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TRANSPLANTATION AND MULTIPLIER THEOREMS
FOR FOURIER-BESSEL EXPANSIONS

ÓSCAR CIAURRI AND KRZYSZTOF STEMPAK

Abstract. Proved are weighted transplantation inequalities for Fourier-Bessel
expansions. These extend known results on this subject by considering the
largest possible range of parameters, allowing more weights and admitting a
shift. The results are then used to produce a fairly general multiplier theorem
with power weights for considered expansions. Also fractional integral results
and conjugate function norm inequalities for these expansions are proved.

1. Introduction and statement of results

Given ν > −1, let λn,ν , n = 1, 2, . . . , denote the sequence of positive zeros of the
Bessel function Jν(z). Then the functions

ψν
n(x) = dn,ν(λn,νx)1/2Jν(λn,νx), dn,ν =

√
2|λ1/2

n,νJν+1(λn,ν)|−1,

n = 1, 2, . . . , form a complete orthonormal system in L2((0, 1), dx). In particular,

ψ−1/2
n (x) =

√
2 cos(π(n − 1/2)x), ψ1/2

n (x) =
√

2 sin(πnx),

for n = 1, 2, . . . . Given a function f on (0, 1), we associate to it its Fourier–Bessel
series

f(x) ∼
∞∑
1

cν
n(f)ψν

n(x), cν
n(f) =

∫ 1

0

f(x)ψν
n(x) dx,

provided that the coefficients exist. A comprehensive study of Fourier–Bessel ex-
pansions is contained in Chapter XVII of Watson’s monograph [9].

The main goal of this paper is to prove a general transplantation theorem for
Fourier–Bessel expansions. Transplantation theorems for both discrete and contin-
uous orthogonal transforms were discussed by a number of authors. Muckenhoupt
[5, Theorem (1.6)] proved a transplantation result for the orthonormalized Jacobi
polynomials. His theorem included the full range of admissible parameters, greatly
enlarged the set of applicable weights, allowed a shift in the order parameter and,
finally, admitted moment conditions.

Our result is heavily inspired by that of Muckenhoupt: we follow his concept of a
“general transplantation theorem” (except the fact that we do not include moment
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conditions) and, proving the result, we use a similar procedure based on showing
appropriate bounds, or asymptotics, of the corresponding transplantation kernel.

Given 1 ≤ p < ∞ and a real number a, by Lp,a = Lp,a(0, 1) we denote the
weighted Lebesgue space of all (equivalence classes of) measurable functions g on
(0, 1) for which the quantity

‖g‖p,a =
(∫ 1

0

|g(x)|pxa dx

)1/p

is finite. For a = 0 we simplify the notation writing ‖g‖p and Lp(0, 1).

Theorem 1.1. Let µ, ν > −1, 1 < p < ∞, m be an integer, and

(1.1) −p(ν + 1/2) − 1 < a < p(µ + 3/2) − 1.

Then the series Trf(x) =
∑∞

n=1 rncµ
n(f)ψν

n+m(x) converges for every x ∈ (0, 1),
f ∈ Lp,a and 0 < r < 1, and

(1.2) ‖Trf(x)‖p,a ≤ C‖f‖p,a,

with C independent of f ∈ Lp,a and 0 < r < 1. Moreover, there exists a (unique)
bounded operator T on Lp,a such that for every f ∈ Lp,a

(1.3) ‖Trf − Tf‖p,a → 0, r → 1−.

If, in addition,

(1.4) a < p(ν + 3/2) − 1,

then

(1.5) cν
n(Tf) =

{
0, 1 ≤ n ≤ m,

cµ
n−m(f), max{1, m + 1} ≤ n < ∞.

Here and later on we assume ψν
k = 0 if k ≤ 0. Note that the assumption

a < p(µ + 3/2) − 1 guarantees the existence of the coefficients cµ
n(f) whenever

f ∈ Lp,a, while the hypothesis −p(ν + 1/2) − 1 < a implies that ψν
n+m belong

to Lp,a for all n = 1, 2, . . . (Hölder’s inequality and the estimate (2.8) are used).
Therefore, (1.1) should be seen as a natural (minimal) assumption. In the same
way, (1.4) ensures the existence of the coefficients cν

n(Tf) for any f ∈ Lp,a.

Corollary 1.2. Let µ, ν, p, m and a satisfy the assumptions of Theorem 1.1 ex-
cept for the assumption (1.4). The operator T that appears in the conclusions of
Theorem 1.1 is the unique bounded on Lp,a extension of the operator

f �→
∞∑

n=1

cµ
n(f)ψν

n+m(x),

initially defined on C∞
c (0, 1). If, in addition, −p(µ + 1/2) − 1 < a, then T is also

the unique bounded on Lp,a extension of the operator

ψµ
n �→ ψν

n+m, n = 1, 2, . . . ,

initially defined on the subspace spanned by {ψµ
n : n = 1, 2, . . . }.

The choices of µ = −1/2 and ν = 1/2 as well as µ = 1/2 and ν = −1/2
in Corollary 1.2 (together with taking m = 0) show that for 1 < p < ∞ and
−1 < a < p − 1 we have

C−1‖
∑

an sin(πnx)‖p,a ≤ ‖
∑

an cos(π(n − 1/2)x)‖p,a ≤ C‖
∑

an sin(πnx)‖p,a,
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with C independent of sequences {an}∞n=1 such that an = 0 for all but a finite
number of n’s. This may be seen as a variation of M. Riesz’s conjugacy theorem.

Corollary 1.2 specified to the case m = 0 gives the Fourier-Bessel transplantation
inequality

‖
∞∑

n=1

cµ
n(f)ψν

n(x)‖p,a ≤ C‖f‖p,a, f ∈ C∞
c (0, 1).

Therefore, by using [1, Theorem 2.4], the above produces the Hankel transform
transplantation inequality

‖(Hν ◦ Hµ)f‖p,a ≤ C‖f‖p,a, f ∈ C∞
c (0,∞),

with the range of a given by (1.1), where Hν is the Hankel transform of order ν,

Hνf(x) =
∫ ∞

0

(xy)1/2Jν(xy)f(y) dy, x > 0,

for any appropriate function f on (0,∞). This approach seems to be, in our opinion,
the most straightforward for obtaining an optimal Hankel transform transplantation
inequality (with power weights) by means of a transference argument; cf. also [8].

Specified to the case of m = ±1, Corollary 1.2 also shows that the forward and
backward shift operators

ψν
n �→ ψν

n−1, ψν
n �→ ψν

n+1,

uniquely extend to operators bounded on Lp,a, provided that 1 < p < ∞ and
−p(ν + 1/2) − 1 < a < p(ν + 3/2) − 1. These operators may by seen as conjugate
transforms in the setting of expansions with respect to the system {ψν

n}.

Theorem 1.3. Let µ, ν > −1, 1 < p < ∞, 0 < s < min{1/p, µ + ν + 2}, m be an
integer, 1/q = 1/p − s and

(1.6) −(ν + 1/2) − 1/q < a < µ + 3/2 − 1/p.

Then the series Trf(x) =
∑∞

n=1 rnn−scµ
n(f)ψν

n+m(x) converges for every x ∈ (0, 1),
f ∈ Lp,ap and 0 < r < 1, and

(1.7) ‖Trf‖q,aq ≤ C‖f‖p,ap,

with C independent of f ∈ Lp,ap and 0 < r < 1. Moreover, there exists a (unique)
bounded operator T from Lp,ap into Lq,aq such that for every f ∈ Lp,ap

(1.8) ‖Trf − Tf‖q,aq → 0, r → 1−.

If, in addition,

(1.9) a < ν + 3/2 − 1/q,

then

(1.10) cν
n(Tf) =

{
0, 1 ≤ n ≤ m,

(n − m)−scµ
n−m(f), max{1, m + 1} ≤ n < ∞.

Corollary 1.4. Let µ, ν, p, q, m, s and a satisfy the assumptions of Theorem 1.3
except for the assumption (1.9). The operator T that appears in the conclusions of
that theorem is the unique bounded from Lp,ap into Lq,aq extension of the operator

f �→
∞∑

n=1

n−scµ
n(f)ψν

n+m(x),
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initially defined on C∞
c (0, 1). If, in addition, −(µ + 1/2)− 1/p < a, then T is also

the unique bounded from Lp,ap into Lq,aq extension of the operator

ψµ
n �→ ψν

n+m, n = 1, 2, . . . ,

initially defined on the subspace spanned by {ψµ
n : n = 1, 2, . . . }.

