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GENERIC SYSTEMS OF CO-RANK ONE
VECTOR DISTRIBUTIONS

HOWARD JACOBOWITZ

ABSTRACT. This paper studies a generic class of sub-bundles of the complexi-
fied tangent bundle. Involutive, generic structures always exist and have Levi
forms with only simple zeroes. For a compact, orientable three-manifold the
Chern class of the sub-bundle is mod 2 equivalent to the Poincaré dual of the
characteristic set of the associated system of linear partial differential equa-
tions.

Let M™ be a compact manifold. We study generic sub-bundles of co-rank one. In
defining a condition of genericity, we are guided by the needs of the theory of linear
partial differential equations and by the theory of generic functions as initiated
by Whitney. We use V' to denote a sub-bundle of CT M of co-rank one. Such a
sub-bundle defines a map @y : M — PCT*M, where the image of a point p is the
line of one-forms which annihilate V,,. We are interested in points where this line
is generated by a real form, so we set

S(V)={pe M: dy(p) € PT*M}.

This is the characteristic set of the system of first order partial differential operators
corresponding to any local basis for V. In particular, the system is elliptic outside
of . As we have just done, we freely write ¥ for (V). All manifolds, bundles,
and maps are taken to be of class C*°.

Definition 1. V is an almost Whitney structure if

(1) @y (M) intersects PT*M transversely. It follows that ¥ is a smooth curve
with a finite number of components.

(2) w(7) has only simple zeroes when 7 is a nonzero section of 7% and w is a
one form such that &y = [w] on X.

Remark 0.1. We follow the convention of introducing“almost” so that we
can drop it once we require formal integrability, i.e. involutivity. Thus V'
is a Whitney structure if in addition

(3) [V,V] C V. (See §3.)

Example. Let M = X x S!, where X is a compact two-dimensional manifold (or,
more generally, let M be a circle bundle over X with orientable fiber). Let £ be a
real nondegenerate vector field on X with {p € X : {(p) =0} = {p1,...,pn}. That
is, at each p; the linear approximation to ¢ is given by a matrix whose determinant is
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nonzero. This is equivalent to requiring that the section £ : M — T'M is transverse
to the zero section. Use some metric to identify the vector field ¢ with a one-form
wp and set w = wy — idf, where 6 is the natural coordinate on S'. Let

(1) V={veCTM :w(l) =0}
For £ = 10, + £20, near p; and with an appropriate choice of metric near p;, we
have w = &1dx + &2dy — idf and local sections for V'

v = 0y — 1£10p,

vy = 0y — 1£20p.
Note that

2= Jp; x 5"}

Further, ®y (M) intersects PT*(M) transversely because £ is nondegenerate. For

T we take 9y, so w(7) is never zero. Thus V is an almost Whitney structure. We
return to this example in the next section.

Theorem 0.1. The almost Whitney structures are generic.

Proof. By generic, we mean that the set of Whitney structures is open in the C!
topology (this is clear) and that any V' may be approximated in the C'*° topology
by a Whitney structure. Any C*° V determines a C*° map ®y : M — PCT*M.
By a standard result of differential topology, ®y may be perturbed, within the
class of C™ maps, to obtain a map ® with @(M) transverse to PT*M. To ® there
corresponds some V. Thus we may assume that V itself satisfies the transversality
condition (1) and turn our attention to condition (2). We have that ¥ = {p € M :
Rw A Sw = 0}. We seek a perturbation @ which agrees with w away from ¥ and for
which ©(7) has only simple zeroes. So let 6 be a parametrization of X, r a smooth
function with ¥ = {p € M : r(p) = 0} and a(r, ) some small real-valued function
which is zero on the complement of some small neighborhood of . Set

O =w+a(r,6)dl.
Then on X

O(1) = w(7) + a(r,8)do(7),
and for a generic choice of a(0,8), ©(7) has only simple zeroes.

1. TOPOLOGICAL CONSEQUENCES

When involutivity is ignored, the study of co-rank one bundles is equivalent to
the study of rank one bundles. (This is made precise in Lemmal[l.1l) A complex line
bundle Q C CTM with ¥ empty is the same as an oriented two-plane distribution
in TM. Here are some known results for compact, orientable manifolds which admit
oriented two-plane distributions in T'M. There seems to be little in the literature
about similar questions for nonorientable manifolds or distributions.

