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ALMOST COMPLEX MANIFOLDS
AND CARTAN’S UNIQUENESS THEOREM

KANG-HYURK LEE

ABSTRACT. We present a generalization of Cartan’s uniqueness theorem to the
almost complex manifolds.

1. INTRODUCTION

The primary goal of this article is to present a generalization to the almost
complex manifolds of the following celebrated theorem of H. Cartan, which is usually
called Cartan’s uniqueness theorem (see p. 66, [13]).

Theorem 1.1 (H. Cartan). Let Q be a bounded domain in C"™. If a holomorphic
mapping f : Q — Q satisfies that f(p) = p and df, =1d for some p € Q, then f is
the identity mapping.

In order to state the main theorem of this article, we shall introduce the necessary
terminology and concepts.

A pair (M, J) is called an almost complex manifold if M is a C°°-smooth real
manifold and J is a field of endomorphisms of the tangent bundle TM with J? =
—Id, i.e. for each p € M, J, : T, M — T, M is an endomorphism with Jg = —Id.
We call J an almost complex structure on M. Throughout this paper, by a smooth
almost complex manifold we mean a manifold with a C*°-smooth almost complex
structure.

Given two almost complex manifolds (M, J) and (M’,J'), a C* mapping f from
M to M’ is said to be (J, J")-holomorphic (or simply pseudo-holomorphic, so there
is no danger of confusion) if its differential df : TM — T M’ satisfies

(1.1) df oJ =J odf

on TM. If (M, J) is a Riemann surface, f is called a pseudo-holomorphic curve.
In the case (M, J) is the unit disc D in C with the standard complex structure Jyt,
we call f a pseudo-holomorphic disc. We denote by O s\ (M, M') the space of
(J, J")-holomorphic mappings from M to M’.

By the existence theorem of pseudo-holomorphic discs (Nijenhuis and Woolf
[15]), we can define the Kobayashi pseudo-distance ([§]) and the Kobayashi-Royden
pseudo-metric ([16]) for the almost complex manifolds.

Let (M,J) be an almost complex manifold. Given two points p and ¢ in M,
a finite sequence of pseudo-holomorphic discs ¢ = {¢;}j=1,..x C O, 5 (D, M)
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is called a chain of pseudo-holomorphic discs from p to q if there are points p =
PosP1,---,Pk = q in M and aq,as,...,a; in D such that

¢;(0) =pj—1 and  ¢;(a;) = p;
for j =1,..., k. For this chain, we define its length ¢(c) by

1+ a 1+ |a
|1|+.. +log |

l(c) =lo . .
(©) =log 7] Tl

Note that log itl‘ is the Poincaré distance from 0 to z in D. The Kobayashi

pseudo-distance d(p gy on (M, J) is then defined by

d(MJ) (p,q) = inf £(c),

where the infimum is taken over all chains of pseudo-holomorphic discs from p to
q. The Kobayashi-Royden pseudo-metric F(y, 5y is the infinitesimal version of the
Kobayashi pseudo-distance defined by

1

|CL| : QS € O(Jsf,,J) (DvM) with ¢(0) =D, d¢(e) = CLU},

o, (p,v) = inf{
where e is the unit vector in ToD and p € M and v € T,M. We exploit from [I0]
and [I1] the following properties that are exactly the same as in the integrable case
(8] and [16]):

(a) Far,r) is upper semi-continuous and

1
mummzm/fw@mmwm%
0

where the infimum is taken over all piecewise smooth paths v : [0,1] — M
with v(0) = p and (1) = q.

(b) Let f : (M,J) — (M',J") be a pseudo-holomorphic mapping. For any
points p and ¢ in M and tangent vector v € T, M, we have

dor gy (f(p), £(@) < diar,ny (P @)
and
For,an (f(p)s dfp(v)) < Foag,n (p,v) -

(c) The Kobayashi pseudo-distance d(yy, sy is finite and continuous on M x M.
(d) If d(pr, sy is a distance, it induces the standard topology on M.

We say that (M, J) is (Kobayashi) hyperbolic if d(y;, j) is a proper distance. Note
that for any neighborhood U of p € M, there is a constant r > 0 such that the
Kobayashi ball By 5y (p,7) = {g € M : d(ar,5)(p,q) < 7} is contained in U when
(M, J) is hyperbolic.

Now we state our main theorem.