Of particular interest is the case of m = 0 and µ = ν. Then Corollary 1.4 says
that the fractional integral operator

Isf(x) =
∞∑

n=1

n−scµ
n(f)ψµ

n(x),

initially defined on C∞
c (0, 1), extends to a bounded operator from Lp,ap into Lq,aq,

provided the relevant assumptions are satisfied.
For a multiplier theorem we now state that we use the same classes of multiplier

sequences, M(t, λ), as those in [5, p.51] (apart from the fact that our sequences are
indexed by the positive integers). For a positive integer λ and 1 ≤ t ≤ ∞ they are
the sequences {mn}∞n=1 satisfying the Hörmander-type condition

B(m, t, λ) = ‖mn‖∞ + sup
k

2k(λ−1/t)
( 2k+1∑

n=2k

|∆λmn|t
)1/t

< ∞,

where ∆λ = ∆(∆λ−1) and ∆ = ∆1 denotes the forward difference operator, ∆mn =
mn+1 − mn. For the definition of M(t, λ) with an arbitrary positive λ and more
information on these class of multipliers, we refer the reader to [5].

Theorem 1.5. Let ν > −1, 1 < p < ∞, 1 ≤ t ≤ ∞, λ > max{1/t, |1/p − 1/2|} or
λ = t = 1, m ∈ M(t, λ), |a| < pλ and

(1.11) max{−1,−1 − p(ν + 1/2),−1 + p(−λ + 1/2)} < a

< min{2p − 1,−1 + p(ν + 3/2),−1 + p(λ + 1/2),−1 + p(λ + 1 − 1/t)}.

Then

(1.12) ‖
∞∑

n=1

mndnψν
n‖p,a ≤ CB(m, t, λ)‖

∞∑
n=1

dnψν
n‖p,a,

with C independent of m and d, and any sequence {dn}∞n=1 such that dn = 0 for
all but a finite number of n’s. Moreover, the operator initially defined on the span
of {ψν

n : n = 1, 2, . . . } by ψν
n �→ mnψν

n uniquely extends to a bounded operator on
Lp,a.

A transplantation theorem for Fourier-Bessel expansions is contained in Theo-
rem A of Gilbert’s paper [2]. This theorem states a general result of transplantation
type for operators with kernels satisfying a number of “natural” conditions. The
Fourier-Bessel expansions fit into that frame, and, moreover, a proper modifica-
tion of Gilbert’s argument leads to a more general weighted result with Ap weights
involved; cf. [3].
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2. Preliminaries

We recall some known facts related to the Fourier-Bessel system (see [1]):

dn,ν = π1/2(1 + jn,ν), jn,ν = O(n−1),(2.1)

λn,ν = π(n + Dν + cn,ν), cn,ν = O(n−1),(2.2)

Dν = (2ν − 1)/4. In fact, the precise asymptotics of the sequence λn,ν is known
(see [9, p. 506]):

λn,ν ∼ π

(
n + Dν +

∞∑
k=0

Rν,k

(n + Dν)2k+1

)
,

which means that there is a sequence of coefficients {Rν,k}∞k=0, such that for any
given positive integer p,

(2.3) λn,ν = π

(
n + Dν +

p−1∑
k=0

Rν,k

(n + Dν)2k+1

)
+ O(n−(2p+1)).

It is therefore clear that given a nonnegative integer � one has

(2.4) λn,ν =
�∑

k=−1

Sν,k

nk
+ O(n−�−1).

We will use the well-known estimates for the Bessel functions: for ν > −1

(2.5) Jν(z) = O(zν), z → 0+,

and, given a nonnegative integer M ,

(2.6)
√

zJν(z) =
M∑

j=0

(
Aν,j

zj
sin z +

Bν,j

zj
cos z

)
+ HM (z), z → ∞,

where |HM (z)| ≤ Cz−(M+1) (see [4, p. 122], for example). A straightforward
calculation shows that using (2.4) and (2.6) produces

(2.7) dn,ν =
�∑

k=0

Qν,k

nk
+ O(n−�−1),

for any given nonnegative integer �.
On the other hand it follows from (2.5), (2.6) and (2.1) that

(2.8) |ψν
n(x)| ≤ C

{
(nx)ν+1/2, 0 < x < n−1,

1, n−1 < x < 1.

Lemma 2.1. Let a < p(µ + 3/2) − 1. Then, for any f ∈ Lp,a,

(2.9) cµ
n(f) = O(nρ), n = 1, 2, . . . ,

for a ρ = ρ(f, µ, p, a). If −p(ν + 1/2) − 1 < a, then

(2.10) ‖ψν
n‖p,a = O(nτ ), n = 1, 2, . . . ,

for a τ = τ (ν, p, a).
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Proof. We write

|cµ
n(f)| ≤ C

(
nµ+1/2

∫ 1/n

0

|f(x)|xµ+1/2 dx +
∫ 1

1/n

|f(x)| dx

)

≤ C‖f‖p,a

⎛
⎝nµ+1/2

(∫ 1/n

0

x(µ+1/2−a/p)p′
dx

)1/p′

+

(∫ 1

1/n

x−ap′/p dx

)1/p′⎞
⎠

and (2.9) follows. The assumption on a was used to ensure the convergence of the
integral over (0, 1/n). A similar calculation shows (2.10). �

Lemma 2.2. For any positive integer k and h ∈ C∞
c (0, 1),

(2.11) |cν
n(h)| ≤ Ck,hn−k, n = 1, 2, . . . .

Proof. The functions ψν
n, n = 1, 2, . . . , are eigenfunctions of the differential operator

(symmetric in L2(0, 1))

Lν =
d2

dx2
+

1/4 − ν2

x2
.

More precisely, Lνψν
n(x) = −λ2

n,νψν
n(x). Thus 〈h, ψν

n〉 = −λ−2
n,ν〈Lνh, ψν

n〉, and
repeating this procedure and using Schwarz’s inequality produces (2.11). �

Lemma 2.3. Let 1 < p < ∞ and −p(ν +1/2)− 1 < a. Then the subspace spanned
by {ψν

n : n = 1, 2, . . . } is dense in Lp,a.

Proof. It is sufficient to approximate functions from C∞
c (0, 1) by linear combina-

tions of ψν
n’s. Fix f ∈ C∞

c (0, 1). We will show that a subsequence of the partial
sums,

SNf =
N∑

n=1

cν
n(f)ψν

n,

approaches f in Lp,a. Indeed, f = limN→∞ SNf in the L2(0, 1) sense. Therefore, we
can find a subsequence N(1) < N(2) < . . . such that f(x) = limm→∞ SN(m)f(x),
a.e. in (0, 1). Using (2.11) now gives

|SNf(x)| ≤ C
∑

1≤n≤N

n−k|ψν
n(x)|,

and then, for 1 < p < ∞, Hölder’s inequality produces

|SNf(x)|p ≤ C
( ∞∑

n=1

n−k
)p/p′ ∞∑

n=1

n−k|ψν
n(x)|p.

Therefore, for 1 < p < ∞, choosing in Lemma 2.2 k large enough shows that the
sequence of functions |SNf(x)|p, N = 1, 2, . . . , is majorized, up to a constant factor,
by the function

∑
n n−k|ψν

n(x)|p which is in L1,a. Therefore, using the dominated
convergence theorem, SN(m)f → f in Lp,a. �

We will frequently use, without further mention, the fact that
N∑

n=1

nρ =

{
O(Nρ+1), for ρ > −1,

O(log N), for ρ = −1,
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and
∞∑

n=N

nρ = O(Nρ+1), ρ < −1.

Also, we will use the summation by parts formula
∞∑

n=N

an∆bn = −aNbN −
∞∑

n=N

bn+1∆an,

where ∆an = an+1 − an. By f ∗ g we will denote the convolution,

g ∗ h(x) =
∫ π

−π

g(y)h(x − y) dy,

of two 2π-periodic functions g and h on (−π, π).
Finally, we recall the following two forms of Hardy’s inequality: if a < −1 and

1 ≤ p < ∞, then

(2.12)
∫ 1

0

∣∣∣∣
∫ x

0

f(t) dt

∣∣∣∣
p

xa dx ≤ C

∫ 1

0

|f(x)|pxa+p dx ;

if a > −1 and 1 ≤ p < ∞, then

(2.13)
∫ 1

0

∣∣∣∣
∫ 1

x

f(t) dt

∣∣∣∣
p

xa dx ≤ C

∫ 1

0

|f(x)|pxa+p dx .

As usual, p′ will denote the conjugate value to p, 1 < p < ∞, and [ ] will mean the
greatest integer function; C∞

c (0, 1) will mean the space of C∞-functions on (0, 1)
with compact support. Constants with subscripts will indicate a dependence on
these subscripts.

3. Preparatory lemmas

In this section we state and prove three technical lemmas. Lemma 3.1 together
with Lemma 3.2 serve in proving Lemma 3.3, which is one of key ingredients in the
proofs of our main estimates, Proposition 4.3 and Proposition 5.1.

