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ON DECOMPOSITIONS IN HOMOTOPY THEORY

BRAYTON GRAY

ABSTRACT. We first describe Krull-Schmidt theorems decomposing H spaces
and simply-connected co-H spaces into atomic factors in the category of pointed
nilpotent p-complete spaces of finite type. We use this to construct a 1-1 corre-
spondence between homotopy types of atomic H spaces and homotopy types
of atomic co-H spaces, and construct a split fibration which connects them
and illuminates the decomposition. Various properties of these constructions
are analyzed.

The Krull-Schmidt property first arose in the theory of R-modules, and when
valid, it states that each object decomposes in a unique way into a sum of inde-
composable objects of the same type. Numerous examples of decomposing the loop
space on a co-H space can be found in the literature ([Hil, [M], [CM], [AG], [GI],
[G2]). Typically what happens is that the loop space of an atomic co-H space is a
product of various factors, and the least connected factor is an H space of special
interest, while the other factors, in some sense, represent noise. The first general
Krull-Schmidt type theorem in homotopy theory was proved by Wilkerson [W] for
the p-localization of simply-connected finite complexes which are either H spaces
or co-H spaces. Various stable versions appear in [F], [Ma] and [H].

We will eliminate the finite complex assumption at the expense of retreating to
the category Cz/)\ of pointed connected nilpotent p-complete spaces with H;(X;Z/p)
finitely generated for each i. Accordingly, we restrict ourselves to this category
in the sequel. All colimit constructions will be completed without further notice.
In particular, co-H spaces will be defined in terms of the coproduct (which is the
completion of the one point union), suspensions will be completed and loop spaces
will only be considered when the underlying space is simply connected.

In section 1 we will exploit the strengthened notion of atomicity in this category
developed by Adams and Kuhn [AK], and prove a Krull-Scmidt theorem (Theorem
A below).

Theorem A. Fach H space in Cﬁ is homotopy equivalent to the weak direct product
of atomic H spaces unique up to order. Each simply-connected co-H space in C;\
is homotopy equivalent to the coproduct of atomic complete co-H spaces unique up
to order.

In section 2 we give a general correspondence between retracts of n-fold suspen-
sions and retracts of n-fold loop spaces (2.2). In particular, for n = 1 we get the
following theorem.
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Theorem B. There is a 1-1 correspondence between homotopy types of atomic H
spaces T' in CI/,\ and homotopy types of 1-connected atomic co-H spaces G in CQ

We call such a pair (G,T) a corresponding pair. In this corrrespondence, T is a
retract of QG and G is a retract of ST

¢ -L.osT7 % q, gf~1,
T2 06 T, hg ~ 1.

In fact, in (2.5) it is possible to choose g and ¢’ so that they are adjoint. We will call
the maps (f, g, g’, h) structure maps for the corresponding pair (G, T). A choice of
structure maps determines an H space structure on 1" and a co-H space structure
on G via the compositions:

m:TxT 2206 x 06 — QG 1> T,
n:G -2 sT— sTvsTS Gva

A surprising amount of the structure of known examples is found in the general
theory. In particular, given structure maps (f, ¢, h) there is a fibration

T ——-R-—"-aG
with ¢ null homotopic. This leads to Theorem 3.2 and Corollary 3.12 which we
summarize as

Theorem C. Suppose T is an atomic H space and G is the corresponding atomic
complete co-H space. Then there is a homotopy equivalence

QG ~T x QR,

where R is a retract of the completed join T T and hence a complete co-H space.
Furthermore R = \/ R, with each R, atomic and
a) if G = SX, Ry is a retract of SX® for some i > 2,
b) if G is homotopy co-associative, ST~ Ry, is a retract of GY) for some j > 2,
c) if G=8X and GANG ~\,c, 5" G, R~GANW, where W is a wedge of
spheres and
t(Pr—1)
Ps—1

where Px is the Poincaré series for X.

Py = Pr — +1,

This result should be compared with the results of Selick and Wu [SW]. They
have a similar decomposition in the case when G is the double suspension of a p
torsion space:

QS%X = A x B,

where X is contained in A. A however is much larger than T'. In fact, T is a retract
of A.

ITheorems A and B together imply that homotopy types of quasi-H spaces in 61/7\ are in 1-1
correspondence with homotopy types of simply-connected quasi-co-H spaces in Cz/,\. However we
will not consider this correspondence



ON DECOMPOSITIONS IN HOMOTOPY THEORY 3307

In section 3 we construct the fibration which controls the splitting. Section 4
deals with the possibility of dualizing the material in section 3 and gives a counter-
example to a conjecture of Ganea. Section 5 discusses naturality, and section 6
constructs a refinement in the case that 1" has a homotopy associative multiplica-
tion. In section 7 we discuss criteria which are needed for the spece T to have a
homotopy associative H space structure. Finally, in the Appendix, we collect some
results of a general nature regarding fibrations over suspensions.

1.

Homology and cohomology groups will be with Z/p coefficients unless otherwise
noted. We will work in the category Cﬁ of pointed connected nilpotent p-complete
spaces of the homotopy type of a CW complex X, with H;(X) finitely generated
for each i. We need to arrange our definitions so that p-completion preserves
the usual operations of homotopy theory. All spaces we consider will either be
simply connected or admit H space structures, so they will be Z/p good in the
sense of [BK]. All fibrations we consider will have a simply-connected base, so
p-completion preserves fibrations. The p-completion of a co-H space is often not a
co-H space. However, the category of p-complete spaces does have a co-product—
the p-completion of the one point union:

(XVY)),

and we will write X VY for this co-product. With this in mind, we define a co-H
space in Cﬁ to be a space G together with a map

v:G — GVG

such that the composition with the natural map GV G — G x G is homotopic to
the diagonal. Thus the p-completion of a co-H space is a co-H space in this sense.
If X is simply connected, we will consider QX and (QX), = Q(X,"). The functor
Q has a left adjoint given by the completion of the suspension, and we write SX
for the space (SX)Q. Then SX is a complete co-H space. Similarly we write X AY
and X %Y for the p completions of the smash and join of two spaces. Then all of
these operations commute with p-completion.

Adams and Kuhn discuss self maps of such spaces [AK|]. They show a close
relationship between irreducibility of such spaces (having no nontrivial retracts)
and atomicity. We summarize the results of [AK] that we will need.

