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A GEOMETRIC CHARACTERIZATION
OF INTERPOLATION IN £’(R)

XAVIER MASSANEDA, JOAQUIM ORTEGA-CERDA, AND MYRIAM OUNAIES

ABSTRACT. We give a geometric description of the interpolating varieties for
the algebra of Fourier transforms of distributions (or Beurling ultradistribu-
tions) with compact support on the real line.

1. INTRODUCTION

Let £(R) be the space of smooth functions in R and let £'(R) be its dual, the
space of distributions with compact support on R. It is well known that the space
E'(R) of Fourier transforms of distributions in & (R) coincides with the algebra of
entire functions f such that

()] < O+ [z]) eI,

where A, B,C > 0 may depend on f (see [BrGa95, Theorem 1.4.15]).

A discrete sequence A C C is called &’ (R)-interpolating when the interpolation
problem f(\) =wy, A € A, has a solution f € g’(R) for every sequence of complex
values {vx}rea having the characteristic growth of £/(R) on A (see the precise
definition in Section [2).

The origin of the interest in & (R)-interpolation lies in its relationship with
convolution equations and, in particular, with the density of exponential fami-
lies {€'**},ca in the space of solutions g € £(R) of equations of type p+ g = 0,
€ E'(R). Any solution g to the convolution equation is the limit of linear com-
binations of {e"**}yca where A is the zero set of fi. If, moreover, the sequence A
is &' (R)-interpolating, then the series that represents g enjoys better convergence
properties. For more on this relationship see [EhMa74] or [BrGa95, Chapter 6] (in
particular, Theorem 6.1.11).

The space &’ (R) is a particular case of the algebras

A, ={f € H(C):log|f(z)| < A+ Bp(z) for some A, B > 0}
associated to positive measurable weights p, obtained by taking

(1) p(2) = |Tm 2| + log(1 + |2]?).
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There exists an analytic characterization of interpolating sequences for general A,
spaces when p is subharmonic (see Theorem A below). However, a complete geo-
metric description exists only for subharmonic weights p which are both radial
(p(z) = p(]z|)) and doubling (p(2z) < Cp(z) for some C' > 0); see [BrLid5], Corollary
4.8].

For the weight (1) Ehrenpreis and Malliavin gave a necessary geometric condi-
tion which turns out to be sufficient provided that A is a zero sequence of a slowly
decreasing function (see [EhMa74, Theorem 4] and its proof). Later Squires, prob-
ably unaware of Ehrenpreis and Malliavin’s result (which was stated in terms of
solutions to convolution equations), proved the same result [Sq83, Theorem 2].

In this paper we give a geometric characterization for g (R)-interpolating se-
quences (Theorem ). The characterization shows in particular that the geometric
condition given by Ehrenpreis & Malliavin and Squires is also sufficient whenever
the sequence is contained in the region

[Tm z| < Clog(1 + |z|?).

In general, however, their condition alone is not sufficient.

A similar characterization is obtained for the more general Beurling weights.
These weights appear naturally in the context of convolution equations when one
replaces distributions with compact support with Beurling-Bjorck ultradistributions
of compact support (see [Bj66]). They are not necessarily subharmonic, but we will
prove that they are equivalent to a subharmonic weight (see Lemma [g]).

The paper is structured as follows. In Section 2l we give the precise definition of
interpolating variety, discuss the background for the problem and state the main
result. In Section B] we prove that the geometric conditions of Theorem [I] are
necessary, while in Section ] we show that they are also sufficient.

A final remark about notation. C will always denote a positive constant and its
actual value may change from one occurrence to the next. A = O(B) and A < B
mean that A < ¢B for some ¢ >0, and A~ Bis A< B < A

2. PRELIMINARIES

For the following definition and general background on the problem we refer to
[BrGa95l, Chapter 2].
A measurable function p : C — R, is called a weight if for some C, D > 0:
(a) log(1 + |2]?) < Cp(z) for all z € C.
(b) p(Q) <Cp(z2)+ D if |(—2[ <1
The importance of these properties lies in their consequences for the ring A, defined
in the introduction: (a) implies that A, contains all polynomials, and (b) that A,
is closed under differentiation.
The algebra A, can be thought of as the union of the Hilbert spaces

A, ={feHO: 1%, = /@ F(2)2e P Edm(2) < oo}
for a > 0, as well as the union of the Banach spaces
Ax =1 f € H(C): ||f|las, =sup|f(z)le " < oo} .
” zeC

Also, A, = Ua>0
inductive limit.

