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ON HIGHER SYZYGIES OF RULED SURFACES

EUISUNG PARK

ABSTRACT. We study higher syzygies of a ruled surface X over a curve of
genus g with the numerical invariant e. Let L € PicX be a line bundle in
the numerical class of aCp + bf. We prove that for 0 < e < g — 3, L satisfies
property Np if a > p+2and b—ae > 3g—1—e+p, and for e > g—2, L satisfies
property Np if a > p+2 and b—ae > 2g+1+p. By using these facts, we obtain
Mukai-type results. For ample line bundles A;, we show that Kx+A1+4---+A4
satisfies property Np when 0 < e < g—;‘o’ and ¢ > g—2e+1+p or when e > 9773
and g > p + 4. Therefore we prove Mukai’s conjecture for ruled surface with
e > 9773. We also prove that when X is an elliptic ruled surface with e > 0,
L satisfies property Nj if and only if a > 1 and b — ae > 3 + p.

1. INTRODUCTION

In this article we study higher syzygies of irrational ruled surfaces. Let X be a
smooth projective variety and let L € PicX be a very ample line bundle. Consider
the embedding

X —PH(X,L)=P
defined by the complete linear system of L. Let S be the homogeneous coordinate
ring of P and consider the graded S-module E = @, ., H*(X,L"). Let

.—)@Ski,j(—i_j)—) ~~~—>@Sk1’j(—1_j) _’@Skw(_j) —E=0
J j

J

be a minimal graded free resolution of E. A main goal to study higher syzygies is to
interpret the information carried by the graded Betti number k; ;. In particular, the
distribution of zeroes in the Betti table enables us to understand the geometry of
X — P. Along this point of view, many people have studied the so-called property
N, which means that the first few modules of syzygies are as simple as possible.

Definition 1.1 (Green-Lazarsfeld, [9]). (X, L) satisfies property N, if k; ; = 0 for
0 <i<pandj> 2 Equivalently, property N, holds for X — P if I/ admits a
minimal free resolution of the form

C ST (—p—1) e §™2(=3) — S™(=2) = S — E — 0.

Therefore property Ny holds if and only if X — PH?(X, L) is a projectively
normal embedding, property N7 holds if and only if property Ny is satisfied and
the homogeneous ideal is generated by quadrics, and property N, holds for p > 2
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if and only if it has property Ny and N; and the k" syzygies among the quadrics
are generated by linear syzygies for all 1 < k < p— 1.

Concerning higher syzygies, M. Green [8] obtained the first general result. He
proved that if C' is a smooth curve of genus ¢ and if deg(L) > 2g+1+p, then (C, L)
satisfies property N,. This result was rediscovered by M. Green and R. Lazarsfeld
[10]. Also they classified all pairs (C, L) for which the “2g + 1 4+ p” theorem is
optimal.

Theorem 1.1 (Green-Lazarsfeld, [10]). Let L be a line bundle of degree 2g +
p (p > 1) on a smooth projective curve X of genus g, defining an embedding C' —
PH?(C,L) =P97P. Then (C, L) fails to satisfy property N, if and only if either
(i) C is hyperelliptic or
(i) C — P9*P has a (p + 2)-secant p-plane, i.e., H(C,L — K¢) # 0 or equiv-
alently L = Ko + D for some effective divisor D of degree p + 2.

Then Mukai observed that Green’s Theorem implies for ample line bundle A on
a smooth curve C, K¢ + (p + 3)A satisfies property N,. Also, he has conjectured
that

(¥) Mukai’s Conjecture. For a smooth projective surface S and an ample
line bundle A € PicS, Kg + (4 + p) A satisfies property N,,.

Though this conjecture is still open, some progress has been made by D. Butler
for ruled surfaces [I] and by F. J. Gallego and B. P. Purnaprajna for elliptic ruled
surfaces [3], [4], surfaces of nonnegative Kodaira dimension [5], [6] and rational
surfaces [7].

The aim of this article is to study higher syzygies of ruled surfaces over an
irrational curve with numerical invariant e > 0. More precisely, we refine results
in [I] and [4]. We will follow the notation and terminology of R. Hartshorne’s
book [II], V §2. Let C be a smooth projective curve of genus g, and let £ be
a vector bundle of rank 2 on C which is normalized, i.e., H°(C,E) # 0, while
HY(C,E ® Oc(D)) = 0 for every divisor D of negative degree. We set

2
e = /\ € and e = —deg(e).

Let X = P¢(€) be the associated ruled surface with projection morphism 7 : X —
C. We fix a minimal section Cy such that Ox (Cp) = Op(g)(1). For b € PicC, bf
denote the pullback of b by w. Thus any element of PicX can be written aCy + b f
with @ € Z and b € PicC and any element of NumX can be written aCy + bf with
a,beZ.

When g = 1, it is proved by Yuko Homma [12], [13] and Gallego-Purnaprajna
[3] that property Ny and Nj are characterized in terms of the intersection number
of L with a minimal section, a fiber and the anticanonical curve. See Remark 1.2
and 1.3.

