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THE SPECTRUM OF TWISTED DIRAC OPERATORS
ON COMPACT FLAT MANIFOLDS

ROBERTO J. MIATELLO AND RICARDO A. PODESTA

ABSTRACT. Let M be an orientable compact flat Riemannian manifold en-
dowed with a spin structure. In this paper we determine the spectrum of
Dirac operators acting on smooth sections of twisted spinor bundles of M, and
we derive a formula for the corresponding eta series. In the case of manifolds
with holonomy group Z’z“, we give a very simple expression for the multiplic-
ities of eigenvalues that allows us to compute explicitly the n-series, in terms
of values of Hurwitz zeta functions, and the n-invariant. We give the dimen-
sion of the space of harmonic spinors and characterize all Z’g-manifolds having
asymmetric Dirac spectrum.

Furthermore, we exhibit many examples of Dirac isospectral pairs of ZIQC-
manifolds which do not satisfy other types of isospectrality. In one of the
main examples, we construct a large family of Dirac isospectral compact flat
n-manifolds, pairwise nonhomeomorphic to each other of the order of a™.

INTRODUCTION

The relation between the geometry of a compact Riemannian manifold M and
the spectral properties of the Laplace operators, A and A,, acting respectively on
smooth functions or on smooth p-forms, has been studied extensively. An elliptic
differential operator whose spectrum is less understood is the Dirac operator D.
It can be defined for Riemannian manifolds having an additional structure, a spin
structure. The goal of the present paper is to investigate properties of the spectrum
of Dirac operators on a compact flat manifold M and with a flat twist bundle. We
compare it to other spectral or geometric properties of M.

The spectrum of the Dirac operator is explicitly known for a small class of
Riemannian manifolds (see for instance [Ba|] or the list in [AB|, Table 1). In the
context of flat manifolds, Friedrich ([Fr]) determined the spectrum of D for flat tori
Ty = A\R", A a lattice in R™, showing the dependence on the spin structure. In
[Pf] PfafHle studied in detail the Dirac spectrum of 3-dimensional orientable compact
flat manifolds, determining the eta invariants.

The goal of this paper is to study the spectrum of D and the eta series for an
arbitrary compact flat manifold. Such a manifold is of the form Mp :=T\R" T a
Bieberbach group. If A denotes the translation lattice of I', then F' = A\I is a finite
group, the holonomy group of M. We note that by the Cartan-Ambrose-Singer
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theorem any Riemannian manifold with finite holonomy group is necessarily flat.
As in [Ch], we shall use the terminology F-manifold for a Riemannian manifold
with finite holonomy group F. The case when F ~ Z& already provides a very
large class of manifolds with a rich combinatorial structure (see Section 3).

The spin structures on Mrp are in one-to-one correspondence with homomor-
phisms ¢ : I' — Spin(n) satisfying poe = r (see Section 1). In [MP] we have shown
one cannot hear the existence of spin structures on flat manifolds. For this purpose,
we obtained necessary and sufficient conditions for the existence of spin structures
on Z&-manifolds. We note that Vasquez has already shown in [Va] that not every
flat manifold admits a spin structure by giving some examples of M with holonomy
group Z% having nonzero second Stiefel-Whitney class, wa(M) # 0 (see also [IK]
and [LS]).

Every unitary complex representation p : I' — U(V') defines a flat vector bundle
E, :=T\(R"xV) over M. Now, if (L, S) denotes the spin representation of Spin(n)
we can consider the associated twisted spinor bundle S,(Mr, ¢) :=T'\(R" x (S®V))
over Mp, where v - (z,w ® v) = (yz, L(e(7))(w) ® p(y)(v)), for w € S,v € V. We
denote by D, the Dirac operator acting on smooth sections of S,(Mr,e). For
simplicity, we shall assume throughout this paper that p|5 = Id, that is, p induces
a complex unitary representation of the holonomy group F' ~ A\I'. Similar results
could be derived in more generality, for instance, assuming that pjp = x, where x
is an arbitrary unitary character of A. However, this would make the statements
of the results more complicated, without gaining too much in exchange.

We now describe the main results. In Theorem [Z.5] for an arbitrary compact flat
manifold M, we obtain formulas for the multiplicities dfj . (T, €) of the eigenvalues
£2mp, 1> 0, of the Dirac operator D, associated to a spin structure €, in terms of
the characters x, of p and x, |, X, of the spin and half spin representations.

The multiplicity formula reads as follows. If n is odd, then

G =t (X w0 Y e, (@)

-1

v € A\l ue(A;,u)B
B¢F
(0.1)
+ Z X, () Z e 2t X to(uay) (:C’Y))
v € A\ ue(Az )P net
BEeR

Here F} is the subset of F' corresponding to the elements BL, € I' with ng :=
dim ker(B—Id) = 1and A} , = {u € A*: [jul| = p, e(X) = €*™" for every X € A}.
Furthermore, for v € I', z, is an element in the maximal torus of Spin(n — 1)
conjugate in Spin(n) to (), and o(u,z,) is a sign depending on u and on the
conjugacy class of z- in Spin(n — 1).

If n is even, then the formula reduces to the first summand in (0 with X, +

n—1

replaced by x, .

1
We also compute the dimension of the space of harmonic spinors (see (ZI0)),

showing that these can only exist for a special class of spin structures, namely,
those restricting trivially to the lattice of translations A.

As a consequence of the theorem, we give an expression, [Z.I8)), for the n-series
N(r,p,e)(8) corresponding to D, acting on sections of S,(Mr, €).
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In Sections 3 and 4, we restrict ourselves to the case of Z5-manifolds. In this
case, by computing x, = and X,+ Wwe give very explicit expressions for the

n—1

multiplicities. Indeed, if the spectrum is symmetric, we have that diu(ﬂa) =
2m=k=1d, |Az | for each p > 0.

The spin Z5-manifolds (Mr, ) having asymmetric Dirac spectrum are of a very
special type. This happens if and only if n = 4r + 3 and there exists v = BLy € T,
with ng =1 and x,(v) # 0, such that Bjy = —d.Id. In this case, the asymmetric
spectrum is the set of eigenvalues

{2mp; iy = G+ DI 5 € No},
where f satisfies AP = Zf. We furthermore have

d, (I'e) = 2t (d” |AZ’M‘ + QUV(_UTHXP (7))’ H= g,
’ gmoh dp|AZ 1, WF g

£,

where o, € {£1}. We also give an explicit expression for the eta series:

00 = 17,02 s - ),

where ((s,a) = Z;io ﬁ denotes the generalized Hurwitz zeta function for o €
(0, 1]. From this we obtain that the 7-invariant of My equals 1, = £x, () 2["/2=F,
the sign depending on e. This generalizes a result in [Pf] in the case when n = 3.
We summarize these results in Theorem and Proposition [3.4]

In Section 4 we compare Dirac isospectrality with other types of isospectrality
(see Table 1 below); namely, isospectrality with respect to the spinor Laplacian
A p = —D% and to the Hodge Laplacian on p-forms, A, for 0 < p < n. We also
look at the length spectrum of M or [L]-spectrum, and the weak length spectrum
of M or L-spectrum, that is, the set of lengths of closed geodesics counted with and
without multiplicities, respectively.

The information in Examples 4.3, 4.4, 4.5 is collected in Theorem 4.1. We
summarize the results in the following table that shows the independence of Dirac
isospectrality from other notions of isospectrality considered.

TABLE 1. Isospectrality

D, Asp, | Ap(0<p<n)|[L] L Ex. dim

Yes Yes No (generically) | No | No | 43 (i) | n>3
Yes Yes Yes (if podd) | No | No | 4.3 (iii) | n =4t
No Yes No No | No | 44(1) | n>7

Yes/No | Yes/No | Yes (0<p<n)| Yes| Yes| 45 (i) | n>4

Yes/No | Yes/No | Yes (0<p<n)| No | Yes| 4.5 (ii) | n >4
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Finally, in Example [0 starting with Hantzsche-Wendt manifolds (see [MR]),
we construct a large family (of cardinality depending exponentially on n or n?)
of Zg_l—manifolds of dimension 2n, n odd, pairwise nonhomeomorphic, and Dirac
isospectral to each other.

In Section 5, by specializing our formula for 7(s), we give an expression for the
eta series and eta invariant for a p-dimensional Z,-manifold, for each p = 4r + 3
prime. We obtain an expression for the n-invariant involving Legendre symbols and
trigonometric sums and give a list of the values for p < 503. If p = 3, our values
are in coincidence with those in [Pf]. Our formulas for the n-series are reminiscent
of those obtained in [HZ] to compute the G-index of elliptic operators for certain
low-dimensional manifolds. In the case when F ~ Z,, in dimension n = 4r + 3 (n
not necessarily prime), an alternative expression for the n-invariant in terms of the
number of solutions of certain congruences mod(n), has been given in [SS], with
explicit calculations in the cases n = 3,7.

1. PRELIMINARIES

Bieberbach manifolds. We first review some standard facts on compact flat mani-
folds (see [Chl] or [Wo|). A Bieberbach group is a discrete, cocompact, torsion-free
subgroup T of the isometry group I(R™) of R”. Such I acts properly discontinuously
on R™, thus Mr = I'\R"” is a compact flat Riemannian manifold with fundamen-
tal group I'. Any such manifold arises in this way and will be referred to as a
Bieberbach manifold. Any element v € I(R™) = O(n) x R™ decomposes uniquely as
«v = BLy, with B € O(n) and b € R™. The translations in I form a normal maximal
abelian subgroup of finite index Ly, where A is a lattice in R™ which is B-stable for
each BL; € T'. The restriction to I" of the canonical projection r : I(R™) — O(n)
given by BLj — B is a homomorphism with kernel Ly, and F := r(T') is a finite
subgroup of O(n). Thus, given a Bieberbach group T, there is an exact sequence
0 - A—-T5F — 1. The group F ~ A\T is called the holonomy group of T
and gives the linear holonomy group of the Riemannian manifold Mp. Since we
will be working with spin manifolds, we shall assume throughout this paper that
My is orientable, i.e. F C SO(n). The action by conjugation of A\I' on A defines
an integral representation of F', called the holonomy representation. This represen-
tation can be rather complicated. For instance, in the case when F' ~ Z2, there
are already Bieberbach groups with indecomposable holonomy representations for
arbitrarily large n. By an F-manifold we understand a Riemannian manifold with
holonomy group F. In Sections 3 and 4 of this paper we will study in detail the
Dirac spectrum of Z5-manifolds.

Let A* ={N € R": A- X € Z for any A € A} denote the dual lattice of A and,
for any 1 > 0, let A, = {A € A* : [|A]| = p}. We note that this A}, equals A7 in the
notation used in [MR4], [MRJ], in the study of the spectrum of Laplace operators.

If B € O(n) set
1) (A)B ={\N e A*: BA= )}, (AZ)B =A;N (A)B,
np := dimker(B — Id) = dim(R")5.

If I is a Bieberbach group, then the torsion-free condition implies that np > 0 for
any v = BLy € I'. Since B preserves A and A* we also have that (A*)Z # 0. For
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such I', we set
(12) Flel(F) = {BGF:T(F)TLBZI}’
where npg is as in (IT]).

Spin group. Let Cl(n) denote the Clifford algebra of R with respect to the standard
inner product {, ) on R™ and let Ci(n) = Cl(n) ® C be its complexification. If

{e1,...,en} is the canonical basis of R™, then a basis for Cl(n) is given by the set
{€i, ... €, + 1 <i3 <---<i, <n}. One has that vw + wv + 2(v, w) = 0 holds for
all v,w € R", thus e;e; = —eje; and e;2=—1fori,j=1,...,n. Inside the group

of units of Cl(n) we have the spin group given by
Spin(n) ={g=v1...v; : vl =1, j=1,...,k, k even},
which is a compact, simply connected Lie group if n > 3. There is a Lie group
epimorphism with kernel {£1} given by
(1.3) = Spin(n) — SO(n), v (z— vz ).
If B; is a matrix for 1 < j < m, then we will abuse notation by denoting

diag(By, ..., B:,) as the matrix having B; in the diagonal position j. Let B(t) =
[cost—sint] with ¢ € R and for ty,...,t, € R let

sint cost

diag(B(t1), ..., B(tm)), if n = 2m,
l‘o(tl,...,tm) = . A
diag(B(t1),...,B(tm),1), ifn=2m+1,
(1.4 b
(t1,y .oy tm) = H(cos tj +sint;es;_1€2;) € Spin(n).
j=1

Maximal tori in SO(n) and Spin(n) are respectively given by
(15) To= {mo(tl,...,tm) b e R}, T = {x(ts,... tn) : t; € R}.
The restriction p : T — Tp is a 2-fold cover (see [LM]) and

/J/(.’Il(tl, ce ,tm)) = I0(2t17 ey th)
The Lie algebras of Spin(n) and those of T" are g = span{e;e; : 1 <i < j <n} and
t = span{eg;_1e; : 1 < j < m}, respectively.
In the Appendix we have collected some specific facts on spin groups and spin
representations that are used in the body of the paper.