A, has the structure of an (LF)-space with the topology of the
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Definition. Let A be a discrete sequence in C and let {my}rca be a sequence of
natural numbers. The pair X = {(A, my)}aea is called an interpolating variety for
the space A, if for every sequence of values {vﬁ\}u, AeAN1=0,...,my—1, with

mx— 1
(2) sup( Z B |) P < oo
for some o > 0, there exists f € Ap with

0}
fl'()\):,ué\’ )\GA’ l:O,,..,m)\71~

The choice of condition () on the values to be interpolated reflects the fact that
for every f € A, there exists o > 0 such that

SUP(EZ‘fU) D —op(2) ¢ o

zeC

Thus, denoting by A,(X) the space of sequences {v}},, satisfying (@) for some
a > 0, we can equivalently define interpolating varieties X as those such that the
restriction operator

Rx : Ap(C) — 4p(X)

is onto.

There exists an analytic characterization of A,-interpolating varieties for general
subharmonic weights p (see [BrLi95l Corollary 3.5]). Results for p(z) = |z| and the
weight () were previously obtained respectively by Leont’ev [Le72] and Squires
[Sq81].

Given a holomorphic function f let Z(f) denote its zero variety, i.e., the set of
pairs (z,m;) € C x N such that f(z) = 0 with multiplicity m,.

Theorem A. A variety X = {(A\,mx)}rea s Ap-interpolating if and only if there
exists f € Ay such that X C Z(f) and for some constants §,C > 0,

‘ﬂmA ‘>5 ~CP) | A eA.

We would like to give a geometric description of A,-interpolating varieties for
the non-isotropic Beurling weights

p(2) = [Im 2| +w(|2]),
where w(t) is a subadditive increasing continuous function, normalized with w(0) =
0 and such that:
( ) log(1+1t) S w(t) for t > 1.

0o wt
f ;Jit)zdt<oo.

Canomcal examples of such weights are given by w(t) = log(1 + t?) and w(t) = t7,
€ (0,1).
Beurling weights satisfy the following additional properties:
(e) For every ¢ > 0 there exists C' > 0 such that p(¢) < Cp(z) if ¢ €
D(z, cp(2))-
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(f) For € > 0 small enough, there exists C(¢) > 0 such that if z € D(¢,ep(()),
then p(¢) < C(e)p(z). Also, C(e) tends to 1 as € goes to 0.

(g) For z € R big enough, the function w(x) does not oscillate too much.
More precisely, for fixed C > 0, if y € (z — Cw(z),z + Cw(x)), then
1/2 < w(y)/w(z) < 2 for x big enough.

Properties (e) and (f) follow easily from the subadditivity of w. Property (g) fol-
lows from the subadditivity and the fact that w(x) = o(|z|/log|z|) (see [Bj66,
Lemma 1.2.8]): for any y € (z — Cw(z),z + Cw(z)),

w(z —Cuw(z)) <w(y) Cw(z+ Cw(z)) <w(x — Cw(x)) +w(2Cw(z))
<w(z—Cw(z)) +w(2Cz/logz) < 2w(x — Cw(x)).

In order to state the geometric conditions on a variety X as above, we consider the
counting function n(z,r) = 3\ cp(, ) M and the integrated version

N(z,r)= /OT Mdt—l—n(z,())logr.

In case we want to specify the variety X to which the functions n and N refer, we
will use the notation n(z,r, X) and N(z,r, X) respectively.
We are ready to state our main result.

Theorem 1. A wvariety X = {(A\, ma)}ren is Ap-interpolating if and only if:
(i) There is C > 0 such that
N\ p(A), X) < Cp(N) VA €A
(ii) The following Carleson-type condition holds:

Im A
sup E my [m A < 00
R’ |z — A2
TER N Im A >w(A])

Since the Poisson kernel at A in the corresponding half-plane (upper half-plane
if Im A > 0 and lower half-plane when Im A < 0) is P(\,z) = ‘gT)\/\'L, a restatement
of condition (ii) is that the measure Z)\:|Im>\\>w(|)\\) mxdx has bounded Poisson

balayage.

