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NONDEGENERATE q-BIRESOLVING TEXTILE SYSTEMS
AND EXPANSIVE AUTOMORPHISMS

OF ONESIDED FULL SHIFTS

MASAKAZU NASU

Abstract. We study nondegenerate, q-biresolving textile systems and using
properties of them, we prove a conjecture of Boyle and Maass on arithmetic
constraints for expansive automorphisms of onesided full shifts and positively
expansive endomorphisms of mixing topological Markov shifts. A similar result
is also obtained for expansive leftmost-permutive endomorphisms of onesided
full shifts.

1. Introduction

In [BM, Conjectures 7.1, 7.2 and 7.3], Boyle and Maass gave three conjectures on
expansive automorphisms of onesided full shifts. The first conjecture was the one
that the dynamical system defined by an expansive automorphism of a onesided
full shift is topologically conjugate to a topological Markov shift. It was proved
in [N4]. Therefore, if ϕ̃ is an expansive automorphism of the onesided full N -
shift (AN, σ̃A) over the alphabet A of N symbols, then there exists an N -to-one,
positively expansive endomorphism ϕ0 of a (twosided) topological Markov shift
(X0, σ0) such that (AN, ϕ̃) and (X0, σ0) are topologically conjugate and so are
(AN, σ̃A) and (X0, ϕ0) through a common homeomorphism of AN onto X0. Boyle
and Maass proved that in this situation the topological Markov shift (X0, σ0) is
shift equivalent to some full J-shift such that (i) J and N are divisible by the
same primes, and gave the second conjecture that in the same situation (AN, ϕ̃) is
topologically conjugate to a full shift. The third conjecture of Boyle and Maass is
stated as follows. In the same situation, the left and right multipliers lϕ0 and rϕ0

(developed by Boyle [B]) are integers such that all N , lϕ0 and rϕ0 are divisible by the
same primes, and in particular (ii) if a prime p divides N , then p2 divides N . (lϕ0

and rϕ0 are independent of the choice of ϕ0 and have the property that N = lϕ0rϕ0

([B]).) Boyle and Maass [BM] proved this conjecture for the case that N is a power
of a prime. The result of Boyle and Maass above and the third conjecture imply
that (i) and (ii) in them are a necessary condition for positive integers J and N to
have the property that there is an automorphism of the onesided full N -shift which
is conjugate to the full J-shift ([BM]). Boyle and Maass [BM] showed that (i) and
(ii) are a sufficient condition for J and N to have the property.
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In this paper, we study nondegenerate, q-biresolving textile systems. Using
properties of them (Proposition 3.9), we prove the third conjecture of Boyle and
Maass and obtain a similar result for expansive leftmost-permutive endomorphisms
of onesided full shifts. The second conjecture of Boyle and Maass is still unsettled
as far as the author knows.

The results of Boyle and Maass above and their second and third conjectures have
alternative equivalent statements (see [N4, Section 6]). The result stated first is
equivalent to the statement “A mixing topological Markov shift having a positively
expansive N -to-one endomorphism is shift equivalent to some full J-shift, where
J and N are divisible by the same primes”. The second conjecture is equivalent
to the statement “A mixing topological Markov shift having a positively expansive
endomorphism is conjugate to a full shift”. The third conjecture is equivalent to
the statement “If a positively expansive endomorphism ϕ of a mixing topological
Markov shift is N -to-one, then lϕ and rϕ are integers such that all N , lϕ and rϕ

are divisible by the same primes, and in particular if a prime p divides N , then p2

divides N”.
The reader is referred to [Ki] or [LM] for a comprehensive introduction to sym-

bolic dynamics, and to [AH] for information on topological dynamics.
The author is grateful to the referee for pointing out errors in the manuscript.
This paper was written when the author was with the Graduate School of Engi-

neering, Hiroshima University.

2. Preliminaries

Let A be an alphabet (i.e., a nonempty finite set of symbols). Let AZ =
{(aj)j∈Z | aj ∈ A} be endowed with a metric compatible with the product topology
of the discrete topology on A. Let σA : AZ → AZ be defined by

σA((aj)j∈Z) = (aj+1)j∈Z.

The dynamical system (AZ, σA) is called the full shift over A. Let X be a closed
subset of AZ with σA(X) = X. Let σ = σA|X. Then we have a dynamical system
(X, σ), which is called a subshift over A. Let AN = {(aj)j∈N

∣∣ aj ∈ A} be endowed
with a metric compatible with the product topology of the discrete topology on A.
Let σ̃A : AN → AN be defined by

σ̃A((aj)j∈N) = (aj+1)j∈N.

The dynamical system (AN, σ̃A) is called the onesided full shift over A. For a
subshift (X, σ) over A , let X̃ = {(aj)j∈N

∣∣ ∃(aj)j∈Z ∈ X}. Then we have a
dynamical system (X̃, σ̃) with σ̃ = σ̃A|X̃, which is called a onesided subshift over
A and is said to be induced by (X, σ).

Let G be a graph. Here a graph means a directed graph which may have multiple
arcs and multiple loops. Let AG and VG denote the arc-set of G and the vertex-set
of G, respectively. Let iG : AG → VG and tG : AG → VG be the mappings such
that for a ∈ AG, iG(a) and tG(a) are the initial and terminal vertices, respectively,
of a in G. Hence the graph G is represented by VG

iG←− AG
tG−→ VG. Let XG be the

set of all points (aj)j∈Z in AZ
G such that tG(aj) = iG(aj+1) for all j ∈ Z. Then we

have a subshift (XG, σG), which is called the topological Markov shift defined by G.
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For graphs Γ and G, a graph-homomorphism h of Γ into G, written by h : Γ → G,
is a pair (hA, hV ) of mappings hA : AΓ → AG (arc-map) and hV : VΓ → VG (vertex-
map) such that the following diagram is commutative:

VΓ
iΓ←−−−− AΓ

tΓ−−−−→ VΓ

hV

⏐⏐� hA

⏐⏐� ⏐⏐�hV

VG
iG←−−−− AG

tG−−−−→ VG

.

A graph-homomorphism h : Γ → G gives 1-block maps φh : XΓ → XG and
φ̃h : X̃Γ → X̃G by

φh((αj)j∈Z) = (hA(αj)j∈Z), (αj)j∈Z ∈ XΓ, αj ∈ AΓ,

φ̃h((αj)j∈N) = (hA(αj)j∈N), (αj)j∈N ∈ X̃Γ, αj ∈ AΓ.

Now we recall the notion of a textile system introduced in [N2].
A textile system T (defined) over a graph G is defined to be an ordered pair of

graph-homomorphisms p : Γ → G and q : Γ → G such that α ∈ AΓ is uniquely
determined by the quadruple (iΓ(α), tΓ(α), pA(α), qA(α)). We write

T = (p, q : Γ → G).

We have the following commutative diagram:

VG
iG←−−−− AG

tG−−−−→ VG�⏐⏐pV pA

�⏐⏐ pV

�⏐⏐
VΓ

iΓ←−−−− AΓ
tΓ−−−−→ VΓ⏐⏐�qV qA

⏐⏐� qV

⏐⏐�
VG

iG←−−−− AG
tG−−−−→ VG

If we observe this diagram vertically, then we have the ordered pair of graph-
homomorphisms

VG
iG←−−−− AG�⏐⏐pV pA

�⏐⏐
VΓ

iΓ←−−−− AΓ⏐⏐�qV qA

⏐⏐�
VG

iG←−−−− AG

and

AG
tG−−−−→ VG

pA

�⏐⏐ pV

�⏐⏐
AΓ

tΓ−−−−→ VΓ

qA

⏐⏐� qV

⏐⏐�
AG

tG−−−−→ VG

.

This defines another textile system

T ∗ = (p∗, q∗ : Γ∗ → G∗)

called the dual of T , where iΓ∗ = pA, tΓ∗ = qA, iG∗ = pV and tG∗ = qV .
Let T = (p, q : Γ → G) be a textile system. Let ξ = φp and let η = φq. A

two-dimensional configuration (αij)i,j∈Z, αij ∈ AΓ, is called a textile woven by T if
(αij)j∈Z ∈ XΓ and η((αi−1,j)j∈Z) = ξ((αij)j∈Z) for all i ∈ Z. Let UT denote the
set of all textiles woven by T . Define

ZT = {(α0j)j∈Z

∣∣ ∃(αij)i,j∈Z ∈ UT }, XT = {ξ((α0j)j∈Z)
∣∣ ∃(αij)i,j∈Z ∈ UT }.
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Then we have subshifts (ZT , ςT ) and (XT , σT ). We call (XT , σT ) the woof shift of T
and (XT∗ , σT∗) the warp shift of T . We say that T is nondegenerate if (XT , σT ) =
(XG, σG). We define onto maps ξT : ZT → XT and ηT : ZT → XT to be the
restrictions of ξ and η, respectively. If T is onesided 1-1, i.e., ξT is 1-1, then an
onto endomorphism ϕT of (XT , σT ) is defined by

ϕT = ηT ξ−1
T .

If T is 1-1, i.e., both ξT and ηT are 1-1, then ϕT is an automorphism of (XT , σT ).
We also have the onesided subshifts (Z̃T , ς̃T ) and (X̃T , σ̃T ) induced by (ZT , ςT ) and
(XT , σT ), respectively. We define maps ξ̃T : Z̃T → X̃T and η̃T : Z̃T → X̃T by the
restrictions of φ̃p and φ̃q, respectively. If T is onesided 1-1, then an onto continuous
map χ̄T : XT → X̃T∗ is defined by

χ̄T (ξT ((α1j)j∈Z)) = ξ̃T∗((αi1)i∈N), (αij)i,j∈Z ∈ UT , αij ∈ AΓ.