Spin structures on flat manifolds. If (M, g) is an orientable Riemannian manifold of
dimension n, let B(M) = |J, <5, B2(M) be the bundle of oriented frames on M and
7w : B(M) — M the canonical projection, that is, for z € M, B, (M) is the set of
ordered oriented orthonormal bases (v1,...,v,) of T,(M) and 7((v1,...,v,)) = .
B(M) is a principal SO(n)-bundle over M. A spin structure on M is an equivariant
2-fold cover p : B(M) — B(M), where 7 : B(M) — M is a principal Spin(n)-bundle
and mop = 7. A manifold in which a spin structure has been chosen is called a
spin. manifold.

We will be interested in spin structures on quotients Mpr = I'\R", where I is
a Bieberbach group. If M = R", we have B(R™) ~ R™ x SO(n), thus clearly
R”™ x Spin(n) is a principal Spin(n)-bundle and the map given by Id x u : R™ x
Spin(n) — R™ x SO(n) is an equivariant 2-fold cover. Thus we get a spin structure
on R™ and since R™ is contractible, this is the only such structure.
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Now, if " is a Bieberbach group we have a left action of T' on B(R"™) given by
v (z, (w1, ... wy)) = (v, (Vawi, . .., Yswy)). If v = BLy, then v,w; = w;B. Fix
(v1,...,0,) € B(R"). Since (wy,...,wy) = (v14,...,v,9) for some g € SO(n), we
see that y,w; = (v;9)B = v;(Bg), thus the action of I" on B(R™) corresponds to
the action of T' on R"™ x SO(n) given by v - (z,9) = (yz, Bg).

Now assume a group homomorphism is given

(1.6) ¢:I' > Spin(n)  such that poe =r,
where r(y) = B if v = BL, € I'. In this case we can lift the left action of I' on
B(R") to B(R ) ™ x Spin(n) via - (x,§) = (yx,e(v)g). Thus we have the spin
structure
. Idxp
(1.7) I'\(R™ x Spin(n)) '\ (R™ x SO(n))
I\R"

for My since I'\B(R") ~ B(I"'\R") and Id x p is equivariant. In this way, for each
such homomorphism e, we obtain a spin structure on Mp. Furthermore, all spin
structures on Mr are obtained in this manner (see [Fr2], [LM]). Throughout the
paper we shall denote by (Mr,e) a spin Bieberbach manifold endowed with the
spin structure (L7) induced by € as in (L4).

Definition 1.1. Since r(Ly) = Id for A € A, then e(A\) = %1 for any A € A. Denote
by d. := €5 the character of A induced by e. We will say that a spin structure e
on a flat manifold My is of trivial type if 6. = 1. For a torus Ty, the only such
structure is the trivial structure corresponding to ¢ = 1.

Remark 1.2. The n-torus admits 2" spin structures ([Fx]). An arbitrary flat mani-
fold Mt need not admit any. In [MP], we give necessary and sufficient conditions
for existence in the case when I' has holonomy group Z5 and several simple exam-
ples of flat manifolds that cannot carry a spin structure. Also, we exhibit pairs of
manifolds, isospectral on p-forms for all 0 < p < n, where one carries several spin
(or pin®) structures and the other admits none.

Twisted spinor bundles. Let (L,S) be the spin representation of Spin(n). Then
dim(S) = 2™, with m = [§]. If n is odd, then L is irreducible, while if n is even,
then S = ST ®S™, where ST are invariant irreducible subspaces of dimension 2™~
(see the Appendix).

The complex flat vector bundles over Mr are in a one-to-one correspondence
with complex unitary representations p : I' — U(V). For simplicity, in this paper
we shall only consider representations p of I' such that pjs = 1. The group Spin(n)
acts on the right on B(R") x S® V by

(byw®v)-g= (b3, L(G~")(w) @),
and this action defines an equivalence relation such that

((.%', §)7 w @ U) ~ ((:E, 1)7 L(g)(w) ® ’U)
for z € R™, g € Spin(n), w@v e S V.
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There is a bundle map from the associated bundle B(R") X ;51q S ® V' onto
R" x (S®V), given by ((z,g),w ® v) — (z, L(§)w ® v), which is clearly an isomor-
phism. Given p as above, since v - ((z,g),w ®v) = ((vx,£(7)g), w & p(7y)v), then
the corresponding action of v = BL, € I' on R™ x (S® V) is given by

(1.8) v (@ w@v) = (y2, L(e()(w) ® p(7)(v)).-

In this way we get that the bundle T'\(B(R™) X 114 (S®V)) — T'\R™ = My, defined
by e, is isomorphic to

(1.9) S,(Mr,¢) :==T\(R" x (S® V)) — T\R" = M,

called the spinor bundle of Mr with twist V.

Now denote by I'**(S,(Mr, €)) the space of smooth sections of S,(Mr, €), i.e. the
space of spinor fields of Mp. Let ¢ : R™ — R" x (S®V) be given by ¢(z) = (z, f(z)),
where f : R® — S®V is smooth. We have that ¢ defines a section of '\ (R" X (S®V))
if and only if, for each v € ', (yx) ~ ¥(x), that is, if and only if ¢¥(yz) = 3¢ (z),
for some 4 € I'. Since I' acts freely on R™, this is the case if and only if ¥ =+ and
furthermore f satisfies f(yz) = (Loe ® p)(y)f(x). In other words, I'**(S,(Mr,¢))
can be identified to the space

{f:R" - S®V smooth : f(yz) = (Loe® p)(v)f(z)}.

In particular, in the case of Tx = A\R", if ¢(z) = (z, f(z)) is a section of
A\(R™ x (S®V)), then, since we have assumed that pjx = Id, in the notation of
Definition 1.1,

(1.10) f@+X) = (Loe @ p)(AN) f(x) = 6:(N) f ().

Thus f is dc-equivariant. Conversely, if f : R — S® V is d.-equivariant, then
Y(x) = (z, f(z)) is a spinor field on Ty.

Now d. € Hom(A, {#1}), hence there exists u. € R such that 6.()\) = 2™ ueA
for all A € A. Set

(1.11) AL == A" 4w,

where A* is the dual lattice of A. If A\y,..., A, is a Z-basis of A, let \},..., A}, be
the dual basis and set

(1.12) JE={ic{l,....,n}:e(Ly,) = 0.(\;) = £1}.
We thus have
(1.13) ue=1% > X mod A",

i€Je

and furthermore
(1.14) A=PzNo @ z+ N,
jeg J€Je
For u € A, w € S® V consider the function
(1.15) Fuw () := fulz)w := ™%y

It is clear that f, ., is d.-equivariant and hence ¥, (x) = (z, fu.w(x)) gives a
spinor field on Tjy.
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2. THE SPECTRUM OF TWISTED DIRAC OPERATORS

In this section we will introduce the Dirac operator D, acting on sections of the
spinor bundle S,(Mr,¢) (see (L9)), where (p, V) is a finite-dimensional, unitary
representation of I'. We shall denote by x, and d, the character and the dimension
of p, respectively. In the main results of this section we will give an explicit for-
mula for the multiplicities of the eigenvalues of twisted Dirac operators of any spin
Bieberbach manifold (Mr, €) together with a general expression for the n-series. We
shall later use this expression to compute the n-invariant for flat manifolds with
holonomy group Z& (see (39)) and for certain p-dimensional flat manifolds with

holonomy group Z,, p prime (see (5.2)).

The spectrum of twisted Dirac operators. If My is a flat manifold endowed with
a spin structure €, let A, , denote the twisted spinor Laplacian acting on smooth
sections of the spinor bundle S,(Mr,e). That is, if ¢¥(z) = (z, f(z)) is a spinor
field with f(z) = Z?:l filx)w;, fi : R™ — C smooth and {w; : 1 <14 < d} a basis
of S®V (d=2"d,), then

(2.1) Ag ph(x) = (x,iAfAm)wO,

where A is the Laplacian on functions on Mr.

It is easy to see that for v € AX, w € SQV, every f, . as in (ILIH) is an
eigenfunction of A, , with eigenvalue —47?||u|?.

Let {ej,...,e,} be an orthonormal basis of R™ and let 1) be as above. The
twisted Dirac operator D, is defined by

(2.2) D,y(z) = (x, iei gi (1:)),

where e; acts by L(e;) ® Id on S® V. We will often abuse notation and as-
sume that D, acts on the function f where ¢(z) = (z, f(x)), writing D, f(z) =
D16 a%i f(z).

One has that D, is an elliptic, first order, essentially self-adjoint differential
operator on the spinor bundle S,(Mr,¢e) of Mp. Furthermore, D, has a discrete
spectrum consisting of real eigenvalues of finite multiplicity and satisfies D?) =
—A; ,. We will denote by Specp(Mr, €) the spectrum of D, when p is understood.

We now compute the action of D, on fy  for u € A7, w € S® V. We have

- 0
D, fuw(x) = Z ej - %je%m'ww = 2mi 2™ Ty w = 27 - fy ().

j=1
For any v € R™ \ {0}, left Clifford multiplication by w on S is given by u - w =
L(u)(w) for w € S. We fix (, ) an inner product on S such that L(u) is skew
Hermitian for every v € R™ ~ {0}, hence (,) is Spin(n)-invariant. Note that
L(u)? = —||ul|?Id. For each u € A} with |lu|| = u > 0, let {w]jE ?21_1 be an
orthonormal basis of the eigenspace of L(u) with eigenvalue Fi||ul|. Let {vk}zpzl
be an orthonormal basis of V. If we set

(2.3) f:—jj)k(x) = fuwteun, (2) = 2 @y,
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forue Af,1<j<2m!and1<k<d, then we have
+ +
Dpfu,j,k = £27[ul| fu,j,w

that is, fi ik € H ff, the space of eigensections of D, with eigenvalue +2mp.

If u=0,w# 0, by (LI0) the constant function fo () = w with w € S®V
defines a spinor field if and only if

fow(@+A) = 0:(A) fo,w(z)

for any A € A, that is, if and only if ¢ = 1, the trivial spin structure. Moreover, fg .,
is an eigenfunction of D, with eigenvalue 0, i.e. a harmonic spinor. Conversely, if
D,f =0, then also A, ,f = 0, hence it follows from 2.1]) that f = fo ., a constant
function, for some w € S® V.

We shall denote by Hy the space of harmonic spinors. If n is even, then sec-
tions of the form fy,, with w € ST®V (resp. S ® V) are often called positive
(resp. negative) harmonic spinors. We have Hy = Hf & H, , where Hy and Hj
respectively denote the spaces of positive and negative harmonic spinors.

If 4 > 0 we set dpi# (A, e) :=dim Hf, the multiplicities of the eigenvalues +2mp.
If p=0,let d,o(A,¢) := dim Hy and d;O(A, e) := dim Hy, if n is even.

The next result gives Specp(Th,e) for the torus Ty and shows that it is deter-
mined by the cardinality of the sets

(2.4) ALy ={ve AL [Pl =
where A* is as in ([CII)).

Proposition 2.1. Let € be a spin structure on the torus Th ~ A\R"™ and let
m = [g]. In the notation above, we have:

(i) Hh=S®V ife=1and Hy=0 ife # 1.

