
TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 358, Number 2, Pages 509–551
S 0002-9947(05)03858-4
Article electronically published on September 9, 2005

STEINBERG SYMBOLS MODULO THE TRACE CLASS,
HOLONOMY, AND LIMIT THEOREMS

FOR TOEPLITZ DETERMINANTS

RICHARD W. CAREY AND JOEL D. PINCUS

Abstract. Suppose that φ = ψzγ where γ ∈ Z+ and ψ ∈ Lipβ , 1
2

< β < 1,

and the Toeplitz operator Tψ is invertible. Let Dn(Tφ) be the determinant

of the Toeplitz matrix ((φ̂i,j)) = ((φ̂i−j)), 0 ≤ i, j ≤ n, where φ̂k =
1
2π

∫ 2π
0 φ(θ)e−ikθ dθ. Let Pn be the orthogonal projection onto ker S∗n+1 =∨

{1, eiθ , e2iθ , . . . , einθ}, where S = Tz; set Qn = 1 − Pn, let Hω denote the

Hankel operator associated to ω, and set ω̃(t) = ω( 1
t
) for t ∈ T. For the

Wiener-Hopf factorization ψ = f ḡ where f, g and 1
f

, 1
g
∈ Lipβ ∩ H∞(T), 1

2
<

β < 1, put E(ψ) = exp
∑∞

k=1 k(log f)k(log ḡ)−k, G(ψ) = exp(log ψ)0.

Theorem A. Dn(Tφ) = (−1)(n+1)γG(ψ)n+1E(ψ)G( ḡ
f
)γ

· det

(
(T f

ḡ
zn+1 · [1−H ḡ

f
Qn−γH

( f
ḡ

)̃
]−1zα−1, zτ−1)

)
γ×γ

· [1+O(n1−2β)].

Let H2(T) = X � Y be a decomposition into TφTφ−1 invariant subspaces,

X =
⋂∞

n=1 ran(TφTφ−1 )n and Y =
⋃∞

n=1 ker(TφTφ−1)n, so that TφTφ−1 re-
stricted to X is invertible, Y is finite dimensional, and TφTφ−1 restricted

to Y is nilpotent. Let {wα}γ
1 be the basis {Tfzα}γ−1

0 for the null space
of TφTφ−1 , and let uα be the top vector in a Jordan root vector chain of

length mα +1 lying over (−1)mαwα, i.e., (TφTφ−1)mαuα = (−1)mαwα where

mα = max{m ∈ Z+ : ∃x so that(TφTφ−1 )mx = wα}−1.

Theorem B. E(ψ)G( ḡ
f
)γ =

∏
λ∈σ(TφT

φ−1 )\{0} λ

det(uα,T 1
g

zτ−1)
=
(
ḡ ∪ f × ḡ

f
∪ zγ

)
(T),

the holonomy of a Deligne bundle with connection defined by the factorization
φ = f ḡzγ .

Note that the generalizations of the Szegö limit theorem for Dn(Tφ) which

have appeared in the literature with 1 instead of [1 − H ḡ
f

Qn−γH
( f

ḡ
)̃
]−1 have

the defect that the limit of
Dn(Tφ)

(−1)(n+1)γG(ψ)n+1 det(T f
ḡ

zn+1zα−1,zτ−1)
does not

exist in general. An example is given with Dn(Tφ) �= 0 yet Dγ−1(T f
ḡ

zn+1) = 0

for infinitely many n.
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1. Introduction

Jacobi’s theorem on the conjugate minors of the adjugate matrix formed from
the cofactors of Dn(Tφ) has been the main tool of previous attempts to generalize
the classical strong Szegö limit theorem. But Toeplitz operators are defined by an
algebraic relation with the shift, S∗n+1TφSn+1 = Tφ, and it is natural instead to
probe the implications of the Toeplitz property algebraically. The result gives, for
the first time to our knowledge, a full extension of the Szegö theorem to the case
where wind (φ, 0) �= 0,

lim
n→∞

Dn(Tφ)

(−1)(n+1)γG(ψ)n+1 · det
(

(T f
ḡ zn+1 · [1 − H ḡ

f
Qn−γH−1

( f
ḡ )

zα−1, zτ−1)
)

γ×γ

= E(ψ)G(
ḡ

f
)γ =

∏
λ∈σ(TφTφ−1 )\{0} λ

det(uα, T 1
g
zτ−1)γ×γ

,

and shows that the limit splits into two parts, a “torsion”,
∏

λ∈σ(TφTφ−1 )\{0} λ, the
product of the non-zero eigenvalues of TφTφ−1 and a denominator reflecting the
Jordan chain structure of the finite dimensional nilpotent operator TφTφ−1 acting
on Y .

The methods we employ have wider implications. In Orthogonal polynomials and
periodic recurrence relations, perturbation vectors are related to linear systems on
Riemann surfaces to give the orthogonal polynomials corresponding to periodic
Jacobi matrices.

Steinberg symbols. The relative algebraic K group K1(L(H),L1(H)) may be
identified with the quotient group of the invertible elements of L(H) of the form 1+J
where J is in L1(H), by the commutator subgroup {1 + L1(H),L(H)} generated
by elements of the form {1 + J, A} ≡ (1 + J)A(1 + J)−1A−1 where A and 1 +
J are invertible and J is in L1(H). If J is trace class and 1 + J is invertible,
then write [1 + J ]1 for the corresponding element in K1(L(H),L1(H)). Every
element in K1(L(H),L1(H)) has such a representation. The map det is a group
homomorphism of the invertible operators of the form 1+J , where J ∈ L1(H), onto
C∗. The homomorphism det∗ is then defined by det∗[1+J ]1 = det(1+J). It is shown
in [1] that the map det∗ is the projection onto the first factor in the isomorphism
K1(L(H),L1(H))∼=C∗ ⊕ V in which V has uncountable linear dimension.

Furthermore, there is a connecting map ∂, so that there is a homomorphism to
the non-zero complex numbers C∗ given by the composition

det∗ ◦ ∂ : K2(L(H)/L1(H)) → C∗,

where, for invertible elements α, β ∈ L(H)/L1(H) which happen to commute, there
is the Steinberg symbol

{α, β} ∈ K2(L(H)/L1(H)) ∂−→ K1(L(H);L1(H)) ∼= C∗ ⊕ V.

Let R, S, and T denote regularizers for A, B and AB respectively. Thus RA −
I, AR − I ∈ L1(H), etc. The elements a, b ∈ L(H)/L1(H) are lifted to A, B and
a−1, b−1, (ab)−1 are lifted to R, S and T .
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The definition of Steinberg symbols leads to (see [15])

∂{a, b} =
[(

I A
0 I

)
·
(

I 0
−R I

)
·
(

I A
0 I

)
·
(

I −I
0 I

)
·
(

I 0
I I

)

·
(

I −I
0 I

)
·
(

I B
0 I

)
·
(

I 0
−S I

)
·
(

I B
0 I

)

·
(

I −AB
0 I

)
·
(

I 0
T I

)
·
(

I −AB
0 I

)]
modL1(H),

where there is latitude in the choice of regularizers, since different regularizers lead
to the same class, and therefore define liftings with the same determinant.

Thus, for example, when Tφ is invertible, take A = Tφ, B = S∗ so that AB =
TφS∗ with regularizers T = STφ

−1, R = Tφ
−1. Then, by substitution as above,

∂{Tφ + L1(H), S∗ + L1(H)}

=
[(

I Tφ

0 I

)
·
(

I 0
−T−1

φ I

)
·
(

I Tφ

0 I

)
·
(

I −I
0 I

)
·
(

I 0
I I

)
·
(

I −I
0 I

)

·
(

I S∗

0 I

)
·
(

I 0
−S I

)
·
(

I S∗

0 I

)
·
(

I −TφS∗

0 I

)
·
(

I 0
ST−1

φ I

)
·
(

I −TφS∗

0 I

)]
.

If we multiply these twelve factors together and use SS∗ = 1 − P0, we get

det∗ ◦ ∂{Tφ + L1(H), S∗ + L1(H)} = det(Tφ
−1STφS∗ + Tφ

−1P0).

Thus,

det(P0TφP0)
det∗ ◦ ∂{Tφ + L1(H), S + L1(H)}

= det(P0TφP0) · det∗ ◦ ∂{Tφ + L1(H), S∗ + L1(H)}
= det(P⊥

0 + P0Tφ) · det(Tφ
−1STφS∗ + Tφ

−1P0)

= det(P⊥
0 Tφ

−1STφS∗ + P⊥
0 Tφ

−1P0 + P0) = det(P⊥
0 Tφ

−1STφS∗ + P0)

= det(P⊥
0 Tφ

−1STφS∗ + 1 − SS∗) = det(1 + (P⊥
0 Tφ

−1STφ − S)S∗)

= det(1 + S∗(P⊥
0 Tφ

−1STφ − S)) = det(1 + S∗(Tφ
−1STφ − S)) = det(S∗Tφ

−1STφ).

The “same” calculation carried out with S∗ replaced by S∗n+1 and P0 replaced
by Pn gives

det(PnTφPn)
det∗ ◦ ∂{Tφ + L1(H), Sn+1 + L1(H)} = det(S∗n+1Tφ

−1Sn+1Tφ).

Proposition 1.1 (Equation (35) of [15]). If φ ∈ L∞(0, 2π) with Tφ Fredholm,
injective, and Dn(φ) �= 0, then

Dn(Tφ)
det∗ ◦ ∂{Tφ + L1(H), Sn+1 + L1(H)} = det(TφS∗n+1R(Tφ)Sn+1 + P (Tφ̄)Sn+1).

The Steinberg symbol determinant in the denominator makes sense when Tφ is
Fredholm and not invertible and as already noted can be expressed explicitly. It is
shown in §1.2, that if Tψ is invertible, then det∗◦∂{Tψzγ +L1(H), Sn+1+L1(H)} =
G(φ)n+1 = G(ψ)n+1 · (−1)(n+1)γ .
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Thus, when Tφ is invertible and γ = 0, since G(φ) = G(ψ), the geometric mean,
the proposition becomes the very special case proved above:

(∗) Dn(Tφ)
G(φ)n+1

= det(S∗n+1T−1
φ Sn+1Tφ).

This immediately gives the strong Szegö limit theorem

lim
n→∞

Dn(Tφ)
G(φ)n+1

= det(TφTφ−1).

Proposition 1.1 was proved in [15] in order to treat the case where wind(φ, 0) �= 0.
Nevertheless, since there have now been a number of papers (published subsequent
to [15]) giving variant proofs of a formula of A. Borodin and A. Okunkov [9]:

det(PnTφPn) = G(φ)n+1
det
[
1 − QnH ḡ

f
H f̃

¯̃g
Qn

]
det
[
1 − H ḡ

f
H f̃

¯̃g

] ,

for the case of invertible Tφ, φ = fḡ, we note the following:

Remark 1.1. The Borodin-Okunkov formula is equivalent to the special
case (∗) of Proposition 1.1.

This is immediate.
Since Tab = TaTb + HaHb̃, and Tφ is invertible, we have, with b̃(t) ≡ b(t̄) for

t ∈ T, and
〈
α, β
〉

= αβα−1β−1 denoting the multiplicative commutator of the
operators α and β,

det(TφS∗n+1T−1
φ Sn+1) = det(TḡTfS∗n+1Tf−1Tḡ−1Sn+1)

= det(Tf

〈
Tf−1 , Tḡ

〉
TḡS

∗n+1Tf−1Tḡ−1Sn+1)

= det(
〈
Tf−1 , Tḡ

〉
)(S∗n+1TḡTf−1Tḡ−1TfSn+1)

=
det(S∗n+1T ḡ

f
T f

ḡ
Sn+1)

det(
〈
Tḡ, Tf−1

〉
)

=
det
[
1 − QnH ḡ

f
H f̃

¯̃g
Qn

]
det
[
1 − H ḡ

f
H f̃

¯̃g

] .

However, the goal here is to describe a more comprehensive framework for wind
(φ, 0) �= 0. Thus, in [15] we introduced perturbation vectors σA,B associated to a
pair of Fredholm operators A, B with A − B in the trace ideal. These non-zero
vectors are a substitute for the perturbation determinants studied by Aronszjan,
Weinstein, M. G. Krein, and many others. In the special case where A is the
identity, σA,B splits and the scalar part of these perturbation vectors amounts to
taking the product of the non-zero eigenvalues, while the vector itself comes from
a section of an appropriate bundle.

To create this object the authors proved that there exists a trivialization of the
pullback i∗M (℘) of a determinant bundle, given by a section, σ, which they called
the perturbation section. Let L(H) be the algebra of all bounded linear operators
on a Hilbert space H. Let L1(H) denote the ideal of compact operators T with
trace |T | < ∞. Let F denote the Fredholm operators on H. Let Q → F be the
Quillen det bundle. Form Q+Q∗ as a bundle over F ×F . Let ℘ = det(Q+Q∗) be
the determinant bundle. Let M ≡ {(A, B) : (A, B) ∈ F × F and A − B ∈ L1(H)}
with iM : M → F ×F the inclusion map.

The perturbation vector σA,B is the value of the section at (A, B) ∈ M .
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When wind (φ, 0) is not zero and the normalized Szegö determinant Dn(Tφ

G(φ)n+1

converges to zero, the perturbation vector σ1,TφS∗n+1R(Tφ)Sn+1 gives a replacement1

because
σ1,TφS∗n+1R(Tφ)Sn+1 → σ1,TφTφ−1 .

The analysis of the convergence of this sequence of perturbation vectors in com-
bination with Proposition 1.1 will be our basic study. A review of the perturbation
vector construction and some of their properties is given in §2.

We will see in §2 that if 1 − X ∈ L1, then

‖σ1,X‖ =

∏
λ∈σ(X)\{0} |λ|
| det(ui, yj)|

=
∏

sα(X) �=0

sα(X),

where {yj} is any orthonormal basis for kerX∗, {ui} is any set of maximal root
vectors relative to any orthonormal basis of ker X and {sα(X)} are the singu-
lar values of X. For example this implies that ddc

∏
sα �=0 sα(Tz−λT(z−λ)−1) =

ddc‖σ1,Tz−λ
T(z−λ)−1‖ = − 1

(1−|λ|2)2 dλ∧dλ̄ is the Gaussian curvature of the Hermit-
ian bundle whose fibre at the point λ is ker Tz−λ

∗.

The perturbation vector version of Proposition 1.1. Proposition 1.1 is the
scalar part of a vector result proved in [15].

The fact that the ratio
Dn(Tφ)

det(TφS∗n+1R(Tφ)Sn+1 + P (Tφ̄)Sn+1)
= det∗ ◦ ∂{Tφ + L1(H), Sn+1 + L1(H)}

depends only on the cosets of Tφ and the shift S modulo the trace ideal is part of
a statement made in terms of perturbation vectors:

For γ = 0,

σS∗n+1, TφS∗n+1Tφ
−1 =

det(TφS∗n+1Tφ
−1Sn+1)

Dn(Tφ)
ρ∗n ⊗ Tφρn

=
ρ∗n ⊗ Tφρn

det∗ ◦ ∂{Tφ + L1(H), Sn+1 + L1(H)} ,

where ρn is any non-zero vector in the exterior product space det PnH ≡
∧n+1

PnH,
i.e., the Grassmann product of any set of basis vectors in kerS∗n+1. And when
γ �= 0,

σS∗n+1,TφS∗n+1R(Tφ)

=
det(TφS∗n+1R(Tφ)Sn+1 + P (Tφ̄)Sn+1)

Dn(Tφ)
ρ∗n ⊗ Tφρn ∧ x ⊗ (πTφ

x)∗,

where 0 �= x ∈ det kerTφ̄ and πTφ
: H → H/Tφ(H)is the quotient map.

The Szegö Problem. For φ ∈ L∞(T), the Toeplitz operator Tφ is defined on
H2(T) by Tφf = Pφ · f where P is the orthogonal projection of L2(T) onto
H2(L(T)). Let Pn be the orthogonal projection onto

ker S∗n+1 =
∨

{1, eiθ, e2iθ, . . . , einθ} =
∨

{ej},

1For definiteness we henceforth take R(Tφ) = (Tφ̄Tφ)−1Tφ̄, the Moore-Penrose inverse of Tφ.
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where S = Tz; set Qn = 1 − Pn with Dn(Tφ) ≡ det(PnTφPn). Let G(|φ|) ≡
exp 1

2π

∫ 2π

0
log |φ(eiθ)| dθ.