If dim M = 4k: x(M) is even and is congruent to the signature of M modulo
4.
If dim M =4k +1: k(M) =0.
If dim M = 4k 4 2: The first Chern class of the associated complex line bun-
dle satisfies
2(e1 AV)[M] = x(M)
for some v € H*~2(M, Z) with v mod 2 = wa_o(M).
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If dim M = 4k + 3: The first Chern class satisfies
Z i Nwi(M) =0

20+j=4k+2
as an element of H**+2(M, Z,).

Here x(M) is the Euler characteristic, k(M) is the Kervaire semi-characteristic,
and w;(M) is the Steifel-Whitney class of TM. The first two results are due to
Atiyah [I] and the others to Thomas [7] and []]. Note that the converses of the
latter also hold, op cit. For a three-dimensional manifold, Thomas’ result says that
if V.C CTM has ¥ empty, then c¢;(V) is zero as an element of H?(M, Z). It
follows that c;(V) is even in the sense that there exists some o € H2(M, Z) with
(V) = 2a.

In general, Thomas studies the existence of a two-plane distribution on M by
using the skeleton of M to show that there always exists a two-plane distribution
on M — {finite set of points} and then finding the obstruction to extending to all of
M (see [8], page 350). The present work suggests a different approach to a related
problem. A generic embedding of a complex line bundle into CTM™ produces a
two-plane distribution on M — X, where ¥ is a union of circles. One can then
try to relate the Chern class of the bundle to a multiple of the homology class
[X]. Instead of studying two-plane distributions on M — {finite set of points}, this
approach studies two-plane distributions on M — {finite union of disjoint circles}
which only degenerate to line elements of M.

In dimension two, there are precise results.

Theorem 1.1 ([3]). If V is a generic structure on a compact, orientable M?, then
degree(V) = x(M™) — x(M™) — #tcusps.

For this theorem, an orientation of M is fixed. Then, off of 3, V defines an
orientation for M which agrees with the chosen one for points of M+. The degree
of V is ¢1 (V) evaluated on the basic homology class [M], and the number of cusps
is the number of times that V' contains the tangent space to X.

We now briefly return to the general dimension. We have that on %, V = C@W,
where W is a real bundle of rank n — 1.

Definition 2. ¥(V) is regular if W is transversely orientable.

This means that a direction transverse to W can be consistently chosen. When
M is orientable, this is the same as requiring that W is orientable along 3.
The purpose of this section is to prove the following new result for dim M = 3.

Theorem 1.2. IfV is a generic structure on a compact, orientable M3 and ¥ is
regular, then

(2) c1(V) = PD[X] mod 2.

Remark 1.1. A similar formula is probably true without the restriction that ¥ is
regular.

We are using the Poincaré dual of the homology class defined by ¥. The ori-
entability of M is only used at the last step of the proof. Thus, until then, when M
is nonorientable, PD[Y] is the mod 2 Poincaré dual and is an element of H?(M, Z5).
The theorem means that there exists a second cohomology class a € H2(M, Z) with
c1(V) — PD[E] = 2a..
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Example (continued). The bundle V defined in () has a trivial bundle as its
annihilator. Since the tangent bundle of a compact, orientable three manifold is
trivial, it follows that ¢; (V') is zero (and that V' is trivial). Thus the left-hand side
of @) is zero. Since ¥ = [J{p; x S}, we have PD(X) = N[S], where S! is the
typical fiber and N is the number of zeroes of the vector field £. If X is orientable,
then N is even, and so the right-hand side of Equation (@) is also equal to zero
modulo 2. However, if X is nonorientable, then N can be odd. Thus Theorem
need not hold when M is nonorientable.

Let @ be any complex line bundle in CT'M that is complementary to V,
(3) CTM =V @ Q.

Again making use of the fact that the tangent bundle of a compact, orientable three
manifold is trivial, we may prove the theorem by proving that

1(Q) = PD[X] mod 2.