Theorem 1.2. Let X be an elliptic ruled surface, and let L € PicX be a line
bundle in the numerical class of aCy + bf.

(1) (Yuko Homma, [12], [13]) If e > 0, then L is normally generated if and
only ifa>1 and b —ae > 3. If e = =1, then L is normally generated if and only
ifa>1,a+b>3 and a+2b> 3.

(2) (F. J. Gallego and B. P. Purnaprajna, [3]) If e > 0, then L satisfies
property N1 if and only ifa > 1 and b—ae > 4. If e = —1, then L satisfies property
Ny if and only ifa>1,a+b >4 and a + 2b > 4.
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For higher syzygies, F. J. Gallego and B. P. Purnaprajna [4] obtained the fol-
lowing:

Theorem 1.3 (F. J. Gallego and B. P. Purnaprajna, [4]). Let X be an elliptic
ruled surface with the numerical invariant e.

(1) Let L be a line bundle in the numerical class of aCy + bf.
(a) Ife=—-1anda>p+1, a+b>2p+2, anda+2b>2p+2, then L
satisfies property Ny.
(b) Ife>0anda>p+1, b—ae>2p+2, then L satisfies property Np.
(2) If By,--- ,Bpy1 € PicX are ample and base point free line bundles, then
property N, holds for By + -+ Bpy1.
(3) If A1, -+, Agpys € PicX are ample line bundles, then Kx+A;+---+Ag,13
satisfies property N,.

They also conjectured the following:

Conjecture (F. J. Gallego and B. P. Purnaprajna, [4]). Let X be an elliptic ruled
surface, and let L € PicX be a line bundle in the numerical class aCy + bf.
(1) Ife > 0, then L satisfies property N, if and only ifa > 1 and b—ae > 3+p.
(2) If e = —1, then L satisfies property N, if and only ifa > 1, a+b> 3+ p,
and a +2b > p+ 3.

Remark 1.1. When e > 0, deg(L|¢,) = L-Co = b — ae. Also, (C,L|¢,) satisfies
property N, if and only if deg(L|c,) > 3 + p by Theorem [[Il Therefore this
conjecture suggests that (X, L) satisfies property N, if and only if (C, L|¢, ) satisfies
property N,.

Remark 1.2. When e = —1, note that there exists a smooth elliptic curve £ C X
such that E = 2Cy — f. See Proposition 3.2 in [3]. Also deg(L|c,) =L-Co=a+b
and deg(L|g) = L- E = a+ 2b. Thus (C, L|¢,) satisfies property N, if and only if
a+b>3+p, and (E,L|g) satisfies property N, if and only if a +2b > 3 +p by
Theorem [T Therefore this conjecture suggests that when e = —1, (X, L) satisfies
property N, if and only if (C, L|¢,) and (E, L|g) satisfy property N,,.

This conjecture has been solved for p = 0,1 by Theorem [[.2] and our first main
result is that this conjecture is true when e > 0 or e = —1 and a = 1:

Theorem 1.4. Let X be an elliptic ruled surface, and let L € PicX be a line
bundle in the numerical class aCy + bf.
(1) If e > 0, then L satisfies property N, if and only ifa > 1 and b—ae > 3+ p.
(2) If e = —1, then L satisfies property Ny, if a > 1 and a +2b > 5+ 2p.
(3) Ife=—1 and a = 1, then L satisfies property N, if and only if b > 2+ p.

We remove the condition @ > p+ 1 in Theorem [[3(1). Theorem [[4]says that if
e>0orife=—1and a =1, then (X, L) satisfies property N, if and only if (C, L¢)
satisfies property N,, where L¢ is the restriction of L to Cy. In particular, property
N, is characterized in terms of the intersection number of L with a minimal section
and a fiber. Also we classify all projectively normal elliptic surface scrolls which
satisfy property IV,.

Corollary 1.5. Let L = Kx + Ay + -+ + A, where A; is ample and g > 3. If
e > 0, then L satisfies property Ny if ¢ > 3 — e+ p.
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Corollary 1.6. Let L = B1 ® -+ ® Bpy1 be a line bundle on X such that each B;
is ample and base point free and p > 1. If e > 0, then L satisfies property Nop_1.

Corollaries [[.5] and [ refine numerical bounds in Theorem [[3}(2) and (3) when
e > 0. They are obtained by using Theorem [[.4] since all base point free line
bundles and ample line bundles on X are classified. Corollary shows that
Mukai’s conjecture is true of elliptic ruled surfaces with e > 0. Also this is optimal.
Indeed let A = aCy + bf be an ample line bundle such that b — ae = 1. Then
Kx + (34 p — e)A fails to satisfy property N,y1 by Theorem [l

Remark 1.3. Assume that e = —1 and let A = aCy+bf be an ample line bundle. If
a+2b > 2, i.e., Ais base point free, then Kx 4 gA satisfies property N, for ¢ > 3+p
since Kx +¢qA = (ag—2)Co+ (bg+1) f. Therefore for an elliptic ruled surface with
e = —1, Mukai’s conjecture is true for base point free ample line bundles, and the
only remaining case is when a + 2b = 1, that is, A is ample but not base point free
(e.g. D= Cy).