The study of the asymptotics of Dn(Tφ) originated with the discovery in 1915
by G. Szegö that powers of the geometric mean serve as normalizing factors for
the determinants Dn(Tφ) ≡ det(PnTφPn). Finally, in 1952 he proved the following
statement:

The sharp Szegö Theorem ([30]). If φ(eiθ) > 0 in [0, 2π] and φ′ satisfies a
Lipschitz condition with exponent β, 0 < β ≤ 1, then

lim
n→∞

Dn(Tφ)
[G(φ)]n+1

= exp{1
4

∞∑
1

n|kn|2},

where
∑∞

1 knzn = 1
2π

∫ 2π

0
log φ(θ) 1+ze−iθ

1−ze−iθ dθ, and Dn(Tφ) is the determinant of the

Toeplitz matrix ((φ̂i,j)) = ((φ̂i−j)), 0 ≤ i, j ≤ n, with φ̂k = 1
2π

∫ 2π

0
φ(θ)e−ikθ dθ.

Szegö’s theorem was extended by Baxter [5], [6], Devinatz [20], Hirschman
[25], Ibragimov [26], Kac [28], Widom [31], [32] and others with fewer restrictive
smoothness conditions, and finally with complex symbols but originally with wind
(φ, 0) = 0.

However, something different is required when wind (φ, 0) �= 0. For then the
normalized Szegö determinant |Dn(Tφ)|

G(|φ|)n+1 → 0 for smooth φ. Thus, to solve the
problem of finding a full analog of the Szegö theorem when wind(φ, 0) �= 0 it is
necessary to

a) produce a normalization divisor An so that the sequence Dn(Tφ)
An

has a natural
limit,

b) explain the limit in terms of topological and analytic data implicit in the
symbol.

The main results below are contained in Theorems 1.1, 1.2, 1.3, and 1.6.
If φ = ψzγ , wind (ψ, 0) = 0, put

ḡ ≡ exp
( ∞∑

n=1

(log ψ)−nt−n
)
, f ≡ exp

( ∞∑
n=0

(log ψ)ntn
)

so that ψ = fḡ. Let Hω be the Hankel operator with symbol ω. Then, with E(ψ) ≡
exp
∑∞

k=1 k(log ψ)k(log ψ)−k, and G(φ) ≡ det∗∂{Tψzγ + L1(H), S + L1(H)}, a
Steinberg symbol determinant defined in terms of the cosets relative to the trace
ideal of the Toeplitz operator and the shift:

α) An ∼ G(φ)n+1 det
(

(T f
ḡ zn+1 · [1 − H ḡ

f
Qn−γH( f

ḡ )]
−1zα−1, zτ−1)

)
γ×γ

, and

β) lim
n→∞

Dn(Tφ)
An

= E(ψ)G(
ḡ

f
)γ =

∏
λ∈σ(TφTφ−1 )\{0} λ

det(uα, T 1
g
zτ−1)

=
(

ḡ ∪ f × ḡ

f
∪ zγ

)
(T).

When φ = ψzγ and wind (ψ, 0) = 0, we will prove that

G(φ)n+1 = det∗∂{Tψzγ + L1(H), Sn+1 + L1(H)} = (−1)(n+1)γG(ψ)n+1.

Although it is known (see §1.0.1 and §5) that

lim
n→∞

Dn(Tφ)
(−1)(n+1)γG(ψ)n+1 det(T f

ḡ zn+1zα−1, zτ−1)
= E(ψ)G(

ḡ

f
)γ



TOEPLITZ DETERMINANTS 515

for many symbols, the limit on the left does not exist in general. There are smooth
symbols φ so that Dn(Tφ) �= 0, yet Dγ−1(T f

ḡ
zn+1) = det(T f

ḡ zn+1zα−1, zτ−1) = 0
for infinitely many n. See §6 below. Thus the corrected nomalization provided by
α) is necessary to find the leading term in the asymptotics of Dn(Tφ) and thereby
get the general limit theorem in β).

The topological formula
(
ḡ ∪ f × ḡ

f ∪ zγ
)

(T) denotes the holonomy of a flat
bundle taken over the unit circle T. Both the bundle and its connection are defined
by the factorization φ = zγfḡ. This will be discussed in §1.2.

Theorem 1.1. Suppose φ ∈ L∞(T) where Tφ is Fredholm, injective, TφTφ−1 −
1 ∈ L1(H2(T)). Let {wα}γ

1 be any basis for ker Tφ−1 and let {uα}γ
1 be any set of

maximal root vectors relative to {(−1)mαwα}γ
1 and TφTφ−1 , i.e., (TφTφ−1)mαuα =

(−1)mα wα where mα = max{m ∈ Z+ : ∃x so that (TφTφ−1)mx = wα}. Then, if
{w(n)

α }γ
1 is any sequence of bases in ker S∗n+1R(Tφ)Sn+1 for which w

(n)
α converges

to wα for 1 ≤ α ≤ γ and if {tβ}γ
1 is any basis of ker Tφ̄, then for n � 0,

i) Dn(Tφ) = G(φ)n+1 · det(w(n)
α , S∗n+1tτ )γ×γ ·

[∏
λ∈σ(TφTφ−1 )\{0} λ

det(uα, tτ )

][
1 + o(1)

]
.

If in addition, φ ∈ Lipβ, 1
2 < β < 1, then for n � 0,

Dn(Tφ) = G(φ)n+1 · det(w(n)
α , S∗n+1tτ )γ×γii)

·
[∏

λ∈σ(TφTφ−1 )\{0} λ

det(uα, tτ )

][
1 + O(n(1−2β))

]
.

Theorem 1.2. Let φ = ψzγ for integer-valued γ > 0 with normalized Wiener-
Hopf factorization ψ = fḡ and let f and g be outer functions in K

1
2 , 1

2
2,2 = {φ :

φ ∈ L∞,
∑∞

−∞ |φ̂(k)|2|k| < ∞}. Let {eα}γ
1 ≡ {1, z, . . . , zγ−1} denote the stan-

dard basis for ker Tz̄γ , and let u1, u2, . . . , uγ be associated root vectors of the nilpo-
tent part of the operator TφTφ−1 so that uα has maximal order with respect to
(−1)mα Tfeα, , for α = 1, 2, . . . , γ, i.e., (TφTφ−1)mαuα = (−1)mα Tfeα where mα =
max{m : ∃x so that (TφTφ−1)mx = Tfeα}. Then with E(ψ) = det(TψTψ−1) =
exp
∑∞

k=1 k(log f)k(log ḡ)−k, we have

γ∑
1

mα = dim root space [Qγ−1

(
I − HψH 1

ψ̃

∣∣ ran(Qγ−1)

)
],a)

E(ψ)G
(

ḡ

f

)γ

=

∏
λ∈σ(TφTφ−1 )\{0} λ

det(uα, T 1
g
eτ )

,b)

when mα = 0 for α = 1, . . . , γ, then E(ψ)G
(

ḡ

f

)γ

=

∏
λ∈σ(TφTφ−1 )\{0} λ

Dγ−1

(
T f

ḡ

) .c)

Note that mα = 0 if φ is unimodular.

Theorem 1.3. Suppose φ = ψzγ where γ ∈ Z+ and ψ ∈ Lipβ , 1
2 < β < 1 and Tψ

is invertible. Then we have ψ = fḡ where f, g and 1
f , 1

g ∈ Lipβ∩H∞(T), 1
2 < β < 1,
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if eα = zα, α = 1, 2, . . . , γ, and b = ḡ
f ,

Dn(Tφ) = G(φ)n+1E(ψ)G(b)γ

· det
(
(T f

ḡ zn+1 · [1 − H ḡ
f
Qn−γH( f

ḡ )]
−1eα, eτ )

)
γ×γ

[1 + O(n1−2β)].

If φ ∈ K
1
2 , 1

2
2,2 , then

Dn(Tφ) = G(φ)n+1E(ψ)G(b)γ

· det
(
(T f

ḡ zn+1 · [1 − H ḡ
f
Qn−γH( f

ḡ )]
−1eα, eτ )

)
γ×γ

[1 + o(1)].

The proof uses Theorem 1.1 and the identity

det
(
(Sn+1[S∗n+1−γT−1

ψ Sn+1−γ ]−1eα, T 1
g
eτ )
)

= det
(

(T f
ḡ zn+1 · [1 − H ḡ

f
Qn−γH( f

ḡ )]
−1Tḡeα, eτ )

)
γ×γ

.

1.0.1. Relation to other results. Undefined factors in the Böttcher-
Silbermann approximation. An important step towards the non-zero index
case, was made when M. Fisher and E. Hartwig [21] used Jacobi’s theorem on the
conjugate minors of the adjugate matrix formed from the cofactors of Dn(Tφ) to give
asymptotic information even when φ is piecewise continuous and wind (φ, 0) �= 0.

The pioneering Fisher-Hartwig results were refined by Böttcher and Silbermann
[10] where it was assumed that φ = azγ , with a ∈ Lipβ , β > 1

2 , with the Wiener-
Hopf factorization a = a+a−, and invertible Ta. For integer γ ≥ 0 and n � 0, the
Böttcher-Silbermann approximation is:

Dn(Tazγ ) = (−1)(n+1)γG(a)n+1E(a)G(b)γ

·

⎡
⎢⎣det

⎛
⎜⎝

ĉ−n−1 · · · ĉ−n+γ−2

...
...

...
ĉ−n−γ · · · ĉ−n−1

⎞
⎟⎠+ O(n−3β)

⎤
⎥⎦ [1 + O(n1−2β))],

with c = a+
a−

, b = a−
a+

, and ĉj denoting the jth Fourier coefficient, and E(a) =
exp
∑∞

k=1 k(log a+)k(log a−)−k. As noted above, this approximation fails to give
a limit theorem. In §6 an example is given of a rational symbol for which the
factor det(Cn,γ) = 0 for infinitely many n and yet Dn(φ) �= 0 for n � 0. In
this case, for a subsequence {nj} for which det(Cnj ,γ) = 0, the Fisher-Hartwig,
Böttcher-Silbermann assertion becomes the statement that there is an unspecified
denominator,

[
O(n−3β

j )
]
, so that

Dnj
(Tazγ )

(−1)(nj+γ)γG(a)nj+1
[
O(n−3β

j )
] = E(a)G(b)γ[1 + O(n1−2β)

j ]), j = 1, . . . ,∞.

Note that the geometric series for

[1 − H ḡ
f
Qn−γH( f

ḡ )]
−1 = 1 +

∞∑
k=1

(
H ḡ

f
Qn−γH( f

ḡ ))
k

of Theorem 1.3, which is valid for large n, provides a correction for detCn,γ since
we have the following remark.
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Remark 1.2. If a = a+a− ∈ L∞(T) with a+ and ā− outer in H2(T) and with Ta

invertible, then

ker Tāz̄γ =
∨{ 1

ā−
,

z

ā−
, . . . ,

zγ−1

ā−

}
,

ker T(azγ)−1 =
∨

{a+, za+, z2a+, . . . , zγ−1a+},

and if we set wα = zα−1a+ and yτ = zτ−1

ā−
for α, τ = 1, . . . , γ, then

det(Cn,γ) = det(wα, S∗n+1yτ )

= det

⎛
⎜⎝

ĉ−n−1 · · · ĉ−n+γ−2

...
...

...
ĉ−n−γ · · · ĉ−n−1

⎞
⎟⎠ = det(T a+

a−
zn+1z

α, zτ ).

Identification of factors in the Widom approximation. Harold Widom [32]
treats symbols having the form φ = fḡzγ where f is piecewise C∞ but g is not in
C∞, i.e., there are finitely many points at which certain higher order derivatives are
piecewise continuous. The aim of his work is to produce an asymptotic formula for
Dn(Tφ) in the presence of such higher order singularities and non-vanishing index.
His main result is

Dn(Tφ) = G(fḡ)n+1n−e(cn + o(1)),

where e is a non-negative exponent depending on the nature of the singularities of
φ (these are points with no neighborhoods in which φ ∈ C∞) and cn is a bounded
sequence given by “a rather complicated but (in principle) perfectly explicit for-
mula.”

Comparison of the Widom result and Theorem 1.1 gives

n−e[cn + o(1)] = (−1)(n+1)γ det(Sn+1w(n)
α , tτ )

∏
λ∈σ(TφTφ−1 )\{0} λ

det(uα, tτ )
.

For a certain class of generating functions φ Widom succeeds in showing that for
almost all x not in the range of φ, the sequence cn = cn(x) corresponding to the
symbol φ−x remains bounded away from zero and he says that “we have no doubt
that this is always true”—but “we have not been able to prove that this is always
the case”.

Note that for fixed x the sequence cn(x) may approach zero very rapidly. For
example, suppose that f ∈ Lip(β) with β > 1

2 and is piecewise in C∞, while g ∈ C∞.
Since ker Tφ̄ = T 1

g
{1, z, z2, . . . , zγ−1}, it follows that ‖ S∗n+1yτ ‖= o(n−p), ∀p > 0,

and therefore cn + o(1) = o(n−p) for any p > 0.
On the other hand, if cn is bounded away from zero, Theorem 1.3 says

cn ∼ (−1)(n+1)γneE(fḡ)G(
ḡ

f
)γ · det

(
(T f

ḡ zn+1 · [1 − H ḡ
f
Qn−γH( f

ḡ )]
−1eα, eτ )

)
γ×γ

.

Some key relations. The vectors σS∗n+1,TφS∗n+1Tφ
−1 and σ1,TφS∗n+1R(Tφ)Sn+1

were calculated in [15]. The following is one consequence of these calculations
that is fundamental for the present investigation.
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The appearance of root vectors. The limit in Theorem 1.1 above is obtained
from the convergence of the sequence of perturbation vectors

lim
n→∞

σ1,TφS∗n+1R(Tφ)Sn+1

= σ1,TφTφ−1 =

∏
λ∈σ(TφTφ−1 )\{0} λ

det(uα, yβ)
( γ∧

k=1

wk

)
⊗ (

γ∧
k=1

[yk + ranTφ]
)∗

.

This form for the right-hand side of the limiting perturbation vector σ1,TφTφ−1

follows from an apparently new observation about finite matrices given in Proposi-
tion 2.1 below:

If X is an operator on Hilbert space so that X = identity + trace class, and {wα}γ
1

is any basis for kerX, {yα}γ
1 is any orthonormal basis for kerX∗, and if {uα}γ

1 is
a corresponding set of root vectors of maximal height for {wα}γ

1 , i.e., (X)max uα =
wα, α = 1, 2, . . . , γ. Then with mα + 1 denoting the algebraic multiplicty of wα,

(−1)
∑γ

α=1 mα ·
∏

λ∈σ(X)\{0}
λ · ‖

∧
wj‖2

det(uj , yi)
= det(X +

γ∑
j=1

yj ⊗ wj).

Three examples. Consider the matrix given by A =

(
1 2 1 0
0 1 3 0
0 0 1 0
1 0 0 0

)
with minimal

polynomial x(x − 1)3. Then an orthonormal basis for kerA is w1 =
(
0, 0, 0, 1

)
and

an orthonormal basis for kerA∗ is y1 =
(

1√
31

,− 2√
31

, 5√
31

,− 1√
31

)
. Since mα = 0,

u1 = w1 is a root vector of maximal height lying over the kernel vector of A, i.e.,
(A)0u1 = w1.

Then, det(w1, y1) = − 1√
31

so that

1
det(u1, y1)

= −
√

31 = det(A + y1 ⊗ w1

)
= det

⎛
⎜⎜⎜⎝

1 2 1 1√
31

0 1 3 − 2√
31

0 0 1 5√
31

1 0 0 − 1√
31

⎞
⎟⎟⎟⎠.

For another example, take B =

(
0 2 1 0
0 0 3 0
0 0 0 0
1 0 0 −1

)
. The minimal polynomial is

x3(x+1), an orthonormal basis for kerB is w1 = ( 1√
2
, 0, 0, 1√

2
) while y1 = (0, 0, 1, 0)

is an orthonormal basis for kerX∗. u1 = (0, 0,
√

2
12 , 0) is a root vector of maximal

height lying over w1, i.e., B2u1 = w1. The length mα + 1 of the corresponding
Jordan chain is 3, but

∏
λ∈σ(X)\{0} λ = −1. Hence we have

y1 ⊗ w1 =

⎛
⎜⎜⎝

0 0 0 0
0 0 0 0

(1/2) ·
√

2 0 0 (1/2) ·
√

2
0 0 0 0

⎞
⎟⎟⎠
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and

det(B + y1 ⊗ w1

)
= det

⎛
⎜⎜⎝

0 2 1 0
0 0 3 0

(1/2) ·
√

2 0 0 (1/2) ·
√

2
1 0 0 −1

⎞
⎟⎟⎠

= −6
√

2 =
(−1)3

det(u1, y1)
=

(−1)3
√

2
12

.

For a Hilbert space example, let us consider B ≡ 1 − a ⊗ b where (a, b) = 1. Then
ker B has basis {a} and a is a maximal root vector lying over itself. Hence, since
the non-zero eigenvalues of B are all equal to 1, we get σ1,B = a ⊗ (a + ranB)∗.
Thus, ‖a + ranB‖ = ‖P (B∗)a‖. Now P (B∗) = b

‖b‖ ⊗ b
‖b‖ , and (a, b) = 1, so we

have ‖P (B∗)a‖ = 1
‖b‖ . Consequently, ‖σ1,B‖ = ‖a‖ · ‖b‖.