Definition 1.1. A based map f: X — X is called topologically nilpotent if the
sequence {f™} conveys to the constant map in the profinite topology on [X, X].

In particular, if 7, (X) is finite for each k, this is equivalent to the statement
that for all k£ there is an n such that f™ is null homotopic when restricted to the
k-skeleton of X. On the other hand, if for some k£ > 0 f* induces an isomorphism
HF(X) EAN H¥*(X) # 0 or f, induces an isomorphism f, : 74(X) — m.(X), then
f is not topologically nilpotent.

Definition 1.2. A space is atomic iff every self map is either an equivalence or is
topologically nilpotent.

This seems stronger than the usual definition [CM]. The fact that it is not (in
the case of p-complete spaces of finite type) follows from the next theorem.
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Theorem 1.3 (Adams and Kuhn). If X is not atomic, there is a nontrivial idem-
potent e : X — X ; i.e., e = e,e # x,e not an equivalence.

As an immediate corollary we have a generalization of a result of Wilkerson [W]
in the p-complete case.

Corollary 1.4. Let X be an H space. Then there are atomic spaces X; such that
X is homotopy equivalent to the weak direct product of the X;:

X:HXZ-.

Furthermore, the X; are unique up to order and do not depend on the H space
structure of X.

Corollary 1.5. Let X be a simply-connected co-H space. Then there are atomic
spaces X; such that X is homotopy equivalent to the co-product of the X; in le :

X ~ <\/X):

Furthermore the X; are unique up to order and do not depend on the co-H structure
on X.

Proof. We consider Corollary 1.4 first. If X is not atomic, choose a nontrivial
idempotent self map by Theorem [[.31 Write Tel(e) for the telescope:

X-SX-S X -5
and similarly for Tel(1 — e), where the H space structure and inverse map are used
to construct 1 — e : X — X. Then the natural map

X — Tel(e) x Tel(1 —e)

induces isomorphisms in all homotopy groups. Thus both telescopes are retracts
of X and so are themselves complete. Thus every nonatomic H space can be split
as a product. Since X is of finite type, iteration of this process converges, and the
limit is complete. The uniqueness assertion follows from the following argument
essentially due to Wilkerson [W] 1.6].

Lemma 1.6. Suppose X is atomic and X is a retract of X1 x Xy where X1 and
X5 are H spaces. Then either X is a retract of Xy or a retract of Xs.

Proof. Let e; : X7 x Xo — X7 X X3 be projection through X;, i = 1,2. Then
(e1)« + (e2)« = 1 in homotopy. Let f; = X — X be the composition

X—>X1XX2i>X1 XXQ—)X.

So (f1)« + (f2)« = 1. This implies that (f1)«(f2)« = (f2)«(f1)x. So 1 = [(f1)« +
(fo)N =3 (JZ)(fl)i(fg)*N’l If both f; and fy were topologically nilpotent, this
sum would be trivial for large N. Thus one of them is not topologically nilpotent
and hence is an equivalence.

The argument for Corollary is similar. We replace homotopy by homology,
products by coproducts and use the co-H structure to add and subtract.
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2.

We will often require that the space 7" admits an H space structure and the space
G admits a co-H space structure, but will have no need to specify any particular
structure. This is equivalent to assuming that the inclusion ¢ : T — QST has
a left homotopy inverse and that the evaluation map € : SQG — G has a right
homotopy inverse. For the later result we use the fact that G is simply connected
to conclude that the completion of the pullback square [Gal

SOG —— GVG

! l

G — GxG
is again a pullback square. More generally we have (see [KSW])

Definition 2.1. A space T is an H™ space if the inclusion ¢ : T — Q"S"T
has a left homotopy inverse and a space G is a co-H" space if the evaluation
€: S"Q"G — @G has a right homotopy inverse.

Theorem 2.2. There is a 1-1 correspondence between homotopy types of connected

atomic H™ spaces and homotopy types of n-connected atomic co-H™ spaces for n >
1.

Proof. Any n-fold suspension is a co-H"™ space and retract of a co-H" space is a
co-H"™ space. Thus, for any space X we can apply Corollary to S"X:

S"X ~\/ G

and each Gj is a co-H" space. Choose one of these GG; with the least connectivity.
We shall see that in the case X is a connected atomic H"” space, there is only one
such choice. Similarly, if X is n-connected choose an atomic factor T of Q"X of
least connectivity. We shall see that in the case that X is an atomic co-H™ space,
again, there is only one choice.

Now let us begin with an n-connected atomic co-H"™ space G. Choose T' atomic
of least connectivity as above. We have

T onq T,
where h'g’ ~ 1. Next choose G’ atomic and of least connectivity:
a s L
with ¢” f” ~ 1. We now construct a homotopy equivalence between G and G’. This

will complete the proof. The maps are:

o G- snorg SN grp L g

g ¢t s 28 gnong S g,
where € is the evaluation map and v is any right inverse to e. We will show that
both af and Sa are equivalences.

Suppose that G is (k+ n — 1) connected (k > 1) and mx1,(G) # 0. Then
v, and €, are inverse isomorphisms between 7y, (G) and 7, (S"Q"G). Since
(S"h)(S™g") ~ 1 and ¢"f" ~ 1, it follows that (af)« : Tren(G') — Tpan(G')
is an isomorphism. Q"G is k — 1 connected and 7 (Q"G) # 0. By the choice of
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T having minimal connectivity, T is k — 1 connected and m(T) # 0. Hence S™T
is k+mn — 1 connected and 7y, (S™T) # 0. By the choice of G’ having minimal
connectivity, Tk, (G’) # 0. Therefore af is not topologically nilpotent. Since G’
is atomic, a3 is an equivalence. Let e = B0 (af) 'oa: G — G. Then e is an
idempotent. Since G is atomic either e is an equivalence or e ~ *. But e induces an
isomorphism in 7, so e is an equivalence and thus both a and 3 are equivalences.

