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BOUNDARY RELATIONS AND THEIR WEYL FAMILIES

VLADIMIR DERKACH, SEPPO HASSI, MARK MALAMUD, AND HENK DE SNOO

ABSTRACT. The concepts of boundary relations and the corresponding Weyl
families are introduced. Let S be a closed symmetric linear operator or, more
generally, a closed symmetric relation in a Hilbert space ), let H be an auxiliary

Hilbert space, let
(0 —ilg
Jo = (ifﬁ 0 > '

and let Jy be defined analogously. A unitary relation I" from the Krein space
(92, Jg) to the Krein space (H2, Jy) is called a boundary relation for the ad-
joint S* if kerI' = S. The corresponding Weyl family M (X) is defined as the
family of images of the defect subspaces ‘.)A'I,\7 A € C\R, under I'. Here I' need
not be surjective and is even allowed to be multi-valued. While this leads to
fruitful connections between certain classes of holomorphic families of linear
relations on the complex Hilbert space H and the class of unitary relations
T : (92%,Jg) — (H2,Jy), it also generalizes the notion of so-called bound-
ary value space and essentially extends the applicability of abstract boundary
mappings in the connection of boundary value problems. Moreover, these new
notions yield, for instance, the following realization theorem: every H-valued
maximal dissipative (for A € C4) holomorphic family of linear relations is the
Weyl family of a boundary relation, which is unique up to unitary equivalence
if certain minimality conditions are satisfied. Further connections between
analytic and spectral theoretical properties of Weyl families and geometric
properties of boundary relations are investigated, and some applications are
given.

1. INTRODUCTION

Up until the seventies most papers about the extension theory of symmetric
operators in a Hilbert space were mainly based on von Neumann’s formula or a
simplified version of it when the symmetric operator has points of regular type
on the real line. Later an alternative approach was proposed by V.M. Bruck and
A.N. Kochubei (see [20] and the references therein), which is based on an abstract
version of Green’s identity. The basic object that arises here is the notion of a
boundary triplet, also called a boundary value space; see [20), [15], [16] [12].

Definition 1.1 ([20]). Let S be a closed densely defined symmetric operator in a
Hilbert space $). A triplet {H,Ty,T'1}, where H is a Hilbert space and T';, i = 0,1,
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are operators from dom S* to H, is said to be an (ordinary) boundary triplet for
S*, if:
(BT1) the abstract Green’s identity

(1.1) (S*f.9) = (f,8%g) = T1f, Tog)n — (Tof, T1g)n

holds for all f, g € dom S*;
(BT2) the linear mapping I' := {T'9,I'1} : dom S* — H @ H is surjective.

In [T4) [T5] the concept of a Weyl function was associated to an ordinary boundary
triplet as an abstract version of the so-called m-function appearing in boundary
value problems for differential operators.

Definition 1.2 ([I4, 15]). Let II = {H,T'¢,I'1} be a boundary triplet for S*. The
operator-valued function M (\) defined by

(12) Plf)\ = M(/\)Fof,\, f,\ €My = ker(S’* —/\), )\E(C\R,
is called the Weyl function, corresponding to the boundary triplet II.

The mappings ['g and I'; induce two selfadjoint extensions Ay and A; of S,
given by dom A; := kerT';, i = 0, 1. It turns out that the Weyl function M(-) is an
operator-valued function with values in [H], which is holomorphic on p(Ap). Here
the following notation is used: [X,9)] stands for the set of all bounded linear op-
erators between the Banach spaces X and 2), and when 2) = X this is abbreviated
to [X]. The Weyl function M (-) determines the pair {Ag, A1} up to unitary equiv-
alence. In particular, the resolvent set of Ag (of A1) coincides with the domain of
holomorphy of M(-) (of M~1(+)).

The Weyl function M (-) plays an important role in the spectral theory of the
selfadjoint extension Ag of S. It follows from (LI and (I2) that the Weyl function
M (-) satisfies the identity
M ), A plia),

where the so-called y-field v()\) is defined by y(A\) = (['g|9,) 1. This implies that
the Weyl function belongs to the class R[H] of Nevanlinna functions (also called
Pick or Herglotz functions; see [18], [19], [2I]) consisting of [H]-valued functions
M(-), holomorphic on C\ R, which satisfy the conditions M(\) = M()\)* and
(ImA) (ImM (X)) >0, A € C\ R. Every function M (-) € R[H] admits the following
integral representation:

M()\):A+B)\—|—/R(%—#) ds(1), /thi(ti € [H],

where A = A* € [H], 0 < B = B* € [H], the [H]-valued family X(-) is nondecreas-
ing, and the integral is uniformly convergent in the strong topology; cf. [7], [21]. In
the case when the operator S is densely defined the corresponding Weyl function
M () satisfies two additional conditions
M
B = lim M =0 and lim yIm (M(iy)h,h) =00, 0#heH.
Yy—00

y—oo 4y

(1.3)

Example 1.3. The motivation for the introduction of Weyl functions goes back
to the theory of singular Sturm-Liouville operators. Let L = —d?/dt? + q(t) be a
Sturm-Liouville operator in the Hilbert space L?(0,00) with a real potential g(-),



BOUNDARY RELATIONS AND THEIR WEYL FAMILIES 5353

which is assumed to be in the limit-point case at co. The corresponding minimal
operator S is densely defined, closed, and symmetric; its defect numbers are (1, 1).
For y in the domain of the corresponding maximal operator S* one can define a
boundary triplet {C,Ty,T'1} for S* by the equalities

(1.4) Loy =y(0), Ty =y'(0).
Then the corresponding Weyl function M(-) coincides with the m-function in-
troduced originally by H. Weyl [40] and E.C. Titchmarsh [39], also called the
Titchmarsh-Weyl coefficient. Let (-, A) and (-, \) denote the fundamental so-
lutions of the system Lu = Au on (0, 00) which satisfy the initial conditions
e(0,A) =1, 9(0,A) =0,
¢'(0,A) =0, ¥'(0,A) =1
The limit-point case at oo yields the fact that
(1.5) Yt A) = @t A) + M(A)p(t, A), A€ p(Ao),

is the only solution of Lu = Au for A € C\ R which belongs to L?(0,00) (up to
constant multiples), and it satisfies
M(X) — M(X *°
(1.6) A= - [T henrea, rec\r
A=A 0

Since Toy(, A) = v(0,A) = 1 and T1y(-, A) = +'(0,\) = M(A), the y-field and the
Weyl function corresponding to the boundary triplet {C,T'g,T'1} in (T4) coincide
with the functions () and M (-) in (LH]), while (L6) expresses the identity (L3)).

The condition in Definition [[LT] that the operator S is densely defined can be
relaxed: it suffices to require that S is a symmetric linear relation (multi-valued
linear operator). However, if S is nondensely defined, then the adjoint S* of S is a
linear relation and the mappings I'; now belong to [S*, H], where S* is considered
as a subspace of $2 ;= 9 x § equipped with the graph norm. In this case the
condition (BT1) is replaced by

(1.7) (f',9) = (f,9") = @C1F,Tod)m — (Tof Tid)n,

with f := {f,1'}, 9:={9,¢'} € S*, and the condition (BT2) requires the closed
linear mapping

r:={Ty,I1}: S"—HoH
to be surjective. Moreover, the Weyl function defined by

D fa = MNTofs,  fri={fx. Mo} €S,
satisfies the equality (I3) with the definition of the y-field v(\) modified accord-
ingly; cf. [16], [28]. Nondensely defined symmetric operators or relations naturally
arise in various areas, such as the moment problem, Krein’s string theory, and the
spectral theory of canonical systems.

Example 1.4. The spectral theory of canonical systems is concerned with systems
of differential equations of the form

dx 0o -I,
JE—)\H(t);zc7 J_<In O)’ t € ]0,00),

with a locally integrable nonnegative 2n x 2n Hamiltonian H (t). If H(t) is invertible
for almost all ¢ € (0,00), then (L8)) induces a densely defined minimal symmetric

(1.8)
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operator S in the associated Hilbert space L% (0,00), by means of the operator
H'J %. However, if H(t) is singular on a subset of positive Lebesgue measure
of (0,00), then ([LJ]) generates a closed symmetric relation S, whose domain is not
dense in L2%(0,00) and which need not even be a graph of an operator; cf. [31],
[27].

Note in this connection that every scalar Nevanlinna function coincides with a
Titchmarsh-Weyl coefficient of a canonical system (L&) with a trace normed 2 x 2
Hamiltonian H (see [6]) which can be interpreted as the Weyl function correspond-
ing to a boundary triplet for S*.

Define the subclass R°[H] (R*[H]) of strict (uniformly strict) Nevanlinna func-
tions in R[H] as the set of all functions M(-) € R[H] for which 0 ¢ o,(Im M (%))
(0 € p(Im M(%))). The identity (I3]) means that M (-) is a Q-function of the pair
{S, Ap} in the sense of M.G. Krein and H. Langer (see [25] [26]), and hence it be-
longs to the subclass R%[H] (whether S is densely defined or not). As a Q-function
it determines the pair {S, Agp} up to unitary equivalence. It was shown in [14] [16]
that for each Nevanlinna function in R"[H] there exists a boundary triplet in the
above sense for which it is the Weyl function. In [I6] the concept of boundary
triplet in Definition [[LT] has been extended to the case where the corresponding
Weyl function belongs to the subclass R*[H] and the inverse result for this subclass
has been established.

Now the natural problem arises of whether every Nevanlinna function in the class
R[H] can be interpreted as a Weyl function of some generalized boundary triplet.
In fact, the same question can be asked for the more general notion of an arbitrary
Nevanlinna family. The class of all Nevanlinna families M(-) in H is denoted by
R(H); it is the set of families of linear relations M()\) : H — H, A € C\R, i.e.
M(X) is a linear subspace of H x H, which satisfy

(NF1) for every A € C4(C_) the relation M()\) is maximal dissipative (resp.
accumulative);

(NF2) M(\)* = M(\), A€ C\ R;

(NF3) for some, and hence for all, y € C(C_) the operator family (M (\)+p)~!
(€ [H)) is holomorphic for all A € C(C_).

The class R(H) contains the class R(H) of all Nevanlinna functions whose values are
in general unbounded operators. The theory of maximal dissipative operators goes
back at least to R.S. Phillips; cf. [32], [33]. Later followed extensions to maximal
dissipative relations and A-depending holomorphic families (in C*) of maximal
dissipative relations or, equivalently, of Nevanlinna pairs; cf. e.g. [24], [I7], [26],
[B]. The following example illustrates the occurrence of Nevanlinna functions whose
values are unbounded operators and the relevance of the above question.

Example 1.5. Let L = —d?/dt? + Q be a Sturm-Liouville operator in the Hilbert
space L?(0,00;H) with a (constant) potential Q (> I) being a bounded operator
in the Hilbert space H. Let S be the minimal operator associated with L. Then
the boundary triplet is still given by (L4)) and the corresponding Weyl function is
given by

(1.9) M) =+v/Q—-X XeC\][l, ).
In the case when ) is unbounded, which occurs, for example, when L is the Laplace
operator in a half-plane or in a strip, the formulas (I4]) do not define a boundary
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triplet for S* anymore, since the boundary values y(0) and y’(0) do not belong to
the space H for y € dom S*. Therefore the construction of a boundary triplet for
S* in this case is nontrivial. For this purpose a regularization procedure of the
boundary mappings has been developed in [20] resulting in a boundary triplet for
S*. However, this regularization procedure produces a Weyl function which is a
renormalization of the function M(-) in (9] (see [15]), and this makes it difficult to
investigate the appropriate spectral properties determined by the given boundary
conditions.

The concept of a boundary relation introduced in the present paper does not
require surjectivity of the mappings I'y or I'y, nor do these mappings have to be
defined everywhere on S*. This makes it possible to introduce a boundary relation
for S* in Example [[.5] by defining the mappings I'g and 'y in (I4]) only on “smooth
vectors” from dom S$*, without any regularization procedure. The corresponding
Weyl function M (-) is still of the form (L), but now it is an operator-valued R-
function with unbounded values. The construction of a boundary relation for the
operator S* in the new sense is much simpler than the construction of a boundary
triplet for S*. Furthermore, the corresponding generalized Weyl function M(\) =
v/Q — X makes it possible to describe the spectrum of the operator Ay corresponding
to the Dirichlet boundary value problem for the operator S*. Namely, starting with
M(X) = V/Q — X it can be shown that for every @ (> I) the extension Ay has a
purely absolutely continuous spectrum.

The above problem concerning the interpretation of Nevanlinna families is also
intimately related to the Krein-Naimark formula. If S is a closed symmetric relation
in a Hilbert space $) with equal defect numbers, then the Krein-Naimark formula

(1.10) Py(A= X" g = (Ao = N7 =y (W)(MA) + () (V)
with A € C\ R, expresses a one-to-one correspondence between all selfadjoint exit

space extensions A in a Hilbert space ?) D $H of S and the class of all Nevanlinna
families 7(-) in the Hilbert space H. Here Py is the orthogonal projection from the
exit space $ onto 9, M(-) is the Weyl function in H and ~(-) is the y-field map-
ping H into 9 (S™*), corresponding to the selfadjoint extension Ay of S. The new
concepts of a boundary relation and the corresponding Weyl family introduced in
this paper make it possible to interpret the Nevanlinna family 7(-) in the resolvent
formula (CI0) as a Weyl family for the symmetric relation S := AN (H & H)2.
Moreover, following the ideas in [12], the exit space extension A can be constructed
as a coupling of the relations S and S;. This leads to a general and useful “lin-
earization method” to investigate, for instance, spectral problems involving spectral
parameters in the boundary conditions. In the special case when 7(-) € R¥[H] these
constructions have been established by the authors in [12]; see also [I1]. The gen-
eral case will be carried out in a forthcoming paper. Recently the coupling method
for the construction of generalized resolvents in [12] has been applied by J. Behrndt
and P. Jonas [4]. Their treatment involves a scalar function 7(-), belonging to the
class of local generalized Nevanlinna functions, which generates a selfadjoint exit
space extension in a Krein space. The next example illustrates the above ideas
and the occurrence of Nevanlinna families, which are not necessarily (graphs of)
operators, in connection with boundary value problems.

Example 1.6. Consider the following boundary value problem for the Sturm-
Liouville operator L = —d?/dt? + q(t) in Example [} but now in $ = L%(0, oo; H)



5356 V. A. DERKACH ET AL.

with H = C", assuming that ¢(+) is a selfadjoint n x n matrix potential such that
the limit point case prevails at oo:

(1.11) Ly =Xy, ®\)y'(0)+ T(N\)y(0) =0.
Here {®(-), U(-)} is a Nevanlinna pair, which means that
(A = {{®(NA, U(A\)h): he H)

is a Nevanlinna family, which is not operator-valued when ®()) is not invertible.
Denote by S the corresponding minimal symmetric operator which, by assumption,
has defect numbers (n,n). Let M(-) be the Weyl function of S corresponding to
the boundary triplet (L4). The solution of the equation Ly — Ay = g, subject to
the boundary conditions (ILTT), admits a representation

(1.12) v ) =Py(A-N)"g, ges,

where Pg(A — A)~1] 5 is a generalized resolvent of S as in (LI0). Following [12]
and applying the main realization result of the present paper, the extension A (i.e.,
a linearization of the spectral problem (L[IT])) can be constructed as a coupling
of the minimal Sturm-Liouville operator S and a symmetric relation Sy with the
Weyl family 7(-), independent of the invertibility of ®(-). It is in this way that
multi-valued families 7(-) naturally arise in the connection of boundary value prob-
lems. Using the coupling conditions for S and S5 the calculation of the compressed
resolvent in ([LIZ) gives the Krein-Naimark resolvent formula (CI0Q)); cf. [11], [12].