(ii) If u > 0, then

HMi = span{fjfj’k ru€eAl ,1<5< 2"l 1<k <d,}

with fuij p s in 23). The multiplicity of the eigenvalue £2mp of D, thus equals
+ —1 *
dp,,u,(A7€) = 2m dP|A5,,u,‘
with A%, as in Z4). Furthermore, Hfuijk” = vol (Ty)Y? for each u, j, k.

Proof. The statements in (i) are clear in light of the discussion before the proposi-
tion. Now let L?(A\R™;.) denote the space

{f:R” —>Clflz+X) =56Nf(z) for A € A,z € R" and /
T
and let L2(A\R",S ® V;6.) be defined similarly by using functions with values in
SeV.
For each u € A the function f,(z) = €*™*? lies in L?(A\R";6.). In the case
¢ = 1, the Stone-Weierstrass theorem implies that the set {f, : v € A*} is a
complete orthogonal system of L?(A\R"). Since A} = A* + u., this implies that
the set {f, : u € A’} is a complete orthogonal system of L2(A\R"™;6.). Now, if for
each given u € A%, we choose an orthonormal basis B, of S® V of eigenvectors of
L(u) ® Id, then this clearly implies that the set

(2.5) {fuw(@):ue A weB,}

112 < oo}
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is a complete orthogonal system of L?(A\R",S ® V;4.). Furthermore each f, ., is
an eigenfunction of D, with eigenvalue +2x||u||, therefore (ii) follows. O

Remark 2.2. If A is the canonical (or cubic) lattice, then

(2.6) ‘AZ,M‘ = ‘{(mlﬂ ceesmy) EZ Z m? + Z (mj + %)2 = ,uz}"

jeJd J€Je
where JF (see (LIZ)) are computed with respect to the canonical basis of R™. We
observe that [J| (or [J], see (I14))) determines the multiplicity of the eigenvalue
+27p, for any p > 0, by ([26) and by the multiplicity formula in (ii) of Proposition

2.1. The converse also holds, thus we have that Specp(Tp,e) = Specp(Tp,e’) if
and only if [J| = |J|.

Our next goal is to obtain a formula for the multiplicities of the eigenvalues
+27p, u > 0, of the Dirac operator acting on twisted spinor fields of an arbitrary
spin flat manifold (Mr,e). We shall see that only the elements in I' such that
B € Fy (see ([L2))) will contribute to the formula. One of the key ingredients in the
formula will be a sign, attached to each pair ~y,u, with v = BL;,, u € A* fixed by
B. This sign appears when comparing the conjugacy classes of two elements x, y in
Spin(n — 1) that are conjugate in Spin(n). By Lemma[6.2] given two such elements
x,y, then either y is conjugate to x or to —ejze; in Spin(n—1) (see the Appendix).
In what follows we shall write z ~ y if x, y are conjugate in Spin(n — 1).

If v = BLy, € A\I' and u € (A?)B~ {0}, let h, € Spin(n) be such that h, uh, ! =
|lu|len. Therefore, since Bu = u, hye(y)h, ! € Spin(n — 1), by the comments after
Definition 6.5.

We shall make use of the following definitions.

Definition 2.3. Fix an element 2., in the maximal torus T' of Spin(n — 1) (see
(L)) that is conjugate in Spin(n) to £(v). Define o.(u,z,) = 1 if hye(y)hy?
is conjugate to = in Spin(n — 1), and o.(u,z,) = —1 otherwise (in this case
hue(Y)hyt ~ —erzqeq).

Note that o.(u,x,) is independent of the choice of h,. For simplicity, we shall
simply write o(u, x,) when ¢ is understood.

Remark 2.4. If n is even, then o(u,z,) = 1 for all u, by Lemma 6.2. Also, if
v is such that np > 1, then, by arguing as at the end of the proof of Lemma
62 we see that o(u,z,) = 1 for all u. Furthermore, if z., is not conjugate to
—e1 2, e in Spin(n), then, by the definition, o(u, —e; 2 e1) = —o(u, z). Moreover
o(—u,z) = —o(u,z,) and o(au,z,) = o(u, z-) for any a > 0, since we may take
h_, = e1h, and hqy = hy, respectively.

Now, let as usual x,, x, and x,, denote the characters of p, L and L*, re-
spectively. Keeping the notation above, for each v = BL, € I', p > 0, we set

(2.7) Cumo(0:) = > oluz,) e ™,
uE(A;M)B
where (Af )P = {v € A7, : Bv = v}. When o = 1 we just write e, ,(d.) for

€puy,1(0e)-
We are now in a position to prove the main result in this section.
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Theorem 2.5. Let " be a Bieberbach group with translation lattice A and holonomy
group F ~ A\I'. Assume Mpr = I\R" is a spin compact flat manifold, with spin
structure €. Then, if n is even, for each p > 0 the multiplicity of the eigenvalue
2 of D, is given by

(2'8) diu(F,E) = |_}%“\ Z Xp(fY) eM;’Y((SE) XLn,l (m’v)

If n is odd, then

a5, e = o ( X, () eun(0) x4 (24)
’YEA\F n—1
B¢ F
(2.9) + ) S e ()
WBGEAAF u€(Az,)B n-l

with e, ~(0:) as in @), Fy as in (L2), and x., o(u,x,) as in Definition 23]
Let p=0. Ifep # 1, then d, o(I',e) = 0. Ifgjp = 1, then

(2.10) dpo(Te) =t Y X,(71) Xe, (7)) = dim(S@ V)"
YEA\D

We note that the summands in Z8) and in (Z3) are independent of the repre-
sentative v mod A and of the choice of x~, but in general the individual factors are
not.

Proof. We proceed initially as in [MR3], [MR4]. We have that

L2(5,(Mr. <)) = L(S,(Th.e)" = @ () @ (H,)7) & o'
n>0

Thus, dﬂE u(Te) = dim (Hi)F for g1 > 0, and d,o(T',e) = dim Hy'. One has a
pI‘OJeCthH pi from Hi onto (Hi)
> ut

yEA\T

hence

. + +
dim (HG)" = trpy = rtey Dt ()
~yEA\T
and similarly for dim Hy", with Hy in place of H j
Thus, by (ii) of Proposition 2.1 we have to compute, for v € T,
om— 1 d

(2.11) s = Vol Z > Z T e fE )

EA*H] 1 k=1

Recall, from (L8), that v € T acts by v - ¢¥(z) = (yz,(Loe ® p)(7)f(x)) on
Y(x) = (z, f(x)). Thus there is an action of v on f given by

v f@) = (Loe @ p) (NS (v ).
Since y~! = L_;,B~! by (23] we have
v fi k(@) = (Loe ® p) () i (')

(2.12) 4
=72 fru () L(e(y)w) @ p(v)ux
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Let ’Yuj k- <fY f u,j, k;’f u,j, k fTA v f u,j, k:( ) i]7k($)> dx. ];\IOW7 using (m)

we compute
Vg = €T / (fBu(@)Le()w) © p()or, ful@)w] @ vy ) do
T

= L) © ), wF @ u) [ EEC0T g

T
= e b I(e(y)) wji ® p(y)vk wji Q@ vk ) vol (T) 0Byu-

In this way we get

277171
trpf = Z Z Z V) Vk, V) Z e~ 2miub <L(s(7))wji,wji>.
j=1

’YGA\F ue (A7,)E k=1

Now, if v = BL, € T and u € (AZ )", then e(y) € Spin(n — 1,u) (see (G.0)).
Hence L(e(7)) preserves the eigenspaces ST of L(u) ® Id, and we can consider the
trace of (Loe ® p)(7) restricted to ST ® V. Thus we finally obtain

(2.13) diu(l‘,a)zl—}w Sotrply) Y e TP e L(e(v))sx
YEA\TD ue (Az,)"

The next task will be to compute the traces tr L(e(7)) s+, showing they can be
expressed as values of characters of spin representations. The influence of u will
only appear in the determination of a sign. We shall use the element =, and the
notions introduced in Definition

We first note that tr L(e(7))g+ = tr L(hug('y)hijl)‘sztn. Now, we use Lemma [6.6]

together with Definition If n is odd and hy,e(y)hy ! ~ z., then
tr L(hue()hy ') gz, = tr L ().
If hye(y)hg! # 2., then hye(y)h,' ~ —ejze1, hence
tr L(hus(y)hgl)lsg =tr L | (—erxjer) =tr LT | (z,),

since L(ey) sends S* to ST orthogonally. For n even we proceed similarly, using
©3). Thus we obtain

514 ol tr Lp—1(z~), n even,
( . ) T (5(7))|Sf - { tr Lia(u xw)(x’y)’ n odd.
Substituting (ZId) in @2I3) we get that d, (T, ) equals
. tr Lp—1(z~), n even,
1 6727rzu-b { olu x’Y
¥ Z X6 (7) Z trLf_g ' ”)(xv), n odd,

YEA\D u € (AL )"
as asserted in formula ([Z8) for n even. If n is odd, then, by separating the contri-
butions of the elements v = BL;, with B € F} from those with B ¢ F; (see Remark

24), we arrive at formula ([29).

In the case when p = 0 we may proceed in a similar way. If we identify w ® v €
S ® V with the constant function fp v, then for v € I' we have

tmmﬁmmZZv wj @ v, wy ® o) = X, (1) Xy, (€(7))-
j=1k=1
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Thus
dim (Hy) = 7 Y v = g7 >, %,(0) Xa, (5(0),
yEAT ~yEAT
as claimed. Concerning the last equality in the theorem, we know that
Hy = {fowsw : Loe @ p(Y)w@v=w®v} ~(Se V),
since F' ~ A\T" and A acts trivially for € of trivial type. d
Corollary 2.6. Let (Mr,¢e) be a spin compact flat manifold of dimension n. If n

is even, or if n is odd and ng > 1 for every v = BLy € T (i.e. Fy =), then the
spectrum of the twisted Dirac operator D, is symmetric.

Proof. If n is even, the assertion is automatic by [28). If n is odd, by (Z3) and
+ - 5
©4) we have that d7 ,(I',e) —d ,(I',¢) equals

m

2i)™ .

(2.15) Cor > () enn(d) [ sints(xy),
~yEA\T Jj=1

where ., = z(t1(z),...,tm(z)) in the notation of (I4)). It is clear that v satisfies

np > 1if and only if t(2,) € 7Z for some k, hence in this case [[}_, sint;(z,) = 0.

Thus, if ng > 1 for every ~, (2.I5]) implies that the Dirac spectrum is symmetric. O

Remark 2.7. In specific examples, the expressions for the multiplicities of eigenval-
ues in the theorem can be made more explicit by substituting x,,  (z4), x .+ (7)
n—1

or x, (e(v)) by the values given in Lemma in terms of products of cosines or
sines of the t;(x,), where xy = xz(t1(2+), ..., tm(z,)) as above.

Remark 2.8. Set d, . (T',¢) := df ,(T',e) +d, ,(T,¢) for p > 0. Note that, since
Di = —A,,, then d,,(T,¢) is just the multiplicity of the eigenvalue 472u? of
—Ag ,. We thus have

(2.16) dpu(Toe) = 55 D" %,(0) eun ()Xo, (E)),
~yEA\T

where a(n) = 1 or 2 depending on whether n is odd or even. Clearly, (twisted)
Dirac isospectrality implies (twisted) spinor Laplacian isospectrality, but we shall
see the converse is not true (see Example [£.4]).

Spectral asymmetry and n-series. We decompose Specp(Mr,e) = SUA, where
S and A are the symmetric and the asymmetric components of the spectrum,
respectively. That is, if A = 2mrpu, A € S if and only if dj,“(F,a) =d,,([T,e). We
say that Specp(Mr,¢) is symmetric if A = (. In this case, the positive spectrum
Spech(Mr) = {\ € Speecp(Mr) : A > 0} and Hy determine the whole spectrum
Specp(Mr). The symmetry of the spectrum of the Dirac operator depends on T
and also on the spin structure € on Mp.