Theorem 1.2. Let (M, J) be a C*°-smooth almost complex manifold. Moreover, M
is connected and Kobayashi hyperbolic. Suppose that there is a pseudo-holomorphic
mapping f: M — M with f(p) =p and df, =1d. Then f is the identity mapping.

The proof of this theorem appears in Section 5. Sections 2, 3 and 4 contain
a regularity theorem and derivative estimates for pseudo-holomorphic mappings
which will be used in the proof of Theorem
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2. REGULARITY OF PSEUDO-HOLOMORPHIC MAPPINGS

We now study the smoothness of pseudo-holomorphic mappings. Since the prob-
lem is local, we assume that our manifold is a domain in a Euclidean space. Let
(Q,J) € R*™ and (©,J) C R*" be domains with almost complex structures
J € C*(Q) and J' € C°(Q). (If the underlying space of an almost complex man-
ifold is a domain in a Euclidean space, we will call it the almost complex domain.)
Assume that € is bounded and has smooth boundary. Regard J and J’ as matrix-
valued functions on  and €, respectively. In this section j, k,I,...=1,2,...,2n
and o, 8,7,...=1,2,...,2m.

Let f : Q — ' be a pseudo-holomorphic mapping of class C*(£2). Then JJ’c =
J' o f is 2m x 2m matrix-valued function defined on Q of class C1(Q2). We will fix f
and simply denote J} by J' for the rest of this section. Let J = (a?) and J' = (b3),
where ¥ € C>*(Q) and b5 € C'(Q).

Denote by L?(Q,R?™) (resp. L%(2, Moy, x2,(R))) the space of R?™-valued (resp.
2m x 2n matrix-valued) square integrable functions. For g € L?(Q,R?*™) and
@ € L*(Q, Mamx2n(R)), we write g = (ga) and ¢ = (©9). Define the inner products
of L2(2,R*™) and L2(2, M2y, x2,(R)) by

(gah) = /Q(Zgozha)a
(09) = / trace(p' + (J'0)')
- /me > o),
a,B,7,j

where g, h € L*(Q,R?*™) and ¢, 9 € L*(Q, Mapxon(R)).
For fixed f, we can define the densely defined linear differential operator 0 :
LZ(QaRQm) - LQ(Q7 M2m><2n(R)) by

0g = dg + J'dgJ,

where dg denotes the Jacobian matrix of g. Since f satisfies equation 1), it
follows that df = 0. The («, j)-th entry of dg can be expressed by

a 8904 aagﬁ k
(2.1) (9g)% = Br; +Zb58x

We consider the following linear differential operator ¥ : L?(2, M2, xon(R)) —
L?(Q2,R*™) by

90
Zaj+;bg “ By

In fact, the principal part of the formal adjoint operator of 0 is of the form
(I + J'*J')9. Replacing ¢ by dg, we have

(99g)a Z o) @9)5 + ) bak ai

B3,k
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Applying equation (2], we have that

= *ga
399)e = -—
( ag) zj: 8:cj6xj
_ Z boa > gs 9%gs
oy Che ] 0z ;0 8xk(‘9xj
9%g
n Z b bBakal v
Py 7% J(’?xkﬁxl
(Cg)a,
where (Cg), is part of (90g), of lower order given by
_ 9gs 0 b
( N Z 8xk 8.%'] )
dg, 0O
a k99 8.1
T Z bsa; dz; O}, (bvaa)‘
B3,k

Remark 2.1. Since a , b3 and its first derivatives are continuous on Q, it follows that
(Cg)a € L2(Q) if g € WH2(Q,R2™) = @™ W12(Q). In particular, (C ), € LP(Q)
for any p > 1.

Let p > 2n. For any positive integer k, we have kp > 2n; hence by Theorem 5.23
n [1], W*P(Q) is a Banach algebra, i.e. uv € W*P(Q) for any u and v in WkP(Q).
Additionally, using the chain rule, b3 € WFP(Q) whenever f, € W*P(Q) for each
a. Moreover, (Cf), € WELP(Q).