Now let φ = z−λ, ‖λ‖ < 1. Then TφTφ−1 = 1− e0 ⊗ eλ̄, where eλ̄ =
∑∞

k=0 λ̄k zk.
But ‖e0‖ = 1 and ‖eλ̄‖ = 1√

1−|λ|2
. Thus, by the paragraph above, ‖σ1,TφTφ−1 ‖ =

1√
1−|λ|2

.

The invariant vector. Suppose that for a Fredholm operator B we have 1−B ∈
L1. We observe now that if we pick any basis {(−1)mαwα} for ker B, and any
corresponding basis of top root vectors {uα} for Jordan chains lying over the kernel
vectors, we may form the vector

I(B) ≡ (
∧

wα)∗ ⊗ (
∧

uα + H/BH).

a) I(B) is invariant under the choice of the root vectors {uα} for a fixed choice
of {wα}.

b) I(B) is invariant under the choice of null vectors {wα}.
Pairing the invariant vector with the perturbation vector gives

∏
λ∈σ(B)\{0} λ so

that

σ1,B =
∏

λ∈σ(B)\{0}
λ · I(B).

But Theorem 1.1 exploits the fact that we have the freedom to choose a different
basis {tτ} for the cokernel space. We obtain then the same vector σ1,B , but another
numerical coefficient multiplying the corresponding tensor product. In the preced-
ing theorems and Theorem 1.6 below we exploit this freedom to choose bases for
the cokernel space corresponding to the factorization φ = ψzγ , and in Theorem A
we obtain an additional meaning for the resulting coefficient in terms of holonomy.

The separation property for finite matrices or for operators of the form
1+ trace class. Suppose that A and B are stationary2 Fredholm operators. Then
we have the Riesz reduction H2(T) = R∞(A)+N∞(A) = R∞(B)+N∞(B), where
now we use the notation N∞(T ) =

⋃∞
n=1 kerTn and R∞(T ) =

⋂∞
n=1 ran Tn.

2Recall that T is stationary if there exist a finite p so that Np ≡ ker T p = ker T p+1 = · · · =

N∞(T ) and Rp(T ) ≡ ranT p = Rp+1(T ) = · · · = R∞(T ).
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Select a basis
∧γ

1(−1)mjwA
j for det ker A with associated maximal root vectors

{uA
j }

γ
j=1 and form the invariant vector

I(A) = (
γ∧
1

wA
j )∗ ⊗ [

γ∧
1

uA
j + ranA].

Similarly, select a basis
∧γ

1(−1)mτ wB
τ for det kerB and associated maximal root

vectors {uB
τ }µ

τ=1 lying over these basis vectors and form the invariant vector

I(B) = (
µ∧
1

wB
j )∗ ⊗ [

µ∧
1

uB
j + ranB].

Let M be the linear map on H so that M = 0 on R∞(A) and M maps wA
j to uA

j

for all j = 1, . . . , γ.
Let L be the linear map on H so that L = 0 on R∞(B) and L maps wB

τ to uB
τ

for all τ = 1, . . . , µ. Then

σA,B = det[(A + M)−1(B + L)] · I(A) ⊗ I(B)∗.

Factorization. Suppose A and B are finite matrices (alternately, A and B are of
the form 1 +L1). The indices are both zero and the given description of the vector

σA,B applies. The coefficient factors as det(B+L)
det(A+M) =

∏
λB∈σ(B)\{0} λB∏
λA∈σ(A)\{0} λA

, and therefore

σA,B = σ∗
1,A ⊗ σ1,B = σA,1 ⊗ σ1,B .

1.1. Perturbation vectors and the Szegö limit theorem.

Lemma 1.1. Suppose Tφ is injective and TφTφ−1 − 1 ∈ L1(T). Let w1, . . . , wγ be
any basis for kerTφ−1 . Then there is a basis {w(n)

k } in ker[S∗n+1R(Tφ)Sn+1] for
n � 0 so that w

(n)
k converges to wk for 1 ≤ k ≤ γ.

Lemma 1.2. Suppose Dn(Tφ) �= 0, and {tτ}γ
1 is a basis for ker Tφ̄, while {w(n)

k }γ
k=1

is any basis for ker[S∗n+1R(Tφ)Sn+1]. Then

σ1,TφS∗n+1R(Tφ)Sn+1 =
Dn(Tφ)

G(φ)n+1 · det
(
(w(n)

α , S∗n+1tτ )
)

·
( γ∧

k=1

w
(n)
k

)
⊗
( γ∧

k=1

[tk + ranTφ]
)∗

,

and if top root vectors uα of TφTφ−1 are chosen to lie over the kernel vectors
(−1)mαwα ∈ kerTφ−1 , i.e., (TφTφ−1)mαuα = (−1)mαwα where mα = max{m ∈
Z+ : ∃x so that (TφTφ−1)mx = wα}, we have

σ1,TφTφ−1 =
∏

λ∈σ(TφTφ−1)\{0}λ

det(uα, tτ )
( γ∧

k=1

wk

)
⊗ (

γ∧
k=1

[tk + ranTφ]
)∗

.

If w
(n)
k → wk it is clear that this representation of σ1,TφTφ−1 immediately gives

a limit theorem for the coefficients of the two perturbation vectors

lim
n→∞

Dn(Tφ)

G(φ)n+1 · det(w(n)
α , S∗n+1tτ )

=

∏
λ∈σ(TφTφ−1 )\{0} λ

det(uα, tτ )
.
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The factor G(φ)n+1 is explictly evaluated using Theorem 1.5 below. If φ = ψzγ ,
then G(φ)n+1 = (−1)γ(n+1) · G(ψ)n+1 = det∗∂{Tφ + L1(H), Tzn+1 + L1(H)} =
φ ∪ zn+1(Σ), the holonomy of a bundle φ ∪ zn+1 over the unit circle T which is
computed by an integral.

The form of the perturbation vector in Lemma 1.2. Using Proposition
1.1 it was shown in [15], equation (73), that when Tφ is injective, Fredholm,
det(PnTφPn) �= 0, and {v(n)

α }γ
1 is a basis for ker S∗n+1R(Tφ)Sn+1, then

σ1,TφS∗n+1R(Tφ)Sn+1 =
Dn(Tφ)

det∗∂{Tφ + L1(H), Sn+1 + L1(H)}(1.1)

·
( γ∧

α=1

v(n)
α

)
⊗
( γ∧

α=1

[Sn+1v(n)
α + ranTφ]

)∗
.

Since the cosets Sn+1v
(n)
α + ranTφ =

∑γ
1(Sn+1v

(n)
α yβ)yβ + ranTφ, for any or-

thonormal basis {yα}γ
1 ⊂ kerTφ̄, it follows that (

∧γ
α=1[S

n+1v
(n)
α + ranTφ]

)∗ =
(
∧γ

α=1[yα+ran Tφ]
)∗

det(v
(n)
α ,S∗n+1yτ )

, and therefore (1.1) becomes the stated result in Lemma 1.2.

σ1,TφS∗n+1R(Tφ)Sn+1 =
Dn(Tφ)

G(φ)n+1 · det(v(n)
α , S∗n+1yβ)

·
( γ∧

α=1

v(n)
α

)
⊗
( γ∧

α=1

[yα + ranTφ]
)∗

.

The second equation in Lemma 1.2 follows by substitution of the formulas of Propo-
sition 2.1 into the definition of the perturbation vector.

1.2. Bundles, holonomy, Steinberg symbols. Recall the definition of the tame
symbol: if x ∈ X, a complex curve in Cn, and f and h are meromorphic functions
at x, the function

(
forderx h

horderx f

)
is of order 0 at x and we can say it has a value at x.

The value

cx(f, h) = (−1)orderx h·orderx f ·
(forderx h

horderx f

)
is called the tame symbol at x.

Beilinson [8] and Deligne [19] investigated the “universal” bundle (m,∇) with
connection on C∗ ×C∗, and f ∪ g the pull-back (f, g)∗(m,∇). It is known that for
any Riemann surface Y there is an element of the group H1(Y,O∗

Y) obtained from
the universal line bundle by the pull-back

r0(f, g) = (f, g)∗(m,∇) where (f, g) : Y → C∗ × C∗, x → ((f(x), g(x)).

The regulator map r0 is associated with the residue map, so that if S = Z(f) ∪
Z(g) is a finite subset of Y there is the long exact Gysin sequence:

0 → H1(Y , C∗) → H1(Y − S), C∗)
∐

λ∈S ∂λ−→
∐
λ∈S

C∗ → H2(Y , C∗) −→ · · ·

where ∂λ is the residue map at λ,
∐

λ∈S C∗ denotes the direct product and ∂λr0(f, g)
= cλ(f, g).
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The bundle construction. For smooth complex valued φ and ψ defined and
non-vanishing on T, the line bundle φ ∪ ψ over the loop T is defined by specifying
transition functions{

ψ
1

2πi (logα φ−logβ φ)
}

together with the connection form
{
− 1

2πi
logα φ · dψ

ψ

}
for a Čech cover {Uα} such that log φ|Uα

is defined (denoted by logα φ). In other
words, the relation between local sections sµ = {logµ φ, ψ} defined by different
branches of the logarithm on Uµ ∩ Uν is{

ψ
1

2πi (logµ φ−logν φ)
}
· {logν φ, ψ} = {logµ φ, ψ}

and the connection ∇ on the bundle E defined by these transition functions is
characterized by

∇({log(φ), ψ}) =
1

2πi
log φ · dψ

ψ
⊗ {log(φ), ψ}.

There is an identification H1(T, C∗) ∼= Hom(π1(T), C∗) ∼= C∗ determined by
lifting a generator ρ of π1(T) to the bundle E defined by these transition functions.

Fix base points p ∈ T and ζ ∈ C∗ so that [(p, ζ)] ∈ E . Let ρ be a closed path in
T starting at p and winding counterclockwise to p. Let ρ̃ be a horizontal lift of ρ to
E starting at [(p, ζ)]. Parallel transporting via the connection around a loop leads
to [(p, τ · ζ)], where τ ∈ C∗. The map ρ → τ defines an element of Hom(π1(T), C∗).

The holonomy τ is computed by choosing a disjoint union of open arcs ob-
tained by decomposing {φ−1(Uα) ∩ ψ−1(Uβ)}α,β into a disjoint union of open arcs
{Iα,β

j }m(α,β)
j=1 on T so that each arc Ij has a branch logj of the logarithm defined,

and then further refining this union into a covering by open arcs {Jj}n
j=1, of T, so

that p ∈ J1 and pµ ∈ Jµ ∩ Jµ+1 for 2 ≤ µ ≤ n − 1 while pn ∈ J1 ∩ Jn. Then as we
proceed around the circle counterclockwise we first hit J2, then J3, etc. Thus for
1 ≤ µ ≤ n − 1 we have Jµ ∩ Jµ+1 �= ∅, and J1 ∩ Jn �= ∅.

The horizontal lift on Jµ is

ψ(pµ+1)
1

2πi [logµ+1 φ(pµ+1)−logµ φ(pµ+1)] · exp
1

2πi

∫ pµ+1

pµ

logµ φ
dψ

ψ
,

so that the total lift around T is

τ =
n−1∏
µ=1

(
ψ(pµ+1)

1
2πi [logµ+1 φ(pµ+1)−logµ φ(pµ+1)] · exp

1
2πi

∫ pµ+1

pµ

logµ φ
dψ

ψ

)

× ψ(pn)
(

1
2πi log1 φ(pn)−logn φ(pn)

)
· exp

( 1
2πi

∫ p1

pn

log1 φ
dψ

ψ

)
.

Keeping track of telescoping factors [8], [16] shows that this product can be
rewritten:

Theorem 1.4. If the unit circle taken positively is a generator Σ of π1(T), then

for functions φ and ψ smooth on T, for example in the Krein algebra K
1
2 , 1

2
2,2 , the

element φ ∪ ψ of H1(T, C∗) ∼= Hom(π1(T), C∗) is given by

φ ∪ ψ(Σ) = exp
1

2πi

(∫
|z|=1

log φ · dψ

ψ
− log ψ(p)

∫
|z|=1

dφ

φ

)
.
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Here p is a base point of the unit circle T, the branches of the logarithms are
continuous except possibly at p, and the integrals are taken positively over the circle
T starting at p.

The present authors proved an Index Theorem [14], [16] which deals with the
Steinberg symbols of equivalence classes of Toeplitz operators modulo the trace
ideal and smooth functions φ, ψ defined on the unit circle T:

Theorem 1.5. For φ, ψ ∈ K
1
2 , 1

2
2,2 , Fredholm Tψ and Tφ,

det∗∂{Tφ + L1(H), Tψ + L1(H)} = φ ∪ ψ(Σ).

where Σ is the unit circle taken positively.

Theorem 1.5 is applied to give det∗∂{Tφ +L1(H), Tzn+1 +L1(H)} = φ∪zn+1(Σ).

Remark 1.3. Taking p = 1 and using Theorem 1.4 and the Index Theorem 1.5
above we get

G(φ)n+1 ≡ det∗∂{Tψzγ + L1(H), Sn+1 + L1(H)} = ψzγ ∪ zn+1(Σ)

= exp
1

2πi

(∫
|z|=1

log ψzγ · dzn+1

zn+1
− log pn+1

∫
|z|=1

dψzγ

ψzγ

)
.

Accordingly, since

1
2πi

∮
T

log zγ d log z =
γ

2πi

∫ 2π

0

iθ d(iθ) = πγi,

we have

G(φ)n+1 = φ ∪ zn+1(Σ) = det∗∂{Tφ + L1(H), Tzn+1 + L1(H)}
= G(ψ)n+1 · exp[−(n + 1)π · γi].

The connection of the Steinberg symbols of operator cosets and the geomet-
ric mean of an essentially bounded symbol φ is intrinsic and does not depend on
the smoothness of the symbol. A relationship persists even when the smoothness
assumptions used here to define the bundle φ ∪ zn+1 are not satisfied:

Recall the following result [17], [16]. If φ ∈ L∞(T) and Tφ is Fredholm, then

|det∗{Tφ + L1(H), Sn+1 + L1(H)}| = exp
n + 1
2π

∫ 2π

0

log |φ(eiθ)| dθ.

The classical Szegö Theorem as a holonomy result. It is of some interest to
see now that the original Szegö result may be viewed geometrically:

Remark 1.4. Suppose φ ∈ K
1
2 , 1

2
2,2 ∩ W , where W is the Wiener algebra, and wind

(φ, 0) = 0. Then with the Wiener- Hopf factorization φ = φ+φ−, the foregoing
considerations give

lim
n→∞

Dn(Tφ)
φ ∪ zn+1(Σ)

= φ− ∪ φ+(Σ) = det∗ ◦ ∂{Tφ− + L1(H), Tφ+ + L1(H)}

= exp
∞∑

k=1

k(log φ+)k(log φ−)−k.



524 RICHARD W. CAREY AND JOEL D. PINCUS

The limit is holonomy when the index is non-zero. Note that for γ �= 0,
E(ψ) = ḡ ∪ f(Σ) and by definition G(b) = ḡ

f ∪ z(Σ) is a holonomy. The bundles
over T form a group. Thus with × the group multiplication, the holonomy of the
product bundle is

E(ψ)G(b)γ =
(

ḡ ∪ f × ḡ

f
∪ zγ

)
(Σ).

There is a relationship between the Jordan chains lying over null vectors, and
the holonomy of a product bundle.

Proposition 1.2. Let φ = ψzγ for integer-valued γ > 0 with normalized Wiener-
Hopf factorization ψ = fḡ, and let f and g be outer functions in K

1
2 , 1

2
2,2 ∩W. Then

(−1)
∑γ

α=1 mα

∏
λ∈σ(TφTφ−1 )\{0} λ

det(uα, T 1
g
eτ )1≤α,τ≤γ

= E(ψ)G
(

ḡ

f

)γ

=
(

ḡ ∪ f × ḡ

f
∪ zγ

)
(Σ).

1.3. Inner outer factorization and normalization. We are free to take any
factorization for the symbol. There are several reasons for considering the factor-
ization in the form φ = Θ1̄·Θ2f · ḡ with Θ1 =

∏q
i=1

z−νi

1−ν̄iz
and Θ2 =

∏�
k=1

z−µk

1−µ̄kz

coprime finite Blaschke products, and f and g outer functions. Among these we
note:

• Any φ ∈ L∞ with inf |φ| > 0 factors3 as Θ1Θ̄2hk where h is outer and k
is continuous; Tφ is Fredholm iff TΘ1Θ̄2

is Fredholm and index Tφ = index TΘ1Θ̄2
.