Our next goal is to derive an expression for the n-series 1 , ) (s), for a general
Bieberbach manifold Mr with a spin structure €. Consider

sgn(\) 1 dy,(T.e) —d; (T ¢)
2.17 = : :
240 2 A e 2 I
PSS Sp/\ec;)(()Mr,s) HES= A

It is known that this series converges absolutely for Re(s) > n and defines a holo-
morphic function 9 ,.)(s) in this region, having a meromorphic continuation to



4582 R. J. MIATELLO AND R. A. PODESTA

C, with simple poles (possibly) at z = n — k, k € Ny, and holomorphic at s = 0
([APS] and [Gi]). One defines the eta-invariant of Mr by 0, o) := 11 p,)(0). By
Corollary 26, n(s) = 0if n =2m or if n = 2m + 1 and F; = (. Furthermore, it
is known that if n Z 3 mod (4), then 7n(s) = 0 for every Riemannian manifold M.
In what follows we will often write 7)(s) and 7 in place of 9 , ) (s) and 9 , .y, for
simplicity.

Proposition 2.9. Let I be a Bieberbach group of dimension n = 4r + 3 (thus
m = 2r + 1) with holonomy group F and let € be a spin structure on Mp = T'\R™.
Then the n-series of Mr is given by

1 - (5
(218)  Nrpe)(s) = iger D xp(v)<Hsintj(x7)> 3 ey (0)
j=1

S
“/BGEA 1F RES=A |M‘

where €., (0:) = Zue(A* )B o(u,x,)e 2™t g5 in @) and, in the notation of
@A), v = 2(tr(z4), - - tm(24))-
Proof. By (Z39) and Corollary 2.6, we get that d} (T',¢) —d, (T, ¢) equals

ﬁ Z X, (7) Z o= 2miuh (XLZ(_“iH) _ XL;f(lu’m”))(I"Y)

ASBGGA 1F u€(Az )5
= ﬁ Z Xp('Y) Z e—27riu-b0_(u7x7) (XL:L1 - XL:HI)(xW)-
ASBGGA r u€(Az )5
1

Now, using ([G.4]) we get

m

df,(T,e)—d, ,(T,c) = <2|;3‘ > X, euro(8) ] sint; ().
A/BG A\T j=1

By substituting this last expression in ([2.I7) the proposition follows. O

Remark 2.10. (i) In Proposition 3.4 we will give a very explicit expression for the eta
series and will compute the eta invariant for a general flat manifold with holonomy
group Z5. We shall see that we may have = 0 or  # 0, depending on the spin
structure.

(ii) Let g € Spin(n). If n even, x+(g9) — x - (9) = Str L, (g) is the supertrace of
L, (g). Furthermore, by Proposition 3.23 in [BGV], one has the expression

Str L, (g9) = i~™? sgn(g) |det(Id, 1 — u(g))|*/?,
where sgn(g) € {£1} is defined in [BGV] and g is the covering map (L3)).

(iii) Note that some authors use 3(n(0) + do) instead of 7(0) as the definition of
the n-invariant of (M, ¢).

3. THE TWISTED DIRAC SPECTRUM OF ZA-MANIFOLDS

In this section we shall look at the case of Z&-manifolds, a very rich class of flat
manifolds. In this case, the holonomy group F ~ Z&, but the holonomy action need
not be diagonal in general. In the case when k = 2 it is already known that there
are infinitely many indecomposable holonomy actions, and infinitely many of these
give rise to (at least) one Bieberbach group (see [BGR]). Giving a classification for
k > 3 is a problem of wild type. The case k = n — 1 corresponds to the so-called
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generalized Hantzsche-Wendt manifolds, studied in [MR], [RS] and [MPR]. This
class is still very rich and will be used in Section 4 to construct large families of
Dirac isospectral manifolds pairwise nonhomeomorphic to each other.

If T' has holonomy group Z%, then I' = (v1,...,7y,A), where v; = B;Ly,, B; €
O(n), b; € R", B;JA = A, B? = Id and B;B; = B;B;, for each 1 <i,j < k. We
shall see that, somewhat surprisingly, for these manifolds the multiplicity formulas
in Theorem take extremely simple forms (see ([B4]) and (BX)). This will allow
us to exhibit, in the next section, large Dirac isospectral sets. Also, we will be able
to characterize all manifolds having asymmetric Dirac spectrum and to obtain very
explicit expressions for the 7-series and the 7-invariant.

Let Fy be as in (IZ). In the case of Z5-manifolds, F} is the set of B € O(n)Nr(T)
such that B is conjugate in O(n) to the diagonal matrix diag(—1,...,—1,1). The
next lemma will be very useful in the proof of Theorem [3.2] the main result of this
section.

Lemma 3.1. If T is a Bieberbach group with translation lattice A and holonomy
group 75, then the elements in Fy can be simultaneously diagonalized in A, that is,
there is a basis fi,..., fn of A such that Bf; = £f;,1 < j <mn, for any BLy € I’
with ng = 1. Furthermore I' can be conjugated by some L,, u € R™, to a group T
such that 2b € A for any BL, € TV with ng = 1.

Proof. Let BL, € T" with ng = 1. Then BA = A, and it is a well-known fact
that A decomposes, with respect to the action of B, as A = Ay & Ay, where A
(resp. Ag) is a direct sum of integral subrepresentations of rank 1 (resp. 2). Here
B acts diagonally on A, whereas As is a direct sum of subgroups on which B
acts by J = [} }]. Now, it is not hard to check that since I' is Bieberbach, then
the orthogonal projection 2bT € A of 2b onto (R™)® cannot lie in Ay, otherwise
some element of the form BLyy, with A € A, would be of finite order (see [DM],
Proposition 2.1). Thus, the multiplicity of the eigenvalue 1 for B is at least 1 on
A;. If furthermore As # 0, then it would be at least 1 on Ay, hence ng > 2, which
is not possible since B € F;. Thus As = 0 for every B € F}, therefore each such B
can be diagonalized in a basis of A (see Lemma 3.3 in [RS] for a different proof).
Our next task is to show that this can be done simultaneously in A for all
elements in F}. To show this, we enumerate the elements in F: Bi,...,B,. Let
f1,---, fn be a basis of A diagonalizing B,. After reordering we may assume that
B.fn, = fnand B, f; = —f; for 1 < j < n —1. Clearly f, is orthogonal to f;
for j < n. Now, for¢ =1,...,7r — 1, B;f, = £f, since B; commutes with B,.,
and actually B;f, = —f,.; otherwise we would have B; = B,, since B; € Fj.
Now, By,...,B._1 € F; and leave A’ := Z-span{fy, ..., fn_1} invariant. Hence by
induction they can be simultaneously diagonalized in some Z-basis of A’. Putting
this basis together with f, we get a basis of A that diagonalizes By, ..., B,.. The
proof of the second assertion now follows in the same way as that of Lemma 1.4 in
[MRA]. O

We are now in a position to prove the main result in this section. We shall see
that for a spin Z5-manifold, only the identity element, Id, and possibly one element,
BL, € T with ng = 1, can give a nonzero contribution to the multiplicity formulas.

We note that given v = BL, € I' \\ A, since B2 = Id, then B is conjugate in
SO(n) to a diagonal matrix of the form diag(—1,...,—1,1,...,1) with 1 < h < m,

————

2h
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where m = [%], hence e(7) is conjugate in Spin(n) to £g;, for some 1 < h < m,
where

(3.1) gh i=e1 - -eg € Spin(n).

Moreover, if n = 2m, then h < m, since B = —Id cannot occur for BL, € I', T’
being torsion-free. Thus, it follows that g, € Spin(n — 1) and since g, and —g;, are
conjugate (see Corollary [6.4)), then we may take x., in Definition to be equal to
gh, with h depending on <. From now on in this section we shall thus assume that

Ty = Gh-
We will need the fact that (see Lemma [6.1]), if n = 2m, then
o gomeym p— i,
(32) o ={ & o
and furthermore, for n even or odd one has
(3.3) Xz, (gn) =0 for any 1 < h <m.

Theorem 3.2. Let (Mr,¢) be a spin Z5-manifold of dimension n, and let Iy be as
(i) If F1 = 0, then Specp,(Mr,e) is symmetric and the multiplicities of the

eigenvalues £2mp, >0, of D, are given by

(3.4) df,(T,e)=2""""1d,|AL .

(ii) If F1 # 0, then Specp,(Mr,¢) is asymmetric if and only if the following
conditions hold: n = 4r + 3 and there exists v = BLy, with ng = 1 and x,(7v) #
0, such that By = —d:.Id. In this case, the asymmetric spectrum is the set of
etgenvalues

A= Specp (Mr,e) = {£2mp; : p; = (G + $IIFII7", 5 € No},
where AP =Zf, and if we put o, := o ((f - 2b) f, gm) we have
2R (dy [AL | £ 205 (1) X, (7)), 1= hy,
2m=hhd, AL, [ F -

If Specp,(My, €) is symmetric, then d (T, ) is given by [B4).
(iii) The number of independent harmonic spinors is given by

m—k ; —
dpatrie)={ 2 en =t

0, otherwise.
If k > m, then Mt has no spin structures of trivial type, hence Mr has no harmonic
spinors. Furthermore, if Mr has exactly 2™d, harmonic spinors, then My = Tx
and e = 1.

(3.5) s, (Te) = {

Proof. We first note that the contribution of Id € F to the multiplicity formulas
(ZR) and @29) is given by 2™ *~1d, e, 1q(0) = 2™ *"'d, [A: ,|. Hence, when no
element in F' other than Id gives a nonzero contribution, then (3.4 holds.

If F; =0, then, for any v = BL, € I' \ A, we have z, = g5 with h < m. Thus,
Xy, (£y) = 0if n is odd and Xfﬂ (zy) = 0 if n is even, for any v € T' ~ A. Thus,
in this case, only Id € F contributes to ([2.8)) and ([29)), and hence (i) follows. This
implies that, other than Id, only the elements in F} can give a nonzero contribution
to the multiplicities and furthermore, this can happen only if n is odd.
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Now, assume that n = 2m + 1 and F; # 0. If y = BL, € T N A, with ng = 1
(hence x4 = g,,), we know by Lemma [B.1] that there exists a basis f1,..., fn, of A
such that B is diagonal in this basis. After reordering the basis elements we may
assume that

(3.6) Bfj=—fjfor1<j<mn, Bf,=/f, b=<f, modA.

N =

Let f1,...,f], € A* be the dual basis of fi,..., fu. It is also clear that Bf} = —f;
for1<j<mnand f, = A ||27thuSBffl:f,'l.

Let as usual A7 = A" 4 u., with u. = 37 ¢;f; and ¢; € {0, 1} for each j. If
the contribution of B to ([ZJ) is nontrivial, then (A*)Z # (. Thus, there exists
u=N+u. with \'=3%".d;f}, dj € Z, and such that Bu = u. This says that for
1§j§n—1,wehavecj+d = —c dj,andhencec]—Oforlgjgn—l. On
the other hand, ¢, equals 0 or % that is, u, = 0 or u, = 2f{l.

If u. = 0 we have AY = A* and thus e2mb = e=2mub for any u € A*, since
b € 3A, by Lemma Bl We claim that ), ¢—2minch X totur, (Ty) = 0, where the

sum is taken over u € (A} H)B . Indeed, putting together the contributions of u and
—u in the expression above, by Remark 24 and (B3] we get

—27iu-b

—omiub
e miu (XLif(lu’g’”) + XLifg’“’g’”) ) (gm) =€ U(Ua gm) XL, (gm) =0.

Hence, we conclude that if u. = 0, the contribution of v = BL;, € '\ A to (29) is
zZero.

Now consider the case u. = % f., that is, (AZ)® = (Z + 1)f,. Hence, since
5-(A) = e?miu= A then
(3.7) e(Ly;)=1 (1<j<n—1), and e(Ly,) =—1.

Furthermore we note that, since

—1=¢(Ly,) =c(v?) =e(7)® = (Fe1 ... e2m)? = (=),
it follows that m is necessarily odd, hence m = 2r + 1 and n = 4r + 3.

Now [B.8) and ([B.1) say that only if By = —d.Id can v = BL; give a nonzero
contribution.