For convenience, we let AF = Y~ a¥al € C>*(Q). In fact, AF is the (k,[)-th

J J J
entry of the matrix JJ*. Since ZB bﬁ 5 = —0a,y, it follows that
_ 9 _
— (e k
B,4:k
8 Ja k 629(1
= - — A
Zj: 8xj8xj %l: t &cké)xl
+(C9)a

when each g, is of class C*°. For any h € C’(}(Q) we obtain

/Q(ﬁég)ah = Z/ Jax] Z/ 99)] bakh)

S 99a Oh 3 %ﬂ K
(22) o 7 QO 8$J 8{13] * 5l Q 33}[ al‘k (Al h)
+/(Cg)ah
Q

Since C*°(Q) is dense in W12(Q), we take a sequence f* in C>(Q,R*™) which
converges to f in W'?(Q,R*™). Then (9f")%, (Cf")a and all the remaining first
derivatives of f“ converge to those of f in L?(£2). Since (5]‘)? = 0, the sequence of
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equations ([2.2)) for f¥ converges to
Ofa Oh O0fa O
2. - Ha 77
e S feow %L [

for any h € C}(Q).

Take the linear partial differential operator H = ) ; 8:1: T Zkl f amaml
The symbol of H is ) G+ CRARG = |¢|? + |J¢|2. So H is strictly elliptic on
Q with smooth coefficients. Equation (2.3)) means that

Hfo = (Cf)a

in the weak sense.

By our assumption, it follows that (Cf), € L?() for each a. By the elliptic
regularity theorem (Theorem 8.8 in [5]), we have f, € ngof () for each a.

Let p > 2n. Since (Cf), € LP(R2), by the uniqueness of solutions of the
Dirichlet problem for the elliptic equation (Corollary 9.18 in [5]), it follows that
fo € W2P(Q) N CO(Q) for each a. From Remark Il we have (Cf), € WLP(Q);

hence Theorem 9.19 in [5] implies that f, € VVlif (Q) for each «. Simultaneously,

(Cfa € VVfof(Q) Repeating our argument, we show that f, € Wllfnp(Q) for each
positive integer k. By the Sobolev imbedding theorem, we have

Proposition 2.2. Let (M?",J) and (M'*™,J') be C*-smooth almost complex
manifolds. Any C' pseudo-holomorphic mapping from M to M’ is of class C™.

For the regularity of pseudo-holomorphic curves (n = 1), see Theorem 3.2.2 in
[12] and Theorem 2.2.1 in [I7].

3. FIRST ORDER ESTIMATE OF PSEUDO-HOLOMORPHIC MAPPINGS

In this section, we derive the Cauchy estimate for pseudo-holomorphic mappings.
For the first order estimate, it suffices to treat the case of pseudo-holomorphic discs.

Proposition 3.1 (Sikorav [I7]). Fiz r,n € (0,1). Let W be a bounded domain in
C™. Then there exist positive constants € and C' with the following property:
If ¢ : D — W is a differentiable mapping such that

0o 0¢

5z T19)5;
where ¢ : W — Endgr(C™) is of class C” and ||q|
D(1 —n). Moreover,

=0,

cr < e, then ¢ is of class C117" on

[6llcr+rDa—m) < Cllollr~ -

The C° and C* norms for a C* mapping f : U C R® — R™ is usually defined
by [[fllcowy = 2551 supeer |fi(2)] and || fllerw) = 2521 Xjai<k 1P filloow),
where | - | is a standard Euclidean norm. For 0 < 7 < 1, the C**" (Hdlder) norm is
defined by

Hf”C‘"*T = Hf”ck w) + Z sup sup |Dafj(x) - Dafj(y)\ .

i lal=k =2 |z —yl”
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Note that for a C' mapping f: U C R" — R™, || f||c1(vy is equivalent to
I fllcoy + sup |df (v)] .
veTU

lvj<1
Now we present:

Theorem 3.2. Let (,J) C R*" and (Q',J") C R?™ be almost complex domains.
For each point p € Q, there is a bounded neighborhood U of p in Q' such that
I fllerry = f € Oy, U)} is uniformly bounded for any compact subset K of
Q.

Proof. First, let us study the pseudo-holomorphic discs in €2’. Applying a linear
change of coordinates and a translation of R?™, we may assume that p = 0 and
J' coincides with the canonical complex structure at 0, i.e. J) = Js. Take a
neighborhood V of 0 such that J' + Jg; is invertible on V.

Suppose that ¢ : D — V C Q' is a pseudo-holomorphic disc. Then the following
equation holds:

% =J 6_¢
oy  “?ox
Since % = % + g_z and ad’ = Jg (64’ 6¢> we have
oo} oo}
(3.1) o+ Tst) 5= = =Ty = Tt 5 -

Defining the mapping ¢ : V — Endg(C™) by q(a) = (J, + Js) " (J: — Js), we see
that (3.I) can be written as

99
ES

Since V is relatively compact in @', ¢ has the same (Holder) regularity as that of
J onV.