If both ξ̃T∗ and η̃T∗ are 1-1, then an onto continuous map χ̄∗
T : X̃T∗ → XT is

defined by

χ̄∗
T (ξ̃T∗((αi1)i∈N)) = ξT ((α1j)j∈Z), (αij)i,j∈Z ∈ UT , αij ∈ AΓ.

If ξ̃T∗ is 1-1, then an onto continuous map χ̂T∗ : X̃T∗ → X̃T is defined by

χ̂T∗(ξ̃T∗((αi1)i∈N)) = ξ̃T ((α1j)j∈N), (αij)i,j∈Z ∈ UT , αij ∈ AΓ.

Theorem 2.1 (Theorem 2.11 of [N2]). Let T be a textile system.
(1) If T is onesided 1-1, then ϕT is positively expansive if and only if both ξ̃T∗

and η̃T∗ are 1-1.
(2) If ξ̃T∗ is 1-1, then ϕ̃T∗ is an expansive continuous map if and only if T is

onesided 1-1.
(3) If T is onesided 1-1 and both ξ̃T∗ and η̃T∗ are 1-1, then χ̄T is a homeo-

morphism with χ̄∗
T = χ̄−1

T and not only (XT , σT ) and (X̃T∗ , ϕ̃T∗) but also
(XT , ϕT ) and (X̃T∗ , σ̃T∗) are topologically conjugate through χ̄T .

Let G be a graph. For n ≥ 0, let Ln(G) denote the set of all paths of length n
in G and let L(G) be the set of all paths in G, that is,

Ln(G) = {a1 . . . an

∣∣ aj ∈ AG, tG(aj) = iG(aj+1) for j = 1, . . . , n − 1} for n ≥ 1,

L0(G) = VG and L(G) =
∞⋃

n=0

Ln(G).

We extend iG : AG → VG and tG : AG → VG to iG : L(G) → VG and tG : L(G) →
VG, respectively, as follows. Define iG(v) = tG(v) = v for v ∈ VG. If n ≥ 1,
then for w = a1 . . . an ∈ Ln(G) with aj ∈ AG, we define iG(w) = iG(a1) and
tG(w) = tG(an). We also extend hV and hA of a graph-homomorphism h : Γ → G
to h : L(Γ) → L(G) as follows. We define h(v̄) = hV (v̄) for v̄ ∈ VΓ. If n ≥ 1, then
for w̄ = α1 . . . αn ∈ Ln(Γ) with αj ∈ AΓ, we define h(w̄) = hA(α1) . . . hA(αn).

For n ≥ 2, let G[n] be the graph defined as follows: AG[n] = Ln(G), VG[n] =
Ln−1(G), and iG[n] and tG[n] are the mappings such that for w = a1 . . . an ∈ AG[n]

with aj ∈ AG, iG[n](w) = a1 . . . an−1 and tG[n](w) = a2 . . . an. We define G[1] = G.
We call G[n] the higher block graph of order n of G. For a graph-homomorphism
h : Γ → G and n ≥ 1, we define the higher block homomorphism of order n of
h, written h[n] : Γ[n] → G[n], by h

[n]
A (w) = h(w), w ∈ Ln(Γ). For n ≥ 1 the n-th
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power Gn of G is defined to be the graph such that AGn = Ln(G), VGn = VG and
iGn(w) = iG(w) and tGn(w) = tG(w) for w ∈ Ln(G). For a graph-homomorphism
h : Γ → G and n ≥ 1, we define the n-th product-power h(n) : Γn → Gn of h by
h

(n)
A (w) = h(w), w ∈ Ln(G).
For a textile system T = (p, q : Γ → G) such that the following definitions are

well defined (see [N2, pp. 17, 18]) and for n ≥ 1, we define the higher block system
T [n] of order n of T by T [n] = (p[n], q[n] : Γ[n] → G[n]), define the n-th product-power
T (n) of T by T (n) = (p(n), q(n) : Γn → Gn), and define the n-th composition-power
Tn of T by Tn = ((T ∗)(n))∗.

3. Nondegenerate q-biresolving textile systems

A graph G is said to be nondegenerate if both iG and tG are onto. A graph-
homomorphism h : Γ → G is said to be onto if both hA and hV are onto.

An onto graph-homomorphism h : Γ → G between nondegenerate graphs is said
to be right resolving if for each u ∈ VΓ, the restriction of hA on i−1

Γ ({u}) is a
bijection onto i−1

G ({hV (u)}). It is said to be left resolving if for each u ∈ VΓ, the
restriction of hA on t−1

Γ ({u}) is a bijection onto t−1
G ({hV (u)}).

A textile system T = (p, q : Γ → G) is said to be q-biresolving if q is both left
resolving and right resolving. It is said to be LL if both p and q are left resolving,
or equivalently T ∗ is q-biresolving.

For a graph G, let MG denote its adjacency matrix, i.e., MG =
(
MG(u, v)

)
u,v∈VG

,

where MG(u, v) is the number of arcs starting from vertex u and ending in vertex
v. Let λG denote the spectral radius of MG.

Proposition 3.1. Let T = (p, q : Γ → G) be a (nondegenerate) q-biresolving
textile system with G irreducible, φp bounded-to-one and φq N-to-one.

(1) If (l(u))u∈VG
and (r(u))u∈VG

are left and right eigenvectors of MG corre-
sponding to λG, then (1, . . . , 1) indexed by VG and (l(u)r(u))u∈VG

are left
and right eigenvectors of MG∗ corresponding to λG∗ = N , where G∗ is the
graph over which T ∗ is defined.

(2) If σ(T [k])∗ is topologically transitive for all k ≥ 1 and G is aperiodic, then
λG is a rational integer.

(3) If T is onesided 1-1 and σT∗ is topologically transitive, then χ̄T is measure
preserving with respect to the Parry measures.

(4) If T ∗ is 1-1 and σT∗ is topologically transitive, then χ̄∗
T is measure preserv-

ing with respect to the Parry measures.
(5) If T ∗ is onesided 1-1 and σT∗ is topologically transitive, then χ̂T∗ is measure

preserving with respect to the Parry measures.

To prove Proposition 3.1, we need a lemma, which should be compared with [B,
Lemma 2.1] and [H, Theorem 5.4].

Let h : Γ → G be a graph-homomorphism. Let w ∈ L(G). Let MG(w) be the
matrix

(
MG(w)(u, v)

)
u,v∈VG

defined as follows. If w ∈ VG, then MG(w)(u, v) = 1
if u = v = w, and otherwise MG(w)(u, v) = 0. If w ∈ Ln(G) with n ≥ 1, then
MG(w)(u, v) = 1 if iG(w) = u and tG(w) = v, and otherwise MG(w)(u, v) = 0.
Define Mh(w) to be the matrix

(
Mh(w)(ū, v̄)

)
ū,v̄∈VΓ

such that if w ∈ VG, then
Mh(w)(ū, v̄) = 1 if ū = v̄ and hV (ū) = w, and otherwise Mh(w)(ū, v̄) = 0. If
w ∈ Ln(G) with n ≥ 1, then Mh(w)(ū, v̄) is the number of paths w̄ ∈ Ln(Γ) such
that iΓ(w̄) = ū, tΓ(w̄) = v̄ and h(w̄) = w.
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Lemma 3.2. If h : Γ → G is a graph-homomorphism between irreducible graphs
with λG = λΓ = λ such that the 1-block map φh given by h is onto, then∑

w̄∈h−1({w}) l̄(iΓ(w̄))r̄(tΓ(w̄))

l(iG(w))r(tG(w))
=

l̄r̄

lr
∀w ∈ L(G),

where l = (l(u))u∈VG
and r = (r(u))u∈VG

are left and right eigenvectors of MG

corresponding to λ, and l̄ = (l̄(ū))ū∈VΓ and r̄ = (r̄(ū))ū∈VΓ are those of MΓ corre-
sponding to λ.

Proof. We use the extremal argument of Boyle [B].
Since G and Γ are irreducible graphs with the same spectral radius and φh is

onto, h : L(Γ) → L(G) is bounded-to-one and onto ([CP]). Therefore it follows
that {

l̄Mh(w)r̄
lMG(w)r

∣∣ w ∈ L(G)
}

is a finite set of positive numbers. Let s and t be respectively the minimum and max-
imum numbers among them. Let w1 ∈ L(G) be such that (l̄Mh(w1)r̄)/(lMG(w1)r)
= s. We claim that

l̄Mh(xw1)r̄
lMG(xw1)r

= s ∀x ∈ L(G) with xw1 ∈ L(G).

To prove this, let L1 = {x ∈ Lk(G)
∣∣ tG(x) = iG(w1)} with k ≥ 0. Then

s =
λk l̄Mh(w1)r̄
λklMG(w1)r

=
l̄Mk

ΓMh(w1)r̄
lMk

GMG(w1)r
=

l̄(
∑

x∈Lk(G) Mh(x))Mh(w1)r̄

l(
∑

x∈Lk(G) MG(x))MG(w1)r

=

∑
x∈L1

l̄Mh(xw1)r̄∑
x∈L1

lMG(xw1)r
.

