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APPROXIMATION AND REGULARIZATION OF LIPSCHITZ
FUNCTIONS: CONVERGENCE OF THE GRADIENTS

MARC-OLIVIER CZARNECKI AND LUDOVIC RIFFORD

ABSTRACT. We examine the possible extensions to the Lipschitzian setting
of the classical result on C'-convergence: first (approximation), if a sequence
(fn) of functions of class C* from RY to R converges uniformly to a function f
of class C1, then the gradient of f is a limit of gradients of f,, in the sense that
graph(V f) C liminf, 4 graph(V fy); second (regularization), the functions
(fn) can be chosen to be of class C> and C''-converging to f in the sense that
limp— oo ||fn — Flloo + 1IVFn — Vflloo = 0. In other words, the space of C>
functions is dense in the space of C1 functions endowed with the C! pseudo-
norm.

We first deepen the properties of Warga’s counterexample (1981) for the
extension of the approximation part to the Lipschitzian setting. This part
cannot be extended, even if one restricts the approximation schemes to the
classical convolution and the Lasry-Lions regularization. We thus make more
precise various results in the literature on the convergence of subdifferentials.

We then show that the regularization part can be extended to the Lips-
chitzian setting, namely if f : RN — R is a locally Lipschitz function, we build
a sequence of smooth functions (fy)nen such that

ngrfrloo [[fn = fllooc =0,

lim dpygus (graph(an), graph(af)) =0.

n—-+oo

In other words, the space of C'°° functions is dense in the space of locally Lips-
chitz functions endowed with an appropriate Lipschitz pseudo-distance. Up to
now, Rockafellar and Wets (1998) have shown that the convolution procedure
permits us to have the equality lim sup,, ., ., graph(V f,) = graph(9f), which
cannot provide the exactness of our result.

As a consequence, we obtain a similar result on the regularization of epi-
Lipschitz sets. With both functional and set parts, we improve previous results
in the literature on the regularization of functions and sets.

1. INTRODUCTION

The purpose of this paper is to examine the extension to the Lipschitzian setting
of the following classical result on C'-convergence, and thus to study the conver-
gence properties of Clarke generalized gradients and Clarke normal cones, together
with other related notions of (generalized) gradients and normal cones. In the
smooth case, it is well known that if a C! function f is the limit of a sequence
(fn)nen of O functions, then every gradient of f can be seen as the limit of some
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gradients of the f,,’s. Furthermore every C! function can be approached by smooth
functions for the C''-convergence. We state the results in the next proposition.

Proposition A. Let f : RN — R be a function of class C':
(a) For every sequence (fn)nen in CH(RY,R) converging uniformly to f, we have

graph (Vf) € lim inf graph (V f,).
(b) (Regularization) There ezists a sequence (fn)nen in C° (RN, R) such that
i fu— Tl + VS~ Ve = 0.
In particular

graph (Vf) = lim+inf graph (V f,,) = limsup graph (V f,,).

n—-+oo

In fact, although they are apparently independent, part (b) is a consequence
of (a) by a classical convolution-type argument. In the present paper, our aim is
to understand how Proposition A can be extended to the case of locally Lipschitz
functions. Of course, in this setting we have to specify what kind of “gradient” we
consider.

In the convex setting, i.e., when (f,)nen is a sequence of lower semi-continuous
convex functions on RY epi-converging (or I'-converging) to a convex function f,
Attouch’s theorem (see [I] and [2]) provides a global extension to both parts (a) and
(b). In fact, Attouch’s theorem establishes in reflexive Banach space the general
equivalence of Mosco convergence of the functions and set-convergence of the graph
of their subdifferential. A rich literature has since been developed to extend and
generalize Attouch’s theorem; see for example Attouch and Beer [3], Poliquin [29],
Levy, Poliquin and Thibault [25], Zolezzi [38] to quote only some of them. Note
also that outside the convex setting, there is no chance of obtaining a similar state-
ment to Attouch’s theorem in its full generality. Indeed, it is easy to build a C'*°
approximation of a function f with gradients far from the (generalized) gradients
of the initial function.

This last phenomenon highlights the difference between our point and an ap-
proach a la Attouch’s theorem, which is not strictly a regularization. In the
Attouch’s theorem direction, the question would rather be to identify a class of
Lipschitz functions for which epi-convergence of the sequence (f,) to f would be
equivalent to the convergence of the graph of the gradients (see Zolezzi [38]).

Let us now explain why we focus on the Lipschitzian setting for possible exten-
sions of Proposition A. It is easy to prove that if a convex function is the uniform
limit of a sequence of locally Lipschitz functions, then (a) holds for a Clarke gen-
eralized gradient (we will recall the notions of nonsmooth analysis that we use in
the next section). As we shall see, this result has a geometric meaning. Note
that the convex case permits us to solve our problem in the case of semiconvex (or
semiconcave) functions. As a matter of fact since these functions are locally the
sum of a convex function and of a smooth function, Proposition A combined with
the result of the convex framework implies that if a sequence (fy,)nen of locally
Lipschitz functions on R™ converges to some semiconvex function, then (a) holds
for Clarke generalized gradients. This result is also a consequence of the fact that
Proposition A(a) remains true for Clarke gradients if we assume that f is C'! and
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that the f,,’s are locally Lipschitz. It is in fact an immediate consequence of the
following.

Proposition B. Let (M, )nen be a sequence of closed subsets of RN, and let M =
limsup,, . M, = liminf,, . M,,. Then

graph (Nf;) C liminf graph (Nj\]j[n ).

From this result, one easily deduces that Proposition A(a) can be extended for
lower semicontinuous functions and their proximal (also Dini’s/Fréchet and limit-
ing) subgradients. Lebourg [24] gave this extension for the Fréchet subgradients
(of f). One easily sees that Proposition A(b) may not hold in this case, simply
because the graph of the proximal subgradient may not be closed, and because of
the nonconvexity of the limiting subgradient. Simple counterexamples also show
that if either f or f,, is not assumed to be Lipschitz, Proposition A(a) may not hold
for the Clarke subgradient. These considerations naturally lead to considering the
Lipschitz function with Clarke’s subgradient. Precisely,

Question 1. Let f: RY — R be a locally Lipschitz function.
(a) For every sequence (f,, )nen in Lipio(RY, R) epi-converging (or I'-converging)
to f, do we have
graph (9f) C lim inf graph (9 )?

(b) (Regularization) Does there exist a sequence (f,)nen in C=(RY,R) converg-
ing uniformly to f, such that
graph (0f) = lim inf graph (V f,,) = lim sup graph (V f,,)?
n—+00 n—+oo
In terms of convergence of sets and their Clarke’s normal cones, the formulation
of Question 1 becomes:

Question 2. Let M be a closed epi-Lipschitz subset of RY.
(a) For every sequence (M, ),en of closed epi-Lipschitz subsets of RY converging
to M, do we have
graph (N$;) ligrligéf graph (N]CV[")?

(b) Does there exist a sequence (M,,),en of smooth sets converging to M for the

Hausdorff distance, such that
graph (N§;) = liminf graph (N} ) = limsup graph (N§; )?
n—-+oo " n—-+4o00 "

These two questions (also only in terms of lim sup) were long-standing questions
after the results of Ioffe [19], Mordukhovich [27], Kruger and Mordukhovich [21] on
the convergence of functions and their gradients. Warga [37] provided an example
of a function f : R? — R and a sequence (f,,)nen of functions of class C>° which
give a negative answer to Question 1(a) and its consequent Question 2(a) in terms
of sets. However, one may wonder if Question 1(a) would have a positive answer
with the Lasry-Lions regularization, in view of its many nice properties. This is not
the case, and the function f exhibited by Warga again provides the counterexample.

Theorem A. There exists a Lipschitz function f : R?> — R, such that
graph (0f) ¢ lim inof graph (V fx ),
S

where fy, is the Lasry-Lions regularization of f, for 0 < u < \.
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In fact, we show that the Lasry-Lions regularization of Warga’s function f gives
the smallest container of f, i.e., if (f,) is a sequence of smooth functions which
uniformly converges to this function f, then

I;m inof graph (V fx ) C limJirnf graph (V f,,).
s n—+00

Theorem A adds precision to Benoist [5] and Georgiev and Zlateva [18]. Let us
also mention that Question 1(a) has a positive answer when N = 1 and also its
consequent Question 2(a) in terms of sets in dimension 2. As a direct by-product
of the example of Warga, we obtain an example of strict inclusion between two
different kinds of normal cones, thus showing additional interest of [I4], Theorem
2.2] (see section [3.0]).

Furthermore, we give a positive answer to Question 1(b) with the following result.

Theorem B. Let Q be an open subset of RY and let f : @ — R be a locally
Lipschitz function. Then there exists a sequence of smooth functions (fn)nen such
that

(1.1) L {1 fn = flleo =0,
(1.2) lim  dpaus(graph (V fn), graph (9f)) = 0.

In particular

graph (0f) = lim}_nf graph (V f,,) = limsup graph (V f,,).
n—-00 n—-+o0o
Theorem B can be viewed as a density result: endow the space Lip;,.(€2, R) with
the pseudo-distance defined by

dLip(f7 g) = Hf - gHOO + dHaus(graph (89)7 graph (ag))
Then Theorem B can be expressed as the density of functions of class C*° for the
corresponding topology:

Lipioc (2, R) = C(, R).

The inclusion limsup,,_,, . graph(V f,) C graph(df) can easily be obtained by
the classical convolution procedure. Rockafellar and Wets [35, Theorem 9.67] show
furthermore, up to a density argument (see Lemma[R2below), that one can have the
equality limsup,, ., . graph(Vf,) = graph(0f) with the convolution procedure.
They achieve this by taking convex combinations of mollifiers. However, one cannot
deduce from their result information on the set lim inf,,_. | o, graph (V f,,), and hence
on the complete set convergence of the sets graph (V f,).

As a consequence of our result, we improve (see Section [34]) the convergence
results of [I5], hence of [I1] and [I6], where only one side of the convergence of the
gradients was obtained. We can state Theorem B in terms of sets.

Theorem C. Let M be a closed epi-Lipschitz subset of RN . Then there exists a
sequence of smooth sets (My,)nen such that

(1.3) lirf draus(M, M,) =0,
(1.4) lirf diaus(graph (Nj; N S), graph (N§;NS)) =0.

In particular

graph (N§;) = limJirnf graph (NAC/[n) = lim sup graph (NAC/[n ).

n—-+4oo
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As a consequence we improve the approximation results on epi-Lipschitz sets
of [12]. We will also make more precise the approximation results on proximally
nondegenerate sets of [14].

2. MAIN RESULTS

2.1. Basic definitions in nonsmooth analysis We recall the following defi-
nitions of the Painlevé set-limit associated with a net (M, ),enr of subsets of RV
where N is a directed set (see, for example, Kuratowski [22]):

liminf M, := {z € RN\H(xn)neN Cc RN, z, — x,x, €M, for all n large enough},
limsup M, := {z € RY |3 (zp)nexy CRY,Jp € T, 2, — 2,2, € My for all n},

where Z is the set of all maps ¢ : N' — N such that ¢(n) > n for every n € N.
When N = N, we write liminf,,_, | M,, and limsup,,_,, ., M,,. Intimately related
with the notion of the Painlevé set-limit is the Hausdorff “distance”. Let M and
M’ be two nonempty closed subsets of RY,
diraus(M, M') := sup{sup dps (z), sup dps(z)}.
€M zeM’

We briefly recall the definitions of the different nonsmooth tools that we use
in this paper. Let the function f : @ — R be given, where  is a subset of RY.
Let x € Q; we say that ¢ is a prozimal subgradient (see Rockafellar [34]) of f
at x (written ¢ € dpf(x)) if and only if there exists p,o > 0 such that for any
yexz+pBNQ,

fly) = fl2) +oly —al* > ¢,y — ).
We now define the limiting subdifferentiaE of f at = by
O f(x) :=limsup dp f(z').

We define 0 f and 9* f by
0" f(x) := —9p(~f)(x) and 8" f(x) := —0L(~f)(x).

Finally, if the function f is Lipschitz on a neighborhood of =, we define Clarke’s
generalized gradient as follows: for any z € RY we set

df (x) := codr f(x) = cod* f(x)

1 Throughout this paper, R denotes the set of real numbers. If 2 = (x1,...,xx) and y =
(y1,...,yn) belong to RN we denote by (z,y) = Efvzl x;1i, the canonical scalar product of RV,
|z| = \/(x, ), the corresponding Euclidean norm. We denote by B(z,r) = {y € RY| |z — y| <
r}, B(z,r) = {y € RY| |z —y| < r} and S(z,r) = {y € RV| | — y| = r}. We denote by
B = B(0,1), B = B(0,1), and SN~ = 5(0,1). For (z,y) € RN x RN and (2/,y’) € RN x RV,
we denote by doo((z, ), (¢,y")) = sup{|z — 2’|, |y — 3’|} to avoid any confusion with||f||co, and
Boo((z,9),7) = {(&',y") € RN x RN| doo((z,9),(z',%)) < 1}. If X ¢ RN, Y C RN, and
z € RN, we let dx(z) = infyex |z —y|, X\Y = {z € X|z ¢ Y} be the set-difference of
the sets X and YV, X +Y = {z 4+ ylz € X,y € Y} the sum of the sets X and Y, clX the
closure of X, int X the interior of X, bdX = clX \ int X the boundary of X, and coX the
convex hull of X. Consider a function f : X — R; its epigraph, denoted by epi f, is defined by
epif :={(z,y) € X xRly > f(z)}. The function f is locally Lipschitz if, for every € X, there is
€ >0 and K > 0 such that |f(z1) — f(z2)| < K|z1 — x2| for every z1 and z2 in B(z,¢). If Fis a
correspondence (or multivalued map) from X to RY its graph, denoted by graph (F), is defined
by graph (F) = {(z,y) € X x RN|y € F(z)}.

2See Mordukhovich [Z6] for the geometric presentation.
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and we recall that

df (x) = co{¢|3(zn)nen C Dom (Vf), z,, — 2,V f(z,) — (},

which is nonempty by Rademacher’s Theorem [32]. Let M be a subset of RY and
let z € RN. The projection of x on M is the set of points of M nearest to x:

proja(z) = {y € RV ||z — y| = du(2)}.

The proximal normal cone to M at x is the set of the perpendicular vectors to M
at x (see Bourbaki [7]), precisely defined by

NE(2) = {v € R¥|3a > 0, B(z + aw, af|v||) n M = 0} B

The limiting normal cone (see Mordukhovich [26]) NL (z) and the Clarke normal
cone N§;(z) are then defined by

NE(z) = limsup N (2),
N$(z) = clecoNE(z).

The set M is said to be epi-Lipschitz at © € M if it can be written as the epigraph of
a Lipschitz function on a neighborhood of z, up to an isometry. Equivalently, from
Rockafellar [33], if N§;(z) N —N§;(x) = {0}. The relations between subdifferentials
and generalized gradients of the function f at x €  and normal cones to the
epigraph of f are the following:

¢edpf(z) & (C—1)€ Nj((z, f(z)),
¢eafx) & (¢-1) € Ny((z, f(z)),
(€dcf(z) & (¢,—1)€ Ny((z, f(z)).

Federer [I7] introduces sets of positive reach as follows[l Let M c R, define
reach (M) as the radius of the largest tube around M on which there exists a unique
projection on M, precisely

reach (M) := sup{r|Vz € M + B(0,7), proj p(x) is a singleton}.
Then M is of positive reach if reach (M) > 0.

2.2. Statements of the results. Our first main result specifies Theorem A given
in the Introduction and thus provides a negative answer to Question 1(a). We
first recall the example of Warga [37] who exhibits a function f : R? — R and a
sequence (fn)nen of its mollified functions such that 0 € 9f(0) and the gradient of
the approximating function remains “far” from 0. It is clearly not possible to require
this last property to hold for any convolution since one may build a convolution
kernel ad hoc in order to obtain, for example, 0 € 9f,(0) (see Rockafellar and
Wets [35, Theorem 9.67]). However, one may wonder if Question 1(a) would have
a positive answer with the Lasry-Lions regularization, in view of its many nice
regularizing properties. This is not the case as shown by Theorem 2] part (b).
The special case where N = 1 is examined in Section [2.4] Proposition [2.41

3In other words, NI (z) = {v € R¥|3a > 0,z € proj p(z + az)}.