Let

Pr(x) =
1
2

+
∞∑

n=1

rn cos(nx) =
1 − r2

2(1 − 2r cos x + r2)

be the usual Poisson kernel and

Qr(x) =
∞∑

n=1

rn sin(nx) =
r sin x

1 − 2r cos x + r2

be the conjugate Poisson kernel. The following identities are obvious:

(−1)k d2kQr(x)
dx2k

=
∞∑

n=1

rnn2k sin(nx), (−1)k d2k+1Qr(x)
dx2k+1

=
∞∑

n=1

rnn2k+1 cos(nx),

(−1)k d2kPr(x)
dx2k

=
∞∑

n=1

rnn2k cos(nx), (−1)k+1 d2k+1Pr(x)
dx2k+1

=
∞∑

n=1

rnn2k+1 sin(nx)

(to be precise in the third identity we assume k ≥ 1; otherwise, for k = 0, we must
include the summand 1/2 on the right).
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Lemma 3.1. For n = 0, 1, . . . , 0 < r < 1 and 0 < |x| < 3π/2, we have∣∣∣∣dnPr(x)
dxn

∣∣∣∣ ≤ Cn|x|−(n+1),

∣∣∣∣dnQr(x)
dxn

∣∣∣∣ ≤ Cn|x|−(n+1).

Proof. For either Pr or Qr the nth derivative has the form
Sn(r, x)

((1 − r)2 + 4r sin2 x
2 )n+1

,

where

Sn+1(r, x) =
(
(1 − r)2 + 4r sin2 x

2

)dSn(r, x)
dx

− (n + 1)4r sin
x

2
cos

x

2
Sn(r, x)

and S0(r, x) = 1
2 (1 − r2) in the case of Pr or S0(r, x) = r sin x in the case of Qr.

It follows inductively that Sn(r, x) can be written as the sum of terms of the form
f(r, x)(1− r)j sink x

2 , where f(r, x) is a bounded function and j + k ≥ n + 1. From

this |Sn(r, x)| ≤ C
(
(1 − r)n+1 +

∣∣sin x
2

∣∣n+1
)
. The result follows immediately by

separately considering 1 − r ≤ |x| < 3π/2 and 0 < |x| < 1 − r. �
Lemma 3.2. Let 0 ≤ β < 1 and f be a 2π-periodic function such that |f(x)| ≤
C|x|−β for 0 < |x| ≤ π. Then, the estimate

|Pr ∗ f(x)| ≤ C|x|−β

holds, with C = Cβ independent of 0 < r < 1 and 0 < |x| < 3π/2.

Proof. It is sufficient to check that |Pr ∗ f(x)| ≤ C|x|−β for 0 < |x| < π/2 and
|Pr ∗ f(x)| ≤ C for π/2 ≤ |x| ≤ 3π/2 with constants independent of r and x. Since
the periodicity of f allows the hypothesized estimate |f(x)| ≤ C|x|−β to hold for
0 < |x| ≤ 3π/2, the proof of the first bound reduces to showing that

(3.1)
∫ π

0

Pr(y)|x ± y|−β dy ≤ Cx−β, 0 < x < π/2.

To show (3.1) we split the integration region (0, π) into two parts, A = (0, x/2)∪
(2x, π) and B = (x/2, 2x). The fact that

∫ π

−π
Pr(t) dt = π easily gives∫

A

Pr(y)|x ± y|−β dy ≤ Cx−β.

On the other hand, by Lemma 3.1, Pr(t) ≤ Ct−1 for 0 < t < π, hence,∫
B

Pr(y)|x ± y|−β dy ≤ Cx−1

∫ 2x

x/2

|x ± y|−β dy ≤ Cx−β.

The proof of the second bound reduces to showing that∫ π

0

y−βPr(y ± x) dy ≤ C, π/2 ≤ x ≤ 3π/2.

The estimate follows since∫ π

0

y−βPr(y ± x) dy ≤ A±

∫ π/4

0

y−βdy + (π/4)−β

∫ π

π/4

Pr(x ± y) dy,

where

A− = sup
0<r<1

sup
π/4≤t≤3π/2

Pr(t), A+ = sup
0<r<1

sup
π/2≤t≤7π/4

Pr(t).

�
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Lemma 3.3. Given γ > 0 the estimates

(3.2)

∣∣∣∣∣
∞∑

n=1

rnnγ−1

{
sin
cos

}
(nx)

∣∣∣∣∣ ≤ Cγ |x|−γ

hold with a constant Cγ independent of 0 < r < 1 and 0 < |x| < 3π/2.

Proof. For γ = m, m = 1, 2, . . . , the result is contained in Lemma 3.1. To prove
(3.2) for other values of γ we proceed by induction. The following estimate is stated
in [10, (13), p. 70, Vol. I]: for any 0 < γ < 1 and 0 < |x| < 3π/2∣∣∣∣∣

∞∑
n=1

nγ−1

{
sin
cos

}
(nx)

∣∣∣∣∣ ≤ Cγ |x|−γ .

This, together with Lemma 3.2, shows (3.2) for 0 < γ < 1.
Suppose now that m < γ < m + 1 with m ≥ 1. To simplify the notation write

Sγ(x) = Sγ(r, x) =
∞∑

n=1

rnnγ−1 sin(nx), Cγ(x) = Cγ(r, x) =
∞∑

n=1

rnnγ−1 cos(nx).

We will show that

(3.3) Sγ(x) = Sm(x) +
m∑

s=1

m∑
p=s

as,p,γ

(
Ss(x)Cγ−p(x) + Cs(x)Sγ−p(x)

)

+
m∑

s=1

(
Ss(x)As,γ(r, x) + Cs(x)Bs,γ(r, x)

)
,

where as,p,γ are constants and As,γ(r, x), Bs,γ(r, x) are bounded functions. An
analogous formula holds for Cγ (to be precise, on the right of (3.3), Sm, Ss, Cs

and the second plus sign have to be replaced by Cm, Cs, Ss and the minus sign),
and the proof of it proceeds analogously to that of (3.3) by using the identity for
cos(a + b) in place of a similar one for sin(a + b). These two identities, together
with the induction hypothesis and the estimates (3.2) known to hold for positive
integer values of γ, show (3.2) for m < γ < m + 1.

Applying the summation by parts formula to the series defining Sγ(x) with
an = nγ−m and bn = −

∑∞
k=n rkkm−1 sin(kx) gives

Sγ(x) = Sm(x) +
∞∑

n=1

(
(n + 1)γ−m − nγ−m

) ∞∑
k=n+1

rkkm−1 sin(kx).

The last sum, after renumeration and using the formula for sin(a + b), equals

rn
m∑

s=1

(
m − 1
s − 1

)
nm−s cos(nx)Ss(x) + rn

m∑
s=1

(
m − 1
s − 1

)
nm−s sin(nx)Cs(x),

hence

Sγ(x) = Sm(x) +
m∑

s=1

(
m − 1
s − 1

)
Ss(x)

∞∑
n=1

rn((n + 1)γ−m − nγ−m)nm−s cos(nx)

+
m∑

s=1

(
m − 1
s − 1

)
Cs(x)

∞∑
n=1

rn((n + 1)γ−m − nγ−m)nm−s sin(nx).
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For each s, s = 1, . . . , m,

(
(n + 1)γ−m − nγ−m

)
nm−s = nγ−s

m−s+1∑
k=1

(
γ − m

k

)
1
nk

+ pn,

where pn = pn(s, γ) and |pn| ≤ Cs,γnγ−m−2. Therefore,

Sγ(x) = Sm(x) +
m∑

s=1

m∑
p=s

(
m − 1
s − 1

)(
γ − m

p − s + 1

)
(Ss(x)Cγ−p(x) + Cs(x)Sγ−p(x))

+
m∑

s=1

(
Ss(x)

(
m − 1
s − 1

) ∞∑
n=1

rnpn cos(nx) + Cs(x)
(

m − 1
s − 1

) ∞∑
n=1

rnpn sin(nx)
)
,

and (3.3) follows. �

It is, perhaps, interesting to note that for γ = 0 Lemma 3.3 remains valid for
the sine series but fails for the cosine series. This is because, in the sine case,

∞∑
n=1

1
n

sin(nx) =
π − x

2
, 0 < x < 2π,

and the required bound follows by applying Lemma 3.2 with β = 0, while, in the
cosine case,

∞∑
n=1

1
n

cos(nx) = − ln(2 sin
x

2
), 0 < x < 2π.

4. Estimates of the transplantation kernel

for noncomparable values of x and y

In this section we obtain estimates of the transplantation kernel

(4.1) Ls,m(r, x, y) =
∞∑

n=1

rnn−sψν
n+m(x)ψµ

n(y),

outside the diagonal x = y for noncomparable values of x and y. Before proceeding
to the main result of this section, Proposition 4.3, we first prove some technical
results.