This factorization4 is unique (up to constants) when k = 1.
• The factorization is unique if φ is rational.
• Factoring φ into Θ1Θ̄2fḡ defines a generator of detH(TφTφ−1) as follows:

pick a basis {xj} of ker TΘ1Θ̄2
. The tensor product

∧
Tfxj ⊗ (T 1

g
xj + ranTφ)∗ is

a non-zero element of det(TφTφ−1) which does not depend on the choice of {xj}.
Pairing with the perturbation vector produces the coefficient

(−1)
∑γ

α=1 mα
∏

λ∈σ(TφTφ−1 )\{0} λ‖
∧

T 1
g

∣∣ kerTΘ1Θ̄2
‖2

det(uα, T 1
g
eτ )1≤α,τ≤γ

,

where {uα} are the top root vectors associated with {Tfxa}.
There are two prominent generators for detH(TφS∗n+1R(Tφ)Sn+1), if Dn(Tφ) �=

0. One is the perturbation vector σ1,Tφ
S∗n+1R(Tφ)Sn+1 and the other is

∧
wn

j ⊗∧
(Sn+1wn

j + ranTφ)∗, where wn
j is any basis for ker S∗n+1R(Tφ)Sn+1. Again,

we have independence of the choice of basis. Pairing these two yields the Szegö
sequence Dn(Tφ)

G(φ)n+1 , with the generalized geometric mean in the denominator.
• When φ is both unimodular and rational we have previously [17] explored a

relation between the geometry of subspaces in Hilbert space and hyperbolic plane
geometry by evaluating the Szegö limit in terms of the Bolyai-Lobachevsky angles
of parallelism associated with pairs of zeros of the Blaschke factors. Recall that
these angles are defined by limiting directions.

3 N.K. Nikol’skii,Treatise on the shift operator, Springer-Verlag, Grundlehren 273, Berlin
(1986).

4 It is natural to consider the Szegö limit problem for more general inner functions. For
example, when Θ1 is singular and the supports of Θ1 and Θ2 are identical, as in the work of Lee
and Sarason (The spectra of some Toeplitz operators, J. Anal. Appl. 33 (1971), 529–543) where
Θ1 is singular with mass one and Θ2 is a Blaschke product with zeros clustering at 1.
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• The limit result for the factorization φ = Θ1Θ̄2fḡ clearly displays the way in
which the perturbation vector is related to algebraic K-theory, Steinberg symbols,
and the tame symbols formed from the zeros of the symbols.

Steinberg symbols were originally introduced for the study of arithmetic be-
cause of their natural connection to tame symbols. We are interested in an-
other relationship to geometry in Hilbert space involving the notion of separa-
tion of subspaces when degree Θ1 = degreeΘ2. The purely geometric object
χ2(P (TΘ̄1

), P (TΘ̄2
)) ≡ det(P (TΘ̄1

)P (TΘ̄2
)
∣∣
ker TΘ̄1

) can be computed in terms of
tame symbols and was found to express angular relationships between the indi-
cated kernel spaces (see [15]).

Theorem 1.6. Let φ = Θ1 · Θ̄2f · ḡ with Θ1 =
∏q

i=1
z−νi

1−ν̄iz
and Θ2 =

∏�
k=1

z−µk

1−µ̄kz

coprime finite Blaschke products, and let f and g be outer functions in K
1
2 , 1

2
2,2 ∩W,

the intersection of the Krein algebra {a ∈ L∞(T) :
∑

n∈Z(|n| + 1)|an|2 < ∞ and
the Wiener algebra, W. Let γ ≡ q − � = wind(φ, 0) ≥ 0. Let wα = Tfxα and
let uα be the associated top root vectors lying over (−1)mαTfxα where {xα}γ

1 is
an orthonormal basis for ker TΘ̄1Θ2

= TΘ̄2
(KΘ1 ∩ K⊥

Θ2
). Then for any sequence of

vectors {v(n)
α }γ

1 in ker S∗n+1R(Tφ)Sn+1 for which lim
n→∞

v(n)
α = Tfxα, for n � 0,

Dn(Tφ) = G(φ)n+1 · det(v(n)
α , S∗n+1T 1

g
xτ )γ×γi)

·
[∏

λ∈σ(TφTφ−1 )\{0} λ

det(uα, T 1
g
xτ )

][
1 + O(n(1−2β))

]
.

lim
n→∞

Dn(Tφ)

G(φ)n+1 · det(v(n)
α , S∗n+1T 1

g
xτ )

ii)

= χ2(P (TΘ̄1
), P (TΘ̄2

)) ·
�∏

k=1

[f(µk)
ḡ(µk)

] q∏
i=1

[ ḡ(νi)
f(νi)

]

· exp
∞∑

k=1

k(log f)k(log ḡ)−k · det(P (TΘ̄1
) ∧ rp(TΘ2)

· T
|f |2
∣∣KΘ1∩K⊥

Θ2

)
1
2 · det(P (TΘ̄1

) ∧ rp(TΘ2) · T| 1g |2
∣∣KΘ1 ∩ K⊥

Θ2
)

1
2 ,

where explicitly for simple zeros {µα} and {ντ},

χ2(P (TΘ̄1
), P (TΘ̄2

)) =

∏
1≤α,τ≤� |1 − µ̄αµτ |∏
1≤α≤�
1≤β≤q

|1 − µ̄αντ |2

·
∣∣∣∣∑

N

∏
µα∈N̄
1≤β≤q

(µα − ντ )∏
µα∈N
µτ ∈N̄

(µα − µτ )
·

∏
1

µα
∈N

1≤τ≤q

(µ̄α − ν̄τ )∏
1

µ̄α
∈N

1
µτ

∈N̄

(µ̄α − µ̄τ )

·

∏
1

µα
∈N̄

1≤τ≤q

(1 − µ̄αντ )∏
1

µα
∈N̄

µτ ∈N

(1 − µ̄αµτ )
·

∏
µα∈N
1≤τ≤q

(1 − µαν̄τ )∏
µα∈N̄
1

µτ
∈N

(µαµ̄τ − 1)

∣∣∣∣.
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The sum is extended over all subsets N ⊂ {µ1, · · · , µ�; 1
µ1

, · · · , 1
µ�
} of cardinality �,

and N̄ = {µ1, · · · , µ�; 1
µ1

, · · · , 1
µ�
} \ N .

For an inner function Θ we use the notation KΘ = H2 � ΘH2. The numbers
det(P (TΘ̄1

)∧rp(TΘ2)·T|f |2
∣∣KΘ1 ∩ K⊥

Θ2
)

1
2 and det(P (TΘ̄1

)∧rp(TΘ2)·T| 1g |2
∣∣KΘ1∩K⊥

Θ2

)
1
2

are fixed finite order determinants. These normalization factors are computed from
the eigenvectors associated with the zeros.

2. Perturbation vectors

Let H be an n-dimensional vector space over a field F . Let T be an endomor-
phism on H. Let p = dim kerT . Then we have the exact sequence

T : 0 −→ Ker T
i−→ H

T−→ H
πT−→ Coker T −→ 0.

The torsion vector of this complex is the element in detT defined as follows: Pick
non-zero vectors s1 ∈ det kerT , s2 ∈

∧n−p
H and s3 ∈

∧p
H, where s1 ∧ s2 �= 0

and Ts2 ∧ s3 �= 0. Then

(−1)p(n−p) s∗1 ⊗ (s1 ∧ s2) ⊗ (Ts2 ∧ s3)∗ ⊗ πT s3

defines a generator σ(T ) of det T that is independent of the choice of vectors
s1, s2, s3.

In the same way, a pair of maps S and T acting between finite dimensional spaces
H1 and H2 produces torsion vectors σ(S) and σ(T ). The product

σS,T ≡ σ(S) ⊗ σ(T )∗

is then a well-defined element in detS ⊗ (det T )∗.
In infinite dimensions, σ(S) and σ(T ) are not defined, so the coupling represented

by σS,T may not factor. But in [15] it was shown how the construction extends
to the case where H1 and H2 are infinite dimensional, with S and T algebraically
Fredholm and S−T finite rank, or in the case of Banach spaces where S and T are
Fredholm in the usual sense and S − T is nuclear.

The following properties of the norms of perturbation vectors were proved in
[15]:

Let H1 and H2 be Hilbert spaces. Then
i) ‖ σT,S ‖=‖ σS,T ‖−1.

ii) If index T ≥ 0, then ‖ σT,S ‖2= det
((

TT ∗ + P (T ∗)
)−1 ·

(
SS∗ + P (S∗)

))
.

iii) If index T ≤ 0, then ‖ σT,S ‖2= det
((

T ∗T + P (T )
)−1(

S∗S + P (S)
))

.

iv) Suppose H1 = H2 = H is a complex Hilbert space and T ∗T−TT ∗ ∈ L1(H).
Then ‖ σT,S ‖=‖ σT∗,S∗ ‖.

v) σS,T = σ∗
T,S , σT,S ⊗ σS,R = σT,R.

The equality in (v) is to be understood in the sense that the vectors on the
right and left-hand sides are images of each other under the canonical isomorphism
H ⊗ H∗ ∼= C .

Example. Suppose H = H1 = H2 is a separable Hilbert space and 1 − X is a
trace class operator. Let x be any vector in det kerX. Then x is decomposable and
there is a basis {xj} for ker X so that x =

∧
xj . Let {uj} be a set of root vectors

of maximal height lying over {(−1)mjxj} relative to X∣∣⋃∞
n=1 ker(X)n

with algebraic



TOEPLITZ DETERMINANTS 527

multiplicity mj +1. Recall that the Riesz-Schauder theorem implies there is a direct
sum decomposition of the Hilbert space H = X � Y into X invariant subspaces,
X =

⋂∞
n=1 ran(X)n and Y =

⋃∞
n=1 ker(X)n, of X so that X restricted to X is

invertible, Y is finite dimensional, and X restricted to Y is nilpotent. Furthermore,

σ1,X =
∏

λ∈σ(X)\{0}
λ ·

∧
xj ⊗

(∧
(uj + ranX)

)∗
and

‖σ1,X‖ =

∏
λ∈σ(X)\{0} |λ|
| det(ui, yj)|

=
∏

sα(X) �=0

sα(X),

where {yj} is any orthonormal basis for kerX∗, {ui} is any set of maximal root
vectors relative to any orthonormal basis of kerX and {sα(X)} are the singular
values of X. If σ(X) \ {0} = ∅, the product is understood to be 1.

Proposition 2.1. Let X be an operator on Hilbert space H so that X = identity
+ trace class. Suppose {wα}γ

1 is any basis for kerX and {yα}γ
1 is any orthonormal

basis for ker X∗. Let {uα}γ
1 be a corresponding set of maximal root vectors for

{wα}γ
1 , i.e., (X)max uα = wα, α = 1, 2, . . . , γ. Then

i) σ1,X = (−1)
∑γ

α=1 mα ·
∏

λ∈σ(X)\{0}
λ ·
( γ∧

k=1

wk

)
⊗ (

γ∧
τ=1

[uτ + ranX]
)∗,

ii) (−1)
∑γ

α=1 mα ·
∏

λ∈σ(X)\{0}
λ · ‖

∧
wj‖2

det(uj , yi)
= det(X +

γ∑
j=1

yj ⊗ wj).

iii) Let {u′
α}

γ
1 be the maximal root vectors corresponding to {w′

α}
γ
1 , the orthonor-

mal vectors obtained from {wα}γ
1 by the Gram-Schmidt process. Then ‖

∧γ
α=1 wα‖ ·

det(u′
α, yτ ) = det(uα, yτ ).

Proof. By definition of the perturbation vector σ1,X (see §2 in [15]), we have

σ1,X = det

⎛
⎝X +

γ∑
j=1

uj ⊗ wj

⎞
⎠( γ∧

1

tj

)
⊗
(

γ∧
1

(uj + ranX)

)∗

,

where ∗ denotes the dual vector and {tj}γ
1 is a dual basis to {wj}γ

1 , i.e., (tj , wk) = δjk

and {tj}γ
1 spans ker X. Note that

∧γ
1 tj = ‖

∧γ
1 wj‖−2

∧γ
1 wj .

But
det(X +

∑
uj ⊗ wj) = det(X∣∣

X

) det(X +
∑

uj ⊗ w
j
∣∣
Y

),

and

det(X∣∣
X

) =
∏

λ∈σ(X)\{0}
λ,

det(X +
γ∑
1

uj ⊗ w
j
∣∣
Y

) = (−1)
∑γ

j=1 mj‖
γ∧
1

wj‖2.

Thus i) follows by substitution.
Now we prove ii). Again by definition of the perturbation vector σ1,X , we have

σ1,X = det

⎛
⎝X +

γ∑
j=1

yj ⊗ wj

⎞
⎠( γ∧

1

tj

)
⊗
(

γ∧
1

(yj + ranX)

)∗

.
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With uj =
∑γ

k=1(uj , yk)yk mod ran X we have

( γ∧
1

(uj + ranX

)∗
=

(∧γ
1(yj + ranX)

)∗

det(uj , yk)
.

Therefore,
det(X +

∑γ
1 uj ⊗ wj)

det(uj , yk)
= det(X +

γ∑
j=1

yj ⊗ wj),

so that [
(−1)

∑γ
α=1 mα

∏
λ∈σ(X\{0}

λ

]
‖
∧γ

1 wj‖2

det(uj , yk)
= det(X +

γ∑
1

yj ⊗ wj).

Next we prove iii). Replacing {wj}γ
1 by {w′

j}
γ
1 and {uj}γ

1 by {u′
j}

γ
1 in part ii)

gives
(−1)

∑γ
α=1 mα

∏
λ∈σ(X\{0} λ

det(u′
j , yk)

= det(X +
γ∑
1

yj ⊗ w′
j).

By equating expressions for the perturbation vector, we get

det

(
X +

γ∑
1

yj ⊗ w′
j

)(
γ∧
1

w′
j

)
⊗
(

γ∧
1

(yj + ranX

)∗

= det

(
X +

γ∑
1

yj ⊗ wj

)(
γ∧
1

tj

)
⊗
(

γ∧
1

(yj + ranX)

)∗

.

Again
∧γ

1 tj = ‖
∧γ

1 wj‖−2
∧γ

1 wj and
∧γ

1 w′
j = ‖

∧γ
1 wj‖−1

∧γ
1 wj . Therefore,

det

(
X +

γ∑
1

yj ⊗ w′
j

)
= ‖

γ∧
1

wj‖−1 det

(
X +

γ∑
1

yj ⊗ wj

)
.

Consequently,

(−1)
∑γ

α=1 mα

∏
λ∈σ(X)\{0}

λ · 1
det(u′

j , yk)

= ‖
γ∧
1

wj‖−1
[
(−1)

∑γ
α=1 mα

∏
λ∈σ(X)\{0}

λ
] ‖∧γ

1 wj‖2

det(uj , yk)
.

Canceling like factors gives iii). �

3. Proof of Theorem 1.1, part i)

The proof of Theorems 1.1, 1.2, and 1.3 are centered around equation (35) of
[15] cited earlier:

Dn(Tφ)
G(φ)n+1

= det(TφS∗n+1R(Tφ)Sn+1 + P (Tφ̄)Sn+1).

We proceed under the assumptions of Theorem 1.1, part i). In particular, since
TφTφ−1 is of the form 1 + J , where J is in the trace ideal, Tφ−1 is a regularizer for
Tφ and R(Tφ)− Tφ−1 is in L1(H). Let γ = Index Tφ = dim ker Tφ̄ ≥ 1. Thus P (Tφ̄)
has rank γ.
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Lemma 1.1 of §1.1 is contained in the following lemma.

Lemma 3.1. Suppose φ ∈ L∞(T) and Tφ is injective and Fredholm with TφTφ−1 −
1 ∈ L1(H2(T)). Then as n → ∞, P (S∗n+1R(Tφ)Sn+1) converges to P (Tφ−1) in
trace norm and Dn(Tφ) = 0 ⇐⇒ det

(
Sn+1v

(n)
α , yτ

)
= 0, where {v(n)

α }γ
1 (respec-

tively {yτ}γ
1) is a basis for ker(S∗n+1R(Tφ)Sn+1) (respectively ker(Tφ̄)).

Proof. Since TφTφ−1 − 1 is compact, R(Tφ) has the form Tφ−1 + F where F is
also compact. Consequently, S∗n+1R(Tφ)Sn+1 converges in the uniform norm to
Tφ−1 . Since Tφ−1 is surjective, the same is true for S∗n+1R(Tφ)Sn+1 provided
that n � 0. The first assertion now follows since P (S∗n+1R(Tφ)Sn+1) = 1 −
S∗n+1R(Tφ)∗Sn+1[S∗n+1R(Tφ)Sn+1S∗n+1R(Tφ)∗Sn+1]−1S∗n+1R(Tφ)Sn+1.

Now index S∗n+1R(Tφ)Sn+1 = γ and therefore dim kerS∗n+1R(Tφ)Sn+1 = γ.
Now fix n � 0. When Dn(φ) �= 0 we have from Proposition 1.1

Dn(Tφ)
G(φ)n+1

= det
(
TφS∗n+1R(Tφ)Sn+1 + P (Tφ̄)Sn+1

)
.