Note that (V) is regular if and only if @ = C ® B on X, where B is a trivial real
line bundle. Let ®¢ be the associated map of M into PCTM and let £(Q) be the
projection into M of the set & (M) N PTM.

Lemma 1.1. For any V and Q satisfying @), £(Q) = X(V). Further, &y (M)
intersects PT* M transversely if and only if ®¢ intersects PT'M transversely.

Any line bundle @ satisfying this transversality condition is called generic. At
first, we need only that ¥ is smooth. Transversality is needed only in Lemma

Let NV be a small tubular neighborhood of ¥. (We might need to replace N by a
smaller tubular neighborhood; if so, we do it without explicitly saying so.) Denote
its boundary by bdyN. We now take ¥ to be regular, and so @ restricted to X is
of the form C ® B, where B is a trivial real line bundle.

Lemma 1.2. There exist real vector fields U and T on N such that U +iT is a
section of Q, UANT #0 on bdyN and ¥ = {p € M : T(p) = 0}.

Proof. Let Uy be a nonzero section of B. Extend it to be a nonzero section of TN
and find other sections X; and X» such that Uy A X1 A X3 # 0 on . Since Q|nr
is trivial, we can find a nonzero section o. We have

g = an + 51X1 + 52X2.
« is nowhere zero while #; and (, are both zero on X. Set

op=0/a =Uy+ F3X1+ 51X
= UO + a1X1 —+ a2X2 + Z(lel -+ bQXQ)
=U+1T.

Since U + T is a section of @, it follows that U AT # 0 off of 3. Also, clearly
T =0 on X. So the lemma is proved.

We now choose a vector field V so that UAT AV > 0 near bdyN and we choose a
metric on TN and the orientation on M so that near bdyN we have that {U,T,V'}

is orthonormal and oriented. We also choose an orthonormal and oriented frame
{U,X,Y} over N.
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Lemma 1.3. The bundle QQ can be deformed globally over M to a bundle Q1 with

0, = Q away from bdyN,
" T+iv near bdy/N .

Hence 2(Q1) = X(Q).

Proof. Let A be some smooth function which is supported near bdyN and which is
identically equal to one on some open set containing bdy/N. We may assume that
U + 4T is defined in a neighborhood of A/ and that this neighborhood contains the
support of A. Define a deformation by

0, — span{T +icos(5tA\)U +isin(5tA)V}  inside the support of A,
= Q outside the support of A.

Q; is well defined because span{T + iU} = Q near /. Clearly Q1 has the desired

form.

Let H = U+. The metric and orientation give H the structure of a complex line
bundle with section X + Y. Near bdyN, this structure is also given by T + V.
Thus there exists a unique complex-valued function f : bdyN — S' c C — {0}
satisfying

X +14Y = f(p)(T +1V), p € bdyN.

Now let ¥ be one component of ¥ and Ay the corresponding component of A.
Let 6 parametrize the circle ¥y and let 1 parametrize the orthogonal circle in
bdyNy = T?. These correspond to coordinates (6,7,v) for Ny, where (r,1)) are
polar coordinates on the planes {# = 6p}. Fix some value for 6 and let m be the
winding number,
m 1 df
2mi Jo—g, f
Let F': Ny — D be a smooth extension of f to a map into the unit disc, chosen so
that 0 is a regular value for F. Then F~1(0) is the union of circles and [F~1(0)] is
an element of the first homology group Hy (M, Z).

Lemma 1.4. [F~1(0)] = m[Zo] mod 2.
This means that there is some o € Hy (M, Z) for which
[F~1(0)] — m[Zo] = 2a.
Remark 1.2. Of course, the same result holds for f : bdyNy — C — (0).

Proof. Let D be the disc {(r,1,6p)} C Ny transverse to ¥X. D has an induced
orientation, and we assume that 1) was chosen consistent with this orientation. We
may also assume that F~1(0) is transverse to D. Let fy = F|p. Each zero of f
may be assigned +1, depending on whether fy is locally orientation-preserving or
reversing there. The algebraic number of zeroes is equal to m, and so

m = #{fo = 0} mod 2.

