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1. Prologue
This review article is, in a way, different from traditional

review articles in that, besides being informative and reporting
on the past published work in the area of graphical representa-
tion of complex biological data, it has an additional purpose in
being provocative with respect to potentials of novelty in the
future, rather than dwelling excessively on the accomplishments
of the past. The review is factual; it is introductory and trying
to be comprehensive with respect to its central topicsthe
graphical representation of proteins. Because it covers a topic,
which may be viewed to be out of the mainstream avenue of

† “The most rewarding work is usually to explore a hitherto untouched field.
These are not easy to find today. However, every once in a while some
new theory or new experimental method or apparatus makes it possible to
enter a new domain. Sometimes it is obvious to all that this opportunity
has arisen, but in other cases recognition of the opportunity requires more
imagination.” E. B. Wilson (Introduction to Scientific Research; McGraw-
Hill: New York, 1952.)
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comparative protein studies and an outline of events along a
path not frequently trodden, we included sufficient introductory
material on closely related topics of graphical representations
of DNA and the secondary structure of RNA. It is not possible
to study and understand proteins without studying and under-
standing DNA and RNA, so inclusion of material on DNA and
RNA has been almost mandatory.

Graphical representation of biosequences was a novelty
25 years ago as it is also today, as the subject expanded from
DNA, RNA to proteins and proteomics and as it grew from
qualitative and pictorial representations to quantitative and
numerical characterizations of biosequences. In science,
whenever one enters a novel territory, one comes across
novel challenges and old animosities. Graphical representa-
tion of proteins is not an exception, even though by its
significance it cannot be compared to Pleiades of outstanding
discoveries that were met by hostile reception. Recall how
Van’t Hoff was greeted by Kolbe when he advanced the
notion of three-dimensional tetrahedral structure of carbon
atoms;2 recall the hesitation of the physical chemistry
community toward the novelty of quantum mechanics and
the difficulty of Pauling and others to publish their work in
Journal of Physical Chemistry, which led in 1933 to the
initiation of the Journal of Chemical Physics;3 recall the
skepticism toward the pioneering work of Samuel Francis
Boys4-9 on quantum chemical ab initio calculations based
on Gaussian orbitals (for which all molecular integrals could

be exactly computed, which was not the case with Slater-
type orbitals that were exclusively used at that time); recall
in turn the distrust of the Gaussian ab initio quantum chemists
toward DFT, the density-functional theory,10-12 which is
today accepted, no doubt mostly due to the Nobel Prize
awarded to W. Kohn, “for his deVelopment of the density-
functional theory”, who shared the 1998 Nobel Prize for
chemistry with J. A. Pople, “for his deVelopment of com-
putational methods in quantum chemistry.”

Some skepticism is welcome in science, but skepticism
combined with a lack of imagination, which illustrates all
the above-mentioned cases of hostility toward novelty in
science and numerous other fields is, to say the least,
unproductive. Hostility mostly reflects a lack of understand-
ing of the subject combined with fear as if the novelty
necessarily threatens the existing status quo. The novelty of
graphical representations of biosequences is not in that they
are very abstract and difficult to comprehend but that they
appear very arbitrary! This may be sufficient for some to
raise objections without realizing that arbitrary approaches
in science are not whimsical, but are done with a reason
and according to some plan. Hence, such models, while
arbitrary conceptually, differ little from use of nonobserVable
quantities in science, which are widespread in modeling, with
chemistry in particular, as can be seen from Table 1, where
we have listed several such tools merely to remind readers
of their common occurrence.

It is not essential for a model to be based on observable
quantities but to provide noVel insights into structure-property
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relationships, whether they pertain to individual molecules,
physicochemical molecular properties, bulk properties, QSAR
(quantitative structure-activity relationship), or to biomol-
ecules and their properties, including their interactions, their
folding, and their alignment. So the ultimate judgment on
whether a novelty is desirable or not will be decided by those
who tried such models, not those who read about them!
Recall the proverb the proof of the pudding is in the eating?
This is the main reason that we have outlined enough details
of historical developments of graphical representations of
DNA, RNA, and proteins and enough computational details
so that any interested reader can verify results and duplicate
computations, if warranted.

It is up to interested individuals to evaluate sections of
this review and judge on the novel insights they offer to
traditional bioinformatics, but before discarding the novelty
as being redundant in the sense that the “available methods
have served us well”, as one skeptic who reviewed some of
our work has lamented, let us recall one aspect and one result
that “traditional” approaches could not do or failed to do.
First, in contrast to computer manipulations of DNA and
protein sequences, which always consider at least two or

more sequences at a time, analyses based on graphical
approaches to DNA and proteins apply also to a single DNA
or protein. This makes it possible to compile a catalogue on
individual DNA and protein molecules, which will have more
than sequential lists of nucleotides or amino acids, analogous
to similar catalogues on molecules, which besides formulas
have lists of selected molecular properties (e.g., the Merck
Index). Second, graphical representations of DNA stimulated
work on extending some of these graph-theoretical ap-
proaches to quantitative characterization of proteomics maps.
One such application resulted in a nonlinear quantitative
characterization of dose-response of rat liver cell proteome
(the collection of cellular proteins) to variation in concentra-
tion of peroxisome proliferators. Such J-shaped dose-response
of drugs is known as hormesis (the term for generally
favorable biological responses to low exposures to toxins).
Hormesis has been reported for whole organisms for quite
some time. It is interesting that, already in the 16th century,
Paracelsus had recognized that the efficacy of medical use
of small amounts of toxic chemicals depended principally
on the dose.13 For the first time, however, hormesis has been
reported on the cellular level very recently.14

For the past two decades, we have witnessed well-
documented hostile opinions of some theoretical chemists
toward chemical graph theory15 and occasional flares of
hostility toward extensions of graph theory to bioinformatics.
So in the spirit of preventive medicine, this article also has

Alexandru T. Balaban was born in Timisoara, Romania, in 1931 and is a
citizen of the United States and Romania. He studied in 1949-1953 at the
Faculty of Industrial Chemistry, Bucharest Polytechnic University, and
graduated as a chemical engineer; his subsequent Ph.D. thesis described a
new synthesis of pyrylium salts (the Balaban-Nenitzescu-Praill “name
reaction”). Between 1956 and 1999, he taught organic chemistry at the same
university except for 1967-1970, when he was a senior research officer at
the International Atomic Energy Agency in Vienna, working with radiophar-
maceuticals. In the new millennium, he became a professor of chemistry at
the Texas A&M University at Galveston. His chemical research led to new
syntheses of oxazoles and indolizines, to new boron or arsenic chelate
compounds, to persistent nitrogen-centered free radicals stabilized by
push-pull electronic effects, and to the discovery of the catalytic automerization
of 13C-labeled phenanthrene. He pioneered Chemical Applications of Graph
Theory and edited the first monograph with this title in 1976, which was
translated into Chinese. Such applications involve valence isomers of
annulenes (he coauthored a three-volume book on this topic in 1987),
theoretical aspects of aromaticity including dualists of polycyclic aromatic
hydrocarbons, fibonacenic or isoarithmic benzenoids (italics denote terms he
introduced). The first of the three smallest trivalent graphs with girth 10, and
the unique such graph with girth 11, are known as Balaban 10-cage and
Balaban 11-cage, respectively. He described several topological indices: the
average distance-sum connectivity is known as the Balaban index J, and is
used successfully in quantitative structure-activity or structure-property
relationships. The Division of Chemical Information of the American Chemical
Society honored him with the 1994 Herman Skolnik Award. In 1963, he was
elected as a corresponding member of the Romanian Academy, but had to
wait until 1990 for being promoted as titular member (academician). In 2001,
he was elected as honorary member of the Hungarian Academy of Sciences.
He was the first president of the International Academy of Mathematical
Chemistry (2005-2007).
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a mission to disperse doubts about the role of graph theory
in bioinformatics. That aspect of this review article is what
can be characterized as its “provocative” element, which
ought to be differentiated from “propaganda”, which one
occasionally notices in opinions of some of the critics of
novelty in science. Apparently most critics of mathematical
novelty in chemistry and biology prefer to remain anonymous
as reviewers of articles submitted for publication. Most such
critics are also unaware that graph theory is synonymous to
combinatorial and topological explorations to molecular
structure, DNA, RNA, proteins, and proteomics, and while
graphs may be simple, graph theory is not. Recall the
definition of “propaganda” as given by J. W. Cornforth,16,17

who shared the 1975 Nobel Prize in Chemistry with V.
Prelog:

“Propaganda is that sort of art of lying that consists in
deceiVing your friends without deceiVing your enemies.”

Let us continue by mentioning several additional “histori-
cal blunders” in science (to use the characterization of

Calabrese,18,19 which reflects on the fact that novelty in
science is not well received by opinioned Establishment. We
could start with the historical blunder in pharmacology,
related to the nonlinear nature of dose-response relationship,
which Calabrese considered. Most so-called controversies
in science originate with scientists expressing their opinions
without realizing that opinions are often undocumented
views. Lyn Margulis, the distinguished biologist, commented
on “opinions” in science by stating:20

“So I don’t see how people can haVe strong opinions. ...
Let me put this way: opinions aren’t science. There is no
scientific basis! It is just opinion!”

She knows what she is talking about because one of her
own papers, a paper on the fundamentally new “theory of
the origin of eukaryotic cells (that is, cells that divide by
classical mitosis)” was rejected by about 15 scientific
journals, to be finally accepted and published by another
journal to which she submitted her work. This some 15 times
rejected paper is today considered as a paper that made
significant progress in her field of research and is recognized
“as a landmark and a key to the understanding of the genesis
of organelles.”21 Recall also the hostility toward David
Baltimore, the leading molecular biologist, who was accused
of fraud and even targeted by a congressional investigation
of scientific fraud, because some results made in his
laboratory could not be reproduced. Some went so far as to
request that his Nobel Prize be rescinded and to have him
expelled from the National Academy of Sciences, but about
10 years later it turned out that David Baltimore, who stood
behind the results of his younger collaborator, was found to
have been right all the time.

As Max Planck has said:22

“... a new scientific truth does not triumph by conVincing
its opponents and making them see the light, but rather
because its opponents eVentually die, and a new generation
grows up that is familiar with it ....”

Thus, it is not our intention here to convince those who
are satisfied with the “tool” they already have (such as
FASTA,23 BLAST,24 and other computer software) about
potentially useful novelties of the graphical approach to the
characterization of proteins but rather to alert open-minded
scientists and newcomers about the arrival of a new “tool”,
which may or may not be of interest to them for dealing
with their problems. Being also interested in comparative
studies of DNA, RNA, proteins, and even proteome, we are
not in competition but in cooperation with the existing
methodologies. There is no doubt that FASTA, BLAST, and
other computer software will continue to be useful; nobody
questions that. The question is whether there is room for
novelty, a question that sometimes falls on deaf ears. As is
well known, it is generally premature to speculate on the
potential of novel schemes at their early stages of develop-
ment, as was the answer of Faraday to the question about
the usefulness of electromagnetic induction, so we leave the
matter and will see what the future will bring. This is also
our answer to those impatient scientists who have a limited
background and are overlooking the fact that “eVery once
in a while some new theory or new experimental method or
apparatus makes it possible to enter a new domain.” We
are not in the business of predicting the future nor selling
our products, and the only guidance that we can advance to
readers is to alert them to the presence of false prophets,
who have been well characterized already 2500 years ago
by Confucius, when saying:
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Table 1. Illustrations of Nonobservables Quantities and
Concepts of Physics and Chemistry

nonobservable discipline

atomic orbitals quantum theory
molecular orbitals quantum chemistry
hydridization quantum chemistry
potential curve spectroscopy
aromaticity chemistry
bond dipole moments physical chemistry
ring currents NMR
reaction coordinate chemistry
molecular descriptors QSAR
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Who does not know, and knows that he does not know
Is a child, teach such;
Who knows, and does not know that he knows
Sleeps, awake such;
Who does not know, and does not know that he does not

know
Is dangerous, aVoid such
Who knows, and knows that he knows
Is wise, follow such.
So before one accepts opinions of others, it is advisable

to check on the background of opinioned persons, to see if
they know what they think they know. This should include
making a check on their formal education; recall a statement
by Frederic C. Bartlett (1886-1969), a British psychologist,
made over 75 years ago:25

“Educated subjects are likely to understand and remember
astonishingly little of any scientific subject concerning which
they haVe been giVen no specialized training.”

Hence, views of those without formal education in Discrete
Mathematics and Graph Theory (who are mostly physicists
and chemists, but not computer scientists) on applications
of graph theory to molecular structure are irrelevant. They
may be at best amusing (e.g., “It frankly reminds me of the
geometrical puzzles my 10-year old does”, as an anonymous
referee of the distinguished Journal of Chemical Physics
characterized one of publications in chemical graph theory).26,27

They may be a product of wishful thinking, but most of the
time they reflect on the incompetence of speakers, “people
who do not know that they do not know.” In the case of
Chemical Graph Theory, the problem is accentuated by the
fact that the subject is deceivingly “simple,” but as V. Prelog
warned chemists:28

“Pictorial representation of graphs are so easily intel-
ligible that chemists are often satisfied with inspecting and
discussing them without paying too much attention to their
algebraic aspects, but it is eVident that some familiarity with
the theory of graphs is necessary for deeper understanding
of their properties.”

However, it is not difficult to test one’s own familiarity with
the subject, by trying to answer the questions made available
for such a purpose.29 Clearly all these words of caution are
not addressed to newcomers, except to alert them about the
noise coming from old-timers lacking tolerance to novelty.

2. Historical Introduction
Graphical approaches have been used in science not only

to visualize complex relationships but also to represent
functional relationships, outcomes of complicated processes,
and interactions, as well as to simplify scientific notation.
In Table 2, we have collected illustrations of graphical tools
for mathematics, physics, chemistry, biochemistry, biology,
and computer science, which includes Feynman diagrams,30

Kekulé structures,31 phylogenetic trees,32 and flowcharts.33

With the emergence of genomics and proteomics, graphical
representations of lengthy biosequences expanded into
bioinformatics.

Graph Theory,34-38 a branch of Discrete Mathematics that
has facilitated the development of Chemical Graph Theory,39,40

has introduced mathematical descriptors for use in structure-
property studies and their extension, structure-activity
studies, which then have led to mathematical modeling of
drug design and drug-receptor relationship, thus broadening
the traditional QSARs. More recently, the methodology of
Graph Theory has been extended toward the study of

biomolecules, such as characterizations of DNA and proteins,
which are of interest for comparative studies of DNA, RNA,
and proteins, including also the problem of DNA and protein
sequence alignment. Finally, the methodology of Chemical
Graph Theory has reached toward the characterization of the
proteome, the collection of proteins inside cellular systems.

In this review, we will concentrate on the development of
graphical schemes for graphical and nongraphical representa-
tions of proteins and subsequent numerical characterizations
of proteins. This topic, even though it has emerged only very
recently, appears promising in offering novel quantitative
characterizations of similarities and differences among
proteins.

We start by outlining the basic elements of selected
graphical approaches for characterization of biosequences
and will follow with illustrations and discussion of various
graphical representations of proteins. We then continue to
outline the development of graphical representations of DNA,
though we will confine our attention only to a fraction of
DNA graphical representations, because our interest here is
mostly on proteins and their graphical representations.
Besides, there is a recent review on graphical representations
of DNA,41 where readers can find more detailed accounts of
various graphical representation of DNA. We have selected,
therefore, to describe only those few graphical representations
of DNA that have been extended to, or are related to,
graphical representations of proteins.

The first graphical representations of DNA have been
proposed over 25 years ago by Hamori.42-46 In contrast, the
first graphical representation of proteins emerged only very
recently, about five years ago. The first graphical representa-
tion of proteins assumes a unique correspondence between
one selected collection of 20 nucleotide triplets, the so-called
Virtual Genetic Code, and the 20 amino acids, which they
represent.47 The Virtual Genetic Code converts a protein
sequence into a hypothetical DNA sequence, and allows one
to use available graphical representations of DNA to generate
a graphical representation for proteins. More recently, novel
graphical approaches were developed for graphical repre-
sentation of proteins that allow a direct representation of
proteins as 2D mathematical objects, without a need to know
which codons of RNA that encode amino acids were
employed in the biosynthesis of proteins.

We will describe the virtues and limitations of available
graphical models for proteins and will express our views on
the potential and the promise of graphical representations
of proteins for characterizing proteins. It is hoped that

Table 2. Illustrations of Graphical tools of Mathematics,
Physics, Chemistry, Biochemistry, Biology, and Computer
Science

graphical tool discipline

Young diagrams mathematics
Feynman diagrams physics
Kekulé structures chemistry
resonance graphs chemistry
degenerate rearrangement

graphs
chemistry

retrosynthesis chemistry
Krebs cycle biochemistry
metabolic pathways biochemistry
phylogenetic trees biology
graphical representation

of biosequences
bioinformatics

flowcharts computer science
network of word meaning linguistics
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graphical representations of proteins, just as was the situation
with graphical representations of DNA, can be used as a tool
for seeking a better understanding of the ever-increasing
complexity of biological systems. It is important, here at the
beginning, to emphasize that graphical representations of
DNA and proteins are virtual mathematical objects (usually
viewed as 2D geometrical structures and occasionally 3D
geometrical structures) that are devoid of any relationship
with the factual geometries of DNA or protein structures.
Thus, they merely represent alternative fictitious “images”
of complex systems but are expected to reflect faithfully on
similarities and differences of the underlying sequences.

A parallelism may be drawn here with the early molecular
models of quantum chemistry, namely, the valence bond
(VB) and the molecular orbital (MO) theories. For example,
in VB modeling of aromatic compounds, molecules have
been typically represented by a set of Kekulé valence
structures, while in MO computations, molecules have been
typically described by a set of atomic orbitals. As a result
of MO calculations, one obtains a set of molecular orbitals
for representation of molecular structures. Both the Kekulé
valence structures and the set of molecular orbitals are
fictitious constructions, just as are graphical images of DNA
and proteins. There is an additional distinction between
graphical representations of DNA, RNA, and proteins on one
hand, and quantum chemical models of molecules on the
other hand, in that the Kekulé valence structures and various
molecular orbitals relate to the actual molecular geometry,
which is not the case with graphical representations of DNA
and proteins. In that respect, graphical representations of
DNA, RNA, and proteins play a role similar to diagrams
depicting nonexisting objects, such as are diagrams repre-
senting the partial ordering, the genealogical (family) trees,
or the Tree of Life. These geometrical constructions allow
one to visualize relationships between different objects such
as, in the case of the Tree of Life, the phylogeny of
organisms, that is, the history of lineages as organisms,
including animals and plants, as they changed through time.

The motive for the introduction of graphical representa-
tions of DNA was to facilitate visual inspection of similarities
and differences among lengthy DNA sequences, which is
almost impossible without some kind of preprocessing. The
pioneers on graphical representation of DNA were Eugene
Hamori and John Ruskin,42 who introduced a geometrical
illustration for biological four-letter sequences. The first step
in their approach to transform a DNA sequence into a
graphical mode was to arrive at a sequence of numbers;
specifically, they proposed to use a set of five entries for
each nucleic acid. The first four of the five entries stood for
the four nucleotide bases: A for adenine, C for cytosine, G
for guanine, and T for thymine and the fifth entry represented
the sequential position of each base. For example, the
sequence ATGGTG, with the following convention,

A ) (1, 0, 0, 0)
C ) (0, 1, 0, 0)
G ) (0, 0, 1, 0)
T ) (0, 0, 0, 1)
results in the following numerical sequence
A (1, 0, 0, 0, 1); T (1, 0, 0, 1, 2); G (1, 0, 1, 1, 3); G

(1, 0, 2, 1, 4); T (1, 0, 2, 2, 5); G (1, 0, 3, 2, 6);
when subsequent entries are cumulatively added. The last

coordinate is the running index indicating the sequential
position of each base. Each member of such sequences
represents a point in 5-dimensional space, which of course

cannot be visualized. To obtain a visual representation of
DNA, Hamori and Ruskin placed the four bases at corners
of a square, assigning them coordinates A ) (1, -1); C )
(-1, 1); G ) (-1, -1); T ) (1, 1,), and added as the third
coordinate the running index. In this way, they obtained a
3D graphical representation of DNA, which is referred to
by Hamori and Ruskin as an H-curve. The initial 6-base
fragment DNA listed above becomes then the sequence (0,
0, 0); (1, -1, 1); (2, 0, 2); (1, -1, 3); (0, -2, 4); (1, -1, 5);
(0, -2, 6), to which, as the beginning the origin, (0, 0, 0)
was added.

The 6-base fragment ATGGTG, taken for illustration of
the approach of Hamori and Ruskin, is the beginning of the
first exon of human �-globin gene, the graphical representa-
tion of which is fully illustrated in Figure 1. The complete
first exon of human �-globin gene, having 92 bases, is shown
as a zigzag curve placed in a box of size 18 × 13 × 92.
Such figures offer visual inspection of similarity of different
DNA sequences, but it is clear that, with the increase of the
length of the DNA sequence, one is going to lose visual
representations of finer details of the H-curve.

The work of Hamori and Ruskin stimulated Gates,48 Leong
and Morgenthaler,49 and Nandy50 to follow with construction
of 2D graphical representations for DNA instead of 3D
representations. These 2D graphical representations of DNA
had two limitations: (1) In the case of lengthy DNA
sequences, they required considerable space if they were to
show enough details of DNA. (2) The graphical representa-

Figure 1. 3D graphical representation of the complete coding
sequence of the first exon of �-globin gene of humans, according
to the algorithm of Hamori and Ruskin.
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tions of DNA were accompanied with some loss of informa-
tion. The first limitation, which is a lesser disadvantage, was
shared with the 3D graphical representation of Hamori and
Ruskin. After all, even the simple listing of lengthy DNA
sequences, such as those involving 10 000-100 000 bases,
requires space. A more serious limitation is that of ac-
companying loss of information. That meant not only that
2D graphical representations need not necessarily be unique
but also that the depicted DNA did not allow a reconstruction
of the initial sequence.

We will see later how both limitations, of which the second
is theoretically a more serious limitation, can be removed.
However, from the practical point of view, it is unlikely that,
for DNA sequences of interest, one will arrive at identical
2D graphical representations of two different DNA se-
quences, particularly for DNA sequences of moderate size.
Moreover, even if such a case would occur, this will not
lower the value of the 2D DNA graphical representations of
Gates, Leong and Morgenthaler, and Nandy but perhaps may
make them even more interesting. This is because graphical
representations were introduced to facilitate searches for
similar DNA sequences, and DNA sequences having the
same graphical representation may, undoubtedly, have other
inherent similarities.

3. Graphical Representations of DNA
We start by emphasizing that, whenever one talks about

DNA, a simple change of T into U (thymine into uracil)
will allow the representation of RNA instead of DNA.
However, in the case of RNA, it is generally of more interest
to consider representations of the RNA secondary structure,
a topic that we will address briefly in this review at the end
of this section. The work of Hamori and Ruskin on a
graphical representation of DNA was followed by Gates,48

who viewed a DNA sequence as a “path” in the (x, y) plane.
The “path” was obtained by taking the four directions
associated with the positive and the negative coordinate axes
as directions representing the four nucleotides A, C, G, and
T. The 2D representation of DNA is obtained by following
the sequential appearance of the bases in a DNA primary
sequence and for each base moving one step along the
corresponding direction. The resulting path gives the overall
graphical representation of DNA, though the information on
the individual steps has been lost. The graphical representa-
tions of DNA considered by Leong and Morgenthaler49 and
Nandy50 differ from that of Gates only in selecting alternative
assignments for the four directions along the coordinate axes
assigned to the four bases. In Figure 2, we have illustrated
the graphical representation of the coding DNA sequences
in the first exon of �-globin genes of human, lemur, and
opossum following Nandy, who assigned A and G along the
negative and positive x-axis and T and C along the negative
and positive y-axis, respectively.