Two choices were made in this proof: first we chose T" from the factors of Q"G
which had minimal connectivity. Then we chose G’ from the factors of S™T which
had minimal connectivity. However by choice, mi1n(G’) C 71 (T) C mg4n(G). Since
«a and 3 are equivalences, these inclusions are equalities, and G’ is the only factor
of S™T which is not k + n connected and T is the only factor of Q"G which is not
k connected. In fact, we have

Corollary 2.3. In the correspondence G «—— T between atomic k+mn—1-connected
co-H" spaces G and atomic k — 1-connected H™ spaces T, each of the maps in the
commutative diagram

m(T) 2 m(Q"G)

‘| g

S
Tean(S"T) ——— Te4n(G)
is an isomorphism for £ < 2k — 1.
Definition 2.4. We call a pair of connected atomic spaces (G,T) a corresponding
pair if there are structure maps f, g, ¢’, h such that the composites

T L oG o

S g S,
are the identity.

Proposition 2.5. Given a corresponding pair (G, T) we may choose maps f,g,q', h
such that g and g' are adjoint.

Proof. Given f,g,¢’, h, we will keep g, h and replace f with a map ]?SO that g* -]7:
1, where g* is the adjoint of g. Since the composite

a-Losr 2

induces an isomorphism in 74, and G is atomic, this composite is also a homotopy
equivalence. Now define f = fo(g*f)~l. Clearly we could also prove this result
retaining ¢’ and f and replacing h by a map h with the same effect.

Athough our main focus will be on the case n = 1, at this point we will discuss
some examples in the case n = 2.

Example 2.6. Q253(3) is an atomic H? space, and the corresponding co-H? space
is P?PT2 = §2r+ly,, e?P12; je., there are retractions:

0253(3) —2— Q3p2r+2 _h 0253(3),

pwt2 I 5303.53(3) _ 9 ppi2
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In particular, h = Q2h’, where b/ : QP?P*2 — §3(3) is onto in homotopy. In fact,
if p > 3, it can be seen that h’ factors through S?**1{p}.

Proof. We first observe that S3(3) is 2p — 1 connected and m2,(S3(3)) = Z/p. Thus
we may construct a map P?*1 — §3(3) inducing an isomorphism in 7,. We use
the H space structurdd on $3(3) to extend this map to a map b’ : QP?P+2 — §3(3),
and define h = Q2h’. We construct ¢ using a lifting H' of the loops on the Hopf

invariant map Q253 28 0282+,

0253 H' Q2s2p+1{p},
where S?P+1{p} is the fiber of the degree p map on S?*+1 (see, for example, [G4,
§4]). There is a natural map S?+1{p} X QP?+2 obtained from the obvious

fibrations, and these maps combine to define g:
025%(3) — 025° H 0252+ {p) L 3 p2p+2.

All of these maps induce isomorphism in mg,_2, and 2253(3) = BW(1) is atomic.
Since Q252(3) is an H? space and P?P*2 is a co-H? space, we have proven the cor-
respondence. Note that the corresponding map f can be defined as the composition

p2r+2 v, 33 p2pt2 S°h §3025%(3),

so f is a triple suspension and h is a triple loop map.

One is tempted to generalize this. 2275%?"~1(2n 4 1) is an H?"*+! space, and one
seeks to understand the corresponding co-H?"*! space G. Note that the transfer
defines a map

§2n+1 png A 52n+1<2n + 1>7

where B"? is the ng skeleton of the p localization of BY,,. We can extend this to a
map

B’ QS* IR G2t (9 4 1),
This gives a candidate for h:
h= QR . Qg2 grd —, 2n G2t (on 1)
and f = S¥nt1f!
i SBM — @2ng2niigna X gangantl o 4 1),
Constructing G is not easy, and what we can see is that the composite
grrzpre L gintigngntlion 1 1) — @

is a monomorphism in homology. G may, however, be somewhat larger.

Another example is provided by Neisendorfer’s result [N]: If P?"+1(p") = Sy,
e and r > 2, then Q2P?"*1(p") contains, as an atomic factor, the fiber D(n,p)
of the map Q2527 +1 T, §2n—1 of degree p” constructed in [CMN]. Thus D(n,r) <
P+1(pr) is a correspondence of an atomic H? space D(n,r) and an atomic co-H?
space P?"*1(p") for r > 2.

2h/ is actually a loop map since S3 (3) is a loop space.
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3.

Let us return to the case n = 1. Let (G, T) be a corresponding pair, and choose
structure maps (f, g, h) as in section 2 with ¢’ adjoint to g. These maps determine
an H space structure on T" and a co-H space structure on G as follows:

m: TxT 29 aGx06 — Q¢ -~ 1
n: ¢ L ST — STVvST Y agva.

In the pull back diagram
SOG —— GV G

L |
G —2 ., GaGxaG

eVe

u is the composition SQG — SOG V SQG — G V G. Consequently the right
inverse corresponding to n is the composition
v:G L 5T 2% 506,

The case of the H space structure maps is more complicated. In the absence of
homotopy associativity, two nonhomotopic maps p1, ps : QST — T can yield the
same H space structure map m when composed with

TxT — QST x QST — QST.

However, one such choice is the composition
Q ’
QST 2L oG L T

At this point we introduce a “Hopf fibration” sequence for T'. This can be done
for any connected H space either with the classical Hopf construction

H(m):T*«T — ST
(Sugawara [S]) or via a construction of Dold-Lashof construction ([DL], [G2]):
H, :TxT~FE, — ST.

These constructions are differemﬁ, and we will find the Dold-Lashof construction
advantageous. Specifically we will use the following corollary of Propositions Al
and A2 of the Appendix.

Corollary 3.1. Suppose T is atomic. Then there is a 1-1 correspondence between
fiber homotopy classes of fibrations

T —— BT
with © null homotopic and homotopy classes of maps

m:TxT —T

such that:

a) m(*,t) =t,

b) the map f: T — T given by f(t) = m(t, *) is a homotopy equivalence.
This correspondence is given by H = H,,.

3We thank Yukata Hemmi and Norio Iwase for helpful e-mail notes at this point.
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Proof. The only part that does not follow immediately from Al and A2 of the
Appendix is that if ¢ is null homotopic, f is a homotopy equivalence. f is the
composition

T—asT -2 T,

where 9 : QST — T is from the fiber sequence. If i is null homotopic, d has a
right homotopy inverse. Hence f,. : mx(T) — 7 (T') is onto. Since 7y is complete
and finitely generated, f. : mx(T) ® Z/p" — m,(T) ® Z/p" is an isomorphism for
each r. Hence f, is an isomorphism and f is a homotopy equivalence.

