TRANSACTIONS OF THE

AMERICAN MATHEMATICAL SOCIETY
Volume 358, Number 3, Pages 1077-1103

S 0002-9947(05)03724-4

Article electronically published on April 22, 2005

MAYER BRACKETS AND SOLVABILITY OF PDES - II

BORIS KRUGLIKOV AND VALENTIN LYCHAGIN

ABSTRACT. For the Spencer d-cohomologies of a symbolic system we construct
a spectral sequence associated with a subspace. We calculate the sequence for
the systems of Cohen-Macaulay type and obtain a reduction theorem, which
facilitates computation of J-cohomologies by reducing dimension of the system.
Using this algebraic result we prove an efficient compatibility criterion for a
system of two scalar non-linear PDEs on a manifold of any dimension in terms
of (generalized) Mayer brackets.

INTRODUCTION

In this paper we consider algebraic aspects of integrability of overdetermined
PDEs systems & C J*(m). The obstructions to formal integrability belong to
the second Spencer §-cohomology groups H2(€) [S] and are called Weyl tensors
W, [Ly|]. Calculating these cohomologies (but not tensors, see details in the text)
is a purely algebraic problem and can be posed for H“J(g), where g = {g; C
SIT*M ® v}i>0 is the system of symbols of a PDE £ (manifold M is the base of
the bundle 7 and v is the fiber).

From an algebraic point of view a graded linear subspace g C ST* ® N is a
symbolic system iff its k-dual g* (where £ = R or C depending on the context) is
an ST-module. We define g to be a Cohen-Macaulay symbolic system if g* is a
Cohen-Macaulay module.

Having a symbolic system g = {g; € S'T* ® N} and a subspace V* C T* we
define another system §j = {g; N S'V*®@ N} C SV* @ N. It is a symbolic system,
which we call the V*-reduction.

Theorem A. Let g be a Cohen-Macaulay symbolic system, and let a subspace V* C
T* be transversal to the characteristic variety of g: codim(Char®(g)NPCV*) = r =:
codim Char(c(g). For instance, this is so if V* is a non-characteristic subspace of
dimension r. Then the Spencer cohomologies of the system g and its V*-reduction
g are isomorphic:

H"(g) ~ H"(g).

In some situations the considered formal reduction can be made into a genuine
reduction. This happens, for example, if a Cohen-Macaulay system & is linear and
has constant coefficients along W = ann(V*). In fact, in this case the reduction is
obtained via the Fourier transform along the W-variables.

Received by the editors December 16, 2002 and, in revised form, April 15, 2004.

2000 Mathematics Subject Classification. Primary 35N10, 58A20, 58 H10, 35A30.

Key words and phrases. Mayer bracket, Spencer cohomology, Weyl tensor, integrals, charac-
teristics, symbols, compatibility of PDEs.

(©2005 American Mathematical Society
Reverts to public domain 28 years from publication

1077



1078 BORIS KRUGLIKOV AND VALENTIN LYCHAGIN

Corollary. If £ C J¥(M) is a scalar system given by r < n = dim(M) equa-
tions and the characteristic variety Char(c(g) has codimension r, the conclusion of
Theorem [A] holds.

In fact, in this case the module g* = ST/I(g) is an algebra and it is Cohen-
Macaulay whenever the characteristic ideal I(g) is a complete intersection. We
present other results on Spencer cohomologies in §§2.2] and

Remark 1. For first order PDEs our Theorem [Al is somewhat complementary to
Theorem A of Guillemin [Gu]. He considers a first order involutive system g,
i.e., H%(g) = 0 for 5 > 0, and proves that for any non-characteristic V* and
W = ann(V*) C T the image g" of the system g in SW*® N (called W-restriction)
is involutive as well. Moreover, the symbols g and g" are isomorphic. This implies
that the only non-zero Spencer cohomologies are different: H%(g) # H%(g").

In the considered case of Cohen-Macaulay system g we have a different picture:
the reduction remains Cohen-Macaulay, symbols ¢ and § = ¢" differ, but the J-
cohomologies coincide (in terms of exact sequence ([II), §2.1] in Guillemin’s paper
deals with the right-hand side, while we are concerned with the left).

We apply the reduction Theorem [Alto get a compatibility criterion for a system
of two scalar PDEs. We obtained such a criterion via generalized Mayer brackets in
the paper [KL2] for the systems on a two-dimensional manifold. Here we generalize
this result for an arbitrary base M".

Mayer bracket [,] for a pair of functions on the jet-space J>°(R™) generalizes the
classical Mayer bracket in the case of first order equations ([KL2]). Its restriction
to the equation prolongation [,]¢ is defined canonically, whence the bracket for
functions on J*°(M); see details in §3:21 Note that for linear operators F,G the
bracket [F, G|¢ is the usual (reduced) commutator.

Theorem B. Consider a system & of two scalar partial differential equations

F(x,u(x), cey dalja“) =0, |o|<k,

G(z,u(z),..., %) =0, |7]<L
Let the equations F© = 0 and G = 0 have transversal characteristic varieties
Char®(F), Char®(G) ¢ PCT*M and let at least one of them be without multiple

components. Then the system & is formally integrable if and only if the Mayer
bracket vanishes due to the system

[F,Gle = 0.

The absence of multiple components condition is redundant and is due to the
involved machinery (the symbolic part of Theorem [Bl — Proposition — is an
application of Theorem [A]). For second order equations this follows from [KL2],
but the theorem holds true without the multiple components assumption always
(the proof uses different ideas and will be published in a forthcoming paper).

Remark 2. Dimension of the symbol of the prolonged equation dim g, is given by
the Hilbert polynomial p(s) of degree dim Char(€). So this dimension tends to co
as s — oo for n = dim M > 4, stabilizes at a non-zero number dim g, for n = 3
and stabilizes at zero for n = 2. So n = 2 is the only case of finite type and for it
we have smooth integrability (JKL2]). In the general case we can state only formal
integrability or analytical one for analytic data (Cartan-Kéhler theorem).
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The paper is organized as follows. In the first section we expose some relevant
concepts from geometric theory of PDEs and rudiments of commutative algebra
adapting them to the PDEs context. We refer to [S], [KLV], [Gol, [KS], [KLI] for
details on the jet-theory and non-linear PDEs. In Section 2 we calculate Spencer
cohomologies using spectral sequences and prove Theorem[Al Two proofs are given
using the dualization and the theory of Cohen-Macaulay modules. Then in Section 3
we calculate the Weyl tensors for a system of two scalar PDEs and prove Theorem [Bl
In the last section we give some physical and geometric applications of this theorem,
exploiting a new concept of an auxiliary integral.

1. SysTEMS OF PDESs

1.1. Symbolic theory. Consider vector spaces T' of dimension n and N of dimen-
sion m (usually_ over the field R, but also possible over C). The symmetric power
ST* = P;5¢ S*T™ can be identified with the space of polynomials on 7. Grading
the de Rham complex of polynomial-valued forms

0— ST L 5T 0T % ST* @ A>T* — .- & ST* @ A"T* — 0
and tensorising it with N one gets the Spencer d-complexes

0= S*T* 9N ST o NoT* % ... 5 ST o N @ AnT* — 0,
where S*T* = 0 for i < 0. By the Poincaré lemma the é-complex is exact.
For a linear subspace h C S*T* @ N denote
hY) = {pe S*T* @ N |dpc ho T*}

and call it the first prolongation of h. Higher prolongations are defined inductively
and satisfy (h(*))(®) = pk+D),

Definition 1. Define a symbolic system to be an infinite sequence of subspaces
g C SFT* ® N, k > 0, with go = S°T* ® N ~ N (if go C N is a strict inclusion

one can shrink N), that satisfy g C g,(;_)r

With every such system we associate its Spencer d-complex of order k:
0= gk > g1 ®T 2 g s @ A°T* — - % g, @ AT — 0.

The cohomology group at the term g; ® AJT* is denoted by H®(g).

Note that gr = S¥T* @ N for 0 < k < r and the first number r = r1(g), where
the equality is violated is called the minimal order of the system. Actually the
system has several orders:

ord(g) = {k € Zy | gi # 91}

Note that multiplicity of an order m(r) = dim g£1_)1 /g is equal to the dimension of
the Spencer cohomology group H"~%!(g). The Hilbert basis theorem (or Poincaré
d-lemma) implies that the system of orders is always finite.

Definition 2. Call formal codimension of a symbolic system g the number of
elements in ord(g) counted with multiplicities. In other words,

codim(g) = Z dim H*b1(g).
k=1
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In the previous paper [KL2] we considered systems of formal codimension 2 and
used the appropriate definition: From the whole set ord(g) only the maximal and
the minimal elements were considered as orders.

1.2. Commutative algebra approach. Denote by 6, : SH1T* — S!T* the dif-
ferentiation along u € T'. It is related to the Spencer differential and substitution
via the formula §,, = i,,09. We extend the differentiation to symmetric multi-vectors
by setting d, = 8y, - - 0y, : SEHT* — S'T* on decomposable v = uy - - - uy, € S¥T.

Let g, C S*T* ® N, k = 0,1,..., be a system of subspaces. By the above we
have the pairing S¥T @ (S*HT* @ N) — S!T* @ N for I > 0: (v,p) — J,p. Now
via this pairing we define I,g,l) = ann gy C ST and I = D, I,g,l) C ST.

