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STEINBERG SYMBOLS MODULO THE TRACE CLASS,
HOLONOMY, AND LIMIT THEOREMS
FOR TOEPLITZ DETERMINANTS

RICHARD W. CAREY AND JOEL D. PINCUS

ABSTRACT. Suppose that ¢ = ¥z where v € Z4 and ¢ € Llp@7 < p <1,
and the Toeplitz operator Ty, is invertible. Let Dy (Ty) be the determmant
of the Toeplitz matrix ((qglj)) = ((éi,j)), 0 < 4,5 < n, where o =
% 2 #(0)e~*9 dg. Let P, be the orthogonal projection onto ker S*"+1 =

T JO
V{1,e? €20 . .m0} where S = Ty; set Qp = 1 — Pn7 let H, denote the
Hankel operator associated to w, and set @(t) = ( ) for t € T. For the
Wiener-Hopf factorization ¢ = fg§ where f,g and 1 iy e Lipg N H °°(']1‘)
B <1, put E(y) = exp 332, k(log f)x(log 9) & G() = exp(log ¥)o.
Theorem A. D, (Ty) = (71)(’”'1)“fCT'(1/J)""'1E(1/J)CT'(%)W
-det ((Tf nt1 ‘[1-Hg Qn ’YH( >] lpa—1, ) 1+O(n1 2[9)]

Let H2(T) = X + Y be a decomposition into TyT,—1 invariant subspaces,
X = Nplran(TeTy,-1)" and Y = Uyl ker(TpT;-1)", so that TpT,—1 re-
stricted to X is invertible, ) is finite dlmensional, and T¢T¢_1 restricted
to Y is nilpotent. Let {wq}] be the basis {szo‘}g_l for the null space
of TpTy-1, and let un, be the top vector in a Jordan root vector chain of
length mq 41 lying over (—1)"wq, i.e., (TpTy-1)"*ua = (—1)">wq where
mq = max{m € Zy : Jzso that(TpTy-1)"z = We L.

5 Mreo(ry,_1)\(0y A
Theorem B.  B($)G(4)7 = — 2 2= 0 (guf x Uzv) (T),
9

the holonomy of a Deligne bundle with connection defined by the factorization
¢ = fgz".

Note that the generalizations of the Szegd limit theorem for D (Ty) which
have appeared in the literature with 1 instead of [1 — Hz Qn_~H Ly ]~ have

7 (3

the defect that the limit of Dn(Ty) does not

(71)(7L+1)7G(w)n+1 det(Ti il za—l’zr—1>
Lz
exist in general. An example is given with Dy (Ty) # 0 yet D.y,l(T%an) =0

for infinitely many n.
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1. INTRODUCTION

Jacobi’s theorem on the conjugate minors of the adjugate matrix formed from
the cofactors of D, (Ty) has been the main tool of previous attempts to generalize
the classical strong Szegd limit theorem. But Toeplitz operators are defined by an
algebraic relation with the shift, S*n+1T¢S”+1 = Ty, and it is natural instead to
probe the implications of the Toeplitz property algebraically. The result gives, for
the first time to our knowledge, a full extension of the Szego theorem to the case
where wind (¢, 0) # 0,

lim Dn(T5)
n—o0 (—=1)( DY G ()t - det ((sznﬂ 1 - HiQn,yH(il)Zaljol)>
7 ! g Xy
= A
g eor,r, 10y
= E G )Y = s
) (f) det(umTészl)A,m

and shows that the limit splits into two parts, a “torsion”, HAea(Td,Tdfl)\{O} A, the

product of the non-zero eigenvalues of TyT,-1 and a denominator reflecting the
Jordan chain structure of the finite dimensional nilpotent operator TT,-1 acting
on) .

The methods we employ have wider implications. In Orthogonal polynomials and
periodic recurrence relations, perturbation vectors are related to linear systems on
Riemann surfaces to give the orthogonal polynomials corresponding to periodic
Jacobi matrices.

Steinberg symbols. The relative algebraic K group Ki(L(H),L'(H)) may be
identified with the quotient group of the invertible elements of L(H) of the form 1+.J
where J is in £1(H), by the commutator subgroup {1 + £L'(H),L(H)} generated
by elements of the form {1 + J, A} = (1 + J)A(1 + J)"'A~! where A and 1 +
J are invertible and J is in £1(H). If J is trace class and 1+ J is invertible,
then write [1 + J]; for the corresponding element in Ky (L(H),LY(H)). Every
element in Ki(L(H),L'(H)) has such a representation. The map det is a group
homomorphism of the invertible operators of the form 1+ .J, where J € £(H), onto
C*. The homomorphism det, is then defined by det,[1+.J]; = det(1+.J). It is shown
in [I] that the map det, is the projection onto the first factor in the isomorphism
Ki(L(H),LY(H))=C* ® V in which V has uncountable linear dimension.

Furthermore, there is a connecting map 9, so that there is a homomorphism to
the non-zero complex numbers C* given by the composition

det, 00 : Ko(L(H)/LY(H)) — C*,

where, for invertible elements «, 3 € L(H)/L'(H) which happen to commute, there
is the Steinberg symbol

{a, B} € Ko(L(H)/L (H)) -5 Ki(L(H); £(H)) = C* @ V.

Let R, S, and T denote regularizers for A, B and AB respectively. Thus RA —
I,AR — 1 € L'(H), etc. The elements a,b € L(H)/L'(H) are lifted to A, B and
a=1 b7t (ab)~! are lifted to R, S and T.
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The definition of Steinberg symbols leads to (see [15])
I A I 0 I A I -1 I 0
e =[(0 1) (e )6 1) 6 )G
(L -I\ (I BY (I 0\ (I B
0 I 0 I -S I 0 I
I —AB I 0 I —-AB
o 7)o 2) (o 57 e

where there is latitude in the choice of regularizers, since different regularizers lead

to the same class, and therefore define liftings with the same determinant.
Thus, for example, when T is invertible, take A = Ty, B = S* so that AB =

Ty S* with regularizers T' = ST(lfl7 R= qul. Then, by substitution as above,
AT, + LYH),S* 4+ LY(H)}

67 D616 D66 )
GG D6 G 06 )

If we multiply these twelve factors together and use S5* =1 — Py, we get
det, 0 d{Ty + L*(H),S* + LY (H)} = det(Ty ' STyS* + T, ' Py).

Thus,
det(P0T¢P0)

det, 0o O{Ty + LY(H), S+ L1 (H)}
= det(PyT,Py) - det, 0 0{Ty + L' (H),S* + L' (H)}
= det(P;- + PyTy) - det(Ty ' STyS* + Ty ' Py)
= det(P;- Ty ' STyS* + P;-Ty ' Py + Py) = det(Py-Ty ' STyS* + Py)
= det(P;- Ty ' STyS* +1 — SS*) = det(1 + (Py-Ty~ 'STy — S)S*)

=det(1+ S*(P;-Ty ' STy — S)) = det(1 + S*(Ty ' STy — S)) = det(S*T, ' STy).
*n+1 and P, replaced

The “same” calculation carried out with S* replaced by S
by P, gives
det(P, Ty P, n -

et (P Ty Fr) = det(S*" 1T, 7SI,

det, 0o O{Ty + L1(H),S"H1 + L1(H)}
If ¢ € L£>(0,27) with T, Fredholm,

Proposition 1.1 (Equation (35) of [19]).
injective, and D, (¢) # 0, then
Dn(Tqb) +1 1
= det(TpS*" T R(T)S™ " + P(T3)S™ ).
det, 0 O{T, + LL(H), S + LL(H)}  © (Ts (T5)S™ + P(T5)S™)
The Steinberg symbol determinant in the denominator makes sense when T is

Fredholm and not invertible and as already noted can be expressed explicitly. It is
shown in §1.2, that if T, is invertible, then det, 0 d{Ty,» + L (H), ST 1+ LY (H)} =

G(6)"+ = Gy - (~1)0 D7,
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Thus, when T} is invertible and v = 0, since G(¢) = G(¢), the geometric mean,
the proposition becomes the very special case proved above:

G(g)mtt

This immediately gives the strong Szeg6 limit theorem
. Dn(Ty)

I Gy

Proposition 1.1 was proved in [I5] in order to treat the case where wind (¢, 0) # 0.
Nevertheless, since there have now been a number of papers (published subsequent
to [15]) giving variant proofs of a formula of A. Borodin and A. Okunkov [9]:

det [1 fH%Hg] ’

_ det(5*7L+1Td:1S7L+1T¢).

det (T¢T¢71 ) .

det(P,TyP,) = G(¢)"

for the case of invertible Ty, ¢ = fg, we note the following:

Remark 1.1. The Borodin-Okunkov formula is equivalent to the special
case (x) of Proposition 1.1.

This is immediate.

Since To, = T,Ty, + HqHy, and T} is invertible, we have, with l;(t) = b(t) for
t € T, and <a,ﬂ> = afBa~'37! denoting the multiplicative commutator of the
operators o and J3,

det(TpS* T 15"+ = det(Ty Ty S* Ty -1 Ty 5™ 1)
= det(Ty(Ty-1,T5) T3S " ' Tp-1Ty-1 5™ )
= det((Ty-1, Ty))(S* " T Ty1 Ty-1 TpS™ )
det(S*”“T%Tés"“) det [1 — QanH;Qn]
det((Ty, Ty-1))  det[l— H%Hg]

However, the goal here is to describe a more comprehensive framework for wind
(¢,0) # 0. Thus, in [I5] we introduced perturbation vectors o4 p associated to a
pair of Fredholm operators A, B with A — B in the trace ideal. These non-zero
vectors are a substitute for the perturbation determinants studied by Aronszjan,
Weinstein, M. G. Krein, and many others. In the special case where A is the
identity, o4, splits and the scalar part of these perturbation vectors amounts to
taking the product of the non-zero eigenvalues, while the vector itself comes from
a section of an appropriate bundle.

To create this object the authors proved that there exists a trivialization of the
pullback i}, (p) of a determinant bundle, given by a section, ¢, which they called
the perturbation section. Let £(H) be the algebra of all bounded linear operators
on a Hilbert space H. Let L£'(H) denote the ideal of compact operators T" with
trace |T'| < co. Let F denote the Fredholm operators on H. Let Q — F be the
Quillen det bundle. Form Q + Q* as a bundle over F x F. Let p = det(Q+ Q*) be
the determinant bundle. Let M = {(A,B) : (A,B) € F x F and A— B € L'(H)}
with ip; : M — F x F the inclusion map.

The perturbation vector o4 p is the value of the section at (A, B) € M.
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When wind (¢,0) is not zero and the normalized Szegd determinant GD(#%

converges to zero, the perturbation vector 01T Sxn+1R(T,)Sn+1 gives a replacemen
because

01,T,S*n+1R(Ty)Sn+1 = O1T,T, -
The analysis of the convergence of this sequence of perturbation vectors in com-
bination with Proposition 1.1 will be our basic study. A review of the perturbation

vector construction and some of their properties is given in §2.
We will see in §2 that if 1 — X € £!, then

A
UECTESNO LA, | (e

lo1x | =
| det(us, y;)]

sa (X)#0

where {y;} is any orthonormal basis for ker X*, {u;} is any set of maximal root
vectors relative to any orthonormal basis of ker X and {s,(X)} are the singu-
lar values of X. For example this implies that dd° Hslﬁéo Sa(Tz,)\T(Z_)\)—l) =
dd®llovr, Tyl = fmd)\ Ad is the Gaussian curvature of the Hermit-
ian bundle whose fibre at the point A is ker T, _,*.

The perturbation vector version of Proposition 1.1. Proposition 1.1 is the
scalar part of a vector result proved in [15].
The fact that the ratio
Dy (T¢)
det(TyS*" T R(Ty)SmH1 + P(Tj5)Sm+1)
depends only on the cosets of Ty and the shift S modulo the trace ideal is part of

a statement made in terms of perturbation vectors:
For v =0,

= det, 0 O{Ty + L (H),S" ™' + L' (H)}

det(T¢S*n+1T¢_1Sn+l) .
O'S*n+1,T¢S*n+1T¢71 = Dn(T¢) Pn @ T¢pn

_ Pr @ Topn
det, 0 0{Ty + LY (H), St + L1(H)}’

where p,, is any non-zero vector in the exterior product space det P, H = /\"+1 P,H,
i.e., the Grassmann product of any set of basis vectors in ker S*" ™. And when

v #0,
O8xnt1 Ty S*n+t1R(Ty)
 det(TyS*" ' R(Ty) 5"t 4 P(T5)S" ™)
- D (Ts)
where 0 # = € detker Tj; and 77, : H — H/Ty(H )is the quotient map.

p;kL ® T¢p7b NT® (7TT¢1')*,

The Szeg6é Problem. For ¢ € £>(T), the Toeplitz operator Ty is defined on
H?*(T) by Tyf = P¢ - f where P is the orthogonal projection of £2(T) onto
H?(L(T)). Let P, be the orthogonal projection onto

kers*nJrl _ \/{17ei9’62i9’ B .’eme} — \/{ej}’

1For definiteness we henceforth take R(T}) = (T¢7T¢)_1Td;, the Moore-Penrose inverse of T.
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where S = T; set Q, = 1 — P, with D, (T,) = det(P,,TyP,). Let G(|¢]) =

exp 5= [27 log [¢(e)| df.

The study of the asymptotics of D,,(T};) originated with the discovery in 1915
by G. Szego that powers of the geometric mean serve as normalizing factors for
the determinants D,,(T}) = det(P,TyP,). Finally, in 1952 he proved the following
statement:

The sharp Szegd Theorem ([30]). If #(e??) > 0 in [0,27] and ¢’ satisfies a
Lipschitz condition with exponent 3, 0 < 8 <1, then

. Dn(T¢) 1 . 2
lim ————— =exp{~ » nlk,|},
i g — oPli 2

where Y77 k2" = 5= 0277 log ¢(0) Lize 2 46, and D, (Ty) is the determinant of the

1—ze—
27

Toeplitz matriz ((QZA)”)) = ((éi_j)), 0<i,j<n, with ¢, = i ; B(0)e~0 dp.

Szegd’s theorem was extended by Baxter [5], [6], Devinatz [20], Hirschman
[25], Ibragimov [26], Kac [28], Widom [31], [32] and others with fewer restrictive
smoothness conditions, and finally with complex symbols but originally with wind
(6,0) = 0.