4Sets of positive reach are an important notion and have been studied with various applications
by many authors. They are called proximally smooth sets by Clarke, Stern and Wolenski [10],
prox regular sets by Poliquin and Rockafellar [30], Poliquin, Rockafellar and Thibault [31I], and
sets with property p by Plaskacz [28].
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Theorem 2.1. The function f : R? — R defined by (see Figure )
1
(2.1) fla1,22) = ’\fﬁl + 332‘ +5m

18 @—Lz’pschitz and satisfies
0 € 0f(0).
Moreover:

(a) [37, Warga] (Convolution) There exists a convolution kernel 6 such that, for
every A > 0, the convoluted (or mollified) function f x 0y : R? — R defined by

f*Ox(z):= /}R2 Ox(y)f(z +y)dy, for every = € R%, where 0x(y) = A~26 (%) ,

is of class C*°, @—Lipschz’tz, and moreover

(22) lim | — f 3|0 = 0,
1

(23) V(02 5,

hence in particular 0 ¢ limsup,_,, graph (V f  6,).
(b) (Lasry-Lions regularization) For every 0 < pn < A, the function fy , defined

by

s . i 12 2 i 2 2
Frule) = —inf { ~if{f() + gyly— = 2 € B} 4 5 o~y € B2}

is of class C*, —V213 -Lipschitz, and moreover

(2'4) )\,I;ILIBO Hf - f)x,u”oo = 0,
1

2.5 \ > —.

(25) Vil > 7

(¢) Moreover, for every 0 < u < A,

o= (1) () (3}
ol (9. ()G9}

and if (fn) is a sequence of locally Lipschitz functions from RN to R which converges
uniformly to f on compact sets, then:

o (o {(a0)(21)- (o) {(29) (o) (1))

C limJirnf graph (0f,).

The proof of Theorem [Z] parts (a), (b) and (c), is given in Section

Remark 2.1. Let us briefly comment on Theorem 211 Though it is the “best”
(smallest) convex generalized gradient for locally Lipschitz functions, it is well
known that Clarke’s generalized gradient may be too large. Here the fact that
0 € 9f(0) for Warga’s function does not give much useful information on the func-
tion f. The element 0 is not really a critical point of the function f. On the
contrary, part (c) shows that, at least for Warga’s function, the gradients of the
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FIGURE 1. f(z1,29) = )|:v1| +x2’ + %ml

The g6t V fx,,.(R2)
|

Lasry-Lions regularization capture all the useful “differential” information on the
function f.

Remark 2.2. Theorem [2ZT(b) shows that the converse inclusion of Benoist [5, Théo-
réme 3] does not hold in general. The same implies that, in general, one cannot
remove the convexification in the left-hand side of Georgiev and Zlateva [I8], The-
orem 5.1].

Remark 2.3. In view of part(c), we raise the following question: for every locally
Lipschitzian function f (possibly defined on a Hilbert space), does its Lasry-Lions
regularization give the smallest container, namely

graph (Af) == lim inf graph Vg = liminf graph (V fy ,,)?
llg—fllec—0,9 Of class c1 X, u—0



APPROXIMATION AND REGULARIZATION OF LIPSCHITZ FUNCTIONS 4475

As pointed out above for Warga’s function, the answer to this question would be of
great importance in order to capture the useful differential information on a locally
Lipschitz function, between the (too large) Clarke generalized gradient on one side,
and the proximal and limiting gradients on the other side, which obviously miss
some good information before their convexification (as a mean value statement).

We now state our second main result, which is a more precise version of Theo-
rem B given in the Introduction and thus gives a positive answer to Question 1(b).
The local statement given below is important for applications where global esti-
mates may not be sufficient (see for example, Sections [3.4] and B.5]).

Theorem 2.2. Let Q be an open subset of RN and let f : Q — R be a locally
Lipschitz function. Then, for every continuous function € : Q@ — Ry \ {0}, there
exists a function fo : Q — R of class C°° such that for every x € ), we have

(2.6) [fe(z) — f(2)] < e(x)

and

(2.7) Vi(z) € 0f(B(xz,e(x))NQ)+ B(0,e(x)),
(2.8) of(x) C V/fe(B(z,e(x))NQ)+ B(0,e(x)).

Theorem is proved in Section @l Moreover, in view of the following easy
corollary, Theorem B given in the Introduction is a consequence of Theorem

Corollary 2.1. Under the assumptions of Theorem 22, taking € to be constant,
then

[fe = fllo <,
dHaus (graph vfs, graphaf) S €.

Remark 2.4. The sequence (f,)nen given by Theorem B clearly satisfies Vz €
0,V¢ € 0f(x),I(xn)nen such that

2.3. Convergence of sets. First note that Theorem 2] provides a negative an-
swer to Question 2(a) in the Introduction, in dimension N > 3, that we now
precisely state.

Proposition 2.1. Let M =epif and M, = epi f,, where f and (fn)nen are given
by Theorem 2. Then limy, 1o dgaus(M, M,) =0 and

((o, 0,0), (0,0, —1)) € graph N, \ lim sup graph NG, .

n—-—+o00o

Remark 2.5. Thus, in general, one cannot convexify the left-hand side of Benoist [0}
Lemma 6.2], one cannot remove the convexification in the right-hand side of Cor-
net and Czarnecki [I2, Lemma 4.1] and one cannot replace the left-hand side of
Jourani [20, Theorem 1.2] with Clarke’s normal cone.
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We now state the consequence of Theorem in terms of sets.

Theorem 2.3. Let M be a closed epi-Lipschitz subset of RN and let ¢ : RN —
Ry \ {0} be a continuous function. Then there exists a closed C*° submanifold of
RY with a boundary of full dimension M’ such that, for every x € M and =’ € M’,

(2.9) ¥’ € M+ B(0,s(z')),
(2.10) x e M + B(0,e(x)),
(2.11) N (YN SN=1 c NS, (B(a',e(z)) N SN 4+ B(0,(2")),
(2.12) N$ ()N SN=t e NI, (B(z,e(x)) N SN~ + B(0,e(x)).

Note that (29) to ([ZI2) can be equivalently reformulated as follows, up to a
change of e:

NE/(zYnB < N (B(2',e(2')) N B+ B(0,e(z')),
N§(x)NnB < Ni, (B(z,e(x))NB+ B(0,e(z)).

Note that Theorem 23] holds true in the more general case where the space RV
is replaced by an open subset Q of RY. Under this generalization, we have the
equivalence between the set and functional formulations.

Theorem 2.4. (Theorem 2.2)) < (Theorem 2.3]).

The proof of Theorem 23] is given in Section Bl In view of the following easy
corollary, Theorem C given in the Introduction is a consequence of Theorem 2.3l

Corollary 2.2. Under the assumptions of Theorem 23] taking € to be constant,
then

dHaus(M/aM) S g,
dHaus(graph (NA}}, N S), graph (NAC; ns)) <e

Remark 2.6. The sequence (M, )nen given by Theorem C is a smooth normal ap-
proximation of M in the sense of [12]. It thus enjoys additional properties; see [12]
Theorem 2.2].

Remark 2.7. Theorem C improves [I2, Theorem 2.1], on the smooth normal ap-
proximation of epi-Lipschitz sets, by replacing the inclusion lim sup graph (Nﬁ) C
graph(Nﬁ) by an equality, where M and M,, are defined in Theorem C. In fact,
by a careful reading of the proofs of [12] and also [11], one deduces that, in [12]
Theorem 2.1], lim sup graph(NA(’;n) can be equal to the graph of a smaller cone,

namely graph (J\~f M), where Ny is defined in Section In view of the forth-
coming Proposition B4 the inclusion lim sup graph(NAC;n) C graph(N§}) in [12,
Theorem 2.1] may be strict.

Theorem may clearly not hold for any choice of the sets M and M’. How-
ever, if the set M is of positive reach, we have the following result, which specifies
Proposition B in the Introduction. Since the set M is of positive reach, the different
normal cones N7 (-), N5 (-) and N§;(-) coincide.
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Proposition 2.2. Let M be a closed subset of RN of positive reach, r € Ry \
{0} such that r < reach(M), and let M’ be a closed subset of RN. If ¢ :=
diaus(M,M'") < 5, then

VeZ +der —
2.13 h(NP nsN-1 h(NL, nsN-hy 4 — — —_
( ) graph (Nj, ) C graph (Ny, )+min{r/4,1} oo

in the space RN x RN,

Proposition is proved in Section (.3l It may clearly not be true if the set M
is not of positive reach; take for example, in R?, M = epi f with f(z) = z?sin(1/x),

£(0) = 0.

2.4. The special cases of dimension 1 for functions and 2 for sets. Contrary
to what happens in dimension N > 2, we can state the following result for functions
on the real line, which provides a positive answer to Question 1(a) in dimension 1.

Proposition 2.3. Let f: R — R be a locally Lipschitz function and let (fn)nen :
R — R be a sequence of locally Lipschitz functions epi-converging (or I'-converging)
to f. Then

graph (0f) C lim_~i_nf graph (0f,).

We now state the set version of Proposition 2.3] which extends Proposition B in
the Introduction to the case of Clarke’s normal cone in dimension 2.

Proposition 2.4. Let M be an epi-Lipschitz set in R? and let (My,)nen be a se-
quence of epi-Lipschitz sets in R?, such that M =limsup,, ., M, =liminf, . M,.
Then

graph (N§;) € linrn i£f graph (N]\C/In)

Proposition 2.4lis proved in Section[Z.6l In fact Proposition is a consequence
of Darboux’s theorem, i.e., for every z,y in R, the set df([z,y]) is a segment. It
can also be seen as a corollary of the following remarkable property.

Lemma 2.1. Let f : R — R be a locally Lipschitz function. Then for any (x,y) €
R xR,

af(z) = 9p f(x) UO" f(x) = O f(x) UOT f(x).

This lemma, which will be proved in Section [[.3], somehow provides a new vision
of the Clarke generalized gradient in dimension 1. It can also be stated for epi-
Lipschitz sets in dimension 2, a result which will easily imply Proposition 24l

Lemma 2.2. Let M be an epi-Lipschitz closed set in R2. Then for any x € M, we
have

NAC/I(x) = NJ\F/}(JC) U Nﬂé?\intM(x) = NJ\L/I(JC) U Nﬂ@\intM(x)-
We will prove Lemma [2.2] in Section [.4]

3. RELATED RESULTS, REMARKS AND CONSEQUENCES

This section is devoted to the presentation of related results (Propositions B
and B:2)) which motivated our study and of some direct consequences of our results
(Corollaries and [33] Proposition [34]). Note that Propositions Bl and are
used to prove the results of Section 2.4l
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3.1. Stability of normal cones. The next result, which yields Proposition B
in the Introduction, is a slight generalization of Lemma 6.2 from Benoist [6] (see
also Theorem 3 from Ioffe [19], Theorem 2.3 from Mordukhovich [27] and Theorem
P.3 from Kruger and Mordukhovich [21]). Jourani [20] extended the first part of
Proposition 3] to the Hilbert setting.

Proposition 3.1. Let M be a nonempty closed subset of R, and let (M,)nen
be a sequence of closed subsets of RN, such that M = limsup,, ., M,,. Then the
following hold:

(3.1) graph (Ni;) C limsup graph (N}, ),

n—oo

(3.2) graph (Nj;) C  limsup graph (Nj; ) C limsup graph (Nj; ).

n—oo n—oo

In addition if we assume that M = limsup,,_,. M, = liminf,, . M,, then

(3.3) graph (Ni;) C liminfgraph (N}, ),
n—oo
(3.4) graph (Nj;) C  liminfgraph(Nj; ) C liminf graph (Nj; ).

We give a short proof of Proposition 3] in Section [[Il As we said in the
Introduction, in general it does not hold for Clarke normal cones. However, since all
the different normal cones coincide in the case of sets of positive reach, Proposition
BIlcan be stated for Clarke normal cones if the limit set M is assumed to be (locally)
of positive reach. As an immediate consequence, the following result illustrates what
can be done with Clarke’s normal cone.

Corollary 3.1. Let (M,)nen be a sequence of closed subsets of RN, and let M =
limsup,,_,.o My. Then for every x € M,

NS (z) C cl <co limsup Nj; (x'))

x! —x,n—0o0

If we additionally assume that the set co limsup,, ., .o Nt (2') is pointed, then
we can suppress “cl” in the above assertion, and in particular the set M is epi-
Lipschitz.

We refer to [12] for the proof of Corollary Bl and more details.

3.1.1. Remarks on Proposition Bl

Remark 3.1. The inclusion [BI]) may be strict. Consider M, = R x R_ UR_ x
(0,1/n] (n>1), M = RxR_, Nj;(0) = {0} xRy, limsup,, g, ., Ni; (z') =R3.

Remark 3.2. The inclusion (B.1]) may no longer be true if we replace the assumption
M = limsup M,, by M = liminf M,,. Consider Ms,, = R_ xR, Ms,+1 = R xR_|
M =R2, NE(0) = R2, lim sup,/ 0 500 Nﬁn (") =R4 x {0} U {0} x R;.

Remark 3.3. The inclusion ([B3)) may no longer be true if we only assume that
M = liminf M,,, resp. M = limsup M,, (without assuming M = limsup M,,, resp.
M = liminf M,,). Consider M = R?, resp. M = R?\ intR?, and the sequence
(M,,) defined in Remark
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3.1.2. Remark on Corollary Bl

Remark 3.4. In Corollary Bl one cannot exchange the convexification and the
limsup operations, i.e., one cannot replace the set co limsup,, ., , ., N]\I;In (z') by
the set limsup,/_,, , oo Nﬁn (z'). When both M and M,, are epi-Lipschitz, see
Proposition 211 If either M or M, is not epi-Lipschitz, then see the elementary
counterexamples below to the inclusion N§;(z) C imsup,, ., , .o N§; (/).

Example 1. If M is not epi-Lipschitz, take M, = <[1/n,—|—oo) x [1/n, —i—oo)) u
((—oo,—l/n] X (—oo,—l/n]) (n > 1), M = R2 UR2. Then Ny (0) = R? and
lim sup, o, 0o Nar, () = RT URZ.

Example 2. Consider M = {(x,y) € R?|y < |z|}, M,, = {(z,y) € R%|ly < |z| +
\/W/k: Then Ny (0) = {(z,y) € R2|y > |z|}, lim sup, 0,00 Ny, (z) =R =
R x {0}. In this case M is epi-Lipschitz, §(M N B(0,p), M,, N B(0,p)) converges
to 0 for every p, but M, is not epi-Lipschitz, and limsup,_,q ,,_ oo N, () is not
pointed. ’

3.2. Stability of subdifferentials. In terms of functions, Proposition Bl can be
interpreted as follows. dp f denotes the Dini-subgradient of f (see for example [9]).
Note that ([B7)) corresponds to Lebourg [24].

Proposition 3.2. Let f : RY — R be a lower semicontinuous function and let
(fu)nen be a sequence of lower semicontinuous functions from RN into R which
epi-converges (or I'-converges) to f. Then the following properties hold:

(3.5) graph (0pf) C limJirnf graph (Op fn),
(3.6) graph (0. f) C limJirnf graph (Op fr) C lim}_nf graph (0r, fr),
(3.7) graph (Opf) C limJirnf graph (0p fr) C limJirnf graph (Op fr).

In fact, one easily sees that assertions [B3]), (B:6) and ([B.7) are equivalent. The
short proof of Proposition is given in Section In view of Theorem 2.1], the
corresponding property does not hold for Clarke generalized gradients in the case
of locally Lipschitz functions.

3.3. The topological viewpoint. The regularization part of Proposition A in the
Introduction can be viewed as a density result: endow the space C*(Q, R) with the
C! pseudo-norm (||fllcr == || flleo + ||V f|leo) Then

C' (L R) = C®(Q,R)lHler .