Proposition 1. If {g.} is a symbolic system, then all IV are ideals in ST. For
the scalar case N =R (or C) the reverse is true.

Proof. Let g be a symbolic system. If f € Ilgl), u €T and 0 € gg4141, then
(fu)d = f(uf) C flgers) = {0} = fuell],.

For the scalar case with I(®) being an ideal the same formula shows that ¢ is a
symbolic system. O

Another way to deal with the system g <4 ST* ® N is to consider its dual
9" = @ g, which is an epimorphic image of ST ® N* via the map ¢*. The last
space is naturally an ST-module and we can try to carry the module structure to
g* by the formula w -i*(v) = i*(w - v), w € ST, v € ST ® N*. Correctness of this
operation has the following obvious meaning;:

Proposition 2. System g C ST* ® N is symbolic iff g* is an ST-module. O

From now on we suppose g is a symbolic system. The dual ¢g* is called the
symbolic module, and its structure is given by

(v-5)p = #(6up), vE ST, x€ 4", pEg.

This module is Noetherian and the Spencer cohomology of g defined in §I.1] dualizes
to the Koszul homology of ¢g*. This important fact will be used below.
Define the characteristic ideal by I(g) = ann(g*) C ST.

Proposition 3. The characteristic ideal satisfies 1(g) = ;o IY.
Note that due to the Noetherian property the intersection is actually finite.

Proof. The k-th graded component of the ideal I(g) can be described via the pairing
as I, = {f € S*T| f x gpr1 — OVI > 0}. The statement follows. O

Define the characteristic variety as the set of v € T \ {0} such that for every k
there exists a w € N \ {0} with v* ® w € gj. This is a conical affine variety. We
projectivize its complexification and denote the result by Char(g) C P®T*. Since
only complex characteristics will be used, we omit the C-superscript. Also for this
variety we will denote by (co)dim its complex (co)dimension.

Another definition of characteristic variety is given via the characteristic ideal
(the equivalence is proved in [J]):

Proposition 4. Char(g) = {p € P°T* | f(p*) = 0Vf € I}, Vk}.
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Let’s look at this concept using the A = ST-module ¢g*. Recall (|[GR]) its
Chevalley dimension dim 4 ¢g* is the minimal number d of (homogeneous) elements
fiy--+, fa € A such that the quotient ¢g*/(f1,..., fa)g™* is a finite-dimensional vector
space. Thus due to equality dimy g* = dim(A/ann(g*)), where ann(g*) = 1(g),
we interpret dim g* = dim Char(g) + 1 as the dimension of the affine characteristic
variety.

A sequence of elements fi,...,fs € A is called regular if f; is not a zero di-
visor in the A-module ¢*/(f1,..., fi—1)g*. Depth (or cohomological codimension)
depth g* of the module g* is the maximal number of elements in a regular sequence.
The depth and dimension of a module g* are related by the following inequality:
depth g* < dim g*. Now g* is called a Cohen-Macaulay module if dim g* = depth g*
(we’ll omit sometimes the subscript A).

Proposition 5. An A-module g* is Cohen-Macaulay iff it is a free B = SW-module
for some W C T of dimension dimy g*.

Proof. Due to the Noether normalization theorem there exists a finite homomor-
phism B = SW — A/I(g), where W C T has dimension dimy4 ¢g*. Therefore, g* is a
Cohen-Macaulay module over B iff it is one over A/I(g) and this is iff g* is a Cohen-
Macaulay module over A. Now since B is a regular algebra and dim B = dimp g*,
the statement follows from the “freedom criterion” ([GR]): a module over such an
algebra is Cohen-Macaulay iff it is free. O

1.3. Characteristic variety and complete intersections. A symbolic system
g is called an (algebraic) complete intersection if the algebra ST/I(g) is such, i.e.,
if the ideal I(g) is generated by r = codim Char(g) elements (we mean codimension
at the non-singular stratum).

A system g is called a topological complete intersection if the variety Char(g) has
this property, i.e., if it can be defined by the same number r functions fi,..., f..
Certainly the algebraic complete intersection condition implies the topological one,
but the inverse is not true.

In the case of scalar equations N ~ R the module g* = ST/I(g) is an algebra
and the minimal number of generators for I(g) is equal to the formal codimension
codim(g) introduced in §II1 Tt is well-known that if the algebra g* is a complete
intersection, then it is Cohen-Macaulay. In fact, one chooses a system fi,..., f, €
I(g) defining Char(g). Since r + dim A/(f1,..., fr)A = dim A, then ([GR]) the
system can be extended to a system fi,..., f, of parameters of the algebra A.
Then fr41,..., fn is a maximal regular sequence.

Let’s discuss the conditions of complete intersection in the general case m =
dim N > 1. The symbolic system g = Ker(f : ST* ® N — R") is given by
r = codim(g) vector space N*-valued polynomials fi,..., f.. Let e1,...,e, be
a basis in N. For every p € T* we have the matrix ®(p) = ||f}(p)|lrxm, where

filp) =35 ff(p)e;‘ Then
Char(g) = {p € PT* | rank ®(p) < min(r,m)}.

For the determined systems r = m the characteristic variety has codimension one.
In the overdetermined case, we are interested in, Char(g) is defined by the equations
det(A,) = 0 for all m x m minors in ®. This system of equations is, however,
redundant: There are non-trivial linear relations among det(A,).
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Let’s associate to every characteristic vector p the space K, = Ker ®(p) C N (in
the underdetermined case r < m, which we will not discuss here, one should consider
the cokernel), which is the value of the module ¢* at p € T*. The union Up Ky
constitute the kernel sheaf over Char(g). The base Char(g) is stratified according
to the fiber dimension and there is an open stratum on which the dimension of
fibers is minimal. Denote this number by k € [max(1,m — ), m].

Proposition 6. It is sufficient to have | = k(r —m—+k) equations defining Char(g)
locally near the points of open strata, in particular, codim Char(g) <.

Proof. We have rank ®(p) < m — k. At a generic point a nondegenerate (m — k) x
(m — k) minor can be chosen. Now we should check that all k(r —m + k) bordering
(m—k+1) x (m—k+ 1) minors are degenerate. O

Thus, for example, if &k =1 (as for the scalar equations), | = r —m + 1.

Corollary. Let the kernel sheaf have fibers of constant dimension k and let some
(m — k) x (m — k) minor in ® be non-degenerate for all p € Char(g). Then if
codim Char(g) = k(r — m + k), the characteristic variety is a topological complete
intersection.

Proof. Actually, there are | = k(r — m + k) functions defining Char(g). O

The simplest necessary condition for Char(g) to be a complete intersection is
local 1-connectedness ([Ha]).

Remark 3. A system of PDEs can be represented in many equivalent forms. For
example a scalar system can be always written as a system of several equations
of the first order. The characteristic variety as well as the kernel sheaf over it
are important invariants of the equation itself. For instance, if there are fibers of
dimensions greater than 1, the system is not reduced to a scalar one.

1.4. Differential equations. Let w : E;, — M be a smooth bundle over an n-
dimensional manifold with fibers of dimension m and 7, : J¥(7) — M the bundle
consisting of k-jets of its sections. There are natural projections 7 ; : J F(r) —
J!(m). A PDEs system of pure order k is usually represented as a smooth subbundle
& C J¥(r) (JKLV]). Scalar PDEs correspond to the trivial bundle E, = M x R
and £ C JK(M).

To cover the case of several equations of different orders we modify the usual
definition. By a differential equation/system of (maximal) order k£ we mean a
sequence & = {&}_1<;<y of submanifolds & C JU(m) with &1 = M, & = J°M =
E; such that for all 0 < [ < k the following conditions hold:

(1) ﬂfl_l : & — &,_1 are smooth fiber bundles.
(2) The first prolongations El(i)l are smooth subbundles of 7; and & C El(i)l.

Consider a point x), € & with x; = 7 ;(xy) for I < k and x = z_1. It determines
a symbolic system g C STy M ® N, where N, = T, [7‘('_1(.13)], by the formula
g1 =T [(nf,_ ) M@1-1)] € STEM @ N, for 1 < k and g = g{' " for I > k. The
conditions above imply that the symbols g; form smooth vector bundles over & and
that g; C gl(i)l for I <k.

The Spencer J-complex for PDEs system £ at a point x; € & is the Spencer
complex for its symbolic system at this point. The corresponding d-cohomology is
denoted by H%J(€;x)) and we usually omit reference to the point.
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We define regular PDFEs system of maximal order k£ as a submanifold & = &, C
J* M filtered by & and such that the symbolic system and the Spencer cohomology
form graded bundles over it. We define orders ord(€) of the system and its formal
codimension codim(€) as these quantities for the symbolic system.

Remark 4. A system of different PDEs of orders ki,...,k. < k has ord(€) =
{k1,...,k.} (multiple orders repeat) if there are no relations of order k between the
equations. The number r = codim(&) of involved PDEs is an important invariant
of the system. If r > m, the system is called overdetermined, in the case of equality
determined and otherwise £ is underdetermined.

