃, we obtain

(2.28) −Iε
1 → u(η)(N − 2)(N − 2 + m)

∫
RN

g1(ξ)dξ =: u(η)C1.

Since C1 does not depend on u and (2.27) holds when u is smooth, we conclude
that C1 = 1. This prove the claim. �
Proof of Theorem 2.2. Let u be a solution of (2.5) and choose φ(t) = φR(t) :=
φγ

0(t/R) with R > 1, γ > 2 and φ0 ∈ C 2
0 (R) as in (2.18). From Lemma 2.16 it

follows that u and J satisfy (2.19) and (2.22), respectively. An application of Young
inequality to (2.22) gives

|J | ≤ M

∫
S

|u(ξ)|Γ(ξ)
1
p ψ

2
p (ξ)φγ−2

0 (d(ξ)/R)Γ(ξ)
1
p′ ψ

2
p′ (ξ)R−2dξ

≤ Mδp

p

∫
S

|u(ξ)|pΓ(ξ)ψ2(ξ)φp(γ−2)
0 (d(ξ)/R)dξ +

M

p′δp′ R
−2p′

∫
S

Γ(ξ)ψ2(ξ)dξ.

Next we choose γ ≥ 2+ 2
p−1 so that p(γ−2) ≥ γ. Thus from (2.7), (Hη) and (Vη),

we deduce that

|J | ≤ Mδp

p

∫
S

|u(ξ)|pΓ(ξ)ψ2(ξ)φpγ
0 (d(ξ)/R)dξ(2.29)

+
M

∥∥ψ2
∥∥
∞

p′δp′ R−2p′
∫

S

d2−Q(ξ)dξ

≤ Mδp

pCf

∫
S

f(ξ, u(ξ))Γ(ξ)φR(d(ξ))dξ +
M

∥∥ψ2
∥∥
∞ Cη

p′δp′ R2−2p′
(2.30)

for R > Rη. Choosing δ sufficiently small, from (2.19) it follows that

(1 − C1δ
p)

∫
RN

f(ξ, u(ξ))Γη(ξ)φR(d(ξ))dξ ≤ u(η) +
C2

δp′ R
2−2p′

.

Next, by letting R → +∞ and then δ → 0 in the above inequality, we deduce that
(2.8) holds.

Now let u be a solution of (2.6). From (2.8) and Lemma 2.16, we have∫
RN

f(ξ, u(ξ))Γη(ξ)φR(ξ)dξ = u(η) − J.

Inequality (2.30) together with (2.7) yields

(1 + C1δ
p)

∫
RN

f(ξ, u(ξ))Γη(ξ)φR(ξ)dξ ≥ u(η) − C2

δp′ R
2−2p′

,

and by letting R → +∞, it follows that

(2.31) (1 + C1δ
p)

∫
RN

f(ξ, u(ξ))Γη(ξ)dξ ≥ u(η).
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Notice that by (2.8) the integral in left-hand side of (2.31) is convergent. Taking
the limit as δ → 0 we complete the proof. �
Proof of Theorem 2.6. Let u ∈ C 2(RN ) be a nontrivial bounded solution of (2.5).
Let φR(d(ξ)) := φ2

0(d(ξ)/R), where R > 1. Here, φ0 ∈ C 2
0 (R) is chosen as in (2.18)

and J is defined by (2.20).
From Lemma 2.16 it follows that u and J satisfy (2.19) and (2.22), respectively.

Moreover, if u solves (2.6), then (2.21) holds.
We claim that J → 0 as R → +∞. Indeed, since u is bounded, for R > Rη, we

obtain

|J | ≤ ‖u‖∞
∥∥ψ2

∥∥
∞ MR−2

∫
S

d2−Q(ξ)dξ ≤ ‖u‖∞
∥∥ψ2

∥∥
∞ MCη.

Therefore inequality (2.19) yields∫
RN

f(ξ, u(ξ))Γη(ξ)φR(d(ξ))dξ ≤ u(η) + ‖u‖∞
∥∥ψ2

∥∥
∞ MCη.