Since (l̄Mh(xw1)r̄)/(lMG(xw1)r) ≥ s for all x ∈ L1, if there were x ∈ L1 with
(l̄Mh(xw1)r̄)/(lMG(xw1)r) > s, then it would follow that∑

x∈L1
l̄Mh(xw1)r̄∑

x∈L1
lMG(xw1)r

> s.

Hence the claim is proved. Similarly we see that if w2 ∈ L(G) is such that
(l̄Mh(w2)r̄)/(lMG(w2)r) = t, then

l̄Mh(w2y)r̄
lMG(w2y)r

= t ∀y ∈ L(G) with w2y ∈ L(G).

Since G is irreducible, there is a path z ∈ L(G) such that w2zw1 ∈ L(G). By
the above we have

s =
l̄Mh(w2zw1)r̄
lMG(w2zw1)r

= t.

Therefore, for any w ∈ L(G) and any u ∈ VG, we have

l̄Mh(w)r̄
lMG(w)r

=
l̄Mh(u)r̄
lMG(u)r

=

∑
u∈VG

l̄Mh(u)r̄∑
u∈VG

lMG(u)r
=

l̄r̄

lr
.

�
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Proof of Proposition 3.1. (1) Since q is biresolving with φq N -to-one, qV is N -to-
one and onto. Hence in G∗ every vertex has exactly N arcs ending in it, so that
(1, . . . , 1) indexed by VG(= VG∗) is a left eigenvector of MG∗ corresponding to
λG∗ = N . Since q : Γ → G is biresolving with G irreducible, Γ is the disjoint union
of finitely many irreducible graphs, say Γi’s, with λΓi

= λG for all i. Since φp is
bounded-to-one, if pi : Γi → G is the restriction of p, then φpi

is bounded-to-one
and onto. From [N1, Proposition 2.3], it follows that the row and column vectors
l̄ = (l(qV (ū)))ū∈VΓ and r̄ = (r(qV (ū)))ū∈VΓ are left and right eigenvectors of MΓ

corresponding to λΓ(= λG). Therefore, applying Lemma 3.2 to every pi, we have∑
ū∈p−1

V ({u}) l(qV (ū))r(qV (ū))

l(u)r(u)
= N ∀u ∈ VG.

This implies that the strictly positive column vector (l(u)r(u))u∈VG
is a right eigen-

vector of MG∗ corresponding to λG∗ = N .
(2) For k ≥ 1, VG[k] = Lk−1(G), and (l(iG(w)))w∈V

G[k] and (r(tG(w)))w∈V
G[k] are

the left and right eigenvectors of MG[k] corresponding to λG[k] = λG = N . Hence
applying the preceding equation (for T ) to T [k] for every k ≥ 1, we have

(3.1)

∑
w̄∈p−1({w}) l(iG(q(w̄)))r(tG(q(w̄)))

l(iG(w))r(tG(w))
= N ∀w ∈ L(G),

since for h = p, q, (h[k])V (w̄) = h(w̄) for w̄ ∈ VΓ[k] = Lk−1(Γ). Let G∗
k be the graph

over which the textile system (T [k])∗ is defined. Then AG∗
k

= Lk−1(Γ), VG∗
k

=
Lk−1(G) and for w̄ ∈ AG∗

k
, iG∗

k
(w̄) = p(w̄) and tG∗

k
(w̄) = q(w̄). Hence (3.1)

implies that the strictly positive column vector (l(iG(w))r(tG(w)))w∈Lk−1(G) is a
right eigenvector of MG∗

k
corresponding to λG∗

k
= N . Since T [k] is q-biresolving,

(T [k])∗ is LL, so that (T [k])∗ is nondegenerate. Therefore, since σ(T [k])∗ is transitive
for all k ≥ 1, G∗

k is irreducible for all k ≥ 1. Hence for all k ≥ 1 the eigenvector
(l(iG(w))r(tG(w)))w∈Lk−1(G) is a constant multiple of some column vector with all
components in Q. Let u0 ∈ VG. Since G is irreducible and aperiodic, there exists
k ≥ 1 such that for every u ∈ VG, there exists a path w ∈ Lk−1(G) with iG(w) = u0

and tG(w) = u. Therefore the column vector (l(u0)r(u))u∈VG
is a constant multiple

of a column vector with all components in Q. Thus λG ∈ Q. Since λG is an
algebraic integer, it is a rational integer.

Before proving (3), (4) and (5), we make some preliminary arguments.
Let s ≥ −1, s′ ≥ 1 and t ≥ 1 be integers. A finite configuration of the form

(αij)1≤i≤t,−s≤j≤s′ with αi,j ∈ AΓ is called a cloth of size t × (s + s′ + 1) (wo-
ven by T ), if αi,−s . . . αi,s′ ∈ Ls+s′+1(Γ) for 1 ≤ i ≤ t and q(αi,−s . . . αi,s′) =
p(αi+1,−s . . . αi+1,s′) for all 1 ≤ i ≤ t − 1. For a cloth c = (αij)1≤i≤t,−s≤j≤s′ , its
uppermost G-path p(α1,−s . . . α1,s′), its lowermost G-path q(αt,1 . . . αt,s′) and its
axis G∗-path (iΓ(αi,1))1≤i≤t are denoted by p(c), q(c) and o∗(c), respectively. Let
Ct,s,s′ denote the set of all cloths of size t × (s + s′ + 1) . Since q is biresolving,
c ∈ Ct,s,s′ is uniquely determined by q(c) and o∗(c).

If x ∈ Ls+s′+1(G) and C(x) = {c ∈ Ct,s,s′
∣∣ p(c) = x}, then by (3.1) we have∑

c∈C(x) l(iG(q(c)))r(tG(q(c)))

l(iG(x))r(tG(x))
= N t.

For x ∈ Ls+s′+1(G) and y ∈ Lt(G∗), let ∆(x, y) = {q(c)
∣∣ c ∈ C(x, y)} with

C(x, y) = {c
∣∣ c ∈ Ct,s,s′ , p(c) = x, o∗(c) = y}. Then since q(c) ∈ ∆(x, y) uniquely
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determines c ∈ C(x, y), it follows that

(3.2)

∑
y∈Lt(G∗)

∑
w∈∆(x,y) l(iG(w))r(tG(w))

l(iG(x))r(tG(x))
= N t for x ∈ Ls+s′+1(G).

For y ∈ Lt(G∗), let ∆(y) = {a−s . . . as′ ∈ Ls+s′+1(G)
∣∣ aj ∈ AG, iG(a1) = tG∗(y)}.

Let ∆1(y) be the set of all paths w1 ∈ Ls+1(G) with tG(w1) = tG∗(y) and let ∆2(y)
be the set of all paths w2 ∈ Ls′(G) with iG(w2) = tG∗(y). Then ∆(y) = {w1w2

∣∣
w1 ∈ ∆1(y), w2 ∈ ∆2(y)}. Thus

∑
w∈∆(y)

l(iG(w))r(tG(w)) = (
∑

w1∈∆1(y)

l(iG(w1)))(
∑

w2∈∆2(y)

r(tG(w2)))(3.3)

= λs+1
G l(tG(w1))λs′

Gr(iG(w2)) = λs+s′+1
G l(tG∗(y))r(tG∗(y)).

(3) Let y ∈ Lt(G∗) with t ≥ 1. Since χ̄T is continuous, for the clopen set

[y] = {(bi)i∈N ∈ X̃G∗
∣∣ b1 . . . bt = y},

there exist s ≥ 0, s′ ≥ 1 and distinct x1, . . . , xm ∈ Ls+s′+1(G) such that

χ̄−1
T ([y]) = [−s x1] ∪ · · · ∪ [−s xm],

where for x ∈ Ls+s′+1(G), [−s x] denotes the cylinder set {(aj)j∈Z ∈ XG

∣∣
a−s . . . as′ = x}. Since q is biresolving, for any w ∈ ∆(y) there exists a unique
c ∈ Ct,s,s′ such that q(c) = w and o∗(c) = y, and for any such c, p(c) ∈ {x1, . . . , xm}
because c can be extended to a textile (because q is biresolving and T is nondegen-
erate). Therefore, we have ∆(y) =

⋃m
k=1 ∆(xk, y) with ∆(xk, y) ∩ ∆(xk′ , y) = ∅,

1 ≤ k < k′ ≤ m. Thus using (3.2) we have

∑
w∈∆(y)

l(iG(w))r(tG(w)) =
m∑

k=1

∑
w∈∆(xk,y)

l(iG(w))r(tG(w))

=
m∑

k=1

N tl(iG(xk))r(tG(xk)).

Hence by (3.3) we have

(3.4)
l(tG∗(y))r(tG∗(y))

N t
=

∑m
k=1 l(iG(xk))r(tG(xk))

λs+s′+1
G

.

Since G and G∗ are irreducible, the Parry measures µG and µ̃G∗ can be considered
for σG and σ̃G∗ . The above implies that

µ̃G∗([y]) =
m∑

k=1

µG([−s xk]) = µG(χ̄−1
T ([y])).