In what follows the notation{
sin
cos

}
(πnx)

{
sin
cos

}
(πny)

will mean that all four possible combinations are allowed but, in any given series,
the same combination must occur for all n.

Lemma 4.1. Let µ, ν > −1 and m be an integer. Then each of the functions{
sin
cos

}
(λn+m,νx) cos(λn,µy), n = 1, 2, . . . ,

can be written as the sum of four terms of the form{
sin
cos

}
(πnx)

{
sin
cos

}
(πny)Wn(x, y),
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where

(4.2) Wn(x, y) =
4∑

i=1

εiui(x)vi(y)Ui(n, x)Vi(n, y), 0 < x, y < 1,

εi equals either 1 or −1, ui(x) equals either sin(π(m + Dν)x) or cos(π(m + Dν)x),
vi(y) equals either sin(πDµy) or cos(πDµy), Ui(n, x) equals either sin(πcm+n,νx)
or cos(πcm+n,νx), and Vi(n, y) equals either sin(πcn,µy) or cos(πcn,µy) (cm+n,ν and
cn,µ are defined by (2.2)).

Proof. To prove the lemma with the sine factor, sin(λn+m,νx) (for the cosine factor,
cos(λn+m,νx), the procedure is similar), we apply the identity

sin(a + b + d) cos(α + β + δ)

= sin a sin α(− cos b sin β cos d cos δ

+ sin b sin β sin d cos δ − cos b cos β cos d sin δ + sin b cosβ sin d sin δ)

+ sin a cosα(cos b cos β cos d cos δ

− cos b sin β cos d sin δ + sin b sin β sin d sin δ − sin b cos β sin d cos δ)

+ cos a sin α(− sin b sin β cos d cos δ

− cos b sin β sin d cos δ − sin b cos β cos d sin δ − cos b cos β sin d sin δ)

+ cos a cosα(sin b cos β cos d cos δ

+ cos b cos β sin d cos δ − sin b sin β cos d sin δ − cos b sin β sin d sin δ),

with a = πnx, α = πny, b = π(m+Dν)x, β = πDµy, d = πcn+m,νx and δ = πcn,µy.
Then (4.2) follows. �

Lemma 4.2. Let µ, ν > −1, let m be an integer, let U(n, x) equal either
sin(πcm+n,νx) or cos(πcm+n,νx), and let V (n, y) equal either sin(πcn,µy) or
cos(πcn,µy). Given nonnegative integers j, � and a real number γ, for n = 1, 2, . . . ,
we have

(4.3) dn+m,νdn,µλ−j
n+m,νλγ

n,µU(n, x)V (n, y) = n−j+γEj,γ,�(n, x, y),

where

Ej,γ,�(n, x, y) =
�∑

k=0

Ak(x, y)
nk

+ qn(x, y),

Ak(x, y), k = 0, 1, . . . , �, is a polynomial of the two variables x and y of degree k,
and qn(x, y), for 0 < x, y < 1, satisfies |qn(x, y)| ≤ Cn−�−1 (qn, as well as the
coefficients of Ak, k = 0, 1, . . . , �, depend on µ, ν, m, j, γ and �).

Proof. It is clear that in the same way as (2.3) gives (2.4), (2.3) also produces

(4.4) λn+m,ν =
�∑

k=−1

Sν,m,k

nk
+ O(n−�−1).

On the other hand, in the analogous way as (2.4) and (2.6) give (2.7), (2.4) and
(2.6) also furnish

(4.5) dn+m,ν =
�∑

k=0

Qν,m,k

nk
+ O(n−�−1).
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Thus, applying (1 + t)δ = 1 +
(
δ
1

)
t + · · · +

(
δ
�

)
t� + O(t�+1), t → 0, with δ = −j and

δ = γ and combining (2.4), (4.4), (2.7) and (4.5) shows that

(4.6) dn+m,νdn,µλ−j
n+m,νλγ

n,µ = n−j+γ
�∑

k=0

Tk

nk
+ O(n−�−1),

where the coefficients Tk as well as the constant involved in the remainder depend
on µ, ν, m, j, γ and �.

Now, using Taylor’s expansion of degree � and the fact that by (2.2), (2.4) and
(4.4), cn+m,ν and cn,µ can be written as

∑�
k=1 S̃kn−k plus an O(n−�−1) remainder,

one can check that (a note that Sµ,−1 = Sν,m,−1 = π, Sµ,0 = πDµ and Sν,m,0 =
π(m + Dν) may be helpful)

(4.7) U(n, x)V (n, y) =
�∑

k=0

Bk(x, y)
nk

+ rn(x, y),

where Bk(x, y) are polynomials in x and y, and |rn(x, y)| ≤ Cn−�−1. Combining
(4.6) and (4.7) produces (4.3). �
Proposition 4.3. Let µ, ν > −1, m be an integer and let s < µ + ν + 2. Then,

|Ls,m(r, x, y)| ≤ Cxs−µ−3/2yµ+1/2, 0 < y < x/2,

and
|Ls,m(r, x, y)| ≤ Cys−ν−3/2xν+1/2, 2x < y < 1,

with a constant C independent of 0 < r < 1, 0 < x < 1 and 0 < y < 1.

Proof. The second estimate is the dual form of the first one, hence we concentrate
on proving the first estimate for the region 0 < y < x/2. It is enough to show that
given an integer m, for 0 < r < 1, 0 < x < 1, 0 < y < x/2 and s < µ + ν + 2,

(4.8)

∣∣∣∣∣
∞∑

n=1

rnn−sψν
n+m(x)dn,µλµ+1/2

n,µ cos(λn,µy)

∣∣∣∣∣ ≤ Cxs−µ−3/2,

and the analogous estimate with the exponents µ+1/2 and s−µ−3/2 replaced by
(µ + 2) + 1/2 and s− (µ + 2)− 3/2, respectively. Indeed, using (4.8) and Poisson’s
integral formula

Jµ(z) = Cµzµ

∫ 1

0

(1 − t2)µ−1/2 cos(zt) dt, µ > −1/2,

gives, for µ > −1/2,

|Ls,m(r, x, y)|

= Cµ

∣∣∣∣∣
∞∑

n=1

rnn−sψν
n+m(x)dn,µ(λn,µy)µ+1/2

∫ 1

0

(1 − t2)µ−1/2 cos(λn,µyt) dt

∣∣∣∣∣
≤ Cyµ+1/2

∫ 1

0

(1 − t2)µ−1/2

∣∣∣∣∣
∞∑

n=1

rnn−sψν
n+m(x)dn,µλµ+1/2

n,µ cos(λn,µyt)

∣∣∣∣∣ dt

≤ Cxs−µ−3/2yµ+1/2.

In the case −1 < µ ≤ −1/2, applying the identity

Jµ(z) = −Jµ+2(z) +
2(µ + 1)

z
Jµ+1(z)
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gives

Ls,m(r, x, y) = −
∞∑

n=1

rnn−sψν
n+m(x)dn,µ(λn,µy)1/2Jµ+2(λn,µy)

+ 2(µ + 1)
∞∑

n=1

rnn−sψν
n+m(x)dn,µ(λn,µy)−1/2Jµ+1(λn,µy).

Now, using Poisson’s formula in both summands and applying (4.8) we obtain the
result. (In the first sum, after applying Poisson’s formula, we need an analogue of
(4.8) with the exponent in λn,µ changed by µ + 2 + 1/2. This fact produces the
estimate xs−(µ+2)−3/2yµ+2+1/2 for the first sum. Finally, the assumption y ≤ x/2
gives the required inequality.)

To prove (4.8) (the proof of the estimate similar to (4.8) with the aforementioned
replacements follows analogously) we split the sum into two relevant parts. Taking
N =

[
1
x

]
, let

A =
N−1∑
n=1

rnn−sψν
n+m(x)dn,µλµ+1/2

n,µ cos(λn,µy)

and

B =
∞∑

n=N

rnn−sψν
n+m(x)dn,µλµ+1/2

n,µ cos(λn,µy).

Using (2.1), (2.2) and (2.5) produces

|A| ≤ Cx1/2
N−1∑
n=1

n−s+µ+1|Jν(λn+m,νx)| ≤ Cxν+1/2
N−1∑
n=1

n−s+µ+ν+1 ≤ Cxs−µ−3/2.

Estimating B we use (2.6), choosing the value of M in a moment. It is then
clear that

(4.9) |B| ≤ C
M∑

j=0

x−j(|Cj | + |Sj |) + GM ,

where{
Sj

Cj

}
=

∞∑
n=N

rnn−sdn+m,νdn,µλ−j
n+m,νλµ+1/2

n,µ

{
sin
cos

}
(λn+m,νx) cos(λn,µy),

j = 0, 1, . . . , M , and

GM =
∞∑

n=N

n−sdn+m,νdn,µ|HM (λn+m,νx)|λµ+1/2
n,µ .