However, something different is required when wind (¢,0) # 0. For then the

normalized Szego determinant % — 0 for smooth ¢. Thus, to solve the

problem of finding a full analog of the Szegd theorem when wind(¢,0) # 0 it is
necessary to

a) produce a normalization divisor A,, so that the sequence %
limit, "

b) explain the limit in terms of topological and analytic data implicit in the
symbol.

The main results below are contained in Theorems 1.1, 1.2, 1.3, and 1.6.

If ¢ =27, wind (¢0,0) = 0, put

has a natural

g=exp (Y (logy) nt™™),  f=exp () (logth)nt")
n=1 n=0
so that ¢ = fg. Let H, be the Hankel operator with symbol w. Then, with E(y) =
exp Y poq k(log )k (logy))—k, and G(¢) = det,{Ty.~» + L' (H),S + L} (H)}, a
Steinberg symbol determinant defined in terms of the cosets relative to the trace
ideal of the Toeplitz operator and the shift:

a) A, ~ G(¢)TL+1 det ((ng"‘*'l . [1 — H?anH(dg)]_leé—l7ZT—l)) ., and

XY

D, (Ty) B HAeU(T¢T¢,1)\{o} A _ <

. _ 9
g)  lim A, jbj(ﬂ’)c"(f)7  det(uq, Trz77t)

When ¢ = 927 and wind (¢,0) = 0, we will prove that
G(9)"! = det.O{Tysr + L1(H), 8™ + L1 (H)} = (-1 G(0)" .
Although it is known (see §1.0.1 and §5) that

lim Dn(T¢) =
n— oo (_1)(n+1)'YG(,(/}>n+1 det<TLG+1 Za_la ZT_l)
g

gufxfcu,ﬁ) (T).




TOEPLITZ DETERMINANTS 515

for many symbols, the limit on the left does not exist in general. There are smooth

symbols ¢ so that D, (Ts) # 0, yet Dy_1(Tr2"!) = det(Ts 41271, 2771) =0
g g

for infinitely many n. See §6 below. Thus the corrected nomalization provided by

) is necessary to find the leading term in the asymptotics of D, (T) and thereby

get the general limit theorem in ().

The topological formula (g Ufx %U z”) (T) denotes the holonomy of a flat

bundle taken over the unit circle T. Both the bundle and its connection are defined
by the factorization ¢ = 27 fg. This will be discussed in §1.2.

Theorem 1.1. Suppose ¢ € L>(T) where Ty is Fredholm, injective, TyTy-1 —
1 € LY(H?(T)). Let {ws}] be any basis for ker Ty-1 and let {un}] be any set of
mazimal root vectors relative to {(—=1)"wqa}] and TTy-1, i.e., (TyTp-1)™ uq =
(1) wq where mg = max{m € Zy : Iz so that (TyTy-1)"x = wa}. Then, if
{w&n) 1 is any sequence of bases in ker S*" 1 R(T,)S™ 1 for which wi converges
to wy for 1 < a <« and if {tg}] is any basis of ker Ty, then for n >0,

o, r,_ 0oy A
) Da(Ty) = G+ detfult), 5™ 1t) e | 2SN E 1 o).

If in addition, ¢ € Lipg, % < B <1, then forn >0,

i) D,(Ty) = G(6)"" - det(w(”, S 4,),

| |1+ 0w,

Theorem 1.2. Let ¢ = ¥z for integer-valued v > 0 with normalized Wiener-

11
Hopf factorization ¢ = fg and let f and g be outer functions in K35 = {¢:
¢ € L®, N7 |o(k)P|k| < oo}. Let {ea}] = {1,2,...,277'} denote the stan-
dard basis for ker Ts-, and let uy,ug, ..., uy be associated root vectors of the nilpo-
tent part of the operator TyTy-1 so that us has mazimal order with respect to
(=)™ Treq, , fora=1,2,...,7, i.e., (TgTy-1)"uq = (—1)" Treq where mqy =
max{m : Jx so that (TyTy-1)"x = Treq}. Then with E(¢) = det(TyTy-1) =
exp 3 k(log f)k(108.9) _x, we have

H)\GJ(T¢T¢71)\{O} A
det(uq, tr)

.
a) » mg = dim root space[Qy_1(I — HyH, | ran(Q ))
1 7 | ran(@y—1)
N II A
g Aeo(TyT,—1)\{0}
b) E i
) (ql))G(f) det(ug,Tier)

g)” e, o A

()

Theorem 1.3. Suppose ¢ = 127 where v € Zy and ¢ € Lipg, % <fB<1andTy
is invertible. Then we have b = fg where f,g and %, é € LipgNH*>(T), % < p <1,

c) when mq =0 fora=1,...,v, then E(d))G(

Note that m, = 0 if ¢ is unimodular.
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ifea =2% a=1,2,...,7, and b = %’
Dy (Ty) = G(¢)" E(4)G(b)"

. det ((T§Zn+1 ° [1 - H%anryH(é)]_leou eT))’yX’y[l + O(nl—Zﬂ)].
If ¢ € K232, then
Dy (Ty) = G(6)" ' E(¢)G(b)”
- det ((ngnﬂ 1= H%Qn,yﬂ(é)]ﬂea, eT)),YM[l +o(1)].

The proof uses Theorem 1.1 and the identity
det ((S"'H[S*"H_"’TJIS"H_”]_%Q, T% eT))

= det ((ngn+1 1= H%Qn,WH(%)}*ngea, eT)>
Xy
1.0.1. Relation to other results. Undefined factors in the Bé6ttcher-
Silbermann approximation. An important step towards the non-zero index
case, was made when M. Fisher and E. Hartwig [2I] used Jacobi’s theorem on the
conjugate minors of the adjugate matrix formed from the cofactors of D,, (T}) to give
asymptotic information even when ¢ is piecewise continuous and wind (¢, 0) # 0.
The pioneering Fisher-Hartwig results were refined by Béttcher and Silbermann
[10] where it was assumed that ¢ = az?, with a € Lipg, 8 > %, with the Wiener-
Hopf factorization @ = aya_, and invertible T;,. For integer v > 0 and n > 0, the
Bottcher-Silbermann approximation is:

Dy (Tazr) = (=) DG (a)" P E(a)G(b)Y

é—n—l e é—'rL—i—’y—2
det | : : +0(n~ )| 1 +0(n'=29)),

Eony  Ep
with ¢ = 25, b = Z—;, and ¢; denoting the jth Fourier coefficient, and E(a) =
exp Y poq k(logay)r(loga_)_j. As noted above, this approximation fails to give
a limit theorem. In §6 an example is given of a rational symbol for which the
factor det(C), ) = 0 for infinitely many n and yet D,(¢) # 0 for n > 0. In
this case, for a subsequence {n;} for which det(C,, ) = 0, the Fisher-Hartwig,
Béttcher-Silbermann assertion becomes the statement that there is an unspecified

denominator, [O(n;w )}, so that
D, (Tozv)

j = E(@G0)[L+0n, ), j=1,...,.
(—1) 4G (a)mi+1 [O(n;w)} (@G@)[L+0(n; =70,

Note that the geometric series for
[1 — H?Qn,WH(é)]_l =1+ Z (H%Qn,WH(%))k
k=1

of Theorem 1.3, which is valid for large n, provides a correction for det C,, , since
we have the following remark.
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Remark 1.2. If a = aya_ € L>°(T) with a, and a_ outer in H?(T) and with T},
invertible, then

1 =z 271
keI'Taz'y\/{,,..., — s
a_’a_ a_
2 -1
ker T gzvy-1 = \/{a+,za+,z ag,..., 27 Tay},

. _ T—1
and if we set wo = 2* 'ay and y, = &=— for o, 7 = 1,...,7, then

det(C,, ) = det(wq, S*" 1y, )
é77171 o é7n+'y72
= det =det(Tos ,i12%,27).
Enry én1

Identification of factors in the Widom approximation. Harold Widom [32]
treats symbols having the form ¢ = fgz" where f is piecewise C*° but g is not in
C™, i.e., there are finitely many points at which certain higher order derivatives are
piecewise continuous. The aim of his work is to produce an asymptotic formula for
D, (Ty) in the presence of such higher order singularities and non-vanishing index.
His main result is

Dn(Ty) = G(fg)" '™ (cn + o(1)),

where e is a non-negative exponent depending on the nature of the singularities of
¢ (these are points with no neighborhoods in which ¢ € C*) and ¢, is a bounded
sequence given by “a rather complicated but (in principle) perfectly explicit for-
mula.”

Comparison of the Widom result and Theorem 1.1 gives

H)\GU(T¢T¢71 N\{0} A

n e+ o(1)] = () der(§ ), 1) e

For a certain class of generating functions ¢ Widom succeeds in showing that for
almost all x not in the range of ¢, the sequence ¢, = ¢, () corresponding to the
symbol ¢ —x remains bounded away from zero and he says that “we have no doubt
that this is always true”—but “we have not been able to prove that this is always
the case”.

Note that for fixed  the sequence ¢, (x) may approach zero very rapidly. For
example, suppose that f € Lip(3) with 8 > % and is piecewise in C°°, while g € C*°.
Since ker Ty = Té{l7 z,22,..., 2771} it follows that || S*"*ly, ||= o(n™P), Vp > 0,
and therefore ¢, + o(1) = o(n~P) for any p > 0.

On the other hand, if ¢, is bounded away from zero, Theorem 1.3 says

en ~ (=)D B(F5)G(2)T - det ((Tizm - H;anH(i)]—lea,eT))

NS

YXY

Some key relations. The vectors og.n+1 1, gen+17,-1 and oy 7, gen+1R(T,)5n+1
were calculated in [I5]. The following is one consequence of these calculations
that is fundamental for the present investigation.
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The appearance of root vectors. The limit in Theorem 1.1 above is obtained
from the convergence of the sequence of perturbation vectors

lim o *n—+1 n+1
s 00 1,745 R(Ty)S

Do, onoy A ;\

.
Ty)
det(uq,ys) /\ Y e ¢

= 01,T¢T¢,1

This form for the right-hand side of the limiting perturbation vector o1 1,7,
follows from an apparently new observation about finite matrices given in Proposi-
tion 2.1 below:

If X is an operator on Hilbert space so that X = identity + trace class, and {w, }]
is any basis for ker X, {y,}] is any orthonormal basis for ker X*, and if {u,}] is
a corresponding set of root vectors of maximal height for {w,}7, i.e., (X)™**u, =
We, @ =1,2,...,7. Then with m, + 1 denoting the algebraic multiplicty of w,,

12 7
(—1)Za=1me . H A .M:det(X+Zyj®wj)~

A€o (X)\{0} det<u]7y1) j=1
1 2 1 0
Three examples. Consider the matrix given by A= [J | % 7| with minimal
1 0O 0 O

polynomial z(z — 1)3. Then an orthonormal basis for ker A is w; Z(O, 0,0, 1) and
an orthonormal basis for ker A* is 1, :(ﬁ,—%, %, —ﬁ) Since m, = 0,

u; = wi is a root vector of maximal height lying over the kernel vector of A, i.e.,
(A)Ou1 = wWi.

Then, det(wy,y1) = —ﬁ so that
1
121
1 013 ——=%
——— = V3l =det(A+y; @ wy) = det Y31
det(u1,y1) 0 01 V31
100 —0m
o 2 1 0
For another example, take B = [0 o 2 8). The minimal polynomial is
1 0o o0 1

23(2+1), an orthonormal basis for ker B is w; = (%, 0,0, \/_) while y; = (0,0,1,0)

is an orthonormal basis for ker X*. u; = (0,0, ‘1/2_,0) is a root vector of maximal

height lying over wy, i.e., B2u; = w;. The length m, + 1 of the corresponding
Jordan chain is 3, but [],c,(x) 10y A = —1. Hence we have

o O O O
—
—
~
[\
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and

det(B+y1 ® wl) = det

OO W
—

—_

~

\V)

_ G N G O
-0V = det(ui,y1) % '

For a Hilbert space example, let us consider B = 1 — a ® b where (a,b) = 1. Then
ker B has basis {a} and a is a maximal root vector lying over itself. Hence, since
the non-zero eigenvalues of B are all equal to 1, we get 01,5 = a ® (a + ran B)*.
Thus, |la + ran B|| = ||P(B*)al|. Now P(B*) = ﬁ ® H%H’ and (a,b) = 1, so we
have ||P(B*)al = ﬁ Consequently, |lo1. gl = ||a|| - ||b]].

Now let ¢ = z— A, ||| < 1. Then TpTy-1 = 1—eg®ey, where ex = > po ) AF 2F.
But |leo]| = 1 and |lex|| = \/1i‘—A|2 Thus, by the paragraph above, |lov7,7,_, || =

1

AP

The invariant vector. Suppose that for a Fredholm operator B we have 1 — B €
L'. We observe now that if we pick any basis {(—1)"ew,} for ker B, and any
corresponding basis of top root vectors {u,} for Jordan chains lying over the kernel
vectors, we may form the vector

I(B) = (\wa)" @ (/\ ua + H/BH).

a) Z(B) is invariant under the choice of the root vectors {u, } for a fixed choice
of {wq}.
b) Z(B) is invariant under the choice of null vectors {w }.

Pairing the invariant vector with the perturbation vector gives [[¢,(py (o} A S0
that

ns= |] X IB).

A€o (B)\{0}

But Theorem 1.1 exploits the fact that we have the freedom to choose a different
basis {t,} for the cokernel space. We obtain then the same vector o1 g, but another
numerical coefficient multiplying the corresponding tensor product. In the preced-
ing theorems and Theorem 1.6 below we exploit this freedom to choose bases for
the cokernel space corresponding to the factorization ¢ = 27, and in Theorem A
we obtain an additional meaning for the resulting coefficient in terms of holonomy.

The separation property for finite matrices or for operators of the form
1+ trace class. Suppose that A and B are stationary@ Fredholm operators. Then
we have the Riesz reduction H?(T) = R (A) + Noo(A) = Roo(B) + Noo(B), where
now we use the notation Neo(T') =, —, ker T" and Roo(T') =, —, ran T™.

2Recall that T is stationary if there exist a finite p so that Np = ker TP = ker TPl = ... =
Noo(T) and Rp(T) =ranTP = Rpy1(T) = -+ = Roo(T).
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Select a basis A](—1)™ w;-“ for det ker A with associated maximal root vectors
{u}4 j—1 and form the invariant vector

= (/\w;‘)* ® [/\uf—i—ranA].