Thus χ̄T is measure preserving with respect to the Parry measures.
(4) Let x ∈ Ls+s′+1(G) with s ≥ 0 and s′ ≥ 1. Since χ̄∗

T is continuous, there
exist t ≥ 1 and distinct y1, . . . , yn ∈ Lt(G∗) such that

(χ̄∗
T )−1([−s x]) = [y1] ∪ · · · ∪ [yn].
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Since ∆(x, yk) = ∆(yk) for 1 ≤ k ≤ n, using (3.2) and (3.3) we have

N tl(iG(x))r(tG(x))=
n∑

k=1

∑
w∈∆(x,yk)

l(iG(w))r(tG(w))=
n∑

k=1

∑
w∈∆(yk)

l(iG(w))r(tG(w))

=
n∑

k=1

λs+s′+1
G l(tG∗(yk))r(tG∗(yk)),

so that we have
l(iG(x))r(tG(x))

λs+s′+1
G

=
∑n

k=1 l(tG∗(yk))r(tG∗(yk))
N t

.

Thus we have

µG([−s x]) =
n∑

k=1

µ̃G∗([yk]) = µ̃G∗((χ̄∗
T )−1([−s x])).

(5) Let x ∈ Ls′(G) with s′ ≥ 1. Since χ̂T∗ is continuous, there exist t ≥ 1 and
distinct y1, . . . , yn ∈ Lt(G∗) such that

(χ̂T∗)−1([x]) = [y1] ∪ · · · ∪ [yn].

If we consider the argument in the proof of (4) for the case that s = −1, we see
that

(3.5)
l(iG(x))r(tG(x))

λs′
G

=
∑n

k=1 l(tG∗(yk))r(tG∗(yk))
N t

.

Thus we have

µ̃G([x]) =
n∑

k=1

µ̃G∗([yk]) = µ̃G∗((χ̄∗
T )−1([x])).

�
We remark that (3) ((4)) of Proposition 3.1 combined with Theorem 4.1 (in

Section 4) and [Wa, the proof of Theorem 8.8] give another proof of the result of
Boyle and Maass [BM]: if ϕ is a positively expansive endomorphism of a mixing
topological Markov shift (X, σ), then σ and ϕ have the same measure of maximal
entropy.

Corollary 3.3. Let T = (p, q : Γ → G) be a (nondegenerate) q-biresolving textile
system with G irreducible and aperiodic, φp bounded-to-one and φq N-to-one.

(1) If T is onesided 1-1 and ϕT is topologically transitive, then λG is an integer,
say J , and every prime dividing N divides J .

(2) If T ∗ is onesided 1-1, then λG is an integer, say J , and every prime dividing
J divides N .

(3) If both T and T ∗ are onesided 1-1, then λG is an integer, say J , and J and
N are divisible by the same primes.

Proof. (1) Since ϕT is topologically transitive, it follows that σ(T [k])∗ is topologically
transitive for all k ≥ 1. Hence λG is an integer, say J , by (2) of Proposition 3.1.
Thus we may assume that all the components of (l(u))u∈VG

and (r(u))u∈VG
in the

proposition are integers. By (3.4) we have

Js+s′+1l(tG∗(y))r(tG∗(y)) = N t
m∑

k=1

l(iG(xk))r(tG(xk)).
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Since the length t of y can be arbitrarily large without changing l(tG∗(y))r(tG∗(y)),
every prime dividing N must divide J .

(2) It follows from [N4, Proposition 5.1] that (XT∗ , σT∗) is conjugate to a full
shift. Since T ∗ is onesided 1-1, (X(T [k])∗ , σ(T [k])∗) and (XT∗ , σT∗) are topologically
conjugate for all k ≥ 1, so that σ(T [k])∗ is topologically transitive for all k ≥ 1.
Thus (2) is proved by a discussion similar to that in (1) by using (3.5).

(3) By the proofs of (1) and (2), (3) is proved. �

We also remark that Corollary 3.3(3) combined with Theorem 4.1 (in Section 4)
recovers a small part of the result of Boyle and Maass [BM] stated in the Introduc-
tion.

Marcus proved in [M] the theorem that if G is an irreducible graph whose spectral
radius is an integer J , then there exists an irreducible graph G′ such that (XG, σG)
and (XG′ , σG′) are topologically conjugate, each row sum of MG′ is J and each
column sum of MG′ is J . His theorem and his proof are the right things to make
use of in order to prove the third conjecture of Boyle and Maass in [BM]. His proof
will be described in a way suitable to our needs.

For a mapping f : A → B between finite sets, we define a (rectangular) matrix
Mf =

(
Mf (u, v)

)
u∈A,v∈B

such that Mf (u, v) = 1 if f(u) = v, and otherwise
Mf (u, v) = 0. For a matrix M , M t denotes its transpose. Hence, for example,
MG = M t

iG
MtG

for a graph G.
Let G be a nondegenerate graph. Let e∼ be an equivalence relation on AG such

that for a1, a2 ∈ AG, if a1
e∼ a2, then iG(a1) = iG(a2), where e denotes the canonical

map of e∼ which maps each a ∈ AG to the equivalence class e(a) containing a. Let
Ce denote the set of equivalence classes of e∼. Let Ce = {e(a)

∣∣ a ∈ AG}, where
e(a) is merely a copy of e(a). Let He be a bipartite graph defined as follows. Let
AHe

= AG ∪ Ce and let VHe
= VG ∪ Ce. We define iHe

and tHe
by

iG(a)
iHe �−→e(a)

tHe�−→ e(a), e(a)
iHe �−→a

tHe�−→ tG(a), a ∈ AG.

Let Le = M t
e. We define ĕ : Ce → VG by e(a) �→ iG(a). Let Lĕ = M t

ĕ . Let
R = MtG

. Then MHe
is written in the form

MHe
=

(
0 Lĕ

LeR 0

)
,

where the indexing set is VG ∪Ce. The bipartite graph He induces a pair of graphs
H́e and H̀e such that the arcs of H́e are the paths of length 2 in He each starting
from a vertex in VG and ending in a vertex in VG, and the arcs of H̀e are the paths
of length 2 in He starting from a vertex in Ce and ending in a vertex in Ce. There
exists a graph-isomorphism ke : G → H́e with (ke)A : a �→ e(a)a, a ∈ AG. There
exists a “bipartite” conjugacy ζe : (XH́e

, σH́e
) → (XH̀e

, σH̀e
) defined by

(e(aj)aj)j∈Z
ζe�→ (aje(aj+1))j∈Z, (aj)j∈Z ∈ XG.

Define Ge = H̀e. Define ψe = ζeκe, where κe is the “symbolic” conjugacy given by
κe = φke

. Then

(i) ψe is a conjugacy (a “bipartite code”) of (XG, σG) onto (XGe
, σGe

).
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We have(
MG 0
0 MGe

)
=

(
MH́e

0
0 MH̀e

)
= (MHe

)2 =
(

LĕLeR 0
0 LeRLĕ

)
,

so that we have MG = LĕLeR and MGe
= LeRLĕ. Since (1, . . . , 1)MG = (1, . . . , 1)R

and (1, . . . , 1)MGe
= (1, . . . , 1)RLĕ, we know that

(ii) the set of column sums of MGe
is the same as the set of column sums of MG.

We also know that if r is a right eigenvector of MG corresponding to an eigenvalue
λ, then LeRr is a right eigenvector of MGe

corresponding to λ, so that

(iii) if (ru)u∈VG
is a right eigenvector of MG corresponding to an eigenvalue λ,

then (sv)v∈Ce
with sv =

∑
a∈v rtG(a) is that of MGe

corresponding to λ.

If G is irreducible and the spectral radius of G is an integer, say J , then MG

has the smallest positive integer-valued right eigenvector corresponding to J , which
Marcus called the smallest right eigenvector corresponding to J .

Noting (iii), we see that Marcus’s proof in [M] proves:

Proposition 3.4 (Marcus, [M]). Let G be an irreducible graph whose spectral ra-
dius is an integer J . Assume that the smallest right eigenvector (ru)u∈VG

of MG

corresponding to J has a component ru > 1. Then there exists an equivalence
relation e∼ on AG such that

(1) for a1, a2 ∈ AG, a1
e∼ a2 implies iG(a1) = iG(a1), and hence (i) and (ii)

above hold for λ = J ;
(2) MGe

has the smallest right eigenvector (sv)v∈Ce
corresponding to J such

that
(a)

∑
v∈Ce

sv =
∑

u∈VG
ru,

(b) sv ≤ maxu∈VG
ru for all v ∈ Ce, and

(c) 
 {v ∈ Ce

∣∣ sv = maxu∈VG
ru} < 
 {u ∈ VG

∣∣ ru = maxu∈VG
ru}.

Marcus’s proof of his theorem is completed in the following way.
Let G be an irreducible graph whose spectral radius is an integer J . Then using

the “transpose” version of the above proposition a necessary number of times, we
obtain an irreducible graph G′ such that (XG′ , σG′) and (XG, σG) are topologically
conjugate and MG′ has the left eigenvector corresponding to J with all components
equal to 1 (i.e., each column sum of MG′ is J). Then using the proposition above a
necessary number of times, we obtain from G′ a graph G′′ such that (XG′′ , σG′′) and
(XG, σG) are topologically conjugate and MG′′ has the left and right eigenvectors
corresponding to J with all components equal to 1.

Textile systems T and T ′ are said to be topologically conjugate if there exist
topological conjugacies ψ : (XT , σT ) → (XT ′ , σT ′) and Ψ : (ZT , ςT ) → (ZT ′ , ςT ′)
such that ψξT = ξT ′Ψ and ψηT = ηT ′Ψ.