Furthermore, since (A7)® = (Z + §)f;,, then, for fixed p > 0, (A7 )P # 0 if
and only if p = p; = (j + %)anH with j € No. For p = p;, we have that
(AL, )B = {%u;}, where u; = (j+3)f, with j = || fa|l1t; — 3 € No. Again, putting
together the contributions of u; and —u;, we get that the sum over (AZ ,)¥ in Z9)
equals

—27iu - 27iu-b
€ 7’ X :l:tr(u] am) (gm) +e J XLﬂ:U(—uj=9m) (gm)
71. 1 n—1

(6—27rzuj~b 27rzuj~b) U(

— €
L

U gm) X, (gm)
= F2™i" T o(uj, gm) sin(2mu; - b),
where we have used that X, - (gh) =X, (gh) by B2). If AB = Zf, then one
has that f = +f,,. Now one verlﬁes that o(uj,gm) =o((f-2b)f, gm) = 0. Hence,
o(uj, gm) sin(2mu; - b) = oy sin(n(j + 1)) = o, (1)

since b = % » mod A.
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Since m = 2r + 1, we finally get that the contribution of v to the multiplicity of
the eigenvalue +2mpu; is given by

£2" F gy (=1)"x, (7).

The above shows that if an element v/ = B’ Ly € F} gives a nonzero contribution,
then B"A = —6.Id, hence B' = B, and b = %fn, mod A. Since only Id and
v = BL; give a contribution to the multiplicity formula, this completes the proof

of (ii).
Finally, the first assertion in (iii) follows immediately from (ZI0), and the re-
maining assertions are direct consequences of the first. O

Remark 3.3. (i) Except for the very special case described in (ii) of the theorem,
the twisted Dirac spectrum of Z5-manifolds is symmetric, and the multiplicities
are given by the simple formula (34). In this case, the multiplicities of Dirac
eigenvalues for M with a spin structure € are determined by the multiplicities for
the covering torus T\ with the restricted spin structure €. Indeed, we have

+ —k gt
dp’M(I‘,a):2 dp’H(A,qA).

(ii) Note that, for each fixed p, all spin Z5-manifolds (Mr, e) having asymmetric
Dirac spectrum and having the same covering torus (Ty, €] A) are D ,-isospectral to
each other.

As an application of Theorem we shall now compute the 7-series and the
n-invariant for any Z&-manifold.

Proposition 3.4. Let (Mr,e) be a spin Z5-manifold of odd dimension
n =4r+3 (thusm = 2r+1). If Spech(Mp,s) is asymmetric, then, in the
notation of Theorem [B.2], we have

(B8)  Mrpe(s) = (~1)7 0 x, (1) 27 (”fT”) (Cs 1) — (5, 2)).

where ((s,a) = 3272, ﬁ denotes the Hurwitz zeta function for o € (0,1] and
o, € {£1} is as defined in (ii) of Theorem B2
Therefore, N ) (s) has an analytic continuation to C that is everywhere holo-

morphic. Furthermore,

(3.9) Nrpe(0) = (=1)70yx,(1)2" ",
(3.10) Nrope(0) = (4logT(3) +log | f]| - 3log(2m)) n(0).

Proof. We shall use Theorem in the case of the special spin structure when the
spectrum is not symmetric, otherwise, n(s) = 0. We have

1 oy (e~ (Tie)
(T, p,e) (S) - (27T)S :
J

— |51°
Now from formula (B8] we have that

d:;/ij (T, e) — d;w (T,e) = (_1)r+j o, Xp('Y) gm—k+1
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Thus, if Re(s) > n

Nrpe)(s) = (=1)7oyx,(y) 2" HfHSZ .

(2r) 2= i+ 2

= (=1)7oyx, (1) 2"

where ((s, @) is the Hurwitz zeta function, for a € (0, 1]. Now ((s, a) extends to an
everywhere holomorphic function except for a simple pole at s = 1, with residue 1
(see [WW], 13.13) hence formula (3.8)) implies that 7(s) is everywhere holomorphic.

Furthermore, since ((0,a) = % — «, by taking the limit as s — 0 in the
above expression we get [3.9). Also, differentiating ([B.8) and using that ¢'(0,a) =
logT'(a) — 1 log(2m) (see [WW]) we obtain (Z10). O

Remark 3.5. Note that if (p,V) = (1,C), then for Z&-manifolds with k < m, one
has that n(0) € 2Z. In particular the n-invariant of any Zs-manifold is an even
integer. Indeed, in the asymmetric case, n = £2™~! € Z. In dimension n = 3, for

—1
F ~ 7, the proposition gives n = 0. Take I' = (y, La) where vy = [ -1 1} L%g

and A is the canonical lattice in R3. Then Mr has asymmetric spectrum only for
the two spin structures ey = (1,1, —1;e1es) and e = (1,1, —1; —ejes). We have
Nre.) =1 while .y = —1 as in [Pf].

4. DIRAC ISOSPECTRAL MANIFOLDS

In this section we give examples of twisted Dirac isospectral flat manifolds that
are pairwise nonhomeomorphic to each other. In Examples 4.3, 4.4 and 4.5 we
compare (twisted) Dirac isospectrality with other types of isospectrality, such as
Laplace isospectrality on functions and on p-forms and length isospectrality with
and without multiplicities (see the Introduction). Two manifolds are [L]-isospectral
(L-isospectral) if they have the same [L]-spectrum (L-spectrum). Obviously, [L]-
isospectrality implies L-isospectrality.

As a consequence we will obtain the following results.

Theorem 4.1. (i) There are families F of pairwise nonhomeomorphic Riemannian
manifolds mutually twisted Dirac isospectral that are neither Laplace isospectral on
functions nor L-isospectral. Furthermore, F can be chosen so that:

(a) Every M € F has (no) harmonic spinors (Example E3(i)).

(b) All M’s in F have the same p-Betti numbers for 1 < p < n, and they are
p-isospectral to each other for any p odd (Example [23(ii)).

(ii) There are pairs of nonhomeomorphic spin manifolds that are A, ,-isospectral
but not D,-isospectral (Ezample EAii)).

(i) There are pairs of spin manifolds that are Ay,-isospectral for 0 < p < n
and also [L]-isospectral, and that are D ,-isospectral, or not, depending on the spin
structure (Example E3N1) ).

(iv) There are pairs of spin manifolds that are D ,-isospectral and A,-isospectral
for 0 < p < n which are L-isospectral but not [L]-isospectral (Example EI(ii)).
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Theorem 4.2. There exists a family, with cardinality depending exponentially on
n (orn?), of pairwise nonhomeomorphic Kdihler Riemannian n-manifolds, that are

twisted Dirac isospectral to each other for many different spin structures (Example
L8, Remark 4.7).

To construct the examples, it will suffice to work with flat n-manifolds of diagonal
type, having holonomy group Z&, k = 1,2 and n — 1.

A Bieberbach group I' is said to be of diagonal type if there exists an orthonormal
Z-basis {e1,...,e,} of the lattice A such that for any element BL, € T, Be; = +e;
for 1 <i <mn (see [MR4]). Similarly, My is said to be of diagonal type, if I" is so.
If T is of diagonal type, after conjugation of I" by an isometry, it may be assumed
that A is the canonical lattice and also that for any v+ = BL, € I', one has that
b€ 1A (]MR4], Lemma 1.4).

Let (Mr,¢) be a spin Z&-manifold where I' = (v1,...,7k, La) and let Ay,...\,
be a Z-basis of A. If v = BL, € I" we will fix a distinguished (though arbitrary)
element in p~1(B), denoted by w(B). Thus, e(y) = ocu(B), where ¢ € {£1}
depends on v and on the choice of u(B).

The homomorphism € : I' — Spin(n) is determined by its action on the generators
Alyeeoy Ans 71, - - -5k of I Hence, if we set d; := ¢(Ly,), we may identify the spin
structure € with the n + k-tuple

(4.1) (01, .-, 0p,01u(B1), ..., oru(Byg)),
where o; is defined by the equation e(v;) = o;u(B;), for 1 <14 < k.

Example 4.3 (Zo-manifolds). Here we will give some large twisted Dirac isospec-
tral sets of Zy-manifolds. Put J := [{}]. For each 0 < j,h < n, define
(4.2) B, :=diag(J,...,J,—1,...,—1,1,...,1),

—— — . —— ——

j h l

where n = 2j+h+1, j+h # 0and [ > 1. Then B;; € O(n), Bih = Id and
Bjj, € SO(n) if and only if j+ h is even. Let A = Zey & ... & Ze,, be the canonical
lattice of R™, and for j, h as before define the groups

(4.3) Ljn = (BjnLen, A).

We have that (Bj, + Id)% = e, € A\ (Bj, + Id)A. Hence, by Proposition 2.1 in
[DM], the I'; , are Bieberbach groups. In this way, if we set M;; = T'; ,\R", we
have a family

(4.4) F={M;n=T;,\R" : 0<j <[2%],0<h<n—2j, j+h+#0}

of compact flat manifolds with holonomy group F =~ Zs. The family F gives a sys-
tem of representatives for the diffeomorphism classes of Zs-manifolds of dimension
n (see Proposition 4.2 in [MP]).

We will make use of the following result on the existence of spin structures (see
Proposition 4.2 in [MP], and also Theorem 2.1 and Lemma 3.1):

M; p, has 277 spin structures parametrized by the tuples (61, . .., 0p, 0) €{£1}" 1
satisfying:

(45) 51 = 62, ey 52j_1 = 52]‘ and 5n = (—1) = .
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Isospectrality on p-forms. We first review from [MR3] and [MR4] some results on
spectra of Laplace operators on vector bundles over flat manifolds. If 7 is a finite-
dimensional representation of K = O(n) and G = I(R™), we form the vector bundle
E. over G/K ~ R™ associated to T and consider the corresponding vector bundle
'\ E; over T\R"™ = Mr. As usual we denote by x_ and d, respectively, the character
and the dimension of 7. Let —A, be the connection Laplacian on this bundle.

We recall from [MR4], Theorem 2.1, that the multiplicity of the eigenvalue 472
of —A, is given by

4.6) d..I)= ﬁ Z X,(B) e, where e, = Z e~ 2mivh,
Y=BLy€A\T vE gA*)B
lloll® = p

If 7 = 7, the p-exterior representation of O(n), then —A  corresponds to the
Hodge Laplacian acting on p-forms. In this case we shall write A, tr,(B) and
dp,, (') in place of A, | tr7,(B) and d,, ,,(I'), respectively.

Thus, the p-Laplacian A,, 0 < p < n, has eigenvalues 4% with multiplicities
dp . given by formula ([@G). Furthermore, for flat manifolds of diagonal type the
traces tr,(B) are given by integral values of the Krawtchouk polynomials K;L(x)
(see [MR3], Remark 3.6, and also [MRA4]). Indeed, we have

(4.7) trp(B) = K(n —np), where K7 (z) := f:(—l)f Cf) (” N x)

t=0 p—t
Note that Bjj and By ;i are conjugate in GL(n,R), hence
trp(Bjn) = trp(Bo,j4n) = K (j + h).
Thus,
(4.8) dp,u(Ljn) = %((Z) Ayl + KR (G + 1) epq(Tjn))-

Hence, the existence of integral zeros of K () will imply p-isospectrality of some
of the M;, € F. For some facts on integral zeros of K (z) see [KL|, p. 76, or
Lemma 3.9 in [MR4]. The simplest are the so-called trivial zeros, namely:

If n is even, then Kg(]) = K}(5) =0 for any j odd. Also, KJ'(j) = 0 if and
only if K7'(k) = 0.

Thus for n = 2m, all manifolds {M,j, : j + h is odd} are m-isospectral and all
manifolds {M; : j + h = m} are p-isospectral for any p odd with 1 < p < n.
However, generically, i.e., for arbitrary p and n, the M;; will not be p-isospectral
to each other because the integral roots of Krawtchouk polynomials, aside from the
trivial zeros, are very sporadic.

We claim that the manifolds in F are pairwise not isospectral on functions.
Take 4 = 1. Then Ay = {%eq,...,+e,} and Af}j"‘ = {£egjtht1,...,xen}, thus
|A1| = 2n and \Af’j‘h| = 2(n — (2j + h)) = 2l. Now, one checks that e; ,(I'; ) =
2(1 = 1)+ 2(—1) = 2(I — 2) and hence, from [@I)), we get

(4.9) dp1(Tjn) = () + Kp (5 +h)(1 - 2).