Similarly, select a basis \](—1)" w2 for det ker B and associated maximal root
vectors {uB}¥_, lying over these basis vectors and form the invariant vector

= (/\ij)* ® [/\ujB + ran BJ.
1 1

Let M be the linear map on H so that M = 0 on Ry (A) and M maps w;‘ to u;-‘
forall j=1,...,7.

Let L be the linear map on H so that L = 0 on R (B) and L maps w? to uZ
forall 7=1,...,u. Then

oap=det[(A+ M) Y B+ L) -I(A) @ Z(B)*.

Factorization. Suppose A and B are finite matrices (alternately, A and B are of
the form 1+ £'). The indices are both zero and the given description of the vector
det(B+L) _ H,\Be(T(B)\{o} Ap

_ and therefore
det(A+M) Tl co(ano} 24’

oa,p applies. The coefficient factors as

oAB=0],@013=041R01 5.
1.1. Perturbation vectors and the Szeg6 limit theorem.

Lemma 1.1. Suppose Ty is injective and TyTy-1 — 1 € LY(T). Let wy,...,w, be
any basis for kerT,-1. Then there is a basis {w,in)} in ker[S*" L R(Ty)S™ 1] for

(n)

n > 0 so that w;, ~ converges to wy for 1 <k <.

Lemma 1.2. Suppose D,,(Ty) # 0, and {t,}] is a basis for ker Ty, while {w,(cn) f
is any basis for ker[S*" T R(T,)S"1]. Then

Dn(Ts)
G(p)+1 - det ((wc(xn), S*n—i—ltT))

(A wi)o (N\lb+ranTy))’,
k=1

01,T¢S*7L+IR(T¢)S7L+1 =

and if top root vectors u, of TyTy-1 are chosen to lie over the kernel vectors
(=D)™mew, € kerTy-1, i.e., (ToTy-1)"uq = (—=1)">w, where mqo = max{m €
Zy 2 3z so that (TyTy-1)™x = we}, we have

HAEU(T¢T¢ {O}A A A

If w,g") — wy, it is clear that this representation of O1T,T, immediately gives

-1
a limit theorem for the coefficients of the two perturbation vectors

lim D (T¢) e, o
n—o0 G(g)ntl . det( S*n-i—lt ) det(ug, tr)
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The factor G(¢)" ! is explictly evaluated using Theorem 1.5 below. If ¢ = )27,
then G(¢)"! = (=1)"*+D . G()"* = det.0{Ty + LY(H), Ton+r + LYH)} =
¢ U 2"H1(%), the holonomy of a bundle ¢ U 2"*! over the unit circle T which is
computed by an integral.

The form of the perturbation vector in Lemma 1.2. Using Proposition
1.1 it was shown in [I5], equation (73), that when T} is injective, Fredholm,

det(P,TyP,) # 0, and {v((l") 7 is a basis for ker S*"T1R(T})S™ !, then
(11) O1.T S*n+1R(Ty)Sn+1 = Dn(T¢)
e ¢ det, 0{Ty + LY(H),S"*1 + L1(H)}

~y

v
. ( /\ ’U&n)) ® ( /\ [Sn+1v¢(xn) _’_raan)])*'
a=1

a=1

Since the cosets S"+1v{™ + ranT, = ZY(S”“U&")yg)yg + ranTy, for any or-
thonormal basis {ya}] C kerTj, it follows that (/\ZZI[S"HU&") +ranTy))” =

(AL—1[ya+ran Ty])
dCt(’L)((ln) 75*1L+1 yT)

, and therefore (1.1) becomes the stated result in Lemma 1.2.

D (Ty)
G(p)™+1 - det(vl", §*nt1ygs)

) ( /\ v&”)) ® ( /\ [Ya +ranT¢])*.

The second equation in Lemma 1.2 follows by substitution of the formulas of Propo-
sition 2.1 into the definition of the perturbation vector.

UI’T¢S*n+1R(T¢)Sn+1 =

1.2. Bundles, holonomy, Steinberg symbols. Recall the definition of the tame
symbol: if x € X, a complex curve in C", and f and h are meromorphic functions

orderg h

at z, the function ({imr) is of order 0 at  and we can say it has a value at .

The value
fordcrm h

Cw(fa h) = (_1)0rdcrm foorders £ (horder, f

is called the tame symbol at x.

Beilinson [§] and Deligne [19] investigated the “universal” bundle (m, V) with
connection on C* x C*, and f U g the pull-back (f,g)*(m, V). It is known that for
any Riemann surface ) there is an element of the group H'(Y, 03)) obtained from
the universal line bundle by the pull-back

ro(f,9) = (f,9)"(m,V) where (f,g):Y —C*"xC*, x— ((f(x),g(x)).

The regulator map ry is associated with the residue map, so that if S = Z(f)U
Z(g) is a finite subset of ) there is the long exact Gysin sequence:

0— HY(Y,C*) - HY(Y - 5),C%) Hxes O H C* — HX(Y,C*) — -
xes

where 0y is the residue map at A, [ [, g C* denotes the direct product and dxro(f, g)
= CA(fa g)
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The bundle construction. For smooth complex valued ¢ and ¢ defined and
non-vanishing on T, the line bundle ¢ U ¢ over the loop T is defined by specifying
transition functions

1 dy
—%bga(ﬁ'?}

for a Cech cover {U,} such that log ¢|y, is defined (denoted by log, ¢). In other
words, the relation between local sections s, = {log, ¢,%} defined by different
branches of the logarithm on U, N U, is

{yzmi(os o=loss )1 flog 6,9} = {log,, ¢, ¥}

and the connection V on the bundle E defined by these transition functions is
characterized by

{ o zmi (1084 &—logs ?)1 together with the connection form

V({l0g(6), }) = —— log - fea{log( 6), ).

There is an identification Hl(']T,C'*) > Hom(m(T),C*) = C* determined by
lifting a generator p of m1(T) to the bundle £ defined by these transition functions.
Fix base points p € T and ¢ € C* so that [(p,()] € €. Let p be a closed path in
T starting at p and winding counterclockwise to p. Let g be a horizontal lift of p to
€ starting at [(p, ()]. Parallel transporting via the connection around a loop leads
to [(p, 7-¢)], where 7 € C*. The map p — 7 defines an element of Hom (7 (T), C*).
The holonomy 7 is Computed by choosing a disjoint union of open arcs ob-

tained by decomposing {¢~1(Uy) N1y~ (Up)}a s into a disjoint union of open arcs
{" P } ’ﬁ on T so that each arc I; has a branch log; of the logarithm defined,
and then further refining this union into a covering by open arcs {J; }}‘:1, of T, so
that p € Ji and p, € J, N J,yq for 2 < pp < n —1 while p,, € J1 N J,. Then as we
proceed around the circle counterclockwise we first hit .J, then J3, etc. Thus for
1<p<n—1wehave J,NJ,11 #0, and JyNJ, #0.

The horizontal lift on J, is

1, o 1 Put1 dy
w(p}L-Fl) i [1 g+1 ¢(pu+1) 1 S (b(p#+1)] - exp Tm / log# (725 ?’

so that the total lift around T is

n—1
H p +1 27ri[logu,+1 ¢>(m+1)—10gu d’(P;H—l)] - exp i /pH-H 1Og ¢ %
2mi J,, SR

S e 1 i
X ,l/}(pn)(g,” log, ¢(pn) log,, ¢(pn)) - exp (Tm / logl ¢ ?)
Pn

Keeping track of telescoping factors [8], [16] shows that this product can be
rewritten:

Theorem 1.4. If the unit circle taken positively is a generator ¥ of m1(T), then
, the

Rvie

for functions ¢ and 1 smooth on T, for example in the Krein algebra Ké
element ¢ U of HY(T,C*) = Hom (71(T), C*) is given by

d d
PUB )—exp%u110g¢%_10g¢<p>/|1§).
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Here p is a base point of the unit circle T, the branches of the logarithms are
continuous except possibly at p, and the integrals are taken positively over the circle
T starting at p.

The present authors proved an Index Theorem [14], [16] which deals with the
Steinberg symbols of equivalence classes of Toeplitz operators modulo the trace
ideal and smooth functions ¢, 1) defined on the unit circle T:

Theorem 1.5. For ¢, € K%’Q%, Fredholm Ty, and Ty,
det, . 0{Ty + L*(H), Ty + LY(H)} = o U ().
where 3 is the unit circle taken positively.
Theorem 1.5 is applied to give det, . d{Ty+ L (H), T,nt1+ LY (H)} = ¢pU2" (D).

Remark 1.3. Taking p = 1 and using Theorem 1.4 and the Index Theorem 1.5
above we get

G(9)" = det.O{Tyo + L1(H), S™ + L1 (H)} = 27 U 2" 71(D)

1 / dz"t1 1 dipzY
= exp — log12” - ——— — logp"* / .
2mi ( l2|=1 zntl l2)=1 P27

Accordingly, since

1 27
i log 27 dlog z = QLM/O 160 d(i6) = myi,

we have
G()" = U 2"T(X) = det, d{Ty + LY(H), Tonsr + LY(H)}
= G()" T - exp[—(n + 1)7 - 7i].
The connection of the Steinberg symbols of operator cosets and the geomet-
ric mean of an essentially bounded symbol ¢ is intrinsic and does not depend on
the smoothness of the symbol. A relationship persists even when the smoothness

assumptions used here to define the bundle ¢ U 2"t are not satisfied:
Recall the following result [I7], [I6]. If ¢ € £L>°(T) and T is Fredholm, then

1 2 .
et (T, + £1(H), 5"+ £1(H)} = exp " [ toglo(e”)| do.
0

The classical Szeg6é Theorem as a holonomy result. It is of some interest to
see now that the original Szegd result may be viewed geometrically:

11

Remark 1.4. Suppose ¢ € K35* N W, where W is the Wiener algebra, and wind
(¢,0) = 0. Then with the Wiener- Hopf factorization ¢ = ¢4¢_, the foregoing
considerations give

lim Dn(T)

Jdim iy = - U+ (®) = detu 0 0Ty + L1(H), Ty, + L1 (H)}

o0

=exp Y k(log ¢4 )x(log ¢—) .

k=1
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The limit is holonomy when the index is non-zero. Note that for v # 0,
E(y) = gU f(¥) and by definition G(b) = % U z(X) is a holonomy. The bundles
over T form a group. Thus with x the group multiplication, the holonomy of the
product bundle is

e P g Z’Y
E(W)G0) <gfofu )<z>.

There is a relationship between the Jordan chains lying over null vectors, and
the holonomy of a product bundle.

Proposition 1.2. Let ¢ = 27 for integer-valued v > 0 with normalized Wiener-
11
Hopf factorization 1 = fg, and let f and g be outer functions in K35 N W. Then

[Deor,z, 0oy A g\" g
_1)Zd=1ma e =F G(g> :<u Iu 7) Y).
(=1) det(ua,TéeT)lga,Tg7 W) f gurx f 7))

1.3. Inner outer factorization and normalization. We are free to take any
factorization for the symbol. There are several reasons for considering the factor-
ization in the form ¢ = ©1°0,f - g with ©; = [[{_, % and Oy = Hi=1 f:;:z
coprime finite Blaschke products, and f and g outer functions. Among these we
note:

e Any ¢ € L with inf|¢| > 0 factord as ©,0,hk where h is outer and k
is continuous; T is Fredholm iff Ty g, is Fredholm and index Ty = index Ty, g,-
This factorizatior is unique (up to constants) when k = 1.

e The factorization is unique if ¢ is rational.

e Factoring ¢ into ©,0,f7 defines a generator of det H(TyTy-1) as follows:
pick a basis {x;} of kerTg g,. The tensor product A Trz; ® (Téxj +ranTy)* is
a non-zero element of det(7T,T-1) which does not depend on the choice of {x;}.
Pairing with the perturbation vector produces the coefficient

(—1)2e=1ma HAeU(T¢T¢,1 nioy AMATL | ker 7o, 0, I

det(uaa T% e'r)lga,rgv

b

where {uq} are the top root vectors associated with {Tfz,}.

There are two prominent generators for det H (T S*" 1 R(T,)S™ 1), if D,,(T) #
0. One is the perturbation vector oy 1, S*" "' R(T4)S™ ! and the other is A w} ®
A(S™ T w? + ranTy)*, where w} is any basis for ker S*"*1R(T4)S" . Again,
we have independence of the choice of basis. Pairing these two yields the Szegd
sequence %, with the generalized geometric mean in the denominator.

e When ¢ is both unimodular and rational we have previously [17] explored a
relation between the geometry of subspaces in Hilbert space and hyperbolic plane
geometry by evaluating the Szegé limit in terms of the Bolyai-Lobachevsky angles
of parallelism associated with pairs of zeros of the Blaschke factors. Recall that
these angles are defined by limiting directions.

3 N.K. Nikol’skii, Treatise on the shift operator, Springer-Verlag, Grundlehren 273, Berlin
(1986).

4 Tt is natural to consider the Szegd limit problem for more general inner functions. For
example, when ©1 is singular and the supports of ©; and ©2 are identical, as in the work of Lee
and Sarason (The spectra of some Toeplitz operators, J. Anal. Appl. 33 (1971), 529-543) where
O; is singular with mass one and ©3 is a Blaschke product with zeros clustering at 1.
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e The limit result for the factorization ¢ = ©,05fg clearly displays the way in
which the perturbation vector is related to algebraic K-theory, Steinberg symbols,
and the tame symbols formed from the zeros of the symbols.

Steinberg symbols were originally introduced for the study of arithmetic be-
cause of their natural connection to tame symbols. We are interested in an-
other relationship to geometry in Hilbert space involving the notion of separa-
tion of subspaces when degree ©; = degree®,. The purely geometric object
X2(P(To,), P(Ts,)) = det(P(Tg,)P(Ts,) }kerT ) can be computed in terms of
tame symbols and was found to express angular relationships between the indi-
cated kernel spaces (see [15]).