Noticing that in the above estimate the right-hand side does not depend on R and
f is nonnegative, we deduce that

C1 :=
∫

RN

f(ξ, u(ξ))Γη(ξ)dξ < +∞.

Since p ≤ 1 and 0 �= v ∈ L∞(RN ), we have

(2.32) |v(ξ)| ≤ |v(ξ)|p ‖v‖1−p
∞ a.e. ξ ∈ R

N .

Thus, from (2.22) we get

|J | ≤ M

R2

∫
S

|u(ξ)|Γ(ξ)ψ2(ξ)dξ ≤ M

R2
‖u‖1−p

∞

∫
S

|u(ξ)|pΓ(ξ)ψ2(ξ)dξ

≤ M

CfR2
‖u‖1−p

∞

∫
S

f(ξ, u(ξ))Γη(ξ)dξ ≤ M

CfR2
‖u‖1−p

∞ C1 =:
C

R2
.

This proves the claim and consequently the validity of (2.8).
Now suppose that u is a solution of equation (2.6). From (2.21) it follows that∫

B(2R)

f(ξ, u(ξ))Γη(ξ)dξ ≥ u(η) − C

R2
.

By taking the limit as R → +∞ we conclude the proof. �

Remark 2.19. The fact that
∫

RN

f(ξ, u(ξ))Γη(ξ)dξ < +∞ is a consequence of only

two assumptions: the boundedness of u and the positivity of f .

Proof of Theorem 2.12. Let u be a solution of (2.5) and hence of (2.19). Let φ0 ∈
C 2(RN ) be as in (2.18) and set φ(t) = φR(t) := φ2

0(t/R) with R > 1. From (2.19)
and the positivity of f we deduce∫

B(R)

f(ξ, u(ξ))Γη(ξ)dξ ≤
∫

RN

f(ξ, u(ξ))Γη(ξ)φR(d(ξ))dξ ≤ u(η) + |J | .

We claim that J → 0 as R → +∞. Indeed, from (2.22) we obtain

|J | ≤ M

R2

∫
S

|u(ξ)|d2−Qψ2(ξ)dξ ≤ M

RQ

∫
B(2R)\B(R)

|u(ξ)|ψ2(ξ)dξ.

Hence, by (2.14) the claim follows and consequently inequality (2.8) holds.
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Next, suppose that u solves equation (2.6). Then

u(η) ≥
∫

B(2R)

f(ξ, u(ξ))Γη(ξ)dξ ≥
∫

RN

f(ξ, u(ξ))Γη(ξ)φR(d(ξ))dξ ≥ u(η) − |J |.

By letting R → +∞ in the above inequalities, we easily deduce that (2.9) holds. �

Proof of Theorem 2.8. Let u > 0 be a C 1-weak solution of (2.11). The function
ϕ := φuα is an admissible test function for every φ ∈ C 1

0 (RN ) and α < 0, hence∫
RN

Cfψ2(ξ)up+α(ξ)φ(ξ)dξ ≤ α

∫
RN

|∇Lu|2(ξ)uα−1(ξ)φ(ξ)dξ

+
∫

RN

(∇Lu,∇Lφ)(ξ)uα(ξ)dξ

≤ α

∫
RN

|∇Lu|2(ξ)uα−1(ξ)φ(ξ)dξ +
∫

RN

|∇Lu|(ξ) |∇Lφ|(ξ)uα(ξ)dξ.

Applying Hölder and Young inequalities to the second integral on right-hand side
of the above inequalities, we deduce∫

RN

Cfψ2(ξ)up+α(ξ)φ(ξ)dξ ≤ (α +
1
2
)
∫

RN

|∇Lu|2(ξ)uα−1(ξ)φ(ξ)dξ(2.33)

+
1
2

∫
RN

|∇Lφ|2 (ξ)
φ(ξ)

uα+1(ξ)dξ.