Remark 2. Notice that for sequences A within the region |Im z| < w(]|z]), condition
(i) (shown to be necessary by Ehrenpreis & Malliavin and Squires) provides a
complete characterization. However, this is not the case in general, i.e. condition
(ii) does not follow from (i), as it is shown in the following example. Take the
sequence A contained in the sector A = {z € C; |Rez| < Imz} and having in each
segment {Imz = 2"} N A exactly 2" equispaced points. Then A satisfies condition
(i) (basically n(A,t) < t for t < p(X)), but it does not satisfy (ii) (it is not even a
Blaschke sequence).

3. NECESSARY CONDITIONS

A standard feature of the spaces A, is that the interpolation can be performed
in a stable way. This consequence of the open mapping theorem for (LF)-spaces
applied to the restriction mapping Rx defined in Section [ (see [BrGa95, Lemma
2.2.6]) is stated precisely in the following lemma.
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Lemma 3. If X is an interpolating variety, there exist C' > 0, M € N such that for
every A € A there are functions fx, gx € Ap with bounded norms || fallaz,,, 9rllaz,,
< C and ’ ’

FONY /1= San 610,
gV = 0anbimy 1) VAN €A, 0 <1< my.

An application of Jensen’s Formula to the functions fy, gy in the disk D(\, p(\))
gives the following result (see [EhMa74, Theorem 4] or [Sq83 Theorem 1]).

Theorem 4. If X is A,-interpolating, then condition (i) of Theorem[Il holds.

The necessity of condition (ii) is an immediate consequence of the following
result. Assume that A NR = (J; otherwise move the horizontal line so that it does
not touch any of the points in A. Let H denote the upper half-plane.

Proposition 5. Let X be A,-interpolating. There exist C' > 0 such that

Z mys log‘—)\

A eANH
N #X

—1
< Cp(A) forall e ANH.

Of course, an analogous result could be given for any upper ({z : Imz > a}) or
lower ({z : Imz < a}) half-plane.

Before giving the proof of Proposition B we show that it implies condition (ii)
of Theorem [[I Define Ay = AN{Imz > w(|z])}. Given x € R consider A € A}
such that | — A| =infy, [x — A|. Then

AN=XN < A—z|+]z=N|=|A—z|+]z—N| <2z - N|,

and therefore Tm ¥ Tm ¥
m m
5 By 5 ]
Ry N
The estimate logt~! > 1 —¢ for t € (0,1) shows that
[Tm A||Tm X'| - )\'
/Z m)\/w Z my: log‘)\
NeAy
N #X /\ 79\

/

Since p(A) ~ [ImA| for A € Ay, it is clear that this implies condition (ii) of
Theorem [II

Remark 6. The necessary condition of Proposition[5] can be seen as a Carleson-type
condition; it can be rewritten as

|BA(A)| > 6= PN X e ANH,
where B denotes the Blaschke product in H of {(\, m))}rxeanm, and

By(z) = B(z)(j - ;)m

It can also be seen as density conditions for the counting function associated to
the hyperbolic metric in the half-plane. Letting v = > aearm M0y and using the
distribution function we have
,1 1 n t
C‘ / ]H[(zv ) dt,
O t

A

AEANH
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where
DH(z,t):{C:‘i—:g‘<t}, and  ns(z,t) = v(Du(z, 1))

is the number of points of A in the pseudohyperbolic disk of “center” z and “radius”

t (actually the true disk of center Rez + i }i‘g Imz and radius 13’;2

Imz).

Proof of Proposition 5. Let z = x4y and consider the Poisson transform of w(|t|):

u(z) = Plu(z) = /R %dt,

which converges by (d). Define H = exp(u + i@), where @ is a harmonic conjugate
of u.
Given A € A NH, take the function fy given by Lemma [3] and define
Mz
h)\(z) - f)\(Z)e M,

(H(z))™
with M7, Ms to be chosen. It is clear that h)y is holomorphic in H. On the other
hand, for all z in the upper half-plane |log|H(z)| — w(|Rez|)] < A + B|Imz|; see
[Bj66l Lemma 1.3.11]. Moreover, |w(|Rez|) —w(|z|)| < w(|Imz|) < A+ B|Imz|, thus
|log |H(2)| — w(|z])| < A+ B|Imz|. Therefore, if M; and M, are big enough, hy is
bounded in H by a constant which does not depend on A:

|h,\(z)‘ < CeMp(Z)—MllmZ—M2 log |H (z)| 5 1.