When C is a curve of genus g > 2, the author has obtained that

Theorem 1.7 (Corollary 4.4, [14]). Let X be a ruled surface over a curve C of
genus g > 2, and let L € PicX be a line bundle in the numerical class of aCy+bf.
(1) When e >0, L satisfies property N, if b —ae >3g — 1+ p.
(2) When e < 0, L satisfies property N, if 2b — ae > 6g — 2 + 2p.

In this article we prove the following sharper result for e > 0:

Theorem 1.8. Let X be a ruled surface over a curve C' of genus g > 2. Let
L € PicX be a line bundle in the numerical class of aCy+bf and Lo the restriction
of L to Cy.
(1) When 0 < e < g— 3, L satisfies property N, if a > p+2 and b — ae >
3g—1—e+p.
(2) When e > g—2, L satisfies property Ny, if a > p+2 and b—ae > 2g+1+p.
(3) When e > g—1, assume that a > p+3 and b —ae = 2g +p. Then (X, L)
satisfies property Ny, if and only if (C, L¢c) satisfies property Np.

Note that deg(L¢) = b — ae. Therefore Theorem [IT] and Theorem [[8(3) guar-
antee the following:

(¥) Let L € PicX be a line bundle in the numerical class of aCy + bf and
let Lo be the restriction of L to Cy. When e > g—1 and a > p + 2, if
b—ae = 2g+p, then (X, L) fails to satisfy property N, if and only if either

(i) C is hyperelliptic or
(i) Le = K¢ + D for some effective divisor D of degree p + 2.

Example 1.1. Assume that e > g — 1 and fix a positive integer p. Let L =
aCy + bf € PicX be such that a > p+ 3 and

b= Ko —ae + D,

and D is an effective divisor of degree 2 + p. Then by Theorem [[LT| Lo = K¢ + D
does not satisfy Property N,. So Theorem [[.8implies that (X, L) satisfies property
Np—1 and property N, does not hold.

Using Theorem we prove the following Mukai type result.
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Corollary 1.9. Let X be a ruled surface over a curve C' of genus g > 2 with e > 0.
Let L=Kx + A1+ -+ Ay, where A; is ample.
(1) When 0 <e < g—3, L satisfies property N, if ¢ > maz{4,g9+1 —2e} +p.
(2) When e > g —2, L satisfies property N, if ¢ > 4+ p.
In particular, Mukai’s conjecture holds for X if e > %.

Remark 1.4. Concerning Mukai’s conjecture for ruled surfaces with arbitrary e,
D. Butler’s result [1] says that Kx + (4 +4p) A satisfies property N,. Also for ruled
surfaces with e > 0, his work says that aCy + bf satisfies property N, if a > p+1
and b — ae > 2¢g + 2p.

Remark 1.5. Let X be a ruled surface over a curve of genus g. Corollary [L9 shows
that if g = 2,3 and e > 0, then Mukai’s conjecture holds for X.

To study the distribution of zeros in the Betti table, we use the so-called Koszul
cohomology developed by Mark Green [8]. In particular, this method enables us to
show some vanishing of Betti numbers by the vanishing of cohomology groups of
certain vector bundles. We reduce the problem to show vanishing of cohomology
groups on ruled surfaces to that on curves. Then we use some numerical conditions
to kill higher cohomology groups of vector bundles on curves.

It seems the most interesting part of our result is that when e > 0, higher syzygies
of ruled surfaces are closely related to those of the minimal section Cy. This follow
from the long exact sequence of cohomology groups induced by the short exact
sequence

0— Ox(—Cy) — Ox — O¢ — 0,

associated to the minimal section Cyp on X. On a variety Z and a line bundle
L € PicZ, a curve C' C Z is said to be extremal with respect to L and property NV,
if (X, L) and (C, L¢) satisty property N, but not property Npi1. See Remark 1.5
in [7]. When X is a rational surface with anti-canonical divisor nef, F. J. Gallego
and B. P. Purnaprajna [7] proved for any very ample L € PicX, a smooth curve
C'in |L| is extremal with respect to L by showing that the embedding of X under
L is arithmetically Cohen Macaulay. Applying this to rational ruled surfaces, they
obtained the following:

Theorem 1.10 (F. J. Gallego and B. P. Purnaprajna, [7]). Let X be the rational
ruled surface associated to Opr @ Op1(—e). Let L be a line bundle in the numerical
class of aCy + bf.
(1) Ifa=1 ore=0 and b =1, then L satisfies property N, for all p > 0.
(2) Ife=0 and a,b > 2 ore >1 and a > 2, then L satisfies property N, if
and only if 2a + 2b — ae > 3 + p.