In order to explain the new notions assume for the moment that S is densely
defined and rewrite Green’s identity (1)) in the assumption (BT1) of Definition [Tl
as

(113) (S*f,g)*(Flf,Fog)H = (fa S*g)i(rofarlg)ﬂa f,ngOIIlS*.
The interpretation of (LI3) is that the operator A defined by

(7 s*f .
(1.14) A: <F0f> — (_Flf), f € domS*,

is symmetric in $ X H. Moreover, the assumption (BT2) of Definition [[.T]guarantees
that A is selfadjoint in §xH. If S is not densely defined, similar observations can be
made when ([LT4) is appropriately interpreted. The precise definition of a boundary
relation will be given in Section [ but in an equivalent form it can be reformulated
as follows. A pair {H,T'}, where T' : 2 — H? is a closed linear relation (i.e. a
linear subspace of 2 x H?), is said to be a boundary relation for S* if domT is
dense in S* and if the transform A = 7 (T) of T' determined by

v amm= {0 () A() ()

is a selfadjoint relation in $xH. The linear relation I from the Krein space (£2, Jg)
to the Krein space (H?,Jy) turns out to be unitary in the sense of relations; cf.
[34]. In this definition S is not necessarily densely defined, and S is allowed to
have infinite and unequal defect numbers. The corresponding Weyl family is now
defined by

(1.16) M) =T ({{f.f'} edomT: f" = Af})
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as an extension of Definition The given assumptions are enough to guarantee
that the Weyl family M (-) is a Nevanlinna family in the sense of Definition (NF1)-
(NF3).

The main result in this paper shows that every Nevanlinna family can be real-
ized as a Weyl family of some boundary relation which is unique, up to unitary
equivalence, when a certain minimality condition is satisfied; see Theorem
This establishes a new general technique for investigating problems and various
applications where Nevanlinna families or their various special cases appear. The
proof of Theorem is based on the generalized Naimark theorem and does not
use any operator model as was done in the case of a uniformly strict Nevanlinna
function (see [25], [26], [16]). Note in this connection that a simple proof of the
Naimark dilation theorem was recently presented in [29]. Observe that the defini-
tion of boundary relation allows I'" to be multi-valued in which case it may happen
that I' is indecomposable into the orthogonal sum I'g @ I'y, where I'; : n? — H,
j = 0,1 (see (386)). When such a decomposition makes sense, the new concept
of the boundary relation reduces to a natural generalization of the notion of an
ordinary boundary triplet in Definition [[T] as well as of the notion of a generalized
boundary triplet in [I6]; in this case the notation “boundary triplet” will still be
kept for I' in the present paper.

The connection (ITH) between the boundary relation I' and the selfadjoint op-
erator or, in general, relation A plays a fundamental role in the sequel. The in-
terpretation of A is that of a selfadjoint exit space extension of S determined by
the boundary relation I'. The given procedure can be applied, for instance, in
the linearization of boundary value problems with eigenvalue parameters in the
boundary conditions; here arbitrary (finite or infinite, and equal or unequal) defect
numbers for the underlying operators are allowed. The appearance of unbounded
Weyl functions is not excluded here either; this makes it unnecessary to find regu-
larizations for boundary mappings for treating boundary value problems involving
partial differential operators; cf. [20], [I6]. Some recent physical applications can
be found, for instance, in [§], [9]. In forthcoming papers these matters will be
further investigated, including the extension of the notions of boundary relations
and the corresponding Weyl families to the case where S is defined on a space with
an indefinite inner product. The present paper establishes for the first time on a
general level the link between the abstract boundary triplets (here the mapping I')
and the exit space extensions A (via the transform J which connects I and A). In
what follows, this connection is effectively used in building up the general theory
of boundary relations and their Weyl families, and it plays a key role in proving
some of the central theorems of the present paper. Some of the main results of the
paper have been announced in [13].

In Section 2 some preparatory material is presented, including results on linear
relations in Krein spaces. Here the main transform J acting between two Krein
spaces is introduced, and its properties are investigated. In Section 3 the concepts of
a boundary relation and the corresponding Weyl family are introduced. The main
result of this section is the following inverse theorem: every Nevanlinna family can
be realized as the Weyl function of a boundary relation. In Section 4 the investiga-
tion of geometrical properties of boundary relations and the analytical properties of
the corresponding Weyl families is continued. Several known results on @-functions
or, equivalently, Weyl functions of ordinary boundary triplets are extended to wider
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subclasses of Nevanlinna families. In particular, geometrical properties of bound-
ary relations whose Weyl families M () are domain invariant are studied in detail.
In Section 5 the connection between the new concepts and the earlier concepts of
boundary triplets and the corresponding Weyl functions is investigated. Section 6
contains several examples which demonstrate the applicability of the new concepts
and sharpness of several statements in the earlier sections of the paper, as well as
some new unexpected effects.

2. PRELIMINARIES

2.1. Linear relations in linear spaces. This paper is concerned with (graphs
of) linear operators and linear relations in linear spaces. The following notation
will be used systematically. The Cartesian product $ X $)’ of linear spaces $ and
£’ is the set of all ordered pairs (of 1 x 2 matrices) {f, f'} with f € $ and f' € §’.
Frequently it will be convenient to denote the Cartesian product $ x £’ and the
elements of it (as 2 x 1 matrices) by

(;) € <§,> fen, fen.

If £ C $H and £ C $’ are linear subspaces, then £ x £’ denotes the Cartesian
product of the subspaces; in agreement with the ordered pairs this product will
also be denoted by {£, £}, or by £2 if £ = £'.

A linear relation T from § to ' is a linear subspace of § x $’. Systematically
a linear operator 1" will be identified with its graph. It is convenient to write
T : 9 — $' and interpret the linear relation T as a multi-valued linear mapping
from § into H’. If § = $ one speaks of a linear relation T in §.

If T is a linear relation from $H2 = H x H to H? = H’ x H’, then an element
of T will be denoted by {f, /f;} with the understanding that f = {f, '} € 9% and

h={h,h'} € $"%. It will also be convenient to think of such a general element as

{0} - ()0 ()< (2)

according to the interpretation explained above. This interpretation will be as-
sumed whenever needed without explicit mention.

For a linear relation T : $ — $’ the symbols dom T, ker T, ranT’, and mul T
stand for the domain, kernel, range, and the multi-valued part, respectively. The
inverse T~ ! is a relation from $/ to § defined by { {f’, f} : {f, f'} € T }. The sum
Ty + T» and the componentwise sum T} F Ty of two linear relations Ty and Ty are
defined by

T+ T ={{fg+h}:{f.g} €0, {f,h} € T2},

T FTo={{f+hg+k}: {figteTi,{hk}eT,}
If the componentwise sum is orthogonal it will be denoted by 77 & T». Clearly,
(2.1) ker(Ty — Ty) = dom (Ty NTy), ker(Ty ' — Ty ') =ran (T N T).
The null spaces of T'— A, A € C, are defined by
(22)  M(T) =ker(T — ), (D) ={{f. A} €T: feM(T)}.

Moreover, p(T) (p(T)) stands for the set of regular (regular type) points of T.
The closure of a linear relation T will be denoted by closT. Note that domT C



BOUNDARY RELATIONS AND THEIR WEYL FAMILIES 5359

dom (clos T') and ranT' C ran (clos T'), with equality when dom 7" or ran T are closed,
respectively.

Recall the following simple result (cf. [16, Lemma 2.1]) which will be used in the
analysis of linear relations.

Lemma 2.1 ([I6]). Let X and Q) be Banach spaces, let M be a closed linear subspace
of X, and let P € [X,9)] be surjective. Then the range PO is closed in Y if and
only if the sum of the linear subspaces M + N is closed in X, where N := ker P.

2.2. Linear relations in Hilbert spaces. Let $; and $> be separable Hilbert
spaces and provide the Cartesian product $; X o with the usual inner product so
that $; x $s is a Hilbert space denoted by £ ® $2. Let T : 1 — $H2 be a linear
relation from $; to $H2. The adjoint T* is the closed linear relation from $s to 9
defined by (see [5], [10])

(2.3) T ={{h,k} € D2®H1: (k, [)o, = (h,9) 0, {f9} €T }.

Proposition 2.2. Let T be a closed linear relation from a Hilbert space $1 to a
Hilbert space $o. Then:

(i) domT is closed if and only if domT* is closed;
(ii) ranT is closed if and only if ranT* is closed.

Proof. The statement (i) is equivalent to the statement (ii) (by inversion of T). So
it suffices to prove the last statement. Let P be the orthoprojection from £ @ $Ho
onto $s, so that ker P = $; x {0}. Assume that ranT = PT is closed. Then by
Lemma ZI T F ($; x {0}) is also closed. By a theorem of Kato [22, Chapter 4,
Theorem 4.8] the corresponding sum of the orthogonal complements in $; @ 9o,

(2.4) T+ F ({0} x $2),

is also closed. The operator J : 1 ® H2 — H2 ® H1 given by J{h, '} = {—h', h}
is unitary, and it follows from (Z3)) that T* = JT=. Hence, (24) implies that

T F (92 x {0})
is also closed. In other words, T* F ker @ is closed. Here Q is the orthoprojection

from 92 ® H1 onto H1, so that ker Q@ = H5 x {0}. Another application of Lemma 2.1]
shows that QT* = ranT™ is closed. (I

Recall that a linear relation T in § is called symmetric (dissipative or accu-
mulative) if Im (h',h) = 0 (> 0 or < 0, respectively) for all {h,h'} € T. These
properties remain invariant under closures. By polarization it follows that a linear
relation 7' in ) is symmetric if and only if 7" C T*. A linear relation T in § is
called selfadjoint if T = T*, and it is called essentially selfadjoint if closT = T*.
A dissipative (accumulative) linear relation 7' in $ is called maximal dissipative
(maximal accumulative) if it has no proper dissipative (accumulative) extensions.
Clearly, a linear relation T is selfadjoint if and only if it is both maximal dissipative
and maximal accumulative.

Assume that T is closed. If T is dissipative or accumulative, then mulT C
mul 7*. In this case the orthogonal decomposition $ = (mul7)* @& mul T' induces
an orthogonal decomposition of T as

T=TsPTe, Too={0}xmulT, Ts={{f,g}€T: g LlmulT}

where Ty, is a selfadjoint relation in mul 7" and T is an operator in $© mul T with
dom T, = domT = (mul7*)*, which is dissipative or accumulative. Moreover,
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if the relation T is maximal dissipative or accumulative, then mul7T = mul T*.
In this case the orthogonal decomposition (dom7)+ = mul T* shows that T} is a
densely defined dissipative or accumulative operator in (mul7’)*, which is maximal
(as an operator). In particular, if T' is a selfadjoint relation, then there is such a
decomposition where T} is a selfadjoint operator (densely defined in (mul 7')1).

Let S be a closed symmetric linear relation in a Hilbert spaces $. Then the
adjoint relation S* can be decomposed via the von Neumann formula:

(2.5) S* =8 F My (S*) F Ny (S*), AeC\R, direct sums,

where ‘?Z,\(S*) is defined as in (Z2). When A = +i the decomposition (Z1) is
orthogonal:

(2.6) S5* = SN (S*) & N_i(S*),

where the orthogonality is with respect to the inner product topology in S*; cf.
[5], [I0]. A symmetric linear relation S is called simple if there is no nontrivial
orthogonal decomposition of the Hilbert space $ = $1 & H2 and no corresponding
orthogonal decomposition S =57 & Sy with S7 a symmetric relation in $; and S,
a selfadjoint relation in $)5. The above decomposition S = Sg @ S, shows that a
simple closed symmetric relation is necessarily an operator. Recall that (cf. [26]) a
closed symmetric linear relation S in a Hilbert space $) is simple if and only if

§ =span {My(S*) : Ae C\R}.

2.3. Linear relations in Krein spaces. Now let $) and H be Hilbert spaces and
let j¢ and jy be signature operators in them. Recall that a bounded linear operator
j in a Hilbert space is a signature operator if j = j* = j~!. Interpret the spaces
$ and ‘H as Krein spaces whose inner products are determined by the fundamental
symmetries jg and jy. Then the adjoint T of a linear relation 7' from the Krein
space (9, jg) to the Krein space (H, jx) is given by TU = jgT%jy. Tt satisfies the
following equalities familiar from the Hilbert space case:

(2.7) (dom T)H = mul 7, (ran 7)) = ker 71,

Here the orthogonal complements, denoted by [L], are with respect to the Krein
space structures. The inner products in (9, jg), (H, j%) will be denoted by

[(Pﬂp]ﬂ = (jf)@aw)Hv [¢/7w/]5’) = (jﬁ()p/aw/)f)a 4107'(/} € H7 90/71P/ €9.

A linear relation T from the Krein space (), jg) to the Krein space (H, j3) is called
isometric if

(2.8) [, @' 1n = [p 0le, {p ¢} €T,

and contractive or expanding if equality in (28] is replaced by < or by >, respec-
tively. These properties are invariant under closures. By polarization it follows
that a linear relation T is isometric if and only if 7= T, A linear relation T
is called unitary if T—* = T, it is called essentially unitary if (closT)~t = T,

The first statement in the next proposition is due to Yu.L. Shmul’jan (see [34]),
who obtained it by combining [34, Theorem 3] with a result of I.M. Spitkovskii in
[35]. A simple and essentially different proof of this statement is presented below.
The second statement is proved in [34], Theorem 2] by using a result of R. Arens
[2].
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Proposition 2.3. Let T be a unitary relation from the Krein space (9, jg) to the
Krein space (H, jn). Then:

(i) domT is closed if and only if ranT is closed;
(ii) the following equalities hold:

(2.9) ker T = (dom 7)), mulT = (ran 7).

Proof. By definition T satisfies the identity 7' = T/, where the Krein space
adjoint T of T is connected to the Hilbert space adjoint T via T = JoT™jn.
It is clear that dom Tt (ranTM) is closed if and only if dom T* (resp. ranT*)
is closed. Therefore, the equivalence domT is closed if and only if ranT is closed
follows from Proposition

To get the identities (29) it is enough to apply ([21) and the equality T—! =
T, O

In the present generality it is useful to give criteria for a unitary relation T :
($9,7%) — (H, jn) to be an operator (not necessarily densely defined).

Corollary 2.4. Let T be a unitary relation from the Krein space (9,jg) to the
Krein space (H,jx). Then:
(i) T is single-valued if and only if TanT = H;
(ii) T is a densely defined operator if and only if TanT = H and ker T = {0};
(iii) T is bounded and single-valued if and only if ranT = H;
(iv) T € [9,H] if and only if ran T = H and ker T = {0}.

Proof. The second identity in (Z9) is mul T = (ran 7)), and this gives (i). More-
over, according to Proposition [2Z3]ran T is closed if and only if dom T is closed, and
thus (iii) follows from the closed graph theorem. To get (ii) and (iv) it remains to
apply the first identity in 23) ker T' = (dom 7). O

Using Krein space terminology, Proposition 2.3 shows that for a unitary relation
T, the isotropic part of domT is equal to ker T" and the isotropic part of ranT is
equal to mul7. For an isometric relation 7' from the Krein space (),jg) to the
Krein space (M, jx), the situation is different. It follows from T~ C T and the
identities (7)) that

(2.10) ker T C (domT)H, mulT ¢ (ranT)H,

so that kerT is contained in the isotropic part of domT and mulT is contained
in the isotropic part of ran7. It turns out that isometric relations whose domain
satisfies the additional property

(domT)* © dom T

play a central role in the construction of boundary mappings. The following re-
sults give sufficient conditions for such an isometric relation 7" to be unitary. The
connection to ordinary boundary triplets becomes clear in Section Bl

Proposition 2.5. Let T be an isometric linear relation from the Krein space (9, jg)
to the Krein space (H,jy). If the conditions

(i) (domT)H € domT;

(ii) (ranT)H € mul T
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are satisfied, then T also satisfies

(2.11) ker T = (dom 7)),
Moreover, if the condition [2I1]) and the condition
(2.12) dom T < ranT

are satisfied, then T is a unitary relation.

Proof. Assume that f € (domT)™ so that [f,h]s = O for all h € domT. By
assumption (i) there exists an element f' € H so that {f, f'} € T. Hence for all
{h,0'} eT
[flv h/]H = [f7 h]f) =0,

so that f’ € (ranT)M]. Hence, assumption (ii) implies that f/ € mul 7. Therefore
f €kerT, so that (dom T)*! C ker T. Hence, @I0) implies that ZII) is satisfied.

Now assume that (ZII) and ZI2) hold. Let {f, f'} € T so that [f', hls =
[f, W]# for all {h,h'} € T. The condition ([ZI2) implies the existence of an element
v € 9 such that {¢, f} € T. Since T is isometric it follows that [f, h']x = [p, h]g,
so that [f’,hls = [¢, h]s for all h € domT. This implies that f* = ¢ + v with
v € (dom T)[H. The condition (ZII) shows that « € ker 7. Hence

{f.fy={e+rfr={x f1 +{10} €T,
which implies that 70 ¢ 71, O

Corollary 2.6. Condition (ii) in Proposition is automatically satisfied when
ranT is dense in H, in which case T is single-valued. In particular, if (i) holds and
ranT = H, then domT is closed and T is a single-valued unitary relation, which is
bounded.