For k ≥ 1, a left (resp. right) resolving graph-homomorphism h : Γ → G is said
to be k-definite if for any path w̄ ∈ Lk(Γ), h(w̄) uniquely determines iΓ(w̄) (resp.
tΓ(w̄)). As is easily seen, a left or right resolving graph-homomorphism h : Γ → G
is k-definite for some k ≥ 1 if and only if the 1-block map φh : (XΓ, σΓ) → (XG, σG)
is a conjugacy.

Lemma 3.5. Let T = (p, q : Γ → G) be a nondegenerate, q-biresolving textile
system such that p∗ is 1-definite, where T ∗ = (p∗, q∗ : Γ∗ → G∗). Let e∼ be an
equivalence relation on AG such that for a1, a2 ∈ AG, if a1

e∼ a2, then iG(a1) =
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iG(a2). Then (Ge and ψe being as above) there exists a nondegenerate q-biresolving
textile system Te = (pe, qe : Γe → Ge) satisfying the following:

(1) T and Te are topologically conjugate, more precisely, there exists a con-
jugacy (a bipartite code) Ψe : ZT → ZTe

such that ψeξT = ξTe
Ψe and

ψeηT = ηTe
Ψe.

(2) T ∗
e is onesided 1-1 and if T ∗ is 1-1, then so is T ∗

e .

Proof. We use the same method as in [N2, the proof of Lemma 7.14].
Let E∼ be the equivalence relation on AΓ defined as follows. For α1, α2 ∈ AΓ,

α1
E∼ α2

def⇔ (iΓ(α1) = iΓ(α2)) ∧ (qA(α1)
e∼ qA(α2)).

Let E be the canonical map of E∼ and let CE be the set of equivalence classes
E(α), α ∈ AΓ. Let CE = {E(α)

∣∣ α ∈ AΓ}, where E(α) denotes a copy of E(α).

Let ∆ be the bipartite graph defined for E∼ in the same way that He was defined
for e∼. Actually, let A∆ = AΓ ∪ CE , let V∆ = VΓ ∪ CE and define i∆ and t∆ by

iΓ(α) i∆ �−→E(α) t∆�−→ E(α), E(α) i∆ �−→α
t∆�−→ tΓ(α), α ∈ AΓ.

We define a “bipartite” textile system (see [As]) T b
e = (pb

e, q
b
e : ∆ → He) by

(pb
e)A(E(α)) = e(pA(α)), (pb

e)A(α) = pA(α),

(qb
e)A(E(α)) = e(qA(α)), (qb

e)A(α) = qA(α)

with α ∈ AΓ. These pb
e and qb

e are well defined. For if α1
E∼ α2 with α1, α2 ∈ AΓ,

then iΓ(α1) = iΓ(α2) and qA(α1)
e∼ qA(α2), the former of which implies pA(α1) =

pA(α2) because p∗ is a 1-definite left resolving graph homomorphism.
Consider the second product-power (T b

e )(2). This is considered to be the disjoint
union of the textile systems T́ b

e = (ṕb
e, q́

b
e : ∆́ → H́e) and T̀ b

e = (p̀b
e, q̀

b
e : ∆̀ → H̀e),

where ∆́ is the graph whose arcs are the paths of length 2 in ∆ going from a vertex
in VΓ to a vertex in VΓ and ∆̀ is the graph whose arcs are the paths of length 2 in
∆ going from a vertex in CE to a vertex in CE . Hence ∆2 = ∆́ � ∆̀. Each arc in
∆́ is of the form E(α)α, α ∈ AΓ, for which we have

(ṕb
e)A(E(α)α) = e(pA(α))pA(α) ∈ AH́e

and (q́b
e)A(E(α)α) = e(qA(α))qA(α) ∈ AH́e

.

Each arc in ∆̀ is of the form αE(β), αβ ∈ L2(Γ), α, β ∈ AΓ, for which we have

(p̀b
e)A(αE(β)) = pA(α)e(pA(β)) ∈ AH̀e

and (q̀b
e)A(αE(β)) = qA(α)e(qA(β)) ∈ AH̀e

.

There exists a graph-isomorphism kE : Γ → ∆́ given by (kE)A(α) = E(α)α, α ∈
AΓ. T and T́ b

e are “isomorphic” through the “textile-system-isomorphism” (kE , ke),
because ṕb

ekE = kep and q́b
ekE = keq (see [As]).

If we define a “bipartite” conjugacy ζE : (X∆́, σ∆́) → (X∆̀, σ∆̀) by

(E(αj)αj)j∈Z
ζE�→ (αjE(αj+1))j∈Z, (αj)j∈Z ∈ XΓ,
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then we have the commutative diagram

XH́e

ζe−−−−→ XH̀e

φ
ṕb

e

�⏐⏐ �⏐⏐φ
p̀b

e

X∆́

ζE−−−−→ X∆̀

φ
q́b
e

⏐⏐� ⏐⏐�φ
q̀b
e

XH́e

ζe−−−−→ XH̀e

Therefore if we define Te = T̀ b
e and Ψe = ζEκE with κE = φkE

, then we have
ψeξT = ξTe

Ψe and ψeηT = ηTe
Ψe, and hence Te satisfies (1).

To see that Te = T̀ b
e is nondegenerate, it suffices to note that T b

e is nondegenerate,
which follows from the fact that T́ b

e is nondegenerate.
Next we prove that Te is q-biresolving. To do this, it suffices to show that T b

e

is q-biresolving. Let ū ∈ V∆. Then ū ∈ VΓ or ū ∈ CE . First consider the case
that ū ∈ VΓ. Then (qb

e)V (ū) = qV (ū). Each arc in He starting from qV (ū) is of the
form e(a) with a ∈ AG and iG(a) = qV (ū). Since q is right resolving, there exists a
unique arc α ∈ AΓ such that iΓ(α) = ū and qA(α) = a. It follows that E(α) is a
unique arc in ∆ such that i∆(E(α)) = ū and (qb

e)A(E(α)) = e(a). Each arc in He

ending in qV (ū) is of the form b ∈ AG with tG(b) = qV (ū). Since q is left resolving,
there exists a unique arc β ∈ AΓ such that tΓ(β) = ū and qA(β) = b. This β is a
unique arc in A∆ such that t∆(β) = ū and (qb

e)A(β) = b. Next consider the case
that ū ∈ CE . Then ū = E(α) for some α ∈ AΓ, and (qb

e)V (E(α)) = e(qA(α)).
In He only the arc e(qA(α)) ends in the vertex e(qA(α)), in ∆ only the arc E(α)
ends in the vertex E(α) and (qb

e)A(E(α)) = e(qA(α)). Each arc in He starting
from the vertex e(qA(α)) is of the form a ∈ AG with a

e∼ qA(α). In G, a starts
from iG(qA(α)) = qV (iΓ(α)). Since q is right resolving, there exists a unique arc
γ in Γ satisfying iΓ(γ) = iΓ(α) and qA(γ) = a, which are equivalent to γ

E∼ α and
qA(γ) = a. Hence, in ∆, γ is a unique arc starting from E(α) with (qb

e)A(γ) = a.
Thus we have seen that qb

e is biresolving.
Since (T́ b

e )∗ is onesided 1-1 (because T ∗ is onesided 1-1), it follows that (T b
e )∗ is

onesided 1-1, so that (T̀ b
e )∗ = T ∗

e is onesided 1-1. Similarly, if T ∗ is 1-1, then T ∗
e is

1-1. Thus Te satisfies (2). �

The following lemma is easily proved.

Lemma 3.6. If T1 and T2 are topologically conjugate textile systems, then the n-th
composition-powers Tn

1 and Tn
2 are topologically conjugate for all n ≥ 1.

Proposition 3.7. Let T = (p, q : Γ → G) be a nondegenerate, q-biresolving textile
system such that G is irreducible, λG = J ∈ Z and T ∗ is onesided 1-1. Then there
exist n ≥ 1 and a nondegenerate, q-biresolving textile system T̆ over a graph Ğ such
that

(i) Tn and T̆ are topologically conjugate,
(ii) MĞ has the right eigenvector with all components 1 corresponding to J , and
(iii) T̆ ∗ is onesided 1-1.
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If in addition T ∗ is 1-1 with φp bounded-to-one and φq N-to-one, then there exist
n ≥ 1 and a nondegenerate, q-biresolving textile system T̆ over a graph Ğ such that

(I) Tn and T̆ are topologically conjugate,
(II) MĞ has the left and right eigenvectors with all components 1 corresponding

to J , and
(III) T̆ ∗ is a 1-1 textile system over a graph Ğ∗ such that MĞ∗ has the left and

right eigenvectors with all components 1 corresponding to Nn.

Proof. Using Marcus’s algorithm which is based on Proposition 3.4, for some m ≥ 0
we obtain irreducible graphs G0, . . . , Gm and equivalence relations ei∼ on AGi

, i =
0, . . . , m−1, such that G0 = G, Gi = (Gi−1)ei−1 for i = 1, . . . , m, the smallest right
eigenvector of MGm

corresponding to J is equal to (1, . . . , 1)t. Let T0 = T . Since
T ∗

0 = (p∗0, q∗0 : Γ∗
0 → G∗

0) is a onesided 1-1, LL textile system, p∗0 is a k0-definite
left resolving graph-homomorphism for some k0 ≥ 1. Let T k0

0 = (p̄0, q̄0 : Γ̄0 → G0)
be the k0-th composition-power of T0. Then T k0

0 is a nondegenerate q-biresolving
textile system such that p̄∗0 is 1-definite, where (T k0

0 )∗ = (p̄∗0, q̄
∗
0 : Γ̄∗

0 → Ḡ∗
0).