Define the renormalization gg of ¢ by g5 : 371V = {7 1a:a € V} — Endg(C™)
and gg(a) = ¢(Ba) for an arbitrary real number 5 > 0. Take a sufficiently small 3
such that B(0,1) C 871V, equivalently B(0,3) C V. Then for fixed 0 < r < 1, we
have

=0.

4p\*r) — qp\y
HQ5”C’"(B(O,1)) = ||qﬁ||C0(B(O,1)) + sip |5(|)5()|

z—y|"
z,y€B(0,1)
lq(Bx) — q(By)|
= lldllcoso.p) sup —ﬁ
laleomoom + s =ia 5 5
2z,y€B(0,1)
q
< HQHCD(B(O,Q))—F Sup Lﬁ”ﬁ,
oy Yy

Since ¢(0) = 0, it follows that ||l¢|lco(p(o,s) — 0 as B — 0. For a sufficiently
small 3, we have that |gs|lcr(B(0,1)) < €, where ¢ is in Proposition 3.1l for the case
W = B(0,1). Now a new mapping ¢z = 7 1¢ satisfies

0¢p s _
oz +q (¢6)§ =0.
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Let U = B(0, 8). By Proposition B], we can deduce that

I9llcra-ny < Blosllcr+rma—n)
< CPBlosllL=
< Cllollr=

for any ¢ € O(;,,,7(D,U).

By 5.4a in [I5], there is a constant R > 0 such that for any vector v € T
based on K with |v] < R, there is a pseudo-holomorphic disc ¢ : D — Q such
that dp(e) = v, where e is an unit vector in ToD. For any f € O (9, U),
fod: D — U is pseudo-holomorphic; hence it follows that |df (v)| = |d(fo¢)(e)| <
ld(f o @)oll < [If o dllcra—m) < Cllf 0 @llLe < C|[fllco. Therefore we have

1
Ifllcrxy ~ Ifllcocxy + sup sup E\dfa:(v)l
T€K veTsl

IN

C
Il fllcoo) + }—2||f|\00(9)

IN

C
(1+ E)”f”c(’(g) .

This proves the theorem. O

4. PSEUDO-HOLOMORPHIC JET BUNDLES

In order to prove Theorem [[L2] we need some information about the oco-jet of
a certain family of pseudo-holomorphic mappings at a given point. These can be
obtained by jet bundles.

Gauduchon ([4]) has shown that there is a natural almost complex structure in
a pseudo-holomorphic 1-jet bundle such that the lifting of the pseudo-holomorphic
mapping is also pseudo-holomorphic. In the first two subsections, we follow Gaudu-
chon’s work (see chapter 4 in [2] and []).

4.1. Horizontal distribution. Let 7 : E — M be a vector bundle with a linear
connection V. For any point u € E, = 7~ !(z), the vertical tangent space T\ E at
u is a subspace of T, E whose elements are tangent to Ey. Let TVE = J,cx T E.
Fix any section £ € I'(E) with £(z) = u. For each vector X € T,,M, we define a
lifting X, in T, E by
Xy = d€.(X) = Vx¢,

where Vx& € E, is considered as an element of TJ/ E. This definition of )~(u is
independent of the choices for ¢&. Therefore, the horizontal subspace HY at u can
be uniquely defined as a lifting subspace of T, M in T}, ' up to the linear connection
V. We call HY = Uwer HY the horizontal distribution. It is easy to check that
HY is a smooth distribution and that the following properties hold:

(a) T,E=HY ®TYE at each u € E.

(b) Let vV : HY @ TYE — TV E be a natural projection (vertical projection).

IfY € T, F with d¢,(X) =Y for some section £, then

oV(Y) =Vxe.

(c) The vertical projection vV is also smooth. This means that for any smooth
vector field X of TE, vV (X) is a smooth vector field of TV E.
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(d) Given Y € T,E \ TY E, there is a unique vector X € T,M such that
dé,(X) =Y for some section £. Therefore we have the natural projection
from T, £ to T, M and the canonical decomposition T, F' ~ T (,,) M X TVE.