If M is such that M > −s + µ + 1/2, then GM is well controlled. Indeed, using
(2.1) and (2.2) we have

GM ≤ Cx−(M+1)
∞∑

n=N

n−(s+M+1/2)+µ

≤ Cx−(M+1)N−(s+M+1/2)+µ+1

≤ Cxs−µ−3/2.
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Taking into account (4.9), to finish the proof of (4.8) it remains to check that both
|Sj | and |Cj | are bounded by Cxs+j−µ−3/2. If it happens that −s + µ + 1/2 < −1,
then we choose M = 0, and the required bound for |Sj | and |Cj | with j = 0
immediately follows. Hence, from now on we assume −s+µ+1/2 ≥ −1 and choose
a (uniquely determined) nonnegative integer M such that M−1 ≤ −s+µ+1/2 < M .
It follows from Lemmas 4.1 and 4.2 that for given j = 0, 1, . . . , M , Sj and Cj are
linear combinations, with bounded functions as coefficients, of the (sixteen) series
of the form

(4.10)
∞∑

n=N

rnn−s−j+µ+1/2Ej,µ+1/2,M−j(n, x, y)
{

sin
cos

}
(πnx)

{
sin
cos

}
(πny),

where Ej,µ+1/2,M−j(n, x, y) is as in Lemma 4.2. It is therefore clear that our
task is reduced to estimating the absolute value of each of the series in (4.10) by
Cxs+j−µ−3/2. Given j = 0, . . . , M , we use the expression for Ej,µ+1/2,M−j(n, x, y)
from Lemma 4.2 to show that the absolute value of

(4.11) Rj,k =
∞∑

n=N

rnn−s−j−k+µ+1/2

{
sin
cos

}
(πnx)

{
sin
cos

}
(πny)

is, for k = 0, . . . , M − j, bounded by Cxs+j−µ−3/2 and∣∣∣∣∣
∞∑

n=N

rnn−s−j+µ+1/2qn(x, y)
{

sin
cos

}
(πnx)

{
sin
cos

}
(πny)

∣∣∣∣∣ ≤ Cxs+j−µ−3/2.

For the term involving qn(x, y), using the fact that −(s + M + 1/2) + µ < −1 gives∣∣∣∣∣
∞∑

n=N

rnn−s−j+µ+1/2qn(x, y)
{

sin
cos

}
(πnx)

{
sin
cos

}
(πny)

∣∣∣∣∣ ≤ C
∞∑

n=N

n−(s+M+1/2)+µ

≤ Cxs+M−µ−1/2,

which is enough for our purpose.
The hypothesis made on M shows that −s−j−k+µ+1/2 > −1 for j = 0, . . . , M

and k = 0, . . . , M − j when M − 1 < −s + µ + 1/2, and the same is true for
j = 0, . . . , M and k = 0, . . . , M − j − 1 when M − 1 = −s + µ + 1/2. Hence, in
these cases,∣∣∣∣∣

N−1∑
n=1

rnn−s−j−k+µ+1/2

{
sin
cos

}
(πnx)

{
sin
cos

}
(πny)

∣∣∣∣∣ ≤ C

N∑
n=1

n−s−j−k+µ+1/2

≤ Cxs+j+k−µ−3/2

≤ Cxs+j−µ−3/2.

As a consequence, in (4.11) we can extend the sum to start from n = 1 and then
use Lemma 3.3 to estimate the complete sum. Thus,

|R̃j,k| =

∣∣∣∣∣
∞∑

n=1

rnn−s−j−k+µ+1/2

{
sin
cos

}
(πnx)

{
sin
cos

}
(πny)

∣∣∣∣∣
≤ Cxs+j−µ−3/2.

This completes the estimate of Rj,k, k = 0, . . . , M − j, except the cases of Rj,M−j

when M − 1 = −s + µ + 1/2 for j = 0, . . . , M . In this exceptional case we have
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to show that |Rj,M−j | ≤ Cxj−M ; in fact we will prove that |Rj,M−j | ≤ C. Since,
with the assumption M − 1 = −s + µ + 1/2,

Rj,M−j =
∞∑

n=N

rn

n

{
sin
cos

}
(πnx)

{
sin
cos

}
(πny),

using the fact that {
sin
cos

}
(πnx)

{
sin
cos

}
(πny)

is a linear combination of terms of the form sin(πn(x± y)) and cos(πn(x± y)) and
that N =

[
1
x

]
∼

[
1

x+y

]
∼

[
1

|x−y|

]
, it is enough to prove that

(4.12)

∣∣∣∣∣
∞∑

n=N

rn

n

{
sin
cos

}
(nt)

∣∣∣∣∣ ≤ C

for 0 < |t| < 3π/2, where N =
[

1
|t|

]
. The summation by parts formula used with

an = rn/n and

bn = D̃n(t) =
n−1∑
k=0

{
sin
cos

}
(kt)

(the modified or the conjugate modified Dirichlet kernel) produces

∣∣∣∣∣
∞∑

n=N

rn

n

{
sin
cos

}
(nt)

∣∣∣∣∣ ≤
∣∣∣D̃N (t)

∣∣∣
N

+ (1 − r)

∣∣∣∣∣
∞∑

n=N

rn

n + 1
D̃n+1(t)

∣∣∣∣∣
+

∣∣∣∣∣
∞∑

n=N

rn

n(n + 1)
D̃n+1(t)

∣∣∣∣∣ .

Applying the bound |D̃n(t)| ≤ Cn and summing the geometric series shows that
the first and second summands above are O(1). For the third summand we use the
estimate |D̃n(t)| ≤ C/|t|, 0 < |t| < 3π/2 to majorize this summand by

C|t|−1
∞∑

n=N+1

n−2 ≤ C.

This completes the proof of (4.12) and hence finishes estimating SM and CM when
M − 1 = −s + µ + 1/2. The proof of Proposition 4.3 is completed. �

5. Asymptotics of the kernel for comparable values of x and y

This section contains the proof of an asymptotic estimate of the transplantation
kernel for comparable values of x and y along the diagonal x = y.

Proposition 5.1. Let µ, ν > −1, m be an integer, 0 ≤ s < µ + ν + 2, 0 < r < 1,
0 < x, y < 1 and x/2 < y < 2x. If s = 0, then

(5.1) |L0,m(r, x, y) − um(x, y)Qr(π(x − y))|

≤ C

(
1
x

log
(

2x

|x − y|

)
+ Pr(π(x − y)) +

1
2 − x − y

)
,
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where um(x, y) is a bounded function. If s > 0, then

(5.2) |Ls,m(r, x, y)| ≤ C

⎧⎪⎪⎨
⎪⎪⎩
|x − y|s−1, for 0 < s < 1,

log
(

2x
|x−y|

)
, for s = 1,

1, for s > 1.

In both cases C is independent of r, x and y.

Proof. We start with considerations that apply to both (5.1) and (5.2). Using (2.6)
with M = 1 to expand ψν

n+m(x) and ψµ
n(y), and taking N =

[
1
x

]
∼

[
1
y

]
, we write

Ls,m(r, x, y) = F (x, y) +
1∑

j,l=0

x−jy−lOj,l(x, y) + J1(x, y) + J2(x, y) + G(x, y),

where

F (x, y) =
N−1∑
n=1

rnn−sψν
n+m(x)ψµ

n(y).

Also, for the remainder sum that starts from n = N , the Oj,l terms capture the
part that comes from the main parts of the aforementioned expansions and are the
sums of four terms of the form

Dj,l

∞∑
n=N

rnn−sdn+m,νdn,µλ−j
n+m,νλ−l

n,µ

{
sin
cos

}
(λn+m,νx)

{
sin
cos

}
(λn,µy)

(Dj,l is a product of Aν,j or Bν,j and Aµ,l or Bµ,l depending on the choice of the sine
or cosine), J1 gathers the part that comes from the main parts of the first expansion
and the remainder of the second one. Hence its absolute value is bounded by

|J1(x, y)| ≤ C

∣∣∣∣∣
2∑
1

∞∑
n=N

rnn−sdn+m,νdn,µH1(λn+m,νx)
{

sin
cos

}
(λn,µy)

∣∣∣∣∣
+ Cy−1

∣∣∣∣∣
2∑
1

∞∑
n=N

rnn−sλ−1
n,µdn+m,νdn,µH1(λn+m,νx)

{
sin
cos

}
(λn,µy)

∣∣∣∣∣
(the sign

∑2
1 indicates that we add two series, one for the choice of the sine another

for the cosine), J2 acts as J1 but with the position of the both expansions switched,
its absolute value is controlled by

|J2(x, y)| ≤ C

∣∣∣∣∣
2∑
1

∞∑
n=N

rnn−sdn+m,νdn,µ

{
sin
cos

}
(λn+m,νx)H1(λn,µy)

∣∣∣∣∣
+ Cx−1

∣∣∣∣∣
2∑
1

∞∑
n=N

rnn−sλ−1
n+m,νdn+m,νdn,µ

{
sin
cos

}
(λn+m,νx)H1(λn,µy)

∣∣∣∣∣
and, eventually, G captures the part that comes from the remainders,

G(x, y) =
∞∑

n=N

rnn−sdn+m,νdn,µH1(λn+m,νx)H1(λn,µy).