Hence we can apply Lemma 3.5 to T k0
0 and obtain a nondegenerate q-biresolving

textile system T1 = (T k0
0 )e0 over G1 = (G0)e0 . By Lemma 3.5, T ∗

1 is onesided
1-1 and T1 and T k0

0 are topologically conjugate. Since T ∗
1 is onesided 1-1, we

similarly obtain a nondegenerate q-biresolving textile system T2 = (T k1
1 )e1 over

G2 = (G1)e1 for some k1 ≥ 1. By Lemma 3.5, T ∗
2 is onesided 1-1 and T2 and

T k1
1 are topologically conjugate. Continuing this way, we have nondegenerate q-

biresolving textile systems Ti over Gi, i = 0, . . . , m, such that for i = 0, . . . , m, T ∗
i is

onesided 1-1 and Ti and (Ti−1)ki−1 are topologically conjugate for some ki−1 ≥ 1.
If we let n = k0 . . . km−1, then it follows from Lemma 3.6 that Tm is topologically
conjugate to Tn. Therefore, if we let T̆ = Tm and Ğ = Gm, then the first part of
the proposition is proved.

If in addition T ∗ is 1-1 in the above, then it follows from Lemma 3.5 that T ∗
i is

1-1 for i = 1, . . . , m. Using Marcus’s algorithm based on the “transpose” version of
Proposition 3.4, we obtain irreducible graphs G′

0, . . . , G
′
m′ and equivalence relations

e′
i∼ on AG′

i
, i = 0, . . . , m′−1, such that G′

0 = Gm, G′
i = (G′

i−1)e′
i−1

for i = 1, . . . , m′,
the smallest right eigenvector of MG′

m′ corresponding to J is equal to (1, . . . , 1)t

and the smallest left eigenvector corresponding to J is equal to (1, . . . , 1). Using
the “transpose” version of Lemma 3.5, we have nondegenerate q-biresolving textile
systems T ′

i over G′
i, i = 0, . . . , m′, with T ′

0 = Tm such that for i = 0, . . . , m′, (T ′
i )

∗

is 1-1 and T ′
i and (T ′

i−1)
k′

i−1 are topologically conjugate for some k′
i−1. Let n =

k0 . . . km−1k
′
0 . . . k′

m′−1. Then it follows from Lemma 3.6 that Tm′ is topologically
conjugate to Tn. Therefore, if we let T̆ = Tm′ and Ğ = Gm′ , then the second part
of the proposition is proved by using Proposition 3.1(1). �

Here we describe a method given in [N2, Section 3] to compute “multipliers” of
Boyle [B] in terms of textile systems.

Let h : Γ → G be a graph-homomorphism between irreducible graphs with
λG = λΓ = λ, and assume that φh is onto. For U ⊂ VΓ and w ∈ LG, define

S+(U, w) = {tΓ(z)
∣∣ z ∈ L(Γ), iΓ(z) ∈ U, h(z) = w},

S−(w, U) = {iΓ(z)
∣∣ z ∈ L(Γ), tΓ(z) ∈ U, h(z) = w}.
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We call S+(U, w) and S−(w, U) a successor of U and a predecessor of U , respec-
tively. A right-compatible set (for h) and a left-compatible set (for h) are defined
to be a nonempty successor of a singleton of VΓ and a nonempty predecessor of a
singleton of VΓ, respectively. Then any successor of a maximal right-compatible
set is also a maximal right-compatible set, and any predecessor of a maximal left-
compatible set is also a maximal left-compatible set ([N1]).

Let l = (l(v))v∈VG
and r = (r(v))v∈VG

be left and right eigenvectors of MG

corresponding to λ. Let l̄ = (l̄(u))u∈VΓ and r̄ = (r̄(u))u∈VΓ be left and right
eigenvectors of MΓ corresponding to λ. By a similar argument (using the extremal
argument of Boyle [B]) to that in the proof of Lemma 3.2, we see that for any
maximal left-compatible sets U, U ′ for h and any maximal right-compatible sets
V, V ′ for h,

∑
u∈U

l̄(u)
l(hV (u))

=
∑
u∈U ′

l̄(u)
l(hV (u))

and
∑
u∈V

r̄(u)
r(hV (u))

=
∑

u∈V ′

r̄(u)
r(hV (u))

.

Thus we define L(h, l̄, l) to be the first value and R(h, r̄, r) to be the second. Corre-
sponding to the theorem of L. R. Welch ([H, Theorem 14.9]), by similar arguments
to those in [H, Section 14] (cf. Lemma 3.2) we have

L(h, l̄, l)R(h, r̄, r) deg φh =
l̄r̄

lr
,

where deg φh = 
 φ−1
h ({x}) for any bilaterally transitive point x ∈ XG.

Let T = (p, q : Γ → G) be a nondegenerate textile system with G and Γ irre-
ducible and λG = λΓ. We define

lT =
L(p, l̄, l)
L(q, l̄, l)

, rT =
R(p, r̄, r)
R(q, r̄, r)

, and deg T =
deg φq

deg φp
.

Then these are independent of the choice of l, l̄, r and r̄, and they are invariants of
topological conjugacy of textile systems ([N2, Proposition 5.4]). We have lT rT =
deg T .

Let m, n be nonnegative integers. Let ϕ be an onto endomorphism of (m, n)-type
of an irreducible topological Markov shift (XG, σG), that is, there exists a “local
rule” f : Lm+n+1(G) → AG such that ϕ((aj)j∈Z) = (f(aj−m) . . . f(aj+n))j∈Z for
(aj)j∈Z ∈ XG, aj ∈ AG. We define a textile system Tϕ = (pϕ, qϕ : G[m+n+1] → G)
such that for w = a1 . . . am+n+1 ∈ Lm+n+1(G), aj ∈ AG, pϕ(w) = am+1 and
qϕ(w) = f(w). Then Tϕ is onesided 1-1 and nondegenerate and ϕTϕ

= ϕ. The
“multipliers” lϕ and rϕ of Boyle [B] are equal to lTϕ

and rTϕ
, respectively. In

fact, if we choose l̄ and r̄ such that l̄(u) = l(iG(u)) and r̄(u) = r(tG(u)) for u ∈
VG[m+n+1] = Lm+n(G), then we see that

lϕ =
λm

G

L(qϕ, l̄, l)
= lTϕ

and rϕ =
λn

G

R(qϕ, r̄, r)
= rTϕ

.

If T is a onesided 1-1, nondegenerate textile system over an irreducible graph G,
then

lϕT
= lT and rϕT

= rT ,

because T and TϕT
are topologically conjugate textile systems. If ψ : (XG, σG) →

(XG′ , σG′) is a topological conjugacy, where G′ is an irreducible graph, then there
exists a onesided 1-1, nondegenerate textile system T ′ over G′ such that T and
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T ′ are topologically conjugate and ϕT ′ = ψϕT ψ−1. Hence TψϕT ψ−1 and T are
topologically conjugate.

Theorem 3.8 (Boyle, [B]). Let ϕ be an onto endomorphism of a topologically
transitive topological Markov shift (X, σ). Then

(1) lϕrϕ = deg ϕ.
(2) If ϕ′ is an onto endomorphism of (X, σ), then lϕϕ′ = lϕlϕ′ and rϕϕ′ =

rϕrϕ′ .
(3) lϕ and rϕ are invariants of topological conjugacy of endomorphisms, that

is, for any topological conjugacy ψ : (X, σ) → (X ′, σ′) onto a topological
Markov shift, lψϕψ−1 = lϕ and rψϕψ−1 = rϕ.

Proposition 3.9. Let T = (p, q : Γ → G) be a onesided 1-1, nondegenerate, q-
biresolving textile system with G irreducible and aperiodic, ϕT N-to-one and T ∗

onesided 1-1. Then
(1) lϕT

and rϕT
are integers, and N and rϕT

are divisible by the same primes.
(2) If T ∗ is 1-1, then lϕT

and rϕT
are integers such that all N , lϕT

and rϕT

are divisible by the same primes, and in particular if a prime p divides N ,
then p2 divides N .

Proof. We use the same argument as in the proof of Proposition 5.4 of [N4].
Since T is q-biresolving, T ∗ = (p∗, q∗ : Γ∗ → G∗) is LL. Since ξT∗ is 1-1, p∗ is a k-

definite left resolving graph-homomorphism for some k ≥ 1. Let T̄ = (p̄, q̄ : Γ̄ → G)
be the k-th composition-power T k of T . Then q̄ is biresolving. Since p∗ is a k-
definite left resolving graph-homomorphism, it follows that for any arcs α, α′ in Γ̄,
iΓ̄(α) = iΓ̄(α′) implies p̄A(α) = p̄A(α′). Hence we define F : VΓ̄ → AG by

F (iΓ̄(α)) = p̄A(α), α ∈ AΓ̄.