In order to describe the first obstruction to prolong £ we briefly recall some
fundamental geometric notions of the jet-spaces (see [KLV] [Lyl [KLI] for details).
Denote by L(z;) C Ty, ,J* () the tangent space T, | [jr_1(s)(M)] to the jet-
extension of a section s € C2.(m) with ji(s)(z) = zx (this subspace does not
depend on a particular choice of s, but only on xy).

Define the Cartan distribution on the space J¥(mw) by the formula Cj(zy) =
(dmg k—1)"'L(zx). It induces the Cartan distribution on &: Cs, = Cp N TEy.
Cartan connection on & is a horizontal subdistribution in it, i.e., a smooth family
H(x) C Cg(zk), xr € &k, such that dmy : H(xy) — T, M is an isomorphism.
Having a Cartan connection we can decompose Cg, (zr) ~ H(xy) @ g (xk).

Given a distribution IT on a manifold its derived differential system OII is gen-
erated by the commutators of its sections. In the regular case it is a distribution
and one gets the effective normal bundle v = JII/II. The curvature of II is the
vector-valued 2-form Z € A%IT* ® v given by the formula

EH(§777):[§777} mOdH7 577761_[

(although the formula uses vector fields, the tensor =11 depends only on their values
at the considered point).

The metasymplectic structure €, on J¥(7) is the curvature of the Cartan dis-
tribution. At a point xy it is a 2-form on Cg(x) with values in the vector space
Frpq(xk-1) = Top_, [w,;ﬁll’kﬁ(xk,g)] ~ SFIT*M ® N,. To describe it fix a
point x5, € J*1(m) over x;, and decompose Cp(71) = L(zgi1) © Fp(xr). Then
Qx(&,m) = 0 if both £, n belong simultaneously either to L(xk11) or to Fj(xy). But
if £ € L(xp41) corresponds to X = dmy(§) € T, M and n € Fi(zy) corresponds to
6 € S¥T* M ® N,, then the value of (&, 1) equals

Q(X,0) =6x0 € S* 1T M @ N,,

where dx = ix o ¢ is the differentiation along X. The introduced structure does
not depend on the point z; determining the decomposition because the subspace
L(z41) is Qg-isotropic.

Restriction of the metasymplectic structure Qy € F_1 ® AQC,;k to the equation
is the tensor Qg, € gr—1 ® AQCgk. Given a Cartan connection H we define its
curvature at zj to be Q¢, |H(xk) €Egr_1® A2T;M. Considered as an element of the
Spencer complex, it is -closed and a change of the Cartan connection effects in a
shift by a J-exact element.

The Weyl tensor Wi (E;xy) of the PDEs system & is the d-cohomology class
[Qe, |1 (2] € HF712(E; x). For geometric structures represented as PDEs systems
it coincides with the classical structural function.
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Define the prolongation of the equation & by the formula
Exr = = {mpqr € T () | L{zesr) C Ce, (20)}-

Let us call the prolongation regular if 77154-1,1@ : Ek+1 — & is a bundle map. For
regular systems a necessary and sufficient condition for regularity of the first pro-
longation is vanishing of the Weyl tensor Wy (&) = 0.

A system of different orders should be investigated for formal integrability suc-
cessively by the maximal order k. If some prolongation 5,21) is not regular, its
projections {my4+1,:(Ek+1) }i<k, form a new system of maximal order k. Taking the
regular part one continues with prolongations. The process stops in a finite num-
ber of steps. In fact, the statement about finite formal codimension of g from
gI.1] becomes in the PDEs context the celebrated Cartan-Kuranishi theorem on
prolongations: There exists a number kg such that 5,&1) = &y for all k > k.

Definition 3. Call a regular PDEs system & C J*¥M a complete intersection or
Cohen-Macaulay respectively if the corresponding symbolic system g is such.

A scalar system & is a complete intersection if it can be represented by differ-
ential equations F} = 0,..., F,, = 0 and the characteristic varieties, given by the
symbols f; = 0, 1 < i < r, are transversal. In particular, Char,, & C P T} M has
codimension r = codim(&).

Example of non-complete intersection is provided by the following system of
formal codimension 2: {u,, = 0,uzy = 0}. Note that it is equivalent to the 1-
parametric PDE {u, = ¢} of codim = 1.

1.5. Examples. A PDEs system & with constant coefficients on a vector space T’
has the same symbols at all of its points xy € . We will identify T" and its tangent
spaces T, (T'). Thus we identify a symbolic system g with some constant coefficient
system of differential equations.

In this subsection we demonstrate certain counterexamples to extensions of The-
orem [A] which show the assumption of the theorem is essential.

1. Consider the following first order system of partial differential equations
5: @:07@:0’%:@
Ox or 0z Oy
on the space T'=VOW, where V = R(z), W = R%(y, 2). Let g be the correspond-
ing symbolic system g; 1 = g%l). The module g* is isomorphic to S1T*W := W.SW,
with the module structure induced from the projection along V' homomorphism
ST — SW. We have
I(g9) =SV Cc ST and Char(g) = P°W* = {p, = 0} ~ CP' c CP?%

So g is a complete intersection. However, since dim ¢* = dim W = 2 and S'T*W =
@D, S'W is not a free SW-module, it is not Cohen-Macaulay (see Proposition [3).
Thus & is not Cohen-Macaulay.

The V*-reduction §; = g; N S'V* = 0 for i > 0 and so the Euler characteristic
for the order 2 Spencer d-complex equals ¥ = 0. On the other hand, the complex

0— g2 — g @T" — R*(u,v) @ A°T* — 0

has x = 1. Thus the Spencer cohomologies of g and g are different and we see the
importance of the condition in Theorem [Al
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Uil U2
Uz U22
R?(y, 2). Equation Hess(u) = A has the compatibility condition

c_ Ouir  Ouiz Ouiz  Ouao
_{82 Oy 0z 8y}'
We extend this system constantly along z to T = V ® W as above and note that the
corresponding symbolic system has non-free dual g* ~ S?T*W and hence cannot be
Cohen-Macaulay. Therefore, we obtain other counterexamples to generalizations of
Theorem [Al

3. Consider the following system of scalar PDEs on T = R*(x,y, 2,1):

_{ 0y Pu Pu Pu Fu 9%u }

2. Consider a symmetric matrix A = { } depending on a point of W =

920z Oy Oydt 022 Oxdt  Oydz

Its characteristic set is the well-known Veronese variety
Char(g) = {[20 : 21 : 22 : 23] € CP?| 2020 = 27, 2123 = 23, 2023 = 2122} -

It is irreducible, has codimension 2 and its ideal I(g) is not a complete intersection.
Note though that the variety itself is a topological complete intersection since it is
given by two equations: 2% = 292z and 23 + 2023 = 2212223.

Calculations show that for the third order Spencer complex

0— 93— ge@T" — g1 @ A*°T* — A3T* — 0,

dim g; = 4, dim g = 7, dim g3 = 10. So the Euler characteristic equals x = 2.

Consider the two choices of V*: V™* = {z3 = 0} and V""* = {2y = 0,25 = 0}.
Both subspaces are transversal and we have Char(g) N P€V* = {[1:0:0: 0]} or
() respectively. One calculates dim §; = 3, dim g5 = 5, dim g5 = 7 and dim g} = 2,
dim g4 = 3, dim g4 = 4. Consequently, the Euler characteristics of the reductions
are X' = x" = 0.

Thus the system g is a topological but not an algebraic complete intersection
and the corollary of Theorem [Alis not valid for this case.

2. SPENCER COHOMOLOGIES OF COHEN-MACAULAY
SYMBOLIC SYSTEMS

2.1. Reductions and filtration of symbols. Consider a vector space T with a
subspace W"~™ and the quotient space V" = T™/W"~™. We have the following
exact sequence for the duals:

(1) 0— [V ~amm(W)] = T" - W* — 0.

Consider a symbolic system {gx} on T with values in a vector space N. Let us
define g, = g, N (S*V* ® N) and g}" = Im(gr, — S*W* @ N).

Lemma 1. Sequences of subspaces § and g"V are symbolic systems.

Proof. We have 6 : g, — (gr_1 @T*)N(SFIV*@N®@V*) = g,_1 ® V*. Similarly,
§:gt - Im(gp®T* — SF W @ N W*) =g/’ @ W* O

Definition 4. The symbolic system g is called the V*-reduction.
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Let us define the filtration in S'7* according to the symmetric powers of V*. It
induces the following decreasing filtrations in the symbols

0cFcF  c - CHh=a F=an(SV ST aN).

We extend the filtration to arbitrary i € Z by letting §, =} for i <0 and ' =0
for ¢ > [. Let us denote the associated graded group by

f=f: =38/
Note that
SiVE. ST @ N
flc— :
7 Sz+1V* . Sl—z—lT* ® N

There is an action dy, : Si — 32 = g, for every element w € S'~'W (we have already
used it in §L2). Since i, belongs to the kernel, one gets an injective map

~ S'V* @ ST @ N.

(2) Mol g 0 ST
Denote by 6 = 6" the Spencer d-differential acting by W.

Proposition 7. We have the following diagram of commuting W -complezes:

0— 5 flegwr S f2ean. S jfeAlioo

N N

0—gosiSgess oW Lgeshi 2o, S . goAl o,

where the vertical inclusions are induced by the maps %11- and we introduce the no-
tation Sk, = S'W*, Al,. = A'W* for compactness of the diagram.