Now consider = 2. Then A 5 = {£(e; £¢;) : 1 <i < j < n} and Ai%’h’ =
{£(eaii1+en): 1 <i<jlU{f(eite;):14+1<i<j<n} Hence|A ;5] =14(5)
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and \Ai%ﬂ = 2j—|—4(é). One checks that es o (I'; ) = 2j—4(l—1)+(4(é) —4(1-1)) =
2j+2(1—1)(I — 4). Again by [@F), we get

(4.10) dpo(Tin) = 2(7) () + K2G + b) (G + (L= 1)(1 - 9)).
In particular for p = 0, since K'(j) = 1 for any j, we have

(411) do)l(rjﬁ) = n—l—l — 2,

(412) do’g(].—‘j’h) = TL(TL - 1) +] + (l - 1)(l — 4)

These multiplicities are sufficient to show that all Zs-manifolds in F are pairwise
not isospectral. Indeed, if M; j, Mj/ 5 are isospectral, then [ = I’ by (£I]), thus
2j+h =254+ h'. By [@I2), then j = j' and hence h = I'.

Dirac isospectrality. We will give families of spin Zs-manifolds Dirac isospectral to
each other.
We need to restrict ourselves to orientable manifolds, so consider the family

Ft={Mj,€F:j+hiseven}.
It will also be convenient to split F* = F UF;", where
Fr={M;peFt:j+h=2 mod (4)}, i=0,1

(i) We now define spin structures for M; 5 in F+. By (5], 6, = 1 for j+h =0(4)
and 6, = —1 for j + h = 2(4). Hence, we take the spin structures

(4.13) gijn=(1,...,1,(=1)50u(B;n)), i=0,1,

for manifolds in F;", i = 0, 1, respectively. For simplicity, we will write ¢; for Eijih-
We claim that all the spin Zy-manifolds in F" := {(Mjn,c0) : My, € Fo }
are twisted Dirac isospectral to each other. Indeed, since gqg is a spin structure of
trivial type, we know from Theorem that the spectrum is symmetric and the
multiplicities of the eigenvalues £27u of D, are given by
dyu(Tjns0) = 277 2d, AL, | = 277 2d, A,

S

since A7 = A. Note that all manifolds in Fi have 2™~'d, nontrivial harmonic
spinors.

If n £ 3(4), the spin manifolds in .7:"1+ = {(Mj p,e1) : Mj € F|"} are Dirac
isospectral to each other. The same happens with those in F}" \ { Mg 2 }, for n =
2m + 1 = 3(4). Indeed, in both cases, we have that diu(rj7h7€1) =2m72d, |A,, s
by Theorem These manifolds do not have nontrivial harmonic spinors.

(ii) Note that, for every ¢, all My o, My_11,..., Mo+ have the same first Betti

number. We recall from [MP], Proposition 4.1, that for 1 <p <n

(5]

(4.14) Bp(Mjn) = Z (j _Q:h) (pj—+2lz)

i=0
Hence, if B1(M; ) = B1(Mj: 1), then B,(M; ) = Bp(M;: ) for any p > 1.
Now, take
(4.15) Fi ={(Mjp,e): Mj, € F* and j+ h =t}
for some fixed t even and ¢ as in [EI3)). In this way F; is a family of ¢ + 1 spin
Zo-manifolds which are Dirac isospectral to each other, all having the same p-Betti
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numbers for all 1 < p < n. Moreover, if we take n = 2¢, then all M, € F; are
p-isospectral for any p odd, by the comments after ([4.8)).

Example 4.4. Here we give a simple pair of nonhomeomorphic spin Z3-manifolds
that are (twisted) spinor Laplacian isospectral but not (twisted) Dirac isospectral.
Let A be the canonical lattice in R” and take the Bieberbach groups

I'= (Bi1Ls,, BaLy,, A), I = (B1Ly;, Bo Ly, A),

where By = diag(—1,-1,—-1,—-1,—1,-1,1), By = diag(—1,—-1,1,1,1,1,1), B} =
diag(—1,-1,-1,-1,1,1,1), By = diag(1,1,~1,—1,—1,—1,1), and by = &, by =
ateater p) o= & by = 2 are in $A. Let Mp = I'\R7, Mp = I"\R” be the
associated Z3-manifolds.

By Theorem 2.1 in [MP], one can check that Mr and M/, respectively, ad-
mit spin structures e,&’ with characters §. = (1,d2,1,04,05,06, —1) and §o =
(01,1,0%, 04,05, 04,1), 0;,0; € {£1}.

Now, Fi(I') = {B1}. If we take 6. = (1,1,1,1,1,1,-1), and if x,(B1) # 0,
then (Mr,¢) has asymmetric Dirac spectrum. Thus, if p; = j + %, 7 € Ng, the
multiplicity of 27y is given by

dp |Ac ;| £2(=1) 0, x,(71) o= py,
dE (T.e :{ p Ny 7 Xp ) J
pu( ) dp |A6,u|7 U?’éﬂj'

On the other hand Fy(I') = (). Thus, M/ has a symmetric Dirac spectrum with
dZ, (I €") = dy |Ar .

Now take 6. = (—1,1,1,1,1,1,1). Then (Mp,¢) and (Mr/,€’) are A, ,-isospec-
tral. Indeed, do(I',¢) = do(I,€’) = 0 and since |J | = |J,| = 1, for any p > 0, by
Remark 22] we have

dpu(T,e) =2d, A | =2d, Ao | = d, (T, €).

However, (Mr,e) and (My,¢’) are not D,-isospectral for S’pecgp (T, ) # 0 while
Specgp (T",e") = 0. Note that Spec%p (T,e) = Spec%p (T7,¢).

Example 4.5. Here, we shall give two pairs of A,-isospectral for 0 < p < n and
L-isospectral 4-dimensional Z3-manifolds M, M’, one pair being [L]-isospectral and
the other not. These pairs will be twisted Dirac isospectral, or not, depending on
the choices of the spin structures.

Consider the manifolds M;, M/, 1 < i < 2, where M; = I';\R*, M/ = T;\R* and
i = (y1,72,A), T, = (71,75, A) are as given in Table 2, where v; = B;Ly,, v; =
BiLb;, 1= 1,2, B3 = BlBQ, bg = B2b1 +bg, blg = Béb&ﬁ*bé, and A = Zel®~ . '@264
is the canonical lattice. Furthermore, we take B; = B}. In all cases the matrices B;
are diagonal and are written as column vectors. We also indicate the translation
vectors b;, b} as column vectors, leaving out the coordinates that are equal to zero.
We will also use the pair Mg,]\/:fé of Z3-manifolds of dimension 6 obtained from
the pair My, M} by adjoining the characters (—1,1,—1) and (1,—1,—1) to B;,
1 < ¢ < 3, and keeping b;, b unchanged.

Note that M, M} and My, M} are orientable while My, M} are not.

(i) By Example 3.3 in [MR5], the manifolds M7, M7 are Sunada isospectral (hence
p-isospectral for 0 < p < n) and [L]-isospectral.

By Theorem 2.1 in [MP], one can check that M; admits 2* spin structures e;
of the form &1 = (01, —1,83, —1;01€1e2, 02e9e3), and M carries 2% spin structures
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TABLE 2.

By Ly, Ly | By Ly, Liyy | Bs Le, Ly,

-1 1 1/2 | -1 1/2
{My, M{} -1 112 12 1 172 1/2

1 12 | -1 -1 1/2

1 172 1 172 1

By Ly, Ly | By Ly, Liy | Bs Liy Ly,

1 1 1/2 1 1/2

1 1/2 1 172 1/2 1 172
{Ma, M3}
. 1 1,2 -1 -1 12
{Ma, M3}

-1 1 1/2 -1 12

-1 1 -1

1 -1 -1

g} of the form & = (—1,—1,—1, 8}, ole1eq, cheaes), where 61, 93,04, 01,02,0%,05 €
{%1}.

Since Fy(I'y) = F1(T) = 0, by B4) we have that di,(I'1,e1) = d,|Ac, .| and
dg:,u(r/bgll) = dp |AE'1,;L|'

Now, if we take §., = (1,—1,1,—1), we see that (Mi,e1) is not twisted Dirac
isospectral to (M7, €}) for any € because |.JZ, | = 2 while |J;,1| > 3 (see Remark [2.2]).
However, if we take e1,¢] such that ., = 0. = (—1,—1,-1,-1), then (My,¢1)
and (M{,e]) are D,-isospectral to each other.

(ii) By Example 3.4 in [MR5], the manifolds My, Mj are Sunada isospectral
(hence p-isospectral for 0 < p < n and L-isospectral) but not [L]-isospectral. In
order to have orientable manifolds we add to Mz, M} the characters (—1,1, —1) and
(1, —1,—1). The pair My, M} obtained has the same spectral properties as Mo, M}.
This can be seen by proceeding as in Example 3.4 in [MR5].

Again, by Theorem 2.1 in [MP], we can check that M, has 25 spin structures,
€9, with characters 6., = (01,1,—1,—1,05,06), 01,095,906 € {£1}; and M} has 26
spin structures, €5, with characters 6., = (1, -1, d3, 03, d5, 95 ), where 03, 63, 95, 0 €
{%1}.

Now, diu(f%é’g) =d, |A., | and diu(f‘g,sé) =d, |Aey ] Asin (i), if we take
spin structures ez, 5 with |J2 | = |J;z|, we see that (Ma,es) and (M, eh) are D,-
isospectral to each other, whereas if we take e,¢5 such that |JZ | # ‘Js_é|’ then

(M, e5) and (M}, eb) are not D,-isospectral.

Example 4.6. We now construct a large family of pairwise nonhomeomorphic
twisted Dirac isospectral flat 2n-manifolds, with holonomy group Z5~'. We will
apply the doubling procedure in [JR] or in [BDM] to the family of Hantzsche-Wendt
manifolds (see [MR]).
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We first recall some facts from [MR]. Let n be odd. A Hantzsche-Wendt group
(or HW group) is an n-dimensional orientable Bieberbach group I" with holonomy
group F' o~ Z;‘l such that the action of every B € F' diagonalizes on the canonical
Z-basis eq, ..., e, of A. The holonomy group F' can thus be identified to the diagonal
subgroup {B : Be; = +e;, 1 < i < n, det B = 1}, and Mr = T'\R" is called a
Hantzsche-Wendt (or HW) manifold.

We denote by B; the diagonal matrix fixing e; and such that Bje; = —e; (if
j # i), for each 1 < ¢ < n. Clearly, F is generated by By, Bs,...,B,—1 and
furthermore B,, = B1By ... B, _1.

Any HW group has the form I' = (yy,...,vn—1,Lx : A € A), where v; = B; L,
for some b; € R", 1 < ¢ < n—1, and where it may be assumed that the components
bij of b; satisfy b;; € {0,3}, for 1 < i,j < n. Also, since (AP(R"))¥ = 0 for any
1 < p < n-—1, it follows that all HW manifolds are rational homology spheres.
We further recall that, as shown in [MR] (by using a rather small subfamily H;),
the cardinality h, of the family of all HW groups under isomorphism satisfies
hy > Qn:f . Moreover, the cardinality of the set of Laplace isospectral, pairwise
nonisomorphic, pairs of HW groups grows exponentially with n.

Relative to the spin condition, it is easy to verify using (e1) in [MP], (2.3),
that the manifolds in this family are generally not spin. Indeed, we now show
that no HW manifold with n = 4k + 1 is spin. We note that 42 = L., for each
1 < k < n. Hence a spin structure ¢ must satisfy 6y = (L, ) = e(72) = e(1)? =
(£e1...en_1€ks1-.-6,)% =1, since n = 4k + 1. Thus, it follows that gja = Id. On
the other hand (v;;)? = Ly for some A # 0 and since e(7;7y;) = %e;e;, it follows
that (L)) = e(£e;e;)? = —1, a contradiction.