Proof. Assume that ranT is dense in H. Since (ranT) = {0}, clearly (ii) is
satisfied. Since T is isometric it follows from the second inclusion in (ZI0) that 7'
is single-valued.

Now assume ran7 = H. Hence, ranT is dense in H, so that (ii) follows and
@I0) automatically follows. Moreover, ([212)) is also automatically satisfied, so
that (ii) implies that T is unitary. It follows from Proposition 23] that dom T is
closed. The boundedness of T" follows from the closed graph theorem. O

Clearly, with T the inverse T~ is also isometric. Hence, a formal inversion in
Proposition gives the following equivalent version.

Proposition 2.7. Let T be an isometric linear relation from the Krein space (9, jg)
to the Krein space (H, j»). If the conditions

(i) (ranT) C ranT;

(i) (domT)MH € kerT

are satisfied, then T also satisfies

(2.13) mul 7 = (ran 7).
Moreover, if the condition [2I3) and the condition
(2.14) ran T c dom T

are satisfied, then T is a unitary relation.
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Corollary 2.8. Condition (ii) in Proposition [Z1 is automatically satisfied when
dom T is dense in 'H, in which case T~! is single-valued. In particular, if (i) holds
and domT = H, then ranT is closed and T~ is a single-valued unitary relation,
which is bounded.

Since with T the closure of T is also isometric, it is possible to replace in Propo-
sitions [0l 271 and their corollaries the relation T' by its closure to conclude that
T is an essentially unitary relation.

Let T be an isometric operator from the Krein space (), jg) to the Krein space
(H, j3) such that dom7T = § and ran T = H. If either (ZI2) or ([ZI4) holds, then
T and T—! are single-valued unitary relations, which are in general unbounded; see
Examples [6.5] In particular, if either dom T = § and ranT = H, or domT = §)
and Tan T = H, then by Corollary 2.6l or 2.8 both T" and 7! are unitary operators,
which are bounded (cf. [3, Chapter 2, Definition 5.1 and Corollary 5.8]).

In what follows it is convenient to interpret the Hilbert space $2 = $H @ 9
as a Krein space ($2,.Jg) whose inner product is determined by the fundamental

symmetry Jg:
(0 —ilg
T = <uﬁ 0 ) '

The adjoint T* in (23] of a linear relation 7" in the Hilbert space $) can be written
in terms of Jg as

(2.15) T = JgT+ = (JoT)* .

The following connections between linear relations in the Hilbert space $ and sub-
spaces in the Krein space (2, Jg) will be useful.

Proposition 2.9 ([3], [32]). Let T be a linear relation in the Hilbert space ). Then
(i) T is symmetric (selfadjoint) if and only if T is a neutral (hypermaximal
neutral) subspace of (92, Jg);
(ii) T is dissipative (mazximal dissipative) if and only if T is a nonnegative
(mazimal nonnegative) subspace of (92, Jg);
(iii) T is accumulative (maximal accumulative) if and only if T is a nonpositive
(mazimal nonpositive) subspace of (9%, Jg).

2.4. The main transform. Let $) and H be Hilbert spaces and let their Cartesian
product be denoted by $ = $ ® H. Define the linear mapping J from $2 x H? to
(9 @ H)? by

() ) () srem men

This mapping establishes a one-to-one correspondence between the (closed) linear
relations I' : §2 — H? and the (closed) linear relations A in $ = $ ® H via

woeeamam-{{(0)-(5)} ()0} e}

The mapping J plays a principal role in the whole paper, and it is referred to as the
main transform. Some basic properties of this transform are stated in the following
proposition.
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Proposition 2.10. Let the linear relation I' from (9%, Jg) to (H?, Jy) and the
linear relation A in $ ® H be connected by A = J(T"). Then

(2.17) Ar = g((rH)=h).

Moreover, the transform J establishes a one-to-one correspondence between the
isometric (contractive, expanding, unitary) relations T' from (92, Jg) to (H?, Jx)
and the symmetric (dissipative, accumulative, selfadjoint) relations in H @ H.

Proof. Tt is straightforward to check that for all elements of the form

1) )3 )- (@)= G) - o)

() O (0-(),)
(0 0)), - (+(2)-2)..

This identity implies the equivalence

{()-C)per = () (1)) =

which leads to the identity (2I7). Hence it follows that

(2.18)

AcA* & Tlcrb, A=4* & 1 l=rH,

Observe that (ZI8) in particular leads to the following identity:

o () ()~ O ). G, (4 (2)- (),

This implies the connection between the contractive (expanding) relations I' from
(9%, Jg) to (H?, J) and the dissipative (accumulative) relations A in § @ H. O

Remark 2.11. Let C be a Cayley transform of A:
C:A—U-= {{u'+iu,u’7iu} Hu,u'} € /~1}

Then the transform C o J is a kind of Potapov-Ginzburg transform (see [34]) which
establishes a one-to-one correspondence between isometric (contractive, expanding,
unitary) relations from (£2, Jg) to (H2, Jy) and isometric (contractive, expanding,
unitary) operators in $ @ H.

With the Hilbert spaces $ and H the Cartesian product 5;_) = 9 @& H has been
defined. The following identifications will be used:

(2.19) §1 = (’3) 2 = (2{) B =9 D = (2)

Let P; be the orthogonal projection from $ onto 55, 7=1,2.
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Proposition 2.12. Let the linear relations I and A be related by ZI8), i.e. A=
J(T). Then the linear relations

(2.20) Si=kerI', —So=mull', T} =domI, -7 =ranT,
are given by
(2.21) S;j=An®, T;= {{PJ%PM}: {p,¢'} € ﬁ}-

Moreover, zfA' s a symmetric linear relation in 5, then T; C ST and in particular
S; is a symmetric linear relation in H;, j = 1,2. If, in addition, A s selfadjoint,
then

(2.22) closTj =S; j=1,2.

Proof. The equalities (2.2I)) are immediate from (2.I6). The inclusions T; C S}

with A symmetric (I' isometric) and the equalities Z22) with A selfadjoint (I
unitary) are implied by Proposition 23] in view of [220) and (2TH). O

If for 5 = 1 or j = 2, the relation S; is densely defined, then it follows from
([2:22)) that clos T = S7 is an operator, and (ZZI]) shows that P; mul A = {0}.

The next result gives some mapping properties of isometric relations in product
spaces.

Proposition 2.13. Let I' be an isometric relation from (9%, Jg) to (H?, Jx) and
let A C domT be a linear relation in $H2. Then:
(i) A is symmetric (dissipative, accumulative) in $H% if and only if T(A) is
symmetric (dissipative, accumulative) in H?;
(ii) of A* C domT, then I'(A*) C T'(A)*;
(iii) if A* C domT and T'(A) is essentially selfadjoint in H?, then A is essen-
tially selfadjoint in H2.

Proof. (i) By definition T'(A) = {h : {f,h} € T for some f € A}, and the state-

ment follows from

am 1= (0 (8)- (1)), = (0e(2)-(3),

(i) Let § € A* and let {g,k} € I'. Then for every h € I'(A) one obtains

o= ((9)-(), - (()-(2),

since here f € A. This means that k € I'(A)* and hence I'(A*) C T'(A)*.

(iii) If I'(A) is essentially selfadjoint, then by part (i) A is symmetric. Now part
(ii) shows that I'(A) C T'(A*) C I'(A)*. Hence, closT'(A) = closT'(A*) and I'(A™)
is essentially selfadjoint. Therefore, A* must be symmetric by part (i), and hence
A* = A** = clos A. O

2.5. Orthogonal couplings. Let $; and $5 be arbitrary Hilbert spaces (not nec-
essarily the same as in (ZI9)) and let A be a selfadjoint linear relation in the
orthogonal sum 5:3 = 91 ® H2. Then the formula [22T)) defines closed symmetric
linear relations S7 and S5, and not necessarily closed linear relations 77 and 75, in
91 and $)s, respectively. The relation A can be interpreted as a selfadjoint exten-
sion of the orthogonal sum S; & S;. It is called the orthogonal coupling of S; and
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Ty (or of Ty and Sy); see [38]. The selfadjoint relation A is said to be minimal with
respect to the Hilbert space §; (j is fixed, j = 1,2) if

(2.23) 91 @ o = Span {y)j+(2—>\)—1f)j : AEp(ﬁ)}.

The null spaces of T; — X as in (Z2)) are said to be “defect spaces” of the linear
relations T}, i.e.,

(224)  O(Ty) =kex(Tj = A), M(Ty) = {{f, A} €Ty feM(Ty)}.

For notational convenience the usual defect spaces of S; are denoted here by 91 (57)
and ‘.Y’(A(S’]*)

Lemma 2.14. Let A be a selfadjoint linear relation in H=9H 92, and let the
linear relations S; and T;, j = 1,2, be defined by (Z2I)). Then:
(1) ‘IZ,\(Tl) = Pl(A — A)_lfjg, m,\(Tg) = PQ(A — )\)_15;:)1,'
(ii) MA(T}) is dense in N\(S7) for all A\ € C\R, j =1,2;
(ili) the defect numbers of S1 and —Ss coincide: ny(S1) = ny(S2);
(iv) A is minimal with respect to $1 (resp. 92) if and only if Sy (resp. S1) is
simple.

Proof. First observe that

e o (520 (). {()-(4))

(i) Note in (Z20) that f € 9\ (T1) if and only if f/ = Af. This gives the first
assertion. The proof of the second assertion is similar.

(ii) Using ran (S1 — A) = {f' — Af : f € dom S;} one obtains from ([2.25]) the
identities
(2.26) ker Py(A — X))~ 91 =ran(S; — A), ker P{(A — )1 9y = ran(S; — \).
Note that Tan X* = (ker X)* for any bounded linear operator X. Thus the identi-
ties in (Z20) imply that the ranges of

PUA=X 19 = (P(A-2"191)

Py (A= N1 = (P1(g— X)_lfﬁ2)

are dense subsets of 91, (S7) and N, (S3) for all A € C; UC_, respectively.

(iii) In view of (Z20) the statements (i) and (ii) can be rewritten in the form

clos PL(A — X)7'05(S5) = MA(ST),  clos Py(A — N)7'05(SF) = Ma(S5),

respectively. These identities imply the equality of the defect numbers.

(iv) If A is minimal with respect to $1, then it follows from (i), (ii), and ([223)
that

o = span{Pg(Z— N9 A€ p(A) }=span {NM\(S5): A € p(A) 1,

so that Sy is simple. Conversely, if Sy is simple, then clearly ([2.23)) is satisfied and
A is minimal with respect to $. O

Proposition 2.15. Let A be a selfadjoint relation in H = 1 @ H2 and let the
linear relations Ty and Ty be given by Z2I)). Then T} is closed if and only if Ty is
closed.
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Proof. Let T be defined by A = 7(T'), so that T' is a unitary relation. By definition
Ty = domI' and T5 = ranI'. Hence, the statement follows from Proposition 2.3l [

2.6. Nevanlinna families. A family of linear relations M(A), A € C\R, in a
Hilbert space H is called a Nevanlinna family if:

(i) for every A € C,(C_) the relation M()\) is maximal dissipative (resp.
accumulative);
(i) M(\)* = M(\), A € C\R;
(iii) for some, and hence for all, u € C(C_) the operator family (M (\)+ p)~!
(€ [H]) is holomorphic for all A € C(C_).

By the maximality condition, each relation M(X), A € C\ R, is necessarily closed.
The class of all Nevanlinna families in a Hilbert space is denoted by R(H) Nevan-
linna families were considered in [24], [I7], and [26]. The following orthogonal
decomposition is useful.

Proposition 2.16. If M(-) € R(H), then the multi-valued part mul M()\) is inde-
pendent of A € C\ R, so that

(2.27) M) = Mg(\) & My, Mo ={0} xmulM(A), AeC\R,
where Mg(\) is a Nevanlinna family of densely defined operators in H O mul M (\).

Clearly, if M(-) € R(H), then Mo, € M(X) N M(N)* for all A € C\ R. The
following subclasses of the class R(H) will be useful:

R(H) is the set of all M(-) € R(H) for which mul M(\) = {0};
R*(H) is the set of all M(-) € R(H) for which M(\) N M(A\)* = {0} for all
A e C\R;
RY(H) is the set of all M(-) € R(H) for which M(X\) F M(\)* = H2 for all
AeC\R.
Hence, M(-) € R*(H) or M(-) € R“(H), if M (\) and M (\)* are disjoint or transver-
sal, respectively, for every A € C\ R. With the classes R(H), R(H), R*(H), and
R“(H) correspond the classes Rine (H), Rinw(H), R, (H), and R, (H) of Nevan-

linna families M (-) whose domain dom M () does not depend on A € C\ R. Fur-
thermore, the following subclasses of R(H) will be important:

R[H] is the set of all M(-) € R(H) for which dom M()) is closed for all
AeC\R;

R[H] is the set of all M(-) € R[H] for which dom M(\) = H for all X €
C\R;

R*[H] is the set of all M(-) € R[H] for which ker Im M () = {0} for all
A e C\R;

R"[H] is the set of all M(-) € R*[H] for which 0 € p(ImM (X)) for all
AeC\R.

Remark 2.17. In Section M it will be shown that various properties which were
used above to define the different subclasses of Nevanlinna families do not depend
on A € C\R. This means that the corresponding subclasses of R(H) can be
equivalently defined by assuming the corresponding property of M(A) only at a
single point A € C\ R.
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For each M(-) in R[H] (or in its subclasses) the operator M()\) is necessarily
bounded. In what follows, the Nevanlinna functions in R*[H]| and R“[H] will be
called strict and uniformly strict, respectively.

Proposition 2.18. Let M(-) € E(H) Then the following statements are equiva-
lent:
(i) M(-) € R*(H);
(il) M(\) € [H] and 0 € p(Im M (X)) for some, and hence for all, A € C\ R.
The result in Proposition 21§ is a consequence of Propositions and 5.3} see
also Theorem .13 and Remark .23

The definitions and Proposition 2.I8 give rise to the inclusions and the equalities
in the following array:

R*H) C R'(H) Cc RMH) <C R(H)

I u u U
(2.28) RY . (H) C R:,(H) C Riw(H) C Rinn(H)
I U U U

R“H] C R°[H] C R[H C R[H

In the infinite-dimensional situation each of the inclusions is strict. However, in the
finite-dimensional situation the vertical inclusions in ([2:28)) reduce to equalities

R*(H) = R}y, (H) = R[H], R(H) = Riny(H) = RIH], R(H) = Rin,(H) = R[H].
If M(-) € R[H], then it admits the following integral representation:

(2.29) M(A):A+BA+/R<$—#> ds(t), /Rfffi € [H],

where A = A* € [H], 0 < B = B* € [H], the [H]-valued family ¥(-) is nonde-
creasing, and the integral is uniformly convergent in the strong topology; cf. [7],
[21].

3. BOUNDARY RELATIONS AND WEYL FAMILIES

3.1. Definition of a boundary relation and its Weyl family. Let S be a
closed symmetric linear relation in the Hilbert space $). It is not assumed that the
defect numbers of S are equal or finite. A boundary relation for S* is defined as
follows.

Definition 3.1. Let S be a closed symmetric linear relation in a Hilbert space $
and let H be an auxiliary Hilbert space. A linear relation I' : $2 — H?2 is called a
boundary relation for S*, if:

(G1) domT is dense in S*, and the identity
(3.1) (f/7 9)s — (f, g/)ﬁ = (hlﬂ k) — (h, k,)H
holds for every {f,h}, {j,k} € I;
(G2) T is maximal in the sense that if {g, k} € $2 x H? satisfies (B.1]) for every
{f,h} €T, then {g,k} €T.
Here f = {f,f'}, § = {9.9'} € dom[(C $%), and h = {h, I}, k = {k,K'} €
ranT'(C H?)).
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The condition 1) in (G1) can be interpreted as an abstract Green’s identity.
Using the terminology of Krein spaces (3.1]) means that I' is an isometric relation
from the Krein space (2, Jg) to the Krein space (H?, Jy), since

(32) (‘]ﬁfag)f)2 = (']Hhv k)H27 {fa h}7 {@\7 k} el
The maximality condition (G2) and Proposition now imply the following result.