Also,
|hA(>\)| _ efMllm/\fMg log |[H(N)| > efcp(x)'

Now apply Jensen’s formula in the half-plane to the function hjy:

log [a(A)] = / P(\ ) log [ha (x)] da — /H GO\ ) A log ha(Q)].

-1
‘ is the Green

A —

where P(A,x) denotes the Poisson kernel and G(A, () = log‘ )\7%
function in H with pole in A.

Since hy vanishes on A\ {\}, Jensen’s Formula and the estimates above yield

) A—=N

Z My log ‘ PV

N EANH
N AN

1
< S%plog |ha] —log|ha(N)| S p(A).

4. SUFFICIENT CONDITIONS

We split the sequence into three pieces, according to the non-isotropy of the
weight p. Consider the regions
Q={2€C:|Imz| <w(z|)},
Qp={z€C:Imz > w(|z])},
O_={zeC:Imz < —w(|z])},
and define A g = ANQy, Ay = ANQy and A- = ANQ_. Let also Xg =

{(Ama)baen, X4 = {(A,ma)}rea, and X_ = {(X,mx)}ren_-
It is enough to prove that each piece Xy, X_, Xo of the variety X is A,-inter-
polating. This is so because X is weakly separated (see Lemma [7[i) below), and
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a weakly separated union of a finite number of A,-interpolating varieties is also
A,-interpolating [Ou03, Theorem IL.1]. It is also clear that the varieties X+ and
X~ can be dealt with similarly.

We start with some easy consequences of condition (i) of Theorem [

Lemma 7. If condition (i) in Theorem[Il holds, then
(i) X is weakly separated: there exist 6,C > 0 such that the disks D) =

o) L L .
D(\,0e” ™) are pairwise disjoint, i.e.

p()  _crQ)

A= N|>20max[e “ e ] A#N.

(ii) There exist €,C > 0 such that n(z,ep(z), X) < Cp(z), Vz € C.
Proof. (i) If there exists A’ such that |\ — A| < 1, then
1 1
'I’L()\7 t) — my mys 1 mys
N, p(N), X 2/ 7dt2/ —dt =log| —— .
) ) ‘)\/_Al t ‘A/_Al t (‘)\/7)\|>

Using condition (i) in Theorem [Il and reversing the roles of A and A\’ we obtain the
desired estimate.
(ii) When z = A € A, this is immediate from the estimate

/f’(” (A, 1/2p(\))

1/2p(0) t

When z ¢ A, then let € > 0 be such that ¢ € D(z,ep(z)) implies
D(z,ep(z)) € D(¢,1/2p(C)),

which exists by property (f) of the weight. Take A € D(z,¢ep(z)) (if there is no such
A the estimate is obviously true). Then, by the previous case and property (e) of
the weight

Lat < NOupv).

n(z,ep(z)) < n(A, 1/2p(N) S p(A) S p(2)-
]

4.1. Case Ag. We would like to prove that Xo = {(\, mx)}ren, is Ap-interpolating
using a 0-scheme. This is easier if we can regularize the weight in the following
way.

Lemma 8. There exists p subharmonic in C such that p(z) ~ p(z) and
(3) 1/p(2) S Ap(z)  if  [Imz] < 2w(]z]).

The fact that p ~ p clearly implies that A, = Az and the interpolating varieties
for A, and Aj are the same.

Proof. We will construct p(z) = |Imz| + r(z), where r satisfies the following prop-
erties:

(i) > 0 and p is subharmonic in C.
(ii) r(z) = 0 if |Imz| > 10w(|2]).
(iii) 1/p(z) S Ap(z) and r(z) ~ w(|z]) if Imz| < 2w(|z]).
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In order to construct r, we partition the real line into intervals I,, defined in the
following way.