We now choose an arbitrary H space structure m : T'x T — T and a corre-
sponding fibration using (3.1). We will later see that some improvements can be
made if we can choose a homotopy associative H space structure. Choose a map
f G — ST which induces an isomorphism in 7 and choose h as the composite:

oc 2oast 2T,

where O comes from the fibration sequence. It may not be possible to choose ¢’
adjoint to g so that hg = 1 and ¢’ f = 1; however any choice of g which induces
an isomorphism in 7;_1 will yield that hg and ¢’ f are homotopy equivalences. We
now construct a commutative diagram obtained by pulling back the fibration from
(3.1) along the base:

ac Y st~ o M, qst

Ll | |

T — T T T
) | | | gl
R —— Q R TxT
R R
st L. g L, T

By Proposition Al in the Appendix, @ is determined by the restriction of the action
map

TxT—QSTxT - T.
Since ' = h o Qg’, the composition T — QST 2 is a homotopy equivalence,
so Q ~ T T By Corollary 3.1. Since ¢'f is a homotopy equivalence, R’ ~ R and

R is a retract of T x T'. Since h has a right homotopy inverse, i’ is null homotopic
and we have

Theorem 3.2. There is a homotopy equivalence

QG ~T x QR,
where R is a retract of T x T and hence a co-H space. Write R = \/ R, with R,
atomic. Then:

a) if G = SX, Ry is a retract of SX® for some i > 2,
b) if G is homotopy is associative, ST R, is a retract of GY) for some j > 2.
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We think of the exact sequence of spaces
«— QR — QG -5 T — «

as a minimal free presentation of 7. Minimal since GG is atomic and free since the
homology of both QR and QG are tensor algebras. However 0 is not an H map in
general.

Proof. The only parts needing attention are the last two assertions. If G = ST, R
is a retract of 7' % T which in turn is a retract of QSX % QSX ~ \/ SX® A X (),
Part b) follows from the following theorem of Theriault.

Theorem 3.3 (Theriault [T]). Let G be a simply-connected homotopy co-associative
co-H space. Then

SQG ~ \/ G(k),
k=1

where G(k) is a homotopy co-associative co-H space and S*~1G(k) ~ G,

Proof of Theorem 3.2b). We write R as a retract of QG * QG ~ QG A (SQG). Tt

follows that R is a retract of \/ QG AG(k). Thus each R, is a retract of QG AG(k)
k>1
for some k. But QG A G(k) is a retract of QG A SQG (k) ~ \/ G(£) A QG(k); now
>1

SQG(k) ~ \/ G(k, )
j>1
with S771G(k, j) ~ G(k)U). Consequently SR, is a retract of G(¢) A G(k)V) and
SHRI—1R s a retract of SE=DIGWO A G(k)0) ~ GUAFRD),
There is another sense in which the H-space T is generated by G, namely:
Proposition 3.4. The image of the homomorphism
fu: Hip1(G) — Hir (ST) ~ Hy(T)

generates the possibly nonassociative ring H, (7).

As an example, consider 73" € QP?"*1 the atomic factor of [CMN]. Then
H.(T3") is generated by u € Hop 1 (T3"!) and r € Ha,(T3") as a non-
associative ring.

Proof. Let R C H, (T') be the subing generated by the image of f.. We first observe
that the composition

A QG xT 2L 9T 4o T
defines a H,(QG) module structure on H,(T).
Lemma 3.5. R is a H.(QG) submodule.

Proof. The map o' fits into a commutative diagram

QG x QG xT 2%, QG x T
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which can be obtained from Proposition A3 of the Appendix and the definition of
a’. Thus

(@')s(aroz ® 1) = (a')s (1 ® (a') (a2 @ 1))
for an, a0 € H (QG) and t € H.(T). Iterating we get

(@)s(0n...ax @t) = (a)s(01 ® (a)i(az, ® ..., (@ )s(on ®1)...)).

It follows that it is sufficient to show that (a').(a ® t) € R whenever t € R and «
is indecomposable. Since indecomposable elements of H,(2G) are in the image of
the homomorphism

Hi(G) —2— Hi(SQG) ~ H;_1(QG)

and v ~ Sg o f, any indecomposable element « can be written as g.(r) for some
r € R. Now we have a commutative diagram

TxT
9xg / \gxl
06 x QG 2, g xT

R
o I 7

where the commutative square is a restriction of the above square to QG x QG x * C
QG x QG x T. Since the composition along the left and bottom is m, we have
a4 (g«(r) ® t) = my(r ® t) = rt € R. This proves the lemma.

We now use this lemma to prove the proposition. Let £ € H,(T') be an element
of least degree that is not in R. £ = h.(a) for some a € H,(2G). « cannot be
indecomposable since then it would be in the image of v, and hence £ would be in
the image of f.. Thus o = ol with o and of of positive degree. In particular
€ = h.(Baa)) = Z(a)«(af @ ha(c)). Since degh.(af) < degé&, h.(caf) € R and
hence, by the lemma ¢ € R.

Proposition 3.6. If G is homotopy co-commutative, and co-associative each ele-
ment in imf. is primitive (and hence H,(T) is primitively generated). Conversely,
if, in addition T is homotopy associative and homotopy commutative, each primitive
element in H,(T) is a sum of p"th the powers of elements in im fi.

This depends on the following lemma which has been noted by [T] as a corollary
of the results of Berstein [B]. The proof in [B] is not direct, and we offer here a
direct proof.

Lemma 3.7. If G is co-commutative co-associative co-H space, the image of
v, : Hi(G) — H;_1(QG)
consists of primitive elements.
Proof. We first examine the case that G = SX for some X. Consider the composite

Py:SX -2, sxax — Y, sxvsSx

where A is the diagonal and W is the Whitehead product. By definition, this is
L1 + ty — 11 — tg, where 11,15 : SX — SX V SX are the inclusions. This can be
written as (¢1 + t2) — (t2 + 1) = ¢ — 7, where ¢ : SX — SX V SX is the usual
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co-H structure map. In particular, the composite W o SA ~ x iff the usual co-H
structure is co-commutative. Now consider the composite

G —Y 506G 129 506GV SQG — GV G.
Since G is co-associative, v is a co-H map and hence this composition is trivial
in the case that G is co-commutative. However we further factor this as
G —Y— SQG -2 506G AQG) —Y— SQGV SQG —Y GV G.
The composite (e VV €)W is the inclusion of the fiber in the fibering
SQGANQE) —— GVG —— G %X G;

since this inclusion has a null homotopic fiber, we conclude that the composite

G —“— SQG 52 S(QG A QG)

is null homotopic from which the result follows.