Proposition 3.2. LetT : $2 — H? be a boundary relation for S*. ThenT is a uni-
tary relation from the Krein space (92, Jg) to the Krein space (H?, Jy). Moreover,
S =kerT.

Proof. In view of B2) T is isometric, i.e., I~! T}, Now assume that {k,§} €
'], Then R L

(J53, [ )92 = (Jrk, b )z = 0
holds for every { 2 h} € T and hence B is satisfied. By assumption (G2) one
concludes that {g,k} € I, or equivalently, that {k: g} € T~L. This proves the

reverse inclusion T ¢ I'~ 1.
Since dom I’ = S*, the identity S = ker I' is implied by PropositionZ3land (Z.I3)):

kerI' = (dom ) = (%) = .
This completes the proof. ([

Note that the boundary relation I' is automatically closed and linear, since it
is a unitary relation from the Krein space (£2,.Jg) to the Krein space (H?2,Jx).
However, it can be multi-valued, nondensely defined, or unbounded.

Let T’ be a boundary relation for S* and let T'= domI'. According to Proposi-
tion 212 (see ([2:22))) the linear relation T in $ satisfies

(3.3) ScTcS* closT=S5"

The defect spaces 9 (T) and ‘fb (T') for T are defined as in @24)). For all elements
{fr, b} {Gu, k} € T with f\ € 9\(T') and g, € N, (T), one has

(3-4) A=) (fxsgu)s = (W' k) — (b, k)2, A, p € C\R,

which follows from the identity (B]). Hence, the subspace N, (T') is positive in the
Krein space (92, Jg) for A € C; and negative for A € C_.

Definition 3.3. The Weyl family M (-) of S corresponding to the boundary relation
[: 9% +— H? is defined by M(\) :== T(M\(T)), i.e.,
(3.5) M(\) = {E € H?: {fx,h} €T for some f\ = {f,Af} € §? },

where A € C\ R. In the case where M(-) is operator-valued it is called the Weyl
function of S corresponding to the boundary relation I'.

It will be shown that each Weyl family is a Nevanlinna family, and conversely,
that each Nevanlinna family can be realized as the Weyl family of a minimal bound-
ary relation.

Definition 3.4. The boundary relation I : 9% — H? is called minimal if
= Omin :=5pan{M\(T): A e CLUC_}.
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Since M)\ (T) is dense in 9\ (S*) (cf. Lemma ZT4) the boundary relation T' :
$2 +— H? is minimal if and only if S is simple. In general, if S,,;, is the simple
part of S, the restriction I'y,;, : .‘?)?nm — H2 of the linear relation T’ to $,,:, is a
boundary relation for S}, . Clearly, the Weyl families corresponding to the linear
relations I" and I',,;,, coincide.

Associate with I' the following linear relations which are not necessarily closed:

Po={{F.h}: {Fy e h=(hi'} },

(3.6) R . R
D= {{F W} {F Ry er h={nn}}.

It is clear that

dom M(A) = To(MA(T)) CranTy, ran M(A) =Ty (M\(T)) C ranTy.
If the boundary relation I' is single-valued, the triplet {H,I¢,T'1} will be called
a boundary triplet associated with the boundary relation I' : $2 — H2. In this

case the Weyl family corresponding to the boundary triplet {H, g, T'1} can also be
defined via the equality

(3.7) Ci({fas Afa}) = M(A)To({fas Afad)s {fu AL eT.

The following fact is also useful. Let I' : $2 — H? be a boundary relation for

S*. Then
T+ (0 1
r (_1 0>r

is a unitary relation from $H? to H2. Clearly, I'T is also a boundary relation for S*
(so that, in particular, ker ' = S). Consequently, if M(-) is the Weyl family for
T, then —M(-)~! is the Weyl family for I'".

3.2. Orthogonal coupling associated with a boundary relation. In this sub-
section the linear transform J introduced in Subsection [2.4] will be used to obtain
some criteria for a linear relation T : 2 — H?2 to be a boundary relation. For a
boundary relation I' from $? to H? the relation A = J(T') is defined by ([2.I6). In
the following proposition some results of Subsection 2.4] are reformulated in terms
of boundary relations.

Proposition 3.5. Let I’ be a subspace in $H? x H? and let S =kerI'. ThenT is a
boundary relation for S* if and only if A= J(T) is a selfadjoint linear relation in
H @ H. In this case the boundary relation ' is minimal if and only zfg =J(T) is
a minimal selfadjoint extension of So = mulT.

Proof. The first statement is immediate from Propositions 210, 212, and Defini-
tion Bl By Definition 3.4l the minimality of I' is equivalent to the simplicity of
S which, in turn, is equivalent to the minimality of A = J (") as a selfadjoint
extension of Sy by Lemma [Z.14] O

Proposition 3.6. The linear relation T' : $2 +— H? is a boundary relation for S*
if and only if the following conditions hold:
(i) domT is dense in S*;
(ii) T is closed and isometric from the Krein space ($2,Jg) to the Krein space
(H%, Jn);
(iii) ran (D(MA(T)) + A) = H for some (and, hence, for all) A € C and for
some (and, hence, for all) A € C_.
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Proof. Let T' be a boundary relation for S*. Then (i) is satisfied by definition.
Furthermore, by Proposition 3.2, T" is a unitary relation from the Krein space
(92, J5) to the Krein space (H?, Jy). Hence, (ii) is also satisfied. The transform

A = J(T) is selfadjoint, which implies that ran (A — \) =9 & H for all A € C\ R.
In particular,

0 ~
(3.8) o = <'H> Cran(A—\).
It follows from (Z.I8]) that

o0 - {{(D- (G5} B )

which together with ([B.3) and [B.8) gives (iii).

Conversely, assume that the linear relation I' satisfies (i), (ii), and (iii). By (ii)
and Proposition EZI0 it follows that A = J(T') is closed and symmetric. In order
to prove that A is selfadjoint it suffices to show that ran (/T — ) is dense for some
A € C, and for some A € C_. It follows from (iii) and ([39) that £y C ran (A — \).

To complete the argument, assume that ¢ € §; is orthogonal to ran (A — A). This
implies that {¢, \p} € T*, where T' = domT". By (i) T" is dense in S* and hence
S =T* and {p, \p} € S. Since S is symmetric this yields ¢ = 0. O

Next it will be shown that for every closed symmetric linear relation S there
exists a boundary relation for S*; in the case of equal defect numbers this fact is
well known.

Proposition 3.7. Let S be any closed symmetric linear relation with arbitrary
defect numbers in a Hilbert space ). Then there exists a boundary relation T :

$2— H? for S*.

Proof. Let Abe any selfadjoint exit space extension of S with the property ANSH? =
S. Then by Proposition the transform I' = J~1(A) of A satisfies kerI' = §
and hence by Proposition I' defines a boundary relation for S*. A particular
construction of such an extension A can be given as follows.

In the orthogonal sum $ @ § the relation S @ (—S) is closed and symmetric with
equal defect numbers. Define the relation Ain HDH by

(3.10) A{f{(fl),(jf,)}:ﬁ,ﬁes*,pmﬁpmfg},
fa f5

where f; = {fi, 1}, b= {f2, f4}, and Py is the orthogonal projection from S*
onto N = N, (S*) & N_;(S*); cf. (2G). The elements f; € S*, j = 1,2, in BI0)
have the representations
s 173 = {hy, 1)} F{oiipi} +{o-i, —iv_i},
where {h;,h%} € S, {pi,ipi} € S*, {¢—i,—ip_i} € S*. With this notation a
typical element of the Cayley transform U of Z,
U={{u —iuu +iu}: {u,u'} € A},

—(hy + ihe) — 2ip; ) "\ —(hy — itha) + 2ip_; ) |~

is of the form
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This shows immediately that ~U is isometric and that domU = ranU = $H d ),
so that U is unitary. Hence A is a selfadjoint relation which extends S & (—5).
Moreover, clearly S € AN $H2. In order to prove the reverse inclusion, assume that

7_J(h fi T a2
() (}eon

Then f, = f3 = 0, and by the definition (ZI0) of the relation A, it follows that

Pynfi =0, so that {f1, f{} € 5. Hence AN $H2 C S, and consequently, AN H2 =
S. O

Remark 3.8. One can simplify the construction of the extension A in the previous
proposition when S is a closed symmetric relation with equal defect numbers. Let
V be an isometric mapping from OM_;(S*) onto N;(S*) and let H = N;(S*). Define
the linear relation A by

- f f/ e / . - R
A_{{<€0i+V<P—z’>’(—i@i-FiV(p_i)} cf={ff}es »Spii—Pﬂ:if}a

where Py; are the orthoprojections onto 9t;(S*) in the decomposition ([2.6]). Then
Ais a selfadjoint extention of S such that AN H2=2-5.

The transform I' = J _1(11) defines a boundary relation for S* with the addi-
tional property ranT' = H? (so that dom T = S§*, mulT = {0,0}, which imply that
I is a bounded linear operator); cf. Corollary It corresponds to an ordinary
boundary triplet {H,T'o,I'; } with the boundary operators I'g, I'; given by

(3.11) Tof = Pf+VP.if, Tif =iPif —iVPf;
cf. [28]. For a densely defined operator S with equal defect numbers, the state-

ment of Proposition B and the formulas (BII) go back to V.M. Bruck and
A.N. Kochubef (see [20]).

3.3. A characterization of Weyl families: The main realization theorem.
It was shown in [16] that for every Nevanlinna function M (-) € R“[H] there exist
a symmetric operator S in a Hilbert space $ and an ordinary boundary triplet
{H,T,I'1} such that the corresponding Weyl function is M (-). Since such a Weyl
function is also a @Q-function of the pair {5, Ao} (see [16]), this gives a realization
for every uniformly strict Nevanlinna function as a Q-function of the pair {S, Ag}.
The latter problem has been originally solved by M.G. Krein and H. Langer in [25]
for the case dom S = $ and extended to the case dom S # $ in [26]. In [16] it was
shown that every function M(-) from R*[H] can be realized as the Weyl function
of an appropriate generalized boundary triplet. In this subsection this realization
theorem is extended to the class R(H) of all Nevanlinna families and arbitrary
boundary relations. The present approach is based on the generalized Naimark
theorem and hence it differs from those used in [25], [26], [16].

Two boundary relations T : (§0))2 — H2, j = 1,2, are said to be unitarily
equivalent if there is a unitary operator U : HD - 63 such that

wn ({0 (B}

If the boundary relations T'™) and T'® satisfy (I2) and S; = kerTU), T} =
domT'U), j =1,2, then S, = US,U" and Tp, = UT U1,
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Theorem 3.9. Let I' : $2 — H? be a boundary relation for S*. Then the corre-
sponding Weyl family M (-) belongs to the class R(H).
Conversely, if M(-) belongs to the class R(H), then there exists (up to unitary

equivalence) a unique minimal boundary relation whose Weyl function coincides
with M(-).

Proof. Necessity. If ' : §2 — H? is a boundary relation, so that Alis selfadjoint, it

follows from the (210, (B9) that

a0 (2% = 6)- () () er

which implies
(3.13) RO\ = Py(A=MN)""H=—MMXN+N"", IeC\R
The latter equality can be rewritten as
M) = {{R(Nh,—(I+ A R(N)h}: he H}.
Since the kernel

R(A\) — R(p)* . = ~ _
KO = TEZIIE Ry RO) = P - @7 = (A=)
is nonnegative (see [30]), it follows that M(-) is a Nevanlinna family. Indeed, for
every

{f, 'y = {RO\h,—(I+ AR(\)h} € M()\), heH,

one obtains

D= F) fA) — ;f’ 1 _ (K (A A)h, h) > 0.
Sufficiency. Assume that M(-) belongs to R(H). Then My (X) := —(M(A)+A)~!

belongs to R[H], and therefore it admits an integral representation of the form
@229). The estimate ||M;(iy)|| < 1/y and the monotonicity of yIm M (iy) show
that the strong limit s —lim,_,~, yIm M; (iy) exists and defines a bounded operator
in ‘H such that

0<s— 1lliHrI;oyIli(iy) < Iy.

Moreover, s — lim,_,o, M1(iy) = 0. Hence, the integral representation of M;(\)
takes the form
d3i(t) . ;
(3.14) Mi(\) = Y 0< [ dX(t) =s— lim yIm M (iy) < I.
R U~ R

Yy—00

Without loss of generality one may assume that ¥(—oc) = 0, in which case 0 <
Y(400) := s —limy_,oo X(t) < Ip. It follows from the generalized Naimark theorem
(cf. [I, 30, [36])) that there is an orthogonal dilation E(t) of X(¢) (i.e. a spectral
family of a selfadjoint linear relation A in some Hilbert space $ O H with 3(t) =
Py E(t)] 4 for all t € R). Note that E(co) is an orthogonal projection in 9, which
is equal to I if and only if A is an operator. The linear relation A can be chosen
minimal in the sense that

(3.15) H=span{H,Et)H: t € R},

which, of course, is equivalent to the minimality of the selfadjoint extension A with
respect to H. Observe, that if A is minimal, then A is an operator if and only if
2(+OO) = IH.
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It follows from ([BI4) that M;(A) takes the form
(3.16) My(A) = Py(A=XN)7"14, AEC\R,

where A is a minimal selfadjoint relation with the above properties. Let §) = HOH.
Decompose the graph of A as in ([2.16]) according to the decomposition H=HOH
and let ' = 7~1(4 ) Due to Proposition 3.5 I" defines a boundary relation for S*
where S := kerI' = AN (Sﬁ S H) By Lemma [ZT4] T is minimal by the minimality
of the selfadjoint extension A with respect to H; see BI5). Now the first part of
the present proof shows that the Weyl family associated with I" satisfies (3.I3]) with
the compressed resolvent of A in H given by (BI6). Therefore, the Weyl family
associated with I' coincides with the given family M(-) € R(H).

Uniqueness. Assume that T() : (§))2 — K2 j = 1,2, are two minimal bound-
ary relations with the same Weyl family M (\). Then A(J) =J(0), j=1,2, are
two selfadjoint linear relations in Hilbert spaces H@ (D H) minimal with respect
to H and such that

Pr(AD — )" H=—(MN) +A)"", AeC\R.
Then the corresponding resolutions of identities £EY)(¢) also have the minimality
properties
o) =clos£P,  £9 =span{H, ED(t)H : t e R},
and by the Stieltjes inversion formula they satisfy the equality PHE(l)(t)[H =
Py E@)(t)[ 4, for all t € R. Define the mapping Uy : L) — L£2) by the equalities
(3.17) Uoh =h, UED#®)h=E®#)h, heH, tck.

It follows from

1B ORI, = /<oo , AED M50

:/ d(E(Q)(S)hvh)ﬁﬂ) = ||E(2)( )h“y)(z)v h € H,
(—o00,t]

that Uy is a well-defined isometric mapping from £ onto £, Tts closure U
is a unitary operator from 573(1) onto S’J(Q), and according to the decompositions
55(]) = 9U) @ H it can be represented as U=U®a Iy, where U : 9O = @ i
unitary. It follows from @I7) that UE1(t) = E»(t)U for all t € R and, therefore,

the selfadjoint linear relations AU are unitary equivalent:

() COH (0} )

This leads to the unitary equivalence (BI2) of the boundary relations ') and
re. 0

4. WEYL FAMILIES OF SYMMETRIC OPERATORS

4.1. Subclasses of Weyl families. The main theorem in the previous section
gives a one-to-one correspondence between Nevanlinna families and boundary re-
lations. In this subsection geometric characterizations of subclasses of Nevanlinna
families or functions are given in terms of the boundary relation. The following
preliminary result is important.
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Lemma 4.1. Let T': $H2 — H? be a boundary relation for S* with the Weyl family
MA) =T (NA\(T)). Then the following equalities hold for every A € C\ R:
(i) M(\) N M\)* =mulT and clos (M()\) + M(\)*) =fanl;
(ii) ker M(A\)x {0} = mulT'"N(Hx{0}) and {0} xmul M (\) = mulT'N({0} xH);
(iii) ker(M(\) — M(N)*) =mully and ker(M(A\)~! — M(\)~*) = mulT}.