Proof. From the commutative diagram
L levi4gter
§l —— eV +E 0T

we obtain the following description of the differential in the upper complex:

-1 * 1—1 * -1 -1
eV e - » roj
fﬁ, § S;ii %’;71 %’;71 ®V* @ 3;71 ®W* p Jf£—1®”r*’
& & L * 3i+1 ®1 * 31 i+1

i.e., § = projod. Now the commutativity of the diagram is easily checked on the
generators. Ir_1 fact, if > pi,.q, wiy, A ... Aw;, is an element of §F ® AYW*, then
both 2§ and §» map it into

E 6'wj0wj1~-wj5_i_1 (pilu-it) FWyy Wy @ Wy, ANwiy Ao AW,

O

In the next section we show how the cohomology groups of the Spencer W-
complex (f;,0) occur.
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2.2. Spectral sequence for the Spencer cohomology. Consider the following
filtration in AST™:

0CASCAL | Co-CA=AT*, XS =NV ANTIT™
It produces a filtration in the I-th Spencer complex:
P — Gi—p—q ® /\g—&-q.

Lemma 2. The filtration is monotone decreasing, FPT1H4=1 C FP4 and is pre-
served by the §-map, SFP9 C FPatt, O

This filtration determines the spectral sequence of Leray-Serre type with
EP? = ppa/prilal =g @ APV @ ATW.
The differential do : E2? — EP?™! acts by W and so
BP9 = H'7P~%4(g §) @ APV*.

To calculate the §-Spencer cohomology of ¢; we introduce another spectral se-
quence (all terms marked with bar). To construct it we use the filtration of the
previous section and define F'*? = F=a=b @ Ae+*|W*. This filtration is again de-
creasing and é-preserved. The O-term of the new spectral sequence is

E(017b _ Fa,b/Fa—i—l,b—l — [Sz—a—b/gfljralfb] ® Aa+bW* _ fé—a—b ® Aa+bW*

and so Ef’b = Hl=a=batb(5, 5). Let us show now how this spectral sequence can
be calculated in two special cases.

1. Involutive case. Let k, + 1 be the minimal number k > 0 such that
fatk £ g, ® SKW*, certainly k, > 0 for every a (the case k, = 400 corresponds
to the d-acyclic complex). The system f, is called é-involutive if the only Spencer
cohomology occurs at the term §, ® S*W* @ A'=2~k«¥* (note that this is involu-
tivity along W only). Denote this cohomology by hl, = Hatkel=a=ka(5 §). Thus
we have

—ab [ Bl b=1—2a—k,,
B = { 0, else.

Suppose now k, = k for all a. Then the differentials d, : E&* — E+7b=r+1 are

trivial by dimensional reasons and so E%? = EY * and
Hh s @ B @ M=t
a+b=j a+(1—2a—k)=j

Therefore B = hﬁ:g_ _ ®@APV*. Note that in many cases when the most groups
hi vanish or dim V' is small, the differentials d,., 7 > 0, and the term E?:? can be
calculated.

2. Split case. Suppose f, ~ G, ® g/¥,. Then

Eiz,b _ ga ® Hlf2a7b7a+b(gW 5W)
The differentials d, are trivial due to their definitions and so E%? = E®". Thus

H'™(g,0)~ P B =D ga® H' 7 (g",6").
a+b=j a
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So BV = @,y pei—p_q(Ga @ APV*) @ HP (g™, 6") and we compute

Eft= P H(G6V) e HM(g", W)
a+b=l—p—q

Since the Es term is split the sequence stabilizes EX? = EF? and we find the
Spencer cohomology

H'™(g.0) = P B = D D H (3.0 2 H(g",5").

Pta=j a+b=l—j p+q=j

Remark 5. The first considered case is analogous to the Guillemin’s involutivity
theorem [Gu] and leads to a similar statement. The second occasion arises in
the reduced systems if we choose W of codimension less than dim(g). Then the
projection of Char(g) along V* is not surjective and we get a symbolic system g"V'.
In particular, this case generalizes our Theorem [Al

2.3. Proof of Theorem [Al A subspace V* C T* is called non-characteristic if
its (complexified) projectivization does not intersect the characteristic variety. Let
codim Char(g) = r. The following statement holds for general symbolic systems.

Proposition 8. The set of non-characteristic subspaces V* C T* of dimension
s < r is open and dense in Grg(T*). For each such a subspace the V*-reduced
system g is of finite type g, = 0 for k > kq.

Proof. Tt is enough to prove the statement for s = r. By Noether normalization
lemma ([Mum]) for every subvariety X in CP"~! of codimension r there is a (com-
plex) linear subspace L of dimension r — 1 such that LN X = () and, moreover, a.e.
subspace L is such. Take X = Char(g) C P®T*. The above L determines a real
subspace V* C T* of dimension equal to r. Reduction g has no characteristics and
hence is of finite type. O

Remark 6. For Cohen-Macaulay systems the above number kg is important, since
starting from it g becomes involutive (thanks to the referee for this remark). In
general, it can be estimated roughly from the Poincaré é-lemma ([S| [KLV]) for g
and even this gives a better estimate than the standard estimate for the system g
(on higher-dimensional space: dimT > dim V'). But in certain cases, one can find
this number explicitly. For example, if g is a complete intersection system defined
by differential equations of orders ry,...,rs, then kg = 1 +--- 4+ rs — 1. Thus
Theorem [A] facilitates investigation of formal integrability of an overdetermined
Cohen-Macaulay system by reducing it to a finite type system.

Proof of Theorem[Al. We consider at first the situation, when V* is non-character-
istic of dimension r. We use Theorem 1.7 of [AB]. It states that if an a-module
E and two ideals ¢ C b C a satisfy ¢ + ann(E) D b for some k > 0, then all the
Koszul homologies H,(E) vanish for ¢ > gy = dim E — depth E and the go-homology
is nonzero. Here E the space E considered as a c-module.

In our case E = ¢g*, a = ST, b = S'**T, ¢ = W-ST. The condition on b* follows
from our choice of V* and the Noether theorem. The Cohen-Macaulay assumption
for g* implies gy = 0. Note that the same statement follows from the fact that g*
is a free SWW-module.

Now we use the duality between Koszul and Spencer complexes and obtain that
the only nonzero cohomology group of the W-complex is H"%(g,6) = §. The 1st
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term of the spectral sequence for the Spencer cohomology has support in the line
q =0, on which EP* = g,_, ® APV*. Thus EY° = H'=P?(3) is the only nonzero
cohomology of the second term and the sequence stabilizes, whence

H9i(g) = @) BRI = B = H' 9 (g).
p+q=j
Finally, if V* is transversal of dimension > r, then there exists a non-character-
istic subspace V7 C V*. Actually, we apply the Noether normalization to the
codimension r variety Char(g) N P€V* in PCV*. Now by the argumentation of §I.2
(Proposition [l the symbolic system § = ¢gNSV* ® N is Cohen-Macaulay provided
g is. Let us denote §° the V-reduction of g (and also of §). Then by the above, the
Spencer §-cohomologies of g and §° coincide; but for the same reason the Spencer
J-cohomologies of § and §° coincide also. The theorem is proved. O

In the above proof we used a theorem of Auslander and Buchsbaum. Their
paper [AB] concerns mainly local algebras. The statement in the formal case can
be found in Serre’s letter reproduced in [GS]. We use it for gy > 0 to get:

Proposition 9. The term EV'? of the spectral sequence constructed in §2.2 has
support in the first (qo + 1)-rows 0 < g < qo, where go = dim g* — depth g*. Thus
the sequence stabilizes at the term Eag,. O

Remark 7. For a transversal V* the subspace g is transversal to g,(clzl N SkV* in

g,gljl. This is equivalent to the surjectivity of the map d,, =i, 068 : g — 6(g,(€1_)1) C

gr_1 for all nonzero w € W. Actually in §2.4] we will prove more, namely the
surjectivity of d,, : gx — gx—1 for w € W\ {0}.

It is interesting to compare this with a criteria of involutivity ([GS]) for the first
order PDEs systems: g1 C T* ® N is involutive iff there exists a filtration {0} =
Wy C...W; C...W, =T with dim W; = i such that for g[i] = g1 Nann(W;) ® N
the map d,, : g[i]") — g[i] is epimorphic for some w € W41 \ Wi.

2.4. Dualization. In this section we give another idea of calculation of the E-
spectral sequence. We restrict for simplicity to the case of scalar systems (N = R),
which are complete intersections, and to the non-characteristic V* of maximal di-
mension 7 = codim Char(g). We will prove that the maps %11- in ) are epimor-
phisms and thus isomorphisms.

Lemma 3. For a transversal V* we have T/ Z S+,

Proof. Due to our choice of V* and the Noether normalization lemma we have
an epimorphism proj,.. : Char(g) — PSW?*. So for every § € W* there exists
¢ € Char(g) with projy-(¢) = 6. Therefore the restriction proji,. : gy — S'W* is
epimorphic. Since the kernel is g; N V* - SI=1T* = ! the claim follows from the
exact sequence

OHSﬁHSéHSlW*HO.