First we consider the case p < 1. By choosing φ = φ̃(dη(·)) with φ̃ ∈ C 1
0 (R) as

in (2.18), it follows that

|∇Lφ|2(ξ) = ψ2(ξ)|φ̃′|(d(ξ)).

Setting β := p+α
α+1 with α < −1, it results in the fact that β > 1. Again applying

Young inequalities with parameter δ > 0 and exponent β to the last term of the
right-hand side of (2.33), we arrive at∫

RN

Cfψ2(ξ)up+α(ξ)φ(ξ)dξ + (|α| − 1
2
)
∫

RN

|∇Lu|2(ξ)uα−1(ξ)φ(ξ)dξ

≤ δβ

2β

∫
RN

ψ2(ξ)up+α(ξ)φ(ξ)dξ +
1

2δβ′β′

∫
RN

ψ2(ξ)

∣∣∣φ̃′
∣∣∣2β′

φ̃2β′−1
(d(ξ))dξ.(2.34)

Next we choose φ = φ̃ ◦ d, where φ̃(t) := φγ
0(t/R) and φ0 ∈ C 1

0 (R) is as in (2.18)
with γ ≥ 2β′. With this choice, the last integral in (2.34) is finite and
(2.35)

(Cf − δβ

2β
)
∫

B(R)

ψ2(ξ)up+α(ξ)dξ ≤ M

2δβ′β′R2β′

∫
B(2R)\B(R)

ψ2(ξ)dξ ≤ C1R
Q−2β′

for any R > Rη. Finally, by selecting α < min{−1, ((Q − 2)p − Q)/2}, it follows
that Q − 2β′ < 0. Thus from (2.35), and δ sufficiently small, we deduce that∫

RN ψ2up+α = 0 which implies u ≡ 0. This contradiction completes the proof in
the case p < 1.

Next we consider the case p = 1. By choosing α = −1 and φ(ξ) = φ2
0(d(ξ)/R)

as above, from (2.33), we obtain

(2.36) Cf

∫
B(R)

ψ2(ξ)dξ +
1
2

∫
B(R)

|∇Lu|2

u2
(ξ)dξ ≤ ‖4φ′

0‖∞
2R2

∫
B(2R)\B(R)

ψ2(ξ)dξ,
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hence

(2.37) f1(R) ≤ C1
f1(2R)

R2
,

where f1(R) :=
∫

B(R)
ψ2dξ. By our assumption on ψ, it follows that f1 is a positive

increasing function. Let l := limR→+∞ f1(R). From (2.37) we deduce that l = +∞
and, by letting R → +∞ in (2.37), we conclude that f2(R) := f1(R)

R2 → +∞ as
R → +∞. Next, by substituting f1(R) = R2f2(R) in (2.37), we obtain

(2.38) f2(R) ≤ C2
f2(2R)

R2
,

with C2 = 4C1. Iterating this procedure, it follows that for any n > 1 there
exists fn(R) such that fn−1 = R2fn(R), fn(R) ≤ R−2fn(2R) and fn(R) → +∞ as
R → +∞. Therefore,

R2nfn+1(R) = f1(R) =
∫

B(R)

ψ2(ξ)dξ ≤
∥∥ψ2

∥∥
∞ CηRQ, R > Rη.

By choosing n sufficiently large we reach a contradiction, thereby concluding the
proof. �

The above results can be generalized for inequalities of the type

(2.39) −L(au)(ξ) ≥ f(ξ, u(ξ)) a.e. on R
N

or for equations of the form

(2.40) −L(au)(ξ) = f(ξ, u(ξ)) a.e. on R
N .

Here a and f are given functions with a certain behaviour at infinity. Here, we deal
only with a simple result in this direction.

Let f(ξ, t) ≥ Cfψ2
η(ξ)|t|p with p > 1 and let a be a bounded function.

The following result can be proved by a slight modification of the proof of The-
orem 2.2.