Unfortunately this does not hold for ruled surfaces over an irrational curve.
More precisely, h'(X,0x) = g > 1 and hence (X, L) cannot be arithmetically
Cohen Macaulay. So we prove a similar statement. Also, our results imply that
for e > 0 the minimal section Cj is the extremal curve. Obviously the existence of
extremal curves enables us to apply fruitful results about higher syzygies of curves.
When e < 0, there may be more extremal curves. For an example, on an elliptic
ruled surface X with e = —1 there exists a smooth elliptic curve E C X such that
E = 2Cy — f. Theorems and [[4(3) make it affirmative that Cy and E are
the extremal curves with respect to L as conjectured by F. J. Gallego and B. P.
Purnaprajna.
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The organization of this paper is as follows. In §2, we review some necessary
elementary facts to study higher syzygies of ruled surfaces. §3 is devoted to give
numerical criteria for Property IV,. In §4 we suggest some open questions related
to our results.

2. PRELIMINARIES

2.1. Notations and conventions. Throughout this paper the following is as-
sumed.

(1) All varieties are defined over the complex number field C.

(2) For a finite-dimensional C-vector space V, P(V) is the projective space of
one-dimensional quotients of V.

(3) When a variety X is embedded in a projective space, we always assume that
it is non-degenerate, i.e. it does not lie in any hyperplane.

(4) When a projective variety X is embedded in a projective space P" by a very
ample line bundle L € PicX, we may write Ox (1) instead of L as long as there is
no confusion.

2.2. The slope of vector bundles on a curve. Let C' be a smooth projec-
tive curve of genus g. For a vector bundle F on C, the slope u(F) is defined by
deg(F)/rank(F). Also the maximal slope and the minimal slope are defined as
follows:

pH(F) = max{u(8)[0 — § — F} and p~ (F) = min{u(Q)|F — Q — 0}.

F is called semistable if u(F) = p~ (F) and stable if u(F) < p~ (F). These notions
satisfy the following properties.

Lemma 2.1. For vector bundles £, F and G on C,
(1) pH(E @ F) = p*(€) + p*(F).

(2) 1(E & F) =y (€) + 4~ (F).
(3) 1(51(E) = it E),

(4) 5 (S(€)) = tu(£).

(5) = (AE) = L (€).

(6) If u=(€) > 29 — 2, then h*(C,E) = 0.

(7) If w= (&) > 2g — 1, then & is globally generated.
(8) If u= (&) > 2g, then Opg)(1) is very ample.

(9) If 0 - & - F — G — 0 is an exact sequence, then

1 (G) = p (F) = min{p (€), p (9)}
Proof. See §1 and §2 in [1]. O

Therefore for a vector bundle &, if p=(£) > 2g — 1, then the evaluation map
determines an exact sequence of bundles:

0— Mg — H°(C,E) @ Oc — & — 0.
Butler obtained the following very useful result.

Theorem 2.2 (Butler, [1]). For a vector bundle € over C, if u=(£) > 2g, then
Mg satisfies

(M) > —M“i
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2.3. Regularity of vector bundles over ruled varieties. Let E be a vector
bundle of rank n + 1 over a smooth projective variety Y, and let X = Py (E) with
the projection map 7 : X — Y and tautological line bundle H.

Definition 2.1. For a vector bundle F over X, we say that F is f w-regular when
Rm (F(f—1i) =0
for every i > 1.

Here F(f —i) = F ® H'~". By definition, a line bundle of the form aH + 7*B
is (—a) m-regular. We present some basic facts about the m-regularity.

Lemma 2.3 (Lemma 3.2, [I]). Let F and G be two vector bundles on X with f
and g mw-reqularity, respectively.
(1) FRG is (f +g) m-regular.
(2) If f <1, then
HY(X,F) = H(Y,7.F) forall i>0.

(3) If f <0 and F= m* (7« JF), there is an exact sequence of vector bundles on
X
0—Kz—F—=F—0

where Kz is 1 m-reqular.
(4) If f <0 and g <0, then there is a surjective map

T F @mG — m (F®G) — 0.
In particular if Y is a curve, p~ (mo(F @ G)) > p~ (mF) + p~ (m.G).

2.4. Ruled surfaces. Let X be a ruled surface over a smooth projective curve C'
of genus g. We use notations in §1 and survey some basic facts about X:

(1) The restriction of aCy + bf to Cp is b + ae.
(2) The canonical line bundle of X is given by Kx = —2Cy + (K¢ +¢)f.
(3) The arithmetic genus p,(X) = —g and the geometric genus py(X) = 0.
(4) Whene >0, p=(£) = —e. Whene < -1, u=(€) = —5.
(5) € is nonstable if and only if e > 0, semistable if and only if e < 0, and
stable if and only if e < 0.
(6) Let L € PicX be a line bundle in the numerical class of aCy + bf.
(i) If e > 0, then L is ample if and only if a > 1 and b — ae > 1.
(ii) If e < 0, then L is ample if and only if @ > 1 and 2b — ae > 1.