Let 1 > 1, xp41 = zp + w(xy,) for n > 1 and z, = —x_,, for n < —1. Set
Iy = [x_1,21], In = [Tn,Zpy1] for n > 1 and I, = [zy_1, 2,] for n < —1. Denote
by wy, the length of I,,.

We consider two measures in C. The first one is the usual length measure dv in
R, which we split dv =} dv,, with dv, = dx|7,. The second one is defined as a
sum of convolutions of the dv,,’s: let

n(2) = (e [ xu (= ) dm(2),

where D,, = D(0,10wy,), and define dp = )", dpiy.
Notice that when z is at a distance of I,, smaller than 2w,,, we can use property
(g) of the Beurling weights to deduce that du(z) ~ 1/w(|z|) ~ 1/p(z). Hence

dp(z) ~ dm(z)/p(z).
Define

()= [ Jox |z = wl(dn(uw) - dufuw)).

Since A|lm z| = dv, we have Ap = du > 0.
Let S,, denote the support of p,,. Let

rn(2) ::/Clog|z—w|(d,un(w)—dun(w)) :/S" 10g|z—w|dun(w)—/ log |z — x|dz.

n

Using the definition of u,, and reversing the order of integration we get
rn(z) = / M (z)dx,
I,

where
B 1
- 1007w2

M(2) / log | — w|dm(w) — log |2 — | > 0.
D(z,10w,,)

In particular, r is non-negative in C.
If ¢ S, and x € I, log |z — w| is harmonic in D(x, 10w, ), hence r,(z) = 0.
Suppose now z € D(x,,3w,). Then, for each x € I,,, |z — z| < 4w,, and

1 |z — w|
M(x 27/ log dm(w) 2 1.
(=) 1007”*’% 9wy <|w—2z|<10w,, |z — | (w)

Thus, 7,(2) 2 wn = w(|2]).
If z € Sy, using that p,, and v, have the same mass w(z,), we obtain

[ o= = wltd () = vy w)) < [ Jrox

|z

| (At () + dv ()

]
3
</ }log%]wn(mduﬂ(w» < w(l4).

Since |Imz| < 2w(|z]), 2z belongs at most to a finite number of S,,’s and at least to
one D(zy,10wy,), by property (g) of the Beurling weights, we are done. O

w(x,

Let us prove now that Xy is A-interpolating. In view of Lemma B we assume
that 1/p < Ap on [Imz| < 2w(]z]).
Consider the separation radii dy := de~ PN given by Lemma [7)(i).
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Given a sequence of values {v§ }, ¢ satisfying (2)), define the smooth interpolating

function )
[z — Al
Fz) = Y @)X (5570),
AEAg A
where py(z) = 37" v (2 — A)! and X is a smooth cut-off function with [X’| < 1,

X(@)=1if|z| <1and X(z )7Oif\x|>2
It is clear that F()()\)/I! = v}, and that F has the characteristic growth of A,
functions; the support of F' is contained in (J, Dy and for z € Dj,

m>\—1
[F(z)] < ) [oh| < CeoP®) < k=),
=0

There is also a good estimate on OF. Its support is the union of the annuli
C)\Z{ZG(CZ(S,\S |Z—)\| SQ(S,\},
and for z € C},

’ Z A X/ < (CPA) < Kp(2),
1=0
for K big enough.
Altogether, there exists v > 0 such that

(4) / |F(2)?e™7P3) < o0, / |0F (2)2e77P3) < oo .
C C

Now, when looking for a holomorphic interpolating function of the form f = F' —u,
we are led to the 0-problem

Ou = OF,
which we solve using Hérmander’s theorem [Ho94, Theorem 4.2.1]: given a (pluri)-
subharmonic function v in C, there exists a solution u to the above equation such
that

e ¥ =
2/ lul? s dm§/|8F|267’/’dm.
c  (T+]2P)? c

We apply Hormander’s theorem with
¥s(z) = Bp(2) + v(2),

where 3 > 0 will be chosen later on and

= Z my [log|z Y
AEAQ

1 / 9
—— log |z — ¢|“dm(()| .
7e2p2(N) Jp(rep(n)) | [Fdm )}

Here ¢ is a fixed small constant to be determined later on.
Integrating by parts the equality