If we replace φ by φ−λ, then continuity in the generating symbol implies that this
equation holds also when Dn(Tφ) = 0. Thus Dn(Tφ) = 0 if and only if there is
a non-zero vector x ∈ ker(S∗n+1RφSn+1) and P (Tφ̄)Sn+1x = 0. For n � 0 this
means x is a linear combination x =

∑γ
α=1 λαv

(n)
α and (Sn+1x, yτ ) = 0 for all τ .

By Cramer’s rule this is the same as det
(
(Sn+1v

(n)
α , yτ )

)
= 0. �

Lemma 3.2. Suppose that
(

A B
C D

)
and A are invertible, and are of the form 1+

trace class. Then

det
(

A B
C D

)
=

detA

det
(

0 0
0 1

)(
A B
C D

)−1
∣∣∣∣ ran

(
0 0
0 1

) .

Proof. We have ( A B
C D ) =

(
1 0

CA−1 1

)
·
(

A B
0 −CA−1B+D

)
. Taking determinants we have

det
(

A B
C D

)
= detA · det(−CA−1B + D).

Now (cf. Lemma 2.9 in [12]), D−CA−1B =
(

( 0 0
0 1 ) ( A B

C D )−1

∣∣∣∣ ran ( 0 0
0 1 )
)−1

. Hence

det
(

A B
C D

)
=

detA

det
(

0 0
0 1

)(
A B
C D

)−1 ∣∣∣∣ ran
(

0 0
0 1

) . �

The Riesz Schauder decomposition applies to X = TφTφ−1 so that H2(T) =
X �Y where X =

⋂∞
n=1 ran(TφTφ−1)n and Y =

⋃∞
n=1 ker(TφTφ−1)n. Let PX be the

projection onto X =
⋂∞

n=1 ran(X)n parallel to Y , and set PY = 1 − PX .
Then we have a block matrix decomposition

Xn =
(

A B
C D

)
≡ TφS∗n+1R(Tφ)Sn+1 + P (Tφ̄)Sn+1.

Since R(Tφ) = Tφ−1 − E where E is trace class, Xn converges to TφTφ−1 in the
uniform norm. It then follows that P (X )X

n
∣∣
X

is invertible provided that n � 0.
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Now suppose that n � 0 is chosen so that Xn is invertible, e.g., Dn(Tφ) �= 0.
Then by Proposition 1.1 and Lemma 3.2

Dn(Tφ)
G(φ)n+1

=

det(PXXn∣∣
X

)

det(PYX
n−1
∣∣
Y

)
.(3.1)

Since the numerator of this quotient converges to

det(PXTφT
φ−1
∣∣
X

) =
∏

λ∈σ(TφTφ−1 )\{0}
λ,

the product of the non-zero eigenvalues—using the well-known theorem of V.B.
Lidskii—it suffices to consider the denominator det(PYX

n−1
∣∣
Y

).

Choose a basis {wα}γ
1 for the kernel of Tφ−1 . Let u1, u2, . . . , uγ be associated

vectors so that uα has maximal order with respect to {wα}, i.e., (TφTφ−1)mαuα

= wα where mα = max{m : ∃x so that(TφTφ−1)mx = wα}. Then the collection
{(TφTφ−1)ruα : 0 ≤ r ≤ mα, 1 ≤ α ≤ γ} is a basis for Y . The set of algebraic
multiplicities {mα + 1} is independent of the choice of basis for ker TφTφ−1 and∑γ

1 mα + γ = dimY .
In what follows we take the collection {uα}γ

1 so that for j ≥ α ≥ 1 we have
mα ≥ 1 and for γ ≥ α ≥ j + 1 we have mα = 0. Let Z be obtained from Y
by replacing

∨γ
α=1{uα} with the kernel of Tφ = ker(TφTφ−1)∗. Then we have the

direct sum decomposition H2(T) = X � Z.
Moreover, det(PYX−1

n
∣∣
Y

) = det(PZX−1
n
∣∣
Z

). So we can work with Z instead of

Y . The presence of the projection P (Tφ̄) in the right-hand side of Proposition 1.1
makes this change desirable.

For Fredholm operators T let R(T ) denote the regularizer of T with respect to
the trace ideal so that TR(T ) = 1−P (T ∗), R(T )T = 1−P (T ), with P (T ) denoting
the orthogonal projection to the kernel of T . The Moore-Penrose inverse is such a
regularizer.

Lemma 3.3. Suppose {Bn}∞1 is a sequence of Fredholm operators which converges
in the uniform norm to an operator B, and suppose also that P (Bn) converges in
the uniform norm to P (B). Then R(Bn) converges in the uniform norm to R(B).

Proof. Recall that for any operator A with closed range the Moore-Penrose in-
verse A† has the form R(A) = [A∗A + P (A)]−1A∗. Thus the assertion follows by
continuity of the inverse map in the uniform topology. �

Corollary 3.1.

lim
n→∞

R(TφS∗n+1R(Tφ)Sn+1) = R(TφTφ−1) uniformly.

Proof. Since Tφ is injective kerTφS∗n+1R(Tφ)Sn+1 = kerS∗n+1R(Tφ)Sn+1. Also
S∗n+1R(Tφ)Sn+1 converges uniformly to Tφ−1 . So the result follows by Lemmas
3.1 and 3.3. �

Now we will prove Lemma 1.1 which asserts that if w1, . . . , wγ is a basis for
ker Tφ−1 , there is a basis {w(n)

τ } in ker[S∗n+1R(Tφ)Sn+1] so that w
(n)
τ converges to

wτ for 1 ≤ τ ≤ γ.
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Proof. Recall that by Lemma 3.1 P (S∗n+1R(Tφ)Sn+1) converges to P (Tφ−1).
Hence we can take w

(n)
α = P (S∗n+1R(Tφ)Sn+1)wα. �

Note that if {v(n)
β }γ

1 are the vectors obtained by applying the Gram-Schmidt pro-

cedure to {wn
α}

γ
α=1, then v

(n)
α =

wn
α−proj∨

1≤j<α wn
j

wn
α

‖wn
α−proj∨

1≤j<α wn
j

wn
α‖ and ‖wn

α−proj∨
1≤j<α wn

j
wn

α‖2

= det(wn
i ,wn

j )1≤i,j≤α

det(wn
i ,wn

j )1≤i,j<α
−→ 1, limn→∞ v

(n)
α = vα, where the vα are obtained by applying

the Gram-Schmidt procedure to wα.

The action of PZX−1
n

∣∣
Z . We consider first the action of PZX−1

n on the vec-
tors {(TφTφ−1)ruα. For mα ≥ r ≥ 1, define zrα(n) = X−1

n (TφTφ−1)ruα. Then
(TφTφ−1)ruα = Xnzrα(n). Since r ≥ 1, we have P (Tφ̄)Sn+1zrα(n) = 0 so that

(TφTφ−1)ruα = TφS∗n+1R(Tφ)Sn+1zrα(n)

= TφS∗n+1R(Tφ)Sn+1[1 − P (S∗n+1R(Tφ)Sn+1)]zrα(n)

and

R(TφS∗n+1R(Tφ)Sn+1)(TφTφ−1)ruα = [1 − P (S∗n+1R(TφSn+1)]zrα(n).

By Lemma 3.1, P (S∗n+1R(Tφ)Sn+1) converges in the trace norm to P (Tφ−1) =
P (TφTφ−1).

Therefore, by Corollary 3.1 it follows that

[1 − P (S∗n+1R(Tφ)Sn+1)]zrα(n) converges to [1 − P (TφTφ−1)](TφTφ−1)r−1uα,

and z̃rα(n) ≡ Xn[1 − P (S∗n+1R(Tφ)Sn+1)]zrα(n) converges to the basis vector
(TφTφ−1)ruα. Note that Z =

∨
1≤r≤mα,1≤α≤γ{z̃rα(n)} � ker Tφ̄. Furthermore,

PZX−1
n z̃rα(n) = PZ [1 − P (S∗n+1R(Tφ)Sn+1)]zrα(n)

−→ PZ [1 − P (TφTφ−1)](TφTφ−1)r−1uα.

Next we consider PZX−1
n acting on kerTφ̄. Let y1, . . . , yγ be an orthonormal

basis for ker Tφ̄. Set zα(n) = X−1
n yα. Then Xnzα(n) = yα so that

S∗n+1R(Tφ)Sn+1zα(n) = 0 and (Sn+1zα(n), yτ ) = δατ .

Let {w(n)
α }γ

1 be any basis for ker(S∗n+1TφSn+1). and suppose that {v(n)
α }γ

1 de-
notes the associated orthonormal basis derived by the Gram-Schmidt procedure.
Then, since zα(n) =

∑γ
α=1(zα(n), v(n)

τ )v(n)
τ ), we have

(3.2) δαµ = (Sn+1zα(n), yµ) =
γ∑

τ=1

(Sn+1v(n)
τ , yµ)(zα(n), v(n)

τ ),

and it follows that

det((zα(n), v(n)
τ )) =

1

det((Sn+1v
(n)
α , yτ ))

.

Let Cn and Kn denote the linear maps defined on Z so that for α = 1, 2, . . . , γ,
1) Cn(yα) =

∑γ
�=1(S

∗n+1v
(n)
α , y�)y�,

2) Cn(TφTφ−1)ruα = z̃rα(n) = (TφTφ−1)ruα − drα(n), where drα(n) ∈ ker Tφ̄,
3) Kn(yα) = PZ(v(n)

α ),
4) Kn(TφTφ−1)ruα = PZR(TφS∗n+1RφSn+1)(TφTφ−1)ruα for mα ≥ r ≥ 1.
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Then
Kn = PZX−1

n PZCn.

To check this, first consider the action on yα. We have

X−1
n PZCn(yα) = X−1

n [
γ∑

�=1

(Sn+1v(n)
α , y�)y�] =

γ∑
�=1

(Sn+1v(n)
α , y�)z�(n)

=
γ∑

�=1

(Sn+1v(n)
α , y�)[

γ∑
τ=1

(z�(n), v(n)
τ )v(n)

τ ]

=
γ∑

τ=1

[ γ∑
�=1

(Sn+1v(n)
α , y�) · (z�(n), v(n)

τ )
]
v(n)

τ .

After taking the transpose of equation (3.2), the inner sum becomes δατ and
therefore PZX−1

n Cnyα = PZv
(n)
α .

Next we consider the action on vectors (TφTφ−1)ruα. It follows that

X−1
n PZCn(TφTφ−1)ruα = [1 − P (S∗n+1R(Tφ)Sn+1)]zrα

(n)

= R(TφS∗n+1R(Tφ)Sn+1)(TφTφ−1)ruα;

thus Kn = PZX−1
n PZCn.

Now, since det(Cn) = det(Sn+1v
(n)
α , yτ ), it follows that

det(PYX−1
n |Y) = det(PZX−1

n |Z) =
det(Kn)
det(Cn)

=
det(Kn)

det(Sn+1v
(n)
α , yτ )

,

and therefore,

Dn(Tφ) = G(φ)n+1 detPXXn|X )
det(Kn)

· det(Sn+1v(n)
α , yτ ) provided Dn(φ) �= 0.

On the other hand, since dim ker(S∗n+1R(Tφ)Sn+1) = γ when n � 0, the operator
Kn is defined even when Xn is singular. By Gram-Schmidt, if w

(n)
α → wα, then

v
(n)
α → vα where {vα}γ

1 is derived from {wα}γ
1 by the Gram-Schmidt procedure. In

that case, Kn converges to the operator K defined by

K(yα) = PZvα,

K(TφTφ−1)ruα = PZ [1 − P (TφTφ−1)](TφTφ−1)r−1uα for mα ≥ r ≥ 1.

Since Z is finite dimensional, Kn will be invertible provided that K is invertible.

Lemma 3.4. det(K) = (−1)
∑γ

1 mα det(bα, y�) where {bα}γ
1 is any set of TφTφ−1

maximal vectors for {vα}γ
1 . In particular, K is invertible.

Proof. Let L : Z → Y be the linear map where for α = 1, 2, . . . , γ, Lyα = vα and
L(TφTφ−1)ruα = [1−P (TφTφ−1)](TφTφ−1)r−1uα, for 1 ≤ r ≤ mα. Then K = PZL.
Hence, detK = det PZL = detLP

Z
∣∣Y .

Let

Y1 =
γ∨

α=1

{uα} and Y2 =
γ∨

α=1

mα∨
r=1

{(TφT−1
φ )ruα},

and let

Y3 =
γ∨

α=1

{wα} and Y4 = ran(1 − P (TφTφ−1))Y .
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Then
Y = Y1 � Y2 = Y3 � Y4.

Note that Y4 = rp [(TφTφ−1)∗]Y . Let P (Y3) be the linear map on Y which acts as
the projection onto Y3 parallel to Y4. Define the linear map M : Y → Y by setting

M = (P (Y3)LPZ∣∣Y1

)−1P (Y3) + (LPZ∣∣Y2

)−1(1 − P (Y3)).

Computation shows that MLPZ ∣∣Y = I + N where NY2 = 0, and N : Y1 →
Y2. Therefore, detLPZ ∣∣Y = det M−1. Further computation shows M−1uα =∑γ

ρ=1 aαρwρ where aαρ =
∑γ

τ=1(uα, yτ )Γτρ with (Γτ,ρ) the matrix relative to
|wτ}γ

1 for the map defined by Γ(wτ ) = vτ , and we also have

M−1(TφTφ−1)ruα = [1 − P (TφTφ−1)](TφTφ−1)r−1uα.

Recall that the {uα}γ
1 have been so ordered that 1 ≤ mα for 1 ≤ α ≤ j, and

mα = 0 for j + 1 ≤ α ≤ γ. Thus, if X = TφTφ−1 , then M−1 has the following
matrix representation:

Now det Γ = 1
‖
∧

wα‖ . Therefore by ii) of Proposition 2.1 we have

det K = det M−1 = (−1)
∑γ

α=1 mα det(uα, yτ ) · det(Γ) = (−1)
∑

α=1=
γmα det(bα, yτ ),

where the {bα}γ
1 are maximal vectors for {vα}γ

1 . �

Now, since Kn is invertible, and Dn(Tφ) = 0 if and only if det(Sn+1v
(n)
α , yτ ) = 0,

we have shown that for all n � 0,

Dn(φ) = G(φ)n+1 det(PXXn|X )
det(Kn)

· det(Sn+1v(n)
α , yτ ). (3.3)



534 RICHARD W. CAREY AND JOEL D. PINCUS

Let Γ(n) be the linear map on ker(S∗n+1R(Tφ)Sn+1) so that Γ(n)(w(n)
α ) = v

(n)
α .

Then det(Γ(n)) → det(Γ) = 1
‖
∧

wα‖ , where as above Γ(wα) = vα.
Let {tτ}γ

1 be any basis for ker Tφ. Then upon substitution into (3.3), Proposition
2.1 gives

Dn(φ) = G(φ)n+1 · det(Sn+1w(n)
α , tτ ) ·

[
(−1)

∑γ
1 mα

∏
λ∈σ(TφTφ−1 )\{0} λ

det(uα, tτ )

]
· [1 + o(1)],

where the eigenvalues λ are repeated according to their multiplicity. Again the
equality detTφTφ−1

∣∣
X =

∏
λ∈σ(TφTφ−1 )\{0} λ follows from the Riesz-Schauder de-

composition and the well-known result of V.B. Lidskii. This completes the proof of
part i) of Theorem 1.1.

4. Proofs of Theorem 1.2 and Theorem 1.6

Assertion a) of Theorem 1.2 is contained in Proposition 4.1 below. Assertion
c) follows from b) while b) is a special case of Proposition 4.3 with Θ1 = zγ and
Θ2 = 1.

Let φ = Θ1f · Θ̄2ḡ with Θ1 and Θ2 coprime finite Blaschke products, and let
f and g be outer functions in K

1
2 , 1

2
2,2 ∩ W , the intersection of the Krein algebra

{a ∈ L(T)∞ :
∑

n∈Z(|n| + 1)|an|2 < ∞ and the Wiener algebra, W . Note that

if a ∈ K
1
2 , 1

2
2,2 ∩ W and has no zeros on T, then a−1 ∈ K

1
2 , 1

2
2,2 ∩ W . In this case

the Hankel operators H(a) and H(a−1) are in Hilbert-Schmidt class; cf. [12].
Let γ ≡ wind(φ, 0) = deg Θ1 − deg Θ2 > 0. Note that ker Tφ̄ = T 1

g
[ker TΘ̄1Θ2

],

ker Tφ−1 = Tf kerTΘ̄1Θ2
and ker TΘ̄1Θ2

= TΘ̄2
[KΘ1 ∩ K⊥

Θ2
].