2.5. Koszul cohomology. Let V be a finite-dimensional complex vector space,
and let S(V') be the symmetric algebra on V. For a non-zero coherent sheaf F on
P = PV, consider the associated graded S-module

F = H(P,F(0))
LEZ

and the minimal free resolution

DSV ® My 2 @SV 0) 8 Mir
qEZ q€Z
H@S ®M1qHH@S —q) @ My, 2 F =0

qEZ qEZ
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of F'. Put k; ; = dimyM; ;4 ;. These integers are called Betti numbers of F'. There
is the following general connection between syzygies and some cohomology groups.

Theorem 2.4 (Theorem 4.5, [2]). There is an exact sequence
NV @ HOP,F(j - 1) = HOB A M@ F())
- H' BN MeF(G-1) - N Ve H(P,F(j - 1))

with Coker(c; j) = M; ;1; where M = Qpr(1) and V = H°(P", Op-(1)). Therefore
k; ; = dimpCoker(a; ;) and we have the exact sequence

i+1 i+1
0= Mii; —»H'P,N MeFGi-1)—/\ VeoH'PF[-1).

In this paper, we concern ourselves with the case when F is a coherent sheaf on
a subvariety X C P. Under this situation, Theorem [2.4] guarantees that there is an
exact sequence

Qg

ANV e HOX, F(j — 1)) HOY(X,N'M @ F(j))
S H (XN MeF(G-1) > AT Ve HY(X,F(j - 1))
with Coker(aw-) = Mi,i+j-

2.6. Cohomological interpretation of property N,. We review some cohomo-
logical criteria for property IV,. Let X be a smooth projective variety of dimension
n > 1, and let L € PicX be a very ample line bundle. Consider the natural short
exact sequence

0— My — H'X,L)® Ox — L — 0.

Lemma 2.5. Suppose that the ideal sheaf Ixp of X — P = PHO(X, L) is
3-reqular in the sense of Castelnuovo-Mumford, i.e., that Hi(IP’,IX/p(3 —-i) =0
for all i > 1. Then for p < codim(X,P), property N, holds for L if and only if
HY X, N Mo L)=0.

Proof. See §1 in [10]. O
Remark 1. Let X be a smooth projective surface with geometric genus 0, i.e.,

H?*(X,0x) = 0. Let L € PicX be a normally generated very ample line bundle
such that H'(X, L) = 0. Then it is easy to check that Zy p is 3-regular.

2.7. Higher syzygies of degenerate varieties. Let A = PW C PV be a linear
subspace such that codim(W, V') = ¢. It is easily checked that

Qpy (1) |pw = Qpw (1) @ Opyy

Now let X C PV be a smooth projective variety which is indeed contained in A.
Let the corresponding very ample line bundle on X be L € PicX. Consider the
natural short exact sequences

0—-My —-VRO0Ox -L—0 and
0> Mwy —->We0x - L —0.

The above observation shows that My = My, & 0%.
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Lemma 2.6. Under the situation just stated, assume that H' (X, L%) = 0 for all
¢>1and W = H°(X,L). Then (X, L) satisfies property N, if and only if

Hl(X,/\l./\/lV@Le) =0for1<i<p+1andl>1.

Proof. We use induction on ¢. When ¢ = 0, this is a well-known criterion for
Property N,,.

Assume that ¢ = 1. Since My = My @ Ox, /\in = /\i/\/lw &) /\i_1 My,
which completes the proof.

When ¢ > 2, fix a filtration H*(X,L) =W C Wy C --- C W, = V of subspaces
each having codimension one in the next. Then assertion comes by repeating the
process in the case ¢ = 1. O

3. MAIN THEOREMS

Let 7 : X — C be the projection morphism. Let L = aCy+bf € PicX be a line
bundle in the numerical class of aCy+bf such that a > 1 and b+ap™*(E) > 2g+1.
Let F denote 7, L = S*(£)®b. Then u~ (m.L) = b+ap™ *(€) and hence by Lemma
21 L is very ample and H'(X, L*) = 0 if £ # 0. Now consider the exact sequences

0— Mzr— HY(C,F)@Oc —F -0 and
OHMLHHO(X,L)(EQOX — L — 0.
Lemma 3.1. Let N € PicX be a line bundle in the numerical class of sCy+tf.

(1) Form >1, HY(X,N" My @ N) =0 if

b (&
s > min{m,a} and t + su” (&) > % + 29— 2.
(2) Form>1, H*(X,N" ML, @N)=0ifs+1>m.
Proof. Consider the exact sequence
0—-Kp—>7n"F—L—0,
where Kf, is a vector bundle of rank @ on X which is 1 7-regular by Lemma
Using the Snake Lemma, we have the following commutative diagram:

0
1
0 Kr
l 1
0 =m*Mxr—H(C,F) @ Ox—m*F— 0
| 12 |
0— My —HYX,L)®Ox— L —0
l 1
Kr 0

!
0
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(1) From the exact sequence
0—>7T*M]-‘—>ML—>/CL—>0,

the desired vanishing is obtained if
m—i i
Hl(X,/\ W*My:@/\ Kr®N) =0 for all 0 <4 < min{m,a}.