In the case n = 4k + 3, k£ > 0, we shall show that no HW manifold in the
family H; (see [MR]) is spin. More generally, assume that there are three con-
secutive generators of I', v; = B;Ly, with b; = Lc, e, ,)/2, © = 2. Thus, if
¥ = YiYit1Yit2 = BiBit1BitaL(e, ,te,s)/2, then we have 42 = 77, = Le,,.
This gives a contradiction since (v)? = 1 (the multiplicity of the eigenvalue —1 for
B;B;11Biyo is 4k) while &(y;12)? = —1 (the multiplicity of the eigenvalue —1 for
B;1o is 4k + 2). Actually, J.P. Rossetti has recently shown to us a proof (that still
uses the criterion in [MP]) that no HW manifold can admit a spin structure.

We will now consider for any HW group I, the group dI', defined by the doubling
construction in [JR] or [BDM], namely dI' = (dBL ), L(x,,n,) @ BLe € T, A1, X0 €
A), where dB := [B 9]. This yields a Bieberbach group of dimension 2n, with
the same holonomy group Zg_l as I', and with the additional property that the
associated manifold Myr is Kéhler. The reason why we use dI' in place of I is that
Mar is always spin (see [MP], Remark 2.4).

We will need the following facts:

(i) If T is a HW group, then Mar admits 2"~ spin structures of trivial type.

(ii) If T runs through all HW groups, all manifolds Mar endowed with spin
structures of trivial type are twisted Dirac isospectral to each other.

(iii) If T, T are nonisomorphic HW groups, then dI',dI” are monisomorphic
Bieberbach groups.

(iv) Two HW groups T',T are Laplace isospectral if and only if AT and AT are
Laplace isospectral.

Now, (i) and (ii) are direct consequences of Remark 2.4 in [MP] and of (i) of
Theorem [B.2] respectively.




4594 R. J. MIATELLO AND R. A. PODESTA

Proof of (iii). This assertion follows by an argument very similar to that given in
the proof of Proposition 1.5 in [MR]. We shall only sketch it. An isomorphism
between dI" and dI must be given by conjugation by CL, with C € GL(2n,R) and
c€R?. Now C(A®A) =A@ A implies C € GL(2n,Z) and furthermore for each
1<i<n-1,

CLchiL(bi,bi)L—Ccil - dBJ(i)L(b;(iwb'a(i))’

where 0 € S,,. Thus CdB;C ™' L (v, b;)+(dBi—1d)c)- In particular, this implies that
CdB;,C~1 = dBg(; for each 1 < i < n, with 0 € S,. Thus, there is an n x n
permutation matrix P such that D := CdPC~! commutes with dB; for each i,
thus D preserves Ze; ® Ze,+; for each i. It is easy to see that conjugation by such
D yields an automorphism of dI"V. Thus, conjugation by DCL. = dPL, takes dI"
onto dI" isomorphically and furthermore

dPLCdBiL(bi,bi)L—Cdpil = d(PBiP)ilLdP((bz‘,bi)+(dBi*Id)C)
= dBs@ Loy y)-

This implies that ¢ = (¢1,¢1), mod A, with ¢; € %A and hence, conjugation by
PL., gives an isomorphism between I' and I, a contradiction.

Proof of (iv). Since HW groups are of diagonal type, then I', I are Laplace isospec-
tral if and only if they are Sunada isospectral, that is, if they have the same Sunada
numbers (see [MR3], [MR4]). We claim that this is the case if and only if dI" and
dI'” are Sunada isospectral to each other.

Indeed, we recall that for 0 < ¢t < s < n, and I' of diagonal type, the Sunada
numbers of I' are defined by

cq (1) := |{BL1, €T :np=dand ng(3) =t}|,

where, for BL, € T, np := dim(R")? = [{1 <i < n: Be; = ¢;}| and np(3) ==
{1<i<n:Be =¢; and be; =1 mod (Z)}|. Now, it is clear from the definitions
that cog 2¢(dI") = ¢54(T') for each 0 <t < s <mn and ¢, ,(dI") = 0, if either u or v is
odd. This clearly implies that I and I'” have the same Sunada numbers if and only
if dT" and dI" do, that is, if and only if dI" and dI" are Sunada-isospectral to each

other. O

Thus, for each n odd, by (i), (ii), (iii), (iv), the above construction yields a
family of cardinality that depends exponentially on n, of Kéhler flat manifolds
of dimension 2n, all pairwise nonhomeomorphic and all twisted Dirac isospectral
to each other, having only 2d, harmonic spinors for every trivial spin structure
chosen (see (iii) of Theorem [B.2)). Within this family, by (iv) and [MR], there are
exponentially many pairs that are Sunada isospectral, hence p-isospectral for all p.
However, generically, two such manifolds will not be p-isospectral for any value of
p (see for instance [MR2] in the case n = 7).

We note that if we repeat the doubling procedure, then the set of all Mgz, with
I' a HW group, is an exponential family of hyperkdhler manifolds with the same
spectral properties as the family Myr, but now having 2"+1dp harmonic spinors for
every spin structure of trivial type chosen.

Remark 4.7. If one looks at the family of all flat manifolds with holonomy group
75" (see [RS]) for n = 4r + 3, then it is shown in [MPR] that a subfamily of

n—1)(n—2)

this family has cardinality 9= . If we apply the doubling procedure to this



TWISTED DIRAC OPERATORS ON COMPACT FLAT MANIFOLDS 4595

family, one shows that considerations (i),...,(iv) in Example 4.6 remain valid,
hence one obtains a family of twisted Dirac isospectral, pairwise nonhomeomorphic,

2n-manifolds of cardinality 9 ==

5. ETA INVARIANTS OF Z,-MANIFOLDS

In this section we shall illustrate the results in Section 2 by using the expression
[2I]]) of the eta series, to compute explicitly the eta invariant of certain flat p-
manifolds with cyclic holonomy group Z,, p = 4r + 3, p prime, for the two existing
spin structures. In [SS], the authors give an expression for the eta invariant and
harmonic spinors of this family (without assuming p to be prime) in terms of the
solutions of certain equations in congruences. They give explicit values for p = 3, 7.
Here we shall give an explicit expression for the eta invariant of this family in terms
of Legendre symbols and special values of trigonometric functions. At the end we
give a table with the values of n for any prime p < 503. For n = 3 they coincide
with those computed in [Pf] (and [SS]). Our formulas for the eta series involve
trigonometric sums and resemble those obtained in [HZ] to compute the G-index
of elliptic operators for certain low-dimensional manifolds.

We thus assume that F' is cyclic of order p = 4r + 3 (i.e. m = 2r + 1) with p
prime. Let I' = (BLy, Ly). Here A = Y"_| Ze;, B is of order p with B(e;) = €11
for 1 <i<p—2, Blep1)=—Y""| ei, Blep) = e, and b= %ep.

Now, there exists D € GL,(R), De, = e, such that C :== DBD~! € SO(p).
Thus, I', := DI'D~! = (y = CL<, DA) is a Bieberbach group and M,, = I',\R? is
an orientable Z,-manifold of dimlénsion p. The vectors f; :== De; for 1 <i<p-—1,
and f, = e, give a Z-basis of DA.

Since the eigenvalues of B and C' are the p-roots of unity: {e% 1<k <p-1},
we can then assume by further conjugation in SO(p) that C' = xo(%’r, cee MT’T) (see
([T2)) with m = %1

We now note that Theorem 2.1 in [MP], stated for Z5-manifolds, also holds for
Zn-manifolds, replacing condition (g1): e(v?) = e(y)? by (g}): (™) = u} for
any up € Spin(n) such that u(up) = B, and keeping condition (e2) in [MP], i.e.
e(L(p-1ay(n)) = 1 for any A € A. Thus, using conditions (¢}) and (e2) one can see
that M, := I',\R? has exactly two spin structures, €1, €2, given on the generators
of T by

e1(Ly) =ea(ly) =1 (1<j<p—1), ei(Lle,)=1,e2(Le,) =—1,
r T 27 2r+1)m T (T 2T 2r+1)m
61(7) = (71) +19§(;, 2?’ cey %)7 52(7) = (71) x(;a 2?; .. 'a%)a

in the notation of (4). We can now state:

Theorem 5.1. Let p =47+ 3 be a prime and let 'y, €1,€2 be as above. Then, the
eta series of M, = T',\RP, for &1 and 2 are respectively given by:

p—1 p—1
_ k -
0o (5) = iz 20 %0 () D sin(2rE) (s, L),
(5 1) k=1 p =1

p—1 p—1
— . k . l wk
N e (8) = G D Xe()DH () D sin(BHER) (s, 25,
k=1 =0
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and the eta invariants have the expressions

- BN
Mer = 7 22 %01 (5) cot(),
(5.2) -
L k .
Mes = 7 22 XoO)DH () eosee ),

k=1
where (5) denotes the Legendre symbol.

Note. The theorem shows that one can have a spin structure of trivial type (namely
1) with asymmetric Dirac spectrum, in contrast with the situation in the case of
holonomy group Z5.

Expressions (5.11) and (5:2) can be simplified further by using identities in number
theory. In particular one shows that the eta invariants take integer values. We plan
to get deeper into this question in a sequel to this paper.

Proof. We will compute the different ingredients in formula (2.I8)) for the eta func-
tion for the two given spin structures. For 1 < k < p — 1 we have (A:)BIc = Zey
for e1, while (A*)B" = (Z + 1)ep for e2. In both cases (A;H)Bk = {xue,}. Thus,
p=jfore; and p=j— 1 for ey with j € N. We take z,x = g;(7)F for i = 1,2.
This implies that o(ep, z,x) = 1 for e, €5.

Since v¥ = BkL%ep, by (7)) and Remark 24 for 1 < k < p — 1, we have

€t o(0c) = ei2ﬂi%o(uep,ka) + eQm“Tka(—,uep,mvk) = —2isin( 2Lk,

Thus, up to the factor —2i, the sums over u € %A corresponding to v = ~* in
[2I8) for €1 and &2 are respectively equal to

2]7rk p—1 &)
zs““ =YY zsm ) (s, 1)
= — = +l P
(5.3)
00 bln((QJJFl)Trk) 1 b=
I
=0 =0
where ((s,a) = Z;io ﬁ denotes the Hurwitz zeta function for « € (0, 1].

We now compute the product of sines in (2.I8) in both cases. We note that
ti(zr) (see (L)) depends on v* and also on €1,e2. We have, for 5, h = 1,2:

8!
p—1 LIS
2
H sint;(z,e) = (—1)k0+h) H sin( L
j=1
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where we have put s,(k) = Z [%] and used the identities
sin(mz) = T (27r)p271I‘(z) = p* A0(2)I(2L) ... (&=l
T T - 2) - A v )

Now, if (;) denotes the Legendre symbol, then (see [Ap], Theorems 9.6 and 9.7)
we have, since p = 4r + 3,

(—1)%®) = (_1)(1@_1)(%)(2) = (=1)=D0+D) (%)

In this way, we obtain

(_1>(7-+1)2—2r—1\/ﬁ(§> for &1,

p—1

2
5.4 sint;(z k) =
(5.4) 1;[1 i (zar) (—1)(r+1) 9=2r=1(_1)k p(%) for £o.

Now, starting from (ZI8) and using (5.3) and (B4]) we finally arrive at the
expressions for the n-series of (M,,ep), h = 1,2, given in (5.]).

We now compute the eta invariants. Using the fact that ¢ (0 a) =5 —a ([WWI,
13.21), together with the fact that > j_; sm(””k) Yo sm(%) = 0 for
every 1 < k < p— 1, we see that the sums over [ in the expressions (51I), when
evaluated at s = 0, are respectively equal to

14
(5.5) —— Zl Ql“k , foreq, —— Z (20+1) sm(@lﬂ)”k) for es.
P15
We claim that
p—1
(5.6) Z lsin(Ql]T”k) —Beot( 7” Z Isin (2”1)”) = —Pcosec(km).

2 '3

_1
Indeed, by differentiating the identity 2 5+ >0 ! cos(lz) = %, we get
sin 5

p—1 . . (2p — 1) cos((p — %)x) B cos(%) sin((p — %)x)
_ Z Isin(lz) = Tom() (D) .