We will now separately analyze each of the eight summands in the above decom-
position of Ls,m and bound them, with the exception of the O0,0 in the s = 0 case,
by one of the terms on the right of (5.1) or (5.2). In the exceptional case, using
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Lemma 4.1 and Lemma 4.2, we will write each of the terms included in O0,0 in a
more regular form and then majorize them, whenever possible, by the first or third
term on the right of (5.1). Such a reduction will finally lead, after extending the
summation in the appropriate sums to the set of all positive integers, to the sum
of the form

um(x, y)Qr(π(x − y)) + vm(x, y)Pr(π(x − y)),

with bounded functions um and vm.
For F (x, y), using (2.1), (2.2) and (2.5) and taking into account that −s + ν +

µ + 1 > −1, we have

|F (x, y)| ≤ Cxν+1/2yµ+1/2
N−1∑
n=1

n−s+ν+µ+1 ≤ Cxν+µ+1N−s+ν+µ+2 ≤ Cxs−1,

and this is always controlled by the right sides of (5.1) or (5.2).
For J1(x, y) (the same reasoning works for J2(x, y)), using H1(x) = O(x−2),

x ≥ 1, and again (2.1) and (2.2), shows that

|J1(x, y)| ≤ Cx−2

( ∞∑
n=N

n−(s+2) + y−1
∞∑

n=N

n−(s+3)

)

≤ Cx−2(N−(s+1) + y−1N−(s+2)) ≤ Cxs−1,

which is good for our bounds. In a similar way we show that

|G(x, y)| ≤ C(xy)−2
∞∑

n=N

n−(s+4) ≤ C(xy)−2N−(s+3) ≤ Cxs−1.

The remainder of the proof is concerned with a more delicate analysis of the Oj,l

terms. We start with the O1,1 term. It is clear that, for s ≥ 0,

|x−1y−1O1,1(x, y)| ≤ Cx−2
∞∑

n=N

n−(s+2) ≤ Cx−2N−(s+1) ≤ Cxs−1.

Exactly the same bound is obtained for |x−1O1,0(x, y)| and |y−1O0,1(x, y)| if s > 0,
which is appropriate for (5.2). In the case s = 0, using Lemma 4.1 and Lemma 4.2
with j = 1 and γ = � = 0, the estimate for x−1O1,0(x, y) follows once we show that∣∣∣∣∣

∞∑
n=N

rn

n
E1,0,0(n, x, y)

{
sin
cos

}
(πnx)

{
sin
cos

}
(πny)

∣∣∣∣∣ ≤ C log
(

2x

|x − y|

)
,

where E1,0,0(n, x, y) is as in (4.3). The form of E1,0,0 reduces this task to showing
the estimates

(5.3)

∣∣∣∣∣
∞∑

n=N

rn

n

{
sin
cos

}
(πnx)

{
sin
cos

}
(πny)

∣∣∣∣∣ ≤ C log
(

2x

|x − y|

)

and ∣∣∣∣∣
∞∑

n=N

rn

n
qn(x, y)

{
sin
cos

}
(πnx)

{
sin
cos

}
(πny)

∣∣∣∣∣ ≤ C,

where |qn(x, y)| ≤ Cn−1. The last series is absolutely convergent, and the bound
follows. To show (5.3), we start by denoting N1 =

[
1

x+y

]
and N2 =

[
1

|x−y|

]
. Then
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the left side of (5.3) is bounded by C(J0 + |J1| + |J2|), where J0 =
∑N2

N1

1
n and J1

and J2 are of the form

J1 =
∞∑

n=N1

rn

n

{
sin
cos

}
(πn(x + y)), J2 =

∞∑
n=N2

rn

n

{
sin
cos

}
(πn(x − y)).

It is easy to check that

N2∑
n=N1

1
n
≤ C log

(
x + y

|x − y|

)
≤ C log

(
2x

|x − y|

)
.

Using (4.12) (recall that |x − y| ≤ 1) we get |J2| ≤ C. To estimate |J1| note that
if 0 < x, y < 1 and x/2 < y < 2x, then 0 < x, y < 3/4 or 3/8 < x, y < 1. In the
first case x + y < 3/2 and we can use (4.12) to get |J1| ≤ C. In the second case
we apply the change of variables x = 1 − u and y = 1 − v. Then, it is clear that
0 < u, v < 5/8 and u + v ≤ 3/2, and we can apply (4.12) to obtain∣∣∣∣∣

∞∑
n=N1

rn

n

{
sin
cos

}
(πn(x + y))

∣∣∣∣∣ =

∣∣∣∣∣
∞∑

n=N1

rn

n

{
sin
cos

}
(πn(u + v))

∣∣∣∣∣ ≤ C.

For |y−1O0,1(x, y)| we argue in the same way. Moreover, taking into account that
x ∼ y, we end up with the same estimate for this term. Summarizing, for s = 0,

|x−1O1,0(x, y)| + |y−1O0,1(x, y)| ≤ C

x
log

(
2x

|x − y|

)
,

which is appropriate for (5.1).
It remains to analyze the O0,0(x, y) term. If s > 1 there is no problem because the

four series included in O0,0(x, y) are absolutely convergent, hence |O0,0(x, y)| ≤ C
follows which is the correct bound for (5.2) in this case. If s = 1, following the steps
given for O1,0(x, y) with s = 0 (using E0,0,0(n, x, y) instead of E1,0,0(n, x, y)), we

obtain |O0,0(x, y)| ≤ C log
(

2x
|x−y|

)
which is the bound for L1,m(r, x, y). Consider

the case 0 ≤ s < 1. Again using Lemma 4.1 and Lemma 4.2 with j = γ = 0 and
� = 1 shows that O0,0(x, y) is the sum of four terms of the form

D0,0u(x)v(y)
∞∑

n=N

rnn−sE0,0,1(n, x, y)
{

sin
cos

}
(πnx)

{
sin
cos

}
(πny),

or, after applying trigonometric identities and expanding E0,0,1(n, x, y), the sum of
four terms of the form

(5.4) ũ(x)ṽ(y)
∞∑

n=N

rnn−s
(
A0 +

A1(x, y)
n

+ qn(x, y)
){

sin
cos

}
(πn(x ± y)).

Here A0 is a constant, A1(x, y) is a polynomial in x and y of degree 1, and
|qn(x, y)| ≤ Cn−2 for 0 < x, y < 1. We will now analyze each of the three ex-
pressions resulting from (5.4). The estimate for the remainder term is immediate
since, for 0 ≤ s < 1, using |qn(x, y)| ≤ Cn−2 gives∣∣∣∣∣

∞∑
n=N

rnn−sqn(x, y)
{

sin
cos

}
(πn(x ± y))

∣∣∣∣∣ ≤ C

∞∑
n=1

n−s−2 ≤ C,
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which is enough for our purpose. The same bound occurs for the term resulting from
considering A1(x, y)n−1 when 0 < s < 1. Keeping for a moment the assumption
0 < s < 1 note that since∣∣∣∣∣

N−1∑
n=1

rnn−sA0

{
sin
cos

}
(πn(x ± y))

∣∣∣∣∣ ≤ C

N−1∑
n=1

n−s ≤ Cxs−1,

in the term involving A0 we can extend the summation to n = 1. Therefore, the
conclusion of the estimate for O0,0(x, y) (with 0 < s < 1) reduces to checking that∣∣∣∣∣

∞∑
n=1

rnn−s

{
sin
cos

}
(πn(x ± y))

∣∣∣∣∣ ≤ C|x − y|s−1.

Since |x − y| ≤ 1, the minus sign case follows from Lemma 3.3. For the sum with
the plus sign consider the cases 0 < x, y < 3/4 and 3/8 < x, y < 1. In the first case
we use Lemma 3.3 and the obvious inequality |x − y| ≤ |x + y|. The second case
is again treated by using the change of variables x = 1 − u and y = 1 − v. Then
Lemma 3.3 gives∣∣∣∣∣

∞∑
n=1

rnn−s

{
sin
cos

}
(πn(x + y))

∣∣∣∣∣ =

∣∣∣∣∣
∞∑

n=1

rnn−s

{
sin
cos

}
(πn(u + v))

∣∣∣∣∣
≤ C|u + v|s−1 ≤ C|u − v|s−1 = C|x − y|s−1.

This concludes the proof of the estimate |O0,0(x, y)| ≤ C|x − y|s−1 in the case
0 < s < 1, hence the proof of (5.2).