Lemma 4.1. For h ∈ L∞(T) and the multiplication operator Mh on L2(T)

KΘ1 ∩ K⊥
Θ2

P (TΘ̄1
)∧rp (TΘ2 )Mh−−−−−−−−−−−−−→ KΘ1 ∩ K⊥

Θ2

TΘ̄2

⏐⏐2 TΘ̄2

⏐⏐2
kerTΘ̄1Θ2

P (TΘ̄1Θ2
)Mh−−−−−−−−−→ ker TΘ̄1Θ2

Proof. The result is a consequence of the following two facts:

1) P (TΘ̄1Θ2
) = TΘ̄2

P (TΘ̄1
) ∧ rp (TΘ2)TΘ2 ,

2) P (TΘ̄1
) ∧ rp (TΘ2) · MΘ2P = P (TΘ̄1

) ∧ rp (TΘ2) · MΘ2 . �

As a consequence of the lemma we see that

detP (TΘ̄1Θ2
)Mh∣∣ ker TΘ̄1Θ2

= detP (TΘ̄1
) ∧ rp (TΘ2)Mh∣∣KΘ1

∩K⊥
Θ2

,

dim kerP (TΘ̄1Θ2
)Mh∣∣ ker TΘ̄1Θ2

= dim ker P (TΘ̄1
) ∧ rp (TΘ2)Mh∣∣KΘ1

∩K⊥
Θ2

.

Fix orthonormal bases {wα}γ
1 and {yα}γ

1 of kerTφ−1 and ker Tφ̄. Pick {sα} to be
orthonormal eigenvectors of P (TΘ̄1Θ2

)T
|f |2
∣∣ ker TΘ̄1Θ2

so that

P (TΘ̄1Θ2
)T

|f |2
∣∣ ker TΘ̄1Θ2

sα = µαsα.(4.1)
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Then { 1√
µβ

Tfsτ}γ
1 is a complete orthonormal set in kerTφ−1 . Similarly, pick {rα}γ

1

to be orthonormal eigenvectors of P (TΘ̄1Θ2
)T

| 1g |2
∣∣ ker TΘ̄1Θ2

so that

P (TΘ̄1Θ2
)T

| 1g |2
∣∣ ker TΘ̄1Θ2

rα = λαrα.(4.2)

Then { 1√
λβ

T 1
g
rβ}γ

1 is a complete orthonormal set in ker Tφ̄. Let W : ker P (TΘ̄1Θ2
) →

ker P (TΘ̄1Θ2
) be the unitary map so that Wrα = sα. Similarly, let V : ker Tφ−1 →

ker Tφ−1 be the unitary map such that V Tf
sβ√
µ

β

= wβ and let U : kerTφ̄ → ker Tφ̄

be the unitary map so that UT 1
g

rβ√
λβ

= yβ .

Proposition 4.1. a) #{α : mα �= 0} = dim ker P (TΘ̄1
) ∧ rp (TΘ2)M f

ḡ

∣∣KΘ1∩K⊥
Θ2

=

dim kerTφTφ−1 . In particular, if φ is unimodular, then mα = 0 for all α.
b)
∑γ

1 mα = dim root space [Qγ−1

(
I − HψH 1

ψ̃

∣∣ ran Sγ

]
,

Proof. a) Since Tφ−1 is surjective,

j = cardinality {α : mα �= 0} = dim[ranTφ ∩ ker Tφ−1 ].

Now we may pick the basis {wα}γ
1 so that w1, . . . , wj is a basis for [ran Tφ∩kerTφ−1 ]

and then wj+1, . . . , wγ is a basis for [ker Tφ−1 � ran Tφ ∩ ker Tφ−1 ]. Since the inner
product (wα, yβ) = (uα, yβ) for j + 1 ≤ α ≤ γ and (wα, yβ) = 0 for 1 ≤ α ≤ j, it
follows that

γ − j = #{α : mα = 0} = column rank ((wα, yβ)) = column rank ((Tfsα, T 1
g
rβ))

= column rank ((Tfrα, T 1
g
rβ)) = dim ranP (TΘ̄1Θ2

)T f
ḡ

∣∣
ker P (TΘ̄1Θ2

)

= γ − dim ker P (TΘ̄1Θ2
)T f

ḡ

∣∣
ker P (TΘ̄1Θ2

)

= γ − dim ker P (TΘ̄1
) ∧ rp (TΘ2)M f

ḡ
∣∣KΘ1

∩K⊥
Θ2

.

If φ is unimodular, then f = c · 1
g for some c ∈ C∗, and then j = 0. �

Proof. b) With φ = fḡzγ , and
〈
,
〉

denoting multiplicative commutator we have

TφTφ−1 = TfḡQγ−1T 1
fḡ

= Tf

〈
T 1

f
, Tḡ

〉
TḡQγ−1T 1

ḡ
T 1

f
.

Therefore, TφTφ−1 is similar to

T 1
ḡ

〈
T 1

f
, Tḡ

〉
TḡQγ−1 = T 1

fḡ
TfḡQγ−1 = [1 − H 1

fḡ
Hf̃ ḡ]Qγ−1.

This last operator has the block matrix form
(

M 0
L 0

)
relative to the decomposition

H2(T) = ranSγ ⊕ kerS∗γ . Since H 1
fḡ

Hf̃ ˜̄g is trace class, we have for sufficiently



536 RICHARD W. CAREY AND JOEL D. PINCUS

small δ > 0

γ +
γ∑
1

mα = dim root space TφTφ−1 = dim root space
(

M 0
L 0

)

= tr
1

2πi

∫
|z|=δ

(
z

(
1 0
0 1

)
−
(

M 0
L 0

))−1

dz

= tr
1

2πi

∫
|z|=δ

(
(z − M)−1 0

L

z
(z − M)−1 1

z

)
dz

=
1

2πi

∫
|z|=δ

tr

(
(z − M)−1 − (z − 1)−1 0

L

z
(z − M)−1 1

z

)
dz

= γ + tr
1

2πi

∫
|z=δ

(z − M)−1 dz = γ + dim root space [Qγ−1

(
I − HψH 1

ψ̃
|ran Sγ )].

�
Proposition 4.2. Suppose that mα = 0, ∀α. Then

i) σ1,TφTφ−1 =

∏
λ∈σ(TφTφ−1 )\{0} λ

det(vα, yτ )

∧
vα ⊗ (

∧
yτ + ranTφ)∗

where {vα}γ
1 and {yτ}γ

1 are respectively orthonormal bases for kerTφ−1 and ker Tφ̄.
In particular,

‖σ1,TφTφ−1 ‖ =
∣∣∣∣
∏

λ∈σ(TφTφ−1 )\{0} λ

χ(P (Tφ−1), P (Tφ̄))

∣∣∣∣.
ii)
∏

λ∈σ(TφTφ−1 )\{0} λ = χ2(P (TΘ̄1
), P (TΘ̄2

))

×
∏
|x|<1

cx(
f

ḡ
,
Θ2

Θ1
) ·det(P (TΘ̄1

)∧ rp(TΘ2) ·T f
ḡ

∣∣KΘ1∩K⊥
Θ2

)× det∗∂{Tḡ +L1, Tf +L1}.

iii) With eiρ = detU∗ detV det W ,

det(vj , yk) =

det(P (TΘ̄1
) ∧ rp(TΘ2) · T f

ḡ
∣∣
KΘ1

∩K⊥
Θ2

)eiρ

det(P (TΘ̄1
) ∧ rp(TΘ2) · T|f |2

∣∣KΘ1∩K⊥
Θ2

)
1
2 · det(P (TΘ̄1

) ∧ rp(TΘ2) · T| 1g |2
∣∣KΘ1∩K⊥

Θ2

)
1
2
.

iv) ∏
λ∈σ(TφTφ−1 )\{0} λ

det(vj , yk)
= χ2(P (TΘ̄1

), P (TΘ̄2
)) ·

∏
|x|<1

cx(
f

ḡ
,
Θ2

Θ1
)

·det∗∂{Tḡ + L1, Tf + L1}e−iρ det(P (TΘ̄1
) ∧ rp(TΘ2) · T|f |2

∣∣KΘ1∩K⊥
Θ2

)
1
2

· det
(
P (TΘ̄1

) ∧ rp(TΘ2) · T| 1g |2
∣∣KΘ1∩K⊥

Θ2

) 1
2 .

In particular, if Θ1 = zγ , Θ2 = 1, then

E(ψ)G(
ḡ

f
)γ =

∏
λ∈σ(TφTφ−1 )\{0} λ

Dγ−1(T f
ḡ
)

.
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v) Suppose {xα}γ
1 is an orthonormal basis for kerTΘ1Θ̄2

. Let {wα}γ
1 be obtained

from the vectors {Tfxα}γ
1 via the Gram-Schmidt orthogonalization procedure. Sim-

ilarly, let {yα}γ
1 be the result of orthogonalizing the vectors {T 1

g
xα}γ

1 . Then, with
this choice of bases for kerTφ−1 and ker Tφ̄ respectively, statements iii) and iv) hold
with ρ = 0.

Proof. Part i) follows immediately from Proposition 2.1 by taking X = TφTφ−1 . To
prove ii) recall that since Tφ is injective, Tφ−1 is surjective and so ran TφTφ−1 =
ran Tφ. Consequently, X = ranTφ and so∏

λ∈σ(TφTφ−1 )\{0}
λ = det(TφT

φ−1
∣∣
X

) = det(TφT
φ−1
∣∣
ran Tφ

) = det(Tφ−1Tφ).

Since φ−1 = Θ2Θ̄1
1
f

1
ḡ , assertion ii) is obtained by the arguments given in the

proofs of Theorems 3.6 and Theorem 3.7 of [17].
To prove ii) note that uj = wj for j = 1, . . . , γ.
Recall that {sα} are orthonormal eigenvectors of P (TΘ̄1Θ2

)T
|f |2
∣∣ ker TΘ̄1Θ2

so that

P (TΘ̄1Θ2
)T

|f |2
∣∣ ker TΘ̄1Θ2

sα = µαsα,

and { 1√
µβ

Tfsτ} is a complete orthonormal set in ker Tφ−1 . Also, the {rα} are an
orthonormal set of eigenvectors of P (TΘ̄1Θ2

)T
| 1g |2
∣∣ ker TΘ̄1Θ2

so that

P (TΘ̄1Θ2
)T

| 1g |2
∣∣ ker TΘ̄1Θ2

rα = λαrα,

and { 1√
λβ

T 1
g
rτ} is a complete orthonormal set in kerTφ̄. Let W : ker P (TΘ̄1Θ2

) →
ker P (TΘ̄1Θ2

) be the unitary map so that Wrα = sα and V : ker Tφ−1 → kerTφ−1 is
the unitary map such that V Tf

sτ√
µ

τ

= wτ while U : kerTφ̄ → ker Tφ̄ is the unitary
map so that UT 1

g

rτ√
λτ

= yτ .
Then

det(wj , yk) = det(V TfW
rj√
µ

j

, UT 1
g

rk√
λk

) = detU∗ detV det W

×
det(P (TΘ̄1

) ∧ rp(TΘ2) · T f
ḡ
∣∣

KΘ1
∩K⊥

Θ2

)

det(P (TΘ̄1
)∧rp(TΘ2)·T|f |2

∣∣KΘ1∩K⊥
Θ2

)
1
2 ·det(P (TΘ̄1

)∧rp(TΘ2)·T| 1g |2
∣∣KΘ1∩K⊥

Θ2

)
1
2
.

Finally, set detU∗ det V det W = eiρ. �

Combining ii) and iii) we arrive at iv).

Proof of v). It suffices to prove iii) with ρ = 0. We have

uj = wj =
[Tfxj − Proj∨

1≤i<j Tf xi
Tfxj ]

‖Tfxj − Proj∧
1≤i<j Tf xi

Tfxj‖
.(4.3)

Therefore,
γ∧

j=1

uj =

∧γ
j=1 Tfxj∏γ

j=1 ‖Tfxj − Proj∨
1≤i≤j Tf xi

‖ .
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Since ‖
∧

uj‖ = 1,

γ∏
j=1

‖Tfxj − Proj∨
1≤i<j Tf ei

Tfxj‖2 = ‖
γ∧

j=1

Tfxα‖2 = det(Tfxα, Tfxτ )1≤α,τ≤γ .

Consequently,

γ∧
j=1

uj =

∧γ
j=1 Tfxj

det(P (TΘ̄1
) ∧ rp(TΘ2) · T|f |2

∣∣KΘ1∩K⊥
Θ2

)
1
2
,

and similarly,

γ∧
j=1

yj =

∧γ
j=1 T 1

g
xj

det(P (TΘ̄1
) ∧ rp(TΘ2) · T| 1g |2

∣∣KΘ1∩K⊥
Θ2

)
1
2
.

Therefore,

det(uj , yi) = (
γ∧

j=1

uj ,

γ∧
=1

yj)

=

(∧γ
j=1(Tfxj ,

∧γ
j=1 T 1

g
xj

)
det(P (TΘ̄1

)∧rp(TΘ2)·T|f |2
∣∣KΘ1∩K⊥

Θ2

)
1
2 det(P (TΘ̄1

)∧rp(TΘ2)·T| 1g |2
∣∣KΘ1∩K⊥

Θ2

)
1
2
.

On the other hand,

(
γ∧

j=1

(Tfxj ,

γ∧
j=1

T 1
g
xj) = det(T f

ḡ
xj , xi) = det(P (TΘ̄1

) ∧ rp(TΘ2) · T f
ḡ
∣∣

KΘ1
∩K⊥

Θ2

).

Combining the last two equations gives the desired result. �

In order to compute σ1,TφTφ−1 in general we must remove the restriction that
mα = 0, for all α.

Lemma 4.2. For small enough t �= 0 ∈ C, the operator P (TΘ̄1Θ2
)T 1

ḡ−t

∣∣ker TΘ̄1Θ2

is

invertible.

Proof. σ(T 1
ḡ−t
∣∣
KΘ1

) = { 1
ḡ(z)−t : z ∈ Θ−1

1 (0)}; moreover for small t �∈ σ(T 1
ḡ−t
∣∣
KΘ1

),

we have P (TΘ̄1Θ2
)T 1

ḡ−t

∣∣ker TΘ̄1Θ2

= P (TΘ̄1Θ2
)[g(P (TΘ̄1

)S
∣∣
KΘ1

)∗ − t]−1
∣∣
ker TΘ̄1Θ2

.

Consequently, det
(
P (TΘ̄1Θ2

)T 1
ḡ−t

∣∣ker TΘ̄2Θ1

)
is a non-zero function of t analytic in a

neighborhood of the origin. Thus it has at most an isolated zero at the origin. �

Proposition 4.3. Suppose that {xj}γ
1 is any orthonormal basis for kerTΘ̄1Θ2

. Sup-
pose that {vj}γ

1 is obtained from {Tfxj}γ
1 by the Gram-Schmidt procedure. Suppose

also that {yj}γ
1 is obtained from {T 1

g
xj}γ

1 by the Gram-Schmidt orthogonalization
procedure. Then if {bj}γ

1 are the maximal root vectors associated to the orthonormal
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basis {vj}γ
1 ,

(−1)
∑γ

α=1 mα

∏
λ∈σ(TφTφ−1 )\{0} λ

det(bj , yk)

= χ2(P (TΘ̄1
), P (TΘ̄2

)) ·
∏
|x|<1

cx(
f

ḡ
,
Θ2

Θ1
) · det∗∂{Tḡ + L1(H), Tf + L1(H)}

× det(P (TΘ̄1
) ∧ rp(TΘ2) · T|f |2

∣∣KΘ1∩K⊥
Θ2

)
1
2

· det(P (TΘ̄1
) ∧ rp(TΘ2) · T| 1g |2

∣∣KΘ1∩K⊥
Θ2

)
1
2 .

Proof. Set q(t) = detP (TΘ̄1Θ2
)T 1

ḡ−t

∣∣
ker TΘ̄1Θ2

. By Lemma 4.2 for small t the oper-

ator P (TΘ̄1Θ2
)T 1

ḡ−t

∣∣
ker TΘ̄1Θ2

is invertible. For small t and a ∈ C consider the two

parameter family of operators

P (TΘ̄1Θ2
)T f−a

ḡ−t |ker TΘ̄1Θ2
= P (TΘ̄1Θ2

)T f
ḡ−t |ker TΘ̄1Θ2

− a P (TΘ̄1Θ2
)T 1

ḡ−t |ker TΘ̄1Θ2

= P (TΘ̄1Θ2
)
T 1

ḡ−t | ker TΘ̄1Θ2

q(t)
[q(t)(P (TΘ̄1Θ2

)T 1
ḡ−t |ker TΘ̄1Θ2

)−1

× P (TΘ̄1Θ2
)T f

ḡ−t |ker TΘ̄1Θ2
− q(t) a],

provided q(t) �= 0.
Now [q(t)(P (TΘ̄1Θ2

)T 1
ḡ−t |ker TΘ̄1Θ2

)−1(P (TΘ̄1Θ2
)T f

ḡ−t |ker TΘ̄1Θ2
)−q(t) a] is analytic

in t in a neighborhood N of zero. Therefore,

detP (TΘ̄1Θ2
)T f−a

ḡ−t |ker TΘ̄1Θ2
=

p(a, t)
q(t)γ−1

where p(a, t) is a polynomial in a of degree γ with coefficients analytic in t ∈ N .
Since the divisor of the right-hand side is supported on a one-dimensional analytic
variety, there exists a sequence of points {an, tn} ⊂ C2 converging to (0, 0) where
P (TΘ̄1Θ2

)T f−an
ḡ−tn

|ker TΘ̄1Θ2
is invertible.