As we explained in the Introduction, we want to extend the result to the Lipschitzian
setting. The C' pseudo-norm can be naturally extended into the Lip pseudo-
norm to the space Lipioc(Q,R) (|| fllrip := || fllo + Lip(f), where Lip(f) is the
Lipschitz constant of f. In view of Rademacher’s theorem, which asserts that f is
differentiable almost everywhere in RY, we have || f||zip = ||flloc + |V f]loc). But
one easily sees that the subspace C'*(£2, R) is closed for the corresponding topology
Tl-lzir . For our purpose of approximating Lipschitz functions by C*° functions,
the topology T!ll2i» is too fine: for example, = +— |z| and z — |z — v| are “far”,
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even for small v, since || |.| —|. —v| |lLip > 2. The next step is to introduce the
pseudo-distance dr;p, defined by

drip(f,9) = If — glloo + dEraus(graph (dg), graph (dg)),
and we obtain
Lipioc(Q,R) = C(Q, R)drin.
Note that
drip(f,9) < If = 9llLips

hence T%ir C Tllllir | Also, drp cannot be induced by a norm (it could only be the
pseudo-norm ||.||Lip-..), but it yields a structure of topological vector space (either
directly on Lipschitz functions, with a prescribed Lipschitz constant, or defining on
Lipioc(Q2, R) the distance d(f, g) ==, cy 2% min{1, drip(flx, 9|k, )}, where (K,,)

is a sequence of compact subsets of {2 such that Q = |,y Kn)-

3.4. Quasi-smoothing of Lipschitz functions. The following result improves
the smoothing results of [15] and also [14, Theorem 4.1], [I6l Chapitre 1, Lemma
4.2], 11, Lemma 4.2]. In particular some properties (see below) in the above
results were obtained in the special case where f = dj;, the distance function to a
nonempty (and different from the whole space RV) set M, and also f = d M—drny
the signed distance function to M. The proofs of these properties resulted from a
geometrical observation on the distance function ([I6, Chapitre 1, Proposition 4.4]).
In the following results, these properties, stated in Proposition B3] are extended
to any locally Lipschitz function f : 2 — R. We recall that the smoothing results
mentioned above are the key tools for the approximation results developed in [12]
and [14] and also for the study of the existence of (generalized) equilibria developed
in [13] and [I4]. The precision brought by Corollary B2 is exactly assertion (B.II]).
Assertions (B), (39) and BI0) are shown in [I5] et al. with a convolution-type
argument.

Corollary 3.2. Let U be an open subset of RN, let f : U — R be a locally Lipschitz
function, and let § : U — Ry be a lower semicontinuous function. Then there is a
function fs: U — R such that:

(3.8) fs is locally Lipschitz on U, and C* on {x € U|§(x) > 0},
(3.9) |fs(z) — f(z)] < d(x),Vz € U,

(3.10) afs(x) C Of (E(x, 5(2)) N U) +B(0,6(z)),Va € U,

(3.11) af(x) C Ofs (E(x, 5(x)) N U) +B(0,6(z)),Va € U.

The proof of Corollary is given in Section Bl The following property can
immediately be deduced from Corollary (from assertions (310) and BI])).

Proposition 3.3. Under the assumptions of Corollary B2l let x € U such that
0(x) =0. Then

Ofs(x) = df(x) if 6(x) =0.
Moreover, if additionally 6 < ds-1({oy) on a neighborhood of x, then

limsup Ofs(2’) = limsup 9f(z).
' —x,5(z’)>0 z’—x,0(x’)>0
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The first part was proved in the special cases f = Ay, respectively f = djy, in
[16, Chapitre 1, Lemma 4.2], respectively [15], by using [16, Chapitre 1, Proposition
4.4). The second part, shown for the distance function dy, in [I5] (again by using [16,
Chapitre 1, Proposition 4.4]) is a key tool for [I4] Theorem 2.1 and Theorem 2.2].

3.5. Smooth normal approximation of proximally nondegenerate sets.
Before stating the result, we recall the essential definitions introduced in [14]. Let
M be a closed subset of RY. For = € M, the cone Nj(x) is defined by

Nu(z) = U A limsup  Adp(2).
A>0 ' —x,dp (') >0

The cone Ny(x) contains the limiting normal cone N L () and is included in
Clarke’s normal cone N§;(z). It may be nonconvex. The set M is said to be
proximally nondegenerate if
(3.12) 0¢ limsup Adp () for every z € M.
' —z,dp (2')>0
Closed epi-Lipschitz sets and sets of positive reach are proximally nondegenerate.
The following result improves [I4, Theorem 2.1], replacing an inclusion by an equal-
ity in assertion (cn).
Corollary 3.3. Let M be a compact prozimally nondegenerate subset of RN . Then
the set M admits a smooth normal approximation (M,) in the sense that:
(i) for every n, M, is a compact and smooth subset of RN, i.e., is a closed
C> submanifold with a boundary of RN of full dimension;
(ii) for every n, Myy1 C M, C B(M,1), and M =, ey Mn;
(vet) for every m, M is a deformation retract of M,;
(cn) graph (Ny) = limsup,, .. graph (Nay).

The proof of Corollary [33]is given in Section

neN

3.6. Strict inclusion Ny, € N$. In [I4], there is a simple example showing that
the cone Ny may be strictly smaller than Clarke’s normal cone N§; if the set M
is assumed to be proximally nondegenerate. It remained an open question in the
epi-Lipschitz case. The counterexample given in Theorem 2.I] shows that the cone
Nu may be strictly smaller than Clarke’s normal cone N§; even if the set M is
epi-Lipschitz.

Proposition 3.4. Let f : R? — R be defined by f(x1,12) = ‘|x1\+x2‘+%x1. Then

NS, (0) = | A0£(0) x {-1}

A>0

_ ALZJOA <co{ (‘;’1) : <;1> : (;1> : <§1> } x {1}> :
o= U (o] (30)- (31)- (5)}
of (). (41) (51)) <1-0).

which is strictly smaller than Clarke’s cone Ng)if(O).
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The computation of Clarke’s normal cone Ng)i (0) amounts to the knowledge
of 0f(0) and is straightforward. The remainder of the proof of Proposition B4 is
given in Section[B3l As a consequence of Proposition [34] [T4] Theorem 2.2] on the
existence of equilibria is strictly stronger than the previous results in the literature,
even in the epi-Lipschitz case. Also, it implies that Corollary and Theorem 2.3
are not comparable.

4. REGULARIZATION OF FUNCTIONS: PROOF OF THEOREM

The main idea of the proof is the following. With traditional approximation
schemes, such as the convolution or the Lasry-Lions regularization, we may lose
some elements of the subdifferential df as shown by Theorem ZIl On the other
hand, two categories of functions do not have this drawback, namely the C! func-
tions and the convex functions. If we were able to approach f by C' functions
which keep all the values of the subdifferential df, the proof of Theorem would
be finished. In view of Attouch’s Theorem ([I] and [2] Theorem 3.66), if f is con-
vex and (f,) is a sequence of functions which Mosco converges to f (which here
amounts to the epi-convergence of (f,,) to f), then graphdf = liminf graphdf, =
lim sup graph df,,. So the main idea of the proof of Theorem 2.2 is to locally replace
the function f by a convexd function close to f, whose subdifferential has almost
the same values than df. This is achieved by using the support function ox for K
close to df in a neighborhood of a point = € .

The proof of Theorem is organized as follows. In Section Il we first prove
an easier version of Theorem involving the proximal subgradient, which in par-
ticular gives Theorem in the lower and upper C? cases. In Section 2] in the
general case, we apply the idea that we just described to obtain a smooth approxi-
mation of f satisfying the conclusions of Theorem in a neighborhood of a given
element x € Q. In Section 3] we put together the local approximations in order
to obtain a global upper C? approximation. We finally conclude in Section £4l

4.1. Involving the P-subgradient (regularization in the lower and upper
C? cases).

Proposition 4.1. Let Q be an open subset of RNV. Let f : Q@ — R be a locally
Lipschitz function. For every continuous function € : Q — R\ {0}, there exists a

function f: Q — R of class C*° such that for every x € €2, we have

(4.1) [f(z) = f(@)] < e(a),
(4.2) Vi(z) < df(x+e(z)BNQ)+e(z)B,
(4.3) dpf(x)Udlf(x) C Vf(x+el@)BNQ)+e(x)B.

Moreover, if the function f is convez, then the function f can be taken to be convex
as well on a given compact subset of Q) and

(4.4) Vf(z) C codf(x+ aB).
Remark 4.1. Poliquin’s extension of Attouch’s theorem [29, Theorem 2.1] is not
of immediate help for the proof of Proposition 1] since [29] requires an equi-

semiconvexity (equi-primal lower nice) assumption on the approximation. This
could clearly not be satisfied in our case.

5Concave functions would of course do as well. The point is to eliminate the effect of the
saddle-type behavior such as the function defined in Theorem 211
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4.1.1. Preliminary results. Before beginning the proof of Proposition 1] we need
some preliminary results.

Lemma 4.1. Let M and M’ be two nonempty closed subsets of RN. Let x € M
and v € RN such that x € proj yr(z + v). Then, for every «’ € projar (z + %),

(4.5) |2 — 2')* < diaus (M, M')2 + Ad s (M, M')|v].

The majoration in ([@X) is sharp. For example, in R? take M = {(0,0),(0,1)},
M= {(0, *1/4)7 (Oa3/4)}a T = (an)a v = (0, 1/2)a x = (0,3/4)

Proof of Lemma BTl Consider ' € proj e (z + §). Set 0 := dpaus(M, M"). There
exists s’ € M’ such that |x — §’| < §. Hence we deduce

Yy (24 Y) < et Do
|gc—|—2 ' =dy x+2 < |gc—i—2 s
v !/
< |x+§—x\+\x—s|
1
(4.6) < §|v|+5.

But we can compute
0?2 n2 Lo /
dar (x+§) = |z —a'| +ZM + (v,x —a').
This equality combined with (£6]) gives
(4.7) lv — 2/ > 4+ (v, 2 — 2') < 6%+ 8|v).

On the other hand, there exists s € M such that |2/ — s| < §. Thus the fact that
x € proj pr(x + v) implies that

| =z +v—z|=dy(z+v)<|z+v—s] < |z+v—2]+]z -]
(4.8) < |r4v—d|+0

Assume now |v| > ¢. From (£.)), we deduce
(lo] = 0)* < o — '] + [o* + 2(v, 2 — &),
which implies
62 — 28| < |z —2'|* + 2(v,x — ).
Combined with (@), we deduce
lv —2'|* < 6% + 4dv].
Consider now the case |[v| < 4. Since |z —2'| < [z+ % —2'|+ 1|v|, then (6] implies
|z — '|? < 6%+ 20|v| + |v|?.

Since |v| < §, then |v|> < dJv|, and from above |z — 2’| < 62 + 36|v|, which
proves ([&H]) as well. O

Lemma 4.2. For every continuous function € : & — Ry \ {0}, there exists a
continuous map o : Q@ — Ry \ {0} such that, for every x € Q, B(z,a(z)) C Q and

(4.9) codf(xz+ a(x)B) C Of(B(z,e(x)) N Q) + B(0,e(x)).



4484 MARC-OLIVIER CZARNECKI AND LUDOVIC RIFFORD

Proof of Lemma 2. Since the multivalued map z — 9f(x) is upper semicontin-
uous on €2, for every x € Q there exists a, € (0,e(z)) such that B(z,a,) C Q
and

Yy € Bz, a,),0f(y) C 0f(z) + @B.

Since the right-hand side of the inclusion above is convex, we can deduce that
e(x)

(4.10) codf(y+ a,B) Caf(x)JrTB.

Furthermore by continuity of £(-), for every x € ) there exists a constant (3, €

(0, ;) such that

(4.11) y € B(x, ;) = e(y) < 2e(x).

The family (B(z, %))weg is an open covering of €, thus it admits a locally finite

refinement (B(y, %))yey, where Y is a countable subset of €2, and associate with it
a subordinated C*° partition of unity (\,)ycy. Define the function o : © +— (0, c0)
by
1
alx) = 3 Z Ay () By, YV € Q.
yey

Let us now prove that (@3] is satisfied. Fix x € Q. By definition of a(x) there
exists y € Y such that

(4.12) alz) < % and x € B (y, %) :
Thus we deduce that
Of(x+a(x)B) COf (y + (% + a(x)) B> C 0f(y+ ByB).
Hence by (£10) and since §, < a, this implies
co[0f(x +a(x)B)] C Of(y)+ ié/)B
c Of(z+ %B) + #B (by (@I12)))
C Of(x+e(x)B)+e(z)B (by @ID).
The proof is complete. O

4.1.2. Proof of Proposition A1l For every z € €, we set
1
§(x) := min {5d(RN \Q, ), 1}.

Since the set ) is open, then §(z) > 0 and clearly B(z,d(x)) C €. Furthermore, for
every = €  the function f is globally Lipschitz on the compact ball B(x,§(z)). Let
us denote by Lf the Lipschitz constant of f on this ball, i.e., there is no constant
L < LI such that f is L-Lipschitz on B(z,d(x)). The function z + LJ may
not be continuous, but by construction it is locally bounded. Thus there exists
a continuous function Lip(f,-) : @ — [I,+00) such that for every x € Q,Lf <
Lip(f,z) and hence such that

for every oo in B(x,8(2)), |f(«') — f(=")| < Lip(f,x)|a’ - 2"].
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In order to obtain a C'°° approximation, we shall use a classical convolution ar-
gument rather than a Lasry-Lions regularization. By Lemma [£2] there exists a
function a : 2 — Ry \ {0} such that, for every = € Q,

(413)  codf(z+ale)B) C OF(B(r,e() ND) + B (0’ %) |
For every = € Q, we set

1 . 2 x)?
(4.14) b1 () := Lip(fo) {5(36) ’ %} '

As an immediate consequence of [I1, Lemma 4.3], there exists a function p : Q —
R4 \ {0} of class C*° such that for every = € €,

e(z)  min{d (a’), 2’ € B(x,(x))} }
" Lip(f,z)’ Lip(f, =) ’

IN

(4.15) p(x) min {5(95), a(x)

£(x)
(416) Vo)l < 5p oy

Note that if we only want an approximation of f on a compact subset of {2, we can
take p to be constant. We define the function f : RN — R by

f(z) = / 0(t)f(z — p(x)t)dt, Yz € RV,

B

where 6 is a mollifier[d The function f is of class C'*°, and it satisfies

F(2) — flx) = / 6(t)f(x — p(a)t) — f(x)dt.

B

Since p(z) < §(z), then = — p(z)t € B(z,d(x)) for every t € B. Since the function
f is Lf-Lipschitz on B(z,8(x)), |f(x — p(x)t) — f(x)| < Lip(z)|t|. Hence

(4.17) |[f(2) = f(@)] < Lip(x) < e(x)

and (@T]) is satisfied. From Rademacher’s Theorem [32], since f is locally Lipschitz,
it is differentiable almost everywhere in RY, and for every point x where it is
differentiable, we have

(4.18) Vi(x) Cof(z).

On the other hand, since the function f is locally Lipschitz and the function p is of
class C', from Lebesgue’s Theorem we deduce that for every x € RY,

Viw = [ 0095 pla)i

B

(4.19)

L 0) (Vf(x — pla)t) = (Vf(x = pla)t), 1) V() ) dt.

B

For every t € B, since the function f is Lf-Lipschitz on B(z,d(z)) and = — p(z)t €
B(x,0(x)), |Vf(x — p(x)t)] < LI for a.e. t, and we deduce from [EIS) and (EI9)

(4.20) Vi(2) € co(df(x + pla) B)) + B(0, LL|Vp(a))).

6le, 6 : RN — R is a C function satisfying the following three conditions: (i) for all
x € RN, 6(z) >0, (i) suppd C B, and (iii) [pn 0(t)dt = 1.
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Since p(z) < a(z) and |Vp(x)| < #81), in view of ([@I3)), we obtain
Vf(z) C 0f(B(w,e(2)) N Q) + B(0,e(2)),
and the assertion (42 is satisfied. Let us now prove the property (£3). Consider
x € Qand ¢ € dpf(x). Then

¢ € 0pf(x) <> (¢, 1) € Ny 1 (, ().
In order to apply Lemma 1] to the sets

M = epifﬁ§<x,@) X R,

M = epifﬂB(x,@) x R,

we first claim

diraus(M, M') < §1(x).
Indeed, if (z1,y1) € M, then in view of @IT), y1 > f(x1) > f(x1) — LI p(xy).
Since (z1,y1 + L;{Ip(xl)) € M', we have dp(x1,y1) < L;le(:m). If (z1,y1) € M/,
we also get dy(z1,11) < Lilp(:cl). We obtain the bound on dggyus(M, M') by
showing

(4.21) Vz1 € B (x, @) ,Lilp(xl) < d01(x).