4.2. Pseudo-holomorphic 1-jet bundle and its almost complex structure.
Given two smooth (C'°) almost complex manifolds (M?",J) and (M'?>™,J'), a
(J, J")-holomorphic (or pseudo-holomorphic) 1-jet bundle over M x M’ is defined
by
T, M)y = | Hom, i) (T.M,T,M’),
(z,y)eM x M’

where Hom, J;)(TxM , TyM') is the space of (J, J;)-linear transformations from
T, M to TyM’. Now m =m X T2 : j(IJJ,)(M, M') — M x M’ is a vector bundle of
rank 2nm. We will frequently use the notation J*(M, M') instead of \7(1‘] ) (M, M")
for simplicity.

Choose any linear connection V on J*'(M, M’). We have the canonical identifi-
cation

T.J' (M, M) == TryM x TryyM' x Ty T (M, M')
o~ Tﬂ-l(u)M X Tﬂ-z(u)M/ X Hom(J,J’)(Tm(u)M, Tﬂ'Q(u)M,) '
By this, any tangent vector Y € T,,J'(M, M') can be decomposed into
Y = (X1, Xo,0V(Y)),
where:
i) X1 and X, are images of the natural projection of Y into T, )M and
T, uyM’, respectively,
ii) vV (Y) is considered as an element in Homy s, 11y (T, (u)M, Try(uyM").

Now we can define an almost complex structure JV on J'(M, M’) depending on
V by

(4.1) YY) = (Jry ) X1s Ty oy X2, Ty 0 0 ().

It is easy tosee vV (JV(Y)) = J7’r2(u)ovV (Y); hence JV is well defined. Furthermore,

JV is a smooth almost complex structure. Hence (7! (M, M'), JV) is also a smooth
almost complex manifold.

Theorem 4.1 (Gauduchon [4]). There is a linear connection V on J'(M,M")
with following property:

For any pseudo-holomorphic mapping f : M — M’, its lifting L(f) : (M,J) —
(THM,M"), JV) is also pseudo-holomorphic.

4.3. Higher order jet bundles. We can define the k-jet bundles over M x M’
inductively. But we need only the local information, so we shall consider the Eu-
clidean case.

Let (Q,J) C R?" and (€, J’) C R?*™ be smooth almost complex domains. Let
(71,...,29,) and (wy,...,way) be the standard coordinate systems for R*" and
R?™, respectively. Assume that

(%) {0/0x1, -+ ,0/0x,} is a complex basis of T, for each = € Q.

Condition (x) means that {9/0x1,...,0/0x,} and its images under J, form a real
basis of T,€2.
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By (*) a (J,J')-linear mapping from T, to T,,Q) is completely determined by
the images of {0/0x1,...,0/0x,}; hence J'(Q, ) is a trivial bundle. From now
on, we consider J1(9,€) as an open set Q x ' x R?"™ in R2(+m+nm) - \ore
precisely, a coordinate mapping is given by

(4.2) 7= (771(7)77r2(T)7 {dwa( (5?%))] — 2) :

The lifting L(f) of a pseudo-holomorphic mapping f is parameterized by

(4.3) L(f)(z) = (xl,...mgn,fl(x),...,fzm( )s {gij( )} - 2m> .

To compare |||t with ||L(f)||ci-1, we have to consider the partial derivatives of
f that are missing in the above expression of L(f)(z). Solving the system of linear
equations JJQ odf = df o J with respect to {0f,/0%;}>n, we have

8a 2m n N 9
f ZZA]kB 8£ﬁ( ) on{

B=1k=1

for j > n, where A?kﬁ is a globally defined C'*°-smooth function on Q2x€Q’. Therefore,
for each compact subset K in  and any positive integer [, there is a suitable
constant M; depending on K with

2m n

O fa Ofs
Zle < M,
H 9 || e (e 2; Oz || oo (i
for 5 > n. We may deduce that
(4.4) Ifllcrcry S ()l cr-1(x)

uniformly for f € O (2, ').
By the expression ([@3]), we also obtain

Proposition 4.2. Let f,g € Oy (Q,) and v > 1. If f and g share the same
v-jet at p € Q, then L(f) and L(g) share the same (v — 1)-jet at p.

We now go to the 2-jet.
Take any linear connection V1 on J*(£, Q). From our assumption (*) about €,
the pseudo-holomorphic 2-jet bundle over € x € defined by

\72(97 Ql) = *7(1J,JV1)(Qa jl(Qa Ql))
is also trivial. Choosing V,, inductively, we can define a pseudo-holomorphic (v+1)-
jet bundle by
ju+1(Q7 Q/) = \7(1‘]7JVV)(Q7 jy(Qv QI)) .
For any choice of V,, at each step, J" (€, ') is always trivial.