Theorem 2.20. Assume that (Hη) and (Vη) hold. Let a ∈ C 2(RN ) ∩ L∞(RN ),
p > 1 and f(ξ, t) ≥ Cfψ2

η(ξ)|t|p. If u is a solution of (2.39), then we have

(2.41) a(η)u(η) ≥
∫

RN

Γη(ξ)f(ξ, u(ξ))dξ.

Moreover, if u solves (2.40), then

(2.42) a(η)u(η) =
∫

RN

Γη(ξ)f(ξ, u(ξ))dξ.

Remark 2.21. If u is a solution of

−∆(au)(ξ) ≥ f(ξ, u(ξ)) a.e. on R
N ,

and the function a vanishes at some point, then u ≡ 0 on RN .

An application of the above result gives the following:
i) Let u ∈ C 3(RN ) be a globally Lipschitz nontrivial solution of

−∆(|∇u|2 u) ≥ |u|p on R
N , p > 1.

Then u is strictly positive and without critical points. Moreover, the in-
tegral in the right-hand side of (2.41) is convergent and consequently u
cannot be a ground state.
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ii) Let u ∈ C 2(RN ) be a bounded nontrivial solution of the inequality

(2.43) −∆(|u|m−1 u) ≥ Cf |u|p, u �≡ 0, a.e. on R
N , p > 1, m > 1.

Applying (2.41) with the choice a(ξ) = |u(ξ)|m−1, it follows that u > 0 on
R

N . Thus, v := um satisfies the inequality

−∆v ≥ Cfvp/m, v > 0, on R
N ,

which has a bounded solutions if and only if p/m > N/(N − 2). So, (2.43)
has a bounded solution if and only if p/m > N/(N−2). Moreover nontrivial
solutions are strictly positive.

2.1. System of inequalities. In this section we shall briefly indicate how some of
the preceding results can be generalized to a class of systems of semilinear equations
and inequalities on RN .

We have the following.

Theorem 2.22. Suppose that the hypotheses (Hη) and (Vη) are satisfied. Let
u, v ∈ C 2(RN ) be a solution of

(2.44)
{

−Lu ≥ f(ξ, u, v) a.e. on RN ,
−Lv ≥ g(ξ, u, v) a.e. on RN ,

where f, g : R
N × R × R → R are Caratheodory functions such that there exist

p, q > 1, Cf , Cg > 0 such that for a.e. ξ ∈ RN and any t, s ∈ R, there holds

f(ξ, t, s) ≥ Cfψ2
η|s|p, g(ξ, t, s) ≥ Cgψ

2
η|t|q.

Then

(2.45) u(η) ≥
∫

RN

f(ξ, u(ξ), v(ξ))Γη(ξ)dξ, v(η) ≥
∫

RN

g(ξ, u(ξ), v(ξ))Γη(ξ)dξ.

Therefore, either u = 0 and v = 0, or u(η) > 0 and v(η) > 0.
Moreover, if equalities hold in (2.44), then

(2.46) u(η) =
∫

RN

f(ξ, u(ξ), v(ξ))Γη(ξ)dξ, v(η) =
∫

RN

g(ξ, u(ξ), v(ξ))Γη(ξ)dξ.

Let (u, v) be a solution of (2.44). Then for any positive functions φi ∈ C 2
0 (RN ),

i = 1, 2, we have

(2.47)

⎧⎪⎨
⎪⎩

−
∫

RN

u(ξ)Lφ1(ξ)dξ ≥
∫

RN

f(ξ, u, v)φ1(ξ)dξ,

−
∫

RN

v(ξ)Lφ2(ξ)dξ ≥
∫

RN

g(ξ, u, v)φ2(ξ)dξ.