Theorem 1.6. Let ¢ = Oy - Oy f - § with ©, = =1 1 V”'Z and Oy = Hk ) Tk IZ’“Z
coprime finite Blaschke products, and let f and g be outer functions in K2’2 nw,
the intersection of the Krein algebra {a € L>(T) : Y., o ,(In| + 1)|an|? < 00 and
the Wiener algebra, W. Let v = ¢ — ¢ = wind(¢,0) > 0. Let wy = Trzq and
let uq be the associated top root vectors lying over (—1)"eTix, where {x4}] is
an orthonormal basis for kerTg, o, = Tg,(Ke, N K@L)Q). Then for any sequence of

vectors {v&n)}'ly in ker S*" 1 R(Ty)S™ 1 for which lim v = Tjx,, for n >0,

i) D, (Ty) = G(¢)"*! - det(v(™ S*”HTlgcT)m

IIAEU(T@T‘ 1)\{0} A
) - 1 (1-28)y|
[ det(uq, T1x;) ] [ +0(n )

ii) lim D "((T";)
n=o0 G(¢g)" ! - det(va aS*”“TéﬂfT)

? q
= *(P(Te,), P(To,)) - [] [ H

§
k=1 =1 f

- exp Z k(log f)r(log g)—x - det(P(Tg,) Arp(Te,)
k=1

1 1
TIfIQ\KemKéz)Q ~det(P(Te,) Arp(Te,) - Tj2 2| Ke, N K&,)7,
where explicitly for simple zeros {pa} and {v.},

[li<ar<el = Baps]

Hl<a<2 |1 - ,ual/7—|2

1<B<q

X*(P(Te,), P(Te,)) =

T ocx (1= frapr) 11 oot (ot —D)|
s ﬁGN
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The sum is extended over all subsets N C {1, , p; ﬁ%’ Sy %} of cardinality ¢,
andN:{,ul,--- a,uﬂe;%la"' a%@}\N

For an inner function ©® we use the notation Kg = H? © ©H?. The numbers
det(P(Ts,)Arp(To,) Tis2 | Ko, N K§,)? and det(P(T(:)l)/\rp(TQQ)Tlllz|K® nKa )2
g 1 2

are fixed finite order determinants. These normalization factors are computed from
the eigenvectors associated with the zeros.

2. PERTURBATION VECTORS

Let H be an n-dimensional vector space over a field F'. Let T be an endomor-
phism on H. Let p = dimkerT. Then we have the exact sequence

T: 0—KerT - H-Z H ™, CokerT — 0.

The torsion vector of this complex is the element in det 7 defined as follows: Pick
non-zero vectors s; € detkerT, so € A" P H and s3 € A\’ H, where s1 A 53 # 0
and T'so A s3 # 0. Then

(=1)P(7P) 5% @ (51 A 83) @ (T'sg A s3)* ® mrss

defines a generator o(7T) of detT that is independent of the choice of vectors
S1, 52, S3-

In the same way, a pair of maps S and T" acting between finite dimensional spaces
H, and Hs produces torsion vectors o(.5) and o (7). The product

osr=0(S)®a(T)"

is then a well-defined element in det S ® (det 7)*.

In infinite dimensions, o(S) and o (T') are not defined, so the coupling represented
by osr may not factor. But in [I5] it was shown how the construction extends
to the case where H; and H, are infinite dimensional, with S and T algebraically
Fredholm and S — T finite rank, or in the case of Banach spaces where S and T are
Fredholm in the usual sense and S — T is nuclear.

The following properties of the norms of perturbation vectors were proved in
[15]:

Let Hy and Hs be Hilbert spaces. Then

) fons =l osr |7

ii) If index T > 0, then || 07,5 ||?= det ((TT* + P(T*))_1 (55 + P(S*)))

iii) If index T° < 0, then || or,s ||*= det ((T*T—I— P(T))_l(S*S + P(S)))

iv) Suppose H; = Hy = H is a complex Hilbert space and T*T—TT* € L (H).
Then | or.s [|[=] o7+.s- |-

V) 0sT=0rg, 07,8 ®0SR = OTR-

The equality in (v) is to be understood in the sense that the vectors on the
right and left-hand sides are images of each other under the canonical isomorphism
HQH"=C .

Example. Suppose H = H; = H, is a separable Hilbert space and 1 — X is a
trace class operator. Let z be any vector in det ker X. Then z is decomposable and
there is a basis {z;} for ker X so that x = A ;. Let {u;} be a set of root vectors

of maximal height lying over {(—1)"ix;} relative to X | U, Ker(x)" with algebraic
n=1 X€T
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multiplicity m;+1. Recall that the Riesz-Schauder theorem implies there is a direct
sum decomposition of the Hilbert space H = X + ) into X invariant subspaces,
X =N ran(X)" and Y = [J;, ker(X)™, of X so that X restricted to X is
invertible, ) is finite dimensional, and X restricted to ) is nilpotent. Furthermore,

o1x = H A ~/\xj®(/\(uj —l—ranX))*

A€a(X)\{0}
and 1 N
Aeo(X)\{0} _ H s (X)
- [e% I
det(on]
where {y;} is any orthonormal basis for ker X*, {u;} is any set of maximal root

vectors relative to any orthonormal basis of ker X and {s,(X)} are the singular
values of X. If o(X) \ {0} = 0, the product is understood to be 1.

low,x [l =

Proposition 2.1.  Let X be an operator on Hilbert space H so that X = identity
+ trace class. Suppose {wq}] is any basis for ker X and {y,}] is any orthonormal
basis for ker X*. Let {us}] be a corresponding set of mazimal root vectors for

{wa}], ie, (X)™ uy = wy, « =1,2,...,7. Then
y

v
i) Ul,X:(,l)lelma . H A .(/\wk)®(A[uT+ranX])*,
Aeo(X)\{0} k=1 =1
i) (—1)Za=1me . H A M =det(X+iy'®w').
det(uj,yi) ; ’ ’
Ao (X)\{0} j=1

iii) Let {ul,}] be the mazimal root vectors corresponding to {w’,}], the orthonor-
mal vectors obtained from {wy}] by the Gram-Schmidt process. Then || \]_, wa -
det(ul,, y,) = det(uq, yr).

Proof. By definition of the perturbation vector o1 x (see §2 in [15]), we have

Yy ¥ 0% *
o1,x = det X+ZUj ® w; (/\tj> ® (/\(uj —|—ranX)> ,
1

j=1 1

where * denotes the dual vector and {¢;}7 is a dual basis to {w, }7, i.e., (tj, wr) = d;
and {¢,;}] spans ker X. Note that A]¢; = || A] w;|| 72 A] w;.
But
det(X + ) u; ® wy) = det(X| )det(X + ) u; ® w ),

X y

and

det(X’ = I »

¥ Xeo(X)\{0}
¥ 3 ¥
det(X + Zuj ® wj| )= (71)27':1 ™| /\wj”?-
1 y 1

Thus i) follows by substitution.
Now we prove ii). Again by definition of the perturbation vector oy x, we have

Y v v *
o1,x = det X+Zyj®wj (/\tj>®</\(yj+ranX)> .

j=1 1 1
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With u; = Y] _ (uj, yx)yr mod ran X we have

5 " A (y; + ranX)>*
() - ~

(uj+ranX | =
/1\ ! det(uja yk)
Therefore,
det(X + 377 u; @ w;) -
= det(X + Y Qw;),
det(u;, yx) ( ; J i)
so that

[(1)23—1 Mo H )\] M = det(X + i:yj ® wj).

A€o (X\{0} det(“’]ayk)
Next we prove iii). Replacing {w;}] by {w}}] and {u;}] by {u}}] in part ii)
gives
5
(=1)%&e=r" T]\cox\ g0} A
det(u;-, yk)
By equating expressions for the perturbation vector, we get

det <X+§:yj ®w;> <]\w;> ® (/\(yj +ranX>

1 1

= det <X+§:yj ®wj> (/’Y\tj) ® (;\(yj +ranX)) .

1 1
Again A1 = | AT wy |72 AT wy and AJ w) = | A wyl| ™" AJ w;. Therefore,

Y v 2
det <X+Zyj®w;> = [ A\ wyllI ™" det <X+Zyj ®w]->.
1 1 1

)
= det(X + ) _y; ® w)).
1

Consequently,
~ 1
EEEET | (R pp———
Aeo(X)\{0} det (v, )
v 2
_ 7 AT w;l
= [ Awsl [-0Zme T A .
1 Aeo(X)\{0} det(us, i)
Canceling like factors gives iii). O

3. PROOF OF THEOREM 1.1, PART i)

The proof of Theorems 1.1, 1.2, and 1.3 are centered around equation (35) of
[15] cited earlier:
Dn(T¢) _ *n+1 n+1 _ n+1
We proceed under the assumptions of Theorem 1.1, part i). In particular, since
TyTy-1 is of the form 1+ J , where J is in the trace ideal, T},-1 is a regularizer for
Ty and R(Ty) — Ty-1 is in L'(H). Let y = Index Ty = dimker T;; > 1. Thus P(T})
has rank ~.
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Lemma 1.1 of §1.1 is contained in the following lemma.

Lemma 3.1. Suppose ¢ € L>(T) and Ty is injective and Fredholm with TgTy-1 —
1 € LY(H?(T)). Then as n — oo, P(S*™T1R(Ty)S" ) converges to P(Ty-1) in
trace norm and D, (Ty) = 0 < det (S’"“v&"),yT) = 0, where {U&n)}Y (respec-
tively {y-}1) is a basis for ker(S*" 1 R(Ty)S™ ) (respectively ker(Ty)).

Proof. Since TyTy,-1 — 1 is compact, R(Ty) has the form T,-1 + F where F is
also compact. Consequently, S*" 1 R(T, ¢)S”+1 converges in the uniform norm to
Ty-1. Since Ty-1 is surjective, the same is true for S*"T'R(T,)S™*! provided
that n > 0. The first assertion now follows since P(S*"T1R(T,)S"*) = 1 —
S*n+1R(T¢)*Sn+1 [S*n+1R(T¢)Sn+1 S*n+1R(T¢)*Sn+1]7ls*n+1R(T¢)Sn+1.

Now index S*"*1R(T,)S™! = ~ and therefore dimker S*" 1 R(T,;)S" 1 = +.
Now fix n > 0. When D,,(¢) # 0 we have from Proposition 1.1

D (Ty)
G(¢)"+1
If we replace ¢ by ¢ — A, then continuity in the generating symbol implies that this

equation holds also when D, (T,) = 0. Thus D, (Ty) = 0 if and only if there is
a non-zero vector z € ker(S*"*'RyS" ') and P(T;)S™ 'z = 0. For n > 0 this

= det (TyS™ T R(Ty)S™ ' + P(T5) 8™ ).

means z is a linear combination z = 77 _, )\aU&n) and (S"*z,y,) = 0 for all 7.
By Cramer’s rule this is the same as det ((S"‘*‘lv((l"), yr)) = 0. O

Lemma 3.2. Suppose that (é g) and A are invertible, and are of the form 1+

trace class. Then

det A
det (é g = ¢ 1 .
det (O O) (A B) |ran (0 0)
o 1)lc b 0 1
Proof. Wehave (A 5)=(,1-19) (’3 _CAEBJFD) . Taking determinants we have

det <C D>—detA-det(—C'A B+ D).

—1
Now (cf. Lemma 2.9 in [12]), D—-CA™1B = <(8 (A g)_l ran () ?)) . Hence

<A B) det A

det = — .

¢ D i (0 OV (A B 0 0
“Vo 1/\c b ranly g

The Riesz Schauder decomposition applies to X = T3T;-1 so that H 2(T) =
X +Y where X = (" ran(TyT,-1)" and Y = [, ker(TpTy-1)". Let Px be the
projection onto X = (2, ran(X )™ parallel to Y, and set Py =1 — Px.

Then we have a block matrix decomposition

A B .
X = (0 D) =TS " R(Ty)S™ ! 4 P(T)S™ .

Since R(Ty) = Ty-1 — E where E is trace class, X,, converges to TyTy-1 in the
uniform norm. It then follows that P(X )Xn‘ is invertible provided that n > 0.

X
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Now suppose that n > 0 is chosen so that X,, is invertible, e.g., D, (Ty) # 0.
Then by Proposition 1.1 and Lemma 3.2

det(PXXn
Dn(Tdﬁ)

)
) X
(3.1) G(p)ntt det(Pan_ly )

v

Since the numerator of this quotient converges to

det(PXT¢T¢_1|X) = 11 A,
A€o (TyT,—1)\{0}

the product of the non-zero eigenvalues—using the well-known theorem of V.B.
Lidskii—it suffices to consider the denominator det(Pan_1| ).
v

Choose a basis {wa}Y for the kernel of Tyy-1. Let uy,us,...,u, be associated
vectors so that u, has maximal order with respect to {wa}, i.e., (TpTy-1)"uq
= wq where m, = max{m : Jxso that(TyTy-1)"x = ws}. Then the collection
{(TyTp-1)"uq : 0 <17 <M, 1 < a < v} is a basis for Y. The set of algebraic
multiplicities {mq + 1} is independent of the choice of basis for ker T,T,;-1 and
> me 4+~ =dim.

In what follows we take the collection {u,}] so that for j > o > 1 we have
me > 1 and for v > o > 5+ 1 we have m, = 0. Let Z be obtained from Y
by replacing \/]_,{ua} with the kernel of T = ker(TyTy-1)*. Then we have the
direct sum decomposition H(T) = X + Z.

Moreover, det(PyX,jl| ) = det(PzX;1| ). So we can work with Z instead of

Z

Y. The presence of the pr)(;)jection P(T(z,) in the right-hand side of Proposition 1.1
makes this change desirable.

For Fredholm operators T let R(T") denote the regularizer of 7' with respect to
the trace ideal so that TR(T) = 1—P(T*), R(T)T = 1— P(T), with P(T') denoting
the orthogonal projection to the kernel of T'. The Moore-Penrose inverse is such a
regularizer.

Lemma 3.3. Suppose {B,}5° is a sequence of Fredholm operators which converges
in the uniform norm to an operator B, and suppose also that P(B,) converges in
the uniform norm to P(B). Then R(B,) converges in the uniform norm to R(B).

Proof. Recall that for any operator A with closed range the Moore-Penrose in-
verse AT has the form R(A) = [A*A + P(A)]~'A*. Thus the assertion follows by
continuity of the inverse map in the uniform topology. (I

Corollary 3.1.
lim R(TpS*" T R(Ty)S™ ) = R(TyTy-1) uniformly.

n—oo

Proof. Since Ty is injective ker T, S* 1 R(T)S™ ! = ker S*"T1R(T,;)S" 1. Also
S*H1R(T,)S™ T converges uniformly to Ty-1. So the result follows by Lemmas
3.1 and 3.3. O

Now we will prove Lemma 1.1 which asserts that if wy,...,w, is a basis for
ker Tj—1, there is a basis {w{™} in ker[S*"+1R(T})S"+!] so that w!"™ converges to
w, for 1 <7 < 7.
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Proof. Recall that by Lemma 3.1 P(S*"*1R(T4)S"*!) converges to P(Ty-1).