Next consider the projection F~1(0) — Y,. Generically, #{fo = 0} points are
mapped to one point, and so [F~1(0)] = m[¥s] mod 2.
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We now need a general observation about complex line bundles. Let P; and P
be complex line bundles on a compact manifold M?3. Let v be a smooth curve in M
and A a tubular neighborhood of 7. Assume that P; and P, are isomorphic over
M — ~ and denote an isomorphism by ®. Since both P; and P, are trivial over AV,
they have nonzero sections ¢; and (5. Near bdyN we have

PG =[G
for some f : bdyN — C — {0}. As before, let  parametrize v and set
1 df
C2mi Jgg, |
Lemma 1.5. ¢;(P2) = c¢1(P1) + mPD(y) mod 2.
Proof. Extend (7 to a generic global section. Then, as is well known, ¢;(P;) =

PD[¢(0)]. As before let F' be a generic extension of f to a map N — C — {0}.
Consider the smooth section (3 : M — P, defined by

2 (I)Cl on M —./\/'7
G = Fé on N.
Since (5 1(0) = ¢;1(0) U F~1(0), we have
ei(Py) = PDIG(0)

PD[¢; ' (0)] + PDIF~}(0)]
c1(P1) + m[y] mod 2.

We apply this lemma to a complex line bundle Q € CTM? with

K
> =%,
1

where each ¥; is a closed curve. We modify ) in a neighborhood of ¥; to obtain
a bundle Q1 € CTM with

Q1) =%

and
1(Q) = c1(Q1) + m1PD[%4] mod 2.
Then @, is modified in a neighborhood of ¥5 to get

K
(@) =J%;
3

and
c1(Q1) = ¢1(Q2) + m1 PD[X;] mod 2.
We end with Qg C CT' M, where
c1(Qk-1) = a1(Qk) + mg PD[YX k] mod 2

and X(Q ) is empty. But on an orientable compact three-manifold, this last condi-
tion implies that ¢1 (Qx) = 0 mod 2. See, for instance the simplest case of Theorem
1.1 of [7] or, for an elementary proof, [5]. Thus

K
a(Q) = ijPD[Ej] mod 2.
1
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To evaluate m;, we add the assumption that @ is generic.

Lemma 1.6. Let QQ be a generic complex line bundle with ¥ = Uszl Y. Then
¢1(Q) = PD[X] mod 2.

Proof. 1t is enough to work with one component, Yy, of ¥ and show that the
associated value of m is £1. We know that near this component ) has a section
U+iT as in Lemmal[l:2l If necessary, we deform Q) near Xy to obtain that U is never
tangent to Xo. As before, we have that {U,T,V} is an orthonormal and oriented
basis over a neighborhood of bdyNy and {U, X,Y} is an orthonormal and oriented
basis over a neighborhood of Afy. We use this latter basis to provide homogeneous
coordinates for PCTM near ¥y. We have T = aU +bX +¢Y witha=b=¢=0
on 3. Then

() = ([l +1ia,ib,id)
(p,[1,B,C)).

Introduce coordinates (6, s,t) with (6g, s,t) parametrizing the disc D. Since b and
¢ vanish on X¢ while PT'M is given by B = SC = 0, the transversality condition
is precisely that the determinant of the Jacobian g%gg not vanish anywhere on ¥.

Near bdyNy we have that a = 0 and so V = —cX + bY and
X +iY = f(T +1iV)

with f = (b —ic)~ %

To evaluate m, we use the coordinate transformation (s,t) — ¢ = b — ic. The
sign of the determinant of the Jacobian determines whether this coordinate change
preserves or reverses orientation. We have

Qﬁimz/%z—/%:—/%:jﬁmﬂ

Note that we did not actually use transversality everywhere along ¥y but only at
some point 0 = 6.

2. INVOLUTIVITY

The most interesting systems of partial differential equations are involutive. So
we now review this condition and show the existence of Whitney structures. Let
W C CTM have any rank.

Definition 3. W is involutive if [W, W] C W.

This means that the vector commutator (Lie bracket) of two local sections of W
is also a section of W.
There are some standard examples of involutive structures, among which are

e Foliations: W C T M. o
e Complex manifolds: W& W = CT'M.
e CR manifolds: WNW = {0}.