A close look at Figure 2 reveals advantages and limitations
of this particular 2D graphical representation of DNA, which
is sometimes referred to as a random-walk plot. The plot, of
course, is not random but follows the sequence history of
DNA. While the plot may allow the visualization of certain
periodic patterns, at the same time it obscures the presence
of any repeating patterns in which the path is traversed along
already shown steps. This deficiency has been later removed
by modifying the four directions for A, C, G and T
nucleotides so that they do not oppose one another. Such a

modification of the path prevents it from overlapping itself
and allows the reconstruction of DNA from its graphical
path.51-56

3.1. Numerical Characterization of DNA
An important novelty in graphical representations of DNA

was introduced only relatively recently, in the year 2000,
when it was demonstrated that graphical representations
could be accompanied by numerical characterizations of the
considered DNA sequence.57 This represents an important
advancement, which made it possible not only to upgrade
the qualitative representations of DNA into quantitative
representations but also to delegate comparative studies of
DNA to computer-driven analysis. The numerical charac-
terization was based on the approach initially used for
characterizing the degree of bending of smaller-chain
molecules (conjugated polyene rotamers) that have a fixed
geometry in 2D or 3D space.58 In this approach, which in
the past was used for characterization of bending or folding
of molecular chain-like structures, one associates with each
molecule a special distance matrix, the so-called distance-
distance (D/D) matrix. The element (i, j) of the D/D matrix
is defined as the quotient of two distances: the Euclidean
distance between atoms i and j though space and the
“topological” (graph theoretical) distance between the same
two atoms measured along the chain. It turns out that the
leading eigenvalue of the D/D matrix is a measure of the
degree of bending or folding of a chain structure,58 which is
why this matrix remains of interest in structural chemistry.

At first it may appear surprising and conflicting that Graph
Theory, and then also Chemical Graph Theory, occasionally
deals with graphs as objects of fixed geometry, which also
allows (in addition to the graph-theoretical distance based
on the count of edges between vertices) the measurement of
Euclidean distances between vertices. However, geometrical
objects that can be embedded in a regular periodic grid, such

Figure 2. Graphical representation of the coding sequences of the
first exon of �-globin gene of human, lemur, and opossum.
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as the square or hexagonal grid in a plane or the cubic or
diamond lattices in 3D space, share equal distances and the
same angles, and thus, often their properties are of combi-
natorial and topological, rather than geometrical, origin.
Therefore, it should not be surprising to find that carbon
skeletal forms for n-alkanes, which are chain structures
superimposable on the diamond grid, can be specified by
three-letter codes, because when walking a path along the
diamond grid at each vertex, one can select one of three
routes.59 For more on the graph-geometry connection,
consult articles in the book From Chemical Topology to
Three-Dimensional Geometry.60

A digression to benzenoid polycyclic hydrocarbons may
be instructive as it also reflects on the innate relationship
between molecular graphs and molecular geometrical
structuresthe two opposing structural concepts: one of rigid
geometry and one of undefined or fluxional geometry. For
brevity, benzenoid polycyclic hydrocarbons will be called
henceforth benzenoids. They are of two kinds: (i) either flat
portions of the “honeycomb” graphene planar net sharing
CC bonds or, more generally, (ii) polycyclic aromatic
hydrocarbons containing benzenoid rings that share CC
bonds, for there is no restriction about planarity so that even
three-dimensional benzenoids such as the very stable heli-
cenes or nanotubes are covered by the second definition.

From a different viewpoint, benzenoids may be classified
as cata-condensed (catafusenes) if they have no carbon atom
common to three rings, as in the case of naphthalene,
anthracene, and phenanthrene, or as peri-condensed (peri-
fusenes) if they have carbon atoms common to three rings,
as in the case of perylene or pyrene. Benzenoids can be
represented in a simplified form by the so-called “dualist”
graphs, which can be constructed by replacing benzene rings
with vertices at their center that are connected by edges if
they share a CC bond. This leads to an alternative definition
for catafusenes as benzenoids with acyclic dualists, which
may be branched or unbranched graphs, and perifusenes as
benzenoids whose dualists have three-membered rings. In
addition, coronafusenes are defined as benzenoids with
dualists having larger rings.61,62

Observe that, because of the geometrical regularity of the
hexagonal planar grid, the dualist graphs for benzenoids of
the first kind have a fixed geometry. Because of this, it was
possible to devise a simple code for catafusenes by using
labels 0, 1, and 2.62 One starts from one end of the longest
string and denotes by zero the angle of 180° between two
successive edges, or by 1 and 2 the angles of 120° and 240°,
respectively. Once a “left” or “right” turn has been indicated
by digit 1 or 2, then this digit is conserved for the dualist. A
canonical notation for the catafusene dualist results when,
among all possible codes, one selects the code containing
the smallest number formed by all digits. Branching is
indicated by a pair of brackets containing the digits corre-
sponding to the string of benzenoids forming the branch,
with the convention that a branch consisting of a single
benzenoid (such as in triphenylene) is denoted by a dot. The
code is enclosed in square brackets. Thus, anthracene,
phenanthrene, benzanthracene, and triphenylene have canoni-
cal codes [0], [1], [01], and [1(.)], respectively.61,62

The numbers of resonance structures (Kekulé valence struc-
tures) of benzenoids that have no anthracenic subgraph (there-
fore no digit 0 in their code) are Fibonacci numbers, and
therefore, such benzenoids have been called fibonacenes.63,64

Helicenes whose codes are sequences of digit 1, and zigzag

catafusenes whose codes are alternating sequences of digits
1 and 2, are examples of fibonacenes. All fibonacenes with
up to eight benzenoid rings have been enumerated in a paper
published in 1989.65

In Figure 3 are illustrated molecular skeletons of all 18
possible planar rotational isomers (conformers and diaster-
eomers) of an eight-carbon polyene chain, when superim-
posed on a graphite lattice without overlapping edges/
vertices. Next to each structure, we show the leading
eigenvalue of the corresponding distance/distance (D/D)
matrix, the elements of which are defined as the quotients
of the Euclidean distance and the distance along the edges
between pairs of vertices. As we move from the all-trans
conformer, at the top left corner of Figure 3, to the highly
bent conformer, at the bottom right end, it is apparent from
Figure 3 that the leading eigenvalue of the D/D matrix
gradually decreases. It is even not difficult to see why this
has to happen. As molecular skeletons become more bent,
the “through spaces”, Euclidean distances between distant
pairs of atoms, are getting smaller and smaller, while the
graph-theoretical distances (measured along the molecular
skeleton) remain the same. This reduces the corresponding
matrix elements given by the distance-distance quotients
as the degree of bending increases and the corresponding
matrix row sums become smaller and smaller. As the matrix
elements decrease, so do the largest row sums and the
smallest row sums of the D/D matrices decrease, which, as
is known from matrix algebra, determines the upper and
lower bounds for the leading eigenvalue of symmetric
matrices. So, as molecules get more bent, their leading
eigenvalues become smaller.

Some may be surprised to find that Graph Theory, which
is concerned with combinatorial and topological properties
of graphs, discrete finite systems defined by the connectivity,
not their geometry, can be extended to characterize math-
ematical objects of fixed 2D and 3D geometry. Rigid
structures are also objects of interest to Graph Theory.66,67

One such illustration is the topic of the “unit-distance

Figure 3. Eighteen skeletons of 1,3,5,7-octatetraene conformers
and diastereomers obtained by superposition of CC bonds over
graphite lattice and the leading eigenvalue of the corresponding
D/D matrix.
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graphs”, which are graphs that can be depicted in the
Euclidean plane with all edges having the same length.68

Already in 1946, Erdös posed the problem of estimating the
number of points in a plane that could be placed at a unit
distance from each other.69 In graph-theoretic terms, this
problem is related to the question “how dense can be a unit-
distance graph?” In Figure 4, we show the hypercube Q4, a
four-dimensional cube, which is one such graph. The simple
unit-distance graphs include the cycle graphs Cn (that is, for
n ) 3, triangle; for n ) 4, square; for n ) 6, hexagon; etc.),
the star graphs Sn (which have one central vertex and (n -
1) adjacent nearest neighbors), and the generalized star
graphs, which have one central vertex from which radiate
linear branches. As we will see later, generalized star graphs
have been used for graphical representations of proteins.70

For structures, including graphs, that have a fixed geom-
etry, one can always construct the distance/distance (D/D)
matrix. The leading eigenvalue, and if necessary, the set of
all eigenvalues of the D/D matrix may offer useful charac-
terization of such systems, as has been demonstrated on
graphs,71-73 molecular models,74-76 model proteins,77,78 pro-
teins,79 and even proteomics maps.80-82 However, in contrast
to its use for characterization of the degree of bending or
folding in smaller molecules and proteins in the case of
graphical representations of DNA, RNA, proteins, and
numerical characterization of proteomics maps, one is not
interested in characterization of the geometry of underlying
models but in characterization of the system as a whole. As
we will see, in the case of DNA sequences, the D/D matrix
not only offers additional matrix invariants for their char-
acterization, which may serve as DNA descriptors for a
comparative study of DNA, but also allows the recovery of
the lost information on DNA primary sequences, which
accompanies some of the 2D graphical representations of
DNA.

Let us illustrate the construction of D/D matrix on a short
segment of DNA: ATGGTGCACCTG, which contains 12
of the leading bases on the coding sequence of the first exon
of �-globin gene that we have already illustrated in Figures
1 and 2. In Figure 5, we have reproduced the initial twelve
steps of the graphical representation of Nandy (top diagram
of Figure 2), to which we have added numerical labels 1-12,
which indicate the sequential sites of the bases in the
considered fragment of DNA. It is this step (putting the
sequential labels to the points of the “path” representing
DNA) that constitutes the recoVery of the lost information.

As is known from analytical geometry, adding labels is
analogous to parametrical representations of functions f(x),
and more generally curves f(x, y) ) 0, which recovers
information on the motion, which is fully expressed by the
pair of equations: x ) x(t); y ) y(t).

We have illustrated in Table 3 the initial portion of the
D/D matrix belonging to the fragment of DNA depicted in
Figure 5. As one can see, all matrix elements for the bases
that are adjacent are equal to one, because for them the
Euclidean and the graph-theoretical distance are equal. The
same also holds for the repeating bases in a DNA sequence,
because they form linear fragments in their graphical
representation, and for linear segments again the Euclidean
and the graph-theoretical distances are equal. For other matrix
elements, one has to evaluate the Euclidean distance and
divide it by the distance along the path, which is given by
the number of separating links (in view that all steps are of
the same length). Thus, the elements in the first row are: (1,
2) ) 1; (1, 3) ) �2/2; (1, 4) ) �5/3; (1, 5) ) 2�2/4; (1,
6) ) �13/5; (1, 7) ) �10/6; (1, 8) ) �5/7, and so on.
Observe that although the Euclidean distance between the
first and the fourth base and the first and the eighth base are
the same (equal to �5), the matrix elements (1, 4) and (1,
8) are different, because the number of steps that separate
bases 1 and 3 and 1 and 7 are different, being three and
seven links, respectively. On the other hand, the matrix
elements (1, 3) and (1, 5), which involve different distances,
are the same because of the simple proportionality.

The graphical representation of Figure 2 of Nandy (and
the same is true for the corresponding 2D graphical
representations of Gates, and Leong and Morgenthaler) are
not only associated with loss of information, which as
mentioned above has now been recovered, but are also
accompanied with an arbitrary assignment of the four
directions of the coordinate axes for the four bases. The same
feature, an “arbitrary assignment” among equivalent geo-
metrical alternatives, is true for a number of other 2D
graphical representations of DNA. This already was true with
H-curves of Hamori and Ruskin, and is also true with the
adaptation of the “chaos game” representation of DNA,
introduced by Jeffrey83,84 and based on the mathematical
model of the representation of lengthy sequences of random
numbers, called the “Chaos Game” by Barnsley and Rising.85

Incidentally, the highly condensed representation of DNA
of Jeffrey, which allows visual representation of DNA
sequences having huge numbers of bases, as we will see later,
does not suffer from loss of information. The same equally
holds for modified 2D graphical representations of DNA of

Figure 4. Unit-distance representation of four-dimensional cube.

Figure 5. Numbering of the first 12 steps of graphical representa-
tion of Nandy of �-globin gene.

798 Chemical Reviews, 2011, Vol. 111, No. 2 Randić et al.



low degeneracy.51-56 However, in all these cases, alternative
assignments of the four bases are possible, which would
produce different geometrical representations.

The arbitrary assignment of the A, C, G, T bases to four
corners of a square can be eliminated by replacing the four
corners of a square by the four corners of a tetrahedron,
which, of course, transforms a 2D graphical representation
of DNA into 3D. In the case of a tetrahedron, once a single
vertex is labeled (by one base), the remaining three corners
of the tetrahedron still remain fully equivalent (except for
chirality, which is here of no interest). For instance, without
loss of generality, one can place the vertices of the
tetrahedron at the following (x, y, z) coordinates:57

• A (+1, -1, -1)
• G (-1, +1, -1)
• C (-1, -1, +1)
• T (+1, +1, +1).
Because all four tetrahedral directions are equivalent, it

does not matter which vertex is assigned to which nucleotide
base. In contrast, while the four corners of a square are
equivalent, once one of them has been labeled, of the
remaining three corners, two are adjacent to one already
labeled and the third is not adjacent; thus, they are not
equivalent. In Table 4, we show a small portion of the 3D
D/D matrix of the coding sequence of the first exon of human
�-globin gene (as reported in ref 57).

Before closing this section, let us point out that D/D
matrices,57 illustrated here on 2D and 3D graphical repre-
sentations of DNA, have a wider application beyond
characterization of linear real or virtual systems. They have
been used for the numerical characterization of spectral86,87

and zigzag representation of DNA,88 as well as spectral89,90

and zigzag representations of proteins91 and proteomics
maps.80-82,92-94 Such wide applicability of D/D matrices
justifies the above introduction and brief illustration of D/D
matrices. The D/D matrices also offer numerical character-
ization of the H-curves of Hamori (Figure 1) and the “Chaos
Game” representations of DNA, to be considered in the next
section, which, as the name indicates, appear “chaotic” but,
as we already mentioned, are not associated with loss of

information and fully allow the reconstruction of DNA
sequences from their graphical diagrams.

3.2. New Metric for DNA Similarity
In this section, we focus our attention on the use of codons

as basic elements in comparative studies of DNA and will
consider only the coding part of exons of DNA genes, rather
than DNA as a whole (thus excluding introns and noncoding
introductory or ending parts of exons). This limits applications
but, as will be seen, this approach has some advantages with
respect to several alternative graphical representations of DNA.
A spectral representation of DNA based on codons has been
reported86,87 in which the 43 ) 64 codons have been arranged
alphabetically (which is as good as a random ordering) on the
circumference of a unit circle, thus assigning multiples of 2π/
64 radians to individual codons. Besides offering user-friendly
depictions of DNA, spectral representations of DNA have
important advantages over other 2D graphical representations.
The most important advantage of spectral representations is that
they allow arithmetic manipulations of spectral diagrams, which
not only facilitate visual inspection of similarity between DNA
sequences but also allow one to search for DNA alignments.86

Let us now outline this novel graphical representation of
DNA based on codons, which has been specifically designed
for comparative study of CDS (coding sequences of DNA).
As is well known, the correspondence between codons and
amino acids is not unique, except for methionine (AUG) and
tryptophan (UGG). On the other hand, codons that encode
the same amino acid often have the same initial two RNA
bases, like for instance, the four codons that encode for
proline start with CC, the four codons that encode for
threonine start with AC, the four codons that encode
for valine start with GU, and the four codons that encode
for glycine start with GG. In all above-mentioned cases, the
third base obviously does not play a role. However, in the
case of aspargine and lysine, or aspartic acid and glutamic
acid, both pairs of which are encoded with the same two
initial bases, AA and GA, respectively, the third base, which
is different, defines the resulting amino acid. In the case of

Table 3. Initial Portion of the D/D Matrix of 2D Graphical Representation of DNA from Figure 5

1 2 3 4 5 6 7 8 9 10 11 12

1 0 1 �2/2 �5/3 �8/4 �13/5 �10/6 �5/7 2/8 �5/9 2/10 3/11
2 0 1 2/2 �5/3 �10/4 3/5 2/6 �5/7 �8/8 �5/9 �10/10
3 0 1 �2/2 �5/3 2/4 1/5 �2/6 �5/7 �2/8 �5/9
4 0 1 �2/2 1/3 0 1/5 2/6 1/7 �2/8
5 0 1 �2/2 1/3 2/4 3/5 2/6 �5/7
6 0 1 �2/2 �5/3 �10/4 �5/5 2/6
7 0 1 �2/2 �5/3 �2/4 1/5
8 0 1 2/2 1/3 �2/4
9 0 1 0 1/3
10 0 1 �2/2
11 0 1
12 0

Table 4. Initial Portion of the D/D Matrix of 3D Graphical Representation of DNA

1 2 3 4 5 6 7 8 9

1 0 1 2/2�3 �11/3�3 4/4�3 �27/5�3 �8/6�3 �11/7�3 �8/8�3
2 0 1 �12/2�3 �11/3�3 �24/4�3 �19/5�3 �12/6�3 �11/7�3
3 0 1 2/2�3 �11/3�3 �8/4�3 �3/5�3 2/6�3
4 0 1 2/2�3 �3/3�3 0 �3/5�3
5 0 1 2/2�3 �3/3�3 �8/4�3
6 0 1 2/2�3 �11/3�3
7 0 1 2/2�3
8 0 1
9 0
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leucine and arginine, there are two sets of initial bases, e.g.,
CU and UU for leucine, CG and AG for arginine, both of
which have the same second base. Finally, in the case of
serine, the codes have the initial two bases completely
different: UC and AG. In view of all the above, when
comparing codons it is of interest to assign different weights
or penalties to first, second, and third base. The weights can
be selected in such a way that the dominant base has the
larger weight.

The simple assignment of the weights 3, 2, and 1 to
first, second, and third base has a disadvantage in that it
gives the same penalty for different situations. Thus the
penalty (of 3 ) 2 + 1 units) for the case when two codons
differ only in the first nucleotide is the same as the penalty
when two codons have the same first base and differ in
the second and the third base. However, the assignment
of the weights: 9, 4, 1, that is: 32, 22, and 12, to codons
that differ in the first base, the second, and the third base,
respectively, when combined differ for the eight possible
cases, as shown below. Here the sign ()) signifies the
same base in two codons, while the sign (*) means that
the bases are different.

base 1 2 3 4 5 6 7 8

1st ) ) ) ) * * * *
2nd ) ) * * ) ) * *
3rd ) * ) * ) * ) *
penalty 0 1 4 5 9 10 13 14

Compare for illustration the first exon of human �-globin
gene with that of lemur and the first exon of bovine with that
of goat �-globin gene, the first dozen codons of which are listed
in Table 5. As one can see from Table 5, among the first dozen
codons only 4 out of 12 are the same for human and lemur,
while for the pair of bovine and goat, all the first dozen codons
are equal. In Figure 6, we have illustrated the difference of
spectral representations for the whole coding sequence of
�-globin gene of the human and lemur. As one can see from
Figure 6 among the first 30 codons, almost half are identical,
indicating a limited similarity for this portion of DNA se-
quences. However, even though at the beginning of the �-globin
genes of human and lemur there is a limited similarity, when
the remaining 120 codons are viewed one does not find any
agreements, except for possible accidental identity of a few
additional codons. Thus, from Figure 6 one has to conclude
that the �-globin gene of human and lemur are fairly dissimilar.
In contrast, when one compares the bovine and goat �-globin
gene (Figure 7), one finds great similarity between the two DNA
sequences: they differ only at 16 sites out of 147. The dramatic
difference between the �-globin gene of human and lemur, two
similar species, is unexpected and suggests that the human/lemur
DNA have not been properly aligned.

When aligning coding parts of exons, one should maintain
the open reading frame (ORF). An open reading frame is a
portion of an organism’s genome that contains a sequence of
nucleotide bases that encode a protein. So when we shift
human-lemur sequences of the �-globin genes by one codon
(three nucleotides), we obtain the plot shown in Figure 8, which
clearly shows considerable similarity between the two �-globin
genes. It is instructive to compare Figure 8 with Figure 6, which
shows a lack of similarity between human and lemur when
DNA sequences are not aligned. The two figures appear as
complementary: in Figure 6 there is similarity between the first
30 codons, while in Figure 8 the similarity is between the
remaining 115 codons. By combining the results of Figures 6
and 8, one finds that there is considerable similarity between
the coding portion of the human and lemur �-globin gene. The
new metric for comparison of coding portions of DNA, as was
illustrated, gives satisfactory results when shifting of sequences
is considered. The approach is clearly superior to schemes in
which DNA sequences of different species are compared solely
on their composition of nucleotides, disregarding the possibility

Figure 6. Plot of the weighted difference between codons of the �-globin gene of human and lemur. Spots on the x-axis indicate identical
codons while the spot on the y ) 6 line indicates codons that differ in all three bases.

Table 5. Comparison of the First Dozen Codons of the Coding
Sequences of the �-globin DNA Genes of Human and Lemur or
Bovine and Goat, Respectively

codon human lemur penalties codon bovine goat penalties

1 ATG ATG 0 1 ATG ATG 0
2 GTG ACT 14 2 CTG CTG 0
3 CAT TTG 14 3 ACT ACT 0
4 CTG CTG 0 4 GCT GCT 0
5 ACT AGT 4 5 GAG GAG 0
6 CCT GCT 9 6 GAG GAG 0
7 GAG GAG 0 7 AAG AAG 0
8 GAG GAG 0 8 GCT GCT 0
9 AAG AAT 1 9 GCC GCC 0
10 TCT GCT 9 10 GTC GTC 0
11 GCC CAT 14 11 ACC ACC 0
12 GTT GTC 1 12 GCC GCC 0
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of codon shifts that preserve the open reading frame of the
coding part of DNA.

3.3. The Magic Square
The graphical representation of DNA that Jeffrey83 intro-

duced in 1990 has two important properties: It is highly
compact and is not accompanied by loss of information. The
representation has a form of a 2D “map” in which individual
bases are represented as spots forming the map. The high
compactness of this representation means that, regardless of
the length of any DNA sequence, its graphical representation
is confined to the interior of a square that can fit on a single
sheet of a paper. The first step in the construction of Jeffrey’s
graphical representation of DNA is to assign to the four
corners of a square the four labels A, C, G and T for adenine,
cytosine, guanine, and thymine, respectively, as depicted in
Figure 9. One depicts individual bases of a DNA sequence
as spots in the interior of the square, considering the bases
sequentially, one at the time. One starts from the center of
the square and moves from the center halfway toward the
corner belonging to the first base. From this point, one
continues to move halfway toward the corner indicated by
the second base and so on.

In Figure 9, we have depicted the locations of the ten
bases ATGGTGCACC, which are the initial bases of the
first exon of human �-globin gene. We have added arrows

to illustrate the construction, but graphical representations
of DNA of Jeffrey depict only the collection of points, as
is illustrated in Figure 10, where is shown the graphical
representation of the complete first exon of human
�-globin gene (listed below), which has 92 bases (30
codons):

Figure 7. Comparison of bovine-goat �-globin gene.

Figure 8. Comparison of human-lemur �-globin gene when the two sequences have been shifted for one codon.

Figure 9. The construction of highly condensed graphical repre-
sentation of DNA according to Jeffrey.
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ATG GTG CAC CTG ACT CCT GAG GAG AAG TCT
GCC GTT ACT GCC CTG TGG GGC AAG GTG AAC
GTG GAT GAA GTT GGT GGT GAG GCC CTG GGC
AG

The bases have been grouped in codons, which im-
mediately give a hint for the possibility to extend such
graphical constructions from DNA to proteins (as will be
outlined later).

We should mention that Jeffrey, as well as the mathemati-
cian Barnsley who “invented” the Chaos Game in 1988,85

and others who followed,96-101 were interested in graphical
representations of very long sequences. In particular, Jeffrey
considered graphical representations for DNA sequences
having 100 000 bases and more. The present authors and
their collaborators were the first to consider the chaos game
algorithm applied to short and Very short DNA sequences,
not only those having a few hundred or at most a few
thousand of bases, but also codons, that is, sequences having
three bases. In order to appreciate the distinction between
the two “camps,” in Figures 11 and 12 we show graphical
representations of two proteins (to be revisited later), each
depicted by some 500 spots, which may suffice to show the
apparent “random” nature of such graphical representations
and justify the label chaos game for this kind of graphical
diagrams. It may not be so difficult to imagine what such
diagrams would look like when one would consider 100
times more “spots” than the 2D maps of Figures 11 and 12.