From now on, we fix a suitable linear connection V,, as in Theorem ] at each
step. Then for a pseudo-holomorphic mapping f : @ — €, its lifting L”(f) =
LLY7Hf) : Q — J7(Q, Q) is always (J, JV»)-holomorphic.

Given f € O(j,.5(2,Q') and p € ©, a family of mappings defined by

F(f;,9) ={g € O, (Q,Q) : g has the same v-jet with f at p}
has the following property.
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Theorem 4.3. Let (2,J) C R*™ and (', J’) C R*™ be hyperbolic almost complex
domains. Assume that  satisfies condition (x). For any f € Oy, 5/(Q2, '), there is
a neighborhood V,, of p such that {L”(g) : g € =1 (f;Q, )} is uniformly bounded
on V,,. Moreover, we can find V,, such that V,, 41 CCV, for eachv =1,2,....

Proof. Choose r > 0 such that the Kobayashi ball U = Bq s (f(p),r) is a
bounded neighborhood of f(p) as in Theorem Denote V' = B 5)(p,7).
Since fg(f;Q,Q’) ={g9 € OuH(Q,Q) : gp) = f(p)}, we have g(V) C U for
any g € ]—'S(f;Q,Q’). Take any relatively compact neighborhood V; of p in V.
By Theorem B2, {llgllcr(vyy : 9 € F(f;Q,9)} is uniformly bounded so that
{L(g) : g € F)(f;, )} is uniformly bounded on V;. This proves the case v = 1.

Since (V,J) and (U, J) are also Kobayashi hyperbolic, Theorem 3 in [II] implies
that every bounded domain in \7(1‘,”,,)(‘/, U) is hyperbolic with respect to JV1.
Therefore, we may assume that

U L) c o,
gEFY(£2,)
where € is a hyperbolic neighborhood of L(f)(p) in j(lJJ,)(V, U).

Suppose that our theorem holds for the case ¥ < A. Since the pair (V4,J) and
(€21, JV1) satisfy the assumption of the theorem, there are neighborhoods V7, .. ., 1%¢
of p in V4 such that {L”(h) : h € Fy~Y(L(f); V1,Q1)} is uniformly bounded on V)
forv=1,..., A, and such that V] CcC V{_, CC --- CC V{. By Proposition 2] we
have

L (F (f:2.9)) € 7L Vi, )
for any v. Therefore L' (g) = L”(L(g)) is uniformly bounded on V,; = V for
g € FJ(f;9Q,Q) and for v = 1,...,A. This proves the theorem by the induction
hypothesis. O

For this sequence {V,,} of nested neighborhoods of p, we have
Corollary 4.4. {||gllcv(v,) : g € Fy~H(f; Q,Q)} is uniformly bounded.
Proof. From (&4]), we have

lgllev v,y SIIL@ller-1v,) S -+ S (9 lleowy)

uniformly for g € O(y;1(Q,Q'). When g € F¢1(f;Q,€), the last term of this
inequality is bounded by Theorem O

5. PROOF OoF THEOREM

Let (M,J) be a connected hyperbolic almost complex manifold of class C°.
Suppose that there is a pseudo-holomorphic self-mapping f : M — M with f(p) =p
and df, = Id for some p € M. From Proposition [Z2] f is of class C* and we
can compare all partial derivatives of f with those of the identity mapping. To
prove that f is the identity, we need the unique continuation property for pseudo-
holomorphic mappings.

Proposition 5.1. Let (M,J) and (M',J'") be smooth almost complex manifolds.
Moreover M is connected. Suppose that two pseudo-holomorphic mappings f,g :
M — M’ share the same oo-jet at some point in M. Then f =g on M.
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Proof. Tt is sufficient to prove that A = {p € M : f and g share the same oco-jet at
p} is open. Then our assertion follows, since A is open, closed and nonempty set.
Suppose that p € A. There is a neighborhood U, of p such that any point ¢
in U, can be joined to p by a single pseudo-holomorphic disc ([6] and [10]). Take
any ¢ in U, and suppose that there is a pseudo-holomorphic disc ¢ : D — M
with ¢(0) = p and ¢(1/2) = ¢q. Since p € A, the two pseudo-holomorphic discs
fo¢, gop : D — M’ share the same co-jet at 0. By the unique continuation
property of pseudo-holomorphic curves (see [3] and [12]), it holds that fo¢ = go¢.
Furthermore f(q) = g(g). Since ¢ is an arbitrary point in Uy, we have f|y, = glu, .
Hence p € U, C A, and A is open. This proves the proposition. O

By Proposition ] it is sufficient to prove that D®f;(p) = 0 for any j and
any multi-indices |a| > 2. Then f has the same co-jet with the identity mapping.
Therefore f is the identity mapping.