Proof of Proposition 3.6. Since f : G — ST is the composition G - SQG Sh,
ST, the first part is immediate. However, if £ € H,(T') is primitive, so is ¢.(§) €
H,(QG). Since H.(QG) is a primitively generated tensor algebra, g.(£) is a sum of
p"th powers of commutators (r > 0) and p"th powers of elements in the image of
V.. But if T is homotopy associative and homotopy commutative, £ = h.g.(£) is a
sum of p"th powers of elements in imf,.

We now derive a result from the following theorem of Theriault [T, Theorem
8.4].

Theorem 3.8 (Theriault). If G is a homotopy co-commutative and co-associative
co-H space and (I,p) = 1, there is a decomposition
QG = QUl X Fl

induced by a map ¢; : Uy — G, where the homology of QU is the subalgebra of the
homology of QG generated by the commutators of length .

Corollary 3.9. For some H space structure on T, the image in homology of Qr :
QR — QG contains all commutators of length | where (I,p) = 1.

Proof. QU is homotopy equivalent to a product of some of the factors of Q0G. Since
QU is lk — 1 connected, T is not among them. These factors lie in QR, and we
replace them by QUj, for each | with (I,p) = 1, and take T to be the fiber of this
new map. This new T will still be the bottom atomic factor of QG, but the map
from QG to T and hence the H space structure may be different. See Example 3.13
below.

G is a generator for T in another sense as well:

Proposition 3.10. Let X be any H space and let vp; : T — X be H maps for
i=1,2. Then:

a) 1~y = (SY1)f ~ (S¥2)f
G L s 2% gx.
b) If, in addition, G = SK and f = Sf for f: K — T, then
1~ o iff Y1f ~af.
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Proof. From the commutative diagram

¢ 2L st Y asx
AN\ lp !

T M X

we see that if (Suy)f ~ (S@/ig)f, 1 h ~ ok 50 Yy ~ Y1hg ~ hohg ~ 1y, If f = ST,
(S1)f ~ (Sa)f iff S(Y1f) ~ S(pa2f). Since X is an H space, this is true iff
Uof ~ihaf.

There are numerous examples in the literature of spaces K with this property
(ICMNI, [G1], [Se]).

Write Px(t) for the Poincaré series for X.
Proposition 3.11. Pr = PrPg — (t+1)(Pr — 1).

Proof. Since QG = QR x T, we have
PT 1
1—t(Pr—1) 1-tPg-1)
which implies the result.

Corollary 3.12. If G=SX and GAG = \/ S"G, then R~ G AW, where W

acA
is a wedge of spheres and
t(Pr—1)
Py=Pr— —=+1.
w T Po—1 +

Furthermore if T;, corresponds to S™X for each n > 1, QSX ~ [[T,,, for some
sequence n;.

Proof. The hypothesis implies that R = \/ R,, where each R,, is a suspension of G
by Theorem 3.2. Thus R ~ G A W, where W is a wedge of spheres. The formula
for Py, follows from Proposition 3.11. Applying the Hilton-Milnor theorem and
induction decomposes the loop space of the wedge into a product.

In the next example we see that the map 7 does depend on the H space structure.

Example 3.13. Let T = S??=3{p}, the fiber of the degree p map on S?P~3. We will
write P"* = S7~1 Up, €. Then G = P?=2 and R = \/ R., where each R, = P"=
by Corollary 3.12. In fact, R = \/ P?~1+k(Zp=4)
E>1
One way of obtaining this decomposition is given in [CMN], where the maps
p2r=1+k(2p=4) _, p2r=2 are given by iterated Whitehead products. In particular
7 is stably inessential. On the other hand, let B = (BY,)(,). There is a fibration
sequence
QB — §%=3 L, g3 ., B
Since QB ~ S?P=3{p}, this determines another H space structure on S*~3{p}.
There is a pull-back diagram
SQp—S{p} \/ P2p—1+k(2p—4) ™ P2p—2
k>1

| ! I

QB R PB — B
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from which we can see that the composition

\/ P2p—1+k(2p—4) _ P2p—2 5 B
k>1

is null homotopic. In particular, with & = 1, the restriction of 7 to P~ is
the attaching map for the next two cells of B. But the 4p — 4 skeleton of B is
P2r=2yCP* =5 and the Steenrod operation P! is nonzero. Thus P*~5 — p2r—2
is stably essential. In particular, the Whitehead product map P*—> — p2r—2
does not factor through R, and the commutator P%#~¢ — QP?P=2 — G2P=3{p}
is nontrivial.

We now consider the special case when there is a homotopy associative multipli-
cation on T

Proposition 3.14. Suppose there is a homotopy associative multiplication on T .
Then in diagram (A), 0 = 0" : QST — T is an H map, h is an H map, the fiberings
Q — ST and R — ST are fiber homotopy equivalent, g can be chosen so that
hg~1and g f ~1, and 7 is the composition

R— T« M, g7 9, ¢

Proof. We show that there are structure maps (f,g,h) so that the composition
QST 2% QG ™ T factors the given map p : QST — T extending the multipli-

cation. To do this, we choose any of the structure maps (fo, go, ko). We begin with
the composition

Qfo

e: T —2— QG QST —“— T,
where e induces an isomorphism in 7, so it is a homotopy equivalence. Define
g=go(e71) and h = u(2fy). Then hg = 1. Now the composition

¢:G LT ¢
is a homotopy equivalence where ¢’ is the adjoint of g. Let f = fy(e’)~!. Then
g'f ~ 1. To show that these structure maps determine pu, define 7 as the indicated
composite:

7:05T 2% 0q Mo o5 T

Since p is an H map, & is as well. To see that y ~ &i we need only calculate
ﬂ’T = u(Qfo)g = hg ~ 1. By Proposition A3 of the Appendix, 9 ~ p and
0" = h(Qg') ~ p. The fibering Q@ — ST is determined by the restriction of the
action map

TXT — QST xT 5 T,
where a’ is the composite

QST x T2 G x T X' QST «x T - T

Since T' is homotopy associative, the formula in Proposition A3 implies that a is
the composite

QST xT . P — T
combining these we see that a’ is the composite

QST xT 220 g« X, rxr —™ T,

and restricting to T' x T is thus m.
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4.