Arguing as in Lemma 2.16 we prove

Lemma 2.23. Let the hypotheses (Hη) be fulfilled. Let (u, v) be a solution of
(2.44). For any positive functions φi ∈ C 2

0 (R) such that φi(t) = 1 for |t| ≤ 1
(i = 1, 2), we have

(2.48)
u(η) − I ′2 ≥

∫
RN

f(ξ, u(ξ), v(ξ))Γη(ξ)φ1(dη(ξ))dξ,

v(η) − I ′′2 ≥
∫

RN

g(ξ, u(ξ), v(ξ))Γη(ξ)φ2(dη(ξ))dξ,
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where

I ′2 :=
∫

S1

u(ξ)Γη(ξ)ψ2
η(ξ)[φ′′

1(dη(ξ)) +
3 − Q

dη(ξ)
φ′

1(dη(ξ))]dξ,

I ′′2 :=
∫

S2

v(ξ)Γη(ξ)ψ2
η(ξ)[φ′′

2(dη(ξ)) +
3 − Q

dη(ξ)
φ′

2(dη(ξ))]dξ,

and Si is the support of φ′′
i (dη(ξ)) + 3−Q

dη(ξ)φ
′
i(dη(ξ)).

If (u, v) is a solution of

−Lu = f(ξ, u, v) a.e. on R
N ,

−Lv = g(ξ, u, v) a.e. on R
N ,

then equality holds in (2.48).

Proof. We choose φ1(ξ) = φ2(ξ) = φR(ξ) := φγ
0(d(ξ)

R ) with R > 1, φ0 ∈ C 2
0 (R) as

in (2.18) and γ large enough. Proceeding as in the scalar case, using Hölder and
Young inequalities, we obtain for δ > 0

|I ′2| ≤
δq

q

∫
RN

|u(ξ)|qΓη(ξ)ψ2
η(ξ)φR(ξ)dξ +

C

q′δq′ R
2−2q′

≤ δq

qCg

∫
RN

g(ξ, u, v)Γη(ξ)φR(ξ)dξ +
C

q′δq′ R
2−2q′

,

and analogously for ε > 0

|I ′′2 | ≤
εp

pCf

∫
RN

f(ξ, u, v)Γη(ξ)φR(ξ)dξ +
C

p′εp′ R
2−2p′

.

Hence for R > Rη we obtain∫
RN

f(ξ, u(ξ), v(ξ))Γη(ξ)φR(ξ)dξ

≤ u(η) +
δq

qCg

∫
RN

g(ξ, u, v)Γη(ξ)φR(ξ)dξ +
C

q′δq′ R
2−2q′

and ∫
RN

g(ξ, u(ξ), v(ξ))Γη(ξ)φR(ξ)dξ

≤ v(η) +
εp

pCf

∫
RN

f(ξ, u, v)Γη(ξ)φR(ξ)dξ +
C

p′εp′ R
2−2p′

.

The last inequalities imply

(1 − δqεp

qpCfCg
)
∫

RN

f(ξ, u(ξ), v(ξ))Γη(ξ)φR(ξ)dξ

≤ u(η) +
δq

qCg
v(η) +

Cδq

qCgεp′ R
2−2p′

+
C

δq′ R
2−2q′

.

Letting R → +∞ and then δ → 0 we obtain the first part of (2.45). The other is
analogue. The proof of the last part of the theorem follows as in the scalar case. �
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3. Carnot group

In this section we shall study some of the preceding results in the framework of
Carnot groups.

We begin by quoting some preliminary facts concerning Carnot groups (for more
information and proofs we refer the interested reader to [5, 6]; see also the survey
[10]). A Carnot group is a connected, simply connected, nilpotent Lie group G of
dimension N ≥ 2 with graded Lie algebra G = V1⊕· · ·⊕Vr such that [V1, Vi] = Vi+1

for i = 1, . . . , r − 1 and [V1, Vr] = 0. A Carnot group G of dimension N can be
identified, up to an isomorphism, with the structure of homogeneous Carnot group
(RN , ◦, δλ) defined as follows. We identify G with RN endowed with a Lie group
law ◦. We consider RN split in r subspaces RN = Rn1 × Rn2 × · · · × Rnr with
n1 + n2 + · · · + nr = N and ξ = (ξ(1), . . . , ξ(r)) with ξ(i) ∈ R

ni . We shall assume
that there exists a family of Lie group automorphisms, called a dilation, δλ with
λ > 0 of the form

δλ(ξ) = (λξ(1), λ2ξ(2), . . . , λrξ(r)).