Choose a local coordinate system ¢ : (V,0) — (M, p) about p with ¢(V) CC M.
Since the Kobayashi distance function ds, 5y is continuous, we can take a positive
real number r < minges,(v) diar,s) (P, ¢). Then the Kobayashi ball By, ) (p,r) is
contained in ¢(V). By the distance-decreasing property of the Kobayashi distance,
we have f(B,5)(p,7)) C B,y (p,7) for all 7. Now we identify p = 0, o(V) =
V is a bounded domain in R?" and J = ¢*J = (dp)~! o J o dyp is an induced
almost complex structure on V. For sufficiently small » we may assume that (U =
© (B, (p, 7)), J) satisfies condition () in Section El

Consider an iterated family {f™ = fo fm~'},,_10.  of f. Note that f|y is in
Ow,1(U,U), sois f™[y. Now we have

Proposition 5.2. (D*(f™);)(0) = m(D* f;)(0) for |a| = 2.
Suppose that D*f;(0) = 0 for any 2 < |a| < v and j = 1,...,2n. Then
(DP(f™);)(0) = m(DP £;)(0) for each |8] = v and each j.

Proof. Since d(f™)o = (dfy)™ = 1d, we have

a(f™);
(5.1) gxk)j (0) = dj
form=1,2,.
Let D* 8%1872% Since (f™); = fj o f™ !, we have
9? m - of; O™ Nk
m(f );(0) = Oa, (Z 895; T)—o—— Ota, (99)) (0)

= Z aa fj (fm—l(o))a(fm_ )l(o) 8(fm_ )k(o)

k)l_l 2,02 0% q, 0% q,
s (pm=1gy ZU" Dk
+Z Oxy, (f (0) 0% 0y OT oy (0)
_ ‘92fj P
024,074, 0)+ 0% 0, 0%, (0),

where the last equality follows by (&.I). This equation proves the case of || = 2
by induction.
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Suppose that D*f;(0) = 0 for any 2 < || < v and j =1,...,2n. Let |3| =v

and DP = W. From (5.]), we obtain
1 v

D (£7),(0)
-y Eh (o

x P x
V1yeees V=1 o m o T

+ (terms which contain D*f; for 2 < |a| < v)

af m— au(fm—l)k
+Zf}‘xi Y ))7&%,“8%(@

dzp, -~ Oz,

a(fm_l)’)’u
dzp,

o™ N
Iz,

(0)--- (0)

o (fmh);
dzp, -~ - xp,
= DPf;(0) + D°(f™1);(0) .
This proves the proposition. (Il

(0)

We are now ready to complete the proof of Theorem

Suppose that D* f;(0) # 0 for some multi-index o with |a| = 2 and some j. By
Proposition [5.2] we have [(D*(f™);)(0)| = m|(D*f;)(0)] — oo as m — oo. Since
f™(0) = £(0) = 0 and d(f™)o = dfo = Id, we have f™ € F3(f;U,U) for each m.
Corollary B4l implies that {|(D“(f™);)(0)|}m=1,2,... must be bounded. Therefore
it follows that D f;(0) = 0 for each |a| =2 and j.

Inductively let us assume that D? f;(0) # 0 and D% f(0) = 0 for 2 < |a| < 8] =
vand k =1,...,2n. Proposition5:2/implies that (D*(f™)x)(0) = m(D*f)(0) =0
for 2 < |a] <vand k= 1,...,2n. Hence it follows that f™ € F¢~'(f;U,U). But
Proposition [5.2] also means that [(D?(f™);)(0)| = m|(D?f;)(0)] — oo as m — oo.
It is a contradiction to Corollary 4l Therefore we have D f;(0) = 0 for any
la| > 2.

Consequently f has same oco-jet with the identity mapping at 0. This proves
Theorem d
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