For tn ∈ N and small |an|, let φn ≡ Θ1Θ̄2(f − an)(ḡ − tn). The corresponding
mα = 0. Therefore, Proposition 4.2 v) holds for φn. Since the right-hand side of
Proposition 4.2 iv) is continuous in the spectral parameters (t, a), it suffices to check
the continuity of the left-hand side. To that end we shall use Proposition 2.1. So
suppose {v(n)

j }γ
1 is obtained from {Tf−an

xj}γ
1 by the Gram-Schmidt procedure and

suppose also that {y(n)
j }γ

1 is similarly obtained from {T 1
g−tn

xj}γ
1 . By Propositions
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4.3 and 4.2 part iv) we have for n = 1, 2, . . .,

det(Tφn
Tφ−1

n
+

γ∑
1

y
(n)
j ⊗ v

(n)
j )

= χ2(P (TΘ̄1
), P (TΘ̄2

)) ·
∏
|x|<1

cx(
f − an

ḡ − tn
,
Θ1

Θ2
)

·det∗∂{Tḡ−tn
+ L1(H), Tf−an

+ L1(H)}

× det(P (TΘ̄1
) ∧ rp(TΘ2) · T|f−an|2

∣∣KΘ1∩K⊥
Θ2

)
1
2

· det(P (TΘ̄1
) ∧ rp(TΘ2) · T| 1

g−tn
|2
∣∣KΘ1∩K⊥

Θ2

)
1
2 .

Now suppose {h(n)
j }γ

1 is a sequence of linearly independent sets of vectors so that

h
(n)
j → hj for each j = 1, 2, . . . , γ. Suppose also that {hj}γ

1 is linearly independent
with associated orthonormal vectors {zj}γ

1 . For each n = 1, 2, . . . , we can apply the
Gram-Schmidt procedure to {h(n)

j }γ
1 to get vectors {z(n)

j }γ
1 .

We claim that z
(n)
j → zj , for j = 1, 2, . . . , γ. To check this, note that

z
(n)
1 =

h
(n)
1

‖h(n)
1 ‖

→ h1

‖h1‖
= z1,

z
(n)
2 =

h
(n)
2 − (h(n)

2 , z
(n)
1 )z(n)

1

‖h(n)
2 ‖

→ h2 − (h2, z1)z1

‖h2‖
= z2.

So in general,

z
(n)
j =

h
(n)
j −

∑
1≤i<j(h

(n)
j , z

(n)
i )z(n)

i

‖h(n)
j −

∑
1≤i<j(h

(n)
j , z

(n)
i )z(n)

i ‖
→

hj −
∑

1≤i<j(hj , zi)zi

‖hj −
∑

1≤i<j(hj , zi)zi‖
= zj .

Now with h
(n)
j = Tf−an

xj , we get v
(n)
j = z

(n)
j → zj = vj . Similarly, if h

(n)
j =

T 1
g−tn

xj , then y
(n)
j = z

(n)
j → zj = yj . Therefore,

γ∑
j=1

y
(n)
j ⊗ v

(n)
j →

γ∑
j=1

yj ⊗ vj in trace norm.

Lemma 4.3. If {bj}γ
1 are maximal vectors associated to the orthonormal basis

{vj}γ
1 , then

lim
n→∞

∏
λ∈σ(Tφn T

φ
−1
n

)\{0} λ

det(v(n)
j , y

(n)
k )

= (−1)
∑γ

α=1 mα

∏
λ∈σ(TφTφ−1 )\{0} λ

det(bj , yk)
.

Proof. By Proposition 2.1 it suffices to show that

lim
n→∞

det(Tφn
Tφ−1

n
+

γ∑
j=1

y
(n)
j ⊗ v

(n)
j ) = det(TφTφ−1 +

γ∑
j=1

yj ⊗ vj).

Since the dyadic sums converge in L1(H) it remains to check that 1 − Tφn
T−1

φn

converges to 1 − TφTφ−1 in trace norm.
Note that the Hankel operators HΘ1Θ̄2

and H ¯̃Θ1Θ̃2
are trace class.



TOEPLITZ DETERMINANTS 541

Let ψ = Θ1Θ̄2 · ωη̄, where ω, η are outer in K
1
2 , 1

2
2,2 ∩W . Then

TψTψ−1 = [TΘ1Θ̄2
Tωη̄ + HΘ1Θ̄2

Hω̃ ¯̃η][Tω−1η̄−1TΘ̄1Θ2
+ Hω−1η̄−1H ˜̄Θ1Θ̃2

].

With ω = f−an and η = g−t̄n we have Hω̃ ¯̃η → Hf̃ ¯̃g and Hω−1η̄−1 → Hf−1ḡ−1 in the
uniform norm. Also, TΘ1Θ̄2

[Tωη̄Tω−1η̄−1 ]TΘ̄1Θ2
= TΘ1Θ̄2

[1+[Tη̄, Tω]Tη̄−1Tω−1 ]TΘ̄1Θ2
.

But [Tη̄, Tω] = [Tḡ, Tf ] ∈ L1(H2(T)). Since Tη̄−1Tω−1 → T−1
ḡ Tf−1 in the uniform

norm it follows that 1 − Tφn
T−1

φn
converges to 1 − TφTφ−1 in trace norm. �

To complete the proof of Theorem 1.6 we note that when the zeros of Θ1 and
Θ2 are simple, the equality

χ2(P (TΘ̄1
), P (TΘ̄2

)) =

∏
1≤α,β≤� |1 − µ̄αµβ |∏
1≤α≤�
1≤β≤q

|1 − µ̄ανβ |2

∣∣∣∣∑
N

∏
µα∈N̄
1≤β≤q

(µα − νβ)∏
µα∈N
µβ∈N̄

(µα − µβ)

·

∏
1

µα
∈N

1≤β≤q

(µ̄α − ν̄β)

∏
1

µα
∈N

1
µβ

∈N̄

(µ̄α − µ̄β)
·

∏
1

µα
∈N̄

1≤β≤q

(1 − µ̄ανβ)

∏
1

µα
∈N̄

µβ∈N

(1 − µ̄αµβ)
·

∏
µα∈N
1≤β≤q

(1 − µαν̄β)∏
µα∈N̄
1

µβ
∈N

(µαµ̄β − 1)

∣∣∣∣,

with the sum extended over all subsets N ⊂ {µ1, · · · , µ�; 1
µ1

, · · · , 1
µ�
} of cardinality

�, and N̄ = {µ1, · · · , µ�; 1
µ1

, · · · , 1
µ�
} \ N is proved in Proposition 3.4 of [17].

Corollary 4.1. Let {xj}γ
1 be an orthonormal basis for kerTΘ̄1Θ2

. Let {uj}γ
1 be the

top root vectors of the associated Jordan chain lying over Tfxj. Then

σ1,TφTφ−1 = (−1)
∑γ

α=1 mα

∏
λ∈σ(TφTφ−1 )\{0}

λ ·
‖
∧

T 1
g

∣∣ ker TΘ̄1Θ2

‖2

det(uj , T 1
g
xτ )

· [
∧

Tfxj ⊗
∧

T 1
g
xj + ranTφ])∗,

i)

(−1)
∑γ

α=1 mα

∏
λ∈σ(TφTφ−1 )\{0} λ

det(uj , T 1
g
xτ )

= χ2(P (TΘ̄1
), P (TΘ̄2

))
∏

{x:‖x‖<1}
cx

(
f

ḡ
,
Θ2

Θ1

)

· det∗∂{Tḡ + L1, Tf + L1}.

ii)

5. Proofs of Theorem 1.1 part ii) and Theorem 1.3

It is of interest to estimate the speed of convergence in our limit theorems. The
proofs of Theorem 1.1 part ii) and Theorem 1.3 are based on a series of lemmas
with numerical estimates. In what follows ‖ · ‖2 denotes the Hilbert-Schmidt norm
and ‖ · ‖1 denotes the trace norm.

Lemma 5.1. Suppose f ∈ Lipβ, β > 1
2 . Then

‖S∗n+1PfQ‖2 ≤
(

4π

3

)β ( 1
1 − ( 1

2 )2β

) 1
2
(

1
2β − 1

) 1
2

‖f‖Lipβ
· (n + 1)

1−2β
2 .
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Proof. The proof ultimately depends upon the Bernstein inequality; cf. p. 32,
Katznelson [27]. It is known5 that

∑
2m≤k≤2m+1

|f̂(k)|2 ≤
(

2π

3 · 2m

)2β

‖f‖2
Lipβ

.

So, if 2m ≤ n ≤ 2m+1, we have

∑
n≤k

|f̂(k)|2 ≤
(

2π

3

)2β

‖f‖2
Lipβ

∑
r≥m

(
1
2r

)2β

=
(

2π

3

)2β

‖f‖2
Lipβ

(
1

2m

)2β 1
1 − ( 1

2 )2β
.

Hence
∑

n≤k |f̂(k)|2 ≤ Ω
n2β , where Ω =

(
4π
3

)2β
(

1
1−( 1

2 )2β

)
‖f‖2

Lipβ
.

Now,

‖S∗n+1PMfQ‖2
2 =

∑
k≥1

k|f̂(k + n + 1)|2

=
∑
k≥1

|f̂(k + n + 1)|2 +
∑
k≥1

|f̂(k + n + 2)|2 +
∑
k≥1

|f̂(k + n + 3)|2 + · · ·

≤ Ω
[

1
(n + 2)2β

+
1

(n + 3)2β
+

1
(n + 4)2β

+ · · ·
]
≤ Ω

(2β − 1)
(n + 1)1−2β.

�

Since S∗γT 1
f
T 1

ḡ
[1 − P (Tφ̄)] = R(Tφ), it follows that for n � 0,

ker[S
∗n+1R(Tφ)Sn+1] = ran{S∗n+1T 1

f
T 1

ḡ
[1 − P (Tφ̄)]Sn+1}−1Pγ .

Moreover, {S∗n+1T 1
f
T 1

ḡ
[1 − P (Tφ̄)]Sn+1}−1 converges uniformly to TfTḡ.

Lemma 5.2. Suppose φ = zγψ with ψ ∈ Lipβ, 1
2 < β < 1, and Tψ is invertible.

Set Jn = S∗n+1T−1
ψ [1 − P (Tφ̄)]Sn+1. Then

‖S∗n+1R(Tφ)Sn+1 − Tφ−1‖ = O(n−2β).(i)

‖Jn − Tψ−1‖ = O(n−2β) and ‖Jn − Tψ−1‖1 = O(n1−2β).(ii)

In particular, for n � 0, Jn is invertible and

ker S∗n+1R(Tφ)Sn+1 = J−1
n Pγ−1(H2(T)).

‖J−1
n T 1

ḡ
eα − Tfeα‖ = O(n−2β) for α = 0, 1, 2, . . . , γ − 1.(iii)

Proof. We have R(Tφ) = S∗γT−1
ψ [1 − P (Tφ̄)], and ker P (Tφ̄) = {

∨γ−1
α=0

1
g eα} where

ψ = fḡ, f, g ∈ H∞ ∩ Lipβ . In particular, ‖P (Tφ̄)Sn+1‖ = O(n−β).
The fact that f, g ∈ Lipβ∩H∞ follows because Tψ is invertible and the conjugate

function is bounded on Lipβ, 0 < β < 1; cf. [28]. Accordingly, there are polynomials

5See for example equation (6.4), Katznelson.
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pn and qn of degree ≤ n so that ‖ 1
f −pn‖∞ and ‖ 1

g − qn‖∞ are O(n−β). Also, since
S∗n+1T−1

ψ Sn+1 = Tψ−1 − S∗n+1P 1
f Q 1

ḡ Sn+1, we have

Jn = S∗n+1T−1
ψ [1 − P (Tφ̄)]Sn+1 = S∗n+1T−1

ψ Sn+1 − S∗n+1T−1
ψ P (Tφ̄)Sn+1

= Tψ−1 − S∗n+1P
1
f

Q
1
ḡ
PSn+1 − S∗n+1Tψ−1P (Tφ̄)Sn+1 + S∗n+1P

1
f

Q
1
ḡ
P (Tφ̄)Sn+1.

Also

‖S∗n+1P
1
f

Q
1
ḡ
PSn+1‖ ≤ ‖S∗n+1P

1
f

Q‖‖Q1
ḡ
PSn+1‖

= ‖S∗n+1P (
1
f
− pn)Q‖ ‖Q(

1
ḡ
− q̄n)PSn+1‖ ≤ ‖ 1

f
− pn‖∞ ‖1

g
− qn‖∞ = O(n−2β),

and ‖S∗n+1P 1
f Q 1

ḡSn+1‖1 ≤ ‖S∗n+1P 1
f Q‖2 ‖S∗n+1P 1

ḡ Q‖2 = O(n1−2β).

Now, S∗n+1Tψ−1 = T 1
ḡ
S∗n+1T 1

f
, and ker Tφ̄ =

∨γ−1
α=0{ 1

g eα}, ran T 1
f
P (Tφ̄) =∨γ−1

α=0{ 1
fg eα}. Since 1

f , 1
g ∈ Lipβ it follows that

‖S∗n+1Tψ−1P (Tφ̄)Sn+1‖1 = O(n−2β).

Therefore,

‖Jn − Tψ−1‖ = O(n−2β) and ‖Jn − Tψ−1‖1 = O(n1−2β).

The fact that ker S∗n+1R(Tφ)Sn+1 = J−1
n Pk−1(H2(T)) follows immediately since

S∗n+1R(Tφ)Sn+1 = S∗kJn. Because ‖Jn −Tψ−1‖ = O(n−2β) and Tψ−1 is invertible
we have ‖J−1

n −T−1
ψ−1‖ = O(n−2β). Furthermore, since for all α we have T−1

ψ−1T 1
ḡ
eα =

Tfeα, we have ‖J−1
n T 1

ḡ
eα − Tfeα‖ = O(n−2β). �

Lemma 5.3.

‖R(TφS∗n+1R(Tφ)Sn+1) − R(TφTφ−1)‖ = O(n−2β).

Proof. Set Yn = TφS∗n+1R(Tφ)Sn and Y = TφTφ−1 . For n � 0, S∗n+1R(Tφ)Sn+1

is surjective. Hence rp (Yn) = 1 − P (Tφ̄). Therefore, since R(Y ∗
n ) = [YnY ∗

n +
P (Tφ̄)]−1Yn, we have ‖R(Y ∗

n ) − R(Y ∗)‖ = O(n−2β). Consequently, since R(A)∗ =
R(A∗), we have

‖R(Yn) − R(Y )‖ = ‖R(Yn)∗ − R(Y )∗‖ = ‖R(Y ∗
n ) − R(Y ∗)‖ = O(n−2β).

Fix an orthonormal basis {yτ}γ
τ=1 of ker(Tφ̄). Suppose n � 0 so that

dim ker(S∗n+1R(Tφ)Sn+1) = γ and Jn is invertible. For α = 1, 2, . . . , γ set w
(n)
α =

J−1
n T 1

ḡ
eα and let {v(n)

α }γ
1 be obtained from {w(n)

α }γ
1 by the Gram-Schmidt orthog-

onalization procedure. Note that ‖w(n)
α − feα‖ = O(n−2β).

As above let Z denote the subspace of H2(T) given by ker(Tφ̄)⊕
∨
{(TφTφ−1)ruα :

mα ≥ r ≥ 1, α = 1, 2, . . . , γ}, where {uα}is any set of maximal root vectors for
{Tfeα}γ

1 . Let Kn denote the operator on Z where

Kn(yτ ) = PZ(v(n)
α ),

Kn(TφTφ−1)ruα = PZR(TφS∗n+1R(Tφ)Sn+1)(TφTφ−1)ruα.
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By (ii) of Lemma 5.2 and the continuity of the Gram-Schmidt procedure, v
(n)
α →

vα where {v(n)
α }γ

1 is obtained from {Tfeα}γ
1 by applying the Gram-Schmidt orthog-

onalization. Let K denote the limit operator on Z so that

K(yτ ) = PZvτ ,

K(TφTφ−1)ruα = PZ [1 − P (TφTφ−1)](TφTφ−1)r−1uα.

�

Lemma 5.4. ‖Kn − K‖ = O(n−2β).