Jeffrey’s highly condensed representation of DNA, inge-
nious in a way, represents a modification of the mathematical
Chaos Game of Barnsley. Barnsley considered graphical
representations of lengthy sequences of random numbers and
introduced the construction in which one chooses first a
regular polygon having n vertices, then one selects at random
a point in its interior. After selecting at random a vertex of
a polygon, Barnsley finds the point that is half way between
the first point and the vertex chosen. In the next step, the
process continues by selecting another corner of a polygon
at random and moving half way toward it, and so on. As a
result, various fractal-like pictorial patterns have been

generated,102,103 some irregular, like fern fractals, and some
very regular, like the Sierpiński sieve, also known as
Sierpiński gasket or Sierpiński triangle,104,105 construction of
which is illustrated in Figure 13. Incidentally the pattern of
the Sierpiński triangle is “hidden” in the famous Pascal
triangle, which gives a geometrical arrangement of the
binomial coefficients that was also already known to early
Indian and Chinese mathematicians.106 To see the hidden
Sierpiński triangle, one has to replace all odd entries in the
triangle with black dots and all even numbers by blank space,
or more technically one has to transcribe the Pascal triangle
into binary (mod 2) form.107,108

Figure 10. Graphical representation of the first exon of human
�-globin gene. Figure 11. Graphical representation of a proteins having 170 amino

acids by 510 spots (three spots coding each amino acid).

Figure 12. Graphical representation of a proteins having 169 amino
acids by 507 spots (three spots coding each amino acid).
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There appears to be no end to the fascinations with
seemingly unrelated mathematical objects. Thus, Gardner109

has shown that the number of the sides for constructible
polygons (those that can be constructed by using only a
compass and an unmarked ruler), which are 1, 3, 5, 15, 17,
51, 85, etc., are given as the rows of the binary Pascal-
Sierpiński triangle, when binary rows are interpreted in the
standard digits, base 10. As if this is not enough, we may
add that not only Catalan numbers,110 which among others
give the number of triangles in triangulated polygons, are
“hidden” in the Pascal’s triangle but also Fibonacci num-
bers,111 1, 1, 2, 3, 5, 8, 13, 21, ..., can be extracted from the
Pascal triangle. Fibonacci numbers, which were introduced
to count the fast multiplications of rabbits, occur also in
chemistry: among other things, they count the number of
Kekulé structures in angularly fused benzenoidssnaphthalene,
phenanthrene, chrysene, fulminene, etc.112-115 Finally, the
Pascal triangle also has been used to construct the “higher-
order” Fibonacci numbers, “higher” analogs of Fibonacci
numbers.116

Jeffrey has modified the Chaos Game constructions of
Barnsley by (1) selecting a square as the polygon to be used
for graphical representation of DNA, (2) assigning to the
four corners of the square the four bases A, T, G and C, and
(3) starting at the center and choosing the corners for
constructing a new spot in the order in which bases appear
in a DNA. Although the graphical representations of DNA
based on the “magic square” (a colloquial name that we
introduced for the approach of Jeffrey) produce apparently
“chaotic” patterns (see Figures 8-12), it is highly significant
that there is no loss of information accompanying Jeffrey’s
graphical representation.

In order to illustrate the reconstruction, we will examine
Figure 9 more closely. Let us first point out some of the
properties of Jeffrey’s construction. Observe that, when the
interior of the magic square is divided into four quadrants,
all spots in the first quadrant belong to base G, all spots in
the second quadrant belong to base C, all spots in the third
quadrant belong to base A, and all spots in the fourth
quadrant belong to base T. If that would not be the case,
then the point (nucleotide base) that preceded it would have
to be outside the magic square, which is a contradiction. So

if one knows which is the last point (corresponding to the
last base), one would start with that point and move in the
opposite direction from the nearest corner of the square at
twice the distance of the spot from the corner to find its
predecessor point. From this point, the reversed process of
construction of the compact 2D representation of DNA
continues, again at twice the distance of the just-found point
from its nearest corner is to be found the point that is its
predecessor, and the process of reconstruction continues until
all spots have been identified. If the last spot is not known,
one selects any point and initiates the outlined reconstruction
by searching for the point at the double distance from the
corner in the quadrant in which is the selected point. The
reverse-construction process will be exhausted when the spot
corresponding to the first base has been arrived at. One then
continues with the reconstruction by selecting one of the
spots not yet identified, which will lead to points already
identified. By repeating this procedure, eventually one will
identify the last base and have arrived at complete
reconstruction.

We will later return to the construction of condensed DNA
representations of Jeffrey; however, as will be seen, we will
continue to confine our interest not only to relatively short
DNA sequences that can be related to smaller proteins but
also to “extremely” short DNA triplets, which depict codons,
and will see how this leads to alternative graphical repre-
sentations of proteins.

3.4. Spectrum-like Representation of DNA
The early DNA graphical representations were followed

by graphical representations of DNA based on alternative
geometrical motives. One such representation merits special
attention despite its simple, and some may even say
simplistic, appearance. This is a spectrum-like graphical
DNA representation based on four horizontal lines, to which
the four bases A, C, G, and T are assigned, introduced by
two of the present authors.117,118 To obtain a graphical
representation of DNA, one moves through a DNA sequence
and assigns to each base a spot at the corresponding
horizontal line at uniform horizontal separations. The thus-
distributed spots on four lines are connected successively,
forming a spectrum-like representation, which is depicted
in Figure 14 for the coding sequence of the first exon of
human �-globin gene.

In order to obtain a numerical characterization of such
spectrum-like representations, one considers the construction
of a D/D matrix associated with the line segments of the
“spectrum”. At first sight, as already mentioned, such
graphical representations of DNA may appear “primitive”,
but they have hidden sophistication, which has led unexpect-
edly to the use of such spectrum-like DNA representations
in the problem of alignment of DNA sequences and, in
general, comparative studies of DNA. Namely, by replacing

Figure 14. Spectrum-like graphical representation of the coding
sequence of the first exon of human �-globin gene.

Figure 13. Initial phase in the construction of Sierpiński gasket
or Sierpiński triangle.
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the letters A, C, G, T, which signify labels for the four lines
by the numbers 1, 2, 3, 4, one transforms an alphabetic
sequence into a numerical sequence. The advantage of such
a “trivial” substitution is that one can perform on numerical
sequences arithmetic operations that can also be presented
graphically and visualized. As briefly outlined by the present
authors,119 it takes just another step from here to arrive at
graphical alignments of DNA, by considering additional
difference plots for two sequences, obtained after the
sequences have been shifted relatively to one another by one
or more steps. Similarly from spectral-like graphical repre-
sentations of proteins, one can construct an analogous
graphical approach to the problem of protein alignment,119,120

which we will review more closely in a later section of this
article.

3.5. On Graphical Alignment of DNA
Chronologically, the recognition that one can numerically

manipulate DNA sequences and in this way arrive at a

“graphical alignment of DNA”,119 which we will shortly
outline, came after such operations have been first recognized
for proteins, even though the article on graphical alignment
of proteins was published almost two years later.120 In the
case of proteins, instead of four horizontal lines, one has to
consider 20 horizontal lines, to which 20 different numerical
values ought to be assigned. Otherwise there is no essential
distinction between the two approaches, one for DNA and
the other for proteins. For proteins one also performs
arithmetic operations on sequences and views the difference
plots for locations in which the two sequences completely
cancel one another, which is easily detected by considering
points in the difference diagram that lie on the x-axis. To
find the full alignment, the two sequences are shifted
gradually relatively to one another.

The traditional approach to the problem of alignment of
two DNA sequences, S1 and S2, requires one to consider
insertion of gaps, either within sequences or at their ends,
and then placing the thus-modified resulting sequences one
over the other so that every letter in either sequence
corresponds to the same letter or a gap in the other sequence.
At the top of Table 6 in the top row, we show the output of
an alignment program applied on two test DNA sequences
consisting of 39 and 40 bases, respectively, displayed on the
web page of University of Wisconsin, where the program
and the output have been presented.121 A close look at this
alignment reveals that a better alignment is possible if one
shifts the first gap in S1 one or two places to the right, as
shown in the middle and the bottom rows of the table,
respectively, which have one additional alignment. Hence,
in this case, this particular alignment program did not produce
the best result.

In Figure 15, we show the 4-line graphs of the two DNA
sequences S1 and S2 listed in Table 6. A close look at the
graphical “signatures” (“spectra”) of the two DNA sequences

Table 6. (Top) Alignment of Two Test DNA Sequences
Obtained by an Alignment Program;48 (Middle and Bottom)
Better Alignments Having One Additional Identity

Figure 15. Graphical “signatures” of S1 and S2 consisting of 39 and 40 bases, respectively. Reproduced by kind permission from ref 119.
Copyright 2006 Elsevier Publ.
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clearly reveals a considerable overall similarity between
them. The considerable portion of the beginning, the central
part, and the end part of the two spectra show the same
aspects. On the other hand, the same spectrum-like graphical
“signatures” also show the presence of local differences,
particularly around sites 12-15, 25, 30, and 35. To arrive
at graphical alignment of two DNA sequences, one first
replaces the alphabetic sequences by the corresponding
numerical sequence. Thus, for example, the sequence A T
G G T G C A C C T G A C T C C T G A, which represents
the beginning of the coding sequence of the first exon of
human �-globin gene, is transformed into the integer
sequence: 1 4 3 3 4 3 2 1 2 2 4 3 1 2 4 2 2 4 3 1. The values
1-4 represent the y-coordinates (“amplitudes”) of the
spectrum-like 4-line graphical representation of DNA, while
the x-coordinates of the bases are their sequential index.

Let us now return to the two sequences of Table 6. In
order to determine the similarities and the differences
between the two sequences S1 and S2, one subtracts the two
numerical sequences and one plots their difference. When
the corresponding bases in two sequences are equal, they
will have the same y-coordinate and the numerical difference
between the two is zero. In Figure 16 (the top part), we show
the plot of the difference (S1 - S2), and in the same figure
at the bottom, we show the difference between two sequences
when the second sequence is shifted one place to the right.
From the left side of the top diagram showing the difference
plot, one can see that the corresponding bases are equal,
except in the positions 12, 15, and 21. Hence, only in three
locations do the two sequences not match, which is also
visible from Table 6 when one looks at the matching over
the first 25 sitessthere are missing three vertical lines,
signifying matching. Beyond position 25, the two sequences

differ considerably, being only occasionally coincidental (and
possibly accidentally, the same corresponding bases that
produce the zero difference).

The bottom part of Figure 16 is obtained when the two
sequences were shifted by one place and then the difference
plot was constructed. As one can see now, not surprisingly,
the first part of S1 and shifted S2 lack any matching. That
was to be expected, in view that the very good matching of
this half of the DNA sequences has now been disturbed. But
what is important is that the shift produced an almost
complete matching in the second part of the sequences S1

and S2, which have hitherto shown no matching. Observe
that now, beyond site 26, there is but a single place (at
location 34) where the two sequences do not fully overlap.
By combining the information from the top and bottom parts
of Figure 16, one can immediately construct the alignment
diagrams for the sequences S1 and S2 shown in the middle
and at the bottom part of Table 6. However, already from
Figure 16, one can observe that, in all, there will be four
mismatches (three at the left side of site 25 of the two
sequences and one at the right side of site 26) plus one gap
(at either site 25 or 26). The alignment illustrated in the first
row of Table 6 has five mismatches and one gap.

Here it is not so important that the outlined graphical
alignment produced a better alignment than a particular
computer program, because this particular computer program
is likely to be modified and give better results, while other
computer programs may have no similar fault. What is
important is that the graphical alignment produced the correct
answer, the same as would be obtained by sophisticated
available computer programs, resulting in an answer that one
can visualize. Clearly the top part of Figure 16 shows the
very good local alignment of S1 and S2 from the position 1
up to 25 (22 identities and 3 mismatches), while from the
bottom part of Figure 16 one can see that insertion of a gap
into S1 before position 26 creates the very good local
alignment from position 26 up to 40 (14 identities and 1
mismatch). Hence, a gap has to be inserted either in the
position 25 or 26 in order to obtain the best global alignment
of S1 and S2. The graphical alignment outlined above, which
is neither conceptually nor computationally involved, enables
one to quickly find the two best global alignments of the
sequences considered. All calculations (finding difference
before and after shifting two sequences by one or more sites)
can easily be performed using Microsoft Excel.

4. Graphical Representation of RNA Secondary
Structure

4.1. Approximate Graphical Representation of
RNA Secondary Structure

We will refer to all the publications dealing with the
secondary RNA structure published prior to mid-2009, which
use eight symbols to represent RNA as approximate graphical
representations in view that all of them are accompanied with
some loss of information. Of this we have become aware
only very recently, with the work of Liao et al.122 These
authors have shown on a very short RNA having 17 bases
that discrimination between bases A, C, G, U and their
hydrogen-bonded counterparts A′, C′, G′, U′ is not sufficient
for the reconstruction of RNA. Here is their illustration for
RNA structures depicted in Figure 17:

Figure 16. Differences between S1 and S2, and the difference
between S1 and S2 when shifted by one place.
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The same sequence allows at least two alternative hydrogen-
bond pairings:

• Case (i) 1-17; 2-16; 6-12; 7-11;

• Case (ii) 1-17; 2-6; 7-11; 12-16,
illustrated in Figure 17. Hence, the two different secondary

structures are represented by the same eight-symbol se-
quence. In fact these are not the only secondary RNA
structures represented by the same string of eight symbols.
One such additional case (illustrated at right in Figure 17)
is

• Case (iii) 1-7; 2-6; 11-17; 12-16.

We will outline an approach in the next section that allows
recovery of the lost information; it suffices now just to be
aware of the limitations of the current approaches, which
analyze the secondary structure of RNA using eight-symbol
codes.

For characterization of the secondary structure of RNA,
as mentioned above, one needs, besides the sequence of the
four bases A, C, G, U (U standing for uracil, which replaces
thymine present in DNA), information on hydrogen-bond
pairing of A-U and C-G. All hitherto published graphical
studies of the secondary RNA structure123-132 were based
on discriminating the coding of the unpaired bases A, C, G,
U and paired bases A′, C′, G′, U′, which transforms a 2D
secondary representation of RNA to sequences of eight
symbols. To graphically represent such RNAs one can, for
example, use eight horizontal lines and assign four horizontal
lines to the unpaired bases A, C, G, U and four additional
horizontal lines to paired bases A′, C′, G′, U′.133 In this way,
the sequence of 49 bases for viral RNA (TSV-3 of Figure
18) is transformed into the sequence

G U G C C′ A′ G′ U′ A′ G′ U′ A′ U′ A′ U A A U′ A′ U′
A′ C′ U′ A′ C′ U′ G′ A U G C C′ U′ C′ C′ U′ U U A U A′
G′ G′ A′ G′ A U G C
which is depicted in Figure 19 as a spectrum-like representa-
tion. The eight nucleotides have been assigned the following
y-coordinates: A ) 1; C ) 2; G ) 3; U ) 4; U′ ) 5; G′ )
6; C′ ) 7; and A′ ) 8, while the x-coordinate of each base
takes the running values from 1 to N (N is the number of
RNA bases). Observe that the horizontal lines from y ) 1

Figure 17. Three different secondary structures for the same
primary structure.

G′ G′ A U U C′ C′ C A U G′ G′ C G A C′ C′
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17

Figure 18. Six RNA sequences selected to illustrate spectrum-
like graphical representation of RNA.

Figure 19. Spectrum-like graphical representation of the secondary
structure of the TSV-3 RNA.
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to y ) 4 belong to unpaired bases, while the lines from y )
5 to y ) 8 belong to paired bases. A close examination
of Figure 19 reflects the complementarities of the pairing of
the bases in RNA, which can be seen by reflection of
corresponding spectral fragments for y ) 5 to y ) 8.

In Figure 20 are illustrated graphical representations for
six of the nine RNA viruses studied by Reusken and Bol.134

Reusken and Bol were interested in predicting RNA second-
ary structures and were investigating the bonding of coat
protein to AUGC motifs, which are required to initiate
infection by these viruses. The abbreviations below stand
for structures at the 3′ terminus of RNA; references to the
original articles for the six viruses have also been included:
TSV ) Tobacco streak virus;135,136 EMV ) Elm mottle
virus137 AVII ) Asparagus virus II;134 CiLRV ) Citrus leaf
rugose virus;138,139 CVV ) Citrus variegation virus;138,139 and
LRMV ) Lilac ring mottle virus.138,139

A close look at Figure 20 is informative. By looking at
the “shape” of the RNA spectra in Figure 20, one can easily
notice considerable similarity for RNA of AVII and EMV
viruses, and AVII with LRMV, possibly CiLRV with LRMV,
and perhaps of RNA of TSV and LRMV viruses. The spectra
of CVV and CiLRV appear more individualistic, except that
they may show similarity with AVII, particularly in the
region of 30-50 nucleotides. These qualitative estimates
need to be followed by quantitative evaluations. By contrast,
visual inspection of Figure 18 is more tedious and less
instructive, because while it is easy to view the overall shapes
of the secondary structures, the length of individual hairpin
sections of RNA tells nothing about which bases are
involved. If one wants to discern the degree of similarity
between different RNA secondary structures, then one needs

to compare the corresponding sites for agreement in respec-
tive nucleotides, which becomes quite tedious.

4.2. Numerical Characterization of RNA
Secondary Structures

Numerical characterization of RNA sequences requires a
search for RNA sequence invariants. A way to obtain them
is to use geometrical properties of graphical representations
of RNA for construction of various distance matrices, such
as the distance-distance D/D matrix,58 the Euclidean distance
matrix,140 the S/S matrix based on sequential labels of
nucleotides,141 and the L/L matrix.117 In D/D and L/L
matrices, the element (i, j) is defined as the quotient of the
“through-space” distance (Euclidean distance) and the
“through-bond” distance (the distance along the curve).
The difference between D/D and L/L matrices is that, in
the former, the through-bond distance is reduced to the count
of bonds between vertices i and j, while in the latter, actual
geometrical “through-bond” distances are used. The eigen-
values or the average row sums of D/D or L/L matrix can
serve as sequence descriptors.

An alternative approach has been described by Feng and
Wang,126 who constructed graphical representations of RNA
secondary structure based on chaos game. They first classified
nucleotides as weak and strong hydrogen-bond pairs (A-U;
G-C); as having amino and keto (A, C vs G, U) groups;
and as belonging to purine and pyrimidine (A, G vs C, U)
types, and then they used the leading eigenvalue of L/L
matrices for the characterization of RNA. They found the
following pairs as the most similar:

Figure 20. Spectrum-like graphical representation of the secondary structure of the six RNA sequences.
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AVII-LRMV; EMV-LRMV; AVII-CVV; CVV-EMV;
CVV-LRMV; and AVII-EMV. Because of false-positive
results (the possibility that two secondary structures of RNA
are found as similar, when they are not), it is of interest to
compare results based on different characterizations of RNA
sequences. Namely, small numerical entries in the similarity/
dissimilarity tables are necessary but not sufficient conditions
for two sequences to be similar. In contrast, large numerical
entries are sufficient to point out that two of RNA are not
similar. Clearly models that could reduce false-positive
results are desirable.

4.3. RNA Nucleotide Adjacency-Count Matrix
For each RNA, one can construct an 8 × 8 matrix, the

rows and columns of which correspond to the eight nucle-
otides: A, C, G, U, U′, G′, C′, A′. The (i, j) entry of such
matrices counts the occurrence of nucleotide X followed by
nucleotide Y when the RNA sequence is read from left to
right. In Table 7, we illustrate the 8 × 8 adjacency-count
matrix for the TSV-3 virus. Observe that adjacency-count
matrices are nonsymmetrical and that their transposed
matrices correspond to reading the RNA sequence from right
to left. The 64 matrix entries of RNA nucleotide adjacency
matrix can be viewed as 64 components of a vector that
describes the RNA secondary structure. Two RNA sequences
that are similar will have similar entries in the corresponding
cells of the 8 × 8 matrices, but at the same time, as already
mentioned, the converse need not be true: two matrices that
have similar matrix entries may be quite different. This is
because the nucleotide adjacency matrix records only im-
mediate neighborhoods of bases, which may give the same
count of adjacencies, but nucleotides may be distributed quite
differently in different RNA sequences. Adjacency-count
matrices have been introduced only recently for characteriza-
tion of proteins.142,143 An entry (i, j) in such a matrix counts
how many times amino acid i is followed by amino acid j
when the protein sequence is read from left to right, which
results in a 20 × 20 matrix for any protein, regardless of its
size.

From the 8 × 8 RNA matrices, one can construct several
8-component vectors, such as the vector whose entries
represent the abundances of the eight bases; the repetition
of the bases; and the difference in the number of adjacencies
when the RNA sequence is read from left to right and from

right to left. Thus, for TSV-3 (shown in Table 7), one obtains
the following:

• Abundance vector: (5, 3, 4, 7, 9, 6, 6, 9)
• Repeating bases vector: (1, 0, 0, 1, 0, 1, 1, 0)
• Left-right difference: (4, 5, 5, 4, 10, 8, 7, 9).
The abundance vector can be constructed from the row

sums corrected for the last base (or from the column sums
corrected for the first base) of the 8 × 8 RNA matrix. The
vector based on the count of repeating nucleotide bases is
given by diagonal entries of 8 × 8 adjacency-count matrix.
The left-right difference vector indicates the asymmetry in
adjacency of nucleotides of DNA sequence when the
sequence is read from left to right or vice versa. There is
some loss of information that accompanies the reduction of
a 64-component matrix to vectors having eight components,
which one compensates for, in part, by considering several
such vectors. In Table 8, we collected information on
8-component vectors for the six viral RNAs considered.

4.4. Similarity/Dissimilarity among RNA
One can evaluate the similarity/dissimilarity between the

six RNAs of Figure 18 using (i) the complete 8 × 8 matrices
that record the adjacency of nucleotides in RNA, allowing
the construction of 64-component vectors, obtained by listing
all matrix elements (illustrated in Table 7 for one of the six
viral RNAs) as a single sequence; and (ii) the three
8-component vectors listing the abundance, the repeated
bases, and the left-right difference, as indicated in Table 8.
In Table 9 above the main diagonal is shown the resulting
similarity/dissimilarity table between the six RNA viruses
based on 64-components of the 8 × 8 matrices. The higher
degrees of similarities correspond to small entries, while the
higher degrees of dissimilarities correspond to large entries.
The three smallest entries above the main diagonal suggest
as the most similar the following pairs of RNA:

• AVII-EMV
• AVII-LRMV
• AVII-CVV
Observe that only two of the three pairs listed above are

among the five pairs listed earlier as apparently similar based
on visual inspection of the spectrum-like representation of
RNA. This indicates limitations of qualitative visual com-

Table 7. RNA 8 × 8 Adjacency Matrix for TSV-3 Virus

A C G U U′ G′ C′ A′
A 1 0 0 3 1 0 0 0
C 0 0 0 0 0 0 2 0
G 0 3 0 1 0 0 0 0
U 2 0 3 1 0 0 0 1
U′ 0 0 0 1 0 1 1 6
G′ 2 0 0 0 2 1 0 1
C′ 0 0 0 0 4 0 1 1
A′ 0 0 0 1 2 4 2 0

Table 8. Abundance, Repeated Bases, And the Difference in Reading RNA is Read from Left to Right for Six RNA of Figure 18

TSV AVII CiLRV

abundance 5, 3, 4, 7, 9, 6, 6, 9 7, 4, 4, 4, 9, 9, 8, 8 6, 3, 5, 5, 10, 6, 6, 10
repeated bases 1, 0, 0, 1, 0, 1, 1, 0 2, 0, 0, 0, 2, 2, 1, 1 2, 0, 1, 0, 3, 1, 1, 3
left-right 4, 5, 5, 4, 10, 8, 7, 9 7, 7, 8, 6, 6, 4, 6, 4 5, 5, 6, 8, 0, 2, 4, 0

CVV LRMV EMV
abundance 10, 4, 4, 4, 6, 11, 9, 5 5, 4, 5, 6, 8, 7, 9, 8 5, 4, 4, 3, 9, 9, 7, 8
repeated bases 3, 0, 0, 0, 0, 3, 2, 0 2, 0, 0, 1, 1, 1, 1, 1 0, 0, 0, 0, 1, 1, 0, 1
left-right 9, 7, 8, 8, 4, 4, 5, 2 4, 5, 4, 6, 0, 2, 6, 2 9, 6, 7, 6, 5, 5, 6, 0

Table 9. Similarity/Dissimilarity among the Six RNAs of Table
8 Based on 64-Component Vectors (Above the Main Diagonal)
and Based on 8-Component Abundance Vectors (Below the
Main Diagonal)

TSV AVII CiLRV CVV LRMV EMV

TSV 36 36 41 42 42
AVII 12 30 27 26 24
CiLRV 7 12 39 36 38
CVV 23 11 23 43 39
LRMV 10 8 10 16 34
EMV 12 6 13 16 9
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parisons of relatively complex biological structures. The three
least-similar RNAs found are as follows:

• CVV-LRMV
• TSV-LRMV
• TSV-EMV
Observe that numerical characterization of the similarity

between TSV-LRMV and Ci-LRMV, both of which
appeared visually estimated as similar, does not suggest these
to be similar.