Given the strong duality involved here, it is natural to ask whether a dual discus-
sion can be obtained. This would require a dual to the Hopf fibering. The following
Conjecture is due to Ganea [Gal.

Conjecture 4.1. Given a co-H space G there is a cofibration sequence
06 -5 X — G -5 80G.

This is certainly the case when G is a suspension, for if G = SA we can take
X =QSA/A. This is false in general.

Example 4.2. Let a; : S — 53 be the first element of order p. Harper [H]
has shown that o is a co-H map and hence G = 82 U, €?**! is a co-H space.
Suppose such a space X does exist. H*(QG) through dimension 2p has classes
u,u?,...,uP and v with |u| = 2 and |v| = 2p. In p-local cohomology, the class
uP — pv transgresses to the class in dimension 2p + 1 in the base. Since p > 3, the
classes u? and uP~?2 are in the image of o*. Hence u” is in the image of o*. This is
impossible since, mod p, uP transgresses.

This example is not a co-associative co-H space (see [H|), and it is conceivable
that a co-Hopf construction is possible in the case G is a co-associative. The

requirement that p > 3 is essential in this example.

Proposition 4.3. Suppose S2Y EIN S+l s a co-H map localized at 3 andn > 1,
and set G = §?n+1 Uy CS?Y. Then there is a Hopf co-fibration

QG —— X G —— SQG.
The proof of Proposition 4.3 depends on the following

Lemma 4.4. Let §2" = §2n Uein ...y e2nle—D ¢ (S?")oo. Then the loops on
the projection map

Q§2n Qs2n(p—1)
are null homotopic.

Proof. Let K = S*"~1U,, e*"P=2 where w, is the first element in the kernel of the

double suspension localized at p. Then there is a loop map QSK — Q52" which
has a right homotopy inverse [GI], so it suffices to show that the composite

QSK ——— Q8" — ., Q§2n(—1)

is null homotopic. We will show that the composite SK — S, g2n(p=1) jg
null homotopic. The degree k map on S?" induces a map [k] : $?" — S?" and
there are commutative diagrams

SK §2n S2n(p—1)
& | [

SK §2n S2n(p—1)

S2n SK S2np—1

[

S2n SK S2np—1
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Since S%w, ~ 0, the composite SK — 527 — §2n(P=1) factors uniquely over
S2np71:
SK —— &%

! |

S2np—1 s SQn(p—l)

and these diagrams, together with the uniqueness, imply that kP~'§ = JkP. Since

§ must be a suspension, we conclude that (k? — kP=1)§ = 0. Let k = —1 to get
—20=00o0rd=0.

Proof of Proposition 4.3. According to Harper [H], the Hopf invariant of f is the
co-H deviation and hence is null homotopic. Therefore we can factor

sy L g
N T
f SQn — SZn U[L,L] e4n
Consequently Q(S?"T1 Uy CS?Y) contains as a subcomplex g2n Uy C'SY. Then
Q(s* Uy CSQY)/SQ”

contains S4”Uf~CSY, where fis the projection of f onto S*". However fis null ho-
motopic since Q2 : Q82" — Q84 is null homotopic. Thus Q(S?" Uy C’S2Y)/SQ”
contains Q(S*" v $?Y). Let X = Q(S*"*1 Uy C5?Y)/S*" /S?Y and o be the pro-
jection Q(S?"*1 U; CS?Y) — X. In homology o, is onto and its kernel consists
of all tensors of length 1. Let C be the cofiber of . Then H,(C) — H,(SQG)
consists of the suspension of the tensors of length 1 and hence the composite

C — SOG %G

is a homotopy equivalence, and we are done.

5.

We need to say something about naturality. Given corresponding pairs (G1,T1),
(G3,Tz) with structure maps (f1, g1, 1) and (f2,92,h2), a map from (G1,7T}) to
(G2, T3) should be a pair of maps (¢, 1) so that all diagrams commute. This would
guarantee that ¢ is a co-H map and v is an H map. In many situations we may
begin with an H map v : Ty — T3, and it is not possible to find an appropriate
co-H map ¢. For example, 1) = 0y, where v : $?"+1 — §2m+1 is not a co-H map.

The following is the strongest result that seems reasonable.

Proposition 5.1. Suppose ¢ : Ty — T is an H map and ¢ : G1 — G is a co-H
map. Then the following are equivalent:

a) ¢ is the composition Gy LN STy LA ST, 22 @,.
b) The following square commutes:

ac, -2 0a,

m| s

Ty L)TQ
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¢) v is the composition Ty 25 QG4 ALA QG, e, T.
d) The following square commutes:

G —2 @

| P

s, —22 ST,
Proof. To see that a) implies b) note that yu; = h; o Qg.. So h; ~ p; o Qf;; thus
Yohy ~thopuoQf ~ s oQSYoQfi ~ hyoQghoQSYoQfy =hsoQd. To
see that b) implies ¢), compose the square with the map T} 2, QG,. The last two
parts are similar to the first two parts.
On the other hand if T» is homotopy associative b) implies that ¢ is an H map,
and if G; is homotopy co-associative d) implies that ¢ is a co-H map.

6.

In this section we discuss a further refinement in the determination of R in the
case that T has a homotopy associative H-space structure and p > 2. The results
are based on the following well-known result.

Lemma 6.1. Suppose p>2andT: XA—> X is a map such that 7> ~ 1. Then
SX ~ X VX_, where H,(Xy) = {¢ € H.(SX)|r.(§) = £¢}.
Proof. Let ex : SX — SX be given by ex =7+ 1 and

Xy =lim{SX =5 §X 59X — ...},

Then the composition SX — SX V SX — X, V X_ induces homology isomor-
phisms between simply-connected spaces.