The involutivity condition is roughly the same as (more precisely, follows from) the
existence of the correct number of independent first integrals. We wish to construct
an involutive system of co-rank one, so we can start with one global function which
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will be our first integral and then find the system. That is, we start with a solution
and then find the equations. All we need is a function

fiM"—=C
with df # 0. Then

V = {df}*
satisfies

V,V]c V.

Note that ¥ = {p € M : df Adf =0 at p}.

Clearly, such functions exist. For instance, one could use f = a + ib, where a
and b are a generic choice of Morse functions. So the existence of a co-rank one
involutive structure on an arbitrary manifold is not in doubt. But we would like
as much control as possible over the characteristic set of the structure. This means
choosing a and b so as to satisfy the conditions of an almost Whitney structure.
This is done by taking p — (a(p),b(p)) to be a generic map into R?, instead of a
pair of generic maps into R'. The classical work of Whitney and Levine studies
generic maps into R? (and originated in an attempt to generalize Morse theory).

Let F(M) denote the set of smooth maps f = (u,v) of M™ — R? with the
property that whenever du A dv = 0 at p, then there are local coordinates near p
and near f(p) such that f has one of the forms

(1)
flx,t) = (Z,Zﬂ?)

or

(2)
flz,y,t) = (x, Z :I:t? +xy £y3).

Theorem 2.1 ([6]). F(M) is dense in C°°(M, R?).

We note that when dim M = 2, F(M) coincides with the set of excellent maps
introduced by Whitney [9]. Recall that for

f(a:,y) = (U(ZIJ, y),v(a:,y))

and
Uy Uy

J(x,y) = det

?

Vg Uy
f is excellent when
e J(p) =0=dJ(p) #0. So X = {p: J(p) = 0} is smooth and rankf > 1,
and
e f|s has only nondegenerate critical points.

Let f € F, identify R? with C and set V' = {df*}. Then V is a Whitney structure.

Conjecture 2.1. The Whitney structures are open and dense in the space of all
inwvolutive co-rank one sub-bundles of CT M.

It is natural to wonder about involutive structures of higher co-rank.
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Conjecture 2.2. FEvery manifold admits involutive structures of all ranks up to
the dimension.

The conjecture is true for rank greater than half the dimension [4]. A well-known
vanishing theorem of Bott for real or holomorphic foliations can be restated to show
that there are restrictions on the Chern class of an involutive structure. We present
a special case of this argument in §4.

3. THE LEVI FORM

We introduce the Levi form of V' and show that it has nice properties when V'
is Whitney. This suggests that the analysis of the corresponding system of partial
differential equations should be amenable to classical techniques. Thus if Conjecture
2T holds, it should be possible to study generic involutive co-rank one systems of
linear partial differential operators.

In general, a Levi form £(P, Q) is defined for any sub-bundle W as

L(P,Q) = [P,Q] mod W + W,

where P and @ are local sections of W. Note that L£(P,Q) is a bilinear form on
the fibers of W + W. That is, it depends only on the pointwise values of P and
Q. Now let V be a co-rank one sub-bundle (so £ is only interesting at the points
of ) and choose a global nowhere zero section w for V+ in a neighborhood of .
We use the following equivalent definition of this Levi form.

Definition 4. £(P,Q) = w[P,Q].

Lemma 3.1. Let V be a Whitney structure and {L1,...L,_1} a local basis for V
near a point of . Then det(L(L;, L)) has only simple zeroes.

Remark 3.1. The example following the proof shows that the lemma does not hold
if V' is only assumed to be almost Whitney.

Proof. Tt is sufficient to prove this for one basis and near one point p € 3. Let O be
a neighborhood in A of p. Using an argument similar to that for Lemmal[[.2 we see
that there is a basis {X1,...,Xn_1,Y} for TM over O such that {Xq,..., X,_1}
is a basis for V over ONY and {X; +iB1Y,...,X,—1 +iBny_1Y} is a basis for V
over O, where each B; is real and is zero on X. Set L; = X; +iB;Y. Note that,
as a consequence of involutivity, w([L;, Lg]) = 0 and so, on X