The entries below the main diagonal in Table 9 indicate
the degree of similarity among the six RNAs using the
8-component vectors based on the abundance of the eight
bases. Clearly these reduced representations may lead to
identification of similar pairs of RNA.

There is no guarantee that pairs identified as similar using
the 64-component vectors are necessarily similar. Hence,
similarity/dissimilarity tables should be viewed only as
pointing to possible or potential similarity. In order to identify
and remove “false” similarity, it is important that one uses
two or more alternative representations of biological se-
quences, such as characterization of RNA based on nucle-
otide adjacency matrices, chaos game representation,84

element-contact graphs,144 classification of nucleotide
bases,145 2D graphical representation,132 3D graphical rep-
resentation,146 and 4-dimensional representation of DNA/
RNA.147

Another aspect of similarity/dissimilarity that may have
been often overlooked and which is now more apparent is
the fact that, at best, one can only relate to the most similar
structures, be it RNA, DNA, or proteins. Relationships for
more distant structures are likely to be speculative, because
of lack of consensus among different approaches. Thus,
presentation of results of the similarity/dissimilarity in a
dendrogram form may be reliable only for closely related
species and may be premature concerning less-similar
species, unless different approaches to the same classification
show convergence and until newer RNA, DNA, and protein
descriptors emerge that are less subjective (depending on
specific geometrical aspects of sequence representations) and
more objective (depending on inherent sequence invariants).
Meanwhile, for establishing the degree of similarity of
biosequences, it is essential to consider consensus between
similarity/dissimilarity tables from different sources, whose
combined use will allow one to filter out “false” similarities.

5. Graphical Representation of RNA Secondary
Structure without Loss of Information

The problem with eight-symbol representations of the
secondary structure of RNA is, as a close look at Figure 18
may reveal, that there is no discrimination for hydrogen
bonds A-U and U-A, and similar hydrogen bonds C-G
and G-C. However, as Randić and Plavšić have shown,148

if one discriminates between the first and the second base
of a hydrogen bond X-Y, which amounts to differentiating
between X-Y and Y-X base pairs of RNA involved in
hydrogen bonding, it will be possible to discriminate between
the three RNA secondary structures of Figure 17. In other
words, the direction in which one reads RNA structure is
important and symbols X1-Y2 and Y1-X2 can stand for the
two possibilities, where X1 and Y1 designate bases in the
primary sequence that are closer to the 5′ end of RNA and
X2 and Y2 designate bases in the primary sequence that are
closer to the 3′ end of RNA sequence. Hence, each base can
be in one of three different situations: free (X) or hydrogen

bonded as the first (X′) or the second base (X′′ ) when RNA
is read from left to right. Thus, we arrive at a need for 12-
symbol representation of the secondary structure of RNA.
With a convention of using symbols X for free and X′ and
X′′ for hydrogen-bonded bases, the 17-base RNA secondary
structures of Figure 17 become the following:

Case (i): G′G′A U U C′C′C A U G′′G′′C G A C′′C′′
Case (ii): G′G′A U U C′′C′C A U G′′G′C G A C′′C′′
Case (iii): G′G′A U U C′′C′′C A U G′G′C G A C′′C′′
In Figure 21 are depicted spectral graphical representations

for the three distinct secondary structures based on 12
horizontal linesusingthefollowingassignmentofy-coordinates:

In Table 10, we show the corresponding 12 × 12
adjacency-count matrix for the first of the three secondary
RNA structures of Figure 18. One of the first purposes for
constructing graphical representations of biosequences is that
they allow the construction of accompanying matrices using
geometrical information for calculating their entries, which
then lead to constructing a set of matrix invariants as
sequence descriptors. In the case of adjacency-counting
matrices, be it for RNA or protein sequences, it is not difficult
to extract the following three vectors: the 12-component
abundance vector (A), the 12-component diagonal entries

Figure 21. Spectral representation of hypothetical RNA with three
possible different secondary structures.

A ) 1 A′ ) 5 A″ ) 9
C ) 2 C′ ) 6 C″ ) 10
G ) 3 G′ ) 7 G″ ) 11
U ) 4 U′ ) 8 U″ ) 12
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vector (B) that gives information on repeating bases, and
the 12-component sequence asymmetry vector (C) which
gives information on adjacency count when the sequence is
read from left to right and from right to the left. For the
three secondary structures of Figure 18, one obtains:

The abundance vector can be constructed from row sums
and column sums when the entries in them are different
(because of not counting the first or the last entry in the
sequence) by taking the larger value.

5.1. An Illustration
We will illustrate the novel 12-symbol representation of

the secondary structure of RNAs by considering the RNA
of APMV-3 apple mosaic virus and PDV-3 prune dwarf
ilavirus illustrated in Figure 22.

The secondary structures of these two viruses correspond
to the following two 12-symbol sequences, respectively,

AUGCC′C′A′C′A′A′C′GUGAAG′′U′′U′′G′′U′′G′′G′′AU
GCC′C′C′GUUAG′′G′′G′′AAGC

AUGCC′C′U′C′A′C′C′GUGAAG′′G′′U′′G′′A′′G′′G′′AUGCC′C′C′U′
UAAA′′G′′G′′G′′AUGC

which translates into the following numerical sequences:
1, 4, 3, 2, 6, 6, 5, 6, 5, 5, 6, 3, 4, 3, 1, 1, 11, 12, 12, 11,

12, 11, 11, 1, 4, 3, 2, 6, 6, 6, 3, 4, 4, 1, 11, 11, 11, 1, 1,
3, 2

and
1, 4, 3, 2, 6, 6, 8, 6, 5, 6, 6, 3, 4, 3, 1, 1, 11, 11, 12, 11,

9, 11, 11, 1, 4, 3, 2, 6, 6, 6, 8, 4, 1, 1, 9, 11, 11, 11, 1, 4,
3, 2

In Figure 23, we have illustrated the above representations
of APMV-3 and PDV-3 in a form of spectral plots, where
at equal intervals along the x-axis are plotted the z-coordinate
values. The two horizontal lines across Figure 23 at y ) 4
and y ) 8 separate ACGU from A′C′G′U′ and A′C′G′U′
from A′′C′′G′′U′′ . Observe also complementarities of spectral
fragments belonging to C′C′A′C′A′A′C′ and G′′U′′U′′G′′
U′′G′′G′′′ , that is, a fragment x ) 5 to x ) 11 in the range
4-8 is inVerted and reVerse of the corresponding fragment

x ) 17 to x ) 23 in the range 8-12. Whenever this happens,
one is assured that one deals with the regular hydrogen-bond
base pairing A-U and C-G.

5.2. Alignment of RNA
An important advantage of spectral representations of

biosequences, whether involving DNA, RNA, or proteins,
is that such representations can be arithmetically manipulated,
thus facilitating their alignment. Neither from the alphabetic
codes of RNA nor from their spectral representations (such
as Figure 23) is it clear to what degree two such sequences
overlap and what the degree of similarity is between them.
By contrast, from the top of Figure 24, which shows the
arithmetic difference between the spectral representations of
APMV-3 and PDV-3, one can immediately see that the first
three-quarters of the sequences show considerable overlap,
which gives as difference the y ) 0 value visible as points
along the x-axis. When the two sequences are shifted by one
place, an additional overlap between the two RNA structures
can be detected. Counting zeros along the x-axis, one finds
26 coincidences in the interval 1-31 and an additional 6
coincidences in the interval 35-41, a total of 32 matches
out of 41 bases. By counting all mismatches when one
combines the information of both parts of Figure 24, one

Table 10. RNA 12 × 12 Adjacency Matrix for TSV-3 Virus

A C G U A′ C′ G′ U′ A′′ C′′ G′′ U′′
A 1 0 0 3 0 0 0 0 0 0 0 0
C 0 0 0 0 0 1 1 0 0 0 0 0
G 0 2 2 0 0 0 0 0 0 0 0 0
U 2 0 2 1 0 0 0 0 1 0 0 0
A′ 0 0 0 1 0 0 2 1 0 0 0 0
C′ 0 0 0 0 1 1 0 2 0 0 0 0
G′ 0 0 0 0 0 0 0 2 0 0 0 0
U′ 0 0 0 1 3 1 0 0 0 0 0 0
A′′ 0 0 0 0 0 0 0 0 0 2 2 1
C′′ 0 0 0 0 0 0 0 0 0 0 0 2
G′′ 2 0 0 0 0 0 0 0 1 0 1 0
U′′ 0 0 0 0 0 0 0 0 3 0 1 0

12-component abundance vector:
A(i): (3, 2, 1, 3, 0, 2, 2, 0, 0, 2, 2, 0)
A(ii): (3, 2, 1, 3, 0, 0, 4, 0, 0, 4, 0, 0)
A(iii): (3, 2, 1, 3, 0, 1, 3, 0, 0, 3, 1, 0)
12-component diagonal entries vector:
B(i): (0, 0, 0, 1, 0, 1, 1, 0, 0, 1, 1, 0)
B(ii): (0, 0, 0, 1, 0, 0, 2, 0, 0, 2, 0, 0)
B(iii): (0, 0, 0, 1, 0, 0, 1, 0, 0, 1, 0, 0)

12-component sequence asymmetry vector:
C(i): (6, 4, 1, 4, 0, 2, 2, 0, 0, 1, 2, 0)

C(ii): (6, 4, 2, 4, 0, 0, 3, 0, 0, 34, 0, 0)
C(iii): (6, 4, 2, 4, 0, 1, 4, 0, 0, 3, 2, 0)

Figure 22. Secondary structure of RNA of apple mosaic virus
AMPV-3 and prune dwarf ilavirus PDV-3. Reproduced by kind
permission from ref 148. Copyright 2009 Elsevier Publ.

810 Chemical Reviews, 2011, Vol. 111, No. 2 Randić et al.



finds 7 mismatches, which gives 14 displacements. Liao et
al.122 reported on 15 gaps, but it is not difficult to see that
their results can be slightly improved in the segment 12-15.

6. Graphical Representation of Proteins
The emergence of graphical representations of proteins,

in comparison with the emergence of graphical representa-
tions of DNA, was delayed for a considerable time because
of the combinatorial complexity and the combinatorial
explosion accompanying 20 factorial possible assignments
for the 20 natural amino acids when considering alternative
geometrical sites to be used for constructing graphical
representations of proteins. Constructions involving a four-
letter alphabet bring at most four factorial (24 alternatives)
that one may need to consider, which is not excessive, but
20! is a prohibitive number, which demands exploration of
new directions and new considerations.

One may conveniently classify graphical and nongraphical
approaches for representation of proteins into the following
types:

(1) Graphical representations based on modifications of
existing graphical representations of DNA;

(2) Graphical representations based on (arbitrary) selection
of one among 20! orderings of amino acids;

(3) Graphical and nongraphical representations based on
constructions that bypass the critical step of selecting one
of 20! possible assignments of the 20 amino acids among
geometrically equivalent elements of underlying mathemati-
cal objects.

The listing of the above classes also represents the
chronological development of graphical representations of
proteins that we will review here.

6.1. Codon-Based Representations
When triplet codons that code for individual amino acids

of a protein are known, it is straightforward to arrive at
graphical representations of proteins by simply applying the
available graphical representation of DNA directly to proteins
by grouping the amino acid into triplets of bases that form
codons, and then, with their graphical representation, one
can associate the corresponding amino acid. This has been
illustrated in ref 88 by adopting Jeffrey’s “magic square”
and combining three spots representing individual codons
into a triangle, the center of which determines the location
of a “spot” that represents the corresponding amino acid. If
the three spots for the three bases have the coordinates (x1,
y1), (x2, y2), (x3, y3), the accompanying amino acid will be at
location (x1 + x2 + x3)/3, (y1 + y2 + y3)/3. It may happen
that the triangle (x1, y1), (x2, y2), (x3, y3) collapses into a
straight-line segment, but that does not change the algorithm.

One could consider, instead of the center of a triangle as
the location of an amino acid associated with a codon, all
three bases as the locations representing a single amino acid.
In this case, the graphical construction of proteins (of known
DNA history) is expanded to three times the number of spots
than corresponding to the number of amino acids. An
alternative would be to consider instead of the center of a
triangle for the location of amino acids associated with a
codon one of the three nucleotides (the first, the middle, or
the last). In this case, the graphical construction of proteins
reduces to considering every third spot of the graphical
representation of corresponding DNA. In either case, graphi-
cal constructions and the accompanying computations are
simple (and easily performed using Microsoft Excel).

6.2. Virtual Genetic Code
The simple procedure outlined above solves the problem

of graphical representation of proteins when their underlying
RNA sequence is known. Unfortunately, for most proteins
of interest, the list of codons responsible for the synthesis is
not known, which makes impossible the straightforward
graphical construction of proteins as an extension of graphical
constructions of DNA. A way out of this quagmire is the
notion of the “Virtual Genetic Code”,47 which ascribes (in a
somewhat arbitrary manner, one must add) to each amino
acid a single codon uniquely. The virtual genetic code then
allows one to “transcribe” any protein sequence into a
corresponding Virtual DNA sequence, which then allows one
to adopt any of the available 2D or 3D graphical representa-
tions for depicting proteins of interest. The form of this 2D

Figure 23. Spectral representation of APMV-3 (top) and PDV-3
(bottom) secondary RNA structures. The horizontal lines separate
ACGU, A′C′G′U′, and A′′C′′G′′U′′ , respectively. Reproduced in
part by kind permission from ref 148. Copyright 2009 Elsevier Publ.
The lower part of the figure is missing in the original paper.

Figure 24. RNA alignment. The top diagram shows direct
subtraction of the two numerically encoded RNAs, while the bottom
diagram shows subtraction when the second RNA has been shifted
by one site to the right.
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or 3D graphical representation for proteins will be influenced
not only by artifacts associated with the particular graphical
representation of DNA but also by artifacts accompanying
the adoption of the particular virtual genetic code. Therefore,
this may appear to some people as “fog on fog” modeling,
the phrase used by Hermann Weyl with reference to the
mathematician Georg Cantor, the originator of today’s very
respected branch of mathematics, the set theory. Cantor was
criticized by the leading mathematical authority of his time,
Leopold Kronecker, Professor in Berlin, for his notion of

classification of “infinities”. However, just like Cantor’s
infinities, so “tons” of arbitrariness do not devalue such
models, which remain legitimate and potentially usefuls
because in many applications one is interested in differences
between proteins, and they will be less affected by details
of underlying mathematical models.

In Table 11, we illustrate the virtual genetic code proposed
in ref 47. The task was to select 20 codons out of 61 available
triplets (excluding the three “stop” codons from the 43

triplets) in such a way that each triplet of bases represents
one of the possible triplets for cases when an amino acid
can be encoded in more than one way. This excludes
methionine (M) and tryptophan (W), which are the only
natural amino acids encoded by single triplets: ATG and
TGG, respectively. In the construction of the virtual genetic
code, triplet codons were selected so that the four bases, A,
C, G and T, appear with the same frequency, each 15 times.
In Figure 25, we show a spectral representation of human
ND6 proteins of Table 12 obtained by replacing each amino
acid by its “virtual codon”. Thus, the 174 amino acids are
represented as 3 × 174 ) 522 nucleotides A, C, G, T, the
sequence of which is illustrated on four horizontal lines to
which the nucleotides A, C, G, T have been assigned.

The pattern displayed in Figure 25, which may be viewed
as a kind of protein “fingerprinting”, offers a not very economi-
cal representation of proteins and not necessarily user-friendly
representation, in view of giving a very detailed figure, which
will be of limited use in direct visual comparison of different
proteins. Nevertheless, the representation is unique and allows

Table 11. Virtual Genetic Code (in DNA T replaces U)

position in
Figure 34

virtual
code

amino
acid

3-letter
code

1-letter
code

binary
code

0 GCG alanine Ala A 011001
1 CGG arginine Arg R 100101
2 AAC aspargine Asn N 000010
3 GAU aspartic acid Asp D 010011
4 UGC cysteine Cys C 110110
5 CAG glutamine Gln Q 100011
6 GAA glutamic acid Glu E 100001
7 GGC glycine Gly G 010000
8 CAU histidine His H 010110
9 AUC isoleucine Ile I 001110
10 CUC leucine Leu L 101110
11 AAG lysine Lys K 000001
12 AUG methionine Met M 001101
13 UUC phenylalanine Phe F 111110
14 CCA proline Pro P 101000
15 UCU serine Ser S 111011
16 ACA threonine Thr T 001000
17 UGG tryptophan Trp W 110101
18 UAU tyrosine Tyr Y 110011
19 GUU valine Val V 011111

Figure 25. Spectral representation of chimpanzee ND6 proteins transformed via virtual genetic code into hypothetical RNA, depicted on
four horizontal lines.
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the full reconstruction (i.e., identification) of the protein that it
represents. However, as we will see soon, spectral graphical
representations (representing either DNA/RNA or proteins)
allow one to combine them arithmetically and thus visually
inspect their similarities and even approach the problem of DNA
and protein alignment graphically.

6.3. Justification of the Virtual Genetic Code
The Virtual Genetic Code is a mathematical construction

that allows one to arrive at graphical representations of
proteins when the underlying DNA/RNA is not known. Not
long ago, an anonymous referee expressed reservations about
the notion of virtual genetic code, stating that “The idea of
Virtual Genetic Code lacks any biological meaning. It is not
good to transform a complex 64-20 mapping into a 1-1
mapping, which disturbs the authentic coding from DNA to
protein.” This message is confusing mathematical tools with
biological reality. Nobody is claiming that a 64-20 mapping
is not factual; all that the virtual genetic code accomplishes
is that, when the 64-20 mapping is not known, the
hypothetical 1-1 mapping offers graphical representations
of proteins, which may lead to useful results. In order to
prove this, we will show that a representation of a protein
with known RNA and a representation of a protein based
on virtual genetic code produce the same result.

We will prove the above statement by considering two
ND6 proteins of Table 12. The virtual genetic code trans-
forms the 174 amino acids of human ND6 proteins into a
hypothetical RNA of length 522, the beginning of which is
as follows:

AUG AUG UAU GCG CUC UUC CUC CUC UCU GUU
GGC CUC GUU AUG GGC UUC GUU GGC UUC UCU
UCU AAG CCA UCU CCA AUC UAU GGC GGC CUC
GUU...

For illustration we show chimpanzee ND6 protein trans-
formed via virtual genetic code.

In order to compare the ND6 proteins of human and gorilla,
both of which have 174 amino acids and 522 virtual nucleotides,
one combines their spectrum-like representations arithmetically
and constructs the differences between them. In Figure 26 (top),
we have illustrated the “difference graph”, which results in peaks
in the y interval (-3, +3). Despite the lengthy and visually
“complicated” spectral representations of proteins (illustrated
for human ND6 in Figure 25), one can immediately conclude
from Figure 26 (top) that the human and gorilla proteins are
very similar. As one sees, there are only nine amino acids out
of 174 in which the two proteins differ. They are located at the
sites: 2, 4, 41, 46, 76, 102, 120, 134, and 159. We should add
that the heights of the “peaks” in Figures 25 and 26 are not
significant, because they depend on the assignment of the
horizontal lines to the four nucleotides, which is arbitrary.
Because the spectral amplitudes have no useful meaning, one

could transform Figure 26 (top) into the plot illustrated in Figure
26 (bottom) in which nonzero amplitudes are all set to be equal
to +1.

In Figure 27, we display the graphical representation of the
same hypothetical RNA of chimpanzee ND6 protein using a
spiral as template. The construction starts at the center with
each vertical segment of the spiral representing the binary code
for the four bases, which we selected as follows:150

A ) 0 0, G ) 0 1, C ) 1 0, U(T) ) 1 1.
An apparent advantage of the 2D protein map representa-

tion of Figure 27 over the corresponding spectral representa-
tions is its compactness, while a disadvantage is the loss of
visual qualities. This, however, is true of all graphical
representations based on the chaos game model. Hence, such
graphical representations have to be processed, as has been
outlined in the literature by Zupan and Randić,86 transforming
a map into a spectral representation. The illustrated ND6
protein in Figure 27, when combined with a similar 2D
representation of ND6 protein of gorilla, leads to the
difference graph of Figure 28 with 2 × 522 ) 1044 entries,
in view that each nucleotide is represented by two binary
digits. Binary codes have been previously used for repre-
sentation of DNA sequences.147-149

There is considerable diversity between the graphical
representations of proteins based on 20 horizontal lines (by
direct use of 20 amino acids), based on 2D chaos game maps,
based on 8 × 8 Table of Codons, based on four-color
maps150,151 and on 2D spiral representation.152 They generally
complement each other by involving different structural
motifs, which helps in identifying artifacts of such graphical
representations. The binary code transforms a DNA or RNA
sequence of length N into a binary sequence of length 2N
and a protein sequence of length N into a binary sequence
of length 6N, because each codon is represented as a six-
digit binary label (see the last column of Table 11).

Now we will consider spectral representations of human
and gorilla ND6 proteins directly by using their known
sequence of 174 amino acids. We have ordered the 20 amino
acids alphabetically

Ala, Arg, Asn, Asp, Cys, Gln, Glu, Gly, His, Ile, Leu,
Lys, Met, Phe, Pro, Ser, Thr, Trp, Tyr, Val

and assigned them values 1-20. This ordering of amino
acids, and the form of the resulting graphical representations,
is as arbitrary as any other, including random orderings,
except for graphical representation of proteins that are based
on use of physicochemical properties of amino acids.153

In Figure 29 (first two plots), we show spectral representa-
tions of human and gorilla ND6 based on 20 horizontal lines,
with the top line corresponding to valine. Already a glimpse
at the two spectra shows that ND6 proteins are rich in valine
(y ) 20) and glycine (y ) 8) while, for instance, poor in
cysteine (y ) 5). At the bottom in Figure 29, we show the

Table 12. ND6 Proteins for Human and Gorilla Having 174 Amino Acids (AA), Which Are Grouped in Tens for Easier Reading

Human 174 AAs
MMYALFLLSV GLVMGFVGFS SKPSPIYGGL VLIVSGVVGC VIILNFGGGY
MGLMVFLIYL GGMMVVFGYT TAMAIEEYPE AWGSGVEVLV SVLVGLAMEV
GFVLWVKEYD GVVVVVNFNS VGSWMIYEGE GSGFIREDPI GAGALYDYGR
WLVVVTGWPL FVGVYIVIEI ARGN

Gorilla 174 AAs
MTYVLFLLSV GLVMGFVGFS SKPSPIYGGL VLIVSGVVGC AIILNCGGGY
MGLMVFLIYL GGMMVVFGYT TAMAIGEYPE AWGSGVEVLV SVLVGLAMEV
GLVLWVKEYD GVVVVVNFNN VGSWMIYEGE GSGLIREDPI GAGALYDYGR
WLVVVTGWTL FVGVYIVIEI ARGN
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plot of the absolute difference between the numerical spectral
values for human and gorilla ND6 proteins. This difference
plot should be compared with Figures 26 and 28, when by
using the virtual genetic code the ND6 proteins were first
converted into a sequence of four nucleotides, and then
converted into binary sequence by using binary codes for
A, C, G and U. Observe that again we obtained the difference
plot that shows the same nine sites in which the two proteins
differ (except that in Figure 26 the individual spectral peaks
may consist of 1-3 bases). The differences in the heights
of the peaks in the difference plots, as we know, are not
important. Thus, we demonstrated the validity of the virtual
generic code for graphical representations of proteins,
because we obtained the same results using two conceptually
completely unrelated graphical representations. Moreover,
one can view the six-digit binary codes of Table 11, which
led to Figure 28, as abstract codes, ignoring thus the
underlying graphical representation of Figure 27. Hence, one

can argue that graphical representations of proteins are not
essential for determining the legitimacy of the virtual genetic
code. They may merely be viewed as a convenience, which
offers visual representation of proteins.