Hence we can take w(” = P(S*"+1R(T,)S" w,. O

Note that if {vén) }{ are the vectors obtained by applying the Gram-Schmidt pro-

cedure to {w?}7_,, then o) = VTP g o v U and ||w? —proj wr||?
ata=D @ H“’Z‘Projvlgj<a w;.*“’ZH a”P JV1§j<a wi o

_det(w]w})i<ij<a
T det(wl wi)i<ij<a
the Gram-Schmidt procedure to w,,.

— 1, lim, o vé”) = V4, Where the v, are obtained by applying

The action of Pngl‘Z. We consider first the action of PzX, ! on the vec-
tors {(TyTy-1)"ua. For mg > r > 1, define z.o(n) = X, 1 (TyTy-1)"us. Then
(TyTp-1)"tq = Xpnzra(n). Since r > 1, we have P(T3)S" 2. (n) = 0 so that

(TyTy-1) "t = TpS*™ T R(Ty) ™ 2,0(n)
= T,S*™ T R(Ty)S" 1 — P(S*™ T R(T,)S™ )] 20(n)
and
R(TyS*™ M R(Ty) S™ ) (TyTy-1) ua = [L — P(S*™ T R(TpS™ )] 2ra(n).

By Lemma 3.1, P(S*"*1R(T})S" ') converges in the trace norm to P(Ty-1) =
P(TyTy-1).
Therefore, by Corollary 3.1 it follows that

[1— P(S*™ ' R(T)S" ")|zra(n) converges to  [1 — P(TyTy—1)]|(TpTy-1)" 'ua,

[
and Z.o(n) = X,[1 — P(S*™ T R(T)S™)]2ra(n) converges to the basis vector
(TpTp-1)"ua. Note that Z =\, .. | oc\{Zra(n)} + ker T, Furthermore,

PzX, ' Za(n) = Pz[l = P(S™ " R(Ty)S")zra(n)
I Pz[l — P(T¢T¢—1)](T¢T¢—1)Tflua,

Next we consider Pz X, ! acting on kerT, 3. Let y1,...,y, be an orthonormal
basis for ker Tj. Set zq(n) = X, 'yo. Then X, z,(n) = yo so that

S*HR(Ty)S" M 20(n) =0 and  (S" Tz, (n),y,) = dar-

Let {w{}] be any basis for ker(S*"*+17,5"+1). and suppose that {v5”}] de-
notes the associated orthonormal basis derived by the Gram-Schmidt procedure.

Then, since z,(n) = Y. _,(za(n), v&"))vgn)), we have
g
(3'2) 5au = (Sn+lza(n)vyu) = Z(Sn+lv7(—n)7yu)(za(n)v'U-(rn))a
T=1

and it follows that

B 1
det((Sm+108", y,))

Let C), and K,, denote the linear maps defined on Z so that for a=1,2,...,7,

D) Colya) = S0 (50 welue,

2) Cu(TyTy-1)"ua = Zra(n) = (TyTy-1)"ta — dra(n), where d.q(n) € ker Ty,
3) Kn(ya) = Pz(ud),

4) Kno(TpTy-1)"uq = PzR(TpS* 1 Ry S" 1) (TyTy-1) uq for mg > 17 > 1.

det((za(n), o™

T
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Then
K, = PzX,'PzC,.
To check this, first consider the action on y,. We have
¥

2

X, PzCw(ya) = X, D (8™ 0 ye)yel =Y (8™, ye)ze(n)
(=1 =1

2

(5™ ol o) [ (ze(n), ol ol

T=1

> [Z(S"“v&”%yw (el ol ot

T=1 -/¢=1

|
NMQ

=2
-

After taking the transpose of equation (3.2), the inner sum becomes d,, and
therefore Pz X, 1Cphy, = ng&”).
Next we consider the action on vectors (TyTy-1)"uq. It follows that
X P2 C(TyTy 1) o = [1 = P(S L R(T,)S™ )z, (n)
= R(TpS*™™ P R(Ty) S™ ) (TypTy-1) s
thus K, = PngngCn.
Now, since det(C,,) = det(S"“'lv&n), yr), it follows that
det(K,) det(K,,)
det(Cy) det(S”“v&n) yYr)

)

det(Py X, ty) = det(Pz X, !z) =

and therefore,

det Py X, x)
det(K,)

On the other hand, since dim ker(S*" 1 R(T,)S"*1) = v when n > 0, the operator

K, is defined even when X, is singular. By Gram-Schmidt, if w((l ) — W,, then

o8 = v, where {va}] is derived from {wg}] by the Gram-Schmidt procedure. In

that case, K, converges to the operator K defined by
K(ya) = Pzva,
K(TyTy-1)"uq = Pz[l — P(TyTy-)](TpTy-1)" tuy for me >r>1.
Since Z is finite dimensional, K,, will be invertible provided that K is invertible.

Lemma 3.4. det(K) = (—1)Z1 ™ det(by,ye) where {by}] is any set of TyTy
mazimal vectors for {vy}]. In particular, K is invertible.

Dy (Ty) = G(gp)"* ~det(S" o™ y,)  provided D, (¢) # 0.

Proof. Let L : Z — ) be the linear map where for « = 1,2,...,v, Ly, = v, and
L(TyTy-1)"te = [1 = P(TpTyp-1)|(TpTy-1)"'uq, for 1 <r < mg,. Then K = PzL.
Hence, det K = det Pz L = det LPZ’y.

Let Y
\/{ua} and Yo = \/ \/{ TuT, D ug b,
a=1 a=1r=1
and let

= \/ {wo} and Yy =ran(l — P(TyTy-1))).

a=1
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Then
YV=V+Vo=Vs+ Vs

Note that V4 = rp [(TpTy-1)*]V. Let P(YV3) be the linear map on Y which acts as
the projection onto Y3 parallel to ). Define the linear map M : ) — ) by setting

M = (P(Y3)LPz, ) 'P(V3)+ (Lpz‘y ) "ML= P(Vs)).

Computation shows that MLPz‘y = I+ N where N), = 0, and N : )J; —

[

YVs. Therefore, det LPZ|y = det M—!. Further computation shows M lu, =
>0 Gapwy  Where aa, = 31 (g, yr)Trp with (I ,) the matrix relative to
|w,}] for the map defined by I'(w,) = v,, and we also have

M N TyTy-1) ua = [L — P(TpTy-1)[(TpTp-1)" " g

Recall that the {u,}] have been so ordered that 1 < m, for 1 < a < j, and
mq =0 for j+1 < a <. Thus, if X = TyTy-1, then M~! has the following
matrix representation:

Xuy X2up -0 X™uy Xup X2up -0 X™2up .. ... Xuj XPuj .. ijuj u up uy
uy 1 0 - 0 0 0 v 0 ke e 0 0 - 0 0 0 0
Xuy 0 1 0 0 0 [+ R 0 0 0 0 0 0
X2u, 0 0 - 0 0 0 e 0 e e 0 0 - 0 0 0 0
xm1-ly, 0 0 1 () 0 0 0 0 0 0 0
up 0 0 0 1 0 0 0 0 0 0 0 0
Xuy 0 0 0 0 1 0 0 o 0 0 0 0
X2uy 0o o0 0 0o o0 0 . e 0o o0 0 0 0 ]
Xm2‘1u2 0 [ 0 0 0 .- 1 e e 0 [ 0 0 0 0
uj 0 0 0 0 0 [ 1 0 0 0 0 0
Xuj 0 0 - 0 0 0 v 0 e en 0 1 - 0 0 0 0
x2u; 0 [ 0 0 0o .. 0 e ees 0 0 - 0 0 0 - 0
XmJ'luJ 0 0 - 0 0 0 o 0 e e 0 0 - 1 0 0 .- 0
XMy * * e * * *  eee * e eee * * e * ay a1 -0 ayl
XM2u, * * e * * * e * eee e * * e * a2 ap - ay
meuj * * e * * PR K e e * * e * ayj @y o Ay
U1 * * e * * * e * eee e * * e * a1j41 2441 0 By jel
uy * X e M M P x ol o« x eee * uiy ol ayy

Now detI' = m Therefore by ii) of Proposition 2.1 we have

det K = det M~ = (—1)Za=1"= det(uq, y-) - det(T) = (—1)2a=1="" det(by, ys ),

where the {b,}] are maximal vectors for {v,}7. O

Now, since K, is invertible, and D, (Ty) = 0 if and only if det(S”“v&n),yT) =0,
we have shown that for all n > 0,
41 det(Py Xy, x)

. n+1,(n)
et (K,) det(S™ v, yr). (3.3)

Dp(¢) = G(¢)"
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Let T(™ be the linear map on ker(S*"*1R(T};)S™ 1) so that T (w{") = vV,
Then det(I'™) — det(T") = m, where as above I'(wy) = v4.

Let {¢.}] be any basis for ker T);. Then upon substitution into (3.3), Proposition
2.1 gives

Nheor,r,-1)\10y A

_ n+l ntl, () ¢y (L)X m
Dy (¢) = G(¢)" - det(S" T w( t,) - | (1) det(ta 1)

where the eigenvalues A\ are repeated according to their multiplicity. Again the
equality det TyTy—1 |X = H/\GG(Td)T _\{0} A follows from the Riesz-Schauder de-
composition and the well-known result of V.B. Lidskii. This completes the proof of

part i) of Theorem 1.1.

4. PROOFS OF THEOREM 1.2 AND THEOREM 1.6

Assertion a) of Theorem 1.2 is contained in Proposition 4.1 below. Assertion
c) follows from b) while b) is a special case of Proposition 4.3 with ©; = 27 and
0, = 1.

2Let ¢ = O1f 035 with ©; and O, coprime finite Blaschke products, and let
f and g be outer functions in KQ%,Q% N W, the intersection of the Krein algebra
{a € L(T)> : ¥ ,cz(In| 4+ 1)|an]|* < co and the Wiener algebra, W. Note that
if a € KQ%)’Q% N W and has no zeros on T, then a=! € KQ%)’Q% N W. In this case
the Hankel operators H(a) and H(a~!) are in Hilbert-Schmidt class; cf. [12].
Let v = wind(¢,0) = deg®; — deg®, > 0. Note that kerT; = T% ker Tg, o,)
ker Ty-1 = Ty ker T, o, and ker Tg o, = To,[Ko, N K3,).

Lemma 4.1. For h € L>(T) and the multiplication operator My, on L?(T)

P(T(:)1 )/\rp (T@2)Mh

Ko, ﬂKé‘z Ko, ﬂKé‘z
TQQJ TQQJ
P(Ts,0,)Mn
kerTg, o, L TN kerTg, o,

Proof. The result is a consequence of the following two facts:

1) P(Ts,e,) =Te,P(Te,) Arp (Te,)Te,,
2) P(Te,) Nrp(Te,) - Me, P = P(Ts,) Arp (Te,) - Me, - O

As a consequence of the lemma we see that

detP(T@1@2)Mh ZdetP(T(:)l)/\rp(Tez)Mh

ker g, o, ‘Kel ﬂKé2
= dimker P(Tg,) A1p (Te,) My
ker T

©102

Fix orthonormal bases {wq}] and {yq}] of ker T;,-1 and ker T5. Pick {54} to be
orthonormal eigenvectors of P(Tg, g, ) so that

)

dimker P(Tg,0,)Mn

L
‘Kel nKg,

T 2
| f] |kerTC:)1@2

» P(T. T a = UaSa-
(4.1) ( @192) |f\2‘kerT(:)1@2$ HaS
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Then {\/LH_ET ¥Sr}1 is a complete orthonormal set in ker Ty—1. Similarly, pick {rq}

to be orthonormal eigenvectors of P(Tg 1@2)T| so that

%|2| kerTg, o,
(4.2) P(T@@?)T‘%P‘ ker Ty, o, 7@ = AaTa

Then {ﬁTé rs}] is a complete orthonormal set in ker T5. Let W : ker P(Tg,0,) —

ker P(Tg,e,) be the unitary map so that Wr, = so. Similarly, let V : ker Ty-1 —

ker T),—1 be the unitary map such that VT \/55 = wg and let U : ker Ty — ker Ty
2

be the unitary map so that UT1 \/Tfﬁ = yg.

1
g

Proposition 4.1. a) #{a: m, # 0} = dimker P(Tg,) A1p (Te,) M, |Koynis, —
5| e1 ©2

dimker TyTy-1. In particular, if ¢ is unimodular, then mqo = 0 for all o
b) 37 mq = dim root space [Q—1 (I — HyH

i‘ ranS“f]’

Proof. a) Since Ty-1 is surjective,
J = cardinality {o : mq # 0} = dim[ran Ty Nker Ty—1].

Now we may pick the basis {wq}] so that wy, ..., w; is a basis for [ran T, Nker T,-1]
and then wji1,...,w, is a basis for [ker Ty—1 © ranTy Nker Ty-:1]. Since the inner
product (we,ys) = (Ua,ys) for j+1 < a <y and (wq,ys) =0 for 1 <a <j, it
follows that

v—Jj=#{a: my =0} = column rank ((wa,ys)) = column rank ((Ttsq,T173))
= column rank ((Tyrq, T%rg)) = dimran P(T@1@2)Té |kerP(Tc:>1@2)

=7 — dimker P(Tg,0,)T; |kerP(T61@2)

= —dimker P(Tg,) Arp (To,)M;

g 1
|K910K@2

If ¢ is unimodular, then f = c- é for some ¢ € C*, and then j = 0. O

Proof. b) With ¢ = fgz7, and < , > denoting multiplicative commutator we have
TyTy— = TféQvflTig = Tf<T% ] T.<?>T§Q771T§T%-
Therefore, Ty Ty is similar to

Tu(Ts, T5)T3Qqy—1 =T TygQyo1 = (1 — H L Hp ]Qy—1.