Proof. (i) Let {0,h} € T, h = {h,h'}. Then @I) and () show that for every
A€ C\R and {k,k'} € T(M\(T)) the identity (A, k) — (h, k') = 0 holds. Hence,
h € M(\)* for all A € C\ R, which proves that mulT' € M(A\) N M(A)*, A € C\R.
Conversely, if h € MA\)NMAN)*, A€ C\R, then {fA, h} € T for some f,\ € ‘ﬁ,\( )
and, moreover, according to (B4) (A—A)||fx]|2 = 0, which implies that f, = {0, 0}.
Therefore, {O,ﬁ} € I', and this proves the reverse inclusion M (A\)NM(A)* C mulT,
A € C\ R. Hence, the first statement of (i) has been shown. The second statement
n (i) follows from the first one by taking adjoints and applying Proposition

(i) Let 7 = {h,0} € mulT, h € H. Then h € M(X) for all A € C\ R, so that
h € ker M(X), A € C\R. Conversely, let h € ker M(}), so that h={h,0} € M(}\)
for some A € C\R. Then {fy,h} € T for some fy = (WSRVNES N\ (T) and (34)
gives (A — MIIfAlI2 = (0,h) = (h,0) = 0. Hence, fy = 0 and f = 0, which shows
that 7 € mulT N (H x {0}). This proves the first equality in (i). The proof of the
second equality is similar.

(iii) These identities follow immediately from (i) and (Z1]), and the definition in

@0). O

Remark 4.2. Lemma 1] combined with the realization theorem proved in the pre-
vious section (see Theorem B9) yields immediately the following invariance results
for an arbitrary Nevanlinna family M(-) € R(H):

M) NMA)T,
(4.1) ker M(X), mul M(\),

ker(M(X) — M(\)*), ker(M(N)™' =M\~
do not depend on A € C\ R.

This indicates that via Theorem boundary relations in fact offer a new
method for studying function and spectral theoretical properties of Nevanlinna
families by means of geometric properties of boundary relations, and vice versa.
Observe that direct function theoretical proofs for the invariance properties of

Nevanlinna families formulated in ([@Jl) may be based e.g. on an application of
the maximality principle.

Lemma [4.J] gives also the following result.

Corollary 4.3. Let I' : $? — H? be a boundary relation for S* with the Weyl
family M(X) =T (MA(T)). Then the following equalities hold for every A € C\ R:

(4.2) dom M(\) =tanly, TtanM(\) =rtanl}.

Proof. The definition of the Weyl family M (\), the symmetry property M(A)* =
M()), and part (i) of Lemma [L] imply that

(4.3) M(A) F M(\) CranT C clos(M(A\) ¥ M(\)), A€ C\R.
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Since mul M () is independent from A € C \ R, the equality dom M (\) = dom M (\)
holds. Now the identities (£.2) follow from (4.3)). O

In general, the first inclusion in (£3)) need not be an equality; see Examples
and However, sufficient conditions for the equality to hold can be found in the
next lemma.

Lemma 4.4. Let T': $2 — H? be a boundary relation for S* with the Weyl family
M(X\) =T (0A(T)). Then the following statements are equivalent:
(i) ranT is closed;
(il) M(X) + M(XN)* is closed for some (or, equivalently, for every) A € C\ R;
(ili) 7' = S*.
If any one of these conditions is satisfied, then
(4.4) M) F M(A\)* =ranT, XeC\R.

Proof. (i) < (iii) This is clear from Proposition 23] since 7' = domI" dense in S*.
(if) = (i) If (ii) holds for some A € C\ R, then part (i) of Lemma 1] and ([@3)
yield
ranl' CcTanl' = M(\) + M(\)* C ranT.
(ili) = (ii) Von Neumann’s formula (Z3]) implies that for every A € C\ R
D(MA(T)) F T(M(T)) = ranT,
which is closed since ranT is closed by the equivalence of (i) and (iii).

If one of the conditions (i), (ii), or (iii) is satisfied, then the identity (4] is clear
from the above arguments. O

Proposition 4.5./\Let I': 92 — H? be a boundary relation for S* with the Weyl
family M(X\) =T (MA(T)). Then:
(i) M(-) € R(H) if and only if mulT' N ({0} x H) = {0};
(ii) M(:) € R*(H) if and only if ranT is dense in H?;
(iii) M(-) € R“(H) if and only if ranT = H>.

Proof. (i) Observe that M(-) € R(H) if and only if mul M(\) = {0}. Hence, the
statement follows from part (ii) of Lemma ETl

(ii) By definition M(:) € R*(H) if and only if M(A\) N M(A)* = {0}. The
statement now follows from part (i) of Lemma 1] and Proposition

(iii) By definition M(-) € R*“(H) if and only if M()\) + M(\)* = H2. Hence,
if M(-) € R“(H), then clearly ranT' = H?; cf. the inclusion [@3)). Conversely, if
ranT' = H?, then ranT is closed, so that by LemmasETand Z4, M (\) + M(\)* =
ran" = H?, and thus M (-) € R*(H). O

The class Riny(H) is the set of all M(-) € R(H) such that To(Mx(T)) = Hy for
some linear subspace Ho C ‘H with clos Ho = (mul M()))L.

Corollary 4.6. The invariant subclasses Rin,(H) and RS, (H) are characterized
by:
(i) M(-) € Rino(H) if and only if mul TN({0} xH) = {0} and To(MA(T)) = Ho
for some dense linear subspace Hyg C H;
(ii) M(-) € R:,,(H) if and only if mulT = {0} and T'o(DMA(T)) = Ho for some
dense linear subspace Hy C 'H.
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Proposition 4.7. Let I : 2 — H? be a boundary relation for S* with the Weyl
family M(\) = T(MA(T)). Then:
(i) M(:) € R[H] if and only if To(MA(T)) = Ho, A € C\R, where Hy C H is
a closed linear subspace;
(i) M(-) € R[H] if and only if To(Mx(T)) = H, A € C\ R;
(iii) M(-) € R*[H] if and only if mulTy = {0} and To(NA(T)) =H, A € C\R.

Proof. For any M(-) € E(H) the following orthogonal decomposition holds:
H = dom M (\) @ mul M(A),

and here mul M () does not depend on A € C\ R. Define Hy = H © mul M ().
Since T'o(MA(T)) = dom M (N), parts (i) and (ii) follow from the definitions of R[H]
and R[H].

For (iii) observe that M(-) € R*[H] if and only if M (-) € R[H] and ker Im M (\) =
{0}. Hence, the assertion follows from Lemma 1] O

4.2. Boundary relations and their v-fields. The identity (4] shows that
ker(Do [ M\(T)) = {0}, ker(Dy[MA(T)) = {0}, ker(D[M\(T)) = {0},

for all A € C\R. In particular, the inverse of Fof‘ﬁA(T ) is a single-valued lin-

ear mapping from T'o(M,\(T)) = dom M () onto M, (T); it is denoted by F(A) :=

(Tol MA(T)) L. The y-field y(-) associated with the boundary relation I' : $2 — H?
is defined by

(45) ,Y()‘) = {{hvf)\} : {-f/;\v/ﬁ} € Fa J/C\)\ = {f)\v)‘f)\} € T7 /H = {h7h/} € H2 }7
for A € C\ R, so that v(\) corresponds to the first component of the mapping 5 (\).
It maps T'o(MA(T")) onto M\ (T) and satisfies y(A\)Tofa = fi for all fr € N\(T).
With v(\) the relation T'I 9, (T) can be rewritten as follows:

(4.6) TIRA(T) == { {{y\h, MW}, b, W3} i {h, W'} € M(A)}, A€ C\R,

In the case that T is single-valued one can decompose I' =T'g @ I';. Then by part
(ii) of Lemma (] the corresponding Weyl family M (-) is operator-valued. In this
case the identity (L) takes the form

To7(Mh=h, T1A(A\h=DM\h, hedomM()), AeC\R.

These formulas are typically used in the case of ordinary boundary triplets for
defining the corresponding Weyl function.

Proposition 4.8. LetI': H% — Z—[z be a boundary relation for S* with the Weyl
family M(X) =T (MMA(T)) and let A = J(T') be as in (ZI0). Then the corresponding
~-field v(-) in @) and the Weyl family M(-) are connected by

7_\-1(0 YA (M (A) +)\)1<P)
4.7 A-N"1 =— - , 9€H, AeC\R.
an G- () =- (U ) e \
Furthermore, the v-field () satisfies with h € dom M(\), k € dom M(u), and
A, 1w € C\ R the identity

(MS(A)hvk) (haMS(:u‘)k)H

jjﬂ = (YWh, ¥ (w)k)s,

(4.8)
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and, in particular,
(4.9) kery(A) = mulTy = ker(M(\) — M(\)").
Proof. Tt follows from (ZTI6]) and (X)) that

G- (L0 0) = (). neru@a.

which gives [{1) immediately. The identity (@8] follows from ([B.4) and the de-
scription (@6). Finally, the identities in (£9) are obtained from the definition (£1])
and Lemma [L1] O

The identity ([@7) shows the sense in which the mapping () : I‘o(‘fb\(T)) —
M (T) can be seen to be holomorphic In general, the closure of the mapping ()
is not single-valued; cf. Example[6.71 However, there is a useful sufficient condition
for v(\) to have a single-valued closure.

Proposition 4.9. Assume that for some A € C\ R the inclusion
(4.10) To(F(T)) € Do(T (7))
is satisfied. Then v(\) admits a single-valued closure.
Proof. Tt follows from (4.8) that for all h € dom M ())

(A =N Nh, (W) g = (Ms(N)h, h)ag — (hy Ms(A)h)3,
and the assumption dom M (\) C dom M (\)* then implies that

(4.11) (s = (B )

Now, for each A € C\ R, the operator

Ms(N) — Mg(N)*

N0y o M) = MY
A=A

is a nonnegative densely defined operator in H © mul M (\). Therefore, both qua-

dratic forms in ([@IT]) are closable (see [22]). Hence, v(\) admits a single-valued

closure. O

It follows from the identity (N(A)h,h) = (y(A\)h,v(A)h), h € dom M(A), that
the operator N (A) is nonnegative. Hence, it has a Friedrichs extension Ng(X). Ac-
cording to the Second Representation Theorem (see [22]) the single-valued closure
of 4(\), denoted by v**(\), satisfies domy**(\) = dom Np(\)'/2. Observe that
the original mapping is onto 9\ (7T") and its closure is into 9, (S*). In general the
closure does not map onto Ny (S*); cf. Example If (@I0) is not satisfied the
closure of y(\) can be multi-valued; see Example

4.3. Characterization of domain invariance. The boundary relation for S*
and the associated mappings I'g and I'; in ([B.6]) induce two linear relations:

Ag =kerl'yg, A; =kerI'q,
in the Hilbert space $. Clearly, these relations are symmetric and satisfy

SCcAycT, ScA CT.

The relations Ay and A; need not be closed, and their defect numbers may be
unequal; cf. Example 6.3 The following lemma is useful in the further study of
these relations.
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Lemma 4.10. Let T : H? — $2 be a boundary relation for S*. Then for j =1,2:
(i) Fj(‘fb\(T)) Cranl'; C clos (Fj(‘./Y\IA(T))) for all A € C\R;
(ii) ran FE-*] = kerI';, where I';j is understood as a linear subspace of 72 x H?;
(ili) if ranl; is closed, then A; is closed.
The condition in (iii) s satisfied if Fj(‘?IA(T)) is closed for some A € C\ R.
Proof. (i) The first inclusion is obvious. Since by definition I‘O(‘.Y’(A(T)) = dom M ()

and I‘l(‘ﬁ)\(T)) = ran M (A), the second inclusion is immediate from Corollary .3l
(ii) Identifying Ty as a linear subspace of I' C $2 x H?2, it takes the form

o= {{f,{h.0}}: {f.{n.W}} eT}.
Assume that g € raank], ie. {k,g} € I‘B*] for some k = {k,k'}. Then for all
{f7 {h,O}} € FOa

0= (s F) , = (Il k) (0 0))ys = (I3 T ) |, = ({0 K} (b}

This means that {{0,%'},§} € Tl = T—! or equivalently that {g, {0,k'}} €T, i.e.,
g € Ay = ker[y. Therefore, ran ng] = kerI'g. Similarly one proves the identity
ran 1"[1*] =kerT';.

(iii) Let ranT'; be closed, so that also ranT";* is closed. By Proposition 2] or,
more precisely, by its Krein space version, it follows that ran FE-*] is closed. The
equalities in (ii) now imply that A; is closed.

The last statement is clear from the inclusions in (i). (]

The condition in (iii) is sufficient, but not necessary. In fact, in Example
ranI'g is not closed, while Ay is selfadjoint.

Proposition 4.11. The following statements are equivalent:
(i) Ho :=Lo(MA(T)) is independent from X\ € Cy (resp. from A € C_);
(if) N, (T) Cran(Ag — A) for all A\, € C4 (resp. for all \,pp € C_), X # p.
If one of these conditions is satisfied, then the y-field v(-) satisfies
(4.12) AN = [+ (A= m)(Ao = N y(m)s A€ Co(Co).
Proof. (i) = (ii) Let Ho = To(MA(T)) for all A € C.. It follows from (@B) that for
every h € Hg there exist k', h" € H such that
{{v (VR M (VR (b, 1} € TION(T) C T,
Hence,
H{O ) = v()h, Ay(A) = py(p))h}, {0, 0 = h"}} €T,
and therefore
(4.13) {(v(N) = (), My (X) = py(w))h} € Ao.
It follows from (AI3) that
{(vA) = ()b, (A= p)y(p)h} € Ao — A,
so that y(u)h € ran (Ag — A) for every h € Hy. Therefore (ii) follows.

~

(i) = (i) Let h € T'o(M,(T')). By definition there is an element A’ € H so that
(4.14) {{v(h, py()h}, {h, b’} } € T
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The assumption in (ii) shows that v(u)h € ran (Ag — A), so that there is an element
k € $ such that {k,y(u)h + Ak} € Ap. Hence, there exists ¢ € H such that

(4.15) HA =k, (A = w)y(w)h + XA = )k}, {0,¢} } € T
It follows from ([@I4) and (£I5) that
{{v(Wh+ N =Wk Xy()h + (X — k), {h, k' + ¢} } €T.

In other words, h € To(MA(T)). Hence I‘o(‘?’(M(T)) C To(MA(T)), and equality
follows by symmetry.

Now assume that one of the equivalent conditions (i) or (ii) is satisfied. The
assumption (i) implies the identity (@I3]), which may be rewritten as

{y(w)h,y(Mh} € T+ (A= p)(A=N)",

where (Ag — \)~! is bounded on ran (Ag — \), since Ag is symmetric. Hence, [#I12)
holds. (]

Corollary 4.12. If (i) or, equivalently, (i) in Proposition [L11] holds for all \, u €
C\ R, then Ay is essentially selfadjoint and [EI2)) holds for all A, € C\ R.

Proof. Assume that S is simple. Then part (ii) of Proposition LTl implies that
ran(Ag — A) = 9, A € C\ R, so that Ag is essentially selfadjoint.

If S is not simple, decompose S = S’@S”, where S” is selfadjoint. The symmetric
extension Ay of S decomposes accordingly: Ay = A{ @ S”. Hence, the earlier
argument shows that Aj is essentially selfadjoint, so that Ay itself is also essentially
selfadjoint. O

Now, the case of equality in the first inclusion of (i) in Lemma [ T0lis character-
ized.

Theorem 4.13. For every fized A € C1(C_) the following statements are equiva-
lent:
(i) ran (Ag — A) = 9 (i.e. Ag is mazimal symmetric);

(i) T = Ao + M(T);

(iii) To(MA(T)) = ranT.
If (i), (ii), or (iil) holds for some A € C4(C_), then (i), (ii), and (iii) hold for
every A € CL(C_) and, moreover, S satisfies
(416)  S={{f.g} € A5 (9= M. 7(Nh)s =0, h€Ho=To(T(T)},
where A € C(C_).
Proof. (i) = (ii) If ran (4g — X) = 9 for A € C,, it follows that

S* = Ay + MA(SY).

Now observe that 7' C S*, Ag C T, and T'N sfb\(S*) = ‘fKA(T), which gives (ii).

(ii) = (i) The identity in (ii) shows that

ran (T'— A) =ran (4p — A), A€ C,.