It may be of interest to mention that it was George Gamow
who was first to suggest that the genetic code should involve
three nucleotide bases, based on the fact that 43 is the smallest
power of four that exceeds 20. Crick et al.154 were first to
demonstrate experimentally that indeed three DNA bases are
responsible for encoding a single amino acid by being able
to show that induced mutations of one, two, or four
nucleotides produced nonfunctional strains but mutations of
three nucleotides resulted in mutant strains that are functional.
Clearly for the four nucleotides, one needs four two-digit
binary numbers, and thus for each codon, one needs six
binary digits, two for each base.

The six-digit binary codes for each amino acid transform
a protein into a binary sequence, which in the case of
human and gorilla ND6 proteins start as MMYALFLLSV...
and MTYVLFLLSV..., respectively, which produce the
following:

The bottom part of Figure 29 is a graphical representation
of the difference of the above two binary sequences (of length
1044). It is clear that any numerical substitution of the 20-
letter symbols of the 20 natural amino acids will yield the
same difference plot as the one shown in Figure 29, with
the virtual genetic code being one such specific selection. It
also ought to be clear that alternative selections of 20 codes
would produce the same results. For example, instead of the
20 codons used for constructing of the virtual genetic code
of Table 11, one may choose among all synonymous codons
(i.e., cases when different nucleotide triplets codes for the
same amino acid), those codons that are most frequently
coding the corresponding amino acids.155,156

6.4. Search for Alternative Representations of
Proteins

The main reason for construction of alternative graphical
representations for proteins is the same that holds for
continuing interest in alternative graphical representations
of RNA/DNA, which ultimately has been the main reason
for construction of an ever-increasing number of topological
indices in QSAR.157-164 Alternative graphical representations
of molecules, RNA/DNA, and proteins will lead to noVel
mathematical and structural invariants that can serve as
additional molecular descriptors for such systems. Whereas
in general the number of mathematical invariants of molec-
ular systems is unlimited, it is essential, when constructing

Figure 26. (Top) Difference plot between the spectral representa-
tions of human-gorilla ND6 proteins based on the virtual genetic
codes. (Bottom) Corresponding graph depicting the binary differ-
ence for the same diagram.

Figure 27. Graphical representation of chimpanzee ND6 proteins
transformed via virtual genetic code into hypothetical RNA, which
is shown on a “worm” spiral using binary codes to depict the four
bases.

Figure 28. Difference between human and chimpanzee ND6 proteins when amino acids are coded by six-digit binary codes of Table
11.

00110100110111001101100110111011111010111010

00110100100011001101111110111011111010111010

1110111011011111...(human)
1110111011011111...(gorilla)
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additional molecular descriptors, to keep in mind that their
raison d’être is that they must be useful if they are to be
taken seriously. Mathematics may afford the luxury to be
“pure” and “useless”,165 but the importance of Applied
Mathematics, which is much closer to the needs of mechan-
ics, physics, chemistry, and, more recently, biology and
medicine, is proportional to its relevance in dealing with
problems of natural sciences. Mathematical descriptors,
whether for molecules, for RNA/DNA, for proteins, or even
for proteome, have to parallel some properties of molecules,
proteins, or proteome, otherwise they will remain irrelevant.

A search for mathematical descriptors for complex systems
and their construction may be even viewed in some instances
as an “art”, but in contrast to classical arts, such as painting,
sculpture, and music, where artists are free to experiment,
here the burden of “experiment” is on the “artists” them-
selves, that is on authors, who have to demonstrate that the
proposed innovations, novel descriptors and novel ap-
proaches, are useful and that they may lead to noVel insights

into the complex systems considered. A “proof” of usefulness
of mathematical descriptors is in demonstrating that they
offer either novel structural insights or simpler characteriza-
tions of complex molecular systems, which include DNA,
RNA secondary structures, proteins and protein folding, and
proteomics. Here, we will focus on proteins, for which in
very recent times several novel graphical representations have
been advanced, the essential feature of which will be briefly
outlined in the next sections.

6.5. 8 × 8 Tables of Codons
We have outlined Jeffrey’s graphical representation of

DNA, introduced in Figure 9, and have illustrated it on the
coding sequence of the first exon of human �-globin gene
in Figure 10, as well as on two proteins represented by some
500 “spots” in Figures 11 and 12. In the past, nobody applied
the algorithm of Jeffrey to very short DNA segments such
as the triplets of the nucleotide bases forming codons. In

Figure 29. Spectral representation of ND6 proteins of human and gorilla based on assignment of values y ) 1 to y ) 20 to the 20 amino
acids. The bottom graph depicts the difference between the spectral representations of the two proteins.
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Figure 30, we show a graphical representation of codon TGA
by the chaos game algorithm of Jeffrey.

One starts at the center of the square and moves first
toward the corner T, ending in the fourth quadrant, then
continues toward the corner G, ending in the first quadrant
labeled with G at the point indicated as TG, and finally one
arrives in the third quadrant belonging to A, at the site TGA.
Almost trivial, but what is far from trivial, is to consider
that the same construction is repeated for the remaining 63
codons on the same “magic square”. One then obtains an
additional 63 spots, which, as one can see from Table 13,
are distributed uniformly inside the interior of the magic
square. For better visibility, the interior of the square is
divided into 64 square cells, and the center of each cell is
the “spot” for individual codons.

The result of the above simple “exercise” is, in a way,
astonishing. All 64 codons, when superimposed on the same
map, yield a chesslike 8 × 8 table with unique assignment
of individual codons to all available 64 locations.166 Of
course, we should add that the distribution of codons depends
on the particular assignment of the four bases to the four
corners of the magic square.

The significance of the 8 × 8 “Table of Codons” is that
it is a precursor to “Table of an 8 × 8 Table of Natural
Amino Acids” (AAs), in which all 20 AAs and the three
“stop” signals are assigned to the 64 cells of the table.
Because of the degeneracy of the genetic code, all amino
acids, with the exception of Met and Trp, appear in several
locations in the 8 × 8 table. Thus, for instance, arginine (R),
leucine (L), and serine (S) appear six times, with each of
these three amino acids being coded by six triplets; alanine

(A), glycine (G), proline (P), threonine (T), and valine (V)
appear four times in the 8 × 8 table, with each of them being
coded by four triplets; isoleucine (I) appears three times,
being coded by three codons; nine amino acids, aspargine
(N), aspartic acid (D), cysteine (C), glutamic acid (E),
glutamine (Q), histidine (H), lysine (K), phenylalanine (F),
and tyrosine (Y), are each coded by two triplets; and
methionine (M) and tryptophan (W) are coded each by a
single triplet. The three triplets, TAA, TAG and TCA,
represent the “stop” codons.

Observe that, in Table 13, all triplets in the first quadrant
end on G, all triplets in the second quadrant end of C, all in
the third quadrant end on A, and all in the fourth quadrant
end on T. Hence, the quadrant in which amino acid is to be
found is determined by the third base of the triplet. However,
it is well-known that only the first two bases play the
dominant role, and that the third base is the least important
for the genetic code, in view that several amino acids are
fully determined by the first two bases of the code. A
consequence of this is that the codons that encode the same
amino acids are scattered all over the 8 × 8 board in cells
belonging to different quadrants. It would be desirable, if
possible, to distribute the codons in an 8 × 8 table so that
the same amino acids are grouped in close locations, rather
than being scattered.

It turned out that it is possible to construct such a Table
of Codons by reformulating the algorithm of Jeffrey for
graphical representation of DNA so that the first base
determines the quadrant in which the codons will appear.
This could not have been accomplished by merely changing
the assignment of the four bases to the four corners of the
square and still using Jeffrey’s algorithm. In such cases, one
obtains a different distribution of triplets, but again the
locations of triplets will be determined by the third, the least
important base, which determines the quadrants in which
codons will be located. A way to arrive at a Table of Codons
in which related triplets would be grouped together as much
as possible is to design an algorithm in which the dominant
base, the first base, determines the quadrants and the structure
of the table.

An approach that leads to such an arrangements of codons
has been outlined recently, and the corresponding algorithm
is illustrated in Figure 31, on the triplet ATG (different from
TGA of Figure 30). At the left side of Figure 31 is shown
the graphical construction for the triplet ATG using Jeffrey’s
algorithm, and on the right is shown the construction of the
novel site for the same triplet based on a modified algorithm
that gives priority to the first two bases. From the comparison
of the two diagrams, we see that the first step of both
algorithms is the same; however, the new algorithm confines
the second and third steps of the construction to the interior
of the same quadrant. Some parallelism between the two

Figure 30. Graphical construction of the codon TGA.

Table 13. Distribution of the 64 Codons (in Locations in the Center of Individual Cells) Obtained by Applying the Algorithm of Jeffrey
When Superimposed on the Same Magic Square

CCC GCC CGC GGC CCG GCG CGG GGG
ACC TCC AGC TGC ACG TCG AGG TGG
CAC GAC CTC GTC CAG GAG CTG GTG
AAC TAC ATC TTC AAG TAG ATG TTG

CCA GCA CGA GGA CCT GCT CGT GGT
ACA TCA AGA TGA ACT TCT AGT TGT
CAA GAA CTA GTA CAT GAT CTT GTT
AAA TAA ATA TTA AAT TAT ATT TTT
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algorithms is apparent. The second step in the new algorithm
is obtained from the first step by focusing on the quadrant
belonging to the first base and ignoring the remaining
quadrants. The selected quadrant is now considered as the
smaller “magic square”, to the four corners of which the
labels A, T, G, and C are assigned afresh, in the same relative
pattern as assigned initially to the magic square. Observe
that the first “move” brought us to the center of the smaller
magic square, so from the center of this quadrant (which is
the place where the first base brought us) one moves halfway
toward the corner of the second base, the corner T, of that
quadrant. One thus arrives at a center of a still smaller square,
to the four corners of which one again assigns the labels A,
T, G, and C. By moving to the corner belonging to the third
base, one completes the construction of the graphical
representation of the codon considered.

In Table 14, we show the revised 8 × 8 Table of Codons.
Now, as can be seen, all codons in the first quadrant start
with guanine, all codons in the second quadrant start with
cytosine, all codons in the third quadrant start with adenine,
and all codons in the fourth quadrant start with thymine.
Thus, with this Table of Codons, we have accomplished the
task of grouping codons having the same first nucleotide in
close neighborhood. It is interesting to compare more closely
Table 13, based on Jeffrey’s algorithm, and Table 14, based
on the modified algorithm. Observe that the 16 palindrome
codons (which are the same whether read from left to right
or vice versa, e.g., CCC or AGA) are in the same locations
in both tables. Moreover, the comparison of the two tables
shows that Table 14 is the same as Table 13 if each entry in
Table 13 is read from right to left, instead of from left to
right! The two algorithms are essentially different if applied
to longer DNA sequences. If one would continue this process,
using the modified algorithm just outlined, for any DNA

sequence one would end with a location in the quadrant
determined by the first base regardless of how long the DNA
sequence is considered. The new algorithm thus not only
leads to a novel distribution of codons dominated by the first
base but hints on the possibility of constructing an atlas in
which every DNA and every protein can be represented by
a single point, corresponding to the end base, which is located
in the quadrant of the first base. Such a map can be viewed
as an atlas of the whole “DNA World” or “Protein World,”
respectively. Of course, the construction of maps for larger
DNA and larger proteins would require higher and higher
precision, because at each step the scale of the square cell
used for continuing the construction is reduced by a factor
of 2.

We should add that the element of arbitrariness associated
with the assignment of the four bases to the four corners of
the square can be eliminated by considering a spatial
alternative to the squaresa tetrahedron. Randić and Zupan
proposed a 3D variant of Jeffrey’s approach in which the
interior of a regular tetrahedron, rather than interior of a
square, is used to depict bases of DNA. This results in a
unique 3D spatial graphical representation of DNA, except
for the chirality of such representations associated with
left-right reflections, which here are immaterial, and which
will not be reflected in the numerical characterizations of
such 3D graphical patterns. In such representations, each base
is associated with triplet coordinates (x, y, z) in the interior
of a tetrahedron.64,86 In a tetrahedron, even after the first
corner is selected, the remaining three corners of the
tetrahedron (but not of a square) remain fully equivalent
(except for the chirality, which is of no interest here).

Observe that, in Table 14, most of the codons belonging
to the same amino acids are grouped together. For
example, the codons CCC, CCT, CCA, and CCG, which
all code for proline, are in the left upper corner of the
table; the codons GGG, GGT, GGA, and GGC, which all
code for glycine, are in the right upper corner of the table;
and similarly codons that code for alanine (A), tryptophan
(T), and valine (V) are grouped together. Similarly, amino
acids coded by two codons are close to each other, even
if not adjacent, and the same is true of the three stop
codons TAA, TAG, and TGA. However, the six triplets
that code for arginine (R), lysine (L), and serine (S) are
separated into two blocks each. This table would almost
suffice. However, it is desirable that the center of gravity
of all the triplets that code for the same amino acid should
be different for each amino acid. This is not the case with

Figure 31. Illustration of the original Jeffrey’s algorithm and the
modified Jeffrey’s algorithm, which gives priority to the first two
nucleotide bases in codon ATG.

Table 14. Distribution of the 64 Codons (In Locations at the Center of Individual Cells) Obtained by Applying the Modified Algorithm
of Jeffrey and the Location of Corresponding Amino Acids

CCC CCG CGC CGG GCC GCG GGC GGG
P P R R A A G G
CCA CCT CGA CGT GCA GCT GGA GGT
P P R R A A G G
CAC CAG CTC CTG GAC GAG GTC GTG
H Q L L D E V V
CAA CAT CTA CTT GAA GAT GTA GTT
Q H L L E D V V
ACC ACG AGC AGG TCC TCG TGC TGG
T T S R S S C W
ACA ACT AGA AGT TCA TCT TGA TGT
T T R S S S stop C
AAC AAG ATC ATG TAC TAG TTC TTG
N K I M Y stop F L
AAA AAT ATA ATT TAA TAT TTA TTT
K N I I stop Y L F
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Table 14, because several pairs of amino acids, placed
diagonally in adjacent cells, such as the pairs (K, N) in
the bottom left part of the table, (H, Q) in the left bottom
corner of the second quadrant, (D, E) in the bottom left
part of the first quadrant, and (F, L) at the bottom right
part of the table, have common centers of mass.

Table 15 is a further modified Table of Codons, which
differs from Table 14 by swapping the labels G and T of
the magic square. The accompanying Table 16 shows the
locations of the corresponding amino acids. As one can see
from Table 16, the pairs of amino acids that have been in
Table 14 at diagonal positions are now adjacent and, thus,
have different centers of mass. From Table 16, it is not
difficult to obtain the coordinates that belong to the individual
AAs, by averaging the centers of the location of the
corresponding codons. For example, the four codons CCC,
CCT, CCA, and CCG, at the top left corner of the table,
which all code for proline, have the (x, y) coordinates (-7/
2, +7/2), (-5/2, +7/2), (-7/2, +5/2), and (-5/2, +6/2),
respectively, the average of which is (-3, +3). As one can
see from Table 17, where are listed the coordinates of center
of mass for all 20 amino acids, in this way one obtains unique
coordinates for all 20 AAs.156,168

The unique coordinates of amino acid can serve for
construction of novel geometrical patterns to represent
proteins graphically. Because the novel coordinates are
“fixed”, the construction of accompanying matrices is
relatively simple in comparison with similar constructions
based on the chaos game approach, where the same amino
acid each time has different coordinates. In Figure 32, we
illustrate Table 16 by superimposing three-letter amino acid
codes over adjacent cells of codons that encode the same
amino acid, while in Figure 33, we have illustrated the
locations of the centers of mass for all 20 amino acids as
derived from Table 16 or Figure 32.156

6.6. Representation of Proteins via the “Magic
Circle”

We have referred to the graphical approach of Jeffrey for
DNA representations as based on the “magic square”,

Table 15. 8 × 8 Table of Codons Used for Construction of
Polar Coordinates for 64 Codons after Modified Construction
Rule, Which Groups All Triplets Having the Same First Base in
the Same Quadrant

CCC CCT CTC CTT TCC TCT TTC TTT
CCA CCG CTA CTG TCA TCG TTA TTG
CAC CAT CGC CGT TAC TAT TGC TGT
CAA CAG CGA CGG TAA TAG TGA TGG
ACC ACT ATC ATT GCC GCT GTC GTT
ACA ACG ATA ATG GCA GCG GTA GTG
AAC AAT AGC AGT GAC GAT GGC GGT
AAA AAG AGA AGG GAA GAG GGA GGG

Table 16. Table of Amino Acids Based on the Graphical
Representation of Codons of Table 15

Pro Pro Leu Leu Ser Ser Phe Phe
Pro Pro Leu Leu Ser Ser Leu Leu
His His Arg Arg Tyr Tyr Cys Cys
Gln Gln Arg Arg Stop Stop Stop Try
Thr Thr Ile Ile Ala Ala Val Val
Thr Thr Ile Met Ala Ala Val Val
Asn Asn Ser Ser Asp Asp Gly Gly
Lys Lys Arg Arg Glu Glu Gly Gly

Table 17. Centers of Mass for Amino Acids (X, Y) (Based on Table 10),83 the (x, y) Coordinates of AA, and the Angular Coordinates
(Radians) of the 20 Natural Amino Acids Placed on the Circumference of a Unit Circle (Figure 17) (In Ref 84, the Positions of Ile and
His Are in Error and Are Here Exchanged)

virtual code 3-letter code AA X Y x y radians

GCG Ala A 1/4 -1/4 1 0 0
CGG Arg R -1/4 -1/8 0.951057 0.309017 0.314159
AAC Asn N -3/4 -5/8 0.809017 0.587785 0.628319
GAU Asp D 1/4 -5/8 0.587785 0.809017 0.942478
UGC Cys C 3/4 3/8 0.309017 0.951057 1.256637
CAG Gln Q -3/4 1/8 0 1 1.570796
GAA Glu E 1/4 -7/8 -0.309017 0.951057 1.884956
GGC Gly G 3/4 -3/4 -0.587785 0.809017 2.199115
CAU His H -3/4 3/8 -0.809017 0.587785 2.513274
AUC Ile I -7/24 -5/24 -0.951057 0.309017 2.827433
CUC Leu L 1/6 17/24 -1 0 3.141593
AAG Lys K -3/4 -7/8 -0.951057 -0.309017 3.455752
AUG Met M -1/8 -3/8 -0.809017 -0.587785 3.769911
UUC Phe F 3/4 7/8 -0.587785 -0.809017 4.084070
CCA Pro P -3/4 3/4 -0.309017 -0.951057 4.398230
UCU Ser S 1/12 7/24 0 -1 4.712389
ACA Thr T -3/4 -1/4 0.309017 -0.951057 5.026548
UGG Trp W 7/8 1/8 0.587785 -0.809017 5.340707
UAU Tyr Y 1/4 3/8 0.809017 -0.587785 5.654867
GUU Val V 3/4 -1/4 0.951057 -0.309017 5.969026

Figure 32. Assignment of amino acids to the 8 × 8 Table of
Codons, which groups triplets having the same first and the second
base in the same quadrant.

818 Chemical Reviews, 2011, Vol. 111, No. 2 Randić et al.



because the interior of a square has been used for the
representation of DNA. Randić, Butina, and Zupan169

generalized the approach of Jeffrey by placing 20 natural
amino acids on the periphery of the unit circle, thus replacing
a square by a 20-sided polygon. The 20-sided polygon
appears, for our needs, as practically being a circle, and
therefore, we will refer to this extension of the magic square
approach of Jeffrey for DNA to proteins as the “magic circle”
approach. On the periphery of the magic circle are listed
amino acids in the 3-letter alphabetic order, starting with
alanine (Ala), which was placed on the x-axis, and moving
counterclockwise around the circle. All 20 amino acids are
separated by the constant angle of 2π/20 radians (Figure 34).
In this representation, the 3-letter alphabetical order starts
with alanine (no. 0) and ends with valine (no. 19).

Using this labeled circle, one can construct a graphical
representation of proteins that bears parallelism with the
graphical representation of DNA of Jeffrey, except that
instead of a scatter of the points representing nucleotides in
the interior of the magic square, now one has a scatter of
points representing amino acids in the interior of the magic
circle. Observe that there is no loss of information with the
resulting graphical representation of proteins, just as there
had not been any loss of information with the graphical
representation of DNA in the interior of the square, even
though the reconstruction of the protein from the pattern of
scattered points is going to be more tedious.

In Figure 35, we have illustrated graphical representations
of two short protein fragments using the approach of the
magic circle, and for a better visibility of the construction,
we have left the connecting lines that join adjacent AAs in
the protein sequence. Leaving the connecting lines is an
optional step in the graphical construction of proteins and
may be of interest especially for smaller proteins. The zigzag
curve may help visualization of similarities and differences
among proteins and may facilitate construction of D/D
matrices for the proteins considered. Not surprisingly, the
constructed graphical “images” of shorter proteins (either
having the connecting lines or without them) do not offer
much insight to visual inspection, just as the construction
for DNA sequences also resulted in “chaotic” patterns.

However, as will be now described, further processing of
such 2D graphical representation, which may be numerical
and/or graphical, may offer useful insights into similarities
of proteins. The construction of global and local D/D
matrices170 is one such “processing”, though it is numerical,
leading to numerical matrices, which then may lead to
potentially useful descriptors for proteins. Local D/D ma-
trices, which consider a subset of amino acids in proximity,
have not been much used so far, though they have an
important numerical advantage in not being computationally
intensive. The entries in local D/D matrices, in contrast to
the standard global D/D matrix, refer to local domains of a
protein sequence, and thus result in sparse matrices, i.e.,
matrices that have numerous zero entries. In contrast, the
global D/D matrix is dense, with typically zero entries only
on the main diagonal. For a brief discussion on sparse and
dense graphs and matrices, see ref 171. Let us also point to
an additional advantage of using “fixed” (x, y) coordinates
for amino acids, besides the obvious one that fixed coordi-
nates do not require continuous updating when calculating
matrix elements of D/D matrices. By using a fixed set of
coordinates in the construction of D/D matrices, although
the D/D matrix will not be sparse, it will nevertheless have
numerous zeros, which will occur whenever the Euclidean
distances between the same amino acid (AA) are considered.

In contrast to the “numerical” constructions accompanying
the zigzag representations of proteins, which may result in
less laborious processing, a “graphical” processing obtained
by plotting the differences between the (x, y) coordinates of
the corresponding amino acids in two sequences, as we will
see, may lead to “instant gratification”, by offering useful
alternative visual patterns that may throw more light on
similarities and differences among the proteins considered.
In the case of the two protein fragments of Figure 35, in
such an analysis, one obtains Figure 36, in which on the
x-coordinate is the running index i of AAs in a protein and
on the y-axis are plotted the Euclidean distances between
the “spots” representing amino acids at the same sequential
position, which may be the same amino acid or different.
The Euclidean distances are given by the expression: �{(xAi

- xBi)2 + (yAi - yBi)2)}, where the subscripts A and B
indicate amino acids in protein I and protein II.

Figure 36 clearly shows four sites at which there is a
sudden “jump” in the Euclidean distances of the correspond-
ing amino acids. A close look at the two sequences reveals
that these four sites are the places at which the amino acids
in two proteins differ. After each of the sudden “jumps”, as
one can see from Figure 36, there is a gradual decrease in
the corresponding distances for the following amino acids.
The “decay” parts of the “peaks” in Figure 36 show that the

Figure 33. Centers of gravity for amino acids on the basis of
averaging the coordinates of multiple codons.