Indeed, since 1 € B(z, @)7 we have B(z1,d(x)) C B(z,26(x)) C €, and hence
dRN\ Q,21) > §(x) and §(z1) > @. In particular, * € B(zy1,d(x1)). In view
of @I5), we deduce L{ p(z1) < 61 (x). Note also that
(z, f(x)) € projar ((z, f(2)) + (¢, —1)).
Take (a/,3) € proj s (2, £(2)) + (¢, —1)). From Lemma ECT
(@, f(x) = (@, )] < (61(x)® + 401 (2) V¢ + D)2

Since ¢ € df(x), [¢| < LI < Lip(f,x). Recalling that 1 < Lip(f,r) and noting
that d1(z) < 1, we have

(52(2)” + 45, () VPP + 1)1/2 (1 + 4v2)Lip(f. 2)1 () i

IN

hence

|(z, f(2)) — (¢, ¢)] < min{5($)’ le;((;’C)m)?} '

Since |2/ —z| < d(z), then (z/,y') € epi f. On the other hand, (z, f@)+35(¢,-1)—
(«',y') € NE(2,3), hence (z/,y') € bdepif, ie., y' = f(2'). We thus deduce
ol
(4—/7_1) — . X T + 2~C ’_1 c Nfif(fvl,f(x/)),
3 — fl@)+ f(') P
which implies ¢/ = Vf(a') since f is of class C!. Since |2/ — x| < % and
in view of @IT), we have [f(z) = f(/)] < |f(x) = f(/)] + |f(2') = f(a')] <

L Li;((}”)z)z + LI, p(z'). In view of @ZI), LY, p(a') < 6,(x) < Li‘;(? 47> assuming
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without any loss of generality that ¢ < 1. Hence |f(x) — f(z')] < L;)((?x) <1

(assuming without any loss of generality Lip(f,z) > 8(x)).
|z — ' = ((—f () + ()]

=d = ~ @) + f@)

< Gl =1+ ) - @)

V(@) e
=g (Lip(f,x)2 2l Lip(f, x))
< e(x).

Since additionally |2/ — | < e(z), and recalling ¢’ = Vf(z'), we conclude that
¢ € Vf(xz +e(x)B) + e(x)B. Hence dpf(zx) C Vf(x +e(z)BNQ) + e(x)B. By
considering the hypographs of f and f for vectors in & f(z), we obtain 8F f(z) C
Vf(z +e(x)BNQ) +e(x)B, which gives [@3J). O

Remark 4.2. Note that if p is constant and if f is convex, the function f is also
convex on R, As a matter of fact, in this case we can verify that for any =,y € RV
and A € [0, 1],

oo+ 01—y = /9 FO@ + (1= Ay — pt)dt

< [ oM@ pt)+ (= Nfly— o))t

B
< (@) + (1= V).
Since in this case Vp = 0, we obtain ([@4) from (Z20).

4.2. Local approximation.

Lemma 4.3. Let Q be an open subset of RN, let f : Q — R be a locally Lipschitz
function, and let Let T € Q and € > 0 such that B(T,e) C Q. Denote by L the
Lipschitz constant of f on the set B(Z,¢). For every a > 0, there exists a function
g: B(T,e) — R of class C* such that, for every x € B(Z,¢),

(4.22) glx) > f(x)+elz -7 —a

(4.23) §@) < fo)+CL+o)w—7+a,
(4.24) Vi(xz) € 0f(T+eB)+eB,

(4.25) Of(x)+eB C Vg(ZT+aB)+aB.

Proof of Lemma B3 Set
K :=0f(T+¢eB)+¢eB
and define the function ¢ : RN — R by, for every z € RY,
(4.26) 9(@) == £(7) + oxc(a —7),
where ok is the support function of the convex set K, precisely defined by

ok (z) := max{(z,p) : p € K}.
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We now claim that the function g is convex and satisfies, for every z € R,

(427) 9(z) > f(z) +elw — 7],
(4.28) 6(2) < f(@) + QL+ o)z — 7,
(4.29) 0g(z) C K,
(4.30) 9g(z) = K.
Indeed, the convexity of g, and assertions ([{29]) and (£30) are direct consequences
of the properties of the support function og of the convex set K A O

Lemma 4.4. For any q € RN 0ok (q) C K and in particular, 0ok (0) = K.
Let us now prove ([L217) and ([L2]). Let z € B(Z,¢), we can compute
g(x) = f(z) = [f@) —f(2)+ox(z—T)
(4.31) = ((,T—z)+ox(z—7T),
for some ¢ € 9f(z) and z € [T, x|, in view of Lebourg’s theorem (see for example

[8]). Since [T, x] C T + B, we have ¢ € 0f(T + eB) and we deduce

(+el Y cof(@+eB)+eB =K.
|z — |
From the definition of o, we have o (2 —T) > (=T, (+e 3= g ), and then (3]
implies

— T—T
(4.32) g(f)—f(x)Z@va—x)‘f‘@'f‘Em

which proves ([£217). In view of Cauchy-Schwarz inequality

T —T) =¢lz — T,

—7) < kl|lz — =|.
o1~ 7) < max |kl|o 7

Since K = 0f(T+¢eB)+¢B and since f is L-Lipschitz on the set B(T, ¢), we deduce
that
ox(x—7) < (L+¢e)|lx—7|
From (.20), and since f(T) < f(x) 4+ L|x — Z|, we obtain
(4.33) g(z) < f(@) + (2L + e)|z — 7|,

which proves ([@28)). In view of Proposition I we can regularize the convex
function g and obtain a smooth function g : B(Z,e) — R such that for every
x € B(T,e¢),

(4.34) 9(z) —g(x)] < a
(4.35) Vg(x) C codg(xz+ aB),
(4.36) dg(z) C Vg(xr+ aB)+ aB.

By definition, the function g is of class C*°. Assertions [@22]) and ([@23]) are
immediate consequences of (217 and ([28)) combined with ([@34)). Let us now
verify the properties concerning the gradients. Since V§(z) € codg(x + aB) and
dg(z) C K, we obtain V§(x) € Of (T +¢eB) +eB, which proves the inclusion ([E24).
Since 0f (z) C K, K = 0g(T), and 9g(T) C V§(T + aB) + aB, we deduce ([@25]).

7 We refer to [4] for the following lemma.
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4.3. Global upper C? approximation. In this section, we complete the proof
of Theorem Recall that f: 2 — R is a locally Lipschitz function and € : Q) —
R, \ {0} is a continuous function. We shall construct an upper C? approximation
of f on the whole set 2 by combining together the local approximations given by
the previous section. So we first need to define the points around which we will
consider local approximations (given by Lemma [£3]), and the associated constants
(named € and « in Lemma [L3)). For every z € Q, we set

§(x) = min{%d(RN\Q,x), 1}.

Since the set Q is open, then 6(z) > 0 and clearly B(x,d(z)) C Q. We recall (see
the proof of Proposition L)) that there exists a continuous function Lip(f,-) : Q@ —
[1, +00) such that for every z € Q, f is Lip(f, z)-Lipschitz on B(z,d(z)). For every
x € (), we set

(4.37) ei(z) = min {% min{e(2'), 2’ € Bz, 8(z))}, 5(x)},
(4.38) ea(x) = min{ei(2),2’ € B(z,d(x))}.

Since the functions z — e(x) and x — d(x) are continuous, so are the functions
x +— e1(x) and © — e2(z). Moreover as an immediate consequence of [11, Lemma
4.3], there exists a function p : @ — R1\ {0} of class C* such that for every z € ,

(4.39) plz) < min{é(:gx)’gz;[f;;g,x)}’
(4.40) Vo(a)| < i

Since the function p has positive values, the family (B(z, p*(z)))zeq is an open
covering of 2. Thus it admits a locally finite refinement (B(y, p*(y)))yey. Precisely,
there exists a locally finite set Y C  such that

oc |JBrw)-

yey

By construction of the function p, for every y € Q the ball B(y, 3p(y)) is included
in Q. Hence we can define for every y € Y, the set Z(y) by

Z(y) ={y €Y,y € B(y,3p(y)) and ¢ # y}.
Since the set Y is locally finite and since, for every y € Y, the set B(y, 3p(y)) is
compact and the set Z(y) is finite. For every y € Y, we defindd
min{p(y'),y" € Z(y) U{y}} minfly —y'l.y" € Z(y)}}
16 ’ 6Lip(f,y)+4 '
For every y € Y, note that by construction, o, > 0, e1(y) > 0, B(y,e1(y)) C
B(y,6(y)) € Q. We apply Lemma (3] with the function f and with the con-
stants € = £1(y) and @ = «,. Thus for every y € Y, we obtain a function
gy : B(y,e1(y)) — R which is of class C™ on B(y,e1(y)) and such that ([@21)-
(@30) are satisfied. For every z € Q, since e2(x) < e1(z) and 1 < Lip(f,z), and
from the definition of the function p, we have

pl) < ei(z).

8We take the convention min () = +oco. But in view of the forthcoming Lemma, of [@3),
and since p(y)? < p(y), we can deduce that Z(y) # 0.

(4.41) oy = e2(y). min{
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Hence, for every y € Y, the function g, is defined on B(y, p(y)). Besides, note that
since p? < p < 1, the family (B(y, p(y))yey defines an open covering of Q. Hence
we can define on €2 the map h: Q2 — R by

h(z) = inf{g,(x),y € Y such that z € B(y, p(y))}.

Lemma 4.5. The function h is locally a minimum of a finite number of functions
of class C*°, hence locally Lipschitz and upper C2, and it satisfies for every x € (2,

(4.42) [f(z) = h(z)] < e(2),

and

(4.43) Oh(z) € codf(x+e(x)BNQ)+e(x)B,
(4.44) 0f(x) C Oh(z+e(x)BNN)+e(x)B.

Proof of Lemma L5l Let us prove that the function A is locally a minimum of a
finite number of functions of class C*°. In order to do that, we first compare g, (z)
and g,/ (z) for x € Q, y # ¢’ in Y such that € B(y, p(y)) N B(y', p(v’)). From
Lemma [£.3] we write

9y () = gy(@) 2 e1(y)|z —y'| = @Lip(f,y) + e1(y))lx — yl — oy — ayr.
Since e1(y) <1 < Lip(f,y), we deduce
(4.45) gy () = gy(x) > e1(y)|z — y'| = 3Lip(f,y)lz — y| — oy — .
For every = € (2, set

I(z) := {er,meB((y,%y))} and J(z) := {yEKmEB(y,2pT(y))}.

We claim that the sets I(z) and J(z) are finite. Indeed, let us first prove the
inclusions

(4.46) I(x) c J(x) c{y €Y,z € B(y,p(y))} C {y € Y,y € B(x,6(x))}.

The first two inclusions are immediate. Consider now y € Y such that x €

B(y, p(y)). From @39), p(y) < d(y), hence x € B(y, d(y)). From (@38) and @37),
we deduce e2(y) < e1(z) < d(x). Hence by (39) this implies

£2(y)
p(y) < m <ei(z) <6(x).

In conclusion we deduce

y € B(x,6(z))
which proves the last inclusion. Since the covering (B(y, p?(y)))yey is locally finite
and since the set B(z,d(x)) is a compact subset of ©, the set

{y €Y. B(x,6(x)) N By, p(y)) # 0}

is finite and nonempty. Moreover, this set contains the set {y € Y,y € B(x,5(z))}.
In view of ([@46), we conclude that the sets I(z) and J(x) are finite.
We now claim the following properties on the function h:

(4.47) h(z) = min{g,(z),y € I(z)},Vz € Q,
(4.48) h(z") = min{g,(a'),y € J(z)},Va € Q,V2' € B(z, %),
(149)  h@) = §,(0),Vy € V.V € Blyay).
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Let us first prove the first equation. If y' € Y \ I(z) (i.e., x ¢ B(Y/, %‘y/))) and
x € B(y',p(y)), take y € Y such that x € B(y, p(y)?). From [#45) we have

iy (@)~ 3y(2) 2 2102 3Lip (. )ow)? — 0y — .

d

Lemma 4.6. Lety and y' be in' Y such that B(y, p(y)) N B(y',p(y)) # 0. Then
1
3P) < py') and y' € By, 3p(y))-

Proof of Lemma 8l If p(y) < p(y'), the result is clear. If p(y') < p(y), since

)
B(y, p(y)) N B(y',p(y")) # 0, we have [y —y'| < p(y) + p(y') < 2p(y). From the
mean-value theorem, we deduce

p(y) — p(y") < sup{|Vp(z)|, 2 € B(y,2p(y))}-20(y)-

From (@40), |Vp| < §, hence p(y) — p(y') < 5p(y), hence
1
3°() < py). 0

We now return to the proof of Lemma 5l Since B(y, p(y)) N By, p(y')) # 0,
from Lemma [0 1p(y) < p(y’) and we deduce
~ ~ Py .
v (@)~ (@) 2 21002 3Lip(£.1)0(0)? — a, — oy

From Lemma (L6 v € B(y,3p(y)). In view of @39) p(y) < ‘S(S—y), hence y' €
B(y,6(y)). Hence, from [{@37), e2(y) < e1(y’). Since from [@39), p(y) < #((y}y),

we have, p(y) < ﬁ{f)’y). Hence

i@~ ay@) > P (eaw) - 24LinF1)ow) + 210 0, —ay

8
(4.50) > g (y’)%y) —ay — .
From ({41)), since e2(y) < e1(y’) and clearly y € Z(y) N {y}, we deduce
Py)
ay < 51(?/)1—6~

From Lemma 6 y € B(y',3p(y’)), hence y € Z(y') N{y’'}. Hence from (@A),
since clearly e2(y') < e1(y’), we deduce

1(y/)p(y)

W 16

In view of ([@50), we deduce
Gy’ (z) — gu(x) >0,
which ends the proof of the first equation.
We now prove the second equation. Let =’ € B(x, %), and let y € I(2’). Then
|z" —y| < @ and |z —y| < %, hence

_ o) ola)

4.51 —
(451) o=yl < P+ P
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We distinguish the two cases p(x) < p(y) and p(z) > p(y). If p(x) < p(y), then
from @ZI), |z — y| < 2p(y) < Zp(y), hence y € J(z). If p(x) > p(y), then
|z —y| < 2p(x). From @AQ), |[Vp| < %, hence from the mean-value theorem, we
deduce p(z) — p(y) < iz —y| < Zp(x). Hence

9
—=p(x) < p(y).

Then from @EL), |z — y| < 55p(y) < 2p(y), hence y € J(x). We proved the
inclusion I(z") C J(z), which clearly implies the second equation.

For the third equation, take y € Y, € B(y, o) and 3’ # y. From (45),

Gy (x) = gy(2) e1(y)ly —y'I = BLip(f,y) +e1(y))le — yl — oy — oy

(4.52) e1(y)ly —y'l = BLip(f.y) + 2)ay — ay,
recalling that €1(y") < 1. From Lemma [0 y' € B(y,3p(y)) and y € B(y',3p(y’)),
hence y' € Z(y) and y € Z(y'). From {41, since e2(y) < £1(y’), we deduce

ly—v/|
6Lip(f,y) +4
Again from (@A), since y € Z(y') and clearly e2(y') < £1(y’), we deduce

AVARAYS

ay < e1(y')

/ /
< ’ ly =yl < N |
In view of ([@52]), we deduce
- ~ 1 1
Gy (@) = 3y(@) = 2 )ly —yl(1- 5 - 5) =0,

which ends the proof of the third equation.

Let us now verify the conclusions of Lemma [£0] From (A7), the function h is
locally a minimum of a finite number of functions of class C*°. For every x € €,
from the definition of the function h, there exists y € Y such that x € B(y, p(y))
and h(z) = g,(x). On the other hand, by Lemma [£3] we have

f@) +ear)le —yl —ay < gy(z) < f2) + QLip(f,y) +e1(y))lx — yl + ay.
From (€A1, and since clearly y € Z(y) U {y}, we obtain
ply) _ e1(y)
< — < —=,
oy <e1t) 56 < g
In addition, [E39) yields

€1 (y)
W) S ity

Since |z —y| < p(y) and h(z) = gy(z), we deduce
f(@) —e1(y) < h(z) < fz) +e1(y)-

Recall that = € B(y, p(y)) implies = € B(y,5(y)). Hence we obtain &;(y) < @
which implies (£42). Since the function A is locally a minimum of a finite number
of C* functions g,, one elementarily shows (see for example [J, ex. 11.17, p. 48,
ex. 4.6, p. 83])

(4.53) P h(z) = dh(zx) = co U (Vi ()}

er,gy (I):h(x)
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By (£48]) we can write,

on(z) Cco | {Viy(@)} Ceo | 0f(y+e1(y)B)+e1(y)B.

yeJ(z) yeJ(x)

Since p(y) < e1(y) < 5(;), we deduce that y + 1 (y)B C B(z,e(x)), hence

Oh(z) C codf(z +e(x)B) +e(x)B,

which proves ([£.43)).
Let us now prove ([44). Consider z € Q and y € Y such that z € B(y, p(y)?).

From Lemma B3] 0f(x) C Vg, (y + ayB) + ayB. But from (@49), for every
z’ € By, o), Vh(z') = Vg, (z'). Hence

Of(x) C Vi(y + oy B) + oy B.