To cover the case ¢ > 0 we act as follows. Taking the annulator of
ST =3, 0O DD =0.
we get the filtration
0=9,cH,cHic...olcol,, =9T,
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where
Ot =ann(g, N SV* - S"7'T*) = ann(g;) + ann(S'V* - S7TIT*) = Il(o) + !
and &! = SI=HLW . ST (for Il(o) see §.2). Due to the commutative diagram

9 C 9,
U U
6. c o,
we have a well-defined map
i — [ ann(gl' ) *
(3)  SVOSTW = 6L,/6) 5 H/9i = —n” = @/Fi)"
" nel
: o ql o — @l 1 : . b i+1
It is onto because ;,, = 9; + &;,, and its kernel is Ker ¢ ~ IZ(O) el

Consider the following natural map (multiplication)

0 (0)
IZ( ) Sl*iW N Il N ®li+l

19w . gi-iT 9 nel

(4) pi :

Proposition 10. For any 0 < i <1 the map s of @) is an isomorphism iff the
map pé of @) is an isomorphism.

Proof. Actually the isomorphism S’)éﬂ/ﬁé ~ §f ® S'7UW due to (@) is equivalent
to the isomorphism

Kerg ~ (S'V*/g:)" @ $'W ~ (1/1 nw - 51y o 8w, O

Now let V* of dimension r be non-characteristic and W = ann(V*). Then the
isomorphism property for p! and therefore Theorem [A] follow from

Proposition 11. ;N &} =1, ;- S"=HW.

Proof. Actually, the statement follows inductively from the case i =1: I;_; - W =
Ln(W-S7T). If I = (fi,...,f.) € S*T, this is equivalent to the following:
for every element w = A1 f; + -+ + A\.f, € [N (W - SI71T) there exists another
representation w = A\ fi + -+ -+ A f, with \; € W - §I=4~1T.

Denote by h° the restriction of a polynomial h on T* to V*. Consider at first
the case r = 2. Because codim Char(g) = 2, the functions f?, fY have no common
divisor. So if w = A1 f1 + A2 fa satisfies w® = 0, then A} = fIh0, \§ = — fPh0 and

A=A — foh Ao = Ao+ f1h° € W - ST.

Now let r be arbitrary. For every subset o0 C S = {1,...,r} define the ideals
I, = (fili € o). If W = 0 we have A0 f0 = 72#1. )\‘;fjo € Is\(iy- Since f? has no
divisor from this ideal (otherwise Char(g) has a smaller codimension), we deduce
that \? = D iz a?jfjo. Now w® = Do )\?jf?f;) = 0, where )\?j = a?j + a?i.

We can write this as A}, f0f? = =37 AN fRfY € Is\(ij), Wwhere prime de-
notes all (k,l) # (4,7). Since fiof]‘-) has no divisor from this ideal, we get )\% =
Dokti a?jkflg and w =3, A?jkfiofj(')flg with )‘?jk = a?jk + a?kj + a?m'-

Continuing we get A2 with multi-index of length |o| = r — 1. They would satisfy
the property )\%\{i} = a%\{i}ifi, Z:Zl ag\{i}_i = 0. Now we can perform the
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required modification of the coefficients. For simplicity of notation we write it for
the case r = 3.

The change is: ;\1 =)\ — G?Qfg + aglfg - a(1)32f2f3,
Xo = Xo+a fi —ad3fs — aSos fafi, A3 = Az — aSi fi + adsfo — adsi fifo. O

Remark 8. Isomorphism (@) implies a non-canonical isomorphism g, ~ @fi ~
@izo J; ® S'="W*. Thus we can calculate the dimension of g; using that of § and
dimW =n—r. If n —r = 1, then dimg; = Zé dim g; stabilizes because g is of
finite type. On the other hand, if n > r 4+ 1, the dimension tends to infinity as [
grows: dim g; ~ (3. dim g;) dim S'W*. So we justify Remark 2] explicitly.

3. SOLVABILITY CRITERION FOR PDES OF codim(£) = 2

3.1. Reduction of scalar PDEs. Consider a scalar PDEs system &£ of codim =
2. It is given by two differential operators F : J*(M) — R, G : J{(M) — R.
Suppose that these operators have independent symbols in all points of £, i.e., the
characteristic variety has codim Char(£) = 2. Then the ideal of the symbol g is
a complete intersection and so satisfies the hypothesis of Theorem [Al Therefore
for a non-characteristic two-dimensional subspace V* the reduction g has the same
Spencer cohomologies as the system g.

Moreover, suppose for at least one of the operators F' or G that the characteristic
variety has no multiple components, i.e., it possesses no defining equation of lower
order. Let o(F)° denote the restriction of symbol of the operator F to V* and
similarly for G. The reduced system g on V* has no characteristics, i.e., the systems
given by o(F)°, 0(G)° have no common characteristics, and at least one of them has
distinct characteristics. So we can apply the results of [KL2|] for the computation
of H%(g) ~ H%(g) to conclude:

Proposition 12. Under the hypothesis of Theorem [Bl at every point x, of the
system € we have H*I(E) = 0 for j > 2. The only nonzero 1st cohomologies have
dim H=5Y(&) =1 fori =k, ifk #1, and dim H*=%! =2 if k = [.

For the 2nd cohomologies there is only one number i = k + 1 — 2 such that
H#2(E) # 0. Moreover, the bundle HT1=22(&) is one-dimensional and the Weyl
tensor Wi1—1(€) is its section (and so basis wherever nonzero). O

We will show that this element Wj;_1(€) is the (scaled) Mayer bracket.

3.2. Higher Mayer brackets. Let (x!,...,2") be a local coordinate system
around z € M. It produces a coordinate system (2%, p, ) around a point a3, € J*(M)
with indices 1 < ¢ < n and multi-indices o € Z%,, 0 < |o| < k. These coordinates
produce a local isomorphism between J*(M) and J*(R™).
The total derivative operators Dy : C(J'M) — C°(J*HIM) for a multi-index
o= (i1,...,1,) are defined by D, = Dil ... Din where Dj = 0pi +p;j0yu +DajOp, +
. is the total derivative by x7.

Definition 5. The (higher) Mayer bracket of functions F € C°°(J*(R")) and
G € C>(JYR")) is the following function on J*+!(R™):

(5)  [FG= Y Do(F)G,— 3 DAG)F,  where Fy = O

lo|=l |7|=k Opo
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Thus we obtain a bracket of 2 scalar (non-linear) differential operators F, G on
M, which however depends on local coordinates, i.e., is not canonical. If in the
above formula the summation is non-restricted, one gets the canonical well-known
Jacobi bracket ([KLV]). The following statement was proved in [KL2]:

Proposition 13. The Mayer bracket of a k-th order differential operator F' and an
I-th order differential operator G is a differential operator of the order (k+1—1):
[F,G] € C®(J*'=IM). The difference of this bracket and the Jacobi bracket
{F,G} belongs to the (k41— 1)-st order ideal generated by F and G:

F,G] ~{F,G} € J")(F,G) = (D,(F), D-(@)) .
[F.G] ={F,G} € T"V(F,G) (F) D))k ozioli
If £ is the system defined by the equations F' = 0,G = 0, we deduce that the
restriction of the Mayer bracket [F,G] to the prolongation &£;4;—1 (that always
exists!) does not depend on a choice of local coordinates and so is canonical.

3.3. Proof of Theorem [Bl Note that every non-characteristic subspace V* C T*
of dimension 2 induces a monomorphism of the complex § ® AV* into g ® AT™.
This in turn induces a map of cohomologies which is an isomorphism due to the
spectral sequences considerations of §2.21-42.41 Thus the results of [KL2] imply the
isomorphism of the following 1-dimensional spaces: H**'=22(g) ~ gj1 ;2 ® A2V*.

Now due to Proposition [I2] and the integrability criterion of [Ly] to prove The-
orem [Blit is sufficient to prove

Theorem 14. The only nonzero Weyl tensor of the PDEs system & = {F =
0,G =0} is Wiqu-1(E) = [F,Gllg,,, | [w], where the class ] is a basis element of
HF+1=2.2(8). Moreover, given a non-characteristic two-dimensional subspace V* a
representative w can be chosen as the monomorphic image of w = ﬁ ®dxt A
dx?, where dx',dx? is a basis of V*, R(op,0q) is the resultant of the symbols of
F and G restricted to V* and the element

Fio Fr_ia ... ... For 0 . 0
0 Fro ’ Fir1  Fog :
. . Fl,k—l 0

0 0 Fio Fy i
eg=det|| Gipo Gi—11 Ga,-2 0
0 G0 Go,i 0
: e 0

0 0 Gk,l—k GO,l

€k4+1-2,0 €k+1-3,1 €12k €0,k+1—-2

1y 2\k—1i
is a basis element of Gr+1—2 C SETI72V* ey = %

indices in F j, G; ; we mean the differentiation by p, = pi;, where o = 1% 41} (the
multi-index with © number of 1 and j number of 2).