Let ¯̄T = (¯̄p, ¯̄q : ¯̄Γ → G) be the second composition-power of T̄ . Then each arc

γ in ¯̄Γ is of the form
α
β
, where α and β are arcs in Γ̄ with q̄A(α) = p̄A(β). For

γ =
α
β
, ¯̄pA(γ) = p̄A(α) and ¯̄qA(γ) = q̄A(β). Since q̄ is biresolving, so is ¯̄q. Let

T̂ = (p̂, q̂ : Γ̂ → G) be the textile system such that Γ̂ and q̂ are the same as
¯̄Γ and ¯̄q, respectively, but p̂ is defined as follows. For γ = α

β
in AΓ̂ = A¯̄Γ, let

p̂A(γ) = F (tΓ̄(α)). Then it is observed that ¯̄T weaves a textile (γij)i,j∈Z if and
only if T̂ weaves a textile (γi,j−i)i,j∈Z. Thus T̂ is a onesided 1-1, nondegenerate,
q-biresolving textile system over the irreducible, aperiodic graph G such that

(3.6) ϕT̂ = ϕ2
T̄ σ−1

T̄
= ϕ2k

T σ−1
T .

Moreover, the same proof as in [N4, the proof of Proposition 5.4] proves that T̂ ∗ is
1-1.

By Corollary 3.3, λG is an integer, say J . Hence MG and MΓ have left and right
eigenvectors corresponding to J such that all the components are in Q. Therefore,
lϕT

and rϕT
are in Q.

By Proposition 3.7, there exist n ≥ 1 and a nondegenerate, q-biresolving textile
system T̆ = (p̆, q̆ : Γ̆ → Ğ) such that Tn and T̆ are topologically conjugate and
r = (1, . . . , 1)t is a right eigenvector of MĞ corresponding to J . Since T is a onesided
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1-1, nondegenerate textile system over an irreducible graph, it follows that T̆ is
onesided 1-1 and Ğ and Γ̆ are irreducible. Since q̆ is biresolving, it follows from
Proposition 2.3 of [N1] that the column vector r̄ = (r(q̆V (u)))u∈VΓ̆

, the components
of which are all 1, is a right eigenvector of MΓ̆ corresponding to J = λΓ̆ = λĞ.
Hence we have R(q̆, r̄, r) = 1. Thus rϕT̆

= rT̆ = R(p̆, r̄, r)/R(q̆, r̄, r) = R(p̆, r̄, r).
Since R(p̆, r̄, r) is equal to the cardinality of the maximal right-compatible set for
p̆, we see that rϕT̆

∈ Z. Since T̆ and Tn are topologically conjugate, using Theorem
3.8 we have (rϕT

)n = rϕn
T

= rϕT n = rT n = rT̆ = rϕT̆
. Therefore, since rϕT

∈ Q,
we have rϕT

∈ Z.
Applying this result (for T ) to T̂ , we also have rϕT̂

∈ Z. Applying Theorem 3.8
to (3.6), we have

rϕT̂
= r2k

ϕT
rσ−1

T
= r2k

ϕT
J−1.

Hence J divides r2k
ϕT

. Therefore, it follows from Corollary 3.3(3) that every prime
dividing N divides rϕT

.
In this stage, we prove (2) preceding the completion of the the proof of (1). To

prove (2), assume that T ∗ is 1-1. Then by the above, rϕT
is an integer which is

divisible by every prime dividing N . Moreover, by the “transpose” version of the
arguments in the proof above (using the property that ηT∗ is 1-1 instead of the
property that ξT∗ is 1-1), we know that lϕT

is an integer which is divisible by every
prime dividing N . Since lϕT

rϕT
= N , we obtain the proof of (2).

Now we complete the proof of (1). It remains to show that lϕT
∈ Z and that

every prime dividing rϕT
divides N with only the assumption that T ∗ is onesided

1-1. Applying (2) to T̂ , we know that lϕT̂
∈ Z. Therefore, since lϕT̂

= l2k
ϕT

J by (3.6)
and Theorem 3.8, we have l2k

ϕT
J ∈ Z. Since this holds for all sufficiently large k and

since lϕT
∈ Q, it follows that lϕT

∈ Z. Since lϕT
rϕT

= N , every prime dividing
rϕT

divides N . �

By the proof above, we have the following. (Cf. [N4, Proposition 5.4].)

Proposition 3.10. If T is a onesided 1-1, nondegenerate, q-biresolving textile
system with σT topologically mixing and T ∗ onesided 1-1, then there exist k ≥ 1 and
a onesided 1-1, nondegenerate, q-biresolving textile system T̂ such that ϕT̂ = ϕk

T σ−1
T

and this is positively expansive.

4. Expansive automorphisms of onesided full shifts

An endomorphism ϕ of a dynamical system (X, τ ), written by ϕ : (X, τ ) �,
and another ϕ′ : (X ′, τ ′) � are said to be topologically conjugate if there exists a
topological conjugacy ψ : (X, τ ) → (X ′, τ ′) with ψϕ = ϕ′ψ.

Kůrka [Ku] proved that a positively expansive endomorphism of a transitive
topological Markov shift is topologically conjugate to a onesided topological Markov
shift. (His proof can be stated as follows. Such an endomorphism is biclosing,
so that it is open (see [N1, Theorems 6.3 and 6.5]). Thus use [P, Theorem 1].)
Combining this result with [N2, Theorem 3.9(1)] , we have:

Theorem 4.1. Let ϕ be a positively expansive endomorphism of a topologically
transitive topological Markov shift (X, σ). Then there exists a onesided 1-1, nonde-
generate, q-biresolving textile system T with T ∗ 1-1 such that the endomorphisms
ϕT : (XT , σT ) � and ϕ are topologically conjugate.
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The following theorem proves the third conjecture of Boyle and Maass.

Theorem 4.2. If ϕ is a positively expansive endomorphism of a mixing topological
Markov shift and is N-to-one, then lϕ and rϕ are integers such that all N , lϕ and
rϕ are divisible by the same primes, and in particular if a prime p divides N , then
p2 divides N .

Proof. By Theorem 4.1, Proposition 3.9 and Theorem 3.8. �
As was shown in [N4], if ϕ̃ is an expansive automorphism of a onesided full

shift (AN, σ̃A) over an alphabet A, then (AN, ϕ̃) is topologically conjugate to a
mixing topological Markov shift. Let χ̄∗ be any topological conjugacy of (AN, ϕ̃)
onto a mixing topological Markov shift (X0, σ0) and let ϕ0 = χ̄∗σ̃A(χ̄∗)−1. Define
lϕ̃ = lϕ0 and rϕ̃ = rϕ0 ([BM]). Then ϕ0 is positively expansive and N -to-one, where
N = 
 A. By Theorem 3.8, lϕ0 and rϕ0 are independent of choice of χ̄∗, so that lϕ̃
and rϕ̃ are well defined.

Corollary 4.3. Let ϕ̃ be an expansive automorphism of the onesided full shift
(AN, σ̃A) over the alphabet A of cardinality N . Then lϕ̃ and rϕ̃ are integers such
that all N , lϕ̃ and rϕ̃ are divisible by the same primes, and in particular if a prime
p divides N , then p2 divides N .

An endomorphism ϕ̃ : (X̃G∗ , σ̃G∗) � of a onesided topological Markov shift over
a graph G∗ is said to be leftmost permutive if ϕ̃ = ϕ̃f for some mapping (local
rule) f : Lk+1(G∗) → AG∗ with k ≥ 0, which induces a left resolving graph-
homomorphism of (G∗)[k+1] onto G∗, where ϕ̃f is defined by

ϕ̃f ((ai)i∈N) = (f(ai . . . ai+k))i∈N, (ai)i∈N ∈ X̃G∗ , ai ∈ AG∗ .

Any automorphism of a onesided topological Markov shift is a leftmost permutive
endomorphism of the onesided shift. If ϕ̃ : (X̃, σ̃) � is a leftmost-permutive endo-
morphism of a onesided topological Markov shift and ϕ̃m is topologically transitive
for all m ≥ 1, then there exists a leftmost-permutive endomorphism ϕ̃0 : (AN, σ̃A) �
of the onesided full shift over an alphabet A such that ϕ̃ and ϕ̃0 are topologically
conjugate ([N4, Corollary 5.3]). Here a leftmost-permutive endomorphism of the
onesided full shift (AN, σ̃A) means that of (X̃GA

, σ̃GA
), where GA is the one-vertex

graph with AGA
= A. An endomorphism ϕ̃ : (X̃G∗ , σ̃G∗) � of a onesided topologi-

cal Markov shift is leftmost permutive if and only if ϕ̃ is an LL endomorphism of
the shift, that is, there exists a onesided 1-1, LL textile system T ∗ over G∗ with
ϕ̃ = ϕ̃T∗ ([N4, Remark 5.2]).

Remark 4.4. Leftmost permutive or LL endomorphisms of onesided topological
Markov shifts are an invariant for topological conjugacy between endomorphisms
of onesided subshifts.

Proof. Let T ∗ = (p∗, q∗ : Γ∗ → G∗) be a onesided 1-1, LL textile system and let ψ̃ :
(X̃G∗ , σ̃G∗) → (X̃H∗ , σ̃H∗) be a topological conjugacy between onesided subshifts,
where H∗ is a nondegenerate graph. Then there exists k ≥ 1 and g : Lk(G∗) →
L1(H∗) such that g induces a left resolving graph homomorphism of (G∗)[k] onto
H∗ and for (ai)∈N ∈ X̃G∗ with ai ∈ AG∗ , ψ̃((ai)i∈N) = (g(ai . . . ai+k−1))i∈N. Let
(T ∗)[k] = ((p∗)[k], (q∗)[k] : (Γ∗)[k] → (G∗)[k]) be the higher block textile system of
T ∗ of order k. Then the textile system T̂ ∗ = (g · (p∗)[k], g · (q∗)[k] : (Γ∗)[k] → H∗)
is a onesided 1-1, LL textile system with ϕ̃T̂∗ = ψ̃ϕ̃T∗ψ̃−1. �
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Theorem 4.5. Let ϕ̃ : (AN, σ̃A) � be an expansive leftmost-permutive endomor-
phism of the onesided full shift over the alphabet A of cardinality N . Then there
exists a onesided 1-1, nondegenerate, q-biresolving textile system T over an ir-
reducible and aperiodic graph such that T ∗ is onesided 1-1, ϕT is N-to-one and
ϕ̃T∗ : (X̃T∗ , σ̃T∗) � and ϕ̃ are topologically conjugate.