Since p(y)? < p(y)d(y) < 1 we have x € B(y,d(y)), hence e1(y) < e(x). In
addition, from (£AZI)), o, < 521—(6?”), and it is easy to verify that o, < e(x) and
y+ay B C x+e(z)B. In conclusion, for every z € Q, 0f(x) C Oh(z+e(x)B)+e(x)B,

and ([£44) is proved. O

4.4. Conclusion. We now apply Proposition 1] to the map h defined in the pre-
vious section, and we obtain a function f. : 2 — R of class C*° such that for every
xz €

|[fe(z) = h(z)| < (),
Vf(x) C Oh(z +e(x)BN Q) + e(x)B,
OPh(z) C Vi (z+e(x)BNQ) +e(x)B.

From ([@53), Oh(z) = 0Fh(z). In view of Lemma A5 and assuming without any
loss of generality that we considered the function £/2 instead of the function ¢, the
function f. satisfies the conclusions of Theorem

5. CONVERGENCE OF SETS: PROOF OF THEOREM AND PROPOSITION

Going from the functional point of view to the set point of view should be
quite straightforward, but it usually proves longer than first expected. In our case,
epi-Lipschitz sets can be locally written, up to an isometry, as the epigraph of
a Lipschitz function, to which the previous regularization (Theorem 22]) can be
applied. This is the scheme of our proof, and the difficulty lies mainly in gluing
together the regularizated like we do, but so introducuing an obnoxious step (related
to (BI0)) below). Also, one can work more accurately, using Corollary B.2] but thus
obtaining only a C' approximation to be regularized itself. A tempting approach
is to use a representation of the set M, for example the distance function dj; or
the signed distance function, and to regularize it with Theorem But through
this approach, one is not able to retrieve information on the precise location of
the gradients of the regularized representation. At present, this point prevents
us from obtaining Theorem for a wider class of sets (for example proximally
nondegenerate sets). Also, proving Theorem 223 without using functions by copying
the technique of the proof of Theorem would quite surely amount to a much
longer proof.
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5.1. Local representations and their approximations. For every z € RY, we
set

(5.1) g(x) = %mln {min {e(z'),2’ € B(z,1)},1}.

Since the set M is epi-Lipschitz, the correspondence z — N M(x) N .S is upper

semicontinuous with compact values, and there exists a sequence (z,)nen in M

2
and a sequence (7,)nen of positive real numbers such that (B(z,, %))neN is a
locally finite covering of M and, for every n,

(5.2) N§; (B(n,2r) N M)NS € N§(2,) NS + B(0,€ (x,)),
(5.3) rn < ' (xn).

Take e, € intT$;(w,) N S. From (52, e, € int T (B(zn,2r,) N M), and in view
of Rockafellar [33], we may assume without any loss of generality that

(5.4) y+tw € M for every (y,w,t) € B(xy,2r,) X Blen,2ry,) x [0,2r,].
For every n, we define the function ), : B(z,,r2) — R by
(5.5) An(z) == inf {t € Rlz + te, € M N B(zy,77)} -

The fact that the function A, is well defined (together with the following assertions)
is detailed in [16, Chapitre 1, Appendix] and partially stated in [T1], Proposition 4.4]:

(5.6) The function A, is 1 Lipschitz,
T'n
(5.7) M0 B(zy,rp) = {2 € B(an, ;)| An(2) < 0},
(5.8) bd M N B(xn,r2) = {x € B(xn,r2)|Au(z) = 0},
(5.9) M + ten) = () — t for every & € B(wp,r2) and t € R

such that = + te, € B(xy,r2),
(5.10) O\ () = Nas(2 + Mp(2)en) N {v € RN (v, e,) = —1}.

Equation (5.9) highlights the fact that the function A, is built by a projection
on the hyperplane e. Precisely (see [16, Chapitre 1, Appendix, claim 5.5]), let
1 RV xR — RV1 respectively mp : RV =1 x R — R, be the projection defined
by m1(x1,22) = x1, respectively ma(x1,22) = x2. We define the linear map A,

RY — RV xR by A, (u+Xe,) = (Ln(u), \) for all (u, \) € e xR, and if L,, is an
isometry from e to RN =1, Let U,, = B(x,,r2) and let V,, = m1 (A, (U,,)). Ifz € V,,,
and if (y, 2) € R? are such that (z,y) € A,(U,) and (z,2) € A,,(U,), then clearly
A (@, y)—yv = A1 (x, 2)—2v, hence A\, (A Y (z,y))+y = An(A, 1 (2, 2))+2. Hence
the function ¢,, : V;, — R defined by ¢, (z) = M\, (4, (x,y))+yif (x,y) € A, (U,) is
well defined. The map ¢, is clearly Lipschitzian, and A,, = ¢,o0m 04, |y, —m20Aly, -

2
Now consider a sequence of positive real numbers (7], )en such that ], € (0, %)

and
B(xn, 1)) U B(zp,r 5)

p#N
Let (an )nen be a C partition of unity subordinated to the covering (B(z, %i))neN
and such that
nlB(a,m) = 1-
Remark that the function f := > g
representation of M on R™, in the sense that it satisfies assertions (i) to (iv) of [L1],

ap A is “almost” a Lipschitzian inequality
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Definition 2.1]. Le., M = {z € R¥|f(z) < 0} and Ny (2) = UysqNOf(2) to-
gether with other nice properties. Our proof consists in smoothing the functions
A, rather than the function f itself, for reasons that are announced at the begin-
ning of the section and that will precisely appear below. For every z € bd M,
> ken Ok (2)0Ag(7) is a nonempty compact subset of Nys(z) \ {0} (see [16]), and

we set
=d (Z g (z) 0Nk (2 )

keN

The correspondences 0\ are upper semicontinuous with compact values, the func-
tions «y are continuous, and locally we take the sum of a finite number of terms,
hence there exists a sequence (y,)nen in bd M, and a sequence (py,)nen of positive
real numbers in (0, 1) such that (B(yn, pn))nen is a locally finite covering of bd M
and, for every n,

(5.11)
Zak ynapn )aAk(B(ynapn)) C Zak(yn)a)‘k(yn) + B <07 6(gn)€,(yn)> .
keN keN

Since the family (yn)nen, respectively (z,)nen, is locally finite and since, for every
n € N, the set B(z,,1) is compact, the set {p|ly, € B(xy,1)}, respectively {k|z) €
B(xn, 1)}, is finite. We set, for every n € N,

1 —
(5.12) &, :=min {a (), 770, = min{r?, x), € Bz, 1)},

2

e (xy) . { Tk — }
L st %k € Bz, 1
card {k|zy € B(xn,1)} i 2| Vag|so o (n, 1)

win {501, < B}

From Theorem 22 there exists a C'* regularization ¢/, of the function ¢,, associ-
ated to the map \,, which yields a C* regularization X, : B(x,,72) — R of A,
by setting A, = ¢l om0 Aply, — m2 0 Aly,. The function A, satisfies, for every
x € B(zy,72),

(5.13) (Au(@) = An(@)] < en,
(5.14) VN, (x) € ON(B(z,e,))+ B(0,,),
(5.15) O (z) C VA (B(z,en)) + B(0,e,),
and additionally
(5.16) N (x+te,) = N,(x)—tfor every x € B(z,,72)
and ¢ € R such that = + te,, € B(zy,72),
(5.17) VN, (z+te,) = VN, (2)—t for every x € B(z,,r2)

and t € R such that = + te,, € B(zy,72).

5.2. The regularized set and proof of Theorem [2.3l We set

(5.18) fl= Zak)\% and M' = {z € Q|f'(x) < 0},
keN
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with Q = (U, ey B(2n, 2 ) and we now show that the set M’ satisfies the conclusions
of Theorem 231 We first prove that the set M’ is smooth and afterwards the
estimations and inclusions (2:9) to (212)).

5.2.1. The set M’ is smooth. The function f’ is clearly of class C°°, and we now
prove that Vf/(z) # 0 for every x € Q such that f/(x) = 0, which implies by
definition that the set M’ is a closed C*° submanifold of RY with a boundary of
full dimension. For every = € ), we set

I(z) := {n € N|a,(z) > 0}
and we note that, from the :fieﬁnition of the partition (o, )nen, we have the inclusion
I(x) C {n € N|z € B(zy, *)}. We now claim the following.
Claim 5.1. For every x such that f'(x) =0,
d(bd M, z) < max{e,,n € I(z)},
and, for every n € I(x)

I\ ()] < Snv%”;ardw) min { 5(?),% cB (x ;) } min{e(x), 1}.

Proof of Claim 51l Since f'(xz) = >, oy ar(x)\,(z) = 0, there exist p and ¢ in
I(x) such that \,(z) <0 and A} (x) > 0, hence \,(z) < &, and A\y(x) > —¢4. Since
2

2
ep < 2 and gy < X, T+ epep € B(xp,r2) and Ap(z + epep) = Ap(z) —gp <0,

T —eqeq € (2g,72) and \g(x — g4eq) = Ag(2) + €4 > 0. In view of (E7) and (E.),
x +epep, € M and x —eqe, ¢ int M. Hence there exists 8 € [0,1] such that
x + bepe, — (1 — 0)egeq € bd M. Then
d(bd M, z) < |fepe, — (1 — O)egeq] < O, + (1 — 0)ey < max{e,,n € I(x)}.
Take n € I(x) and ko € I(z) such that e, = max{ey,k € I(z)}. Then x €
2 —

B(xn, ) N B(xp,, <o ), hence |zn — x| < é + % <1, ie., z, € B(zg,,1).
From (BI2), we have g5, < 7. Then

2
Bpe, — (1= O)zyeq| < max{ey, k € I(2)} < e, < 2,
hence z + fepe, — (1 — 0)egeq € B(xn,r2) and A\, (z + epe, — (1 — O)eqeq) = 0.
Since the function A, is L-Lipschitz, [A,(z)| < 22 and |\, (z)| < 22 +&,. Since
rn <1 and g, < e,, we have [\, (z)| < 25’“0 On the other side, from (L.I12) and
since z,, € B(xk,, 1),

&' (zh,) Tn . {5(%) = }
< o) \yp € Blag,,1) b
S0 S Crd (ke € Blor 1)) 2Van]e " T3 % € Blok )

Noting that k € I(x) = x3 € B(zg,,1), we deduce I(x) C {k|z) € B(zg,, 1)} and
the corresponding inequality on the cardinals. Also, we remark that y, € B(z, ) =
Yp € B(wp,, 1) and &/ (y,) < 3 min{e(x),1}. We deduce

min{e(x),1} T min d(yp)
3cardI(z) 2[|Van|so
which proves Claim [B.]] O

gko =
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We now come back to the smoothness of M’. Consider x € 2 such that f/(z) = 0.

Noting that
= ap(@)VAp(x) + > V(@)X (x)
kEN keN

we estimate separately each term. For every n € I(z), VX, (z) € OA,(B(z,e,)) +
B(0,¢,), hence

Zak YWV, (z Zak YOM:(B(z,er)) —i—Zak B(0,&).

keN keN keN

From Claim Bl d(bdM,z) < max{e,,n € I(z)}. Take n € I(x) such that e,
realizes the maximum. Then there is y € bd M such that |z — y| < &,. Since
bd M C Upen B(yp, %), there exists p € N such that y € B(y,, %). Then |z, —
Yp| < |zn — x| + |2 —y| + |y — yp| < 1. Hence y, € B(xn, 1) and, in view of (512,
en < 226/ (xy,). In particular, |z —y| < 22, hence = € B(y,, 23 ). Consider k € I(x),
then e, < e, and B(x,er) C B(yp,pp). From the definition of p,, we have

> an(@)0Me(B(x,ex)) € Y ax(BWUp, pp))OAK(B(Yp: pp))

keN keN

)

& S aumon () + 5 (0. 25220
keEN

hence

(Yp)
Zak )V, (2 Z o (yp) Ok (yp) + B | 0, Z ag(z 3 £ (yp)
keN kel(x) kel(x)

But > cr ar(@)er < max{ey, k € I(z)} < 5(23”“ ¢'(xy). Since z € B(w,,1) and
z € B(yp, 1), then €'(2,,) < 2 min{e(z), 1} and &(y,) < : min{e(z), 1}. Hence

(5.19) Z ag(z) VA, (x Z o (Yp) Ok (yp) + B <O, % min{e(z), 1}> .

kEN kel(z)
Let us now estimate the other term. From Claim [51] for every k € I(z), Al (z) <
3 Yq 2 D
mmm{ 0a) . € B(x, )}mln{a( ),1}. But |z —y,| < £z < 2

hence y, € B(z, 2). Hence X, (z) < SHVak,HoicardI(z) 5(1§p) min{e(z),1} and

(5.20) > Var(@) ()| =| Y Var(z)A(z)] < 5%”) min{e(z), 1}.
keN kel(z)
In view of (B.19) and (5.20), we deduce
(5.21) Vf(z) e Z ar(Yp) Ok (yp) + B (O, 5(3;;) min{e(z), 1}) :
kel(x)

In particular, from the definition of the function J, we deduce that

Vi) = 28 s
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5.2.2. Proof of 29) and [2I0). Take x € M’'. Then f'(x) <0, hence there exists
n € I(z) such that X (z) < 0, A\ (2) < €py An(x +epnen) <0, v+ epe, € M and
d(M,z) < e, Since &, < &'(z,,) < e(z), we deduce [2.9). Now take z € M. Then
there exists n € N such that « € B(z,,, 7). Then A\, (2,) <0, Ap(xn+enen) < —ep
and X, (z, +enen) < 0. But o, +e,e, € B(xy, 7)), hence I(x, +ene,) = {n} and
f(xn+enen) = A (2 +enen) <0, hence z,, +epe, € M and d(M',z) < e, + 1y,
Since ¢, < r, and 2r, <&'(z,) < E(JC), we deduce (2.10). O
5.2.3. Proof of [2I1). Take x € bd M’ and v € N§;,(x)NS. Then v = \V}C’Ei;\ In
view of (.2])), recall that there exists p € N such that z € B(y,, ,p") and Vf'(z) €
Y rere) @k (Up) N (yp) + B (0,%mm{g(x),1}) Since Yy e r(a) (@) Ak(yp) C
NS (yp) \ {0}, we have

V' (x)

VS ()]
From above |V f/(x)| > 26(?’1’) , hence ;J{ Eigl € N§;(yp)+B(0, 3 min{e(x), 1}. Take
v € N§;(y,) such that

€ N§;(yp) + B (0, % min{e(z), 1}) .

\ 1
% —v| < gmin{a(x), 1}.
Then v # 0 and
Vi(x) v| (2) B
SR | |y e e
\Y
< wre ”! Il
Vf'(z)
S e R
On the other hand, |z — y,| < p, < &(z), and we deduce (ZIT)). O

5.2.4. Proof of @12). Takez € bd M and v € N§;(x)NS. Then there exists n € N
such that € B(xp,r,) and v € N§;(x,) NS + B(0,&'(z,,)). In view of (5.10),
N§i(zn) = Uyso AOA, (1), hence there exists ¢ € ON,(z,,) such that

S
‘C|| <é&'(zn).

From (&15), 0An(x) C VA, (B(zn,en))+B(0,€y,), hence there exists 2’ € B(xy, €p)
such that

v

|C — VAL(2')] < en-
Since N§;(xn) # {0}, 2, € bdM and \,(z,) = 0. The function ), being %—
Lipschitz An(2))] < &=, hence A, (2")] < == +¢e,. Then the two points '+
en(1+4 7 )en and a’ — 5n(1 + 5 )en belong to “the ball B(wp,en(2+ - )) In view
of (m) en(2+ L ) <1, and the two pomts belong to the ball B(xn, n) which is
contained in B(Jcn7 r2). Then A, (z/+¢&,(1+ -+ )en) <Oand X, (2'—e,(1+ L —)en) >
0. Hence there exists 0 € [—e,(1+ Tn) en(1 +L - L] such that X, (2’ 4 0e,,) = 0. Also
' + e, € B(xy,r),) and I(z' + fe,) = {n}. We thus deduce that f'(z’ + fe,) =

n
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A (2 +0e,) =0, 2’ + Gen € bdM and Vf/'(z' + Oe,,) = VA, (2 + bey,) = VN, ()

in view of (B.I7). Then v := % € N§,, (2 + 0e,) N S. On one hand,
|2" + Oen, — x| < e, + 10| <7, <1 < ().