Evaluating both sides at z = %T” yields the first equality in (5.6).
To verify the second identity we first note that

p—1 2t
Z lcos(%) :pz cos(%) =—£L.
=1 =1

Using this expression together with the first identity in (5:6) we have

> Isin (BHEDTE) = cos(2E)cot (Z)(8) + sin(Z)(~§)

= —Bcosec( ’Tk)

Hence, from [&.1)), (55) and (56 we obtain
= i 154 k
ey = —— —)cot(ZE), Moy = — —1)*( =) cosec(£z).
" ﬁk:l(p) () ma= 5 3 *() cosee(s5)
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We finally note that the contributions of £ and p — k to the above sums are equal
to each other, that is,

(E)cot(%”) = (p — k)cot((p_pk)ﬂ)

p p

(—1)k (E)cosec(f) = (_1)p—k (p

E

—k)m
5 )cosec(%).

These identities can be easily verified using

() =) =GE) -0 () =-6)

where in the last equality we have used p = 3(4).
Taking into account this observation, we obtain expressions (5.2]) in the propo-
sition. O

We now look at the simplest case when p = 3 and p = 1, first considered in [Pf].
We have r = 0 and e; = (1,1,1, —2(5)) = (1,1,1,2(5 + 7)), e2 = (1,1, -1, 2(3))
(in the notation of Section 4; see (1])). Since (%) = 1 we obtain

N (0) = () cot(3) =—Z 5= -3,
1e,(0) = Z(—(§)cosec(§)) = - 2 = 5.

It is reassuring to see that the values are coincidental with those in [Pf], after all
these calculations.

To conclude this section, we shall give explicitly the eta invariants for all p-
manifolds in the family, p = 4r + 3 prime, 7 < p < 503, obtained with the help of
a computer, using formulas (5.2), in the case (p,V) = (1,C). We also give some
values of dy(g1), the dimension of the space of harmonic spinors using (210) and
(©3). Note that dy(e2) = 0 by Theorem We summarize the information in the
following tables:

T p=4r+3 0 | ey do(e1) rlp=4r+3|n, | N,
0 3 2] 3 0 19 79 0] 0
1 7 210 2 20 83 6 | 12
2 11 2] 4 2 25 103 |-10] 0
o O A I o 26| 107 | -6 |12
7 31 6 0 1058 L1271 -10) 0
10 43 2| 4 48770 32 131 -1011 20
11 47 10| 0 178482 34 139 -6 | 12
14 59 6 | 12 | 9099506 37 151 -141°0
16 67 2| 4 | 128207978 40 163 2| 4
17 71 14| 0 | 483939978 41 167 | -22] 0
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r P | NMey | Mles r P | Mey | Mes r P | Mey | Mes
44 | 179 | -10 | 20 70 | 283 | -6 | 12 107 1431 |-42| O
471191 | -26 | O 76 | 307 | -6 | 12 109 1439 |-30| O
491199 | -18 | 0 77 311 -38| 0O 110 | 443 | -10 | 20
52| 211 | -6 | 12 82 | 331 | -6 | 12 115463 | -14 | O
55 1223 |-14 | 0 86 | 347 | -10 | 20 116 | 467 | -14 | 28
56 | 227 | -10 | 20 89 359 |-38| O 119 1479 |1-50 | O
59 1239 | -6 | 12 91 | 367 |-18| O 121 | 487 | -14 | O
62 | 251 | -14 | 28 94 | 379 | -6 | 12 122 | 491 | -18 | 36
651|263 |-26 | 0 95 [ 383 |-34| 0 124 |1 499 | -6 | 12
67 | 271 |-22 | 0 104 | 419 | -18 | 36 125|503 |-42 | O

6. APPENDIX: SOME FACTS ON SPIN GROUPS AND SPIN REPRESENTATIONS

In this Appendix we collect some facts on conjugacy classes on Spin(n) and on
spin representations that are used in the body of the paper. For standard facts on
spin geometry we refer to [LM] or [Fr2].

We consider (L, S), an irreducible complex representation of the Clifford algebra
Cl(n), restricted to Spin(n). The complex vector space S has dimension 2™ with
m = [3] and is called the spinor space. We have that S =73, ., Sx,, where
S, denotes the weight space corresponding to the weight

(6.1) Ar = %(isl) — Zsi.

i=1 i€l

Here ¢ is given on the Lie algebra of T, t, by €;(3> - creap—1€2k) = 2icj. All
weights have multiplicity 1. If n is odd, then (L, S) is irreducible for Spin(n) and
is called the spin representation. If n is even, then the subspaces

(6.2) sti= 3" S\, STi= ) Sa,

|I|=even |I|=0dd

are Spin(n)-invariant and irreducible of dimension 2m~!. If L* denotes the re-
stricted action of L on ST, then (L*,S¥) are called the half-spin representations of
Spin(n). We shall write (L,,S,) (resp. (LE,S)) for (L,S), (resp. (L*,ST)) when
we wish to specify the dimension. We have the following well-known facts:

(LT:‘L:‘Spin(TL—l)’ S?:L) = (Ln—la Sn—l) if n is even,

6.3 _ _ e
(6.3) (Ln|5pin(n,1), Sn) ~ (L;ll, S;’{_l) ® (L, _1,5,_1) if n is odd.

The next lemma gives the values of the characters of L,, and L on elements of
T.

Lemma 6.1. Ifn = 2m, then

(6.4) X 4 (@t ty)) =270 ( H cost; £4" H sintj).
j=1 j=1

Ly

If n=2m orn=2m+1, then

(6.5) Xo, (@(tr, o tm)) =27 [ [ cost;.
j=1
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Proof. Assume first that n = 2m is even and proceed by induction on m. For
m = 1, ([€4) clearly holds. Assume it holds for n = 2m. Set I,, = {1,...,m}.
Now, x . (@(t1,...,tm+1)) equals

n+2
— ei( T-H tj) E 6*2"-29‘51%’
I C It
|I| even
_ eitm+lei(zlﬂ tj) < E 672izj€[tj + e—2it7n+1 E 672i2j€ftj)
IClInm IClIpy
|I| even |I| odd
_ itm —itm
= e +1Xﬁ(x(tl,...,tm)) + e HXL* (:v(tl,...,tm))
n n
m m m m
_ m—1 Ttmt1 . m : . —itm41 . :m : .
= 2 e costj +1 sint;j) +e ( costj —1 sin t;
j=1 j=1 j=1 j=1
m—+1 m+1

= 2"’( H cost; +gm H sintj).
j=1 j=1

The calculation for x _ is analogous. By adding both x , (x(t1,...,tm)) and
n+2 n

X, (z(t1, ..., tm)) we get the asserted expression for x, (x(t1,...,tm)) if n = 2m.

If n = 2m+1, then x, (z(t1,...,tm)) = x,, _, (@(t1,...,tm)), hence the result

follows. O

The next lemma gives some useful facts on conjugacy classes of elements in
Spin(n). We include a proof for completeness.

Lemma 6.2. Let z,y € Spin(n — 1) be conjugate in Spin(n).
(i) If n is even, then x,y are conjugate in Spin(n — 1).
(ii) If n is odd, then y is conjugate to x or to —ejxey in Spin(n — 1).

Proof. If n = 2m is even, then the restriction map from the representation ring
R(Spin(2m)) to R(Spin(2m — 1)) is onto, hence the assertion of the lemma follows.

If n = 2m+1, we may assume that © = z(t1,...,tn),y = z(t],...,t,) lie in the
maximal torus T, where z(t1,...,t,) = H;-nzl(cos t; +sintjesj_1e2;).

Now, if  and y are conjugate in Spin(2m + 1), then wu(z), u(y) are conjugate
in SO(2m + 1), and this implies that, after reordering, we must have ¢, = +t; for
1<i<m.

Furthermore if 1 < j < m we have

egj,lenx(tl, N 7tm)(€2j,16n)_1 = egjflﬁ(tl, . 7tj, N 7tm)(€2j,1)_1
= .’ﬂ(tl,...,*tj,...,tm).

Hence, if © = x(t1,...,tm), then

(e2j—1€26—1) @ (e2j—1€2%—1) " =@(tr, ..., —tjs ooy —tp oo lm)
for 1 < j,k < m. Thus, for fixed t¢,...,t,, among the elements of the form
x(£ty, ..., £ty) there are at most two conjugacy classes in Spin(2m) represented

by :C(:l:tl,tg . ,tm) and .’ﬂ(*tl,tg . ,tm) = 7€1x(t1,t2 .. .,tm)el.
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Now by Lemma [6.1] we have that

m m
X,x (x(ty,... tm)) =21 ( H cost; £1™ H sintj).
j=1 Jj=1
This implies that x(t1,t2...,t,) and xz(—t1,t2...,t,) are not conjugate unless
t; € wZ for some j. On the other hand, if this is the case, then clearly ejez;j_1 €
Spin(n — 1) conjugates one element into the other. This completes the proof of the
lemma. ([

Remark 6.3. The lemma shows that generically, if n is odd, z(¢1,ts,...,t,) and
x(—t1,ta,...,tmy) are conjugate in Spin(n) but not in Spin(n — 1).
We now consider the special case when t; € SZ for all i; then pu(x) has order
2 (or 1). Set gn = eiea...eap_1€9, € Spin(n) for 1 < h < m = [§]. Thus
gn = 2(%,...,5,0,...,0) and —g = 2(—5,5,...,5,0,...,0) .
—_—

1

h

Corollary 6.4. If h < m, then g, and —gp, are conjugate in Spin(n—1). Ifh =m
and n = 2m, then X, + (gm) = £2™~ Y™ hence g, and —g,, are not conjugate. If
h=m and n = 2m + 1, then XL+71(igm) = 4+2m~ 4™ hence g, and —g,, are
congugate in Spin(n) but not in Spin(n — 1).

Proof. The first assertion in the corollary follows immediately from the proof of
Lemma The remaining assertions are clear in light of Lemma Indeed, for
h < m we have eie,gn(e1e,) ™t = —gn. O

Recall that for any v € R™ ~\ {0}, left Clifford multiplication by « on S is given
by u-w = L(u)(w) for w € S. We fix an inner product (, ) on S such that L(u)
is skew Hermitian, hence (, ) is Spin(n)-invariant. Note that L(u)? = —|u||*Id.
Hence, S decomposes S = S @S, where Sf denotes the eigenspaces, of dimension
2m=1 of L(u) with eigenvalues Fi||ul|.

Definition 6.5. If u € R™ \ {0} set
(6.6) Spin(n — 1,u) := {g € Spin(n) : gug™' = u}.

Clearly Spin(n — 1, e,) = Spin(n — 1), and for general w, if h,, € Spin(n) is such
that hyuh, ' = ||lullen, then h,Spin(n — 1,u)h;* = Spin(n — 1). We note that
for any g € Spin(n — 1,u), L(g) commutes with L(u), hence L(g) preserves the
eigenspaces S5, .

The following lemma is used in the proof of Theorem

Lemma 6.6. Let Spin(n—1,u) be as in ([G0). Then as Spin(n—1)-modules: Sein ~
(LE |, SE ) if nis odd and Seiw ~ (Ly—1,5,-1) if n is even. As Spin(n —1,u)-

n—1"%~n

modules we have that S& = L(h,)SE | if n is odd and S= = L(hy)S,_1 if n is

T
even, with action given by L(h,zhy') = L(hy)L(z)L(h;') for any x € Spin(n—1).
Proof. L(ey,) commutes with the action of Spin(n — 1) on S,, and, on the other
hand, S,, =S, , ®S,,_; as a Spin(n — 1)-module.

If n is odd, then Sffl are inequivalent representations of Spin(n — 1), hence
L(en)Sf_1 = S,il_1 and by Schur’s lemma, L(e,) must act by multiplication by a
scalar on each of them. By using the explicit description of L in [Knl, pp. 286288,
one verifies that L(e,) acts by Fi on ST _|, that is, Sein ~ s

n—1°
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If n is even, then ST both restrict to S,_; as Spin(n — 1)-modules. Since the
+i-eigenspaces of L(e,,) are stable by Spin(n — 1), they must both be equivalent to

Sp_1-

The remaining assertions are easily verified. (]
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