The Lie algebra of left-invariant vector fields on (RN , ◦) is G. For i = 1, . . . , n1 = l

let Xi be the unique vector field in G that coincides with ∂/∂ξ
(1)
i at the origin. We

require that the Lie algebra generated by X1, . . . , Xn1 is the whole G.
With the above hypotheses, we call G = (RN , ◦, δλ) a homogeneous Carnot

group. The canonical sub-laplacian on G is the second order differential operator
∆G =

∑l
i=1 X2

i . Let Y1, . . . , Yl be a basis of span{X1, . . . , Xl}; the second order
differential operator L =

∑l
i=1 Y 2

i is called a sub-laplacian on G. We denote by
Q =

∑r
i=1 ini the homogeneous dimension of G. In the sequel we assume Q ≥ 3.

We shall list some properties and known results about homogeneous Carnot
groups.

The Lebesgue measure is the bi-invariant Haar measure. For any measurable
set E ⊂ RN , we have |δλ(E)| = λQ|E|. Since Y1, . . . , Yl generate the whole G, any
sub-Laplacian L satisfies the Hörmander’s hypoellipticity condition. Moreover, the
vector fields Y1, . . . , Yl are homogeneous of degree 1 with respect to δλ.

A continuous function d : RN → R+ is called a homogeneous norm on G if
it is smooth on RN \ {0}, d(ξ−1) = d(ξ), d(ξ) = 0 if and only if ξ = 0 and it is
homogeneous of degree 1 with respect to δλ (i.e. d(δλ(ξ)) = λd(ξ)). Let d be a
homogeneous norm. There exist constants C1, C2 > 0 such that C1 |ξ| ≤ d(ξ) ≤
C2 |ξ|1/r for d(ξ) ≤ 1, and |·| stands for the Euclidean norm.

Let µ̃ be the matrix so that for any i = 1, . . . , l it realizes the identity (2.3),
that is, Xi =

∑N
j=1 µ̃ij(ξ) ∂

∂ξj
. It results that µ̃ satisfies the assumption (2.4).

Therefore, the matrix µ that realizes the identity Yi =
∑N

j=1 µij(ξ) ∂
∂ξj

also satisfies
the assumption (2.4).

In [5, 8] it is proved that for any sub-laplacian L there exists a homogeneous
norm d on G such that Γη(ξ) := (d(η−1 ◦ ξ))2−Q is a fundamental solution of −L
at η (see also [2]).

In this setting, Yid0 is homogeneous of degree 0 with respect to δλ, hence
‖ψη‖∞ = ‖ψ0‖∞ by left invariance of Yi. Thus, (Hη) and (Vη) hold for any
point η ∈ R

N . Therefore all the theorems of the previous section can be restated
for sub-laplacians on Carnot groups and even for weak solutions (see Definition
2.17).
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Example 3.1. Simple examples of Carnot groups are the usual Euclidean spaces
RQ. Moreover, if Q ≤ 3, then G is the ordinary Euclidean space RQ.

The simplest nontrivial example of a Carnot group is the Heisenberg group H
1 =

R3. For an integer n ≥ 1, the Heisenberg group Hn is defined as follows: Let
ξ = (ξ(1), ξ(2)) = (x1, . . . , xn, y1, . . . , yn, t) = (x, y, t) ∈ R2n × R.

The Heisenberg group Hn is the set R2n+1 endowed with the group law

ξ̂ ◦ ξ̃ := (x̂ + x̃, ŷ + ỹ, t̂ + t̃ + 2
n∑

i=1

(x̃iŷi − x̂iỹi)).

For i = 1, . . . , n, consider the vector fields

Xi :=
∂

∂xi
+ 2yi

∂

∂t
, Yi :=

∂

∂yi
− 2xi

∂

∂t
,

and the associated Heisenberg gradient as follows:

∇H := (X1, . . . , Xn, Y1, . . . , Yn).