On the other hand,

/ S ¢
5.22 — = B T B
. Wil = ||+|<| v
VA (x
5.23
(523 < |mom 1+
But
Th €] R
MG ] = T PRI
VN )TN, () — |vxz<x’>|<\
1
< I _VA/ ! VA/ /_
< |<|"<' VX + T
< 2|¢C—=VAL(@)] < 2.
Hence v/ —v| < 2e, + &' (x),) < 3e'(zy,) < e(z), and we deduce (ZI2)). O

5.3. Proof of Proposition Consider z € M and v € NI (x) N SN¥~1. Since
r < reach (M), in view of [I7, Theorem 4.8-(12)],

x € proj pr(z + rv).
Take 2’ € proj v (z + §v). Recalling that € := dyqus(M, M'), from Lemma ET]
|z —2'|> < &% + der.

Let v = 2(z + Zv — 2/) (assuming that 7 # 0). From the definition of 2/, we have
(

v’ € N}, (2'). Then
2
v —2'| = =]z — 2.
r
On the other hand, note that d(x + §v, M) = §. Since dpaus(M, M’) < %, then
r+5v ¢ M and 2’ # x 4 v, which implies v # 0. Then % € NP, (2")n S and
,U/ , , !
At IRt
1
< Ju=2 - —
V|
< o=+ -1]
< o=+ ] = |
/22
< 2|va’| < 4&_
r

) € graph NI, N S and

doo ((x,v% (xlv Z_:|>) < %.

Hence (2’

’ Iv’\



4500 MARC-OLIVIER CZARNECKI AND LUDOVIC RIFFORD

6. PROOF OoF THEOREM [2.1]

Clearly
f(z1,22) 321 + x on E; {(x1,22) € R?|z1 > 0,22 > —21},
f(z1,22) = —iz1 + 22 on Ey = {(z1,22) € Rz < 0,20 > 21},
f(z1,22) = 321 — x2 on Ej {(z1,22) € R?|z1 < 0,22 < 21},
f(z1,22) —%tzy — x> on Ey {(z1,22) € R?|z1 > 0,20 < —11}.

Since the gradient of f equals (2,1) on int By, (—3,1) on int B, (2,—1) on int E3,

and (—%, —1) on int E4, we deduce that f is @—Lipschitz and that

o= {(32)- (41 (4).(3-)

The proofs of part (a) and part (b) are independent and cannot be deduced one
from the other. They are given in next two sections. In the third section, we prove
part (c).

6.1. Proof of part (a). It is briefly outlined in Warga [37, Examples 3.3 and
2.4] and extensively developed here for the sake of completeness, moreover with a
precise bound. For a > 0 small enough, define two squares C and C, as follows:

C = co{(1,0),(0,1),(-1,0),(0,-1)},
Co = co{(1+,0),(0,1+a),(-1—,0),(0,—-1—a)}.
Let 6 : R2 — R be a C*™ function satisfying the four following conditions:
1
(6.1) Ve € R, 0(z) € [0, Ta],
1—

(6.2) Ve e C, 0(x) = 5 04’
(6.3) suppd C C,,
(6.4) o(t)dt = 1.

R2
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For every A > 0, we define the function f : R? — R by
fialx) = () f(z + At)dt, for every = € R%.
R2
It is C'°°, since it is a convolution of a C*° function and a Lipschitz function. On
the other hand, since f is £—Llpschltz we have for every z € R2,

1) - 5@l < [ 0017+~ i< [ 00X

which proves the uniform convergence of fy to f as A tends to zero, i.e., assertion
Z2).

We now prove (2.3)). First note that, since the function f is differentiable almost
everywhere (by Rademacher’s Theorem), we have for every x € R?,

Viz)= [ 0@)Vf(x+ At)dt.
R2
Hence |V fi(z)| < @ and moreover

ka(x):/c 9(t)Vf(x+)\t)dt+/ O(t)V f(x + A)dt.

Ca\C
Then

‘/ G(t)Vf(er)\t)dt‘ <meas(Cy \ O) |[Vfloo = 2(2a+a2)§,
Cu\C

Since 6(t) = 152 for every t € C,

/ 0(1)V f (2 + A)dt
C

)dt
11—«

= —2>\72 /ﬂc+)\C V£(t)dt

1
= 2)\ 5 ‘meas (Er ﬁa:+)\0)( 1) + meas (E5 ﬁx+,\0)(_§71)

1
+ meas (E3 Nz + )\C)(§ —1) + meas(Ey Nx + )\C’)(f§7 —1)|.

In view of the following lemma, if we choose a > 0 small enough, we obtain
IVix(@) = <

Lemma 6.1. For every A > 0 and every x € R?, we have

1
)\—2‘meas(E1 Nx+ AC) (g,l) + meas (Fa Nz 4+ AC) (—571)

+ meas (E3 Nz + AC) <g,—1> + meas (Es Nz + AC) (—%,—1) ‘

> (— 14 (V24 VB)HEVE - 90v2) + (V2+ V) H (-9 +6v2v3))

with possible equality in the above equation.
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Proof of Lemma [6.Il The proof of Lemma [B.1] is elementary and is achieved by
considering 8 different cases (not necessarily disjoints). Note that one can also
study the corresponding optimization problem, but the proof would not be shorter.
We set z = (z1,22), E1 = meas(E; Nx + AC), Ez := meas(E; Nz + AC),
E3 :=meas(E3 Nz + AC), E4 := meas(Ey Nz + AC), and

3 1 3 1
B (2) 03 () wma (1) o (41)

(3 1 3 1.\° 5
- )\ §E1 - §E2 + §E3 - §E4 + (E]_ +E2 - E3 - E4)

gr(z) = A2

1/2

Note that Eq + E5 + Eg + E4 = 2)2, hence we have

g (z) = )\—2<(2(E1 4 Eg) - )% + (2(Eq + Es) — 2)\2)2)1/2.

Without any loss of generality, noting that gx(Az) = ¢1(z), we now assume that
A = 1. We now distinguish 8 (not necessarily disjoint) cases in order to give a
minoration of g;(x):

Case 1: 1 < zy. Then E5 = E3 =0, E; + E4 = 2, hence

1

1/2
z) = (SE? — 12E +5) >
g1() ( 1 1 _\/5

with possible equality in the above equation.

Case 2: x1 < —1. Then E; = E4 =0, E5 + E3 = 2, hence

1/2 1
g(x) = (8E§ ~20E, + 13) > 5

Case 3: 1+ x1 < x5 or1l —x1 < x3. Then E3 = E4 =0, E; + E5 = 2, hence
1/2
g(z) = ((QE1 12 4) > 9.
Case 4: 1o < =1+ 21 and zo < —1 — x1. Then E; = E5 = 0, Eg + E4 = 2,

hence
1/2

g(z) = ((2E3 S22 4) > 9.
Case 5: 29 < =141 and —1 —x1 < x5. Then E; =0, E; < 2, hence

1/2
a(z) = (8E§ 4 4E2 4 SE,E; — 12E; — 4E; + 5)
1/2
- ((2E1 +2E; —1)2 + 4E2 — SE; + 4) > 9.
Case 6: —1+x1 < x5 and 9 < —1 — 1. Then E; =0,

g1(x) = ((2E3 —1)*+ (2Ez — 2)2)1/2.

If 23 < 21, then E5 > 3/4 and ¢1(z) > 1/2. If 21 + 1 < xo, then Case 3 applies
and g1(x) > 2. If x1 + 1 > 29 > x1, then one easily shows that

—x1 —x9 — 1 -1 —x9— 1
91(3:)291<<x1+ 122 , T + 122 >>,
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with possible equality. Hence, without any loss of generality, we assume —x1 — x5 —
1=0. Then E3 =14z — 21 and Eg = (3 + 22 — 21)(1 — (22 — 21)) and
1 .
g1(x) = 5((332 —x) FA(zg — 21)% 4+ 18(20 — #1)? — Ay — 21) + 1)V

One easily deduces gi(z) > 2(18(zy — 21)? — 4(22 — z1) + 1)V/2 > %. More
accurately, the polynomial P(X) = X*+4X34+18X2 —4X +1 attains its minimum
over the interval [0, 1] at the point

—14 (4+2V6)5 + (4+2V6)3 (1—?).

Indeed, it is the unique real root of P’, and moreover P/(0) = —4 < 0 and P'(1) =
48 > 0, hence it is the unique candidate for the minimization of P over [0,1]. The
corresponding minimum of g; is

(- 1+ (V2+V3)HEVE-9v2) + (V2+ VB) 1 (-9 + 6v2V3))

and is attained for the corresponding values of x; and 5.

[N

Case 7: 0 < zy, =14+ 21 < zg, 22 <1—121. Set a :=d(R(1,1),z+ (0,—-1)) =
Lfg“ and b:=d(R(1,-1),z+ (0,-1)) = 711%;2“ Then
0<b<ac<v?,
E; =2 v2b— (V2 —a)?/2,
E]_ + E2 =2- ab,
E; = b2/2.

Then E; + E3 > 2 —v2b— (V2 -1)2/2+b?/2 =1 and g;(z) > 1.

Case 8: 11 <0, 23 < 1+x, =1 — 21 < 2. Set a := d(R(1,1),2 + (0,-1)) =

“1—7%“ and b :=d(R(1,-1),z + (0, 1)) = —x%g“ Then

0<a<b< V2,

E; =a(v2-b) + (V2 -1b)?/2,

E1 + E2 =2— CLb,

Es = ab — a?/2.
Note that if a < 2v/2 — /5, then E; + E3 > 2 — v/2a and ¢; () > 2¢/10 - 6. If
V2> a>2v2-/5, then E; +E3 > v/2a—a?/2 > v/10—5/2 and g1 (z) > 2/10—6.
More accurately, g1(z) = P(a,b), where

P(a,b) = a* + 2a%b* — 4v/2a® + 4v/2a%b 4 4v/2ab* — 4v/20° + 6a® — 24ab + 100>
+4V2a — 4V2b + 5.

The solution of the minimization problem min{P(a,b),0 < a < b < \/5} is now
classical. In order to solve the first order necessary condition, we compute the
gradient of P:
dP
da
dP
db

= 4a®+4ab® —12vV2a® +8V2ab+4V2b* +12a — 24b + 4 V2,

= 403 +4a’b—12V20* +4vV2a®> +8V2ab+20b— 24a — 4V/2.



4504 MARC-OLIVIER CZARNECKI AND LUDOVIC RIFFORD

In order to show that the gradient is nonzero on the domain, we compute the
resultants in a and b,

dP dP
Resultant <

T a) =2712(36a7 — 126v/2a° + 203a® + 83v/2a*

— 287a® + 97V2a® — 11a — 3V/2),

dP dP

Resultant < da’ b’

b> =2712(36b7 — 138v/2b° + 359b° — 117v/2b*

— 2216 + 179v/26% — 79b + 5V/2).

A direct study shows that there is only one possible candidate (a,b) with 0 < a <
b < /2 for the equation

da’ db>

Resultant (dP e b) =0.

{Resultant (48 48 q) =0,
da> db>

Moreover, it satisfies a € [0.52, 0.58] and b € [0.72, 0.78]. But

%([0.52, 0.58] x [0.72, 0.78]) C (—o0, —1].

By a direct estimation of P(a,b), or using the first order necessary condition, one
easily shows that the minimum is not attained for a = 0 ora=~>b. Forb= \/_
0<ac< \/—theonlyrealrootofcéf( ,\/5) isa=+2-— f2 —&-f?) (1/3) 4
(V(2) +/(3)23(\/(3) —1/(2)). In fact we can observe that we obtain the same
point as in Case 6, hence the same optimal value of g;. This concludes the proof
of Lemma 0

6.2. Proof of part (b). It is in fact deduced from the exact computation of the
inf sup convoluted function of f. In the next section, we compute the inf convoluted
function fy of f, and in the following section, we compute the inf sup convoluted
function f ..

6.2.1. Calculus of fy, the inf convoluted function of f. For A > 0, we define the sets
A; on which we give an analytic formula of the inf convoluted function f) which is
given in the following lemma:

Ay = {(z1,22) €R?, 2y — 2 >0, 3 + 32 — 2 >0},

Ay = {(z1,72) €R?, 21+ 3 <0, xl—x2+3)‘<0}

As = {(z1,22) € R 331—7<O —:cl—|—a:2—|— A <0},

Ay = {(z1,22) € R?, xl——>0 x1+x2+3>‘ <0}

A2 = {(x1,22) ER?, 77 € [- ’2\, %], To > A},

Aoz = {(z1,22) € R?, a:1+x2——<0 :cl—x2—|— ) a:1+x2—|—5)‘>0
xl——<0}

Ay1 = {(z1,22) € R?, $1—1‘2—*>O :c1—|—:52——<0 x1—|—a:2—|— A >0,
551——20},

Ao = {(z1,22) €R?, a1 +20— 5 >0, 21 —22— 5 <0, 22 <A}
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Lemma 6.2. Let A > 0 and let x € R%2. Then

i) = %xl + T9 f% if x €A,
Hlx) = —%le + T9 —% if x €Ay,
ilz) = %xl T9 —% if x € Ags,
fe) = —iz zy —322 if € Ay,
Hlx) = %CL‘% + T2 —% if €Ay,
AHl@) = Kot + A3 —FZrmaze+ini+iee— % if 2 €A,
Hlx) = ﬁx% + ﬁa‘% —|—%x1x2 + ixl - %xQ — % if xe€Ayn,
i) 3>T7 + 53 if € Ag.
Ao Ag 2 Ay

—_— g —_——————

Aoz

Ay

A3 Ay

Proof of Lemma 6.2 We first compute fy(z) = inf{f(z) + 35| — z|*,z € R?}. In
fact the infimum in the preceding formula is attained at a point z € R? which
satisfies the first order necessary condition

(6.5) Oeaf(z)—k%(z—x).

One could consider the stronger necessary condition 0 € dpf(z) + 5(z — z), but
the proof with Clarke’s generalized gradient is more basic and does not require the
computation of dpf. We distinguish the nine cases (i) z € int Eq, (ii) z € int Es,
(iii) z € int B, (iv) z € int By, (v) z € (E1 N Ey) \ {0}, (vi) z € (B2 N E3) \ {0},
(vii) z € (B3N Ey) \ {0}, (viii) z € (E4 N E1) \ {0}, (ix) z = 0. Wet let z = (21, x2)
and z = (21, 22).