. By the subscript

Proof. Recall (§I.4 and [Ly]) that the Weyl tensor Wy1;—1(€) of a system & is
the d-cohomology class of the metasymplectic structure restriction (Qp4i—1)g,

where H = (V4,...,V,,) is the horizontal subspace generated by V; = ngﬂ_l) 4
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> lo|=kti—1 ¢ O and DES) is the total derivative restricted to J*(M). The meta-
symplectic form has in coordinates the following form ([KLI]):

Q, = Z Op, ® dw,, Wy = dpy — Zpgﬂjdxj.
|lo|=s—1 J
We claim that there exists a horizontal space H such that
(6) (t1-1)| g € Gryi-2 © A2V* C gryio © AT

In fact, the inclusion of complexes §; ® AJV* C g; ® AJT* induces an isomorphism
of cohomologies and so a representative for Wy, ;_1 can be chosen in the required
form. The specified space H is not unique, but because gx4;—1 = 0 (see [KL1]), the
restriction of Q4,1 to it is canonical. Therefore, for each such H we have

(Qsr-D)|yg = Y dws(V1,V2) 9y @ da' Nda®; i+j=k+1-2.
o=1i+1}

Let us evaluate dws(V1,V3). The condition H C TEk1;—1 is equivalent to the
following system:

e k+l—1 .
) Z|T,|:k T, = _ny’ilq, )F, lo'|=1-1, 1<i<n,
Zl.r//l:l Oé,? 7 G-,-// = —ID(()_I?/‘:_ZIL]-)G, |O'N| =k—1.

Coefficients o are symmetric in multi-indices s. Condition (6) is equivalent to
the symmetry of 4% := o by % = i = » + 1; whenever this multi-index contains
at least one index j # 1, 2.

Thus we have an underdetermined linear system with o} + o] equations and oy,
unknowns, where g = ("*77!) 4 (r — 1). Whenever the symbols of F and G are

independent (as in the assumptions of the theorem), it has the full rank and so is
compatible. The values

dwy(V1,Va) = a3t —adtl2 =10 41 i+j=k+1—-2
do not depend on the choice of a solution &*. It follows from () that they are

proportional to the Mayer brackets as indicated in the statement. (I

Let us illustrate the above proof using the example k =1 = 2 (for n = 2 it
was studied in detail in [KL2]). System (7)) has n* + n + 2 equations and n
(n+1)(n+ 2)(n + 3) + 3 unknowns. It is solvable and we calculate:

F
don(V1,Vs) = ot — g2 = Gl 0 v m A G (6,0, 0000),
(o)

o € {11,12,22}, where @ = p?, — p11p22, p11 = F12Gas — FaoGha, p1a = F2aG11 —
F11Ga2, p22 = Fi12G12 — F12G11 and Fyj = 0, F, Gij = 0,,;G. Thus

e-
Ws = Eg [F’ G]S ® da' A de’ €5 = pllapu +p128p12 +p228p22'

3.4. Miscellaneous results. 1. Solutions space. Let the scalar system & = {F =

0, G = 0} satisfy the hypotheses of Theorem [Bl Denote by R¢ the space of (germs

of) its solutions. It is finite-dimensional if and only if dim M = 2. Suppose ord(€) =
{k,1} and k < 1.

Proposition 15. If dim M = 2, then R¢ is smooth and dimRg = kl.
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Proof. Since the considered case is of finite type, Frobenius theorem applied to
Eoo =~ Ek41—1 implies smoothness. The dimension formula follows from the calcula-
tion of dim g; in Proposition 13 [KL2]:

oo k—1 -1 k+1—-1
dimRe =dimEe—2 =Y dimg; = > (i+1)+>_ k+ »_ (k+l-1—i)=kl. O
=0 1=0 i=k =l

2. Laz-pairs. Consider a pair of scalar linear evolution operators F' = 9; + A and
G = 0; + B on the space R! x M™, where A =" a,(t,2)07 and B = Y b, (t, )07
are t-dependent linear differential operators on M (t € R, z € M).

Since for linear operators F' and G the Jacobi bracket {F, G} coincides with the
usual commutator, the Mayer bracket [F,G] equals the commutator modulo the
ideal J*D(F, G) from Proposition

Proposition 16. If the symbols of the linear operators A and B are indepen-
dent, then the system & = {F = 0,G = 0} is compatible iff the commutator
[A, B] = V(A — B) for some linear differential operator V on R x M of ord(V) <
max{ord(A),ord(B)}.

Proof. Due to Theorem [B] the compatibility of £ is given by the condition [9; +
A0t +B]=ao (0 +A)+ Bo (0 + B), ord(a) < ord(B), ord() < ord(A), where
by [,] one can understand both the Mayer bracket and the commutator. The last
condition is clearly equivalent to the condition in the statement. Note that for
n =1 and ord(F),ord(G) > 1 the symbols become dependent, so that Theorem [B
cannot be applied directly, but an easy modification with a higher weight for the
t-variable solves the problem. O

In particular, if V = 0;, we get the standard commutativity condition for Lax-
pairs: [A, B] = 0;A — 0;B.

3. Integrability of characteristics. Consider a system & = {F} =0,...,F,, =0}
of scalar linear PDEs of codim(€) = m on a manifold M™. The compatibility
condition implies vanishing of the Mayer bracket [F;, F] due to the system. For
m > n these are the conditions of orders higher than the orders of the actual
compatibility conditions (cf. [KL2], §3.2). But in some cases, when m < n, these
conditions are equivalent to the compatibility.

We can reformulate them by saying that the ideal generated by Fi,..., F,, is
closed under the Jacobi-Mayer bracket in a sense that addition of these brackets
does not change the formal codimension of the corresponding equation £. Since the
symbol of the Jacobi bracket is the Poisson structure on the algebra of symbols, we
deduce (for systems & of the kind specified above) the integrability of characteristics
condition ([GQS]): the (radical of) charateristic ideal is Poisson.

4. APPLICATIONS

4.1. Auxiliary integrals. Consider a (non-linear) formally integrable (=compat-
ible) system & C J¥ (7).

Definition 6. Call a compatible system € an auziliary integral (or a set of integrals)
for the system & if the joint system £ € is compatible too.

_ Consider the particular case of codimension one scalar PDEs & = {F = 0},
& = {G = 0}. Then G is an auxiliary integral iff [F, G]s = 0. Equivalently we can
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write {F,G} = Po F 4+ Q o G, where P and @ are differential operators of orders
[l —1 and k — 1 respectively.

Recall ([KLV]) that a symmetry of a system & = (),_,{F; = 0} is such a dif-
ferential operator G that {F;, G} = Z)\f oFj,i=1,...,r, for some differential
operators )\z If G is of the first order, it is called a classical symmetry (a point
transformation if lifted from a field on J°(7) and a contact symmetry if a general
field on J!(7)) and it is called a higher symmetry otherwise.

An equation £ C J5(w) is an intermediate integral for an equation £ C Jt()
if s < ¢ and the prolongation £¢=5) < £. In other words, every solution of the
PDE € is a solution to the system &. Using this rephrasing, let us say that & is an
auxiliary integral if some solutions of the PDE & are solutions to the system & in
the sense that the two equations are compatible.

Proposition 17. (i) Intermediate integrals are auziliary integrals.

(ii) For one scalar PDE F = 0 the classical and higher symmetries are auziliary
integrals also, whenever the characteristic varieties of the PDE and the symmetry
are transversal.

Proof. The first statement is obvious. The second one follows from Theorem Bt If
G is a symmetry, then the Mayer bracket [F, G]s vanish. O

Remark 9. The second statement holds also in a more general context, when &
is a subalgebra of the symmetry algebra Sym(&) with arbitrary codimension of
& C J¥(m), if certain transversality conditions are imposed.

Traditional methods of solving PDEs are based on symmetries, intermediate in-
tegrals and similar tools ([Gou]). The Lagrange-Charpit method consists of finding
an overdetermination of a special form for a given PDE to solve it.

Auxiliary integrals can also be used for the same purpose. Namely the additional
equation being solved, determines an ansatz, substitution of which reduces/solves
the original PDE. We will call this procedure the generalized Lagrange-Charpit
method.

Remark 10. The known method of differential constraints does not coincide with
the proposed method of auxiliary integral. For we can impose a differential con-
straint so that the obtained system is not compatible, but deriving other differential
corollaries we arrive at a compatible system.

Thus the auxiliary integrals lead to compatible systems, while for differential
constraints one gets solvable systems. Note though that the Mayer bracket can be
used for differential constraints as well: If it is not zero, it should be added to the
system as its differential corollary.

Let us sketch an algorithm to search for overdeterminations for one linear scalar
PDE F = 0. Denote the symbol of an operator H by o(H). If G is an auxiliary
integral for F', we have an identity for the symbols

(8) {o(F),0(G)} =X -0(F)+ X2 0(G),

where {,} is the Poisson bracket here. Thus the ideal (¢o(F),o(G)) is Poisson.
Given F such ideals can be seen as solutions of the Hamilton-Jacobi equation.

So we start by solving symbolic equation (8). In the case of dimension n = 2
the problem can always be solved: Any o(G) works, whenever it has no common



1096 BORIS KRUGLIKOV AND VALENTIN LYCHAGIN

characteristics with o(F). For n > 2 there are obstructions, as a simple parameter
count shows.

Remark 11. Consider a complex linear operator P = F + iG, F' = Re(P), G =
Im(P), over a real base manifold M. A necessary condition for local solvability (ex-
istence of a solution) of the differential equation P(u) = g for an arbitrary smooth
complex function g (u is also complex-valued) is the following Hérmander’s condi-
tion ([Ho]): the ideal generated by o(F') and o(G) must be Poisson (or equivalently
o([F,G]g) = 0). Thus our condition appears in other solvability problems.