Proof. Since ‖J−1
n T 1

ḡ
eα−Tfeα‖ = O(n−2β), computation shows that ‖v(n)

α −vα‖ =

O(n−2β). Now, comparing Kn and K on basis elements of Z, we have with zrα
(n) =

X−1
n (TφTφ−1)ruα as in §3, for j = 1, 2, . . . , γ,

‖(Kn − K)yj‖ = ‖PZ(v(n)
α − vα)‖ = O(n−2β).

Also, on (TφTφ−1)ruα we have

[Kn − K](TφTφ−1)ruα = PZ [1 − P (S∗n+1R(Tφ)Sn+1)]zrα
(n)

− PZ [1 − P (Tφ−1)](TφTφ−1)r−1uα.

Now,

[1 − P (S∗n+1R(Tφ)Sn+1)]zrα(n) = R[TφS∗n+1R(Tφ)Sn+1](TφTφ−1)ruα.

Hence, by Lemma 5.3 we have

‖[Kn − K](TφT−1
φ )ruα‖ = ‖PZ

{
R(TφS∗n+1R(Tφ)Sn+1)(TφTφ−1)

−[1 − P (Tφ−1)]
}

(TφTφ−1)r−1uα‖
= ‖PZ

{
R(TφS∗n+1R(Tφ)Sn+1) − R(TφTφ−1)

}
(TφTφ−1)ruα‖ = O(n−2β).

Consequently,
‖Kn − K‖ = O(n−2β).

�

Recall that for n � 0,

Dn(Tφ) = G(φ)n+1 det(PXXn|X )
detKn

· det(Sn+1v(n)
α , yτ ).

Now

‖Xn − TφTφ−1‖1 = ‖TφS∗γJn − P (Tφ̄)Sn+1 − TφS∗γTψ−1‖1

≤ ‖TφS∗γ [Jn − Tψ−1 ]‖1 + ‖P (Tφ̄)Sn+1‖1 = O(n1−2β).

Using the inequality

| det[1 + M ] − det[1 + N ]| ≤ ‖M − N‖1 exp(‖M‖1 + ‖N‖1 + 1),

we see that

(5.1)

detPXXnPX = det[PXTφTφ−1 |X ][1 + O(n1−2β)]

=
∏

λ∈σ(TφTφ−1\{0}
λ [1 + O(n1−2β)].
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Also by Lemmas 5.2 and 5.4

det(Sn+1v
(n)
α , yτ )

det Kn
= (−1)

∑γ
1 mα · det(Sn+1w

(n)
α , yτ )

det(uα, yτ )
· [1 + O(n−2β)].

Consequently, switching vectors {yτ}γ
1 to an arbitrary basis {tτ}γ

1 of kerTφ̄, we
have

Dn(Tφ) = G(φ)n+1 det(Sn+1w(n)
α , tτ )

(−1)
∑γ

1 mα
∏

λ∈σ(TφTφ−1 )\{0} λ

det(uα, tτ )
[1+O(n1−2β)].

This proves statement ii) of Theorem 1.1. We now complete the proof of Theorem
1.3.

Lemma 5.5.

det(Sn+1w(n)
α , T 1

g
eτ )

=
1

ḡ(0)γ
det(Sn+1(S∗n+1−γT−1

ψ Sn+1−γ)−1eα, T 1
g
eτ )[1 + O(n−2β)].

Proof. It is enough to prove the statement with T 1
g
eα replaced by any basis of

ker Tφ̄.
Let {yτ}γ

1 be an orthonormal basis for kerTφ̄. Since Sn+1w
(n)
α = Sn+1J−1

n T 1
ḡ
eα ∈

ker[Tφ̄ ⊕ ran TφPn] ∩ ran Sn+1, there are complex numbers {λn,α,τ}1≤α,τ≤γ and a
vector gnα ∈ ran(TφPn) so that

Sn+1w(n)
α =

γ∑
τ=1

λn,α,τyτ + Tφgnα,

where λn,α,τ = (Sn+1w
(n)
α , yτ ). Since Tφ = TψSγ and S∗γTψSγ = Tψ, we have for

n � 0

S∗n+1T−1
ψ Sn+1−γw(n)

α =
γ∑

τ=1

λn,α,τS∗n+1T−1
ψ S∗γyτ .

Multiplying by Sγ and rewriting gives

S∗n+1−γT−1
ψ Sn+1−γw(n)

α =
γ∑

τ=1

(S∗n+1−γT−1
ψ Sn+1−γw(n)

α , eτ )eτ

+
γ∑

τ=1

λn,α,τSγS∗n+1T−1
ψ S∗γyτ .

Applying the inverse of S∗n+1−γT−1
ψ Sn+1−γ to both sides gives

w(n)
α =

γ∑
τ=1

(S∗n+1−γT−1
ψ Sn+1−γw(n)

α , eτ )(S∗n+1−γT−1
ψ Sn+1−γ)−1eτ

+
γ∑

τ=1

λn,α,τ (S∗n+1−γT−1
ψ Sn+1−γ)−1SγS∗n+1−γT−1

ψ S∗γyτ .
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Taking the inner product on both sides with S∗n+1yk we get

(w(n)
α , S∗n+1yk) =

γ∑
τ=1

(S∗n+1−γT−1
ψ Sn+1−γw(n)

α , eτ )

·
(
[S∗n+1−γT−1

ψ Sn+1−γ ]−1eτ , S∗n+1yk

)
+

γ∑
�=1

(w(n)
α , S∗n+1y�)

(
[S∗n+1−γT−1

ψ Sn+1−γ ]−1SγS∗n+1T−1
ψ S∗γy�, S

∗n+1yk

)
.

Now define γ × γ matrices An, Bn, En, Fn as follows:

An = ((Sn+1w(n)
α , yτ )),

Bn = ((S∗n+1−γT−1
ψ Sn+1−γw(n)

α , eτ )),

En = ((Sn+1(S∗n+1−γT−1
ψ Sn+1−γ)−1eα, yτ )),

Fn = ((Sn+1(S∗n+1−γT−1
ψ Sn+1−γ)−1 · SγS∗n+1−γT−1

ψ S∗γyα, yτ ).
The preceding system of equations becomes An = BnEn + AnFn. Accordingly,

detAn =
detBn detEn

det(1 − Fn)
. By Lemma 5.2, Bn = ((T 1

ḡ
eα, eτ )) + O(n−2β), and since

(Tψ)−1 maps Lipβ to Lipβ we have Fn = O(n−2β), so that

detAn = det(T 1
ḡ
eα, eτ ) · detEn · [1 + O(n−2β)] =

1
ḡ(0)γ

detEn[1 + O(n−2β)].

Therefore,

det((Sn+1w(n)
α , yτ ))=

1
ḡ(0)γ

det(Sn+1(S∗n+1−γT−1
ψ Sn+1−γ)−1eα, yτ )·[1+O(n−2β)].

�

Lemma 5.6.

det((Sn+1(S∗n+1−γT−1
ψ Sn+1−γ)−1eα, T 1

g
eτ ))

= ḡ(0)γ · det
(

(T f
ḡ zn+1 · [1 − H ḡ

f
Qn−γH( f

ḡ )]
−1eα, eτ )

)
γ×γ

Proof. We have

S∗n+1−γT−1
ψ Sn+1−γ = S∗n+1−γT−1

fḡ Sn+1−γ = S∗n+1−γT 1
f
T 1

ḡ
Sn+1−γ

= S∗n+1−γT 1
ḡ

〈
Tḡ, T 1

f

〉
T 1

f
Sn+1−γ = T 1

ḡ
S∗n+1−γT ḡ

f
T f

ḡ
Sn+1−γT 1

f

= T 1
ḡ
(1 − S∗n+1−γH ḡ

f
H( f

ḡ )S
n+1−γ)T 1

f
= T 1

ḡ
[1 − H ḡ

f
Qn−γH( f

ḡ )]T 1
f
.

Thus
[S∗n+1−γT−1

ψ Sn+1−γ ]−1 = Tf [1 − H ḡ
f
Qn−γH( f

ḡ )]
−1Tḡ,

and so,

det
(
(Sn+1[S∗n+1−γT−1

ψ Sn+1−γ ]−1eα, T 1
g
eτ )
)

= det
(

(T f
ḡ zn+1 · [1 − H ḡ

f
Qn−γH( f

ḡ )]
−1Tḡeα, eτ )

)
γ×γ

= ḡ(0)γ det
(

(T f
ḡ zn+1 · [1 − H ḡ

f
Qn−γH( f

ḡ )]
−1eα, eτ )

)
γ×γ

. �



TOEPLITZ DETERMINANTS 547

Collecting the results: by equation (3.3) we have for n � 0,

Dn(Tφ) = G(φ)n+1 det PXXnPX )
det(Kn)

· det(Sn+1v(n)
α , yτ ).

By equation (5.1) we have

detPXXnPX =
∏

λ∈σ(TφTφ−1 )\{0}
λ [1 + O(n1−2β)],

and by Lemmas 3.5 and 5.4

det(Kn) = (−1)
∑γ

1 mα det(bα, yτ ) · [1 + O(n−2β)],

while Lemmas 5.5 and 5.6 give us

(Sn+1v(n)
α , yτ ) = det Γ(n) · det(Sn+1w(n)

α , yτ )

=
1

‖
∧

Tfeα‖
det(Sn+1Tf [1 − H ḡ

f
Qn−γH( f

ḡ )]
−1eα, yτ ) · [1 + O(n−2β)].

On the other hand, Proposition 2.1 ii) gives

‖
∧

Tfeα‖ det(bα, yτ ) = det(uα, yτ ),

and we have “the ratio invariance property”

det(Sn+1w
(n)
α , yτ )

det(uα, yτ )
=

det(Sn+1w
(n)
α , T 1

g
eτ )

det(uα, T 1
g
eτ )

,

while Theorem 1.2 gives us

(−1)
∑γ

α=1 mα

∏
λ∈σ(TφTφ−1 )\{0} λ

det(uα, T 1
g
eα)

= E(ψ)G(
ḡ

f
)γ .

Putting these pieces together yields the approximation theorem

Dn(Tφ) = G(φ)n+1E(ψ)G(
ḡ

f
)γ

· det
(
(T f

ḡ zn+1 · [1 − H ḡ
f
Qn−γH( f

ḡ )]
−1eα, eτ )

)
γ×γ

[1 + O(n1−2β)].

Note that if φ = zγfḡ where f, g ∈ K
1
2 , 1

2
2,2 ∩H∞(T), the same formula holds with

O(n−2β) replaced by o(1). This concludes the proof of Theorem 1.3. �

6. Rational symbol φ with Dn(Tφ) �= 0 and Dγ−1(T f
ḡ
zn+1) = 0

Now we construct a rational symbol φ with φ �= 0 on T so that Tφ is injective and
Fredholm and Dn(Tφ) �= 0 for n � 0, yet for an r �= 0, we have the factorization
det(P (Tφ̄)Sn+1P (Tφ−1)S∗n+1

∣∣ kerTφ̄) = anrn+1 where an is periodic in n, and one
of the values it assumes is zero. Let r ∈ (0, 1), θ ∈ (0, π). Set λ1 = reiθ, λ2 =
re−iθ = λ̄1 �= λ1, µ = r = |λ1| �= λ1, λ2. Set φ = Θλ1Θλ2Θ̄µ. Then φ−1 =
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φ̄, Tφ is injective and Fredholm. Thus det(P (Tφ̄)Sn+1P (Tφ−1)S∗n+1)
∣∣ kerTφ̄) =

| det(P (Tφ̄)Sn+1
∣∣ ker Tφ̄)|2. In Lemma 52 of [15] we showed that

det(P (Tφ̄)Sn+1P (Tφ−1)
∣∣ ker Tφ̄) =

1
|1 + r2eiθ|2 + r2|eiθ − 1|2

1
(e−iθ − eiθ)

×
[
(eiθ − 1)(1 − r2eiθ)(1 − r2e−2iθ)ei(n+1)θ

−(e−iθ − 1)(1 − r2e−iθ)(1 − r2e2iθ)e−i(n+1)θ

]
rn+1.

Set

Bn(θ, r) = (eiθ − 1)(1 − r2eiθ)(1 − r2e−2iθ)ei(n+1)θ,

so that

det(P (Tφ̄)Sn+1P (Tφ−1)
∣∣ kerTφ̄)

=
1

|1 + r2eiθ|2 + r2|eiθ − 1|2
rn+1

(e−iθ − eiθ)
[
Bn(θ, r) − Bn(−θ, r)

]
= 0,

whenever Bn(θ, r) is real valued. Suppose that n = 0. For fixed θ ∈ (0, π
4 ), consider

�B0(θ, r) as a function of r ∈ [0, 1]. We have

�B0(θ, 0) = sin 2θ − sin θ > 0,

�B0(θ, 1) = −|1 − eiθ|2 sin 2θ < 0.

Hence, by the intermediate value theorem, we get r(θ) ∈ (0, 1) so that �B0(θ, r(θ))
= 0.

Now pick θ ∈ (0, π
4 ) so that θ

π is rational. Then with r = r( θ
π ) the sequence

{�Bn(θ, r)}∞n=1 is periodic with some period P and has zero for one of its values.
Hence det(P (Tφ̄)SkP+1P (Tφ−1)

∣∣ ker Tφ̄) = 0 for k = 0, 1, 2, . . ..
Now we must check that for the indicated choices of r and θ the determinant

Dn(Tφ) �= 0 for n � 0.
For this purpose we use results of K.M. Day [18],

Theorem 6.1. Let φ =
c0
∏p

j=1(z−rj)∏h
j=1(1− z

ρj
)
∏�

j=1(z−δj)
on the circle |z| = 1 with |δj | <

1 (j = 1, . . . , �), and |ρj | > 1 for j = 1, . . . , h, c0 a constant and r1, . . . , rp pairwise
distinct. Then,

For p ≥ � + h and n ≥ 0, Dn(φ) = (−1)(p−�)(n+1)
∑
M

AMrn+1
M(i)

(6.1)

for n ≥ �, Dn(φ) = 0 if p < �,(ii)

and Dn(φ) = (−1)(p−�)(n+1)
∑
M

AMrn+1
M if p ≥ �
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where the sum is taken over all
(
q
�

)
subsets M ⊂ {1, . . . , p} of cardinality �, and

with M = {1, . . . , p} \ M the rM ’s and the AM ’s are given as

rM = c0

∏
j∈M

rj ,

AM =
∏
j∈M

α∈{1,...,�}

(rj − δα)
∏
i∈M

β∈{1,...,h}

(ρβ − ri)
∏

α∈{1,...,�}
β∈{1,...,h}

(ρβ − δα)−1
∏
i∈M
j∈M

(rj − ri)−1.

In order to apply this theorem the φ of our example is rewritten as

φ = c0
(z − r1)(z − r2)(z − r3)
(1 − z

ρ1
)(1 − z

ρ2
)(z − δ1)

i.e.,

c0 = −r, r1 = reiρ
1 =

1
reiθ

, ρ2 =
1

re−iθ
, δ1 = r.

Thus, p = 3, h = 2 and � = 1. Accordingly, the set M is either {1}, {2} or {3} and
we have

A{1}r{1}
n+1 = (r2 − δ1)(r3 − δ1)(ρ1 − r1)(ρ2 − r1)

· (ρ1 − δ1)−1(ρ2 − δ1)−1(r2 − r1)−1(r3 − r1)−1(−r)n+1(r2r3)n+1.

A{2}r{2}
n+1 = (r1 − δ1)(r3 − δ1)(ρ1 − r2)(ρ2 − r2)

· (ρ1 − δ1)−1(ρ2 − δ1)−1(r1 − r2)−1(r3 − r2)−1(−r)n+1(r1r3)n+1.

A{3}r{3}
n+1 = (r1 − δ1)(r2 − δ1)(ρ1 − r3)(ρ2 − r3)

· (ρ1 − δ1)−1(ρ2 − δ1)−1(r1 − r3)−1(r2 − r3)−1(−r)n+1(r1r2)n+1.

A straightforward substitution in the Day formula now gives

A{1}r{1}
n+1 + A{2}r{2}

n+1 = (r3 − δ1)(ρ1 − δ1)−1(ρ2 − δ1)−1(r1 − r2)−1(−r)n+1

· (1 − r2)
|1 − r2eiθ|2 · [(eiθ − 1)(1 − r2eiθ)(1 − r2e−2iθ)ei(n+1)θ

−(e−iθ − 1)(1 − r2e−iθ)(1 − r2e2iθ)ei(n+1)θ]

= (r3 − δ1)(ρ1 − δ1)−1(ρ2 − δ1)−1(r1 − r2)−1(−r)n+1

2 · (1 − r2)
|1 − r2eiθ|2�Bn(θ, r).

Hence there are non-zero constants C1 and C2 so that Dn(Tφ) has the form

Dn(Tφ) =
[
C1�Bn(θ, r) + C2r

2(n+1)
]
(−r)n+1.

Since 0 < r < 1 and �Bn(θ, r) assumes only finitely many values, it follows that
Dn(Tφ) �= 0 provided that n � 0.
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