2 io10 dO loglal?> if |a| >,
logla —re”|® — = o .
0 27 logr it Ja] <,
one sees that for a € C and r > 0,

1 log |22 4+1— |22 if |a| <7

log |a]? = — / log [¢|2dm(¢) = r r ’

gla” — —3 g [¢[7dm(C) 0 il >
D(a,r)
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Thus

_)\2 _)\2
vz = Y m,\{log|z I Ca

2,2 22
MA— o2 () e2p*(N) e2p*(N)

In particular, v < 0 and Av(z) = 0if z & |J, D(A,ep(N)). For z € J, D(A, ep(N))
we have |Im z| < 2w(|z|) and

Av(z) > Z T 2 Z —mx _ n(z,C(s)p(z)) '

2m2 2 2
sia-zeon E P T ) P(z)

As observed in Lemma [7|(ii), with € small enough n(z,C(¢e)p(z)) < p(z), thus
Av(z) 2 —1/p(z). This and (B) show that 13 is subharmonic if § is chosen big
enough.

Also, we deduce from (c) that for any 5" > 3,

/|u|2 Iy < /Wliﬁ dm < /|8F\2 ~U

We need to control 15 on the support of OF. For z € Cj,

[Ws(z) = Bp(z)] < > malog |€ °p (A/\g

Al A—z|<ep(A)

2,2 2,20y
ep*(\) e2p’(\\)
~ my log ———= > my log ———=
Nilz— N [<ep(\')
N#A
C(e)*p*(2)
<p(A > my log ————-=>
Sp(A) + . 108 PESYE
AN =z|<C(e)p(2)
NEA

S p(2)+N(2,C(e)p(2))-
Claim 9. For e small enough N(z,C(e)p(2)) < p(2) for all z € supp(OF).

~

Assuming the claim we have |13(z) — Bp(z)| < Kp(z) on supp(OF). Therefore,
for 8 big enough

/ lul?e=""Pdm < / |OF 2e¥2dm < / |OF |2~ "Pdm < oo .
o C C

This shows that f := F —u € A,. Since e™%# ~ |z — \|72™ around each A, also
uD(N)=0forall A€ A, 1 =0,...,my — 1, and therefore fO(\)/I! = FON)/I! =

vl as required.

Proof of the claim. Assume z € C) and observe that n(z,t) = 0 for t < §, and that
n(z,t) < my for 0y <t < 205. Since D(z,t) C D(A,t+42dy) and |z| < |A|+2dy, we
have (changing into s =t + 24)

26 C(e)p(z) —
N(z, C(e)p(2)) < / % dt + / nEmh Zma g,
2

5>\ 5>\ t
C(e)p(z)+23x n(A, s) — my
<p(A —|—/ — 1 “~ds
p(A) s oY

CEP()+20x () o) —
o+ [ A T 4 < b0 + N C(E)p(A).
455 5/2
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From the properties of the weight and the hypothesis we have finally that for
small N(z,C(e)p(z)) S p(A) < p(2).

4.2. Case AT. According to Theorem A, it is enough to construct a function G €
A, such that X, C Z(G) and

mx
‘G( )'()‘)‘ > gefK;D()\)7 = AJr7

my:
for some constants €,k > 0. In fact, the hypotheses of Theorem A require the
weight p to be subharmonic, and our weights are not necessarily so. Nevertheless,
by Lemma B there exists a subharmonic weight p equivalent to p, and we may
apply Theorem A to p.

Take any entire function F' such that Z(F) = X . Since the necessary conditions

imply that X satisfies the Blaschke condition in H, we can consider also the

Blaschke product
B(z)= [] (Z — %)mk, !

xeAy 2T A
Define F2)
z
log‘—‘, Imz >0,
o(z) = B(z)
log |F(2)|, Imz <0.

Lemma 10. ¢ is harmonic outside the real axis, subharmonic on C and its Lapla-
cian is uniformly bounded.

Proof. Tt is clear, by definition, that ¢ is harmonic on C\R. In order to prove that
¢ is subharmonic on C, it is enough to check the mean inequality for x € R. We

have

1 2 i 1 27 .
¢(x) =log|F(z)] < —/ log | F(z 4 re'®)|df < — oz + re'®)dh.
2 0 2 0

Since Alog |F| = 0 around R, it is enough to compute the Laplacian of

1
log ——, Imz >0,
Y(z) = |B(2)|
0, Imz <0.