Since we are in characteristic zero, /\Z K1 is a direct summand of 7K, and there-
fore it suffices to show that

HY(X, /\m_zﬂ*/\/l}- @ T'Kr,® N) =0 for all 0 < i < min{m,a}.
Lemma 23] guarantees that 7Ky, is i m-regular and hence
HY(X, /\"H Mz @T'K,®N)=H(C, /\"H' Mz @mTKL ® N)
from the assumption s > min{m,a}. So by Lemma 21l it suffices to show that

uf(/\mil/\/l}- @ mTKr ® N) > 29 — 2.
First we claim that
(i) p~ (K @ Co) > b+ap™(£).
(i) p~(mTKr @ N) > i(b+ap™(E)) +t + sp~(E).
For (i), apply Lemma 4.3 in [I] to the case V = L and W = Cj in Butler’s notation.
Since K, ® Cy is 0 w-regular and

T'Kp @ N =T (K ®Co) ® ((s —1)Co +tf),
repeated application of Lemma [23|4) shows that
p(m 'K © N) in~ (K @ Co) + p~ (mu{(s — i)Co + tf})
i+ (a+Dp () +(s—i)u () +t
ib+ap™ (E))+t+su (£),

which completes the proof of (ii). From this claim,

(AVARLYS

lf(/\mii/\/lf@w*Ti/CL@N) > (m—i)p” (Mg)+ilb+ap™ (£)) +t+su (E)
mp~ (Mg) +t+sp (€)
)

Y

uw(F _
-m———+t+s &) (Theorem .
L (@) 22

vV

Since pu~ (F) =b+ap(€),

m(b+ ap=(£)) _
—m +t+sp () >29—2

implies the desired vanishing.
(2) In the same way, H*(X, \" My ® N) =0 if

HA X, N\ 7 Mr @ T, © N) = 0 for all 0 < i < m.
Since TK, is ¢ m-regular, if s +1 > m, then T°K; ® N is 1 m-regular and hence
X, N\ Mr e TR, @ N) = HA(C, N\ Mz @ m T, @ N) =0
by Lemma 23] O
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Proof of Theorem [LA(1) and (2). By Lemma B HY(X,A™M ® L) = 0 if
m(b+ap”(£))
b+ap=(€)—1
or equivalently b + au=(€) > m + 1. Therefore if b + ap=(€) > 2 + p, then L
satisfies property N, by Lemma [2.5] and Remark [l Since 4~ (£) = —e if e > 0 and
p=(€) = % if e = —1, it is proved that

(1) If e > 0, then L satisfies property N, if a > 1 and b — ae > 3 + p.

(2) If e = —1, then L satisfies property N, if a > 1 and a + 2b > 5 + 2p.

To complete the proof it remains to show that when e > 0,

b+au= () >

(*) if b — ae = 3 + p for some p > 0, then L fails to satisfy property Npy1.

Consider the exact sequence
0— Ox(—Cy) — Ox — O¢c — 0.

Define graded S-modules Ry =@, H* (X, Ox(—Co)® L"), Ro=P,, H*(X, L"),
and Ry = @, H(C, Lf), where L¢ is the restriction of L to C. It is easy to
check that H'(X,Ox(—Cy) ® L) = 0 for all £ > 0 (see Proposition 3.1 in [3]). So
we have the exact sequence

0—>R1—>R2—>R3—>0

of graded S-modules with maps preserving the gradings and hence there is a long
exact sequence
v My ¢(Ry, V) — My 4(R2, V) — My 4(R3,V)
— Mo’q(Rl, V) — Mo’q(Rg, V) — M(),q(R3, V) — 0.
See Corollary (1.d.4) in [8]. We need the following part:

c = Mpy1p43(R2, V) — Mpi1p43(R3, V) — My pi3(R1, V) — -+
Since H(X,Ox(—Cp) ® L?) =0,

+1
My pis(R, V) = HY(X, \" M ® Ox(~Co) ® L?)

by Theorem 24l By LemmaBdl H* (X, A" ML ©0Ox(—Cy)®L?) = 0, and hence
My py3(R1, V) = 0.

Assume that L satisfies property Npi1. Then Mpyq p43(R2,V) = 0 and hence
Mpi1 pt3(Rs, V) = 0 which implies that (C, L) satisfies property Npi1. This is
impossible since deg(L¢e) = 3+ p. So Mpt1,p+3(R2,V) # 0 and hence property
N,11 does not hold for (X, L). O

Now we prove Corollaries and Recall numerical criteria for base point
freeness for line bundles on X.

Lemma 3.2. Let L € PicX be a line bundle in the numerical class of aCy + bf.
(1) If e > 0, then L is ample and base point free if and only if a > 1 and
b—ae > 2.
(2) If e = —1, then L is ample and base point free if and only ifa > 1, a+b > 2
and a + 2b > 2.