We will apply this lemma in two cases. We first consider the transposition map
7: TANT — T AT, from which we write TxT ~ R, V R_. The second application
deals with the inverse map for a homotopy associative H-space. For any connected
H-space, it is standard to construct left and right slicing maps

TxT —— T,
(aab) - a/ba

(a,0) —— a\b
by choosing homotopy inverses for the maps
TxT —— T xT,

(av b) - (m(aa b)v b)a

(a,b) —— (a,m(a,b)).
These maps define operations on the set of homotopy classes [(X, %), (T1e)] which
satisfy the identities

(@-B)/B = o
(a/B)-B = «a
a\(ap) = B,

al@\B) = p.
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In the case T is homotopy associative one can see that e/a = «a\e and write
a~! for this homotopy class; then we have (a™!)™! = a and (a8)~! = g~ la~ L
Write v : T — T for the inverse of the identify map. Then 2 = 1, so we have
ST ~T,VT._.

If¢e H, (T) is primitive, v.(§) = —¢. Since T is k — 1 connected, all classes in
H & (T) are primitive. Consequently, the composition

fo:G —L ST T ST

is an isomorphism in dimension k. Now choose go, ho so that g} fo ~ 1 and hogo ~ 1.
We then apply the modification of Theorem 3.8 to obtain a triple (f,g,h) with
w~ h(Q2g"), and observe that f: G — ST factors through 7.

Proposition 6.2. The diagram

G -L st

N =5y
f ST

commutes up to homotopy.

Proof. It suffices to show that Sy(Ty) C Ty and (757)|T7 = 1. This follows from
the commutative ladders

ST 0, g7 127, o7

—5 |1 |1

ST 0, g7 L7, o7

sT 0, g Y o
wf e |
st 0, g LY o

Theorem 6.3. The following diagram commutes up to homotopy:
T+«T —— ST

~s | ~5

T+«T —— ST
Corollary 6.4. R is a retract of R_ C T xT.
Proof of Corollary 6.4. The diagram

TxT
/!

R lS(T)

N
TxT

commutes after projection to ST by Theorem 6.3. However the inclusion of the
fiber T" — T % T is null homotopic, so this diagram actually commutes up to
homotopy. As in the previous case, this implies that the projection onto R, is null
homotopic.
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Proof of Theorem 6.3. We begin by considering the equivalence F,, ~ T T from
Proposition A2 of the Appendix (where A = F =T and § = m). From this we see
that corresponding to 7 in the push-out diagram for E,, is the map (a,b) — a/b
in the push-out diagram for T'+7T. In other words, the map E,, — ST corresponds
to the map of push-out diagrams

T & T«T BT

|-

¥ — T — x

where o(a,b) = a/b. This is, in fact, the classical Hopf construction on the map o

7«1 O, g7

here we use the reduced join X * Y, which is the quotient of X x I x Y under the
identifications

(,0,9) ~ (2,0,9"),

(ﬂf,l,y) ~ (ZL'/,].,y),

(,t,%) ~ *
and the reduced suspension. We introduce maps o : S(X xY) — X %Y and

8:XxY — S(X AY) whose composite is homotopic to the quotient map
S(X xY)— S(XAY). We define « by

(,1—3s,%), 0<s<1/3,
(*73_387:1/)’ Q/SSSSL

and f(z,t,y) = (t,z,y). B collapses the subspace (,t,y) U (z,t,%) to a point.
Since the join is reduced, this subspace is contractible. Consequently a has a right
homotopy inverse, and we can study H (o) by considering H(o)a:

(x,1—3t), 0<t<1/3,
H(o)(a(t,z,y) = (z/y,3t—1), 1/3<t<2/3,
(%/y,3—3t), 2/3<t<1.

Thus
H(o)a = —=5(m) + S(m(my,ym2)) — S(ym2);
here we use associativity to write x/y = y(y) and z/y = x - y(y). Now observe that
(=S(7)) - H(o)a = S(yma) — S(ym(my,yma)) + Sma.
Note that ym(my,yma) = m(mwa, ym1), SO
H(o)a(=S1) = (=5(m2)+ S(m(me,ym)) — S(ym))(—1)
= S(ym) — Sm(ma,ym1) + S(ym2),
which completes the proof.
Finally we observe that in the case p = 2 it is possible to have R = T« T. For

an example let 7= RP* and note that G = SRP® is atomic, even as a module
over {S,1,5,%}. It follows that R = RP> x RP*.
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7.

In this section we will show that in many cases, an associative H space structure
on T is not possible. The model for this is the case G = P*"*1(p") of [CMN]. In
this case Neisenderfer has pointed out that the space TOQ"Jrl which is a retract of
QP +1(pr) does not admit an associative H space structure. The key fact here
is that there is a class v € Ha, 1 (P> (p")) with (") (v) # 0. We will consider
generalized Bockstein homology operations (3, defined and natural on some full
subcategory Cg of the category of CW complexes (for example, spaces on which
Y. .., 8071 are all zero, and hence (") is a well-defined homology operation).
We assume that Cs is closed under finite products colimits and retracts. Conse-
quently it is closed under suspension and the James construction.

The operations we consider include both the Bockstein operations and the Milnor
operations Q* as well as possible higher order Milnor operations. We assume a stable
homology operation

B Hi(X) — Hi—2q-1(X)
defined and natural for X € Cz. We assume 3% = 0, 8(c(z)) = o(B(x)), where o is
the homology suspension, and

Bla x y) = Bz) x y+ (=1l x B(y).
Note that if T € Cg, ST € Cg and hence G € Cz. Conversely, if G € Cg and G
is homotopy associative and homotopy commutative, QG € Cg by Theorem 3.3.
(Here we see the fact that 3 is stable so 5 can be defined on X iff it can be defined
on SX.) Consequently T € Cg.

Proposition 7.1. Suppose G admits a homotopy co-associative and co-commuta-
tive structure, and H.(G) is S-acyclic. Suppose that T admits a homotopy associa-
tive and commutative structure. Then 0 = 3 : Hapt1(G) — Hapn—24(G).

One may apply this result, for example, to the space
V()" =prtly, oprl, n > 2p+4,

where A : P"~! — P"=2r*1l i5 the Adams map. We apply Qo in the case n is odd
and Q; in the case n is even to see that the corresponding space T'(vy)" ! does not
carry a homotopy associative and homotopy commutative H space structure.