Figure 34. Unit circle with a uniform distribution of 20 natural
amino acids on its circumference.
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same fragment in different proteins, regardless of the site of
“difference”, slowly converges to similar patterns of points,
until the next “perturbation” (the occurrence of different
amino acids in the two proteins) appears.

Figure 36 represents a significant resultsit shows that there
may be a “graphical” route to one of the central problems
of comparative study of proteins, the problem of protein
alignment. It represents the beginning of a potentially
important novel application of graphical representations of
proteins, and by extension, of graphical representations of
DNA for the problem of DNA alignment. Thus, we can
compare the graphical representation of the first exon of the
lemur �-globin gene, shown in the middle of Figure 2, with
Figure 37 in which is shown the graphical representation of
the first exon of the lemur �-globin gene. Again, without
further processing, no useful insight can be obtained by direct
comparisons of such graphical representations. However, if
one follows the same recipe and constructs the difference in
(x, y) coordinates for nucleotides at the same sequential
position for human and lemur, then one obtains the plot
shown in Figure 38, which immediately shows that the two
exons exhibit considerable similarity.

Figure 38 has an appearance of a “spectrum-like” diagram
and, as such, offers great visual advantages, though as we
have seen, it belongs to a pair of proteins, not a single
protein. Because of potential visual advantages of spectrum-

like diagrams, it is of considerable interest to develop
spectrum-like graphical representations of proteins, just as
was possible for DNA sequences. Not only do such graphical
representations facilitate the visual inspection of the similari-
ties and differences among protein sequences, but they may

Figure 35. Graphical representation of the proteins fragments I and II of yeast Saccharomyces cereVisiae, having 30 amino acids. Reproduced
by kind permission from ref 169. Copyright 2006 Elsevier Publ.

Figure 36. Difference in coordinates of corresponding amino acids in two proteins showing locations of mismatch in protein sequences.
Reproduced by kind permission from ref 169. Copyright 2006 Elsevier Publ.

Figure 37. First exon of lemur �-globin gene displayed using
Jeffrey’s algorithm for graphical representation of DNA. Repro-
duced by kind permission from Randić, M. Another Look at the
Chaos-Game Representation of DNA. Chem. Phys. Lett. 2008, 456,
84-88. Copyright 2008 Elsevier Publ.
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be further manipulated graphically by considering their
differences, and also differences when two protein sequences
are shifted one relative to the other. This would lead to a
graphical, hence, Visual, approach to the protein alignment
problem, a topic to be considered shortly.

6.7. Representation of Proteins Based on Starlike
Graphs

Common to all hitherto mentioned graphical representa-
tions of proteins and DNA, with the exception of the 3D
graphical representation of DNA within the interior of a
regular tetrahedron, is the arbitrary assignment of amino acids
(or bases in the case of DNA) to alternative geometrical
elements of structure used for their graphical representation.
The selected assignments of the four nucleotides or the 20
amino acids represent but one particular assignment among
a multitude of possible alternative assignments. This is
particularly critical in the case of proteins because of the
insurmountable 20 factorial possibilities! However, as we
will shortly show, it is possible to construct graphical
representations of proteins that bypass difficulties and
dilemmas of choosing a single option among many alterna-
tive possibilities for assigning amino acids to various
equivalent elements of the underlying geometrical template
used in the construction of graphical representations. The
first such advancement in graphical representations of
proteins has been introduced recently70 and is based on using
starlike graphs as models for proteins. Starlike graphs have
a single central vertex and numerous branches consisting of
“rays” in which can appear only vertices of degree 2 or 1.
In Figure 39, we have depicted starlike graphs, which have
11 branches and 21 vertices besides the central vertex in
three different forms. Observe now, and this is the crux of

the approach, that although the three graphs of Figure 39
look different, all three forms represent the same graph.
Neither the lengths of edges (which are all the same in Figure
39) nor their relative positioning is important, as long as the
connectivity of the graph is maintained correctly. That the
three copies of Figure 39 represent the same graph is not
difficult to verify: all three graphs have a single central
vertex, three rays of length 1, seven rays of length 2, and
one ray of length 4. The length of rays is given by the number
of edges.

In general, it is very difficult to establish if two graphs
are identical or different. This problem, which is known as
“graph isomorphism problem”, has received considerable
attention, both in the mathematical173,174 and the chemical
literature.175-177 The first chemical reaction graphs were
published by Balaban et al. in 1966,178 and two graphs in
particular had striking symmetries. One of these has 20 points
and is known as the Desargues-Levi graph, representing the
rearrangements of trigonal bipyramidal structures with five
different ligands attached to a central atom (taking enanti-
omerism into account), or the rearrangements of an
ethyl-carbenium cation (isotopically labeled at one carbon
atom of the ethyl group). When enantiomerism is ignored
or when there is no isotopic labeling, graph vertices become
pairwise identical and the 20-vertex graph reduces to a graph
known as the Petersen graph38,179-181 having 10-vertices.

In Figure 40, we illustrate the Petersen graph, a cubic
(trivalent) graph on ten vertices, in two different forms, each
exhibiting distinct symmetry properties of this graph. The
Petersen graph is the 5-cage (smallest cubic graph with
minimal circuits of five vertices). It is also of interest in
chemistry because it represents the degenerate rearrangement
of the trigonal bipyramidal complex XY5, when axial ligands
are exchanged with equatorial ligands. It was studied by
Dunitz and Prelog in 1968,182 and later its symmetry
properties were investigated.183 At first sight, and to those
not initiated in Graph Theory, such questions may appear
simple, if not simplistic, but as Prelog warns:184

“Pictorial representations of graphs are so easily intel-
ligible that chemists are often satisfied with inspecting and
discussing them without paying too much attention to their
algebraic aspects, but it is eVident that some familiarity with
the theory of graphs is necessary for deeper understanding
of their properties.”

A remarkable property of the Petersen graph is that it is
vertex- and edge-transitive, and also transitive for paths of
lengths 2 and 3! It is also called the 5-cage (smallest graph
with girth, or smallest circuit, equal to 5). Its automorphism
group is 10 × 3 × 22 ) 120.

Figure 38. Difference plot between the graphical representations
of the first exon of human and lemur �-globin gene. Reproduced
by kind permission from Randić, M. Another Look at the Chaos-
Game Representation of DNA. Chem. Phys. Lett. 2008, 456, 84-88.
Copyright 2008 Elsevier Publ.

Figure 39. Same starlike graph represented in three different forms. Reproduced by kind permission from ref 70. Copyright 2007 Elsevier
Publ.
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The graph of Figure 39 in fact depicts a small protein:
the A strand of human insulin, which has 21 amino acids of
11 kinds. In Figure 41, at the left, we have labeled the 11
branches of the graphs with the 11 amino acids present in
insulin, and in the same figure at the right, the vertices of
this labeled graph are given sequential numbers in the order
as they appear in the protein sequence. The graph at the left
clearly has less information than the accompanying graph
at the right, which when combined with the information at
the left allows the full reconstruction of the protein. In the
general case, starlike graphs representing proteins will have
20 branches, with each branch indicating the presence of 1
of the 20 natural amino acids.

As is well-known from Graph Theory, the same graph can
be depicted in many different ways, which is generally
viewed as a disadvantage, because this calls for isomorphism
testing when the results are not obvious. Here, in contrast,
we are taking advantage of this disadvantage, exploiting this
particular feature of graph representation to our benefits
avoiding the arbitrary assignment of amino acids to alterna-
tive geometrical elements of templates used for constructing
graphical representations of proteins. One should keep in
mind that, regardless of how a particular graph is graphically
depicted, or how one labels its vertices, the graph will always
have the same set of graph inVariants. The graphs will appear
different, the adjacency matrix and the distance matrix will
look different, but any of the computed graph inVariants,
which can serve as protein descriptors, will be the same.
Because the properties of graphs (even when displayed
differently and using different labels) do not depend on the
choice of labels, one can assign the branches of starlike
graphs arbitrarily to the 20 amino acids. Hence, one may
therefore adopt, for instance, the alphabetical order of amino
acids in circling around the central vertex following the

scheme already described for labeling the 20 vertices of the
“magic circle.”

There is another interesting property of graphs, that may
not be so well-known, which is of interest here: in the case
of trees (i.e., acyclic graphs), which include the starlike
graphs adopted for depicting proteins, there is no loss of
information if the graph is represented by the distance matrix
that involves only the distances between terminal Vertices.185

In the case of the graph of Figure 39, this will be an 11 ×
11 matrix, shown in Table 18, whose elements are given by
the number of edges separating vertices.

In a general case, the terminal-distance matrix for starlike
representations of proteins will be at most a 20 × 20 matrix,
because proteins are built from 20 natural amino acids
(ignoring the exceptional cases when additional post-transla-
tion amino acids may occur). If a protein has less than 20
amino acids (as in the case of insulin, which was selected
here for illustration), one can augment the terminal-distance
matrix of such graphs by insertion of distances for nonexist-
ing amino acids, which are assigned to the central (core)
vertex. In this way for any protein, one can obtain a
“uniform” 20 × 20 matrix representation, regardless of its
size. This has some advantages, particularly when comparing
proteins that may differ in their size.

Generally, a direct comparison of proteins (and DNA) of
different sizes may introduce some difficulties in that certain
invariants, such as eigenvalues of matrices, will result in
vectors of different dimensions (or sequences of invariants
having different lengths). Truncation or normalization in such
cases may introduce additional arbitrary steps that, if possible,
should be avoided. When using eigenvalues of matrices
involving Euclidean distances as a source for characterizing
proteins and DNA, there is an interesting, and not well-
known, procedure, which is of interest here. Matrices, the
elements of which are defined by higher powers of Euclidean
distances, have the property that, regardless of their size,
they have m2 nonzero eigenvalues, where m is the degree of
potentiation.186 Thus, regardless of their size, matrices D2,

Figure 40. Petersen graph drawn in two alternative forms.

Figure 41. Human insulin strand A represented by starlike graph.
Reproduced by kind permission from ref 70. Copyright 2007
Elsevier Publ.

Table 18. Distance Matrix between the Terminal Vertices of the
Starlike Graph of Insulin (Fig. 22)

1 2 3 4 5 6 7 8 9 10 11

1 0 3 4 6 4 4 3 4 4 3 4
2 0 3 5 3 3 2 3 3 2 3
3 0 6 4 4 3 4 4 3 4
4 0 6 6 5 6 6 5 6
5 0 4 3 4 4 3 4
6 0 3 4 4 3 4
7 0 3 3 2 3
8 0 4 3 4
9 0 3 4

10 0 3
11 0
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D3, D4, D5, etc., the elements of which represent distances
in 2D space, will have 4, 9, 16, 25, etc. nonzero eigenvalues,
a fact that allows direct comparison of their spectra without
additional restrictions.

One should not overlook the fact that there could be
considerable loss of information on proteins represented by
starlike graphs if the sequential labels (shown on the right
for the graph of human insulin in Figure 41) are omitted.
Hence, one has an option to build uniform 20 × 20 matrices
that have only the information on the abundance of amino
acids in a protein (based on the distances between the
terminal vertices of starlike graphs) and to construct the
complete n × n distance matrices, where n is the number of
amino acids in a protein. The former involves limited
computations and offers fast screening of a large pool of
proteins, while the latter involves information on the
sequential occurrence of amino acids in a protein, and can
then be applied to a preselected smaller group of proteins
for more detailed analysis.

6.8. Protein Profiles
We have mentioned the leading eigenvalue of the D/D

matrix (and other matrices) as a descriptor for DNA and
protein sequencessbut in each case, that is just a single
descriptor. As additional descriptors, one may add the
average row sums of matrices (or alternatively the average
matrix element), but for complex systems, a set of ad hoc
descriptors may still not offer sufficient discrimination
between similar sequences. It is desirable to have a set of
ordered descriptors that can simulate a “basis” for describing
such systems. In the case of molecules, such a basis can
involve the paths of different lengths,187,188 the set of extended
paths,189 the set of the connectivity indices,190,191 the valence
connectivity indices,192-195 and the “molecular profiles”196-199

for structure-property/activity studies for molecules.

Molecular profiles are constructed from the distance
matrix, or related matrices associated with a molecule, by
considering the “higher”-order matrices obtained from the
initial matrix by raising the individual matrix elements to
higher powers. These matrices have been first considered
by Randić and Razinger200 in an attempt to characterize
molecular shapes. Raising the individual matrix elements of
matrices to higher powers is known in Matrix Algebra as
the Hadamard matrix product201 (also known as the Schur
product202 and the entrywise product, which is also a
submatrix of Kronecker’s product of matrices203) and is one
of the matrix operations available in MATLAB.204

In Figure 42, we have illustrated protein “profiles” based
on suitably normalized leading eigenvalues of the terminal
distance matrix and the complete distance matrix for the A
strand of human insulin. The entries 1-15 on the abscissa
correspond to matrices of order 1-15, in which individual
entries of the matrix are raised to powers from 1 to 15. The
thus-constructed diagrams have been referred to as “protein
profiles,” in analogy with the similar molecular diagrams,
which have been referred to as “molecular profiles.” The
word “profile” is taken in its broad sense as “any outline or
contour”,205 thus not implying the outline of actual protein
form. Protein profiles are sensitive to the amino acid
composition of proteins. Thus, they may offer a useful visual
comparison between proteins and, when necessary, can be
supplemented by additional characterizations based on

considerations of additional accompanying data such as those
encoded by sequential labels on the amino acids that are
present.

The representation of proteins by starlike graphs has
offered, besides the graphical visualization of proteins, an
important feature to the representation of proteins that should
be kept in mind. By virtue of being independent of any
adopted assignment of amino acids to individual graph
branches, the accompanying numerical descriptors will be
free of artifacts that accompany other graphical representa-
tions of proteins. So while other graphical representations
may involve, to a lesser or greater extent, spurious features
specific to the particular graphical representations under
consideration, which are influenced by the adopted assign-
ments of amino acids (such as the use of alphabetical order
of amino acids for the magic circle), the invariants based on
starlike representations of proteins will reflect only genuine
inherent properties of protein sequences.

One disadvantage of the starlike graphical representation
is that, in the case of large proteins, depicting such proteins
may be not only sizable but also uneconomical regarding
the used space, because the space between adjacent branches
of the star graphs is “wasted”. This aspect of starlike
representation was recently addressed, and a solution was
proposed in which one combines the “good feature” of
Jeffrey’s algorithm, the compactness of the representation,
which is illustrated in Figure 43. Simply, one first draws the
unit circle in the center of which is placed the “core” vertex
of the star graph, while the 20 directions follow around the
periphery of the unit circle. One starts then in the middle
and moves 1/2 toward the site of the first amino acid.
Similarly, one continues with successive amino acids, each
time moving from the center of the circle in the direction of
the corresponding amino acid. When the same amino acid
appears again, one moves from the site of its first occurrence
and moves only at the distance of 1/2 from the periphery. In
this way, all points representing N amino acids of a protein
of length N will be within the unit circle. The end result
will have some similarity with paintings inspired by the
hyperbolic plane.

Figure 42. Profile of strand A of human insulin on the basis of
reduced distance matrix. Reproduced by kind permission from ref
70. Copyright 2007 Elsevier Publ.
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7. Spectrum-like Representation of Proteins
There is one aspect of graphical representations of DNA,

codons, and proteins on which we have not commented,
except briefly, and this involves the dimensionality of the
representation. Clearly 2D graphical representations offer the
most for visual inspection, while 3D ones may have added
graphical complexity, which occasionally can contribute to
one’s advantage by viewing such representations as pairs of
stereodiagrams, when available. On the other hand, 1-di-
mensional representations have limitations when literally
displayed along a line. However, one can display 1-dimen-
sional representations of mathematical objects (which are
defined by a single parameter or coordinate) by listing the
single parameter as the variable on the y-axis at equal
intervals on the x-axis. This formally transforms the 1-di-
mensional representation into a 2-dimensional object, which
differs from genuine 2-dimensional mathematical objects, the
points of which are defined by a pair of coordinates (x, y).
Representations having a single degree of freedom associated
with them can be displayed as histograms (of equal width)
or frequency distributions (at equal intervals). We will refer
to such figures as “spectrum-like” representations, which
differ from “2D spectra” in that, in the latter, the spectral
points are characterized by a pair of coordinates, that is, the
points need not be at equidistant separations along the x-axis.

Already in Figures 14 and 15 we have shown spectrum-
like 1-dimensional representations of DNA based on the use
of four horizontal lines.117,118 In contrast, the spectral-like
graphical representations of DNA reported by Zupan and
Randić86 (and illustrated in Figure 44 on the first exon of
�-globin gene of 10 species) were obtained by applying
Jeffrey’s algorithm to individual DNA bases using a (-1,
+1) line interval for determining the “amplitudes” of points,
instead of placing them inside a 2D square. The pair of bases
A and C were assigned value -1, and the pair of bases T
and G were assigned the value +1. Again, one starts from

the origin (the middle of the segment) and moves halfway
to either the terminal point -1 or +1, depending on the base,
and from that point again halfway toward terminal points
-1 or +1, depending on the next base, and so on. In fact,
the spectra thus-constructed represent the projections of a
2D representation of the same DNA based on Jeffrey’s magic

Figure 43. Graphical representation of a smaller protein confined to the interior of the magic circle.

Figure 44. Spectrum-like graphical representation of the first exon
of the �-globin gene of 10 species. Reproduced with permission
from Zupan, J.; Randić, M. Algorithm for Coding DNA Sequences
into “Spectrum-like” and “Zigzag” Representations.95 Copyright
2005 American Chemical Society.
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square on the base of the square and depicting the projections
as points on the y-coordinate at uniform distances along the
x-axis. The difference between the two approaches is that,
on using of the values 1-4 for the four bases, each of the
four nucleotide bases always receives the same numerical
value for its amplitude, while Jeffrey’s algorithm requires
updating of the coordinate value for successive bases in the
DNA sequence.

In order to obtain a 1-dimensional graphical representation
of proteins that would be analogous to the four-line DNA
representation, one could assign to each of the 20 amino acids
a numerical value, such as entries from 1 to 20. Another
possibility is to use the angular polar coordinate of amino
acids, which are uniformly arranged on the circumference
of the unit circle. In a similar manner, one could arrange
the 64 codons uniformly on the periphery of the unit circle
and assign to them polar angles (multiples of 2π/64 radians)
and arrive at a 1-dimensional “spectrum-like” representation
of DNA based on codons. Observe that, in these 1-dimen-
sional representations of DNA (based on the four nucleotides
or codons), or of protein sequences, one transforms the
alphabetic sequences into numerical sequences. Numerical
sequences allow one to perform simple numerical operations
on the elements of the sequence, such as subtracting the
corresponding members of two sequences or subtracting
sequences that have been shifted one relative to the other.
We will see in the next section that this is the essential step
for arriving at graphical solutions to the problem of DNA
and protein alignment.

8. Graphical Approach to Protein Alignment
Thereisnorigoroussolutiontotheproblemofprotein-protein

structure alignment; thus, this challenging problem continues
to attract the attention of researchers in bioinformatics. The
existing algorithms for protein alignments involve compu-
tationally intensive techniques, which include dynamic
programming,206 probabilistic Monte Carlo approach,207 the
sequence alignment genetic algorithm,208 and alternative
schemes such as three-dimensional clustering,209,210 the
combinatorial extension of an alignment path,211 and graph-
theoretical approaches.212,213 The computer-oriented ap-
proaches consider various penalties for deletion, substitution,
and permutation of sequence labels (i.e., amino acids), which
are associated with the metrics of Levenshtein,214 also known
as the “edit distance.” While it is plausible and legitimate to
weigh different operations differently, the choice of the
weighting factors nevertheless involves elements of arbitrary
decision making.

In contrast to these available computer-based programs
for protein alignment, which search for an optimal alignment
of proteins when various penalties for deletions, substitutions,
and gaps are assumed, we will outline a graphical approach
for the direct comparison of two protein sequences. Admit-
tedly, this represents but one aspect of the topic of protein
alignment, but hopefully, with time, other areas of the
problem of protein alignment may be similarly treated. The
recently outlined graphical approach to protein alignment
identifies the same amino acids in two protein sequences by
locating the zeros on the plot of the difference between two
numerical representations of two proteins. To arrive at the
complete analysis, however, one has to consider the differ-
ences between sequences of proteins when shifted by one
or more positions relative to the other, both to the left and
to the right.

We will illustrate the graphical alignment of proteins on
two proteins of Table 19 that have about 170 amino acids.215

The first protein pertains to carboxypeptidase Y from
Saccharomyces cereVisiae (baker’s yeast), whereas the
second belongs to the mature putative serine carboxypepti-
dase in ESR1-IRA1 intergenic region, also from Saccharo-
myces cereVisiae. The 1D graphical representations of the
two proteins are illustrated in Figure 45. A close look at
Figure 45 would reveal 20 different amplitudes, all within
the range 0-2π radians, where values having the same
“height” correspond to the same amino acid. Thus, the spots
at the top (valine) and the bottom of the spectra (alanine)
immediately indicate that protein 1 has 12 valine (y ) 6)
and 7 alanine AAs (y ) 0), whereas protein 2 has 5 valine
and 9 alanine AAs. In fact, it is not difficult to count the
number of spots on each (invisible) horizontal line, by simply
gradually sliding a sheet of paper (or using a computer),
which gives the abundance count for proteins. Thus, in the
case of protein 1 and protein 2 of Figure 45, one obtains for
the 20 amino acids, ordered alphabetically according to their
three-letter codes:

(A, R, N, D, C, Q, E, G, H, I, L, K, M, F, P, S, T, W,
Y, V)

the following 20 abundance values, respectively:
(7, 2, 13, 11, 1, 4, 7, 18, 10, 4, 15, 2, 0, 15, 11, 16, 8, 3,

8, 12) for protein 1 and
(9, 3, 11, 9, 1, 3, 9, 17, 13, 6, 13, 9, 4, 14, 11, 15, 7, 4, 8,

5) for protein 2.
An additional look at Figure 45 also shows that, from the

spectrum-like representation, one can immediately identify
repeated occurrences of the same amino acid by simply
looking at the spectra for locations of adjacent “spots” on

Table 19. Reconstruction of the Alignment of Two Carboxypeptidase Proteins
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the same horizontal line. Thus, in protein 1, one finds AA,
GG, FFF, and FF twice and SS thrice, whereas in protein 2,
one finds NNN, GG, HH, LL, and FF three times and SS
twice.

The 20-component “abundance” vectors allow a fast
preliminary screening of proteins for their similarities or lack
thereof. Clearly there is considerable loss of information in
such vectors, which tell nothing about the distributions of
amino acids, but on the other hand, the similarity of these
vectors is a necessary, even if not sufficient, condition for
similarity among proteins. Already a glance at the two
vectors suggests that protein 1 and protein 2 have an
appreciable degree of similarity. A plot of the two 20-
component vectors representing the abundance of the two
proteins one against the other is shown in Figure 46, which
shows a fair correlation, with three outliers: alanine (A),
methionine (M), and leucine (L).

If we were to plot the difference between the spectral
representations of protein 1 and protein 2, one would find
that the resulting plot would, for the most part, oscillate above
and below the x-axis, which is because there are no segments
of the two proteins in which amino acids overlap and which
would result in differences equal to zero except for a few
accidental cases. However, when the two sequences are
shifted by one and two locations, one obtains the difference
diagrams shown in Figure 47, which clearly show that
significant portions of the two proteins display alignment

for amino acids. The top diagram corresponds to the shift
of two sequences by one position and gives alignments of
amino acid in the region 22-99. The shift of the two protein
sequences by two positions shows additional alignment
between the two proteins in the region 108-120. If one
continues to shift the two sequences further, by three and
four sites, one would find additional local alignments of
amino acids in the regions 159-169 and 130-145, respec-
tively.89

Figure 45. Plot of angular coordinates of amino acids of the unit circle for the 174 amino acids of carboxypeptidase Y from Saccharomyces
cereVisiae (top) and of 171 amino acids of mature putative serine carboxypeptidase in ESR1-IRA1 intergenic region also from Saccharomyces
cereVisiae (bottom).