Case (i), z € int Ey. Then Vf(z) = (2,1) and 21 > 0, 21 + 22 > 0. The first
order necessary condition can be rewritten as

{ 0 = %"‘%(zl_ﬁl)a
0 = 1—&-%(22—1‘2).
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This implies that 1 — 22 > 0, 21 + 22 — % > 0 and that the candidate for f)(z)
A 3 13\
f(z)+ §|93_z|2 = 5;101—1—;102 g

(—%,1) and z; < 0, z;1 — 22 < 0, and the

Case (ii), z € int E5. Then Vf(z) =
—m—!—% < 0 and that

first order necessary condition implies that x; + % <0, 21
the candidate for fy(x) is

flz) +

1 | 2 Lo 5A
—|r —z|" = —=x1 + 713 — —.
27t T g
Case (iii), z € int B5. Then Vf(z) = (3,—1) and 21 < 0, —z; + 22 < 0, and the
first order necessary condition implies that x; — % <0, —x1 + a2 + % < 0 and

that the candidate for fy(x) is
3 13\

1 2
f(z)+ﬁ|x—z| = g% = %2~

)andz1>0 21+22<0 and the

Case (iv), z € int E4. Then Vf(z) = (—5,—1
A < 0 and that

first order necessary condition implies that z; + >0, x1 + 2 + 32

the candidate for fy(z) is
f(z) + ! ‘ ‘2
* 2\ e

8
Case (v), z € (E1 N Ex) \ {0}. Then 8f(z) = [(—%,1),(2,1)] and 21 = 0, 22 > 0,
and the first order necessary condition implies that x; € [f% 37] 29 > A and that

G2y

1
— X — Ty —

the candidate for fy(z) is

1 1 A
F)+ oyl =2 = pat 22— 3
= [(7%a1)7(%7*1)] and z; < 0,

Case (vi), z € (B2 N E3) \ {0}. Then 0f(z) =
z1 — z2 = 0, and the first order necessary condition implies that x1 +x2 — 5 < 0
—z1 + 22 + 2 € [0,4)], and that the candidate for f)(z) i
1 2 1 5 1 1 1 1 A
1@+ gyle =20 = mon+ xo2 — ez £ gt g — g

[(=3.=1),(3,-1)] and 21 =0,

2y 49 ]
% %],ZQ<*)\,

Case (vii), z € (B3N E4) \ {0}. Then 0f(z) =
zo < 0, and the first order necessary condition implies that x; € [—
and that the candidate for fy(z) is

1 1 A
P+ ple 2= gt = .
[(—%,—1),(%,1)] and z; > 0,

Case (viii), z € (B4 N Ep) \ {0}. Then 0f(z) =

z1 + 22 = 0, and the first order necessary condition implies that x1 — 2o — 5 > 0
—z1 — 22 + 2 €[0,4)], and that the candidate for f)(z) is

1 9 2 1 2 1 1 1 A
F@) 4 gyle =20 = an+ Rre + gymre + o — g — g
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Case (ix), z = 0. Then 9f(2) co{(3,1),(-3,1),
the first order necessary condition implies that = € co{(7
(=5.,—A)} and that the candidate for fy(z) is

4507

—1,-1)}, and
)’(_%’ )5(%7_)‘)3

f2) + o

Then, comparing the candidates in the sets where more necessary conditions
apply, we obtain the values of fy, hence also of its subdifferential. O

6.2.2. Calculus of fx ., the inf sup convoluted function of f. For 0 < p < A, we
define the sets and the sets AM; on which we give an analytic formula of the inf
sup convoluted function f , which is given in the following lemma:

AM, = {(x1,12) € R?, iUl—MZO, $1+x2—%;m20}’
AM, = {(z1,72) € R, $1+L2“)§0, $1*xz+w§0},
AMs; = {(z1,72) € R, xl—@ <0, —x1+x2+w <0},
AM, = {(z1,22) € R?, 1y —w >0, x1+x2+3(’\2_”) <0},
AMiy = {(m1.22) € R, € [F02, B0y — (A —pr) 2 0},
AMas = {(z1,22) €R?, @1+ 15— & ; W< 0,z —wy + 2E >,
—x1 o+ 5(A—p) > 0,21 — 2/\H—u (Agu) <0},
AMy = {(x1,12) € R?, T — xy — O 5 )20,x1+x2—w§07
21ty + HF > 0, + 2;:“962_(/\;2” > 0},
AMy = {(z1,22) € R?, $1+$2—L2m20,x1—x2—w§0,
w2 < (A=)},
AMs 3041 = {(21,22) €R?, x5 € [-2XA + p, 0], 21 + 5= H$2 (A,H) <o,
B Mx2+ Lsu M) < 0},

AM3ny = {(z1,22) € R2, 25 < 2+, 1 € [A Sy )\'HLH

Lemma 6.3. Let 0 < u < X\ and let x € R%. Then

(@) = Sz + —180—p) if ©€AM,
Faulz) = —%ﬂﬂl + T2 —w if € AMas,
Hrulx) = %m — T2 —w if € AMs,
Pu(@) = —zz1 - gy —202#) if &€ AMy,
f%ll«(‘r) = 2()\,#)1:% + X2 _% if l‘eAM1,2,
Fanl@) = ox—a? + 1 43 1 _ flp 4 lp— Qo i o AM
AulT) = g0t 10— L2 20—p) T1T2 171 17T2 i if x 2,3,
f)\,,u(l') = 4(;_”)1‘% + ﬁﬂfg +ﬁxlx2 + ixl - il'Q — (AIG‘L) Zf T e AM471,
f%u(ﬂ”) = Q(A,u)ﬁ + ﬁﬂh if x€ AMo,
fau(z) = ﬁﬁ - mﬂfg —%Il + M;—;M) if x € AMa3nan,
z2 2_, 2 .
fau() = -5 + QAHJU% —T2 — %}ﬁ” if ©€ AM3zna.
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Once the infsup convoluted function f , is computed, one immediately deduces
the values of its gradient, which in particular implies Theorem 2] case (b).

Corollary 6.1. Let 0 < u < A. Then

Vf)\VH(RQ) = co { (%,0) , (g
U co {(;,O) , <
Proof of Lemma 63 We now compute fy ,(x) = —(—f\)u(z) = —inf{—fi(z) +

5|z — 2%,z € R?}. In fact the infimum in the preceeding formula is attained at a
point z € R? which satisfies the first order necessary condition

which does not contain 0.

(6.6) 0€d(—fr)(z) + %(z — ).

Noting that fy is of class C! on R?\ {3} x R_, we distinguish the (not necessarily
disjoint) cases (i) z € Ay, (ii) 2 € Ao, (iii) 2 € A3\ {3} xR_, (iv) z € As\ {3} xR_,
(V) 2 € Ao, (vi) 2 € Ao\ {3} x R_, (vil) 2 € Ayy \ {3} x R_, (viii) 2z € Ao, (ix)
PSS A273 N A4717 (X) z€ AsN Ay

Case (i), z € Ay. Then Vfy(z) = (5,1) and 23 — % >0,21 + 29 — % > 0. The
first order necessary condition implies that x; + @ < 0,1 —x9 + w <0
and that the candidate for (—fy),(z) is

13(A — p)

3
O R e
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Case (ii), z € As. Then Vfi(2) = (—=4,1) and 21 + 5 < 0,21 — 22+ 2 < 0. The

first order necessary condition implies that T — B(AQ b ) >0, 21 + 22 — 5(/\2 )
and that the candidate for (—fy),(z) is
1 (A —
—falz) + g\x —z* = 51— T2 + %
Case (iii), z € Az \ {3} x R_. Then Vfi(2) = (2,-1) and 2, — 3 < 0,—21 +

Zo + % < 0. The first order necessary condition implies that x; — % + 37” <

0, -1 + 22 + M < 0 and that the candidate for (—fy),(z) is

3 13\
—f)\(Z) + g|1‘ — Z|2 = —51‘1 + 19 + ?
Case (iv), z € Ay \ {3} x R_. Then Vf\(2) = (—3,—1) and 21 — 3 > 0,21 +

Zo + Q < 0. The first order necessary condition implies that z; — % + 5 >

0,z —|— g + 3(/\ 321 < 0 and that the candidate for (—fa)u(z) is

1 5(\ —
)+ Bl 2P = Lo+ 2O

Case (v), z € A1 p. Then Vfi(2) = (5,1) and z; € [—% 33],20 > A. The first
T2 2

order necessary condition implies that z; € [,(/\72#‘) 3 ] > (A—p) and that
the candidate for (—fy).(z) is
_ T R 2 _ (A=)
fA(z)+2\x z|* = Q(A—u)xl xg + 5
Case (vi), z €A23\{}xR.TheanA()z(s—}\———i—i St 3+ )
and z1+22—— SO,zl—Zg—l—?’A >0, zl—l—zg—l—% > 0,21 — 5 < 0 Theﬁrst

order necessary condition implies that 1 + x5 — LQ“) < 0,21 — a2 + ()‘ D) >
0, —x1 +x9 + M >0, 2;\%;‘3:1 — /\f—ua:g + 4 — A <0 and that the candldate for
(_fA)u(x) is

1% 2 1 2 1 2
-h)+Slr—z2f=—-+—02{— — 2
L 1) Ny R 1) WA
1 S B W
L TO T e R A T
Case (vil), z € Mg\ {%} x R_. Then Vf\(2) = (5% + 3% + i, S+ 3 - i)

and 21—22—% > 0,21+zg—% < 0,21+zz+% > 0,21—% > 0. Theﬁrst
order necessary condition implies that T — Ty — O‘g“) > 0,21 + 22 — M
0,21 + 22 + (A D) >0, 2’\ “xl + x—p %2 + L — X > 0 and that the candldate for

(_fA)u(x) is

H 2 1 2 1 2
-Hh@)+zlz—2"=——F—af — ——2
1 T) Ny R T) WA
1 1 1 (A-p
—72()\_u)331$2—1331+4 To + 6
Case (viil), z € Ag. Then Vfy(z) = (3,2) and 21+ 22— 5 > 0,21 — 20 — 3

IV IA

0,22 < A. The first order necessary condition implies that z; + zo — O‘%“
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0,21 — g — 2 ”) < 0,22 < (A — ) and that the candidate for (—f\),(z) is
1 2 1 2
xy — x5
20—t 2 —p)
Case (ix), 2 € Ag3 N Ag1. Then 9fx(z) = [(3 + &, 2),(3 — &,%)] and

~hE+ 5l -2 = -

2,29 € [ 2X,0]. The first order necessary condition implies that x5 € [-2A +

To — O\;Zu) <0,—x1+ 5\“—#95 + ()‘ W < and that the candidate

™D

1

QA;L

12 L o 1 A )\()‘*N).

]
or (—f. )()IS
B A T B i L P 7

Case (x), z € A3NAy. Then 9f5(z) = [(—3,—1), (%, —1)] and z; = %,22 < =2\
The first order necessary condition implies that zo < —2\ + p,x1 € [AES" , HT“]
and that the candidate for (—fy),(z) is

2 A A2 —4p? +7A
\2:—1——x2+x2+$.

m
fA(Z)+2\$ o 2 81

Then, comparing the candidates in the sets where more necessary conditions
apply, we obtain the values of (—f\),, hence of fy ,(z) = —(—fx).(z), hence also
of its gradient. O

6.3. Proof of part (c). Let (f,) be a sequence of locally Lipschitz functions from
RY to R which converges uniformly to f on compact sets. From Proposition 3.2
the set liminf,_. ., graph (df,) contains graphdp f and graphd”f. The calculus
of the proximal subgradient and of the limiting uppergradient is elementary. For
example, the computations given below in Section B3] (considering the points which
have only one projection on the set epi f) are sufficient to obtain the set dp f(0).

o - {60 6 () 6
) ()
o0 = (4G {(40) ()

So the proof of part (c) will be finished once we prove

{0}><intco{< > ( 1>,(§,—1)} C lim inf graph (9,

It is a consequence of the following lemma.

op f(0)

Lemma 6.4. For every v € intco {(%,0) , (—%,—1) , (%,—1)} and every a > 0,

there exists 3 > 0 such that, for every locally Lipschitz function g : RV — R such
that || f — gllee < BH there exists x € [, a)? and ¢ € f (x) such that

1€ =l <a.

91t is sufficient to assume 1fl[—a,a)2 = 9l[—a,a)2llec < B
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Proof of Lemma [6.4l First note that one can approach a locally Lipschitz function
g by C* functions having their gradients close to the generalized gradient of g by
using a classical convolution argument. Hence, without loss of generality, we only
prove Lemma for C'*° functions.

Consider an element v = (v, v2) € intco {(%,0) , (—%, —1) , (%, —1)}7 ie., vy <
V] — %, vy < —v1 + % and —1 < vy. Take a real number @ > 0. We define the

elements A and B by
1
(1 +'U2’_1> ’
2 tu

1 2 v .
7’Ug—l

A straightforward computation gives the level sets of the function fv := f — (v,.).
In particular, we note that the value of fv on the set [4,0]U[0, B] is zero, and that
the set {z € R?|f,(z) > 0} \ {0} has two connected components, a component C 2
(containing B) in the set Fy1 N E5 and a component Cj 4 (containing A) in the set
FE3N E4. An elementary calculus shows that, given the assumption on the element
v, we have d(A,C12) > 0 and d(B,Cs4) > 0.

We now choose a real number 8 > 0 small enough, namely 7 < %2, 8 <
2d(A,Cr), B < 2d(B,Cs4). Take a C™ function g : RY — R such that
IIf — 9l < B and assume that Lemma [6:4] does not hold, i.e.,

A =

B =

[CIRCRN Y o)

[Vg(x) —v| > a for every = € [~a, a]?.
Define gv := g — (v,.) and note that |[Vgv(z)|| > a for every z € [—a,a]?. Let
(t,z) — p(t,x) be the flow of the following differential equation:

a(t) Vg

B « ar
IVgo|?

(z(t), z(0) = o, with zo € [75,5
Noting that [|@(¢)|| < 1, and in view of the Peano existence theorem, or a theorem
on the extension of solutions, any solution of the above differential equation is
2 2 2
(Sifeﬁned on the interval [-%-, %], which contains the interval [0, 3/3] (since 8 < %-).
ince

fU([A,O] U [O’BD = {O}a

then
gv([A, 01U [0, B]) C [=5,].
Note that
& gulplt, ) = 1.
Hence

gv (¢ (36, [A,0] U [0, B])) C [26,40],
which implies
fv(p(38,[4,0]U[0,B])) C [8,38].
Note that the set
{zlfv(z) = B}
has two connected components, a component D1 5 in the set £y N Es and a compo-
nent D3 4 in the set E3NEy4. Since Vgu is locally Lipschitz, the flow ¢ is continuous,
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hence the set ¢ (38, [A,0] U [0, B]) is connected. Hence it is included in one of the
connected components of {z|fv(xz) > }. On the other hand, for every z,

30

‘We remark that

d(A,D;2) > d(A,C2) >

)

SERE

CIZ(B7 D3)4) > d(B, 03)4)

Dio:{fv>p3}

Consequently, ¢(38,A) ¢ D; 5 and ¢(30, B) ¢ D3 4, a contradiction. O

7. PROOFS OF THE SPECIAL CASES: DIMENSION 1 FOR FUNCTIONS
AND 2 FOR SETS, AND THE RELATED RESULTS

In this section, we first prove Proposition B.1] on the stability of normal cones,
which implies Proposition on the stability of subgradients. We then prove the
results of Section 2.4

7.1. Proof of Proposition B3l First note that [B.2)), respectively ([4), is de-
duced from (B.0]), respectively ([B.3)), by observing that graph (N£) = clgraph (N1).
We first prove [B3) and then deduce (B.)).

7.1.1. Proof of B3). Let x € M and ¢ € Ni (). By definition of the prox-
imal normal cone, there exists A > 0 such that = projy(y + A{). Since
M = limsup,,_, , M, = liminf, . M,, the

lirf diraus (M N B(z,1) US(z,1), M,y N B(z,1) U S(z,1)) = 0.
n—-—+0oo
10Recall that, if (M,) is a sequence of nonempty closed subsets of RN, then M =

liminf,— oo Mp = limsup, _, ., Mp if and only if, for every nonempty bounded subset B3,
limy,— 400 dgaus(M NBUbAB, M, N BUbdB) = 0.
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For every n € N, take

. ¢
Ty € Proj M,NB(z,1)US(x,1) <$ + 5

and set 2, = = + % — x,. From Lemma BF lim, .1 |2, — 2| = 0, hence
lim, 4o [¢n — ¢| = 0. But, by construction, ¢, € NJ\]jI"ﬂﬁ(a:,l)US(x,l)(x”)' For
n large enough z,, € B(z, 1), which implies z,, € M,, and
P _ AP
Nt (B us (1) (#n) = Nir, (xn),
which completes the proof of ([B3]). O

7.1.2. Proof of (BJ). It can be found in [12] Lemma 4.1], but we give here a shorter
argument. Let z € M and ¢ € N}/ (z). Since z € limsup,,_,, . M, there is a subse-
quence (M¢(n)) such that z € liminf, 1 M,(,). Up to a subsequence, in view of
the generalized Bolzano-Weierstrass theorem (see [22, §25, VIII]), we may assume
that liminf, . My, = limsup,, o My(n). Since liminf, . Mg,y C M
and = € liminf, o My(n), then Njj(z) C N, oo Mg (z). Applying (33)
to the sequence (M,(,)), we obtain that (x,() € limsup,, . graph(Nﬁ@(n)) C

limsup,,_, ., graph (NAF/}" ).
7.2. Proof of Proposition

7.2.1. Proof of [3.5). Let x € RY and ¢ € dpf(x). We immediately obtain by defi-
nition of the proximal subdifferential that ({,—1) € N;;i ) (). On the other hand,
since the sequence (fy)nen epi-converges to f, then epif = limsup,, ,,  epif, =
liminf,,_, ; epi f,. Hence by Proposition Bl ([3.1]), since these sets are closed, there
exists a sequence (Z,)nen converging to z and a sequence ((n, An)nen of points in

RN x R which converges to (¢, —1) and such that
Vn €N, (Cuy An) € N&i (1) (@)

Therefore we deduce that for n large enough f%fn € Opfn(z,), and that the
sequence (—5=Cn)nen converge to C. O

7.2.2. Proof of B4). It follows immediately by construction of the limiting sub-
differential and by the closedness of the lim inf of sets. (I

7.2.3. Proof of ([B20). This is a consequence of Proposition 4.5, Chapter 3, page
138, of the book of Clarke, Ledyaev, Stern and Wolenski [9], which follows from
Subbotin’s theorem [36, Theorem 4.2] which asserts that every D-subdifferential
can be approximated by proximal subgradients. (I

7.3. Proof of Lemma 271 Let x € R and ¢ € 9f(x). We want to prove that
¢ € Opf(x) UDE f(z) (the second equality is left to the reader). Adding an affine
function if necessary, we can assume that ( = 0. We argue by contradiction, hence
we suppose that 0 ¢ dp f(x) and that 0 ¢ 9% f(x). Since the multivalued mapping
y +— OFf(y) is upper semicontinuous, this means that there exists two positive
constants «, 0 such that for any y with |y — z| < ¢,

9" f(y) N (—a, B) = 0.
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Let us remark that if a function has a local extrema at a point z € R, then
0 € 9pf(2) UOP f(2). Therefore, we deduce that our function f has neither lo-
cal maximum nor local minimum and hence that f is either increasing or decreas-
ing. But if a function is increasing, then its proximal superdifferential has values
in [0,00), and if it is decreasing, then its proximal superdifferential has values in
(—00,0]. We deduce in both cases that the limiting supergradient has a constant
sign. Since 0 € df(x) = cod* f(xg) and since OF f(x) N (—a,B) = 0, we get a
contradiction. (]

7.4. Proof of Lemma Let = be in M. If x is in the interior of M, then the
conclusion of the lemma is obvious. If  is on the boundary of M, then since M is
epi-Lipschitz there exists a neighbourhood V of x such that M NV can be seen as
the epigraph of some Lipschitz function. In fact, without loss of generality, we can
assume that x = 0 and that there exists f : H — R Lipschitz such that

MNY =epi(f)NV,

®
where H denotes the hyperplane such that H | ey = RY (where ey = (0,---,0,1)
is the last vector of the canonical basis of RY). Hence by the fundamental properties
of the proximal sub- and superdifferentials, we have that for any y € H NV,

C€dpfly) <= (¢,-1) €Ny, f(v),
Ced’fly) <= (¢.-1)eNL(y fy).