C(LJ,L_k) = w[Lj,L_k} :CU[Lj,Lk —QZBkY]
= —2iw[L;, B;Y]
= —2iL;(By)w(Y)
= —2iX;(B)w(Y).
Since w(Y') # 0, we seek to prove that det(X;(By)) has only simple zeroes. We have
already used involutivity; now we use the conditions for an almost Whitney struc-
ture. First we rewrite this determinant as dB(X), where dB = dBy A ... AdB,_1

and X = X1 A...AX,,_1. Let {6;,...,60,} be the basis dual to {X1,...,Xn-1,Y}.
Sow =Y A;0; with Ay +iBjA, = 0. We may assume A4,, = 1 and so

n—1

w= fiZBkaJr@n.
1
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Our map & : M — PCT*M is
€T — (.’I}, [—iBl, ceey —Z'Bn,]_, 1]),

and the condition for transversality is dB # 0.

Let 7 be a nonzero section of TS. Note that i(7)dB = 0 for the interior multi-
plication of a vector and a differential form.

Case 1. w(1) #0 at p.
Since w(X;) = 0, we may assume that 7 =Y + > ¢;X,;. Then since i(7)dB = 0
while dB # 0, we see that dB(X) # 0.

Case 2. w(r) =0 at p.
We may assume 7 = X1+ t;X;+tY with ¢ and each t; being zero at p. Note that
w(T) =t and so, by our assumptions, t|s; vanishes to first order at p. Note also that
now i(7)dB = 0 implies that i(X;)dB = 0 at p, and so dB(Y, Xa,...,Xp_1) # 0.
Thus we have

dB(X) = dB(rAXoAN...ANX,)—tdBY NXoA...NX,,)
= —tdBY AXaA...ANXp),
and this implies dB(X)|x vanishes to first order at p.

For the example, let V have as a local basis
L1 = 8y — zy@m,
V is not Whitney since [L1, Lo] ¢ V. The map & : M — PCT*M is given by
. it
($, Y, t) - (I7 Y, ta 1Y, \/iy + 5)
so X, which is the projection of ®(M) N PT*M, is given by {(z,0,0)}, and (M)
clearly is transverse to PT*M. Further, w(dy) is never zero on X. Thus V' is an
almost Whitney structure. But, as is easily seen, detL(L;, L) is identically zero.

4. A SPECIAL CASE OF THE BOTT VANISHING THEOREM

Bott has found necessary conditions for a real (or holomorphic) bundle to be
isomorphic to the tangent bundle of a foliation. See for instance [2]. His method
also applies to involutive sub-bundles of CTM. Here we present the simplest case
of his calculations.

Theorem 4.1. Let M = CP", for some n > 2. There exists a co-rank one sub-
bundle of CT M which is not isomorphic to any involutive sub-bundle of CT M.

Proof. Let V be a co-rank one involutive sub-bundle and let @ be any line bundle
with

(4) VaQ=CTM.

We follow [2] to show that ¢;(Q) = 0. It is sufficient to work in H2(M, R), and so
we will use the curvature of a connection to get a two-form which represents this

Chern class. Let
m:CTM — @

be the projection associated to the decomposition [{]). Use a partition of unity to
find a global connection which satisfies

VXC = W[Xad
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for X € V and ( a local section of Q. For the curvature of the connection we have
R(A,B)¢ = (VaVB—VpVa—V45)¢
= w(Aa B)Cv

where A and B are in TM. The two-form w represents ¢;(Q) as an element of
H?(M, R). The Jacobi identity shows that R(A, B){ = 0 when A and B are both
in RV. It follows that wAw = 0. Thus ¢;(Q)? = 0, and this implies, since H*(M, R)
is a truncated polynomial ring, that ¢;(Q) = 0. So when V is involutive, @ is trivial.
It is easy to see that any complex line bundle over M embeds into CT'M. (This
holds for all manifolds.) So choose some nonzero o € H%(M, Z) and let Qg be some
complex line in CT M with first Chern class equal to . Thus no bundle V with

Vo® Qo =CTM

can be involutive. Moreover, V; cannot even be isomorphic to an involutive sub-
bundle. For, say V) 2 V with V involutive. Then

Vo®Qo=VoQ
implies that ¢1(Qo) = ¢1(Q) = 0.
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