Figure 46. Plot of the abundance of amino acids in two
carboxypeptidase proteins.
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Figure 47 represents the essence of a novel graphical
approach to a protein-alignment problem. By combining the
information obtained by considering the difference spectra
of the four shifts of proteins 1 and protein 2 (only two of
which have been illustrated in Figure 47), one can construct
the alignment pattern for the two proteins, which was shown
in Table 19. It is possible that there are additional local
alignments of shorter lengths that could be detected if the
search was continued, but for the outline of the novel
graphical approach for protein alignment, this is not essential.
As one can see, the four shifts of spectrum-like (20-line)
representations of proteins achieved an overall matching in
117 sites out of 169.

We should emphasize the salient feature of the graphical
alignment approach: the result was obtained without con-
sidering penalties for various gaps. The graphical alignment
approach, just outlined, represents an alternative search route
for alignments, which is conceptually and computationally
simple and in this rudimentary form does not involve
considerations of potential weighting schemes to expedite
the search. But even at this early stage of its development,
it is possible to conceive further improvements. For example,
one can replace the alphabetical ordering of amino acids
along the periphery of the unit circle by grouping amino acids
of similar type, and even vary the spacing between amino
acids that belong to different classes along the periphery on
the unit circle. Such simple modifications will not affect the
distributions of the “zeros” along the x-axis in the difference
plots but will affect the nonzero amplitudes, and will make
the differences (the heights of the “peaks”) between amino
acids belonging to the same class visibly smaller, which will
point to sites with different amino acids but having similar

properties. Thus, small “peaks” would offer additional
information, a greater similarity among proteins than the
apparent mismatch of amino acids may indicate. Some work
along these lines is briefly described in the last section of
this review. Finally, we should add that all graphical displays
and all the computations discussed in this review can easily
be performed with Microsoft Excel, which appears to be
particularly suitable for such work.

Some readers may view this route to protein alignment as
having limited potential, not competitive to the currently
available computer packages such as BLAST23,216 and
FASTA.24,217 That may be so now and for the immediate
future, but the graphical approach to protein alignment has
just emerged, whereas many of the available computer-
graphic packages have been around for quite a while (20
years and more). It is likely that, with time, the graphical
alignment approach will further evolve, but even now it
offers supplemental and alternative viewing on the “classical”
problem of protein alignment. Time will prove or disprove
advantages and limitations of the graphical approach to the
protein alignment outlined here; meanwhile, recall the
question that was raised to Michael Faraday after his lecture
on the eve of discovery of magnetic induction, mentioned
in the Prologue. That discovery of Faraday was later
exploited on a grand industrial-scale worldwide and culmi-
nated in the inventions of the genius of multiphase currents,
Nikola Tesla.218

So in the same spirit, it is not fair, as some critics do,219

to compare the potential of “grown-ups” with those of
“newborn babies”. Nevertheless, we should add that, in the
case of a DNA alignment, described in ref 119, that followed
the route outlined here for graphical alignments of proteins,89

Figure 47. Difference in the radian coordinates of the corresponding amino acids of amino acids of carboxypeptidase Y from Saccharomyces
cereVisiae (top) and amino acids of mature putative serine carboxypeptidase in ESR1-IRA1 intergenic region also from Saccharomyces
cereVisiae shifted to the left for one and two places, respectively.
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not only could it successfully reproduce the computer-based
result but it has also shown that in that case there are better
solutions, obviously not detected by the particular computer
program.

9. Nongraphical Representation of Proteins
The advantage of graphical representations is obvious;

what is not so obvious is that nongraphical representations,
such as the representation of DNA in 4-dimensional space,151

or the representation of proteins in 20-dimensional space
(vide infra), can lead to pictorial representations of the
results, even though calculations were based on higher-
dimensional representations. We have already at the very
beginning of the review mentioned Hamori and Ruskin’s
construction of H-curves, which were initially defined for
5-dimensional space and then reduced to a 3-dimensional
representation of DNA. We will illustrate in the next section
one additional such case, in which one first extracts from an
N-dimensional representation of a protein a set of invariants,
and then one tries to illustrate the derived numerical
quantities as a plot, as a bar graph, or by other visual modes.
Thus, sometimes the distinction between graphical and
nongraphical is more academic than pragmatic.

9.1. Representation of Proteins as Walks in
Space

We have selected to illustrate this particular representation
of proteins, in which proteins are viewed as “mathematical”
objects in 20D space,220 because this approach also bypassed
the problem of selecting one among 20 factorial alternative
orderings of amino acids. The starting point for this particular
nongraphical representation of proteins is the binary repre-
sentation of amino acids, which is illustrated in Table 20.
To each of the 20 natural amino acids, which we have
ordered alphabetically (based on their three-letter codes), we
have assigned one unit vector for each of 20 possible
directions along the coordinate axes of the 20-dimensional
space. Clearly all 20 directions are fully equivalent, just as
are the 3 directions of the 3D space taken along the x, y,
and z coordinate axes. Every protein is then represented as
a walk in the 20-dimensional vector space by moving away
from the origin in the directions determined by the sequence
of amino acids.

In Table 21, we have illustrated on the A chain of human
insulin consisting of 21 amino acids the construction of the
protein path

GIVEQCCTSICSLYQLENYCN

The process is fully analogous to the representation of
DNA in 4-dimensional space in which the four unit vec-
torss1 0 0 0; 0 1 0 0; 0 0 1 0; and 0 0 0 1shave been used
to represent the four bases A, C, G, and T.151 The difference
is only in the somewhat increased computational complexity
arising from the presence of 20 amino acids in proteins in
contrast to the presence of only 4 nucleotides in DNA
sequences, which has thus increased considerably the di-
mensionality of the accompanying vector space.

Let us consider the initial steps in representing the A chain
of human insulin: one starts with glycine (Gly) in the
direction 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 and one
moves in the direction of isoleucine (Ile) 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0, which brings one to point 0 0 0 0 0
0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 of the 20D space (obtained by
simply adding the corresponding unit vectors). In Table 21
are listed all 21 steps associated with the A chain of human
insulin. For comparison, in Table 22 is shown the corre-
sponding walk for humanin, a closely related new polypep-
tide compound having 24 amino acids, recently discovered
in Japan.221 Humanin appears to have promising use for
protection against forms of Alzheimer’s disease.

It is of interest to examine the columns of Table 21 more
closely. The first column gives the running index of
alphabetically ordered amino acids, and the second and third
columns provide the three-letter and one-letter codes, re-
spectively. In the next column are shown consecutive
coordinates of the path in 20-dimensional space obtained by
adding the unit vectors of each successive amino acid (listed
in Table 20). The next column, which counts the cumulative
frequency for each of the 20 amino acids as one moves from
the left to the right along the protein sequence, which is in
the center of the table, is also central for construction of the
remaining three columns. Observe that, what is very impor-
tant, this column can be constructed directly by using the
information given by the protein sequence, without construc-
tion of the coordinates of the points of the path representing
the protein in 20-dimensional space. The next column shows
the increments in the squared distances of adjacent steps
in the path, while the next column shows its cumulative sum.
The last column is obtained by taking the square root of the
preceding column.

Table 22 gives the same information on humanin as Table
21 on strand A of human insulin, except that we do not show
the coordinates of amino acids in 20D space. They have been
removed to emphasize that the construction of Table 22 can
be obtained without recourse to the information on the protein
path in the 20D space, and that any reference to 20D space
is solely for the purpose of interpretation of the resulting
numbers in the last column of such tables. The table can be
easy to construct, as outlined above, from the information
on the frequency of occurrence of individual amino acids,
shown in the first numerical column of Table 22. Hence,
there is no need to calculate or record the coordinates in
20D space, corresponding to individual steps of the path,
and this simplifies and makes almost trivial the evaluation
of the required distances (shown in the last column) that
describe different proteins.

The numerical entries in the last column of Tables 21 and
22, for the A strand of insulin and humanin, respectively,

Table 20. Assignment of Unit Vectors for the 20 Directions in
the 20D Space to the 20 Natural Amino Acids Ordered
Alphabetically According to the Three-Letter Abbreviations

1 Ala A 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
2 Arg R 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
3 Asn N 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
4 Asp D 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
5 Cys C 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
6 Gln Q 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
7 Glu E 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
8 Gly G 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
9 His H 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
10 Ile I 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
11 Leu L 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
12 Lys K 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
13 Met M 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
14 Phe F 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
15 Pro P 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
16 Ser S 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
17 Thr T 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
18 Trp W 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
19 Tyr Y 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
20 Val V 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
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are of a similar magnitude, which is a necessary but not
sufficient condition that two protein sequences are similar.
Observe that, for the first six steps, there are in both tables
the same numerical entries in the last column, yet the first
six amino acids of A strand of human insulin and humanin
are different! To fully establish the degree of similarity
between pairs of proteins, one would need to examine the
actual path in 20D space, or alternatively, to consider
additional protein invariants that for similar systems remain
numerically similar but for less-similar systems may intro-
duce detectable variations in relative magnitudes, which
would not be difficult to observe.

9.2. Protein Descriptors
The columns of Table 21 suggest the construction of

several protein descriptors. For instance, the column “incre-

ments” allows one to construct a novel matrix, called the
“line-distance” matrix,222-224 the eigenvalues of which
provide additional descriptors for characterizing biological
sequences. The line-distance matrix has an interesting
property in that the entries in its first row completely define
the matrix. A similar property, that the whole matrix is
defined by the matrix elements of its first row, one finds
also for the Topliz225 and Hankel226 matrices.227-231 Given n
points on a line, the line will be partitioned in (n - 1)
segments. Matrix elements of the first row of the line-distance
matrix are defined by the distances between the first point
of the line to the remaining points on a line. Matrix elements
in the second row are defined by distances between the
second point on the line to the remaining points on a line,
which can be obtained by subtracting the difference of the
first two points from the distances listed in the first row of
the matrix, and so on.

For the construction of novel descriptors, instead of using
the distances, one could use the squared distances, because
then one works with integers when the points along the line
(as is the case here) have integer coordinates. Alternatively,
one can consider the “increments” in the path, which measure
the departure of points on the path from the origin, and one
considers their higher powers as outlined earlier. From these,
one can construct the “profile” of a protein, which is given
by normalized sequence increments. We will illustrate this
construction for amino acids of strand A of human insulin.
One starts with the summation of the entries of Table 21 in
the column “increments”:

1 + 1 + 1 + 1 + 1 + 1 + 3 + 1 + 1 + 3 + 5 +
3 + 1 + 1 + 3 + 3 + 3 + 1 + 3 + 7 + 3 ) 47

In the next step, one considers the sum of the squares of
the same entries:

12 + 12 + 12 + 12 + 12 + 12 + 32 + 12 + 12 +
32 + 52 + 32 + 12 + 12 + 32 + 32 + 32 + 12 +

32 + 72 + 32 ) 157

The process continues by constructing sums of the
increasing higher powers:

Table 21. Walk in 20D Space Corresponding to 21 Amino Acids of Strand A of Human Insulin, Also Showing the Squared Increments
(inc.) between Adjacent Steps and the Distance of the Walk Measured from the Origin

AA coordinates freq. inc. sum dist.

1 Gly G 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 1 1 1 1
2 Ile I 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 1 1 2 1.41421
3 Val V 1 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 1 1 3 1.73205
4 Glu E 1 0 0 0 0 0 0 0 0 0 1 0 1 1 0 0 0 0 0 0 1 1 4 2.00000
5 Gln Q 1 0 0 0 0 0 0 0 0 0 1 0 1 1 1 0 0 0 0 0 1 1 5 2.23607
6 Cys C 1 0 0 0 0 0 0 0 0 0 1 0 1 1 1 1 0 0 0 0 1 1 6 2.44949
7 Cys C 1 0 0 0 0 0 0 0 0 0 1 0 1 1 1 2 0 0 0 0 2 3 9 3.00000
8 Thr T 1 0 0 1 0 0 0 0 0 0 1 0 1 1 1 2 0 0 0 0 1 1 10 3.16228
9 Ser S 1 0 0 1 1 0 0 0 0 0 1 0 1 1 1 2 0 0 0 0 1 1 11 3.31662
10 Ile I 1 0 0 1 1 0 0 0 0 0 2 0 1 1 1 2 0 0 0 0 2 3 14 3.74166
11 Cys C 1 0 0 1 1 0 0 0 0 0 2 0 1 1 1 3 0 0 0 0 3 5 19 4.35890
12 Ser S 1 0 0 1 2 0 0 0 0 0 2 0 2 1 1 3 0 0 0 0 2 3 22 4.69042
13 Leu L 1 0 0 1 2 0 0 0 0 1 2 0 2 1 1 3 0 0 0 0 1 1 23 4.79583
14 Tyr Y 1 1 0 1 2 0 0 0 0 1 2 0 2 1 1 3 0 0 0 0 1 1 24 4.89897
15 Gln Q 1 1 0 1 2 0 0 0 0 1 2 0 2 1 2 3 0 0 0 0 2 3 27 5.19615
16 Leu L 1 1 0 1 2 0 0 0 0 2 2 0 2 1 2 3 0 0 0 0 2 3 30 5.47723
17 Glu E 1 1 0 1 2 0 0 0 0 2 2 0 2 2 2 3 0 0 0 0 2 3 33 5.74456
18 Asn N 1 1 0 1 2 0 0 0 0 2 2 0 2 2 2 3 0 1 0 0 1 1 34 5.83095
19 Tyr Y 1 2 0 1 2 0 0 0 0 2 2 0 2 2 2 3 0 1 0 0 2 3 37 6.08276
20 Cys C 1 2 0 1 2 0 0 0 0 2 2 0 2 2 2 4 0 1 0 0 4 7 44 6.63325
21 Asn N 1 2 0 1 2 0 0 0 0 2 2 0 2 2 2 4 0 2 0 0 2 3 47 6.85565

Table 22. Construction of the Distances of Vertices Forming the
Path for Humanin in 20D Space from the Origin, Solely from
the Information on the Cumulative Abundance of Individual
Amino Acids in the Protein

AA freq. inc. sum distance

Met 1 1 1 1
Ala 1 1 2 1.41421
Pro 1 1 3 1.73205
Arg 1 1 4 2.00000
Gly 1 1 5 2.23607
Phe 1 1 6 2.44949
Ser 1 1 7 2.64575
Cys 1 1 8 2.82843
Leu 1 1 9 3.00000
Leu 2 3 12 3.46410
Leu 3 5 17 4.12311
Leu 4 7 24 4.89898
Thr 1 1 25 5.00000
Ser 2 3 28 5.29150
Glu 1 1 29 5.38516
Ile 1 1 30 5.47723
Asp 1 1 31 5.56776
Leu 5 9 40 6.32456
Pro 2 3 43 6.55744
Val 1 1 44 6.63325
Lys 1 1 45 6.70820
Arg 2 3 48 6.92820
Arg 3 5 53 7.28011
Ala 2 3 56 7.48331
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1k + 1k + 1k + 1k + 1k + 1k + 3k + 1k + 1k +
3k + 5k + 3k + 1k + 1k + 3k + 3k + 3k + 1k +

3k + 7k + 3k

In view that the sums increase with the exponent k, one
has to introduce a normalization factor 1/k!, which will ensure
the convergence of the process. Thus, instead of 157 for the
second sum, one has 157/2, or 78.5. In this way for strand
A of human insulin, one obtains the sequence:

47, 78.5, 115.8, 153.5, 182.4, 193.2, 182.4, 154.0, 117.0,
80.7, 50.8, 29.4, 15.8, 7.9, 3.7. This sequence, which is
illustrated Figure 48 as a bar graph, is referred to as “protein
profile”. As one can see, it is of similar shape as the profile
of A strand of human insulin illustrated earlier in Figure 42.

There is some loss of information that accompanies the
construction of protein profiles, so it could happen that
different proteins have the same profile. However, because
the theoretical number of proteins having N amino acids is
20N, which is so huge for already relatively small N, the
occurrence of proteins having the same profiles is unlikely.
If this happens, there are additional protein invariants that
will differentiate such cases. What is more important is that
the profiles may facilitate identification of similar proteins.

10. Most Recent Results

10.1. Amino Acid Adjacency-Count Matrix
One can associate with any protein a 20 × 20 matrix, the

rows and columns of which belong to the 20 natural amino
acids (AAs).232,233 The matrix element (i, j) counts the number
of times amino acid (i) is followed by amino acid (j) in the
protein sequence when it is read from left to right. This novel
matrix is nonsymmetrical, and whenever the same amino acid
repeats itself in the sequence on adjacent sites, it increases
the nonzero entries on the main diagonal. The row sums of
the 20 × 20 AA matrix give the abundance of individual
amino acids, except for the first amino acid, which is not
included in the corresponding row. Similarly, the column
sums give the abundance of amino acids except for the last
amino acid, which is not included in the column sum. While
the entries in the rows indicate the adjacencies when the
protein sequence is read from left to right, the entries in the
columns indicate the adjacencies when the protein sequence
is read from right to left.

If one is interested in the construction of a symmetrical
adjacency matrix for amino acids, this can be obtained by
adding the adjacency matrix A with its transpose AT. We

will illustrate the construction of the AA adjacency matrix
on a smaller protein having 30 AAs,

WTFESRNDPAKDPVILWLNGGPGCSSLTGL
belonging to yeast Saccharomyces cereVisiae, which

already has been used to illustrate the protein sequence
alignment.89 The rows and columns of the 20 × 20 matrix
have been labeled with one-letter amino acid codes, though
the amino acids have been ordered alphabetically, based on
their three-letter codes.

The AA adjacency matrix offers a novel graphical
representations of proteins, which one obtains by connecting
the adjacent sites in the AA adjacency matrix of the protein
using the centers of the cells of the corresponding matrix
elements (i, j). The resulting zigzag curve is illustrated in
Figure 49. An alternative graphical representation of a protein
can be obtained by using the unit circle of Figure 34, but
instead of applying Jeffrey’s construction of DNA by
depicting AAs as spots within the “magic circle”, as already
illustrated in Figure 43, one can use the points representing
amino acids, which are on the circle periphery (and thus have
constant coordinates). The resulting zigzag curve is illustrated
in Figure 50. There is loss of information in this kind of
graphical representation because any repetition of the same

Figure 48. Profile of strand A of human insulin based on the entries
of the line-distance matrix.

Figure 49. Graphical zigzag representation of a protein of
Saccharomyces cereVisiae on the basis of the 20 × 20 AA
matrix.

Figure 50. Graphical zigzag representation of a protein of
Saccharomyces cereVisiae on the basis of connecting amino acids
located at the periphery of the unit circle matrix.
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pairs of amino acids and any reversal of adjacent amino acids
are not visibly recorded. However, all this information is
recovered in the process of constructing the D/D matrix, the
construction of which is simplified because one uses fixed
coordinates for amino acids. The approach depicted in Figure
50 will be more suited for smaller proteins and for screening
of similar proteins, which will result in similar graphical
representations, regardless of the accompanying loss of
information. Even though such graphical representations need
not offer visual insights on protein sequences, the graphs
depicting the difference between the coordinates of the
corresponding AA in proteins are often likely to offer useful
visual information on similarity among proteins.

The AA adjacency matrices can be used for detecting
similarities among proteins, as well as for fast preliminary
filtering of large numbers of protein sequence data. For an
illustration, we will consider ND6 protein sequences of eight
species, listed in Table 12 (for human and gorilla) and Table
23 (for opossum, harbor seal, gray seal, rat, mouse, and
chimpanzee), all having lengths around 170 amino acids.233

When considering similarity/dissimilarity among eight spe-
cies, one is interested in locating, among the 28 possible
pairs of proteins, one-half dozen pairs of proteins as the most

similar. In general, when comparing large proteins, or large
numbers of proteins, particularly if one is screening for very
similar proteins, if we base such comparison on the AA
adjacency matrices, it would be useful to have a computa-
tionally less-intensive procedure than to compare 400 matrix
elements each time (of 20 × 20 matrices). If proteins are
similar, then the corresponding fragments will be similarsand
hence, one may therefore restrict attention to fragments of
proteins at a fraction of the time required for the full
analysis.

One possibility is to consider AA abundances, which can
be obtained from the row or the column sums of the AA
adjacency matrix. The resulting 20-component vectors
(shown in Table 24 for the ND6 proteins of the eight species
of Tables 12 and 23) offer such a simplified representation
of proteins. In Table 25 is shown the similarity/dissimilarity
between the eight species based on the 20-component
abundance vectors viewed as points in 20D vector space and
taking the Euclidean distance among the points as a measure
of the degree of similarity. As one can see, just by confining
attention to the abundance of amino acids in the ND6 protein,

Table 23. ND6 Proteins (Having between 168 and 175 AAs) for Six Additional Species (Groups of 10 Amino Acids Are Set Together
for Easier Reading)
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a comparison of the eight proteins already gives a very
satisfactory result. The five smallest entries in Table 25 are
as follows:

harbor seal-gray seal, 5.4;
human-chimpanzee, 6.6;
gorilla-chimpanzee, 7.0;
human-gorilla, 11.6;
rat-mouse, 13.2.
The differences between other pairs, not listed above, are

visibly larger. The above numerical values appear plausible,
because even the degree of difference between these most
similar pairs of species agree with the expectations: the two
seal species are found to be the most similar species, while
the two rodent species show the largest difference, differing
in about 10% of DNA, in comparison with the difference in
overall DNA of primates, which differ in 1% of DNA and
are characterized by intermediate similarity.

Because proteins having the same or very similar abun-
dance can still be very different, it is desirable to have
additional simplified characterizations of proteins, to be
available for fast comparative studies of a larger pool of
proteins. Instead of using the 20 AA abundance values in
proteins, one can consider fewer matrix elements of the 20
× 20 AA adjacency matrices instead of using the total of
400 matrix elements. Let us review a few such possibilities.
For instance, one can take the 20 diagonal elements of AA
adjacency-count matrices, expecting that similar proteins are
likely to have similar diagonal elements, while dissimilar
proteins are likely to have dissimilar diagonal elements. In
Table 26 are listed the diagonal entries of the AA adjacency
matrices for the eight species.

Inspection of this table, even without performing any
calculations, already indicates qualitatively that again the two
seal ND6 proteins are similar, the rat and mouse proteins
are similar, and the proteins of human, gorilla, and chim-
panzee are similar. However, by viewing the diagonal entries
of AA adjacency-count matrices again as components of 20D
vectors, one can calculate the degree of similarity between
all 28 pairs using the Euclidean distance between the vectors
in 20D space as the similarity measure. The results of such

calculations are shown in Table 27, the entries of which fully
confirm the expectations.

Observe that both Tables 25 and 27, when one focuses
attention on the smallest entries, support one another. We
used the values 13.3 and �10 as cutoffs for similarity
classification in Tables 25 and 27, respectively. However,
even if one would use the value �12 as the threshold for
Table 27, it follows from Table 25 that gray seal and rat
are not similar enough, because the corresponding value
in Table 25 (19.1) is too large. It suffices to find a single
large entry in similarity tables for the same species based
on different descriptors, to exclude a pair of species as
similar.