Next we take some G; with the obtained symbol o(G). We write G = G + G4,
with the order of G less by 1 than that of G, and write the equation for the
symbol o(G5), arising from the compatibility condition [F,G]e = 0. Solving it we
continue: Let G = Ga + G4, study the compatibility and so on. This inductive
procedure stops in a finite number of steps.

We remark that usually the symbolic equations form an overdetermined system
for the coefficients of F' and the compatibility gives restrictions for the existence
of auxiliary integrals of a given F. For n = 2 this scheme produces some explicit
restrictions on F'. Details will be considered elsewhere.

4.2. Associativity equation. This equation also named as the Witten—Dijkgraaf—
H. Verlinde-E. Verlinde (WDVV) equation arises in the topological field theory and
is basic for Frobenius manifolds and quantum cohomology [Man|. We consider this
equation in dimension 3, i.e., on R3(2% ! 22). It is an equation on one function
u = u(r!,2?) and it has the form:

9) F = paso — piis + P111p122 = 0.

In [D] Dubrovin find solutions via the scaling symmetries: G = sz%pg + Az'p; +
px2ps+cu, where to cover all affine combinations we adopt the following convention:
-t |,\:0 = X and similarly for sz°, pz? and cu. We will drop the variable z° in
the sequel. This is irrelevant for symmetries, but an auxiliary integral G, which is
not a symmetry, has inevitably s = 0. We have

(10) [F,G] = (4X+2p + ¢)F + (1 — 4\ — ¢)pasa.

So G = 0 is a symmetry for [@) iff ¢ = p — 4\. In topological field theory the
following particular case is of importance: A= —-D/2, uy=1—D,c=1+D.

We will drop the quasi-homogeneity assumption for the solutions of the WDVV,
which is the requirement of a scaling symmetry. Below we will also write z = !,
y = 2.

1. First order auxiliary integrals. Using the calculation with the Mayer bracket
@) and Theorem [Bl we get that function G = Axp; + pyps + cu (with the above
convention) is an auxiliary integral of the associativity equation (@) iff it is one of
the following:

A) G = dzp1 + pype + (0 — 4N)y;

B) G=ap1+yp2 —2u; G =xp1 —u; G =1ap1 + ¢ G =1

C) G=ypy—ru,r=1,2.
The proof is obtained by the direct reduction of the term pogs in (I0) modulo the
functions G, D;G, D;;G, F.
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The symmetries A) reduce (@) to the Painelve-VI equation ([D]). The other cases
are not symmetries: B) and C); give trivial solutions (quadratic or functions of one
variable). The case C),— gives the solution u = y* In z.

This last is the only (modulo trivial) solution of the form f(z)g(y), which is not
obtained from the other symmetries. In fact, the scaling symmetry A) for p = 0
gives u = 1=x*g(y), where g(y) satisfies the ODE ¢ — 9(¢g')® + 6gg” = 0; and
the scaling symmetry A) for A = 0 gives u = f(x)/y, where f(x) satisfies the ODE
21" ' —(f")2—6f = 0 (this last equation was reduced by Dubrovin to the Painlevé
transcendents). The two families of solutions have only two intersections: u = 0
and u = sz/y.

2. Higher order auziliary integrals. Another choice of overdetermination is given
by the higher order linear operators with constant coefficients

G =api1 +bpi2 +cp2 and G = api11 + bpri2 + cpraz + dpaos.

They satisfy the compatibility [F,G]s = 0, but are not higher symmetries.

Due to Proposition for any a,b,c in the first choice of G the system &£ has
a 6-parametric solution, of which a 5-parametric part is trivial. Similarly, for any
a, b, ¢, d in the second choice of GG the system £ has a 9-parametric solution, of which
an 8-parametric part is trivial.

Other auxiliary integrals are G = p1111, G = p11111 and they lead to the solutions
of the WDVV related to the symmetries of Platonic solids [DJ.

Let us note that the ansatz v = f(z)g(y) cannot be covered by a second order
auxiliary integral (like G = pisu — p1p2, which is through a differential constraint)
because due to Proposition [I1] the space of such solutions would be 6-dimensional,
while the exact calculations show it has dimension 3. In fact, in subsection 1 above
we covered the ansatz by three different auxiliary integrals.

3. Symmetric auxiliary integrals. Now we consider a symmetric overdetermina-
tion. In this way we obtain the following non-trivial higher auxiliary integrals for
PDE (@):

A) G = 2p11p22 — 3pis;
B) G =2p112 —p%11~

To explain this we remark that equation (@) has a 12-dimensional Lie algebra
G of point symmetries. We describe its basis via the generating ([KLV]; in other
sources they are named characteristic) functions:

2 2
61:1,62:Z,63:y,64:$ ,€5 = XY, = Y ,€7 = P1,€8 = P2,

eg = xp1 — 4u,e10 = yp2 + U, e11 = yp1 — /2, e12 = yaps + y’p2 — /8 — 2yu.

It has two subalgebras: G4 = (e1_3,e7_10) and Gg = {(e1_19) of dimensions 7 and
10 respectively. They consist of symmetries for the cases A) and B), where the
prolonged equation £, has dimension 8 or 10 correspondingly.

Since both G4 and Gp are reductive (of the length 3), the system & = {F =
0, G = 0} can be solved in quadratures by the Lie method.

Let us find solutions of the WDVV via the auxiliary integral G of B). By the
triple differentiation, substitution and simplification we bring (@) to the ODE

f///f/f _ Qf//(f/)Q + 3(f//)2f,
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where f = p;11 and prime means the differentiation by x. One can check the
following compatibility: every solution to the above equation with f” # 0 yields a
solution of the WDVV (the case f” = 0 was considered in subsection 2 above).

The ODE admits complete integration: A(y)f + B(y)f* +x + C(y) = 0. This
equation with f = v, should be compatible with v2 = 2v, (v = uy,) and this
implies: A(y) =y +a, B(y) =b, C(y) = ¢. Let f = w(x,y) be the solution to the
equation (y +a)f +bf* + (x+¢) = 0. f” # 0 is equivalent to b # 0.

Finally, we obtain the system

Uz = w(x,y),
Uy = w?(z,y)/2,
Uyyy +W(T,Y)Usyy = w(z,y)/4,

which is exactly solvable in quadratures.

Remark 12. Since the solution space of the equation & = {F = 0,G = 0} in
the case B) has dimRe = 9 (Proposition [[H]), but dimGp = 10, every solution
found in this approach can be also obtained via a symmetry. Note, however, that
some symmetries from G lead to transcendents, while we got all our solutions in
quadratures.

4.3. Linear second order PDEs and projective geometry. Consider a system
of scalar linear PDEs £ C J2?(M?) of codim & = 2. Whenever formally integrable,
it is smoothly integrable and the linear space of solutions R¢ is 4-dimensional. In
fact, the Cartan distribution on the 6-dimensional £ ~ € is a rank 2 integrable
distribution (Cartan connection).

In what follows we work locally. A milder restriction is possible: We assume
that 71 (M) is trivial or that the Cartan connection on £ has no holonomy.

Consider the equivalence of such PDEs £ with respect to the pseudogroup of
transformations induced from automorphisms of the vector bundle J°(M) = M xR.
The following statement is essentially due to Wilczynski [W]:

Theorem 18. Equivalence classes of compatible scalar systems £ C J?(M?) of
finite type and codimE = 2 correspond bijectively to the classes of projectively
equivalent surfaces M? C P3.

Proof. Let £ be a compatible system. Then it is integrable and has a basis of local
solutions rg,r1,72,73. Since this is a basis of a linear system, the vector-valued
function r = (rg,r1,72,73) never vanishes. So its projectivization, given by the
position vector [rg : 71 : ro : 73], defines a surface M2(x,y) C P3. Change of a
solutions basis {r;}?_, leads to a projective transformation of M.

Conversely, let functions (rg,r1,72,73) define an affine surface with the projec-
tivization M. For each (z,y) € M the 6-dimensional vectors j(2$7y)7“i7 1 <4 <4,
obey 2 linear relations F(j%r) = 0, G(j%r) = 0. The equation £ is now {F = G =
0}.

}A projective equivalence of surfaces corresponds to an isomorphism of linear
equations £ given by a change of dependent and independent variables. O

This result leads to an important interplay between PDEs and projective differ-
ential geometry (cf. [W], [F]). For example, the symbol g C S?T*M of the system
£ is one-dimensional and its sections are quadrics on M. Thus a PDE £ defines a
g*-valued quadric g¢ on M, which can also be considered as a conformal quadric.
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It corresponds to the second fundamental form in projective geometry, which is a
quadric on TM with the values in the 1-dimensional bundle TP3 /TM . Elliptic,
hyperbolic and parabolic points on M? correspond to the points on M?, where the
quadric g¢ has the same property.

At non-degenerate points the conformal quadric ge¢ can be brought to its well-
known normal forms used below. Note that there’s no distinction between hyper-
bolic and elliptic cases over C. We will consider the situation over R.

For non-characteristic systems & (elliptic or hyperbolic), considered in the above
theorem, the compatibility condition is expressed via the Mayer bracket: [F,G|s =
0.