Since A is selfadjoint, it follows from (ZI0) and (ZZI) that ran (T — A) = § for
every A € C\ R. Hence, in particular ran (A9 — \) = $ for A € C, which gives (i).
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(i) = (iii) Let 2 € ranT, so that {F,{h,h'}} €T for some W € H, f € T.
Decompose f = fo—l—f)\, where {fo, {0, k}} € T and {fx, {h, h' —k}} € Nx(T). This
shows that h € I‘O(‘ﬁ)\( )), and (iii) follows.

(i) = (ii) Since clearly Ag ¥ ‘fl,\(T) C T, it suffices to prove the reverse inclu-
sion. Let f € T, so that {f, {h, W'}} €T for some h, h' € H. According to (iii) there
exists fx € M\(T), such that {fy, h} € To, i.e., {fx, {h,h"}} € T for some h" € H.
This implies that {f f)\, {0,n — h”}} e, and therefore fo := f — f\ € Ap, which
shows that f = fo + fx € Ay + MA(T). Hence, (i) follows.

If any of the equivalent statements (i), (ii), or (iii) holds for some A € C,(C_),
then symmetry of Ay forces that these statements hold for every A € C(C_).
Moreover, it follows from (ii) that

=450 (Fu(m)
which leads to the identity ([I6]). O
As a consequence of Theorem [£.I3] one obtains criteria for Ay to be selfadjoint.

Corollary 4.14. The relation Ag is selfadjoint if and only if one (and hence all)
of the statements (i), (ii), or (iii) in Theorem holds for some A € C4 and for
some A € C_. Moreover, in this case

S={{f,9} € Ao: (9= Af,7(Vh)5 =0, h € Ho:=To(M\(T))}, AeC\R.

Next, the case of equality in the second inclusion of (i) in Lemma EI0 is char-
acterized.

Proposition 4.15. For every fired A € C(C_) the following statements are equiv-
alent:

(i) To(MA(T)) is closed;

(if) Tan (Ap — A\) = 9, and ranTy is closed.
In this case Ag is closed and ran (Ag — \) = § for every A € C(C_), so that Ay
is mazimal symmetric.

Proof. (i) = (ii) Let To(MA(T)) be closed for some A € Co(C_). Then it follows
from Lemma[T0 that ran T is closed, and Theorem L T3implies that ran (Ag—\) =
$ for A € C4(CL).

(ii) = (i) If ranT is closed, then A is closed by Lemma IOl Therefore the
assumption Tan (Ap — A) = 9 for A € C4(C_) leads to ran(Ag — ) = H, X €
C4+(C_). Then by Theorem ranTy = Lo(MA(T)), and this subspace is closed
by the assumptions in (ii).

The last statement follows from Lemma [£10 O

As a consequence of Proposition [4.15 one obtains some further invariance results
known for an arbitrary Nevanlinna family M(-) € R(H). This in turn leads to a
more precise statement concerning Ag in the previous proposition.

Proposition 4.16. Let the Nevanlinna family M(-) € E(H) be the Weyl family
associated to the boundary relation I : 92 — H? via Theorem Bl Then:
(i) if dom M (o) (ran M (X)) is closed for some A9 € C\ R, thenranTq (resp.
ranT'y) is closed, and the operator part of M()\) (of M(\)~!) is bounded
for every A € C\ R;
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(ii) 4f ranTo (ranT'y) is not closed, then dom M(\) (resp. ran M (X)) is not
closed, and the operator part of M(\) (of M(\)™!) is unbounded for every
AeC\R.

Proof. Tt is sufficient to prove (i). Since M(X\g)* = M()g), it follows from Propo-
sition that dom M (\g) is closed if and only if dom M()g) is closed. In this
case dom M ()\g) = dom M ()\g) = ranT by Corollary @3l Now it is clear that the
properties in part (ii) of Proposition are satisfied for every A € C\ R. Hence
dom M(\) = I‘o(‘.Y’(A(T)) is closed for every A € C\ R. By the closed graph theo-
rem this means that the operator part of M (), A € C\ R, is bounded (see (Z27)).
Similarly one proves the assertion for ran M(\). O

Corollary 4.17. If one of the equivalent statements (i) or (ii) in Proposition .13
holds at a single point A\g € C\ R, then Ag is selfadjoint.

Proof. The equalities dom M (\g) = dom M ()\¢) = ranTy were shown in the proof
of Proposition and consequently the equality ran (A9 — A) = $ holds in fact
for every A € C\ R. O

Further invariance results concerning the spectra of an arbitrary Nevanlinna
family M(-) € R(H) are now easily established.

Proposition 4.18. Let M(-) € E(H) be a Nevanlinna family, let « € R, and let
Ao € C\R. Then:
(i) if M(X\o) € [H], then M(X\) € [H] for all X\ € C\ R;
ii) if « € p(M(Xo)), then oo € p(M (X)) for all A € C\ R;
i) if « € o,(M(No)), then a € o, (M (X)) for all A € C\R;
) if a € 0.(M(Xo)), then a € ao(M (X)) for all A € C\ R.

(

(
(iv
Proof. To prove the statements let M(-) € R(H) be the Weyl family associated to
the boundary relation I : §2 — H? via Theorem

(i) By Lemma @I dom M ()\) = (mul M()\))* does not depend on A € C \ R, and
hence the statement follows from part (i) of Proposition

(i) The condition a@ € p(M())) means that (M(\) — aly)~! € [H]. Since
—(M(X\) — aly)~* € R(H), the assertion is obtained immediately from (i).

(iii) For every a € R is clear that M(\)—ady € R(H). Therefore, by Lemma ]
ker(M(X) — alpy) does not depend on A € C\ R.

(iv) Observe that (M (X)) = o, (M (X))Uoe(M(N)). Hence the statement follows
by combining (ii) and (iii). O

Remark 4.19. Tt follows from the proof of Proposition .18 that the eigenspaces
ker(M(A) — aly), o € R, actually do not depend on A € C\ R.

According to Corollary E14] the assumption that Ay is selfadjoint is equivalent
to the decomposition T = Ay + M\ (T), A € C\ R. Clearly, this decomposition is
direct: 91\ (T) N Ag = {0,0}. In this case the intersection 9, (7") N dom Ay can be
described as follows.

Proposition 4.20. Assume that Ag is selfadjoint. Then for A € C\ R,

(4.17) M\ (T) Ndom Ag = (Ag — \) "' (mul 7).

Moreover, h € To{0,—w}, w € mulT, if and only if Y(A\)h = (Ag — \)"tw for
AeC\R.
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Proof. The identity in (£I7) is equivalent to
{{LA\f} €T : fedomAy}
= {{(A0— V) "tw, N4y — V) "tw): w emulT ).
Let {f,Af} € T have the property that f € dom Ag. Then there is an element
w € § for which f = (Ag — A\)"'w. Hence
(419) (LA}~ {(Ao— N, (T 4+ M(Ag — V) Hw} = {0, —w}.

Since the elements in the left-hand side belong to T, it follows that w € mulT.
Hence the left-hand side of ([@I8) is contained in the right-hand side.
Conversely, observe that for w € §

{(Ag = X)'w, A(Ao — M) twl = {(Ao — N) w, (1 + A(Ao — N) T Hw} F{0, —w}.

Thus, if w € mul T, then the elements in the right-hand side belong to the relation
Ag T ({0} x mulT) C T. Hence the right-hand side of (ZI8) is contained in the
left-hand side.

It follows from (£I9) that h € T'0{0, —w} if and only if h € To{f, \f}, and, by
definition of v()\), this is equivalent to f = y(A)h. O

(4.18)

Remark 4.21. The assumption that Ag is selfadjoint is essential for the inclusion
mul7 C ran (Ag — A). If Ap is not selfadjoint, the identity ([@I7) need not be valid;
cf. Example

The next result is a strengthening of Lemma .10

Proposition 4.22. Let ' be a boundary relation for S* and let ranTy be closed.
Then:

(i) T'(Ap) is essentially selfadjoint in H, and the defect numbers of S are equal;
(ii) of A5 C domT, then Ay = kerD'y is selfadjoint and the linear relation Ty is
closed;
(iii) if ranT is closed, and in particular if the defect numbers of S are finite,
then Ag = ker 'y is selfadjoint and the linear relation Ty is closed.

Proof. (i) By assumption dom7Ty = ranTy is closed. Then also dom (closTy) =
dom S5 is closed, and hence by Proposition dom S5 is closed. Decompose Sy =
So@ ({0} x mul Sy), where Sy is the operator part of So in H S (mul Sp) = dom S =
domT5 (D domS2) and {0} x mulS; is a selfadjoint relation in mulS;. Since
dom Sy = dom S5 is closed, S is a bounded symmetric operator in dom 75. It is well
known that Sp has bounded selfadjoint extensions in dom T5; cf. e.g. [I]. Let By be
a bounded selfadjoint extension of Sy in dom Ty. Then Si = By + ({0} x mul Sf),
since clearly (By + ({0} x mul S§))* = Sy and, moreover, By + ({0} x mul Sf) is
closed, which follows from the fact that By is a closed bounded operator in dom T5.
Consequently,

(4.20) closTy, = S5 = Sg @ ({0} x mul Sz) = By + ({0} x mul S3).
To prove essential selfadjointness of T'(Ap) first observe that
['(Ap) = mulT F ({0} x mulT) = Sy F ({0} x mul T3).

Since A is symmetric, I'(Ag) is symmetric by Proposition ZI3l Moreover, mul T’
is dense in mul S5, which follows from ([@20) and the boundedness of By. Since
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dom Sy = dom Sy is closed, this together with ([@20) implies that
['(Ag)* = S5 N ((mulTp)* x H) = S5 N (dom Sz x H)
=Sy F ({0} x mul S3) C closT(Ag) C I'(Ag)*.

Hence, T'(Ap) is essentially selfadjoint, and the defect numbers of Sy and S = S
are equal.

(ii) By Proposition 213 Ay is essentially selfadjoint, and by Lemma [£10] it is
closed. Thus, Aq is selfadjoint. The closedness of T'y follows from the general
implication

Ao =A;, ranlyisclosed = T is closed.

(iii) If ranT" is closed, then equivalently 7' = domT is closed, ie., T = S*.
Consequently, A§ C domI" and the statement is obtained from part (ii). Observe
that if the defect numbers of S are finite, then T is closed as a finite-dimensional
extension of S. O

Remark 4.23. Proposition gives rise to the following observations:

(i) mul M (A\) = mul Sy, and the operator part M (\) of M()) acts on dom T;

(i) if ranTy is closed, then I'(Ap) is selfadjoint if and only if mul 7% is closed;

iii) if ranT'; is closed, then I'(4;) is selfadjoint if and only if ker T3 is closed;

iv) if ranTy and ranT'; both are closed and I'(Ag) or I'(A;) is selfadjoint, then
Ao and A; both are selfadjoint. Moreover, A9 + A; = T, so that Ay and
Aj are disjoint with respect to S

(v) part (iii) of Proposition applies in particular to the case ranT = H2.
This implies for instance the equality R*(H) = R“[H]; cf. Theorem ET3]

(
(

4.4. Domain invariance and operator representations of Weyl families.
A Weyl family M () € R(H) belongs to the subclass R;,,(H) when there exists a
linear (not necessarily closed) subspace Hy C H such that

(4.21) dom M(A) = To(MA(T)) = Ho, A€ C\R.

In this case Proposition L9 may be applied to show that the closure of the ~-field
~(+) is single-valued. Note that in this proposition the notations [Ho, M5 (7T')] and
[Ho] refer to the bounded linear operators in the respective spaces, even when Hj
is not complete.

Proposition 4.24. Let I : $? - H? be a boundary relation with the Weyl family
M(-) € R(H). Assume that To(Mx(T')) = Ho holds for all \ € C\ R. Then:

(i) v(A) admits a single-valued closure for all X € C\ R;

(il) Ho C dom~y(A)** = dom~y(p)** C closHo, A, pue C\R;

ili) Ho C dom~y(A\)*y(p), A\, p € C\R;
)

(
(iv) v(A) € [Ho, MA(T)] if and only if Im M(\) € [Ho).

Proof. (i) This is a direct consequence of Proposition
(ii) It follows from ([AI2]) that there exists ¢ > 0, such that

%Hv(u)\lf; < vWlls < ellv(lls,

which shows that the topology induced on Hy by the form (y(A)h,v(A)k)g does
not depend on A € C\ R. Therefore, the domain of the closure of this form is also
independent of A € C\ R, and clearly the closure is given by (v(A)**h,y(\)**k)g,
h, k € dom~y(A)**, where y(A)** : H — § is the closure of y(A), A € C\ R.
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(iii) It follows from (8] that for all h, k € H

A=) (Y Nh, (k)5 = (B (Ms(A)" = My (1)) k)2
Hence, for k € dom~(u) = Ho and A # [,
(Wb (k) sl sup [(hy (M (A)" — M (1)) )|

heHo Al heHo IA =l [[R]]
M,(\)* — M
< [ (Ms(N) _s(u))kl\n <0
A — Al

which means that v(u)k € dom~y(A)*. Hence, Hy C dom ~y(X\)*y(p).
(iv) This follows immediately from the identity

(Im M(\h, h)g — (My(A)h, h)y — (Mo(A)*h, h)y
(4.22) Im A B A=A
= (Y(WNh,v(N)h)s,

which is valid for all h € Hj. O

Proposition 4.25. Assume that the Weyl family M(-) belongs to the subclass

Riny(H), so that [@2T)) holds with a linear subspace Hy C H. Then the opera-
tor part of the Weyl family M(\) = Ms(\) @ M has the operator representation

(423) My() = M(0)" + = @y () [T+ (A=) (Ao~ N) " r(), A€ C\R,
where v(u)* : $ — closHy.

Proof. This follows immediately from the identity

(M (\)h, k)HA—_(;WS(M)*ha F)n _ (YR, Y (1)k)s, R,k € Ho,

the identity (£I2)), and part (iii) of Proposition [£24 O

Under the assumption of domain invariance the symmetric relation Ag = ker I’y
is essentially selfadjoint (cf. Corollary EI2), so that its closure A§* = Af is a
selfadjoint extension of S. Recall that under these circumstances the identity (£12)
now holds for all A, € C\ R:

(4.24) y(Wh=[I+ (A= u)(Ao — N y(mh, heTo(MA(T)), A pueC\R.
Denote by A, the (orthogonal) operator part of Af*, so that A§* admits the de-
composition
A = As ® Aoo,  Aoo = {0} x mul A
Let P be the orthogonal projection onto $); = dom Aj*, so that I — P is the
orthogonal projection onto mul A§*. Let E(t) be the spectral family (of orthogonal
projections) of A§*, so that in particular ker E(c0) = ran (I —P). Then the operator
A, in 9, satisfies
t —

(4.25) I, + (A — p1)(As = N = / 0]

R t—
In view of ([£.27) the identity (£24]) may now be rewritten as follows (with A\, u €
C\R):
(4.26) Y(Mh = (I = Pyy(p)htIn, + (A= w) (A= N)"'Py(wh, b € To(I(T)),

which is an orthogonal decomposition.
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The next result is an extension of the integral representation ([229) from the
subclass R[H] to the subclass R;y,(H) of Nevanlinna families.

Proposition 4.26. Assume that the Weyl family M(-) belongs to the subclass

Riny(H), so that [@2T)) holds with a linear subspace Hy C H. Then the opera-
tor part of the Weyl family M(\) = Ms(\) ® My has the integral representation

1 t
(427) (MS(A)h, h)')—[ = ap + bpA +A <m — m) dO’h(t), h e Ho,

where ap, = (Re My(i)h, h)y, doy(t) = (t2 + 1)d(E(t)Py(i)h, Py(i)h)g,
(4.28) by = (I = P)r(0)hlf3,
P is the orthogonal projection onto dom A}*, and E(t) is the spectral family of A§*.