We are therefore left with the case s = 0 and the terms resulting from the main
terms in (5.4). For the term involving A1(x, y)n−1 note that ũ(x)ṽ(y)A1(x, y) is
a bounded function on 0 < x, y < 1, hence our task reduces to already proved
estimate (5.3). Finally, consider the term involving A0. It is possible to extend the
summation of the series involving A0 in (5.4) from n = 1 since∣∣∣∣∣

N−1∑
n=1

rn

{
sin
cos

}
(πn(x ± y))

∣∣∣∣∣ ≤ C
N−1∑
n=1

1 ≤ Cx−1.

Now, the series with the plus sign and summation starting from n = 1 are easily
treated. Indeed, assuming 0 < x, y < 3/4, we apply Lemma 3.3 to obtain∣∣∣∣∣

∞∑
n=1

rn

{
sin
cos

}
(πn(x + y))

∣∣∣∣∣ ≤ C(x + y)−1 ≤ Cx−1.

Assuming 3/8 < x, y < 1, write x = 1− u, y = 1− v. Then 0 < u + v < 3/2, hence∣∣∣∣∣
∞∑

n=1

rn

{
sin
cos

}
(πn(x + y))

∣∣∣∣∣ =

∣∣∣∣∣
∞∑

n=1

rn

{
sin
cos

}
(πn(u + v))

∣∣∣∣∣
≤ C(u + v)−1 = C(2 − x − y)−1.

We now conclude by stating that what is left from L0,m(r, x, y) (and has not
already been estimated by one of the terms on the right of (5.1)) is the expression

A0,1ũ1(x)ṽ1(y)
∞∑

n=1

rn sin(πn(x − y)) + A0,2ũ2(x)ṽ2(y)
∞∑

n=1

rn cos(πn(x − y)).
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Estimating the absolute value of the second term results in bringing CPr(π(x− y))
on the right of (5.1). Consideration of the first term results in choosing um(x, y) =
A0,1ũ1(x)ṽ1(y). This finishes the analysis of the O0,0 term in the case s = 0, hence
concludes the proof of Proposition 5.1. �

6. Proof of Theorem 1.1

We start by noting that Trf(x) is well defined for every x ∈ (0, 1): this is a
simple consequence of (2.8) and (2.9).

The dominated convergence theorem together with (2.9) and (2.8) show that for
given x and r

Trf(x) =
∫ 1

0

L0,m(r, x, y)f(y) dy.

Take f ∈ Lp,a. For the proof of (1.2) it is sufficient to verify that the quantity

(6.1)
∫ 1

0

∣∣∣∣
∫ 1

0

L0,m(r, x, y)f(y) dy

∣∣∣∣
p

xa dx

is bounded by C‖f‖p
p,a. To check this, split the inner integration onto the intervals

(0, x/2), (x/2, min{3x/2, 1}) and (min{3x/2, 1}, 1), and consider each of the result-
ing integrals separately. For the first and third integrals the result immediately
follows by using the estimates of Proposition 4.3 with s = 0, Hardy’s inequalities
(2.12) and (2.13), and the assumption (1.1). For the second integral we apply the
estimate of Proposition 5.1 and then an argument similar to that of [5], pp. 38 –
39. Thus we need to bound the quantities∫ 1

0

(∫ min{3x/2,1}

x/2

|f(y)|
x

log
(

2x

|x − y|

)
dy

)p

xa dx,(6.2)

∫ 1

0

(∫ min{3x/2,1}

x/2

Pr(π(x − y))|f(y)| dy

)p

xa dx,(6.3)

∫ 1

0

(∫ min{3x/2,1}

x/2

|f(y)|
2 − x − y

dy

)p

xa dx,(6.4)

and

(6.5)
∫ 1

0

∣∣∣∣∣
∫ min{3x/2,1}

x/2

um(x, y)Qr(π(x − y))f(y) dy

∣∣∣∣∣
p

xa dx,

by C‖f‖p
p,a with C independent of 0 < r < 1 and f . For (6.2), (6.3) and (6.5) we

copy the argument of [5, p. 39]. The checking the required bound for (6.4) reduces
to showing the inequality∫ 1

0

(∫ min{3x/2,1}

x/2

h(y)
2 − x − y

dy

)p

dx ≤ C

∫ 1

0

h(y)p dy,

where h is any nonnegative function on (0, 1). This in order, by enlarging the region
of the inner integration to (0, 1) and changing the variables, u = 1 − x, v = 1 − y,
reduces to verifying that∫ 1

0

(∫ 1

0

g(v)
u + v

dv

)p

du ≤ C

∫ 1

0

g(v)p dv,
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where g ≥ 0. We have(∫ 1

0

(∫ 1

0

g(v)
u + v

dv

)p

du

)1/p

≤
(∫ 1

0

(∫ u

0

g(v)
u + v

dv

)p

du

)1/p

+

(∫ 1

0

(∫ 1

u

g(v)
u + v

dv

)p

du

)1/p

≤
(∫ 1

0

(
1
u

∫ u

0

g(v) dv

)p

du

)1/p

+

(∫ 1

0

(∫ 1

u

g(v)
v

dv

)p

du

)1/p

≤ C

(∫ 1

0

g(v)p dv

)1/p

.

For the last inequality, Hardy’s inequalities (2.12) and (2.13) were used (with a =
−p and a = 0 correspondingly). This finishes the proof of estimating (6.1) by
C‖f‖p

p,a and thus (1.2).
To prove the existence of a function Tf ∈ Lp,a such that (1.3) is satisfied, it

is sufficient to show that for ε > 0 there is an 0 < ro < 1 such that for ro <
r < t < 1, ‖Trf − Ttf‖p,a ≤ Cε with C independent of ε. Given ε > 0 and a
function f ∈ Lp,a, take h ∈ C∞

c (0, 1) such that ‖f − h‖p,a < ε. Then, by using
(1.2), ‖Trf − Trh‖p,a ≤ Cε. Using (2.10), (2.11) with k sufficiently large and
Minkowski’s inequality shows that there exists an ro such that ‖Trh − Tth‖p,a ≤ ε
for ro < r, t < 1. This, together with the triangle inequality, completes the proof
of the estimate ‖Trf − Ttf‖p,a ≤ Cε and thus the existence of Tf satisfying (1.3).
Clearly enough, the bound ‖Tf‖p,a ≤ C‖f‖p,a is a consequence of (1.2) and (1.3).

Finally we prove (1.5). It follows by (1.4), (2.10) and Hölder’s inequality that
for any fixed n, n = 1, 2, . . . , the mapping g → cν

n(g) is a bounded functional on
Lp,a. Therefore, by using (1.3),

cν
n(Tf) = lim

r→1−
cν
n(Trf),

which gives (1.5) once we note that cν
n(Trf) equals 0 for 1 ≤ n ≤ m and rncµ

n−m(f)
for max{1, m + 1} ≤ n < ∞. The last statement is a consequence of the fact that∫ 1

0

( ∞∑
j=1

rj |cµ
j (f)||ψν

j+m(x)|
)
|ψν

n(x)| dx < ∞,

which follows by (2.8) and (2.9), and then the dominated convergence theorem
shows that∫ 1

0

ψν
n(x)Trf(x) dx = rn

{
0, 1 ≤ n ≤ m,

cµ
n−m(f), max{1, m + 1} ≤ n < ∞.

This finishes the proof of (1.5) hence Theorem 1.1.

7. Proof of Theorem 1.3

The fact that the series defining Trf(x) converges is again a consequence of (2.8)
and (2.9).
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The checking of (1.7) is accomplished once we show that each of the quantities( ∫ 1

0

( ∫ x/2

0

|f(y)Ls,m(r, x, y)| dy
)q

xaq dx
)1/q

,(7.1)

( ∫ 1

0

( ∫ min{3x/2,1}

x/2

|f(y)Ls,m(r, x, y)| dy
)q

xaq dx
)1/q

,(7.2)

( ∫ 1

0

( ∫ 1

min{3x/2,1}
|f(y)Ls,m(r, x, y)| dy

)q

xaq dx
)1/q

,(7.3)

is bounded by

C
(∫ 1

0

|f(x)|pxap dx
)1/p

.

Considering (7.1) we use the estimate of Ls,m from Proposition 4.3 to conclude
that (7.1) is bounded by( ∫ 1

0

( ∫ x/2

0

|f(y)|yµ+1/2 dy
)q

x(a+s−µ−3/2)q dx
)1/q

.