1. Hyperbolic systems. For hyperbolic systems the null-directions of g¢ are called
asymptotic lines for the corresponding M C P3. Since the quadric can be brought
to the form g¢ = daxdy ({x = const,y = const} are asymptotic lines), the system &
can be defined by the equations

F:sz‘f‘(ZS(Tz,T'y,T’), G:T‘yy-l-il)(Tm,T‘y,’l")

with linear functions ¢ = a17; + biry + 17, Y = agry + bary + cor.

The compatibility condition [F,G]e = 0 consists of 4 equations on 6 functions
a;, b;, ¢;, and the equation (a1), = (b2), is among them. So following Wilczyn-
ski [W] we transform the equation by a rescaling r — p - r to the form:

(11) F=ry—0ry =M =0, G=ry, —yr, —pur =0, B,7,\uc C®(M?).

Compatibility of this new & gives 3 equations on 4 functions 3, v, A, u, corresponding
to the coefficients of 74,7y, r in [F, G¢:

Yoz = 2fa — 278y — By, Byy = 207 + 702 — 2y,

12
12) Paz — Ayy = ﬂﬂy — YA + 2:“/8y —2X\vz.

Using the generalized Lagrange-Charpit method (or the common idea of ansatz),
as proposed in [KL2] and §4.1] we will deduce several compatible cases describing
the known surfaces.

A)Let f=~v=0, A= XA(z),u = u(y). Then [F, G| = 0 and the system (I is
compatible. The corresponding surfaces are quadrics.

B) Let us add to underdetermined system (I2) the equation S = . We obtain
a 3 x 3 formally integrable determined system. To reduce it to a scalar PDE, we
overdetermine it via the following ansatz (s,t,a are constants):

A=s(InpB)es + t(lnﬂ)i +aBy, p=s(Inf)y, + t(lnﬂ)i + af;.

So we get a system £ C J3(R?) of codim(£) = 3. One easily computes that
H?2(€) is one-dimensional and the only compatibility condition is (2a+1)(8:8zz —
ByByy) = 0. If a = —%, the system is compatible. If not we add the equation
BBz = Bybyy to the system and study it again by the prolongation-projection
method. Finally, we arrive at the following second-order system:

BBy
B

(the second is the Liouville equation) and b can be found from the equation

(13) 5zx = 2bﬁﬁya /B:L’y = + b2537 5yy = 2b5/8:1:7

3 —4b?(s +t) = +2b(1 + 2a).
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Thus we have proved the following statement:

The considered ansatz reduces the compatibility system ([I2) to the Frobenius type
system ([I3), which can be integrated in quadratures.

Several particular cases when the condition is fulfilled are well-known. Namely
fora=—7/4,s=—1/4,t=1/16, b = 4/9 we get Roman surfaces of Steiner. The
case a = 3/4,s = —1/4,t =1/16, b = 4/9 corresponds to cubic surfaces, which are
in fact dual to the above Steiner quartics. The special compatible case a = —1/2
leads to the quartics of Kummer if we overdetermine the system once more by the
Liouville equation (In 3),, = b3>.

C) Counsider an overdetermination of system (I2]) by the equation 5, = ,, i.e.,
B = ¢y, ¥ = pz. We reduce it to a scalar PDE via the following ansatz:

A= ap? + bapi + 8Pyy — tef?, = bp? + acpz + 8Quq — tek?.

The equation [F,G]s = 0 simplify significantly in the case a = 1/4, s = —1/2,
which we consider. Studying compatibility of the arising scalar system £ C J*(R?)
of codim (&) = 3 we get two family of solutions for the system (II]).

The first corresponds to b = 1/2 and a couple of the 1D Liouville equations:

_ _ _1_ ko

Pax = Pyy = —3€77-
The other possibility is b = —1/2, (k,t) = £(2,1/2) and ¢ satisfies the 2D
Liouville equation ¢zz + @yy = —ek?. k = 2 is a particular case of the Jonas

surfaces (related to projective transformations of minimal surfaces in R3).

In a similar way one can get Demoulin and many other known surfaces in P3
(see a relation of them to the soliton theory in [F]).

2. Elliptic systems. The conformal quadric can be (locally) brought to the form
ge = dx? + dy?. So the system &£ can be defined by the equations F = r,, —
Tyy + &(rz, 7y, 1), G = T4y + (14, 1y, ) with linear functions ¢ = ayr, + biry + 17,
Y = aory + bary + cor.

The compatibility condition [F,G]s = 0 consists of 4 equations on 6 functions,
among which is the equation (a1 + 2b2), = (2a2 — b1),. Then a rescaling r +— p - r
of the unknown function will simplify the equation to the form

F=ry—ryy+ary+08ry—Ar=0, G=2ry + fBry —ary —ur =0.

Compatibility of this new £ gives 3 equations on 4 functions a, 3, A, pt, which can
be studied similarly to the hyperbolic case.

Let us also note that ansatzes of the hyperbolic case can be performed for the
elliptic case as well: one takes the complex forms of the corresponding surfaces, to
which the real surfaces are related by the real sections, and changes the section,
getting (in the real context) elliptic surfaces etc.

Let us show to which PDEs the Kummer surface K3 = {23 + 21 + 25 + 25 = 0}
can be brought. A calculation gives the following elliptic system:

14 Y. + (14 y4)rxy =0,
(14) xg R
Yryy + (1 4+ 2*)ryy, = 0.

The corresponding Beltrami-Laplace equation simplifies to the following:

L(u) =0, L=2%[(20, +yd, +1)>—1] + xg(yaj —0y) + y* (202 — 9.
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Solving it we find the isothermal coordinates for the metric gg:

u = artan 22, v:lny2Jr ’ 1+x4+y4.
V142t

Substituting z = v/tanu, y = y/sinhv/ cosu into ([[d) we arrive at the system:

Tun — Tow — (€sC2u — 2cot 2u) 7y — coth2v -7, =0, 7Ty — %tanuwv =0.

Finally, with the change r +— 7 - {3/ 4/ cos* u sin 2u sinh 2v we get the normal form

Tuu — Tov —I—% cot 2u - 7y — %cotth Ty + (% + %(sirf2 2u — sinh 2 211))7“ =0,
27w —%coth%-ru — %cot2u~rv+ %cot2u coth2v - r =0.

2+, Integration of Beltrami-Laplace equation. Let (M, g) be a closed Riemann-
ian surface such that the metric g is geodesically equivalent to another metric g,
non-proportional to g at least at one point (this implies, in particular, that the
Euler characteristic of the surface is non-negative). Consider the Laplace operator
F = Ay. Then by a result of Matveev and Topalov ([MT]) there is a commut-
ing independent second order differential operator G. It is an auxiliary integral,
allowing us to integrate the Beltrami-Laplace equation globally. (The mentioned re-
sult holds also for n-dimensional Riemannian manifolds admitting non-proportional
geodesically equivalent metrics.)

3. Parabolic systems. Pure parabolic systems are not of the form considered in
Theorem [[8] The canonical form of such systems is

F=ry,—Mr=0, G:Txy+arx+ﬁry_ﬂrzoa aaﬁa/\aNECOO(MQ)'

In fact, transform the quadric to g¢ = dy?. The system & is given, then by the
equations F = 145 + ¢(r4,7y,7) = 0, G = ryy + ¢(r4, 17y, ) With some linear ¢, 9 as
above. The system is characteristic and its compatibility condition is Dg1) = Dy¢.
In particular, b = 0 and the formula follows.

The case of mixed type equations, when a line of parabolic points separates the
hyperbolic set on M? from the elliptic one, is more interesting. Then Theorem [I8]is
applicable. The corresponding conformal metric g¢ has several normal forms, each
leading to a canonical form of the system &.

4. Wilczynski tetrahedral. If a hyperbolic surface M2 is not ruled, 52 + ~2 #0,
the projectivized four points R; = [W;(r)] € P3, r = (rg,71,72,73), are well defined
(do not depend on a choice of normalized coordinates (x,y,r)), where

—_

Wolr) = v, Walr) = re — g(nbl)er, Wylr) =, — 5(n|5]yr
Walr) = Wa 0 Wy(r) + (00|80} — 2] = Wy 0 Walr) + 1010 )y — 67

The matrix ||[W;(r;)|| is non-degenerate, and so the points R; are not coplanar.
They form the so-called Wilczynski moving tetrahedral ([W]). The vectors RoR,
and Ry, are tangent to M? at Ry and Ry R, serves as a normal. Thus with every
generic hyperbolic surface in P? three other surfaces are canonically associated,
which are diffeomorphic, but not necessarily projectively equivalent.
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For elliptic systems the above notions exist but only in the complexified space:
one gets canonical but complex R,, Rz € CP3 from

W,(r)=r,— %(lnd)zr and Wi(r) =rz — %(lna)gr, a=a+if,

where as usual 8, = 1(9, — i9,), 0 = (0, + i9y). The point R, = [W,(r)],
however, is real, where

Wolr) = roe +1yy — G- 1e — -1y + [0 + 9% + 202 + 267,

and 2¢ = (Inlal); + (arga)y, 2¢ = (Inlal), — (arga),. So in the elliptic case with
a? + 3% # 0 there is a canonical normal also.

The above remarks, due to Theorem [I8] give a possibility to multiply (equiva-
lence classes of ) pointwise generic non-degenerate compatible systems & C J?(M?)
of codimension 2.
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