Proof. Let f : Ak+1 → A be a leftmost-permutive local rule with ϕ̃ = ϕ̃f . Let
T ∗

0 = (p∗0, q
∗
0 : Γ∗

0 → GA) be the textile system such that Γ∗
0 = G

[k+1]
A and for

w = a1 . . . ak+1, ai ∈ A, p∗0(w) = a1 and q∗0(w) = f(w). Then T ∗
0 is onesided 1-1

and LL. Let T0 = (p0, q0 : Γ0 → GB) be the dual of T ∗
0 with B = Ak. Then T0 is

onesided 1-1 and q-biresolving, GB is irreducible and aperiodic, and (XT∗
0
, σT∗

0
) =

(AZ, σA) is topologically mixing. Therefore, by Proposition 3.5 of [N4], (XT0 , σT0)
is topologically conjugate to a mixing topological Markov shift.

By the proof of Corollary 3.6 of [N4], there exist n ≥ 1 and a onesided 1-1,
nondegenerate, q-biresolving textile system T = (p, q : Γ → G) with G irreducible
and aperiodic such that UT = U

T
[n]
0

. Since ξ̃T∗
0

is one-to-one, there are topological

conjugacies ψ̃ : (X̃T∗ , σ̃T∗) → (X̃T∗
0
, σ̃T∗

0
) and Ψ̃ : (Z̃T∗ , ς̃T∗) → (Z̃T∗

0
, ς̃T∗

0
) with

ψ̃ξ̃T∗
0

= ξ̃T∗Ψ̃ and ψ̃η̃T∗
0

= η̃T∗Ψ̃ (cf. [N2, the proof of Lemma 2.8]). Hence T ∗ is
onesided 1-1 and the endomorphisms ϕ̃ = ϕ̃T∗

0
and ϕ̃T∗ are topologically conjugate.

Since q is biresolving, φq is N ′-to-one for some N ′ ≥ 1, so that ϕT is N ′-to-one
because T is onesided 1-1 and nondegenerate. Since qV is N ′-to-one, the topological
entropy of (XT∗ , σT∗) is log N ′. The subshift (XT∗ , σT∗) is topologically conjugate
to the full N -shift (XT∗

0
, σT∗

0
) = (AZ, σA), so that N ′ = N . Thus ϕT is N -to-

one. �
Let ϕ̃ : (X̃, σ̃) � be an onto endomorphism of a onesided subshift. Let (Oϕ̃, Σϕ̃)

be the inverse limit system of ϕ̃, that is, Oϕ̃ is the compact metric space given
by Oϕ̃ = {(xj)j∈Z

∣∣ ∀j, xj ∈ X̃, ϕ̃(xj) = xj+1} and dOϕ̃
((xj)j∈Z, (yj)j∈Z) =

sup{2−|j|dX̃(xj , yj)
∣∣ j ∈ Z}, and Σϕ̃ : Oϕ̃ → Oϕ̃ maps (xj)j∈Z to (xj+1)j∈Z.

We consider the onto endomorphism Φϕ̃ : (xj)j∈Z �→ (σ̃(xj))j∈Z of (Oϕ̃, Σϕ̃). If
ϕ̃ is expansive (i.e., there is δ > 0 such that for any (xj)j∈Z, (yj)j∈Z ∈ Oϕ̃, if
dX̃(xj , yj) ≤ δ for all j ∈ Z, then (xj)j∈Z = (yj)j∈Z), then there exists an onto
endomorphism ϕ0 : (X0, σ0) � of a subshift which is topologically conjugate to
Φϕ̃ : (Oϕ̃, Σϕ̃) �. If onto endomorphisms ϕ̃ : (X̃, σ̃) � and ϕ̃′ : (X̃ ′, σ̃′) � of
onesided subshifts are topologically conjugate, then so are Φϕ̃ : (Oϕ̃, Σϕ̃) � and
Φϕ̃′ : (Oϕ̃′ , Σϕ̃′) � . If in addition these are respectively topologically conjugate to
onto endomorphisms ϕ0 : (X0, σ0) � and ϕ′

0 : (X ′
0, σ

′
0) � of irreducible topological

Markov shifts, then lϕ0 = lϕ′
0

and rϕ0 = rϕ′
0
, by Theorem 3.8. Thus for an onto en-

domorphism ϕ̃ : (X̃, σ̃) � of a onesided subshift, if Φϕ̃ : (Oϕ̃, Σϕ̃) � is topologically
conjugate to an onto endomorphism ϕ0 : (X0, σ0) � of an irreducible topological
Markov shift, then we can define lϕ̃ and rϕ̃ by lϕ̃ = lϕ0 and rϕ̃ = rϕ0 and they are
invariants for topological conjugacy between such onto endomorphisms of onesided
subshifts.

Theorem 4.6. Let ϕ̃ be an expansive leftmost-permutive endomorphism of the
onesided full shift (AN, σ̃A) over the alphabet A of cardinality N . Then lϕ̃ and rϕ̃

are integers, and N and rϕ̃ are divisible by the same primes.

Proof. By Theorem 4.5, there exists a onesided 1-1, nondegenerate, q-biresolving
textile system T over an irreducible and aperiodic graph such that T ∗ is onesided
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1-1, ϕT is N -to-one and ϕ̃T∗ : (X̃T∗ , σ̃T∗) � and ϕ̃ are topologically conjugate.
Since lϕ̃ = lϕT

and rϕ̃ = rϕT
, the theorem follows from Proposition 3.9. �

Let A = {0, 1} and let B = {0, 1, 2}. Let T1 = (p1, q1 : G
[3]
A → GA) and

T2 = (p2, q2 : G
[2]
B → GB) be the textile systems defined by (p1)A : a1a2a3 �→

a2, (q1)A : a1a2a3 �→ a1 + a3 mod 2 with aj ∈ A and (p2)A : b1b2 �→ b1, (q2)A :
b1b2 �→ b1 +b2 mod 3 with bj ∈ B. Then T1 and T2 are onesided 1-1, nondegenerate
and q-biresolving. T ∗

1 and T ∗
2 are onesided 1-1 and LL. If ϕ0 = ϕT1 × ϕT2 and

ϕ̃ = ϕ̃T∗
1
× ϕ̃T∗

2
, then ϕ̃ is an expansive LL endomorphism of the onesided full

12-shift with lϕ̃ = lϕ0 = 2 and rϕ̃ = rϕ0 = 6.
If T is a onesided 1-1, nondegenerate, q-biresolving textile system, then we call

ϕT : (XT , σT ) � a q-biresolving endomorphism of the topological Markov shift
(XT , σT ) ([N4]). We are interested in topologically mixing q-biresolving endomor-
phisms of topological Markov shifts, which are also topologically mixing by [N3,
Theorem 1.6]. A positively expansive endomorphism of a mixing topological Markov
shift is conjugate to a topologically mixing q-biresolving endomorphism. The exam-
ple above gives an example of a topologically mixing q-biresolving endomorphism
which is not positively expansive. However note Proposition 3.10. It is seen by
using Theorem 4.2 that if ϕ1 : (AZ, σA) � and ϕ2 : (BZ, σB) � are defined by
ϕ1((aj)j∈Z) = (aj−1 + aj mod 2)j∈Z and ϕ2((bj)j∈Z) = (bj + bj+1 mod 3)j∈Z with
A = {0, 1} and B = {0, 1, 2}, then ϕ = ϕ1 × ϕ2 is an example of a topologically
mixing q-biresolving endomorphism such that ϕmσn is not positively expansive for
all m ∈ N and n ∈ Z, where σ = σA × σB.

Since topologically mixing, q-biresolving endomorphisms of topological Markov
shifts are topologically mixing, constant-to-one endomorphisms of mixing topolog-
ical Markov shifts, constraints for these (see [B], [T1] and [T2]) are imposed on
them. There are further constraints for them, in particular on their underlying
mixing topological Markov shifts, which have not been sufficiently understood. In
fact, suppose that a mixing topological Markov shift (XG, σG) has an N -to-one,
topologically mixing, q-biresolving endomorphism ϕ. Then, by Corollary 3.3(1) we
know that λG is a rational integer J such that every prime dividing N divides J .
The result of Boyle and Maass [BM] stated in the Introduction is equivalent to the
following. If ϕ is positively expansive, then (XG, σG) is shift equivalent to some full
J-shift such that J and N are divisible by the same primes. The second conjecture
of Boyle and Maass says that in this result “shift equivalent” can be replaced by
“topologically conjugate”. Is the result of Boyle and Maass extended to topological
Markov shifts having topologically mixing q-biresolving endomorphisms? Further-
more, the following is a corrected version of Question 6.5 of [N4].

Question 4.7. Is every topological Markov shift having a topologically mixing
q-biresolving endomorphism topologically conjugate to a full shift?
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