Being

1 1 z— A2
log —— = = 1 ’
Og|B(z)| 2 Zm,\ Bl
it will be enough to compute the Laplacian of each term

I ‘ z—A
o
Ua(z) = & z—A

0, Imz <0.

It is clear that 9y, /0z = 0 on R, hence Ay = 9%¢,/0y%. Since 1y is con-
tinuous around R, this Laplacian has a magnitude equivalent to the jump of the
first derivative of 1. The derivative of the Green function on the half-plane with
respect to the normal direction y is the Poisson kernel:

z— A2 _ 4Im A
z2—Mpy=0 |z — A2

2
‘, Imz >0,

8%/ log‘
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Therefore,
Im A
Agp(x) =4 Z my PpYE dx,
AeAT
which is bounded by the hypothesis. O
Define

U(z) = N|Im z| — ¢(2).

Observe that A¥(z) = N dz — A¢(z) dx, thus according to the previous lemma
AU ~ dx when N € N is big enough. In this situation, according to [OrSe99,
Lemma 3], there exists a multiplier associated to ¥, i.e., an entire function A such
that:

(a) Z(h) is a separated sequence contained in R.
(b) Given any € > 0, |h(2)| ~ exp(¥(z)) for all points z such that d(z, Z(h))
> €.

Define now G = hF'. It is clear that G € A,:

G ()| < ¥HOBIFE < (FEH0() < NP L

f— 3

It is also clear that X C Z(G), since X C Z(F).
In order to prove that there exist €, C' > 0 such that

’ G(mx)()\)

(5) ,
my:

’ > ce=CP()

_ )

consider then the disjoint disks Dy = D(),dy), 05 = de Ol given by Lemmalfl(i).
Since A4 is far from Z(h), the estimate
|G(2)] = |h(2)[e?P)|B(2)] = MM #|B()|, 2 € 0Dy,
holds.
Claim 11. There exists C > 0 such that |B(z)| > ee=CP(*) | 2 € ODj.

Assuming this we have |G(z)| = e~ ©P(3) for all z € Dy. Define then g(z) =
G(z)/(z—A)™*. It is clear that g is holomorphic, non-vanishing in Dy, and |g(z)| 2
e~?N for z € Dy. By the minimum principle

(ma) ()
SN gy 2 e,
my:
as desired.

Proof of the claim. As observed in Remark [G[b), the estimate we want to prove is
equivalent to

1
/ %z’t)dt<p(z)7 z € 0D,.
0

~

This is proved like Claim[J], except we replace the Euclidean disks by the hyperbolic
ones. We have

1 26 1 -
[ [T By [ Bl
0

3N 20
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The first term is controlled by p(A). In order to control the second term observe
that Dg(z,t) C Dg(X, £22); hence changing the variable into s = 12 we get

? 14t 1+t0x
1 1 2
_ _ 1—
/ np(z,t) —my it < np(A, s) —my o3 _ds.
26 t %s? s — 0y (1—4y)
There is no restriction in assuming that 65 < 1/2. Then 1152%2 > 20, and therefore
A

s —dx > s/2. With this and condition (ii) in Theorem [Il we obtain

1 1

t A, 8) —

[ e a4 [ R g
o 1t 0 s

Since p(A) < p(z), we will be done as soon as we prove that

/1 nH()\,S)_mz\ d8<p()\)
0

S

There exists § > 0 (independent of ) such that Dg()\,d) C D(A, p(\)). Then

5
— 1 A
/77%}]1()\’8) T g = Z my log 5—7 < Z mxlogip()
0
0<|

s A=/ Y | A=/ ‘)\ - )\/|
P Y P Y

0<| |<é |<é

p(N)
S Z my log m <N p(N) Sp(N).
0<|A=N[<p(N)

For the remaining part we use condition (ii) in Theorem [ and the estimate
logt=! ~1—tfor § <t < 1. Taking x = Re \ we have

1 !
nu(\, s) —my [Tm A|[Tm \'|
—1 2 ds < My ————=5—

I 2 TP
Im A||Im )
< Sy IR <\ (),
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