The same equivalences hold for the limiting sup- and superdifferentials, and more-
over

¢ €0f(y) < (¢,—1) € N§;(y, f(1)).

We let the reader deduce the conclusions of the lemma from Lemma 211 O

7.5. Proof of Proposition 2.3l It is an immediate consequence of Proposition 3.2]
and Lemma [ZT1 O

7.6. Proof of Proposition[2.4l It is an immediate consequence of Proposition [3.]
and Lemma O

8. PROOF OF THE CONSEQUENCES

8.1. Proof of Corollary Let Q = {z € Ul|é(x) > 0}. Since Theorem
corresponds to the case Q = U, the proof of Corollary [3.2 consists in properly gluing
the approximation obtained on € and the function f on U \ Q. This kind of gluing
was largely developed in [I5], where equivalence was shown between formulations
with @ = U and Q # U. So the techniques used below can already be found in [15]
and the associated references. Let

g(z) = min {5($), w
Noting that e(z) > 0 < §(z) >0z € Q, let f. : © — R be given by Theorem 2.2]
(associated to the function €). Let us define the function f5: U — R by
(8.1) i) = f@)ifzen,

fs(x) flx)ifxeU\Q.

ARV Q,2), dRY\ Q,2)%)}.
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Proof of (B8). Let W be a compact convex subset of U. Let L be the Lipschitz

constant of f on the compact set | J, .y B(z,e(x)). Consider  and 2’ in W. If
(r,2) € U\ Q x U\ 9, dlearly |fs(r) — fs(a)] = |f(x) — f@&")] < Ll — 2'|. 1t
max{d(RV\Q, z), d(RN\Q,z)} < |[z—2'], since | f5(z)— f(z)| < §(x) < d(RV\Q, x)
and |f5(2") — f(2")] < §(2) < (RN \ Q,2'), we obtain

|[f5(@) = fo(z')| < ARV \ Q,2) + dRY \ Q,2) + |f(2) - f(2')] < (L +2)]x — 2'|.
Without any loss of generality, let us finally consider the case |z—2'| < d(RV\Q, ).
Then [z,2'] C B(z,d(RN \ Q,2)) C Q, and, for some z € [z,2],

15(@) = 15| < 9 fu () o — ).

But [z,2'] C W and from 7)), Vf.(2) € 0f(2+¢e(2)B) +¢e(z)B. Hence |V fo (5 (2)|
< L+e¢(z) and |f5(x) — f5(z')| < (L +maxe(W))|z — 2’|, which finishes the proof
of B.8). O
Proof of (89). It is immediate from (26) and from (&I]). O

We now need the following result.

Lemma 8.1. Let x € U\ Q. Then f is differentiable at x if and only if fs is
differentiable at x, and then

Vis(z) =V f().
Proof of Lemma BRIl From (81]), the proof is immediate if x € U\cl. Now assume
that z € bd ). We first assume that f is differentiable at z. Then, for every 2’ € U,

f@) = f(z) + (VF(z),2’ — a) + oz’ — z|)[]

We proved |f- — f| < &, we recall e(z') < d(RN \ Q,2')%, and moreover
d(RN\ Q,2') < |2’ — x| since x € bd). Hence

[fo(a") = f(a")] < [a’ —f* = o(|2" — ).
Since e(x) = 0, we have f.(z) — f(z) = 0, and we obtain
fe(@) = fe(@) +(Vf(z), 2" — z) + o(|2’ — =).

Thus f. is differentiable at « and V f.(z) = Vf(z). The converse is proved in the
same way. (I

Proof of BI10). If x € Q, the inclusion is immediate from (Z38]). It is also clear
if z € U\ clQ. Now consider z € bdQ. In view of the definition of dfs and the
convexity of Jf, it is sufficent to prove the following inclusion:

{nEr—iI-loo Vis(xn), (zn) C Dom (Vfs), z, — x} C Of (x).

Indeed, let v € RY and let (z,,) be a sequence in Dom (V f5) converging to = such
that v = lim,— 1o, Vfs5(x,,). Without any loss of generality, we may assume that
one of the two following cases holds: (a) (z,) C U\ Q or (b) (x,) C Q. In case
(a), then, from Lemma Rl f is differentiable at x,, and V fs(x,,) = Vf(z,). Hence
v =lim, 400 Vf(x,) € f(x). Assume now that case (b) holds. Then V f5(z,) =
Vi(xy). But Vf(x,) € Of(xn, + e(xy)B) + e(x,)B. Since lim,_, ;o e(x,) = 0,
we obtain v = lim,, 1o, Vfe(z,) € 0f(x). O

HTe., there is a function € : R — R such that lim;—oe(t) = 0, and o(|h|) = |h|e(|h]) for all
heRN.
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Proof of B11)). In view of (28], the proof is done in the same way as the previous
one, when one notices additionally that B(z,e(x)) C Q for every x € . O

8.2. Proof of Corollary 3.3l Let fj; be given by Corollary B.2], for f = dj; and
§ =9 For X\ > 0, we define the set M, as follows:

2
My = {z e RN |fy(z) < A}

We claim that, for some Ag > 0, the family (My)x,>x>0 satisfies:

(i) for every A, M), is a compact and smooth subset of R”, ie., is a

closed C* submanifold with a boundary of RY of full dimension;

(i)’ for every N < A, My C My C B(M, 1), and M = < xs0 Ma;

(ret)” for every A\, M is a deformation retract of My;

(ecn)”  graph (Nys) = lim SUP)_,0.70>A>0 &raph (NAF/)[A).
We refer to [I4], Proof of Theorem 2.1] for the definition of Ag, (i)', (ii)’, (ret)’ and
the inclusion limsup, . y~q graph (N, ) C graph (NM) We only note that, since
|f —dun| < 4z, we have the inclusion f;;"((0,1/2]) C B(bd M, 1) which proves the
inclusion M) C B(M,1) and the compacity of M.

We now prove the inclusion graph (Ny;) C lim SUD) 0.2 >A>0 8raph (N} ). Take
(z,v) € graph(Ny). From the definition of Ny, there is an element w in the set
Hmsup, ., 4,,(z1)>0 9 (2') and p1 > 0 such that v = pw. Then there is a sequence
(2, wy) in RY x RN such that = lim,, ., y o0 Tn, dar(2) > 0, w, € ddpr(z,) and
w = limy,_, 4 oo Wy,. From Corollary

Oy (wa) < 0w (Bl @)) LB, dMég;n))
= ¥ fur (Bla, 210 ) 4 B, Darlind,

Hence there is 2/, € B(x, %) such that

dy(zn,
0~V far(a)] < DT

Since x = limy,—, 400 Tn, then lim, 4 dps(z,) = 0, hence x = lim,,_, 1o x], and
lim,, 1 oo dps(2]) = 0. Therefore lim,, o far(z],) = 0, and for n large enough,
far(2h,) < Ao, hence

Viu(xy,) #0, a, € bd Mg, (zry, and Vfy(z,) € Nfl‘jffM@;L)(x;l)'

Then
(0, 1V s (27,)) € graph (N ),

(2,0) = (@, ) = Tim_ (], 19 far(z))

[e.e]
Since limy o0 far(2},) = 0, then (z,v) € limsup, 4 5,>rs0graph(Nj; ). The
proof of Corollary is finished in view of the following lemma.

Lemma 8.2. Let (Gy)x>o be a family of closed subsets of RN. Then there is a
sequence (A,) C Ry \ {0} such that lim,,— 100 A\, =0 and

limsup G = limsup Gy, .

A—0 n—-+o0o

The proof of Lemma is achieved by considering a dense countable subset of
the closed set limsup,_,, G and with a diagonal argument. It is left to the reader.
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8.3. Proof of Proposition [3.4l The proof of Proposition [3.4] is elementary and
is achieved by computing Clarke’s generalized gradients of dep; r(x), the distance
function to the epigraph of f, at « ¢ epif, with x = (z1,22,23). Indeed, since
f(Az1, Axo) =Af(x1, x2), then projepi f(Ax) =Aprojepi f(x), Odepi f(Ax) = Odepi ¢(z)
and
(8.2) limsup  Odepi () = Odepi f(R? \ epi f).

2—0,depi 7(z)>0
The proof is achieved by considering 11 different cases. For the comfort of the
reader, the number of each case corresponds to the place of projep; f(), as one can
see below. The sets F1, Fs, F3 and E, are defined in Section [fl We denote

1

3
n1 = Vflnr = (5,1)7 ng =Vl = (—57 1),
3 1
n3 =V flint By, = (5,—1), ng =V flnt g, = (—57 -1),
1 1
€12 = (07 1, 1)7623 = (_1; -1, _5)7634 = (05 -1, 1)5641 = (17 -1, 5)7
and note

J(E1) =Rieqn +Ryern, f(E2) = Ryen + Ryeas,
f(Es) =Riess + Ryesq, f(Es) = Riess + Ryeq,
and graph f = f(E1) U f(E2) U f(E3) U f(E4).
Case 1: det(n1,eq1,2) < 0 and det(ny,era,2) < 0, i.e., 221 + Txo + 1023 > 0
and 4x1 — 3x9 + 3x3 > 0. The fact that = ¢ epi f implies %xl 4+ 29 —ax3 > 0. Then
projepi f(x) € f(£1) and

2 3
Vdepif(x) - \/T? <§7 1a _1> .

Case 1 N 2: det(ny,e12,x) > 0, det(ng, e12,2) > 0, and {e12,z) >0, i.c., 4y —
3xe + 323 <0, —4w1 — 2o+ 23 >0 22+ 3 > 0. Then projepi f(x) € Ryein and

Vdepif(x) = Z1, T2 $3a R )
2 2
with A = (21 + (22 — 23)2) 2.
Case 2: det(na, e12,x) < 0 and det(nsg, ea3,2) <0, i.e., —4dx1 —x2 + 23 < 0 and
2x1 — x9 — 223 > 0. The fact that « ¢ epi f implies f%xl + 29 — x3 > 0. Then

Projepi f(x) € f(E2) and

2 1
Vdepif(x) = § (—5,1,—1) .

Case 2N 3: det(ng, eaz, ) > 0, det(ng, eas,z) > 0 and (es3,z) > 0, i.e., 2z —
T9 —2x3 <0, 221 +23 <0 and —x1 — T — %xd > 0. Then projepi () € Riess
and

5 4 2 4 ) 2 2 2 8
Vdepi f(z) = 9%l T P2 T g¥s Tt + 9%2 T ¥ Tt T g2 + 9% )

with p = (gx% + %x% + %x% — %xlxg — %$2I3 — %xlxg)_%.
Case 3: det(ns,eaz,2) < 0 (d(f(E3),z) < d(f(E4),x) and det(ng,eq1,2) < 0)

or (d(f(E3),z) < d(Rieq1,x) and det(ng, eq1,z) > 0), i.e., 221 — Txg + 1023 > 0,
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(11 +3V17z1 + 4o + 43 < 0 and —2x1 — 19 + 223 > 0) or (4a? + 4923 + 10023 +
244x x5 + 402123 — dxoxz > 0 and —2x1 — x9 + 225 < 0). The fact that = ¢ epi f
implies 321 — 25 — 23 > 0. Then projepi f(z) € f(E3) and

2 3
Vdepif(x) = \/T? <§7 —1, —1) .

Case 3N4 a): det(ng, ea3, x) <0, det(ng, eq1,2) <0 and d(f(E3),x)=d(f(E4), x),
i.e., 201 — Txo + 1023 > 0, —2x1 — a2+ 223 > 0 and 11 +3V17x; +4xs +4z5 = 0.
Then projepi () has two elements, one in f(E3) and the other in f(E4), and

st [ 2 (1) 2 (L)),

Case 3N 4 b): det(ns, eas, ) <0, d(f(E3),x) = d(Ryeqr,x), and det(ng, eq1,x)
>0, i.e., 201 —Tro+10x3 > 0, 4:5% —|—49:c§ + 100x§ + 2442125 + 402123 —4x003 =0
and —2x1 — x3 + 2z < 0. Then projepi r(z) has two elements, one in f(E3) and
the other in R ey; and

Odeps £ () = {Jiﬁ <g _1,_1> ,

5 4 2 4 5 2 2 2 8
v (51‘1 + 9%z T ¥ T + 9%2 + g¥s Tyt + 9%2 + §$3)] )
with v = (%x% + gxg + %x% + %.’1,‘1.’112 + %.’IJQI?, — %.’L‘lIg)_%.

Case 2N 34N 1: det(ns,eas,z) >0, (eaz,x) >0, {e41,2) > 0 and d(Riez3,x)
= d(Ryeq1,x), i.e., 2x1 — Txg + 1023 < 0, —x1 — 22 — %1‘3 >0, 21— 22+ %2133 >0,
and —2x1 — x2 + 223 = 0. Then projepi r(z) has two elements, one in R ez3 and
the other in R ey;, and

ad (@) 5 4 2 4 Jr5 2 2 2 Jr8
epi £(X) = —x] — =Ty — —T3, — =& —Xg — —T3, ——T1 — =& —x3 |,
pi f 2 91 92 93 91 92 93 91 92 93

5,404 2 4 5 2 2 2 8
v|=x1+-x2— =23, =01 + —X2+ =3, —=T1 + =22+ —x3 | | ,
97t 9T g gt Mgt gt gt T 9T T g™
with p = (223 + 323 + 323 — Swya — Swony — %]31333)_% and v = (323 + 323 +
%Z‘% + %xll‘g + %Jlgl‘g — %l‘ll‘g)_%.

Case 4: det(ng,eq1,x) < 0 and d(f(Es3),z) > d(f(E,),x), i.e., —2x1 — x9 +
2z3 > 0 and 11 + 3v/17x1 + 4ao + 423 > 0. The fact that x ¢ epif implies
—121 — 25 — 3 > 0. Then projepi f(z) € f(E4) and

2 1
Vdepif(x) = g <—§, —1, —1> .

Case 4N 1: det(ng, eq1,x) > 0, det(ny,eq41,2) > 0 and {(eq1,2) >0, i.e., —2x1 —
To+2x3 <0, 221+ Tx2+102x3 < 0 and x17x2+%x3 > 0. Then projepi () € Ryea
and

Vo (&) 5,4 2 45 2 2 .2 .8
epi f(@) =v | 21+ 22— -3, 21+ 22+ 23, — =1+ 22+ —
pif 9l T g2 T g gl T g2 T gty gl g2 T g

1
2 3,

: _ (5,2, 5,2 8.2 8 4 4
with v = (§a1 + g3 + 525 + gr122 + §T273 — §T173)
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Case 0: (e12,x) <0, {ea3,z) <0 and (eq1,z) < 0. Then projepi r(z) =0 and

x
Vdepi () = m

By a direct computation, and in view of the equality (82]), one obtains the two
s imsup, o 4, ;(2)>0 Oepi £ () and Nepi £(0). O
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