The Kohn laplacian ∆H is then the operator defined by

∆H :=
n∑

i=1

X2
i + Y 2

i .

The family of dilation is given by

δλ(ξ) := (λx, λy, λ2t).

In H
n is defined the homogeneous norm

|ξ|H :=

⎛
⎝(

n∑
i=1

x2
i + y2

i

)2

+ t2

⎞
⎠

1/4

.

The homogeneous dimension is Q = 2n + 2 and the fundamental solution of the
sub-laplacian −∆H at point η is Γη(ξ) =

∣∣η−1 ◦ ξ
∣∣−2n

H
.

In what follows L denotes a sub-laplacian on G.

Theorem 3.2. Let u be a weak solution of

(3.49) −Lu(ξ) ≥ f(ξ, u(ξ)) a.e. on G.

If one of the following conditions is satisfied:
(1) There exist p > 1, Cf > 0 such that

(3.50) f(ξ, t) ≥ Cf |t|p for any t ∈ R and a.e. ξ ∈ G;

(2) f is nonnegative and (2.14) holds for some Lebesgue point η0 of u (and
hence for all η ∈ G),

then for any Lebesgue point η of u we have

(3.51) u(η) ≥
∫

RN

Γη(ξ)f(ξ, u(ξ))dξ.

In particular, if in (3.49) the equality sign holds, then

(3.52) u(η) =
∫

RN

Γη(ξ)f(ξ, u(ξ))dξ.
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In order to prove the above theorem, it is sufficient to prove the following

Lemma 3.3. Let u be a weak solution of (3.49) and let η be its Lebesgue point.
Then (2.19) holds.

Proof. This proof is similar to the proof of Lemma 2.18 in the Euclidean setting,
so we shall be brief. Using the same notation, we have

−Iε
1 = (Q − 2)(Q − 2 + m)(uφ̃ ∗ g̃ε)(η),

where g̃ε(ξ) := 1
εQ g̃1(x

ε ), g̃1(ξ) := ψ2
η

d(ξ)m−2

(1+d(ξ)m)
Q−2

m
+2

and the convolution is defined

as usual in a group. Using the analogue tools of Euclidean framework (see [6, 7, 9]),
we concludes the proof. �

A consequence of Theorem 2.8 is the following

Theorem 3.4. Assume that there exists Cf > 0, 0 ≤ p ≤ 1, such that

(3.53) f(ξ, t) ≥ Cf |t|p for any t ∈ R and a.e. ξ ∈ G.

Then (3.49) has no bounded nontrivial C 1-weak solution.

3.1. Grushin type operators. Let x ∈ Rd, y ∈ Rk and N = d + k. Consider the
vector field ∇γ given by σ∇ where σ is the matrix

σ :=
(

Id 0
0 |x|γIk

)
,

and γ > 0. The second order differential operator associated to this vector field is
the so-called Grushin type operator : L = ∆x + |x|2γ∆y. For this operator it is not
possible to endow R

N with a group law such that ∇γ (and hence L) results to be
left-invariant. The fundamental solution of −L at the origin is given by

Γ0 := Cd,k,γ

(
|x|2+2γ + (1 + γ)2|y|2

) 2−N−γk
2+2γ = Cd,k,γ [[ξ]]2−Q,

where Q := N + kγ > 2 and Cd,k,γ is a suitable positive constant (see [1, 4]). In
this case ψ0 := |∇γ [[ξ]]| = |x|γ /[[ξ]]γ . It is easy to check that (Hη) and (Vη) hold
for η = 0. Therefore, Theorems 2.2, 2.6, 2.8, 2.12, and 2.22 hold with η = 0.

Moreover, by the invariance of the operator L under translation with respect to
y, all the cited results hold with η = (0, z) ∈ Rd × Rk.

Actually, by slight variation of the proof of Lemma 2.16, it is possible to prove
that the representation formulae hold at point (0, z) for weak solutions which are
continuous at that point.
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