This last operator has the block matrix form (]\LJ 8) relative to the decomposition

H?%(T) = ran S” @ ker S*7. Since Hf_{ Hj; is trace class, we have for sufficiently
9
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small 6 >0

. . M 0
v+ Z mq = dimroot space TyTy-1 = dimroot space <L )

O
Proposition 4.2. Suppose that m, =0, Va. Then

H}\EG’(T T,-1)\{0} A
e ®2 o gy

where {vy}] and {y-}] are respectively orthonormal bases for ker Ty—1 and ker T}.
In particular,

i) 01Ty T,

HAEU(T¢T —1)\{0} A
X(P(Ty-1), P(Tg)) |
ii) H)\EU(T¢T —)\{0} A= XQ(P(Tél)’P(TéQ)

lovr,r, |l =

O,
X H cx(g @1) de t(P(Tc:)l)/\rp(Tez)~T£|K®10Ké ) x det 0{Ty+ LY, Ty + L},

lz]<1

iii) With e = det U* det V det W,

det(vjayk):
det(P(Tg,) Nrp(Te,) - Ts )etr
‘KolﬂKez
det(P(Ts ) Arp(Te,) - T 2 - det(P Arp(Te,) - T 2
e( ( @1) I'p( 92) |f|2‘KelﬂK({)—2)2 e( ( ) I'p( 62) |%‘2‘K@10Ké‘2)2
iv)

[Deo,r, )\ oy A [ ©

o o1 2

= P(T, P(Ts (=, —

Tt (P(Te,). P(Te,)) - [ xS, %)

det H{Ty + L', Ty + L' }e " det(P(Tg,) AN1p(To,) - T

W=

det( ( )/\YP(TG)g) T‘%|2|K@10Kg2) ’

In particular, if ©1 =27, O3 =1, then
 Dheo,r,-noy A
Dya(Te)

E(z/;)G(%w
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v) Suppose {xq}] is an orthonormal basis for ker Ty o,. Let {ws}] be obtained
from the vectors {Trxo}] via the Gram-Schmidt orthogonalization procedure. Sim-
ilarly, let {yo}] be the result of orthogonalizing the vectors {Tix4}]. Then, with

g

this choice of bases for ker Ty—1 and ker Ty respectively, statements iii) and iv) hold
with p = 0.

Proof. Part i) follows immediately from Proposition 2.1 by taking X = Ty4T},-1. To
prove ii) recall that since T} is injective, Ty-1 is surjective and so ran TyTy-1 =
ranTy. Consequently, X = ran Ty and so

) = det(T¢71T¢,).

—1

A= det(T¢T¢71| )= det(T¢T¢
A€o (TyT,—1)\{0} x

ran T‘i’

Since ¢~ = @2@1%%, assertion ii) is obtained by the arguments given in the
proofs of Theorems 3.6 and Theorem 3.7 of [I7].
To prove ii) note that u; = w; for j =1,...,7.

Recall that {s,} are orthonormal eigenvectors of P(Tg,g,)T

so that
1712 | ker Ts, 02

P(Ts,0,)T,

Sa = HaSa
1712 | ker Ts o, ’

and {\%TBTJ»ST} is a complete orthonormal set in ker T);-1. Also, the {r,} are an

orthonormal set of eigenvectors of P(Tg,¢e,)T] so that

‘%‘2’ kerTe, o,

P(Ts,0,)T,

To = AaTa,

|%|2|kerT(_)1(_)2 @ ala

and {——=T1r,} is a complete orthonormal set in ker Ts. Let W : ker P(Tg,0,) —
s 9 1092

ker P(Tg,e,) be the unitary map so that Wry = sq and V : ker Tj,-1 — ker Tj,-1 is
the unitary map such that V71'y— f = w, while U : kerTj; — ker T} is the unitary

map so that UT: \/Ti =Y.
Then ' ’

det(w;,yr) = det(VT Wi UT;
’ WU
det(P(To,) Arp(To,) - T )

9 ’Kel nig,

-det(P (T, ) Arp(Te,) T,

) =detU*det Vdet W

[SE

" det(P(Tq OArp(Te,) T 12| Koy K, )z %‘2‘%101{@)

Finally, set det U* det V det W = e?’. O
Combining ii) and iii) we arrive at iv).

Proof of v). It suffices to prove iii) with p = 0. We have

Tyx;]

[foj - PrOJ\/1< <; Trzi

(43) 'LLj = ’U.)j =

HTfI] - PrOJ/\lgi<j waLTf‘/'E] || '

Therefore,

K _ /\;:1 Ty,
/\us =

H;:l ||fo] - Proj\/lgigj wai
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Since || Awl = 1,

v v
[T 1Ty —Projy, . rye Trail? = 1| A\ Traall? = det(Trwa, Tyar)i<a,r<s-

=1 i=1
Consequently,
;\ w — /\;Ll Tya;
J 1
Jj=1 det( ( ) /\rp(T®2) ‘f‘QlKelmK({jz)Q

and similarly,

X /\?‘:1 Tiz,
Avi= det(P(To,) Arp(Te,) - T

1
2
j=1 \é|2|K@1ﬂK(£52)

Therefore,

H>4

v
det(u;,y;) = /\

</\}_1(Tf$ja Nz Tl%‘)
)% det(P(To,) Arp(Te,)-

Nl

" det(P(To, ) Arp(To,) T

1£12| Ko, K, %PIK@mKéQ)

On the other hand,

il il
(/\ (Ty;, /\ 1xj) = det(Trxj,x;) = det(P(To,) Arp(Te,) - Ti ).
g g L
j=1 j=1 | Ko, NKg,
Combining the last two equations gives the desired result. O

In order to compute O1T,T, in general we must remove the restriction that
me = 0, for all a.
Lemma 4.2. For small enough t # 0 € C, the operator P(Tg,e,)T , is

G-t |ker To, e,
invertible.

Proof. o(T_1_ ),
e, o,

_ — _ _ * —1
we haVe P(T®1®2)Tﬁ‘kerTélez = P(T®192)[9(P(T®1)S|K61) t] |kerTC:)1@2'

Consequently, det (P(Tg,e,)T
9

1 _
= ‘ker Toye,

) = {ﬁ : z € ©71(0)}; moreover for small ¢ ¢ o(T .

) is a non-zero function of ¢ analytic in a

neighborhood of the origin. Thus it has at most an isolated zero at the origin. [

Proposition 4.3. Suppose that {x;}] is any orthonormal basis for kerTg o, . Sup-
pose that {vj} is obtained from {Trx;}] by the Gram-Schmidt procedure. Suppose
also that {y;}] is obtained from {T1 z;}] by the Gram-Schmidt orthogonalization

procedure. Then if {b;}] are the maxzmal root vectors associated to the orthonormal
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basis {v;}7,

1)Za=1 e era(de),l)\{O} A

det(bj,yk)
= X*(P(Ts,), P(Ts,)) - ] cal 7 ~det, 0{T; + LY (H), Ty + L (H)}
|z <1

x det(P(Te,) Arp(Toy) T ol e, ey )

1
AP (T, N 10(Ton) Ty, s )

(_

[

Proof. Set q(t) = det P(Telez)T . By Lemma 4.2 for small ¢ the oper-

ker TO oy

is 1nvert1b1e For small ¢t and a € C consider the two
102
parameter family of operators

ator P(Tg,0,)T |
g—

ker T

P(Télgz)T%‘ker T@192 = P(Té1@2)T%\ker T@192 - aP(Tél@Z)Tﬁ‘kerTéleg
T .

git\kerT(:)l(_)2

= P(T@1@2) q(t)

[q(t) (P(Tél(")z)Tﬁ |ker T€>1®2 )71

X P(Télez)TﬁlkerT@1@2 - q(t) CL],

provided ¢(t) # 0.
Now [4(1) (P(Toy0,) T4 e 1, 0,)~ (P(Toy0)T £ ez, )—a(t) ] is amalytic
in ¢t in a neighborhood N of Zero. Therefore

det P(Té1@2)T§:‘;\kché1@2 - q(t)fy_l

where p(a,t) is a polynomial in a of degree v with coefficients analytic in ¢t € N.
Since the divisor of the right-hand side is supported on a one-dimensional analytic
variety, there exists a sequence of points {a,,,t,} C C? converging to (0,0) where
P(T@l@Q)Tf 0 ker T, o, is invertible.

For t,, € N and small lan], let ¢, = ©102(f — a,)(g — t,). The corresponding
mq = 0. Therefore, Proposition 4.2 v) holds for ¢,. Since the right-hand side of
Proposition 4.2 iv) is continuous in the spectral parameters (¢, a), it suffices to check
the continuity of the left-hand side. To that end we shall use Proposition 2.1. So
suppose {U](n)}ly is obtained from {Tf_,, z;}] by the Gram-Schmidt procedure and

suppose also that {yj(n)H is similarly obtained from {T_1_x; }]. By Propositions
g—1in
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4.3 and 4.2 part iv) we have forn =1,2,.. .,

det(Ty, Tyo1 + Z M @ olM)

— a @1
=x*(P(Te,), P(Ts,)) H Ca (= tn,@_2)
|z|<1 "

-det*ﬁ{Tg,tn + El( )7 Tffan + ‘CI(H)}

x det(P(Te,) Atp(Ton) T\, | ko, s,

~—
D=

1
. det(P(Tél) /\ rp(T@Q) . T" g—ltn ‘2 |K(')1 ﬁKég ) .
Now suppose {hg-n) } is a sequence of linearly independent sets of vectors so that
hg»”) — h; for each j =1,2,...,7. Suppose also that {h;}] is linearly independent
with associated orthonormal vectors {z;}]. For each n = 1,2,..., we can apply the

Gram-Schmidt procedure to {h(n)}7 to get vectors {z( )}7

We claim that zj( ", zj, for j =1,2,...,v. To check this, note that

(n)
m _ M ha
z = — — = 27,
Lo Il
(n) _ hgn) — (hgn)v ZYL))ZYL) hy — (ho,z1)21 _
2y T = ) — = Z2.
1A [z |
So in general,
A (R, 2050 -y (hy, 20)=
Z(n) = J 1<Z<'] ’ Z ,L 1<Z<\7 = Z..
T = Sy A Ilh P R
Now with h;m =Tf_q,xj, we get v](m = z§") — z; = v;j. Similarly, if hg.”) =

Tgiltn x;, then yén) = z§-n) — zj = y;j. Therefore,

-
Z y(n) ) N Z y; ®vj in trace norm.
Jj=1

Lemma 4.3. If {b;}] are mazimal vectors associated to the orthonormal basis
{v;}], then

) Meo(r,, 7,00y A (1) [Deo,m, 0y A
im = (=1)&a=1M
n—oo det(v ("),y,in)) det(b;, yx)

Proof. By Proposition 2.1 it suffices to show that

lim det(T, T+ + Z y @ ol") = det(Ty Ty + Zy] ®vj).

n—oo
Jj=1 j=1

Since the dyadic sums converge in L£'(H) it remains to check that 1 — T T, Ll
converges to 1 — TyTy-1 in trace norm.
Note that the Hankel operators Hg, g, and Hé1é2 are trace class.
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11
Let 7 = 0,0, - wi, where w,n are outer in K35* NW. Then

TyTy-r = [To,6,Tun + He,0, Hol[Tu-17-1Te,0, + Ho17-1 Hg g, |-

With w = f—a, and n = g—1t,, we have Hy; — Hfg and H,-15-1 — Hg-15-1 in the
uniform norm. Also, Tg, 6, [TurTw-15-11T6,0, = Te,6,[1+ 15 Tu]T;-1T,-1]Ts, 0,
But [T3,T.) = [T3,Ty] € £LY(H*(T)). Since Ty-1T,~1 — T, 'Ty-1 in the uniform
norm it follows that 1 — Ty T (;nl converges to 1 —TyT;-1 in trace norm. O

To complete the proof of Theorem 1.6 we note that when the zeros of ©; and
O are simple, the equality

MQEN (tha — V)

1<ﬁ<q
Z I1 143)

[licap<e |l = flaps]

X*(P(Te,), P(Te,)) =

ngage 11— fiavsl? paeN (1
<p< ng€EN
HieN(ﬂafpﬁ) H 1 eN( = fiavs) [Tpaen (1= paig)
- {28<q 12p<q 162 ‘
H—GN(ﬂa_ﬂﬁ) HTEN(l_ﬂaMB) HuaeN(Maﬂﬂ _1) ’
o 1
uﬂ L eN ngEN @EN
with the sum extended over all subsets N C {1, , pe; %1, cee ﬁ%} of cardinality
O, and N = {pq, -+, fie; %1, e ﬁ%} \ N is proved in Proposition 3.4 of [I7].

Corollary 4.1. Let {x;}] be an orthonormal basis for ker Tg o, . Let {u;}] be the
top root vectors of the associated Jordan chain lying over Tyx;. Then

T 2
AT |

1)21:1 Ma
det(u;, T1a,)

01,T¢T 1 = (_
i) Neo(TyT, 1)\ {0}

. [/\ Trx; ® /\Téxj +ranTy))”,

[Deor,z, oy A [ ©
Sl ma oLy — \2(P(Ts.), P(T5 [] = 2
( ) det(uj7Tle) X ( ( 61)7 ( 62)){ H H<1}Cx §7 @1

~det, O{Ty + L', Ty + L'}

5. PROOFS OF THEOREM 1.1 PART ii) AND THEOREM 1.3

It is of interest to estimate the speed of convergence in our limit theorems. The
proofs of Theorem 1.1 part ii) and Theorem 1.3 are based on a series of lemmas
with numerical estimates. In what follows || - |2 denotes the Hilbert-Schmidt norm
and || - |1 denotes the trace norm.

Lemma 5.1. Suppose f € Lipg, 8 > % Then

ar\” 1 P01 \? -
|S*n+1pf@||2§<?ﬁ> <1—(l)26> (25—1) £ llin, - (4 1)
2
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Proof. The proof ultimately depends upon the Bernstein inequality; cf. p. 32,
Katznelson [27]. It is known that

7 2 or \* 2
S 1i) s(wm) 11,

2771§k§2m+1

So, if 2™ < n < 2™*! we have

ST 1f)E < (Qg)ﬁ 1125, S (%)B

n<k r>m

or\?? 1\* 1
= (?) ”fHLipg (2_m> 1 (%)25'

N - 283
Hence ank |f(k )|2 < n2ﬁa where 2 = (?) (1_(1%)2[3 |f||%ipﬂ'
Now,

IS PMQII5 =Y kIf(k+n+ 1)

k>1
=D fk+n+ )P+ [fk+n+2)P+ ) |f(k+n+3)* +
k>1 E>1 E>1
1 1 Q
< (1)
[n+2 T Ty T ]—(251)(7“r )

Since S*VTL T; [1 — P(T5)] = R(Ty), it follows that for n > 0,
ker[S "I R(T,)S™ ] = ran{S*"+1T1 Tifl- P(T5)]S"t} 1P,
Moreover, {S*”“T% T1[1— P(T3)]S" "'}~ converges uniformly to T¢T;.