Proof. See Remark 3.5.3 in [3]. O
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Proof of Corollary [LE. Put A; = a;Cy + b;f. Thus a; > 1 and b; — a;e > 1 by
Lemma [32] Also,

Kx+A1+--+A4,= (Zai—Q)Co—i-(Zbi —e)f.
Since (> b; —e) —e(D>_a; —2) = > (b; — aje) + e > q + e for e > 0, Theorem [[.4]
guarantees (1). O

Proof of Corollary L6l Put B; = a;Cqy + b;f. Thus a; > 1 and b; — a;e > 2 by
Lemma [3.2] Also

L= (ZQZ)CO + (sz)f and sz — eZai = Z(bz - eai) >2p+ 2.

Then the assertion comes from Theorem [I.4] O

For a given normally generated very ample line bundle, one of the most natural
questions to ask is: for which p does the line bundle satisfy property N,? If X is
an elliptic ruled surface with e > 0, this question is answered perfectly in Theorem
[L4(1). It seems very interesting that

(*) for a line bundle L € PicX in the numerical class of aCy + bf with a > 1,
property IV, holds for L if and only if property IV, holds for the restriction
of L to the minimal section Cj.

That is, for elliptic ruled surfaces with e > 0 the higher syzygies of line bundles
are closely connected with that of the minimal section. Now we turn to the case
e = —1. Recall that if X is an elliptic ruled surface with e = —1, then there exists a
smooth elliptic curve £ C X such that £ = 2Cy — f. It is proved by Yuko Homma
[12], [13] and Gallego-Purnaprajna [3] that property Ny and N; are characterized
in terms of the intersection number of L with a minimal section, a fiber and the
anticanonical curve E. Theorem makes the following conjecture affirmative.

Conjecture (F. J. Gallego and B. P. Purnaprajna, [4]). Let X be an elliptic ruled
surface with e = —1 and let L € PicX be a line bundle in the numerical class
aCo +bf. Then L satisfies property N, if and only ifa > 1, a+b > 3+ p, and
a+2b>p+3.

For p = 2, this is checked for L in the numerical class Cy 4+ 4f or 2Cy + 3f ([4l,
§7). Now we show that this conjecture is true for scrolls, i.e., a = 1.

Proof of Theorem [L(3). If b > p + 2, then L satisfies property N, by Theorem
[C4(2). For the converse, we prove a stronger statement:

(x) fl1<a<p+3and b=p+3— a, then the line bundle N € PicX in the
numerical class aCp + bf does not satisfy property Npy;.

From the short exact sequence
0— Ox(—C()) — OX — OC — 0,
we obtain

+2 +2
B XN MyeN) - H(C N My Ne)

+2
— HYX, N\ My ®O0x(~Co)®N) — -,

where N¢ is the restriction of N to Cy. Note that
(i) Since deg(N¢) = a+b = p+3, N fails to satisfy property N,y1 and hence
HY(C, A" My @ N¢) # 0 by Lemma 28]
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2p+ 2 1\
p+3
p+% 'x

—_ —_——,— e —

Ficure 1. Elliptic ruled surface with e = —1

(ii) The short exact sequence
0— My — HY(X,N)®@ Ox — N — 0,

gives the following long exact sequence:
o XN My © Ox(~Co) @ N?) - B2 N My @ Ox(-Co) 9 N)
— /\p+2HO(X,N) ® H2(X,0x(—Co) @ N) — +-- .
It is clear that H?(X,Ox(—Cp) ® N) = 0. Also by Lemma .11
H (X, N\ My @ Ox(~Co) @ N2) = 0

and hence H2(X, \"™> My ® Ox(—Cy) ® N) = 0.
By (i) and (i), H(X, A""® My @ N) # 0, which completes the proof. O

Results on higher syzygies of elliptic ruled surfaces with e = —1 are summarized
in Figure 1. In this figure, the integral points of the coordinate plane represent the
classes of Num(X). Theorems [[3]and [[4] imply that the line bundles contained in
the upper right area of the straight line or the higher crooked line should satisfy
property Np. The above conjecture by F. J. Gallego and B. P. Purnaprajna suggest
that the line bundles contained in the right upper regions of the lower crooked line
should satisfy property IN,,.
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Proof of Theorem [L8. From the short exact sequence
0 — Ox(=Cph) = Ox — Oc — 0,
we obtain
o (X, N My e 0x(—Co) e L) — BYX, N My @ L)
—H (O, N My @ Le) — BAX, N My @ Ox(—Co) @ L) — -

Note that

(i) Since deg(L¢) =b—ae >2g+1+p, H(C,N My ® L® O¢) = 0 for all
1 <j<p+1by Lemma 28
(ii) By LemmaBI H* (X, A" M, ® Ox(—Co) ® L) =0for 1 <j <p+1if

(p+1)(b— ae)

a—1>p+landb—(a—1)e>
b—ae—g

+ 2g — 2.

Let v = b — ae. Then the second inequality is equivalent to
v} — (39 —e—1+pv+(2¢9° — 29 — eg) >0,

and it is a tedious calculation that this inequality holds if 0 < e < g —3
andb—ae>39g—1—e+porife>g—2andb—ae>2g+1+p.
(iii) By the same way as in (ii), when e > g — 1,

+2
H' (X, N\ M@ Ox(~Co)®L)=0

ifa>p+3andb—ae>2g+1+p.
(iv) By Lemma Bl H?(X,NNM ® Ox(—Cy) ® L) =0 if j < a.