Proof. 1t follows from ([@23), [@25), and ([£20) that for all h € Hy = dom M (X)
and pu =1,

(Mg(N)h, )y = (Mg (i)*h, h)y + (A +9)||(I — P)y(i)hl13
+ A+ ([T + (A=) (As = N)Py(i)h, y(i)h)g

—On@yh+ () (o4 [ L dEOPOR P ).
Since
T (M, (i), h) e = b —I—/]Rd(E(t)Pﬂy(i)h,Pﬂy(i)h)ﬁ — by, +/]R f,f’fl),

one obtains (L2T). O

The coefficient ([£28]) of the linear term in the integral representation (£.27) may
be obtained by a limiting procedure.
Proposition 4.27. Assume that the Weyl family M(-) belongs to the subclass
Riny(H), so that (L2T)) holds with a linear subspace Hy C H. Then for all u € C\R
and h € Hy,

. Ms Zy ha h H .
@oo) g BBy oy < - PrGon,
y—oo 1y
In particular, with h € Hy,
Mol
(4.30) lim Me(@®)h, W)
Yy—0o0 Zy

Proof. The first equality in (£29) is implied by (@27) and (£28)). To obtain the
second equality in (£29) observe that as a consequence of (E20) the following
limiting result holds:

Jim (v(ig)hs y(wh)s = 1T = P)y(phls.

Now the statement is implied by (£23). The statement (£30) is an immediate
consequence of (£.29). O

=0 if and only if ~(u)h € dom Aj*.

Corollary 4.28. Assume that the Weyl family M(-) belongs to the subclass Eim(’H)
and let S be an operator, i.e., mul.S = {0}. Then AJ* is an operator if and only if

(4.31) lim W

=0 for every h € Hy.
y—o0 1y
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Proof. Let Af* be an operator. Then it follows from Proposition that (@37
holds.

Conversely, assume that ({31]) holds. If S is simple, Proposition implies
that M\ (T"), A € C\ R, are orthogonal to mul A§*. Since

§ =span { M\(T): A€ C\R},

this implies that mul A§* = {0}. In the general case, when S is not necessarily
simple, decompose the operator S as an orthogonal sum Sy @ S; with a simple
symmetric operator Sy and a selfadjoint operator S;. Then the result follows from
the fact that M (-) is the Weyl family of the simple part S; of S. (]

As a direct consequence of ([{.25) and (4£.26) one obtains
2

43 ORI = 1= PrGnl + [ |5 1aE@ PGS,

It also follows from (£.20) that if v(A)h € dom Af* for some A € C\ R, then the
same is true for all A € C\ R.

Proposition 4.29. Assume that the Weyl family M(-) belongs to the subclass
Riny(H) and let h € Hy =To(MA(T)), A € C\R. Then

(4.33) sg}gy(lm M, (iy)h, h)H <oo & y(phedomAy, peC\R.
y

Proof. It follows from (4.8) that
M (vy) — Ms(iy)* .
(4.31) y (GO ) =3,
v H

Combining (£34) with [@32) leads to

. , t2+1 ,
(435) gl (M (i9)h. )y, = 22T = PrA 0 [ G dIEPA A,
An application of Lebesgue’s monotone convergence theorem gives

t* 41 : :
@) sy [ S diEP N = [ @+ DdlEPOLE,
y>0 JrRITTY R

Now (£35)) and (£30) show that the left-hand side of ([35]) is uniformly bounded
for y > 0 if and only if (I — P)y(i)h = 0 and Py(i)h € dom Af*. O

Define the subclass R, ,(H) as the set of all Nevanlinna families M(-) € Ripy(H)
for which ker(Im M, (X)) = {0} for all A € C\ R.

Corollary 4.30. Let the Weyl family M(-) belong to the subclass RS, (H). More-

over, assume that Ag is selfadjoint and mul S = {0}. Then mulT = {0} if and
only if for every h € H \ {0}

(4.37) ylinolo W =0 and ylirglo y(Im M (iy)h, h)y = oo.
Proof. It (@37 holds, then Ay is an operator and My (T)Ndom Ay = {0}, A € C\ R.
Now Proposition shows that mulT = {0}.

Conversely, assume that mulT = {0}. Then by Proposition M (T) N
dom Ay = {0} for every A € C\ R, and this implies ([£37), since v(A) is injec-
tive (see (£22)). O
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Remark 4.31. The results in this subsection are generalizations of similar statements
which are well known for @-functions of symmetric operators and Weyl functions
of ordinary boundary triplets, i.e., for the subclass R*[H] of Nevanlinna functions;
see e.g. [26], [28].

4.5. Forbidden lineals. The concept of a forbidden (isometric) operator V in
the framework of von Neumann’s theory was originally introduced by M.A. Kras-
nosel’skil in [23]. The connection between the operator V and limit values of the
characteristic function was discovered by A.V. Straus [37]. In the case of ordinary
boundary triplets the so-called forbidden lineal has been introduced and studied in
[28]; cf. also [16].

Definition 4.32. Let I' : $2 — H? be a boundary linear relation and let T =
domI'. The forbidden lineal of I is defined by

Fr =T({0} x mulT).

In this subsection the forbidden lineal of I" will be characterized by using the
asymptotic properties of the Weyl family M (-), under the assumptions that Ag is
selfadjoint, and the operator part M;(-) of M (-) has a bounded imaginary part for
A € C\R. The approach given below is rather straightforward, and the proof of
the main statement in Proposition B.34] is essentially simpler than the one used
earlier in the case of ordinary boundary triplets.

Proposition 4.33. Let Ay = A and let P be the orthogonal projection onto
dom Ay. Let h € To{0,—w} for some w € mulT and let Im M (\), A € C\R,
be bounded. Then:

(i) y(A\)h — 0 strongly in H as A = iy — 00;
(ii) My(A\)h — —Pw strongly in $ as A = iy — 00;
(iii) the following strong limit exists:

(4.38) M, (iso)h = lim M,(iy)h = My(i)h = ()" Po.

Proof. Tt follows from Proposition that h € dom~y(X) and
(4.39) Y(Nh = (4 —N)"tw, AeC\R.

The statements (i) and (ii) are immediate from the representation (£39). Moreover,
(iil) is implied by [@23)), since y(u)* is bounded due to Proposition A.24] O

Proposition 4.34. Let T : $2 — H? be a boundary linear relation such that
Ao = Af and Im Ms(X) is a bounded operator for X € C\ R. Then

(4.40) dom Fr = {h € H : sup y(Im M (iy)h,h) < 0o},
y>0

and the forbidden lineal Fr admits the representation
(4.41) Fr = {{h, M,(ico)h} : h € dom Fr} F T'({0} x mul Ay).

Proof. The following characterization concerning dom Fr is implied by Proposi-
tion [4.20

(4.42) h € dom Fr if and only if v(A)h € dom Ay.
Combining ([£42) with Proposition gives the description of dom F in (£40).



BOUNDARY RELATIONS AND THEIR WEYL FAMILIES 5389

Next assume that {h,h'} € T{0, —w}, where w € mulT. Then

()}

Also consider the elements

(4.44) { (7(2)h> : (_Aj\}(?;fw} e A, AeC\R

It follows from Proposition [4.33] that with A = iy — oo these elements converge to

(4.45) { <2> : (—M](Diio)h> } €A

Now subtract from this element the element in (£43), so that

1) Canon) LG Gl ={G) (e fanin) o
This shows that {0,h" — M,(ico)h} € T'({0} x mul Ag). Hence,
{h,n'} = {h, M (ico)h} T {0, — M(ico)h},

proving one inclusion in ([LZI]). The reverse inclusion is obvious from (£40) and

(E45). 0

Corollary 4.35. Let T : 52 — H? be a boundary relation, which is single-valued
and satisfies the assumptions of Proposition 34 Then

mul Fr = I'({0} x mul Ap).

5. SPECIAL BOUNDARY RELATIONS AND THEIR WEYL FAMILIES

5.1. Ordinary boundary triplets. A combination of Definition [[LT] of an ordi-
nary boundary triplet for the case of a densely defined symmetric operator from [20]
(see also [15], [28]) and the adaptation for the case of a nondensely defined sym-
metric operator leads to the following definition. Note that now the adjoint S* of
a symmetric operator .S in ) is a closed linear relation in $); it can be considered
as a Hilbert space with the graph norm.

Definition 5.1 ([20]). Let S be a closed symmetric operator in a Hilbert space $
with equal defect numbers. A triplet IT = {H, Ty, "1}, where H is a Hilbert space
with dimH = ny (S) and T'; € [S*,H], is said to be an ordinary boundary triplet
for S*, if:

(A1) the abstract Green’s identity (L) holds;

(A2) the mapping I' := {T'g,I'1} : S* — H? is surjective.

Lemma 5.2. Let I': (92, J5) — (H?, Jy) be isometric and let T = domT satisfy
ScT cS* IfT is dense in S* and ranT = H2, then S = ker " has equal defect
numbers, T = 5%, and I is a bounded single-valued unitary relation.

Proof. By assumptions (domT)H = 7% = § < domT'. Hence, Corollary 28] shows
that ' is a unitary single-valued relation which is bounded with "= dom ' = S*.
In particular, kerI' = T* = S. Since mull’ = {0}, the defect numbers of S are
equal by Lemma 2141 O
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Proposition 5.3. A triplet {H,To,T1} is an ordinary boundary triplet for S* if
and only if T' = {To,T1} : $% — H? is a boundary relation for S* such that

(5.1) ranT = H2.

Proof. Let {H,T',I'1} be an ordinary boundary triplet for S*. Note that (A1) and
(A2) mean that " : 52 — H? is an isometric operator from the Krein space (£2, Jg)
into the Krein space (H?2, J3) with domT' = S* and ranT' = H2. By Lemma 52T
is unitary and (G1) and (G2) are satisfied.

Conversely, if I' : §2 — H? is a boundary relation for S* with ranT' = H?2, then
I is unitary and domT' = S*. The assumptions in Definition [5.1] are now obtained
from Lemma O

The kernels A; :=kerT';, ¢ = 0, 1, define two selfadjoint extensions of S. Associ-
ated with II are two functions which are holomorphic on p(A4y).

Definition 5.4 ([I5], [16]). Let II = {H,[x,I'1} be an ordinary boundary triplet
for S*. Then the v-field v(-) and the Weyl function M(-) corresponding to II are
defined by

(5.2) FO) = (Tol )" 4N s=m (Dol )71, M) =TiA(),

with X € p(A4p). Here Ny = ‘fIA(S*) and m; stands for the projection onto the first
component of H @ H.

In this case the corresponding Weyl function M (-) belongs to the class RY[H].
In fact, M(-) determines the pair {S, Ao} up to unitary equivalence (cf. [26]), and,
conversely, for every such function M (-) € R*[H] there exist a symmetric operator
S and an ordinary boundary triplet for S* whose Weyl function is equal to M (-).

It was shown in [I5], [28] that ~(-) and M(-) satisty [@I2) and the following
identity:

(5.3) M) = M(p)" = (A= p@)y()™y(N), A p € p(Ao).

This means that the y-field «(-) of S in Definition [54]is generated by Ay and that
M(-) is a Q-function of the pair {S, Ao}

5.2. Generalized boundary triplets. A more general definition of a boundary
triplet for a symmetric operator S with equal defect numbers appears in [16]. This
motivates the next lemma.

Lemma 5.5. Let ' be an isometric relation from (92,Jg) to (H?, Jy) with the
properties

(i) ranTy = H;

(ii) Ag :=kerDy is essentially selfadjoint in ),
where Ty is as defined in B.8). Then T is a unitary relation from ($2,Jg) to
(H?, Tn)-

Proof. Let {E, g} € T with k= {k,k'} and g = {g,¢'}. By assumption (i)
{8,{k,t'}} € T for some 8 = {s,5'} € $% and t' € H. Since T~ c T one
concludes that

(5.4) {0,k —t'},5 -5} = {k, 5} — {{k,t'},5} eI
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Moreover, the assumption (i) and Lemma FT0 imply that Ag is closed. Thus, by
the assumption (ii) Ag is a selfadjoint relation in $). The condition f € Ay means
that {f,{0,h'}} € T for some b’ € H. Now it follows from (5.4]) that for all f € Ag,

(Jof, G —8)g2 = (Jn{0, 1"}, {0,k — '} )32 = 0.
Therefore, g—§ € Af = Ap by assumption (ii). Hence, {g—5,{0,v'}} € T for some
v € H, and (54) implies that {{0,k" —t —v'},{0,0}} € T*l. This means that for
all {f,A} €T,

0= (Jof {0,0}) g2 = (Jpch, {0,k —t' =0/ 2 = i(h k' — ' — '),

and now (i) yields ¥’ — —v' = 0. Hence {g, k} = {G—5,{0,v'}} + {5, {k.t'}} €T,
and therefore T ¢ 1. O

Now recall the definition of a generalized boundary triplet as given in [16].

Definition 5.6 ([16]). Let S be a closed symmetric operator in a Hilbert space
$ with equal defect numbers and let T be a linear relation in $ such that S C
T C closT = S*. Then the triplet {H,To,I'1}, where H is a Hilbert space and
I' = {['p,I'1} is a single-valued linear mapping from 7T to H?, is said to be a
generalized boundary triplet for S*, if:

(S1) the abstract Green’s identity (7) holds for all f = {f, f'}, §={g.¢'} € T;

(S2) ranTy = H;

(S3) Ap:=kerTy is a selfadjoint linear relation in .

By definition Ag C domI' =T, so that Ay is a selfadjoint extension of S.

Proposition 5.7. A triplet {H,T,T'1} is a generalized boundary triplet for S* if
and only if T' = {To,T1} : $% — H? is a boundary relation for S* such that

(5.5) mull = {0}, To(M\(T))=H, AeC\R.

In this case the corresponding Weyl family M (X) belongs to the class R*[H]. Con-
versely, every R*[H]-function is the Weyl function of some generalized boundary
triplet {H,To,T1}.

Proof. Let {H,T9,I'1} be a generalized boundary triplet for S*. Then I" = {T"g, 1 }
is unitary by Lemma [5.5] and hence it is a boundary relation for S* with mull’ =
{0}. It follows from the assumption (S3) that S* = Ag + M\(S*), A € C\ R, and
since Ay C T, the equality

(5.6) T=Ay F M\(T), AeC\R,
also holds. This together with (S2) gives
To(Fu(T) =To(T) =H, A€C\R.

The statement M () € R*[H] is obtained from Proposition A7l

Conversely, let T be a boundary relation for S* with the properties (B.5). Then
H = To(MA(T)) C ranTy, so that ranTy = H, i.e., (S2) is satisfied. Also the
property (S3) is obtained from I'o(Mx(T)) = H by using Proposition BTG cf.
Corollary ET71 The remaining conditions for generalized boundary triplets are
clearly satisfied.

It follows from Theorem B9 and Propositions [0 A7 that every R*[H]-function
is the Weyl function of some generalized boundary triplet. (I
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The converse part of Proposition 5.7 was first proved in [16]. The next result
collects some further properties of generalized boundary triplets.

Proposition 5.8 ([16]). Let {H,To, 1} be a generalized boundary triplet for S*.
Then:
(1) T=A4y F ‘ﬁ)\(T) for every A € C\ R;
(ii) closT';1(Ag) = H and Tanl = H?;
(ili) the restriction To : MA(T) — H is a closed mapping for every A € C \ R;
(iv) the equalities (52) define an [H, Ny]-valued function3(-), an [H,N,]-valued
function v(-), and an [H]-valued function M(-), which are holomorphic on
C\ R and satisfy the identities (£12)) and [E3).

Proof. (i) This was shown in the proof of Proposition B.7 cf. (&.0).

(ii) By Proposition Z3ran T is dense in H2. Now assume that » | T';(4g). Then
{k,h} L T'(Ap) in H? for every k € H. Since {—M(\)*h,h} L I‘(‘ft,\) in H?, it
follows from (i) that {—M(A)*h,h} L ranT and, therefore, h = 0.

(iii) By Proposition the mapping Ty : ‘ft,\(T) — H, A € C\R, is closable.
Moreover, it is closed since To(M\(T)) = H.

(iv) The operators ¥(\), A € C\ R, are bounded by the closed graph theorem
and thus also the operators y(A), A € C\ R, are bounded. The corresponding
statement for M (\) was shown in Proposition (.9 The remaining statements are
immediate from Proposition [T and the operator representation (23] O

5.3. Boundary relations with Weyl functions in R[H]. In this subsection
the class of boundary relations whose Weyl functions belong to the class R[H] is
considered.