Lemma 5.2. Suppose ¢ = 27 with ¢ € Llpﬁ, < B <1, and Ty s invertible.

Set Jn = ST L = P(T;))S™. Then
(1) 1S R(T)S™ T — Tyr || = O(n= 7).
(i) [ = Ty=sll = O(n™2%) and  ||Jy = Ty [ = O(n'~27).

In particular, for n >0, J, is invertible and
ker S R(T,)S™ ! = J, 1P, (H*(T)).
(iif) | Treq — Treal| = O(n™%)  for a=0,1,2,...,7— 1.

Proof. We have R(Ty) = S*VTfl[ — P(Ty)], and ker P(Tj3) = {\/,_ 3) ;ea} where
Y = fg, f,g € H* N Lipg. In particular, ||P(T, )S"HH =0(n="?).
The fact that f,g € LlpﬁﬂH *° follows because Ty is invertible and the conjugate

function is bounded on Lipg, 0 < 3 < 1; cf. [28]. Accordingly, there are polynomials

5See for example equation (6.4), Katznelson.
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pn and g, of degree < n so that ||% — Pnllco and H% — Gnlloo are O(n="). Also, since
ST S = Ty — S HL P QLS we have

Jn — S*n+1T1;1[1 _ P( )]SnJrl S*nJrlT ISnJrl S*nJrlTI;lP(Td;)SnJrl
=Ty-1— s*"“PlQiPS”+1 — ST, P(Ty)S™ ! + S*"“PEQiP(TQ;)S"“.
fg fg
Also

1 1 1 1

HS*”HP?QEPS"HH < ||5*"+1P?Q||||Q§PS”+1H
1
_ S*n—i—lp -
| (3

s 571 PLQLST, < 1Pl 8Pl = Ofnt=)
Now, S*"H1T, . = = T: S*”HTl, and ker Ty = \/)_ { €a}, ran T L P(T5) =

VIZ {fg €a}- Slnce E Lipg it follows that

| 1 1 _
= pn)QINIQG = @) PS™ I < I = Pulloo I = dalloe = O(n %),

||S*"“Tw—1P<Tq;>S"“u1 = 0(n~%).
Therefore,
| — Tw—1|| = O(n*Zﬁ) and ||J, — Tw—lnl _ O(nl—w).

The fact that ker S*" 1 R(T,,)S" ! = J 1 P,_1(H*(T)) follows immediately since
S*HLR(Ty)S™ Tt = S*FJ,,. Because ||J,, — Ty-1|| = O(n=2#) and Tyy-1 is invertible

we have ||J, Tw_1 | = O(n=2%). Furthermore, since for all & we have TJ_llT; €a =
g9
Tiea, we have || J,; ' T1ie, — Treq| = O(n=20). O

Lemma 5.3.
|R(TyS*" P R(Ty)S" ) — R(TyTy-1)|| = O(n~?7).

Proof. Set Y,y = Ty S*" 1 R(Ty)S™ and Y = TyTy-1. For n>> 0, S*"T1R(T,)S"
is surjective. Hence rp(Y,) = 1 — P(Ty). Therefore, since R(Y,’) = [Y Y+
P(T3)]" 'Yy, we have [|R(Y,;) — R(Y™)|| = O(n=2P). Consequently, since R(A)* =
R(A*), we have

IR(Yn) = ROY)I| = [|R(Ya)" = R(Y)"|| = |R(Y;) = R(Y™)[| = O(n™*").
Fix an orthonormal basis {y;}]_; of ker(T3). Suppose n > 0 so that

dim ker(S*”*lR(T¢)S”+1) = v and J, is invertible. For o = 1,2,...,7 set w =
J T1 e and let {v{"}] be obtained from {w{”}] by the Gram-Schmidt orthog-

onahzatlon procedure. Note that |wi" — feq| = O(n=28).

As above let Z denote the subspace of H?(T) given by ker(T73)®\/{(TTy-1)" ta
me > 1r > 1,a =1,2...,v}, where {u,}is any set of maximal root vectors for
{Tfeqs}]. Let K,, denote the operator on Z where

Kn(yr) = Pz(v),
K (TyTy-1)"ue = PzR(TyS™ T R(T)S" ™) (T Ty-1) ta
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By (ii) of Lemma 5.2 and the continuity of the Gram-Schmidt procedure, v5" —
v Where {v&n) 1 is obtained from {T're,}] by applying the Gram-Schmidt orthog-
onalization. Let K denote the limit operator on Z so that

K(y'r) = PZUT7

K(TyTy-1)"ua = Pz[l — P(TyTy-))(TpTy-1)" 'uq.

Lemma 5.4. |K, — K| = O(n=%%).
Proof. Since ||J; 1 Treq —Treq|| = O(n™28), computation shows that ||’u&") — v =

O(n=2%). Now, comparing K,, and K on basis elements of Z, we have with z,_(n) =
X N TyTy-1)"uq asin §3, for j =1,2,...,7,

(Ko = K)y;ll = 1Pz (05" — va)l| = O(n~").
Also, on (TyTy-1)"uq we have
(K — K)(TyTy1) u = Pz[l = P(S™ R(T,)S™ )]z, (n)
— Pz[1 — P(Ty-))(TypTy-1)" 'uq.
Now,
[1— P(S™ T R(T4)S™ )20, = RITyS™ T R(Ty) S™ (T Ty-1) tar.

Hence, by Lemma 5.3 we have

1 — KNTTy ) wall = [Pz { R(T, 8™ R(T,) S" ) (T Ty-+)

—[1 = P(Ty-1)[} (T5Tp-2)" el
= || Pz {R(TpS*™ " R(T)S™ ) — R(TyTy-1)} (TsTy-1) uall = O(n=2P).

Consequently,
1 = K|l = O(n™29).

Recall that for n > 0,
det(PXXn|X)

o n+1

~det(S" o™y,

Now
X0 — TyTymalls = | T58"7 T — P(T5)S™" — TS Ty
< NTpS™ [ = Ty-1]lh + [|1P(T5) 8™ [ = O(n'~27).
Using the inequality
| det[1 + M] —det[1 + N]| < [M = N[y exp([|M][s + [|N]}s + 1),
we see that
det Py X, Py = det[PxTyTy-1|x][1 + O(n*~27)]

(5.1) = I1 A [1L+0(n'29).
e (TyT, -1\ {0}
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Also by Lemmas 5.2 and 5.4

det(S" 1o yr)
det K,

det (S 1wy,
det(uq, yr)

— ()T me ) 14 0@,

. Consequently, switching vectors {y,}] to an arbitrary basis {t,}] of ker T}, we
ave

Y Ma
(_1)21 H)\EG(T¢T¢71)\{0} A
det(uq,tr)

D(Ty) = G(¢)" " det(S™ 1w, t,) [1+0(n!=2%)].

This proves statement ii) of Theorem 1.1. We now complete the proof of Theorem
1.3.

Lemma 5.5.

det(S" 1w Tie,)

= g((l))y det(5n+1(S*n+1—7TJ15n+1—W)7lem T% e )1+ O(n72ﬁ)].

Proof. Tt is enough to prove the statement with 7T1e, replaced by any basis of
g
ker T5.
Let {y-}{ be an orthonormal basis for ker 7. Since gty = S”HJJIT% €a €

ker[Ts @ ran T, P,,] Nran S"*!, there are complex numbers {\p o, }1<a,r<y and a
vector gnq € ran(TyP,) so that

y
SnJrlw((yn) = Z )\n,a,fy‘r + T(,‘bgnou

T=1

where A\, o r = (S"Hw&”), yr). Since Ty = T,SY and S*7T,S7 = Ty, we have for
n>0

p
S*n+1TJ15n+177w&n) _ Z )\n,a,rs*n+1TJIS*’ny~

T=1
Multiplying by S7 and rewriting gives

5
S*n+1_’yTJ157l+1_’ngn) _ Z(S*n+l—fyTJISn+1—’yw&n) ’ e'r)e-r

T=1
N
+ Z )\n,a,TS’YS*n+1TJIS*7yT~
T=1
Applying the inverse of S*”H*”TJlS’"“’V to both sides gives

y
w&n) _ Z(S*7L+1—7T1;15n+1—7wén)7 eT)(S*n+1—fyTujlsn+1—7)—leT

T=1

vy
+ Z )\nyaﬂ—(S*n—i_l_’YT,L;lSn—i_l_’Y)_1SVS*TL+1_PYT1;1 S*'ny.

=1
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Taking the inner product on both sides with S*" 1y, we get

:
(0,877 g) = 3OS IS ) )

T=1

(7T T e 57 )

v

+ Z(w&n)’ S*n+1y4) ([S*n-i_l_fqu;lSn-‘_l_’y]_IS’YS*TH_ITJlS*’yy[, S*n-{—lyk) )

(=1
Now define v x v matrices A,,, B, E,, F, as follows:
Ap = ((Sn+1w&n)ay7))a
Bn _ ((S*n+1_7TJ15n+1_7w&n)ye’r))y
En — ((Sn+1(S*n-l—l—’yz-;;lsn-l—l—’y)—lea’ yT))7
Fn _ ((Sn+1(S*n—&-l—'qu;lSn—&-l—'y)—l . 575*”+1_7T¢715’*7ya,y7).

The preceding system of equations becomes A, = B, E, + A, F,. Accordingly,
_ det B, det E,

det An = m By Lemma 52, Bn = ((T%Ga,eq-)) + O(’H,*QB)’ and since
(Ty)~! maps Lipg to Lips we have F,, = O(n~2"), so that
1
det A, = det(T1eq,e,) - det B, - [1 + O(n=2P)] = OE det E,[1+O(n=%%)].
g )

Therefore,

det((S" 1w, y.)) =

g(0)7 det(S" (S TITIS ) Teq, ) [14+0(n 7).
(I
Lemma 5.6.
det((S"'H(S*"H_’YTT;lS"H_'V)_lea,TéeT))
= 07 dot (s 11~ 3 QuyHig | M)
Proof. We have

S*n+177T1;15n+17V _ S*nJrlfva—ngn+17'y — S*n+17'yT%T% Sn+17'y
= ST (T, To YTo S™H 7 = Ty ST, Ty ST
g f f g f g f

_ _ qgxntl—y _ n+1—-~y _ _ _
=T:(1-5 HgH S )Ty =Ti[1— HgQuoH )T

@il

Thus
[S*Ml,yTJlSnHw]fl _ Tf[l _ H%Qn_WH(%)],ng

and so,
det ((S"HH[S™ TS e, Trey)
— det <(T£z"+1 . []_ —_ H?Qn_'yH(g)]ngeajeT)>

FXY

= Q(O)V det ((ngnﬂ . [1 —H%QnyH(Efl)]lea,eT)) . O
IXY
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Collecting the results: by equation (3.3) we have for n > 0,

n+1 det Pxanx)

. det Sn+1 (n)’ ).
dot(K,)  dets e ur)

Dn(Ty) = G(9)
By equation (5.1) we have

det Py X, Py = 11 A [1+0n%),
)\GO’(T¢T¢71)\{O}

and by Lemmas 3.5 and 5.4
det(K,) = (=1)%1 ™ det (b, y-) - [1+ O(n 7)),
while Lemmas 5.5 and 5.6 give us
(8" g ) = det T - det(S" (™, y,)

1 n+1 -1 -2
- Tyl — Hy Q- H wyr) - [1 :
H/\TfeozH det(s f[ ?Q vy (%)} Cas Y ) [ +O(n )]

On the other hand, Proposition 2.1 ii) gives
I /\Tfea” det(ba, yr) = det(ua, Yr ),
and we have “the ratio invariance property”

det(57 1) y) _ deU(S™ k!, Tyer)
det(ua, yr) B det(uq, Trer)
g

while Theorem 1.2 gives us

Doz, oy A g
_1)Xa=1Ma $red =F g ",
(1) det(un. Trew) (sz(f)
g
Putting these pieces together yields the approximation theorem
g
Dn(Ty) = G(¢)"+1E(w)G(?)7

- det ((T§z7l+1 : [1 - H%Qn—’yH(%)]ileaa eT))WXV[l + O(n172’8)].

Note that if ¢ = 27 fg where f,g € Kéj N H>(T), the same formula holds with
O(n=2P) replaced by o(1). This concludes the proof of Theorem 1.3. O

6. RATIONAL SYMBOL ¢ WITH D,,(Ty) # 0 AND D1 (T;2"1) =0

Now we construct a rational symbol ¢ with ¢ # 0 on T so that T} is injective and
Fredholm and D, (T3) # 0 for n > 0, yet for an r # 0, we have the factorization
det(P(T5)S™ T P(Ty-1)S*" ™ | ker T3) = a,r™ ™ where ay, is periodic in n, and one
of the values it assumes is zero. Let r € (0,1), 8 € (0,7). Set Ay = 7e¥ Ny =
re ™ = X\ # A, p =1 = M| # A, da. Set ¢ = 0,,0,,0,. Then ¢~ =
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¢, Ty is injective and Fredholm. Thus det(P(T3)S™ ™ P(Ty-1)S*" )| ker T;) =
| det(P(T5)5™ ! | ker T)|?. In Lemma 52 of [15] we showed that

1 1
11+ 2672 4 72|eif — 12 (e=0 — ¢if)

det(P(T5)S™ ' P(Ty-1)| ker T;) =
> (eie _ 1><1 _ T2ei9)(1 _ T26—2i0)6i(n+1)9
_(e—ie _ 1)(1 _ T,Qe—ia)(l _ T262i9)6—i(n+1)9 rn+1'
Set
Bn((gﬂ“) — (eiG _ 1)(1 _ T26i0)(1 _ r26—2i9)ei(n+1)0,
so that
det(P(T3)S™ ' P(Ty-1)| ker T)

B,(0,r) — B, (-0, 7‘)} =0,

1 Tn+1

- 11+ r2e02 + 12[ei0 — 1]2 (e~ ¥ — ¢b) [

whenever B, (6,7) is real valued. Suppose that n = 0. For fixed ¢ € (0, 7), consider
SBy(0, ) as a function of r € [0, 1]. We have

SBy(6,0) = sin20 — sin > 0,

SBy(6,1) = —[1 — > sin 20 < 0.