By (i) and (i), H* (X, A’ M, ® L) = 0 for all 1 < j < p + 1, which implies
that (X, L) satisfies property N, by Lemma 2.5 Therefore (1) and (2) are proved.
By (iii) and (iv), H* (X, A""?* My ® L) = HY(C, \""> M|, @ L¢), which implies
(3). O

Proof of Corollary 9. Put A; = a;Cy + b;f. Since e > 0, A; is ample if and only
if a>1 and b; —a;e > 1. Let L = Kx + A1 + - + Ag, which is in the numerical
class of (3" a; —2)Co+ (D b; + 29 — 2 — e) f. Note that

(Zbi—l—Zg—Q—e)—e(Zai—Q) = Z(bi—eai)+29—2—|—e
> q+29-2+e.

To apply Theorem [[g] it is necessary that > a; —2 > p+ 2, which is true since we
assume that ¢ > 4 + p. Therefore L satisfies property N, if
(1)g+29—2+e>3g—1—e+pwhen0<e<g—3, and
(2) g+29g—2+4+e>2g+1+p when e > g — 2 or equivalently
(1) ¢ > max{g+1—2¢e,4} + p when 0 < e < g — 3, and
(2)) ¢g>3—e+pwhene>g—2.
Combining the assumption ¢ > 4+p and (1)’, (2)’, we get the desired statement. O
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4. OPEN QUESTIONS AND CONJECTURES

For a given normally generated very ample line bundle, it is one of the most
natural questions to ask for which p does the line bundle satisfy property N,?
Along this line, we suggest open questions related to higher syzygies of line bundles
on ruled surfaces. Let X be a ruled surface over a smooth projective curve C' of
genus g. Let L € PicX be a line bundle in the numerical class of aCy + bf with
a > 1 and let Lo be the restriction of L to Cy.

4.1. Semistable or unstable cases. When e > 0, the following are known:

(1) (Theorem 1.2, [I4]) If b — ae > 3g — 1 + p, then property N, holds for L.

(2) (Theorem [[.8(1)) When 0 < e < g — 2, L satisfies property N, if a > p+ 2
andb—ae>3g—1—e—+p.

(3) (Theorem [[8(2)) When e > g — 1, L satisfies property N, if a > p + 2 and
b—ae>2g+1+p.

These facts are summarized in Figure 1. In this figure, the integral points of
the coordinate plane represent the classes of Num(X), and the shadowed regions
contain the line bundles which satisfy property IV,. From these results and Green’s
“2g + 1+ p” theorem, the most natural hope in general would be the following:

Conjecture 1. L satisfies property Ny, if b—ae > 29 + 1+ p.
This conjecture implies Mukai’s conjecture for ruled surfaces with e > 0 as in
the case of Corollary [[L9(2). More precisely, this guarantees the following:
(%) Let L = Kx+A;+---+ Ay, where A, is ample and ¢ > 3. Then L satisfies
property N, if ¢ >3 —e+p.

Also in the direction of Theorem [[.§|(3), we make the following conjecture.

Conjecture 2. When b—ae = 2g +p, L fails to satisfy property N, if and only if
either

(i) C is hyperelliptic or
(ii) Lo = K¢ + D for some effective divisor D of degree p + 2.

These two conjectures imply that when e > 0, the higher syzygies of line bundles
would be closely connected with that of the minimal section. Theorem [[.4] implies
exactly that these are true for elliptic ruled surfaces.

4.2. Stable cases. When e < 0, it is known that
() (Theorem 1.2, [14]) If 2b — ae > 6g — 2 + 2p, then Property N, holds for L.

Note that when e < 0, there may be other extremal curves as discussed in §3.
Indeed, results of Yuko Homma [I3] and Gallego-Purnaprajna [4] about elliptic
ruled surfaces with e = —1 make the following conjecture affirmative.

Conjecture 3. L satisfies property Ny, if b—ae > 2g+1+p and 2b—ae > 2g+1+p.

We remark that this is proved for ¢ = 1 and a = 1, i.e., elliptic surface scrolls.
As in the case e > 0, this guarantees Mukai’s conjecture for ruled surfaces e < 0.
In Figure 2, the integral points of the coordinate plane represent the classes of
Num(X), and the shadowed regions contain the line bundles which satisfy property
N,.
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f
b—ae
=3g9—1+p
|
|
3g—1+p //// :
|
|
29+ 1+p ///1 [
| |
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1 p+2
FIGURE 2. Ruled surface with e > 0
f
69 —2+2p \\\\
29+ 1+4p
: b—ae=2g+ 1+p
|
: 2b —ae=69—2 +2p
I C,
1 \%
2b—ae= 2g+ 1+p

FIGURE 3. Ruled surface with e < 0
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