Proof. Suppose v € Hay,11(G) is such that Bv’ # 0. Let v = f.(v) € Hap,(T) and
u = [v. By Proposition 3.6, v and v are both primitive. Since T is homotopy
associative and commutative, u? = 0, while uv® # 0 for i < p by induction and
applying A, : H.(T) — H.(T) ® H.(T). Also B(uvP~1) = —u?vP~! = 0. Since
H,.(G) is B-acyclic H.(QG) and H,.(T) are also 8 acyclic. Consequently there is a
class w € Hayuy(T) with fw = uvP~!. Define @ € H.(T) @ H.(T) by

w—w@l—i—z ()U QP TI+1Qw.

Then
(uvP™1) Z( ){uv P Lol @ P~} = B(@).

Consequently S(A,(w) —©) =0.
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Claim. If z € H,(T) ® H.(T) is a cycle it does not contain the term v ® vP~L.
Proof. Write z = Xz; with z; € H{(T) ® Hp,—;(T). If 8z = 0, it follows that
(B®1)2z; = £(1® B)zi—20-1 =0

for all ¢ and hence (8 ® ()z; = 0 for all i. Write (z) for the subspace spanned by z.
Then

Hon(T) = (v) @A,
Hop24-1(T) = (u)® B,
and we can arrange A and B so that §(a) € B for each a € A. Likewise write
Hopp-1y(T) = (") @ C,
Honp-1)-24-1(T) = (wP?) @D,

with 8(c) € D for all ¢ € C. Now
Hon(T) @ Honp-1)(T) = (v@ P @ (n)@C ® Ao @)
® AC.
Applying 8 ®  we obtain an element of
(u@uP™?) @ (u) ® D® B® (wwP™?)® B® D.

Since B ® B(v ® vP71) = (—u ® uwvP~2), the term v ® vP~! is not present in any
cycle. It is present in @, so it must also be present in A, (w). Since T is primitively
generated by Proposition 3.6, each term in w is a sum of products of primitives;
now

A(wy...ws) = anﬁwa ® wg,
where c,g are coefficients and w,,ws are products of the w; in such a way that
Wawg = w1 . ..ws. Consequently if A, (w) contains the term v ® vP~1 it must come
from a term v? in w. But A*(vP) =vP ® 1 + 1 ® vP, so this is impossible.

APPENDIX

In this section we collect some general facts about Hopf map constructions. We
thank Yukata Hemmi and Norio Iwase for some helpful e-mail conversations.

Proposition Al. There is a 1-1 correspondence between homotopy classes of maps
0:AXF — F with 0(x, f) = [ and fiber homotopy classes of fibrations

F— F — SA,
where 0 is the restriction to A x F' of the action map
QSAxF % F
defined by the homotopy lifting property.
Proof. For each such 8 : A x F — F we define a quasi-fibering
Ey=F Uy (CA) x FF— SA,

where the subspace A x F C (CA) x F is identified with F' via 6. Both the cone
and the suspension are reduced. Thus construction is due to Dold and Lashof [DL],
and it is shown in [G2] that each Hurewicz fibering of the form considered here is
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homotopy equivalent to such a construction. Given a homotopy 0; : A x F' — F
with 0;(x, f) = f we construct  : Ax (F'xI) — F x I by 0(a, f,t) = (0¢(a, f),t).
From this we construct a quasi-fibering

Fx1— E;— SA,

and the inclusion of Eyg, and Ey, into Ej are clearly homotopy equivalences.
To recover the map 6 : A x F — F from an arbitrary Hurewicz fibering we first
discuss the action map a : QB x F' — F defined for each Hurewicz fibering

F—F— B.
This is constructed in a standard way by choosing a lifting in the diagram
OBxFx0 - E
L
! o
OBxFxI 5 B

where i(w, f,0) = f and H(w, f,t) = w(t). Then L(w, f,1) € F = 7~ (%), so by
restriction L defines the action map

a=Llgg, gy QBXF —F.

For each map ¢ : X — QB we can, by restriction, construct a lifting L’ in the
diagram

XxFx0 “@XYV g

L/
|

XxFx1 M@ p

We now assert that given any two choices L{, and L} of liftings, the associated
“action maps”

3

ao,alszF—>F
(defined by restricting to X x F x 1) are homotopic. To see this we define a map
I'XXxFx(Ix0U0OxIUlx)UsxFxIxI—E

by applying L. on X x F xex I (for e = 0, 1) and projecting X X F X I x0Uxx F'x I x T
onto FF C E. Define J: X x FxIxI — B by J,f,s,t) = ¢¥(x)(t). We
then extend I to a homotopy covering J, and this homotopy, when restricted to
X X F x I x1,is a homotopy between ag and a;.

It follows that in the case of a fibering

F—F—SA

we have constructed a well-defined homotopy class of maps QSA x F L F with
0'(x, f) = f. By restriction to A X F we obtain a class . We only need to see that
we can choose 6 as a lifting for Ejy:

AXFx0 - Ey
l L/ lw
AxFxI 2 s4

with ¢(a, f) = f € F C Ey, H(a, f,t) = (a,t) € SA and L(a, f,t) = ((a,t), f) €
CAxF. Here CA=AxI/Ax0Uxx I and L(a, f,1) =6(a,f) € F C E.
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Proposition A2. If the composition A X x C A X F 2 Fisa homotopy equiva-
lence, i : F — Ey is null homotopic and Eg ~ F % F.

Proof. Since 6 ‘ Ax. is @ homotopy equivalence, i factors through 9| Ases P to ho-
motopy and hence it factors through (C'A) x x, so ¢ is null homotopic. Ejy is the
reduced homotopy push-out of the diagram

Fl AxF™= R

We use the commutative diagram

F & AxrFr ™= F

where I'(a, f) = (0(a, f), f). By hypothesis, I" is a homotopy equivalence, so Ej is
homotopy equivalent to the reduced homotopy push-out of

FEEFXxF S F

which is the reduced join F * F.

Proposition A3. Replacing QS A by the James construction A, the action map
a: A X F — F
is given by the formula
a((a1,y...,aq), f) =0(a1,0(az,...,0(ak, f)...)).

Proof. One way to construct the action map is to replace the projection map by
the canonical construction

= {(w,e) € PB x Blr(e) =w(0)},
= {(w,e) € PB x E|n(e) = w(0),w(l) = *}.

o =

Then the action map a : QB x F — F is given by

where

It is clear from this that the following diagram commutes up to homotopy:
OB x QOB xF —% QB x F
lmxl la
OBxF —*— F

The result follows immediately since A, is generated by A as a monoid.
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