Hence, by the intermediate value theorem, we get () € (0,1) so that SBy(0,7(9))
=0.

Now pick 6 € (0,%) so that £ is rational. Then with r = r(£) the sequence
{SB,(6,7)}52, is periodic with some period P and has zero for one of its values.
Hence det(P(T)S*P 1 P(Ty-1)| ker T3) = 0 for k =0,1,2,.. ..

Now we must check that for the indicated choices of r and 6 the determinant
D, (Ty) # 0 for n>> 0.

For this purpose we use results of K.M. Day [17],

_ €0 H;'):l (2—7;j) ; — ) .
Theorem 6.1. Let ¢ = o0 2 [T ) on the circle |z| = 1 with [0;] <
1(j=1,...,0), and|pj| > 1 forj=1,...,h, co a constant and 11, ...,r, pairwise

distinct. Then,

(1) Forp>/{+handn >0, D,(¢)=(-1)P 0+ ZAMr?fl

(i) forn>0 Dp(¢)=0 if p<{,

and Dn(¢) = (=1)0=00HD R At i p >
M
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where the sum is taken over all (Z) subsets M C {1,...,p} of cardinality ¢, and
with M = {1,...,p} \ M the rp;’s and the Ay;’s are given as

M = Co H T,

jeEM
Ay= J] @i=6a) [I s-r) JI (ps—0a)" J[(rs—r0)"
jEM i€M ae{l,..., L} ieM
ae{l,..., £} Be{l,....,h} Be{1,..., h} JjEM

In order to apply this theorem the ¢ of our example is rewritten as

(z=r1)(z=r2)(z —r3)

(ZSZCO Z z
1= 2= 2)=a)
ie.,
o 1
co=—-r,ry =ref = ei0? P2 = W’dl =r.

Thus, p = 3,h =2 and ¢ = 1. Accordingly, the set M is either {1}, {2} or {3} and
we have
Agyray™™ = (ro = 61)(rs = 61)(p1r — 1) (p2 — 1)
“(pr—01)M(p2 — 1) H(ra — 1) M (rs — ) TH (=) (rarg) T
‘4{2}7“{2}mrl = (ry —061)(r3 = 61)(p1 — 1r2)(p2 — 72)
“(p1 — 51)71(/02 - 51)71(7”1 - 7”2)71(7"3 - 7’2)71(*7")7#1(7“17"3)”“'
Agsyrsy™ T = (r1 — 61)(r2 — 61) (p1 — r3) (p2 — 73)
“(pr—01)M(p2 — 1) (1 —r3) M (ra — r3) (=) T ()T
A straightforward substitution in the Day formula now gives
Ayry™ T+ Ayry " = (rs = 01) (o1 — 01) " Hp2 — 61) 7 (r — o) T (=)
(1-r2)
11— 126102
7(67i9 o 1)(1 o 7"2671.9)(1 o T2€2i9)€i(n+1)0}
=(rs—61)(p1 — 01) (p2 = 61) " (r1 — o) (=)™
(1-r%)
11— 1262

. [(eie _ 1)(1 _ T26i9)(1 _ T26—2i0>ei(n+1)0

2 3B, (0,7).

Hence there are non-zero constants Cq and Cy so that D,,(T}) has the form
Dy(Ty) = [C1SB, (0, 1) + Cor® D] (=),

Since 0 < r < 1 and 3B, (0, r) assumes only finitely many values, it follows that
D, (Ty) # 0 provided that n > 0.

REFERENCES

[1] J. Anderson and L.N. Vasserstein, Commutators in ideals of trace class operators, Indiana
Univ. Mat. J. 35 (1986), 345-372. MR0833399 (87f:47025a)

, Commutators in ideals of trace class operators, II, Indiana Univ. Mat. J. 35 ( 1986)

373-382. MR0833400)|(87f:47025b)

2]



http://www.ams.org/mathscinet-getitem?mr=0833399
http://www.ams.org/mathscinet-getitem?mr=0833399
http://www.ams.org/mathscinet-getitem?mr=0833400
http://www.ams.org/mathscinet-getitem?mr=0833400

550

3]

[4]

[5]
[6]
[7]
(8]
[9]

[10]

(11]
[12]
(13]

[14]
[15]

[16]
[17]
18]
[19]
[20]
[21]
[22]

23]

24]
[25]
[26]
27]
(28]
29]

(30]

RICHARD W. CAREY AND JOEL D. PINCUS

E.L. Basor, Asymptotic formulas for Toeplitz determinants, Trans. Amer. Math. Soc.239
(1978), 33-65. MR0493480 (58:12484)

E.L. Basor and J.W. Helton, A new proof of the Szeg6 limit theorem and new results
for Toeplitz operators with discontinuous symbols, J. Operator Theory 3 (1980) 23-29.
MR0565749|/(81m:47042)

G.A. Baxter, A convergence equivalence related to polynomials on the unit circle, Trans.
Amer. Math. Soc. 99 (1961), 471-487. MR0126126/(23:A3422)

, A norm inequality for a “finite section” Wiener-Hopf equation, Illinois J.
Math. 7 (1963), 97-103. MR0145285|(26:2818)

A.A. Beilinson, Current Problems in Mathematics 24 (Russian) Akad. Nauk SSSR, Vses-
soyuz, Inst. Nauchin. i Tekhn. Inform., Moscow (1984). MR0760999|/(86h:11103)

, Higher regulators and values of L-functions of curves, Funktsional. Anal. i Prilozhen
14 No. 2, (1980) 46-47. MR0575206/[(81k:14020)

A. Borodin and A. Okunkov, A Fredholm determinant formula for Toeplitz determi-
nants, Integral Equations Operator Theory 37 (2000), 386-396. MR1780118 (2001g:47042a)
A. Béttcher and B. Silbermann, The asymptotic behaviour of Toeplitz determinants for gener-
ating functions with zeros of integral orders, Math. Nachr., 102 (1981), 79-105. MR0642143
(83f:47022)

, Invertibility and asymptotics of Toeplitz matrices, Math. Forschung 17, Akademie-
Verlag, Berlin, 1983. MR0734173 (85g:47037)

, Introduction to large truncated Toeplitz matrices, Springer-Verlag, Berlin, 1999.
MR1724795|/(2001b:47043)

Jean-Luc Brylinski, Loop spaces, characteristic classses, and geometric quantization,
Progress in Mathematics, 3, Birkh&user Boston, 1993. MR1197353 (94b:57030)

R.W. Carey and J.D. Pincus, Joint Torsion, preprint (1995-1996), 1-174.

, Perturbation Vectors, Integral Equations Operator Theory 35 (1999), 271-365.
MR1716541)(2001e:47048)

, Joint torsion of Toeplitz operators with H®® symbols Integral Equations Operator
Theory 33 (1999), 273-304. MR1671481] (2000£:47050)

, Toeplitz operators with rational symbols, reciprocity, Integral Equations Operator
Theory 40 (2001), 127-184. MR1831825//(2002¢:47030)

K.M. Day, Toeplitz matrices generated by by the Laurent series expansion of an arbitrary
rational function, Trans. Amer. Math. Soc.206 ( 1975), 224-245. MR0379803 |(52:708)

L. Deligne, Le symbol moderé, Publ. Math.,I.H.E.S. 173 ,(1991), 147-181. MR1114212
(931:14030)

A. Devinatz, The strong Szegd limit theorem, Illinois. J. Math. 11 (1967), 160-175.
MR0206620](34:6438)

M.E. Fisher and R.E. Hartwig, Toeplitz determinants, some applications, theorems and
conjectures, "J. Adv. Chem. Phys. 15,(1968), 333-353.

, Asymptotic behavior of Toeplitz matrices and determinants, J. Arch. Rational. Mech.
Anal. 32, (1969), 190-255. MR0236593 |(38:4888)

I.C. Gohberg and I.A. Fel’dman, Convolution equations and projection methods for their
solution, Trans. of Math. Monographs Volume 41, translated from the Russian, American
Mathematical Society, Providence, 1974. MR0355675| (50:8149)

U. Grenander and G. Szegd, Toeplitz forms and their applications, Univ. of Calif. Press,

Berkeley, 1958. MR0094840 (20:1349)

I.I. Hirschman, The strong Szego limit theorem for Toeplitz determinants, Amer. J. Math. 88
(1966), 577-614. MR0211182/[(35:2064)

I.A. Ibragimov, On a theorem of G. Szegd, Mat. Zametki 3 (1968), 693-702. MR0231114
(37:6669)

Y. Katznelson, Introduction to Harmonic Analysis Wiley, New York, 1968. MR0248482
(40:1734)

M. Kac, Toeplitz matrices, translation kernels and a related problem in probability, Duke
Math. J 21 (1954) 501-509. MR0062867/(16:31a)

G. Szegd, FEin Grenzwertsatz tber die Toeplitzschen Determinanten einer reelen positiven
Funktion, Math. Ann. 76 (1915), 490-503.

, On certain Hermitian forms associated with the Fourier series of a positive function,
Festskrift Marcel Riesz, Lund (1952), 222-238.



http://www.ams.org/mathscinet-getitem?mr=0493480
http://www.ams.org/mathscinet-getitem?mr=0493480
http://www.ams.org/mathscinet-getitem?mr=0565749
http://www.ams.org/mathscinet-getitem?mr=0565749
http://www.ams.org/mathscinet-getitem?mr=0126126
http://www.ams.org/mathscinet-getitem?mr=0126126
http://www.ams.org/mathscinet-getitem?mr=0145285
http://www.ams.org/mathscinet-getitem?mr=0145285
http://www.ams.org/mathscinet-getitem?mr=0760999
http://www.ams.org/mathscinet-getitem?mr=0760999
http://www.ams.org/mathscinet-getitem?mr=0575206
http://www.ams.org/mathscinet-getitem?mr=0575206
http://www.ams.org/mathscinet-getitem?mr=1780118
http://www.ams.org/mathscinet-getitem?mr=1780118
http://www.ams.org/mathscinet-getitem?mr=0642143
http://www.ams.org/mathscinet-getitem?mr=0642143
http://www.ams.org/mathscinet-getitem?mr=0734173
http://www.ams.org/mathscinet-getitem?mr=0734173
http://www.ams.org/mathscinet-getitem?mr=1724795
http://www.ams.org/mathscinet-getitem?mr=1724795
http://www.ams.org/mathscinet-getitem?mr=1197353
http://www.ams.org/mathscinet-getitem?mr=1197353
http://www.ams.org/mathscinet-getitem?mr=1716541
http://www.ams.org/mathscinet-getitem?mr=1716541
http://www.ams.org/mathscinet-getitem?mr=1671481
http://www.ams.org/mathscinet-getitem?mr=1671481
http://www.ams.org/mathscinet-getitem?mr=1831825
http://www.ams.org/mathscinet-getitem?mr=1831825
http://www.ams.org/mathscinet-getitem?mr=0379803
http://www.ams.org/mathscinet-getitem?mr=0379803
http://www.ams.org/mathscinet-getitem?mr=1114212
http://www.ams.org/mathscinet-getitem?mr=1114212
http://www.ams.org/mathscinet-getitem?mr=0206620
http://www.ams.org/mathscinet-getitem?mr=0206620
http://www.ams.org/mathscinet-getitem?mr=0236593
http://www.ams.org/mathscinet-getitem?mr=0236593
http://www.ams.org/mathscinet-getitem?mr=0355675
http://www.ams.org/mathscinet-getitem?mr=0355675
http://www.ams.org/mathscinet-getitem?mr=0094840
http://www.ams.org/mathscinet-getitem?mr=0094840
http://www.ams.org/mathscinet-getitem?mr=0211182
http://www.ams.org/mathscinet-getitem?mr=0211182
http://www.ams.org/mathscinet-getitem?mr=0231114
http://www.ams.org/mathscinet-getitem?mr=0231114
http://www.ams.org/mathscinet-getitem?mr=0248482
http://www.ams.org/mathscinet-getitem?mr=0248482
http://www.ams.org/mathscinet-getitem?mr=0062867
http://www.ams.org/mathscinet-getitem?mr=0062867

TOEPLITZ DETERMINANTS 551

[31] H. Widom, Asymptotic behavior of block Toeplitz matrices and determinants II., Adv. in
Math. 21 (1976), 1-29. MR0409512/(53:13266b)

, Eigenvalue distribution of non-self adjoint Toeplitz matrices and the asymptotics of

Toeplitz determinants in the case of non-vanishing index, Operator Theory: Adv. and Appl.

48 (1990), 387-421. MR1207410 (93m:47033)

(32]

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF KENTUCKY, LEXINGTON, KENTUCKY 40511
E-mail address: carey@ms.uky.edu

806 HUNT LANE, MANHASSET, NEW YORK 11030
E-mail address: joelppp@earthlink.net


http://www.ams.org/mathscinet-getitem?mr=0409512
http://www.ams.org/mathscinet-getitem?mr=0409512
http://www.ams.org/mathscinet-getitem?mr=1207410
http://www.ams.org/mathscinet-getitem?mr=1207410

	1. Introduction
	Steinberg symbols
	The perturbation vector version of Proposition 1.1
	The Szegö Problem
	1.0.1. Relation to other results. Undefined factors in the Böttcher-Silbermann approximation.
	Identification of factors in the Widom approximation
	Some key relations.
	The appearance of root vectors.
	Three examples.
	The invariant vector
	The separation property for finite matrices or for operators of the form 1+ trace class.
	Factorization
	1.1. Perturbation vectors and the Szegö limit theorem
	The form of the perturbation vector in Lemma 1.2.
	1.2. Bundles, holonomy, Steinberg symbols
	The bundle construction.
	The classical Szegö Theorem as a holonomy result.
	The limit is holonomy when the index is non-zero.
	1.3. Inner outer factorization and normalization

	2. Perturbation vectors
	3. Proof of Theorem 1.1, part i)
	The action of PZ Xn-1|to.Z.

	4. Proofs of Theorem 1.2 and Theorem 1.6
	5. Proofs of Theorem 1.1 part ii) and Theorem 1.3
	6. Rational symbol  with Dn(T)=0 and D-1(Tfzn+1)=0
	References