Thus our task reduces to showing the inequality( ∫ 1

0

( ∫ x/2

0

|g(y)| dy U(x)
)q

dx
)1/q

≤ C
( ∫ 1

0

|g(x)V (x)|p dx
)1/p

,

with U(x) = xa+s−µ−3/2 and V (x) = xa−µ−1/2. We apply a general form of Hardy’s
inequality; cf. for instance [5, Theorem (9.17)]. The condition to be verified there
is

(7.4)
( ∫ 1

t

U(x)q dx
)1/q(∫ t

0

V (x)−p′
dx

)1/p′

≤ A,

with a constant A independent of 0 < t < 1. This is achieved by considering three
cases depending on the sign of (a + s − µ − 3/2)q + 1, writing down the values
of involved integrals, and observing that the resulting function of t is bounded on
0 < t < 1. Clearly, to assure the convergence of the second integral in (7.4) the
condition −(a − µ − 1/2)p′ > −1 is necessary, but this is just the right side of our
assumption (1.6).

For (7.2) we first apply Proposition 4.3 to bound (7.2) by

(7.5)
( ∫ 1

0

( ∫ min{3x/2,1}

x/2

|f(y)||x − y|s−1 dy xa
)q

dx
)1/q

and then use [5, Lemma (9.6)] with the weight w(x) = xa. The assumption (9.7)
of that lemma is satisfied by any power weight, and the conclusion says that (7.5)
is bounded by C(

∫ 1

0
|f(x)|pxap dx)1/p.

Considering (7.3) we again use the estimate of Ls,m from Proposition 4.3, con-
cluding this time that (7.3) is bounded by( ∫ 1

0

( ∫ 1

min{3x/2,1}
|f(y)|ys−ν−3/2 dy

)q

x(a+ν+1/2)q dx
)1/q

and then reducing the problem to showing the inequality( ∫ 1

0

( ∫ 1

min{3x/2,1}
|g(y)| dy U(x)

)q

dx
)1/q

≤ C
( ∫ 1

0

|g(x)V (x)|p dx
)1/p

,
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with U(x) = xa+ν+1/2 and V (x) = x−s+ν+3/2+a. We now apply [5, Theorem
(9.18)], where the condition to be verified is

(7.6)
( ∫ t

0

U(x)q dx
)1/q( ∫ 1

t

V (x)−p′
dx

)1/p′

≤ A, 0 < t < 1.

Again we consider three cases that depend on the sign of −(−s+ν +3/2+a)p′ +1,
we write down the values of involved integrals, and we observe that the resulting
function of t is bounded on 0 < t < 1. To assure the convergence of the first integral
in (7.6) the condition (a + ν + 1/2)q > −1 is necessary, and this is the left side of
(1.6). This finishes estimating (7.3), hence the proof of (1.7).

The argument for existence of an operator T satisfying (1.8) is completely similar
to that of the proof of the analogous statement in Theorem 1.1; cf. Section 6. Hence
we will not repeat it.

For the proof of (1.10) note that for any fixed n, n = 1, 2, . . . , by (1.9), (2.10) and
Hölder’s inequality it follows that the mapping g → cν

n(g) is a bounded functional
on Lq,aq. Therefore, by using (1.8),

cν
n(Tf) = lim

r→1−
cν
n(Trf).

It is now sufficient to observe that cν
n(Trf) is equal to 0 for 1 ≤ n ≤ m and

rn(n − m)−scµ
n−m(f) for max{1, m + 1} ≤ n < ∞. The last statement is justified

by the fact that ∫ 1

0

( ∞∑
j=1

rjj−s|cµ
j (f)||ψν

j+m(x)|
)
|ψν

n(x)| dx < ∞,

which follows by (2.8) and (2.9), and then the dominated convergence theorem
shows that∫ 1

0

ψν
n(x)Trf(x)dx = rn

{
0, 1 ≤ n ≤ m,

(n − m)−scµ
n−m(f), max{1, m + 1} ≤ n < ∞.

This finishes the proof of (1.10), hence Theorem 1.3.

8. Proof of Theorem 1.5

We will use the following multiplier theorem for the sine expansions, which is a
consequence of [6, Theorem (9.17)] (cf. also [5, Theorem (13.1)]).

Theorem 8.1. Let 1 < p < ∞, 1 ≤ t ≤ ∞, λ > max{1/t, |1/p−1/2|} or λ = t = 1,
m ∈ M(t, λ), |a| < pλ, (a + 1)/p not an integer and

max{−1,−1 + p(−λ + 1/2)} < a < min{−1 + p(λ + 1/2),−1 + p(λ + 1 − 1/t)}.

Then, for f(x) =
∑∞

j=1 dj sin(πjx), where dj = 0 for all but a finite number of j’s
and dj = 0 for j = 1, 2, . . . [(a + 1)/p] − 1,

‖
∞∑

n=1

mndn sin(πnx)‖p,a ≤ CB(m, t, λ)‖
∞∑

n=1

dn sin(πnx)‖p,a,

with C independent of m, t, λ and f .
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This theorem is obtained from Theorem (9.17) of [6] by taking a1 = a, a2 = 0,
extending the sequence {mj}∞j=1 to the sequence {m∗

j}∞j=−∞ by setting m∗
−j = mj

for j < 0 and m∗
0 = 0 (so that m∗ ∈ M∗(t, λ) in the notation of [6]), restricting the

class Sl1+l2−1 that appears in [6, Theorem (9.17)] to the class of odd polynomials
from Sl1+l2−1, f(x) =

∑
|j|≤N dje

ijx, d−j = dj , changing the variable, (−π, π) ∈
x → x/π, and, finally, replacing the weight W (x) = |1 − e−ix|a1 by xa (which is
comparable with W (x/π) on (0, 1)).

Proving Theorem 1.5 we first note that the assumption −1 < a < 2p− 1, a part
of (1.11), implies 0 < (a+1)/p < 2. Hence, in what follows we use Theorem 8.1 for
sequences dj without the restriction on vanishing of the first [(a + 1)/p]− 1 terms.
To prove (1.12) we apply Theorem 1.1 with 1/2 and ν as µ and ν to obtain

‖
∞∑

j=1

mjdjψ
ν
j ‖p,a ≤ C‖

∞∑
j=1

mjdjψ
1/2
j ‖p,a

as a limit case of (1.2) since we have only a finite number of summands. The
required assumption (1.1) is included in (1.11). In the same way we apply Theo-
rem 1.1 with ν and 1/2 as µ and ν to obtain

‖
∞∑

j=1

djψ
1/2
j ‖p,a ≤ C‖

∞∑
j=1

djψ
ν
j ‖p,a

as a limit case of (1.2); in this case the required assumption (1.1) is also included
in (1.11). Finally, the concluding inequality

‖
∞∑

j=1

mjdj sin(πjx)‖p,a ≤ CB(m, t, λ)‖
∞∑

j=1

dj sin(πjx)‖p,a

follows from Theorem 8.1 since the conditions imposed on a in this theorem are
weaker than conditions on a assumed in Theorem 1.5. This concludes the proof of
Theorem 1.5.

9. Proof of Corollaries 1.2 and 1.4

Since the proofs of both corollaries are completely analogous, we furnish the
proof of Corollary 1.2 only.

Let f ∈ C∞
c (0, 1). The pointwise convergence of the series

∑∞
n=1 cµ

n(f)ψν
n+m(x)

follows from (2.8) and (2.11) taken with k sufficiently large. This shows that we
deal with a well-defined operator. Further, since Trf → Tf in Lp,a, we can choose
a sequence 0 < r1 < r2 < . . . , rj → 1−, such that limj→∞ Trj

f(x) = Tf(x) for
almost every x ∈ (0, 1). On the other hand, for every x ∈ (0, 1),

lim
r→1−

Trf(x) = lim
r→1−

∞∑
n=1

rncµ
n(f)ψν

n+m(x)

=
∞∑

n=1

cµ
n(f)ψν

n+m(x).

The last equation is justified by the fact that the last series is absolutely convergent,
which is implied by (2.11) and (2.8). Thus we checked that for f ∈ C∞

c (0, 1),

Tf(x) =
∞∑

n=1

cµ
n(f)ψν

n+m(x), x-a.e.
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Since C∞
c (0, 1) is dense in Lp,a, it follows that T is the unique bounded on Lp,a

extension of the considered operator.
Let f be a linear combination of ψµ

n’s, say f =
∑N

1 anψµ
n (the assumption

−p(µ + 1/2) − 1 < a ensures that the linear span of {ψµ
n : n = 1, 2, . . . } is indeed

a subspace of Lp,a). It is now clear that limr→1− Trf(x) =
∑N

n=1 anψν
n+m(x) for

every x ∈ (0, 1). On the other hand, for a sequence 0 < r1 < r2 < . . . , rj → 1−, we
have limj→∞ Trj

f(x) = Tf(x) for almost every x ∈ (0, 1). Thus

Tf(x) =
N∑

n=1

anψν
n+m(x), x-a.e.,

and the density argument of Lemma 2.3 shows that T is the unique bounded on
Lp,a extension of the considered operator.
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