Proposition 5.9. Let H and $ be Hilbert spaces and let T : 52 — H? be a (possibly
multi-valued) linear relation such that:

(B1) Green’s identity 31 holds;
(B2) ranTy = H;
(B3) Ao :=kerDy is a selfadjoint linear relation in $).
Then T : 2 — H? is a boundary relation for S* := (kerI')* such that

(5.7) To(MA(T)) =H, AeC\R.

Conwversely, every boundary relation T' : $% — H? satisfying (5.0) also satisfies
the conditions (B1)—(B3). In this case the corresponding Weyl function belongs to
the class R[H], and moreover, every R[H]-function is the Weyl function of some
boundary relation T : $§2 — H? with the properties (B1)—(B3).

Proof. The proof is completely analogous to that of Proposition (5.7 and will be
omitted. O

Proposition 5.10. Let I' : $%2 — H? be a boundary relation satisfying the condi-
tions (B1)—(B3). Then:
(i) T = Ag F MA(T) for every A € C\ R;
(ii) (I‘O[‘JA?,\(T))_1 tH— ‘YI,\(T) is closed bounded and single-valued for every
A e C\R;
(iii) the equalitics (B2 define [H,My]-valued, [H,Ny]-valued, and [H)-valued
functions (+), v(+), and M (-), respectively, which are holomorphic on C \ R
and satisfy the identities [EI2)) and [E3).
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Proof. The proof is analogous to that of Proposition B3R The main difference is
that the mapping FO[‘?IA(T)) : M\ (T) — H may be multi-valued, but it still has
a trivial kernel and its inverse is a closed bounded single-valued mapping for every
A € C\ R by Proposition L9l The identity (5.3]) is implied by (£.23]). O

6. EXAMPLES

In this section a number of illustrative examples are presented. Each example
by itself shows some characteristic behaviour of boundary relations.

Example 6.1. Let A be a selfadjoint relation in a Hilbert space ) and let B be a
selfadjoint relation in a Hilbert space H. Define the linear relation A in § @ 'H by
A=A®(-B),ie.,

{0 (4} wrenmines)

It is clear that A is selfadjoint. The transform

@ ={{(2) () e wres)

defines a boundary relation I' : 2 — H? for S* = A with
T=domI'=A4, S=ker'=A, ranl'=DB, mull = B.

In particular, this implies that Ag = A; = S = S* are selfadjoint. The correspond-
ing Weyl family M(\) = F(‘/J\IA(T)) is given by M(X) = B. Since ranT'y = dom B,
M(\) € R[H] if and only if dom B is closed (in which case B is the orthogonal sum
of a bounded selfadjoint operator and a closed multi-valued part). Furthermore,
MA(S*) =N (A) = {0,0}, so that the y-field satisfies y(A\)h = 0 for all h € dom B
and hence its closure is single-valued.

Example [6.1] gives a realization for a constant Nevanlinna family M(\) = B
as a Weyl family of a boundary relation I'. Observe that the symmetry property

M(X)* = M(X) forces that B = B*. In Example[6.1] the boundary relation I' is not
minimal. The following result expresses this situation more explicitly.

Corollary 6.2. Let I' : % — H? be an arbitrary boundary relation whose Weyl
function satisfies M(A) = B, A € C\R. IfT is minimal, then $ = {0}, and in
particular S =T = S§*.

Proof. Consider {f)\,ﬁ} € T' with A € C\ R. The identity (84) with A\ = p shows
that

(A= NIAP = (7', h) = (h, h') =0,

since B is selfadjoint. This implies that ]/”:\ = {0,0}. Now the assumption that
I':$%? — H? is minimal yields $§ =span {MN,\(T): A € C\R} = {0}. In this case
S=T=8"=/{0,0}. O

In Proposition[3.7a boundary relation for an arbitrary closed symmetric relation
S in a Hilbert space § is constructed. In the next example some further properties
of the corresponding boundary relation are considered.
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Example 6.3. Let A be the linear relation in § @ $ given by (@I0) and let

I' = 77 1(A) be the corresponding boundary relation for S*. Then I' satisfies the
following equalities:

kerI'=mull’ =S5, domTD =ranl = 5*.

Moreover, the corresponding Weyl family M ()\) is given by
(6.1) M(\) =S8 F9M(S*), AeC\R
To see this assume {fa, f4} € M(A). Then it follows from (B.35]) that

{{A AL Af2s f2} €D for some  {fy, Afa} € 5™
By BI0)) this shows Py({f2, f4} — {fx, Afa}) = 0, which implies that

{fos fa} —{fn Aa} € S,
so that {fa, 3} € S F Mx(S*). Hence M()) C S F M\(S*), and the reverse
inclusion can be seen immediately. Furthermore,
(6.2) mul M(A) =mulS, AeC\R.
To see this, consider an arbitrary element in M(A) with A € C\ R:
{1} F{fu AR € M(N) with {h,h'} €8, {fi,Afa} € (),

so that (B', fx) = A(h, fr). If b+ fn = 0, then {—fy\,h'} € S and (W, fr) € R.
Hence f) = 0, and consequently, h = 0. Thus mul M(\) C mul S and the reverse
inclusion is obvious. _

In this example M (-) € R($). According to Proposition the boundary re-
lation T is minimal if and only if the selfadjoint relation A = J(T') in § & § is
minimal with respect to §, which is equivalent to S being simple. Hence, if S is
simple, in which case S is an operator, this model provides a minimal realization
for the Weyl family M (X) in (6I)). Moreover, its multi-valued part is trivial due to
[62). Therefore, if S is simple, M(-) € R(H).

Note that ranI'g = dom S* and ranI'; = ran S*. Moreover,

Ay =kerTo = {{f1, fi} € S*: Pufi = Pn{0, f}}, {0, f3} € S* },
Ay =kerTy = {{f1, fI} € S*: Pufi = Pn{f2,0}, {f2,0} € S*}.
This implies, in a similar way as above, that
(6.3) Ag=S F{0,mul S*}, A; =5 F {kerS*,0}.

The extension Ay of S is symmetric and, in general, not selfadjoint. The defect
numbers of Ay are called semi-defect numbers of S; see [23].

Remark 6.4. If in Example[6.3]S is a densely defined symmetric operator, then ([G.3])
shows that Ay = kerI'g coincides with S. Therefore, Ay need not be selfadjoint
and, in general, it can have arbitrary (equal or unequal) defect numbers.

The next example gives a boundary relation whose Weyl function belongs to
Riny(H)\R[H].

Example 6.5. Let B be a closed densely defined linear operator in $) and let A
be the operator determined by the block form

= 0 B
(2 f)
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By definition Aisa selfadjoint operator in 9 & $ whose graph is given by

{2} csmscamr )

The transform

r=J7"A) = { {(g}) <_£*f>} : h € dom B, fedomB*}

defines a boundary relation for S* = $H @ Tan B in H P $H with
T =domI =dom B* xran B, S =kerI'=ker B* x {0},
ran’ = dom B x ran B*, mulT" = ker B x {0}.

Hence, T is single-valued if and only if ker B = {0} and, since mulT' N {0, H} = {0},
the corresponding Weyl family M ()) is operator-valued. Clearly, {f,A\f} € T if
and only if

1
f= X Bh, he€domB*B.

Hence,
To(MA(T)) =dom B*B, T1(M\(T)) =ran B*B,
and the corresponding ~-field and the Weyl family are given by

1 1
=—B, M =—-—DB"B

on dom B*B. In particular, Fo(&A(T)) and Fl(‘j\t)\(T)) are independent of A €
C\ R. In general they do not coincide with ranTy and ranT';, since

ranl'g = dom B, ranl'; =ran B*.
In this example Ay and A; are essentially selfadjoint in $), since
Ay =ker'g = dom B* x {0}, A; =ker'; =ker B* x ran B.
Furthermore, the equality M (X) — M (p)* = (A — @)y(u)*y(X) is satisfied.

The next example gives a boundary relation whose Weyl function M(-) typically
appears in the case of bounded perturbations of a selfadjoint operator. Observe
that in this example —M (-)~! need not belong to the class Rip, (H).

Example 6.6. Let B be bounded and let D and E be selfadjoint operators in .
Define A by the block form
i D B
(5 %)

Then A is a selfadjoint operator in $ @& $ whose graph is given by

= f Df 4+ Bh )
A ({20 reaompincame),

The transform

_1E — f h .
r=J (A){{(Df—i—Bh)’(Eh—B*f)}'fedomD’hEdomE}
defines a boundary relation in $) ® $ with

T =domT =D F ({0} x B(dom E)), S =kerT = D[ ker B,
ranl' = E F ({0} x B*(dom D)), mull' = E| ker B,
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so that S* = clos (D ¥ ({0} x tan B)). Since mulT'N{0, %} = {0}, the correspond-
ing Weyl family M () is operator-valued. Moreover,

ranl'g =dom E, ranl; = B*(dom D)+ ranFE.
Observe, that {f,\f} € T if and only if
f=—(D—-\"'Bh.
Hence,
To(NA(T)) = dom E, T (Ny\(T)) =ran (B*(D -~ \)"'B+E),
and the corresponding vy-field and the Weyl family are given by
YA =—=(D—-XN"'B, M) =B*"(D-\"'B+E,

on dom M(A). In particular, I‘O(‘YIA(T)) = ranly for every A € C\R, while
(9 (T)) in general depends on A € C\ R and need not coincide with ranT}.
The formulas
AQ = ker FO = D,
Ay =kerl'y ={{f,Df + Bh}: f edom D, h € domFE, B*f = Eh},
show that A is selfadjoint, while A; need not be essentially selfadjoint in $).
However, if for instance £ = 0, then A; takes the form

Ay ={{f.f}eT:Bf=0}=87%F ({0} xran B).

By Theorem E.I3] the equality I‘l(‘ﬁ)\(T)) = ranl'y holds for every A € C\R if
and only if A; is selfadjoint: this holds if, for instance, £ = 0 and ran B is finite-
dimensional, in which case A; is in fact the generalized Friedrichs extension of S.
Since Ay is a selfadjoint extension of S, S has equal defect numbers. Observe that
Ap = S if and only if B = 0, so that when B # 0, S is not selfadjoint.

On the other hand, A; = S if and only if the following implication holds:

B*f=Fh, fedomD = h=0and B*f=0,
or equivalently,
(6.4) B*(domD)Nran E = {0} and ker E =0.

In this case A; cannot be essentially selfadjoint (unless B = 0) and thus Fl(‘.Y’(A(T))
must depend on A € C\ R. Observe that there exist bounded selfadjoint operators
B = B* and F = E* with the properties

ran BNran E = {0}, ker E = ker B = {0},
so that also the conditions in ([6.4]) can be satisfied.

In the next example the Weyl function takes a constant value in the lower half-
plane which is a symmetric operator with defect numbers (1,0). In fact, this ex-
ample can be seen as a special case of Example [6.3] It involves some first-order
differential operators on the halflines.

Example 6.7. Let S and S_ be the minimal differential operator generated in
$ = Ly(0,00) and H = Lo(—00,0), respectively, by the expression iD. Let A be
the selfadjoint operator in $) & H given by

HE)- G m e wio.0, o e Wi, n00 =500 }.

Y- —iy
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Clearly, the operator A is minimal with respect to the space H in the sense of ([Z23)
since the symmetric operator S, is simple; see Lemmal2ZT4l Then the linear relation
I'=7J"YA): 9% — H? is a minimal boundary relation with

domI'=-S%, kerI'=-S,, ranT'=S5%, mull'=5_.
The symmetric extensions Ay = ker 'y and A; = kerI'; are equal and coincide with
S = kerI' = =S, which is a maximal symmetric operator. Furthermore, observe

that
ran[lg =dom S*, ranT; =ranS*.

The defect subspaces 9 (S*) are given by
MA(S*) =span {**}, AeCy, NMy(S*)={0}, reC_,
and the corresponding Weyl family M(\) = T'(95(S5*)) has the form
MM =5, XeCqy, MN)=S5_, leC_.

Clearly, M () belongs to the class R(H) and has the domain invariance property
in each halfplane, but not on C\ R; cf. Proposition LTIl In fact, each halfplane
gives different behaviour. For A € C, the corresponding ~-field is given by

Y(A\)h = h(0)e?*,  h € dom S*,

o AOP _ (S2h,h) (b, 5" D)
h(0 *h,h) —(h,S*h
2 _ _ —'" 'y M — *
[Y(MR|I" = SIm N P , héedomS*.
Clearly ({I0) is not satisfied for A € C,, since S* ¢ S_. In fact, the closure of
the ~-field v(\) is not single-valued for A € C,. To see this, define a sequence of
smooth functions h,, € H such that h,(0) = 1 and h,, — 0 in H = L?(—0c0,0), in

which case y(\)h, = ¢*® £ 0. For A € C_ the corresponding y-field is given by
Y(A)h=0, hedomS_,

and S_h,h h,S_h

g = SRR Z SR o
Clearly (£I0]) is satisfied for A € C_, since S_ C S*. Therefore, the closure of y(X)
is single-valued for A € C_ and, in fact, y(A\)h =0 for all h € H.

The last example demonstrates the applicability of boundary relations (as de-
fined in the present paper) for treating boundary value problems involving partial
differential operators.

Example 6.8. Let A = A*(> I) be a semibounded operator in a Hilbert space H
and let S be a minimal symmetric operator in $ = La((0, 00), H) associated with
the differential expression

(6.5) Iy = —y" + A%y.

Define the operator T' as a restriction of S* to the domain
domT = {y € dom S* : y(0), ' (0) e H}

and the mapping I' : dom T — H2 by

tr= (1) = () v o
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It will be proved that I" is a boundary relation for S* in the sense as defined in
the present paper. Simple calculations show that

(Ty, Z) - (yaTZ) - (Fly,FOZ)H - (FOy,Flz)H, Y,z € dOIl’lT,

that is, the condition (G1) of Definition 3.1 (the Green’s identity) is satisfied. Next,
observe that the defect subspace 9ty (T') consists of the vectors

yri=e VA AMp b e dom A.

Since T'gyx = h and Toyy = —V A2 — \h, the 7-field and the Weyl function corre-
sponding to {H, Ty, Ty} are given by

(6.6) Yy MNh=yx, MMNh=—-A%2—Xh, hedomA.

Indeed, the operator M (\) is maximal dissipative for all A € C4 due to A = A*.
To see that the linear relation I' is closed, let y,, € domT and y,, — vy, Ty, — z in
$ and y,,(0) — h, y,,(0) — g in H as n — oo. Then y € dom S*, since S* is a closed
operator. It is shown in [20] that y(0) € H_,/2(A) and y'(0) € H_5/2(A), where
Hao(A) = dom A% if @ > 0, and it is the completion of H with respect to the norm
[h]la = [[A%R|| if a < 0. Moreover, My (S*) = {e VA" h: h € H_;/2(A)}. Since
Yn(0) converges to y(0) in H_;/2(A) and y;,(0) converges to '(0) in H_3/2(A), one
concludes that y(0) = h € H, 3/(0) = g € H and, therefore, y € domT. Finally,
the graph of T is dense in S*. This follows from von Neumann’s formula, since the
defect subspace My (T) = {e~ VA" Mh: h € dom A} is dense in My (S*). Therefore,
by Proposition T is a boundary relation for S* and M () is the corresponding
Weyl function.

Clearly, M € Rin,(H) \ R[H], since the function —v/'s2 — X is unbounded on
[1,00) for every A € C\ [1,00) and dom M (X\) = H1(A) for all A € C\ R.

Note that the proof of the fact that I' is a boundary relation for S* is rather
simple. At the same time a construction of an ordinary boundary triplet for S* is a
nontrivial problem, since, in general, boundary values y(0) and 3'(0) of y € dom S*
do not belong to H. M.L. Gorbachuk has shown (cf. [20]) that an ordinary boundary
triplet {H, fo, fl} for S* can be chosen in the form

Loy = A12y(0), Tiy = AY2(y/(0) + Ay(0)),

where A denotes the continuation of the operator A acting from He (A) to Hay1(A).
In this case the corresponding Weyl function is M (\) = (4 — v A% — \) A; see [T5].

In a forthcoming paper the usefulness of the concept of Weyl functions with un-
bounded values is demonstrated for the spectral analysis of selfadjoint extensions
in Example In particular, starting with the representation (6.6]) of the Weyl
function, it will be shown that for any A (> I) the Friedrichs extension Sp cor-
responding to the Dirichlet boundary value problem for the operator (G.H]) has a
purely absolutely continuous spectrum.
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