In Figure 51 are plotted the similarities obtained using 20
entries of Table 25 against the corresponding entries obtained
when all 400 of the elements of the AA matrices are taken
into account. Figure 51 visually confirms the assertion that
the partial information on proteins may suffice to locate the
most similar protein pairs. Observe in the left lower part of
Figure 51 a group of five “spots” associated with the smallest
entries of Table 25, which correspond to the following
species:

5.4, harbor seal and gray seal
6.6, human and chimpanzee
7.0, chimpanzee and gorilla
11.6, human and gorilla
13.2, rat and mouse.
An additional reduced characterization of proteins follows

when one considers the difference in the count of the AA
adjacencies when the protein sequence is read from left to
right and vice versa.233 While the list of abundances has no

Table 24. Vectors Indicating the Abundance of Amino Acids for the ND6 Protein of Eight Species

species AA abundance

A R N D C Q E G H I L K M F P S T W Y V
human 174 (8, 3, 4, 3, 1, 0, 10, 29, 0, 12, 17, 2, 10, 10, 5, 10, 3, 5, 11, 31)
opossum 168 (8, 2, 2, 3, 2, 3, 7, 18, 0, 11, 26, 4, 11, 11, 3, 10, 7, 4, 12, 24)
harbor seal 175 (9, 1, 3, 6, 2, 1, 8, 23, 0, 15, 21, 3, 9, 13, 3, 14, 8, 4, 9, 23)
gray seal 175 (10, 1, 3, 6, 2, 1, 8, 23, 0, 16, 20, 3, 9, 14, 3, 14, 8, 4, 9, 21)
rat 172 (8, 1, 4, 6, 4, 0, 8, 23, 0, 14, 25, 2, 11, 17, 3, 10, 8, 5, 8, 15)
mouse 172 (8, 1, 5, 6, 4, 0, 8, 26, 0, 14, 26, 1, 11, 11, 3, 8, 6, 5, 9, 20)
gorilla 174 (8, 3, 5, 3, 2, 0, 9, 30, 0, 12, 19, 2, 9, 7, 4, 9, 5, 5, 11, 31)
chimpanzee 174 (9, 3, 4, 3, 1, 0, 9, 29, 0, 12, 19, 2, 10, 7, 5, 10, 5, 5, 11, 31)

Table 25. Similarity/Dissimilarity of the Eight Species Based on
20-Component Vectors of Table 24 Representing AA
Abundances in ND6 Proteins (The Smallest Entries Are Shown
in Bold)

human opossum h. Seal g. Seal rat mouse gorilla chimp

human 0 25.7 29.4 30.4 26.0 25.7 11.6 6.6
opossum 0 23.2 25.1 24.1 22.0 25.9 26.4
h. Seal 0 5.4 18.7 20.6 27.0 27.6
g. Seal 0 19.1 21.3 27.8 29.0
rat 0 13.2 27.1 26.2
mouse 0 23.8 26.2
gorilla 0 7.0
chimp 0

Table 26. Vectors Indicating the Count of the Repetition of the
Same Amino Acid in Protein AA Sequences

species A R N D C Q E G H I L K M F P S T W Y V

human (0, 0, 0, 0, 0, 0, 1, 4, 0, 1, 1, 0, 2, 0, 0, 0, 1, 0, 0, 8)
opossum (0, 0, 0, 0, 0, 0, 1, 4, 0, 3, 6, 0, 1, 0, 0, 0, 1, 0, 0, 7)
harbor seal (1, 0, 0, 1, 0, 0, 1, 4, 0, 2, 5, 0, 1, 1, 0, 1, 2, 0, 0, 3)
gray seal (1, 0, 0, 1, 0, 0, 1, 3, 0, 2, 3, 0, 1, 1, 0, 1, 1, 0, 0, 1)
rat (1, 0, 1, 1, 0, 0, 1, 4, 0, 2, 1, 0, 1, 1, 0, 0, 0, 0, 0, 3)
mouse (1, 0, 1, 1, 0, 0, 1, 4, 0, 2, 0, 0, 1, 0, 0, 1, 0, 0, 1, 3)
gorilla (0, 0, 1, 0, 0, 0, 0, 4, 0, 1, 1, 0, 1, 0, 0, 1, 0, 0, 0, 8)
chimpanzee (0, 0, 0, 0, 0, 0, 1, 4, 0, 1, 1, 0, 1, 0, 0, 1, 1, 0, 0, 7)

Table 27. Similarity/Dissimilarity of Eight Species Based on
20-Component Vectors of Table 26 on the Basis of the Count of
Repeating AAs in ND6 Proteins

human opossum h. seal g. seal rat mouse gorilla chimp

human 0 �31 �48 �60 �32 �34 �5 �3
opossum 0 �23 �51 �47 �59 �34 �30
h. seal 0 �10 �22 �32 �51 �37
g. seal 0 �12 �18 �61 �45
rat 0 �4 �31 �23
mouse 0 �31 �23
gorilla 0 �4
chimp 0
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information on the distribution of AAs within a protein
sequence, the difference in the adjacencies when the protein
sequence is read in the opposite direction offers information
on the nearest neighbors in the sequence. Information on
the nearest amino acids has been occasionally presented in
tabular form, or simply by listing all AA pairs, and has also
been used in modeling protein folding.234-236 Such lists
merely serve as documentation, while by contrast, when the
same entries are arranged as elements of a matrix, they form
a novel mathematical object, which allows the same infor-
mation to be considered in totality. Matrices satisfy the rules
of Matrix Algebra (matrix transformation properties) and
offer novel invariants such as eigenvalues, etc., which can
be used for characterizing proteins.

Let us continue with illustrating the characterization of
proteins by 20-component vectors, the components of which

are constructed from absolute differences between the
corresponding entries in rows and columns of the 20 × 20
AA adjacency matrix. By adding such differences for each
row, one obtains 20 quantities, which offer an alternative
novel simplified representation of proteins. For example, the
first row and the first column of the matrix of Table 28 and
their difference (written below as 20-component vectors) are:

The absolute difference for the above two vectors adds to
10. When the same is done for the remaining 19 rows and
columns of Table 28, one obtains the following 20 compo-
nent vector

(10, 4, 5, 4, 2, 0, 8, 16, 0, 12, 12, 4, 9, 2, 6, 4, 6, 6, 8, 14)
which offers a novel sequence descriptor in proteins. Observe
that, in this case, all but one component of the 20-component
vector for the reduced representation of the protein are
different from zero. This considerably decreases the chance
that different proteins will have identical vectors. In Table
29, we have collected vectors for the eight species of Tables
12 and 23, the above vector being listed again in the last
row of Table 29.

The construction of the novel 20-component vectors may
at first sight appear somewhat artificial, but let us be
reminded that in nature there is no preference for reading
protein sequences from right to left or from left to right,
though in the case of DNA the sequence direction is essential
for identifying the open reading frame that encodes for
protein coding. In Table 30 we show the similarity/dis-
similarity matrix for the eight ND6 proteins.

Again, already a superficial glance at the table allows one
to identify the five entries in the table that are visibly smaller
than the rest of the entries. They correspond to the same
five species listed before:

4.90, harbor seal-gray seal;
5.29, gorilla-chimpanzee;
6.92, human-chimpanzee;
7.21, rat-mouse;
8.25, human-gorilla.
The next smallest entry is considerably larger (being 12.21,

which corresponds to the pair human-harbor seal), which

Figure 51. Plot of the similarity obtained by using 20 entries of
Table 25 against the corresponding entries obtained when all 400
elements of the AA matrices are taken into account. Most similar
pairs (shown at the low left corner of the figure) have been
identified. The remaining pairs of low similarity have been
encircled.

Table 28. AA Adjacency Matrix for The ND6 Protein of Chimpanzee (The Last Protein of Table 23 with 174 AAs); Rows Indicate the
Left Amino Acid and Columns Indicate the Right Amino Acids for Each Pair

A R N D C Q E G H I L K M F P S T W Y V

A 0 0 0 0 1 0 1 2 0 1 1 0 1 0 0 0 1 0 1 0
R 1 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0
N 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 0 0 1
D 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 2 0
C 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
Q 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
E 0 1 0 0 0 0 1 1 0 2 0 0 1 0 1 0 0 0 1 1
G 1 1 0 1 0 0 2 4 0 1 1 1 2 1 1 2 1 1 3 6
H 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
I 2 0 0 0 0 0 1 0 0 1 3 0 1 0 2 0 0 0 1 1
L 2 0 0 0 0 0 0 5 0 1 1 0 0 2 0 1 1 1 1 4
K 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1
M 2 0 0 0 0 0 0 2 0 0 1 0 1 0 0 0 0 1 1 1
F 0 0 1 0 0 0 0 2 0 0 2 0 0 0 0 0 0 0 0 2
P 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 1 0
S 0 0 1 0 0 0 0 2 0 0 1 0 0 1 1 1 0 0 0 3
T 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 1 1 1
W 1 1 0 0 0 0 0 1 0 0 1 0 0 0 0 1 0 0 0 0
Y 0 0 1 1 0 0 1 3 0 3 1 0 0 0 0 0 1 0 0 1
V 0 0 0 0 0 0 2 3 0 2 6 0 3 2 0 3 0 1 0 7

Row 1: 0, 0, 0, 0, 1, 0, 1, 2, 0, 1, 1, 0, 1, 0, 0, 0, 1, 0, 1, 0
Column 1: 0, 1, 0, 0, 0, 0, 0, 1, 0, 2, 2, 0, 2, 0, 0, 0, 0, 1, 0, 0
Difference: 0, 1, 0, 0, 1, 0, 1, 1, 0, 1, 1, 0, 1, 0, 0, 0, 1, 1, 1, 0
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clearly indicates a relatively distant relationship from the
evolutionary point of view. As one sees, the novel 20-
component vectors have passed the utility test with high
marks, even though in this case rat-mouse appears as more
similar than human-gorilla. Such differences should alert
one that, though quantitative, the similarity/dissimilarity
analysis should be viewed with some caution, and only if
several different approaches give the same results can such
results be taken as reliable.

10.2. Higher-Order AA Adjacency-Count Matrices
It is desirable to include additional information on proteins

than merely count the occurrence of adjacent amino acids.
If one is to include information on three successive amino
acids, it leads to the construction of 400 × 400 matrices;
inclusion of information on four successive amino acids leads
to construction of 8 000 × 8 000 matrices; inclusion of
information on five successive amino acids leads to construc-
tion of 160 000 × 160 000 matrices, with each step increas-
ing the size of the matrices exponentially as 20n. An
alternative way is to consider the “higher-order AA matri-
ces”, the matrix elements of which count the occurrence of
kth nearest-neighbor amino acid when reading the sequence
from left to right. The case k ) 1 corresponds to the already
considered AA matrix that counts the occurrence of adja-
cency for all pairs of amino acids.

It is not difficult to construct the corresponding higher-
order matrices, but it may suffice only to construct a selection
of various 20-component vectors from such matrices, which
will be used in comparative studies of proteins. For illustra-
tion, we listed below five 20-component vectors based on
the higher-order matrices of order one to five, the elements
of which are the differences in kth neighborhoods when
reading the human ND6 protein from left to right and from
right to left. The ordering of amino acids is again

A R N D C Q E G H I L K M F P S T W Y V
which is the alphabetic ordering of the 20 natural amino

acids based on their three-letter codes: Ala, Arg, Asn, Asp,
Cys, Gln, Glu, Gly, His, Ile, Leu, Lys, Met, Phe, Pro, Ser,
Thr, Trp, Tyr, Val.

First-order vector:

(8, 4, 5, 4, 2, 0, 10, 16, 0, 10, 10, 4, 7, 6, 8, 6, 4, 6, 8, 14)
Second-order vector:
(8, 6, 3, 6, 2, 0, 12, 19, 0, 16, 12, 2, 16, 16, 6, 8, 6, 8, 12,

22)
Third-order vector:
(12, 5, 7, 6, 2, 0, 14, 25, 0, 14, 8, 4, 12, 6, 10, 10, 6, 4, 7,

18)
Fourth-order vector:
(8, 3, 5, 4, 2, 0, 12, 25, 0, 14, 8, 2, 12, 14, 10, 14, 4, 6,

15, 22)
Fifth-order vector:
(6, 1, 7, 4, 2, 0, 10, 17, 0, 9, 9, 2, 10, 12, 2, 14, 6, 8, 13,

24)
All the above information can be extracted from five 20

× 20 matrices. However, the same information can also be
extracted directly from the protein sequence, bypassing the
construction of the corresponding matrices. By contrast, a
matrix that would consider the totality of information on five
consecutive amino acids would have over three million rows
and columns.

10.3. Simplified Graphical Representations of
Proteins

There are two possible routes to arrive at a graphical
representation of proteins that would bypass the combina-
torial complexities of 20! ways of choosing (ordering)
apparently similar objects, such as the 20 natural amino acids
(AAs) that constitute proteins: (i) use for the template
mathematical objects or models that are not label-sensitive
and (ii) use simplified protein models that do not discriminate
between AAs that have similar properties. The former
approach has taken advantage of the fact that labeling of
vertices in graphs, which does not affect the calculation of
graph invariants, is in general arbitrary, which has led to
representation of proteins by starlike graphs.70 Similarly,
because all directions in n-dimensional space are equivalent,
it is possible to represent proteins as a path in 20D space
and thus to avoid considering any ordering of amino acids.220

The use of simplified protein models has been initiated
by Dill and co-workers over 20 years ago:237-239 the 20
natural amino acids are grouped in hydrophobic or nonpolar
(H) and hydrophilic or polar (P). These models have been
considered in the literature for quite some time.240-246

Simplified protein models are of two kinds: (i) developing a
general strategy based on graph-theoretical methods in order
to find sequences of amino acids that fold into protein
conformations of the desired native state and (ii) modeling
simplified representations of proteins, elaborating on the HP
model of Dill, by reducing the set of 20 natural amino acids
to two representative classes that will probably show similar
properties to the original set of amino acids.

In Figure 52, we are illustrating the lattice protein of Šali,
Shahknovich, and Karplus247 based on a 3 × 3 × 3 cubic

Table 29. 20-Component Vectors Based on Adjacency of AAs When Reading the Protein Sequences of Tables 12 and 23 in Opposite
Directions

species A R N D C Q E G H I L K M F P S T W Y V

human 8 4 5 4 2 0 10 16 0 10 10 4 7 6 8 6 4 6 8 14
opossum 8 2 2 4 2 4 6 12 0 12 16 6 11 6 4 16 8 8 11 18
harbor seal 10 2 3 8 2 2 12 14 0 6 8 6 5 6 4 12 10 6 6 12
gray seal 10 2 3 10 2 2 12 12 0 8 6 6 5 6 4 12 8 6 6 14
rat 8 2 6 5 8 0 6 14 0 12 18 4 7 8 4 10 10 8 10 12
mouse 8 2 6 5 8 0 8 12 0 12 20 2 11 8 4 8 6 8 10 12
gorilla 8 4 3 4 2 0 8 16 0 12 12 4 9 2 6 4 6 6 6 10
chimpanzee 10 4 5 4 2 0 8 16 0 12 12 4 9 2 6 4 6 6 8 14

Table 30. Similarity/Dissimilarity among the Eight Species on
the Basis of 20-Component Vectors That Show the Difference in
Adjacencies When Protein Sequence Is Read from Left to Right
and Right to Left; The Smallest Entries Are Shown in Bold

human opossum h. seal g. seal rat mouse gorilla chimp

human 0 16.79 12.81 13.11 14.63 15.03 8.25 6.92
opossum 0 16.91 17.15 13.34 14.63 18.06 16.55
h. seal 0 4.90 16.44 19.24 14.97 15.10
g. seal 0 17.94 20.15 16.00 15.62
rat 0 7.21 14.63 14.07
mouse 0 14.76 14.21
gorilla 0 5.29
chimp 0
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lattice in which amino acids are placed inside a cube that
depicts a protein as a compact, self-avoiding chain structure,
a model that belongs to the first kind. For such lattice
proteins, as outlined by Šali et al., one can calculate the total
energy for the conformation, which is given as the sum of
the contact energies Bij between nonbonded adjacent amino
acids on the lattice:

The ∆(ri, rj) value is equal to one if amino acids are in
contact (nonbonded but adjacent) and zero otherwise. In this
model, two amino acids are in contact if they are not adjacent
in the protein sequence and are at unit distance from each
other in the lattice. It is interesting to observe that, when
one assumes all Bij to be equal (which corresponds to
homopolymer rather than a heteropolymer model), the above
model is transformed into a pure graph-theoretical model
that would be equivalent to the HMO model of π-electron
hydrocarbon calculations of Erich Hückel,248-250 that is, the
model of “hard ball” potential of Bloch251 used for calcula-
tions of electron mobility in metals.252

We will continue with the examination of one particular
less-simplified model in which 20 amino acids are grouped
into five classes. In such a case, the graphical representation
of proteins, instead of facing the problem of selection of one
among 20 factorial possibilities, is reduced to a problem of
manageable complexity. We will follow the grouping of
amino acids into five classes by Riddle et al.253 Their

classification follows from the experimental explorations of
searching for a subset of the natural amino acids that
produces proteins consisting of �-sheets. Wang and Wang254

studied the validity of the reduced protein models using
statistical, thermodynamic, and kinetic characteristics and
concluded that the reduced model captures the most essential
features of proteins. The following are the five classes of
AAs on which we will base the graphical representation of
proteins:

Class 1: cysteine (C), isoleucine (I), leucine (L), methion-
ine (M), phenylalanine (F), tryptophan (T), tyrosine (W), and
valine (V);

Class 2: alanine (A), histidine (H), and threonine (T);
Class 3: glycine (G) and proline (P);
Class 4: aspartic acid (D) and glutamic acid (E);
Class 5: arginine (R), aspargine (N), glutamine (Q), lysine

(K), and serine (S).

10.4. Five-Line Representations of Proteins
The classification of AAs into five groups allows one to

transcribe the 20-letter protein sequence into a 5-letter
sequence. The 5-letter protein sequences allow one to
construct a simplified graphical representation of proteins
based on fiVe horizontal lines, which are analogous to “four-
line” graphical models for DNA.117 After replacing the 5
letters with the numbers 1-5, one can consider arithmetic
manipulations of derived graphical representations of protein
sequences,255 similar to the manipulations of the spectrum-
like four-line representations of DNA illustrated earlier.

We will illustrate the novel five-line spectrum-like rep-
resentation of proteins on the eight ND6 proteins listed in
Tables 12 and 23. In Table 31, we show the reduced protein
sequences for human ND6 and opossum ND6, which
represent a pair of rather dissimilar species. A direct
comparison of the two protein sequences that have limited
similarity is, to say the least, rather strenuous. On the other
hand, when the same sequences are shown as the five-line
graphical representations (Figure 53), the proteins can be
visually examined, offering a more convenient view on the
similarities and dissimilarities among them.

A more careful look at Figure 53 points to a considerable
lack of similarity among the two proteins. It is hard to spot
any regions, even a short one, that appear to have the same
spectral pattern. The dissimilarity among the two proteins
can be easily seen when one plots the difference between
the two spectra, because spots that lie above the zero line
indicate disagreements in amino acid types, while spots on
the zero line show the sites at which two proteins agree. In
Figure 54, we show graphically the difference of ND6
proteins of human and opossum, from which one can
immediately see by visual inspection the lack of parallelism
between the two proteins. From Figure 54, one can locate

Figure 52. Lattice protein of Šali, Shahknovich, and Karplus
shown as self-avoiding chain based on 3 × 3 × 3 cubic lattice.

Table 31. Simplified Human ND6 and Opossum ND6 Proteins (For Better Visibility, Each 10 Amino Acids Are Separated)

Human ND6, length 174 AAs
BBBOBBBBZB UBBBUBBUBZ ZZUZUBBUUB BBBBZUBBUB BBBBZBUUUB
BUBBBBBBBB UUBBBBBUBO OOBOXXBUX OBUZUBXBBB ZBBBUBOBXB
UBBBBBZXBX UBBBBBZBZZ BUZBBBBXUX UZUBBZXXUB UOUOBBXBUZ
BBBBBOUBUB BBUBBBBBXB OZUZ

Opossum ND6, length 168 AAs
BZBBOBBBBZ BBBBBUBBOB OZZUZUBBUU BZBBBZUUBU BUBBBZBXXB
BBUBBBBBBB BUUBBBBBUB OOOBOOXXBU XOBBUZBBOB BBBBBBBBBZ
BUBBBBZZBB BBBBOBZBBX BBXOZBBUZX BZUBZZBBBB UUBOBOBBUB
BBBBOBBBBB XBBZXZB

E ) ∑
i<j

∆(ri,rj)Bij
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sites at which the AA types of the two proteins agreesthe
sites at which the difference plot gives zero amplitudes, 77
places out of 174, which is too few.

In contrast in Figure 55, we show the five-line spectra for
ND6 proteins of gorilla and chimpanzee, which clearly shows
great similarity. Observe that, except for the initial part of
the spectra, almost the whole remaining region is almost
identical. Thus, it is much easier to spot the similarities in
protein sequences when they abound, such as is the case with
ND6 proteins of gorilla and chimpanzee, than when they
are limited, as was the case of ND6 proteins of human and
opossum.

However, even in such situations, the five-line graphical
representation of proteins may facilitate comparisons. In
Figure 56, we show the difference plots for the ND6 proteins
of primates, all of which are highly similar, showing between
five and seven different AA types. The same high degree of
similarity is expected and is found between the two species

of seals, and between rat and mouse, as illustrated in Figure
57. It is interesting that again one finds rat and mouse,
although highly similar, showing a somewhat lesser degree
of mutual similarity. Figures 54, 56, and 57 illustrate the
important advantages of graphical representations of proteins
based on the five-line spectra, which appear to be particularly
useful when one is comparing species that are relatively close
on the Tree of Life (the graphical representation of evolu-
tion).256

There have been additional and alternative simplified
models for protein, such as, for example, use of a six-letter
model257,258 and of a variable number of letters.259 A study
for the validity of possibly simplified representations has also
received attention.260,261

Before outlining another additional graphical representa-
tion of proteins, let us clarify the rationale for continuing
the development of graphical and numerical approaches to
DNA, RNA, and proteins. Dozens of graphical algorithms

Figure 53. Five-line representation of ND6 proteins of human and opossum, two dissimilar species.

Figure 54. Graphical illustration of the difference in ND6 proteins showing considerable dissimilarities: human-opossum.
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Figure 55. Five-line representation of ND6 proteins of gorilla and chimpanzee, two similar species.

Figure 56. Differences in ND6 proteins of primates.
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have emerged, particularly for DNA, during the past 10 years,
which to some may appear as a proliferation of theoretical
methods, a kind of “academic exercise”, which is remote
from biology.262 We feel this to be a mischaracterization,
despite the fact that many of the past applications have
focused on the same sets of DNA and may, therefore, have
limited biological content. However, the purpose of such
work is not to solve pending problems of biology but to
deVelop tools for solVing pending problems in biology!
Incorporation of meaningful biological content to bioinfor-
matics remains on the shoulders of biologists, while the task
of applying Discrete Mathematics to complex systems aims
to supply biologists with a suitable, effective, and adequate
computational machinery for solving problems of biology.

10.5. Amino Acid Maps
It stands to reason that ordering amino acids based on their

physicochemical properties may offer better insights in
comparative studies of proteins than representations of
proteins based on alphabetical ordering of amino acids, which
is essentially equivalent to random ordering. The problem
with the implementation of such schemes is that many
reported properties of amino acids vary from laboratory to
laboratory, a fact which introduces difficulties when selecting
such data. For example, there are at least four different scales
for hydrophobicity of the 20 amino acids reported in the
literature.263-266 Which one to choose? What to do when two
amino acids are reported to have the same hydrophobicity
as occurs in the work of Kyte and Doolitle?265 In their scale,
the hydrophobicity values vary from 0 (for glutamine) to
2.65 (for tryptophan), but two pairs of amino acids happen

to have the same hydrophobicity: serine and threonine (0.05),
and alanine and histidine (0.61). The presence of duplicate
values does not allow a unique ordering of the 20 natural amino
acids. In addition, in general, when dealing with experimentally
measured quantities, one may question the significance of minor
differences of the reported hydrophobicity values.

In view of such problems, an alternative strategy is
presented as a chart in Table 32. One starts with a pool of
physicochemical properties of amino acids and selects two
complementary properties as the basis for construction of a
graphical representation of proteins. Here, “complementary
properties” are taken conceptually, which means structurally
or functionally related properties, not merely a pair of
randomly selected properties. Such would be properties like
molecular surface and molecular volume, or solubility in
different media. In the next stage, one orders the 20 AAs
with respect to the selected pair of properties, which leads
to a partial ordering diagram. This diagram can be viewed

Figure 57. Differences between proteins of similar species: the two seals (top) and the two rodents (bottom).

Table 32. Novel Strategy for Construction of Graphical
Representation and Numerical Characterization for Protein
Sequences

physicochemical properties

V
two complementary properties

V
partial order

V
amino acids map

V
matrix representations

V
matrix invariants
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as a 2D map of amino acids, to serve as a template for
graphical representation of proteins. Such 2D maps are
analogous to the 2D map for amino acids based on the 8 ×
8 Table of Codons,166 except that now the (x, y) coordinates
of the 20 natural amino acids reflect some physicochemical
properties of amino acids, rather than being based solely on
theoretical models (such as are 2D protein maps based on
modifications of Jeffrey’s magic square83 or the magic
circle169). An important computational advantage of such an
approach over 2D maps based on the magic square or the
magic circle is that individual AAs of a protein always have
the same pair of (x, y) coordinates and, hence, need not be
repeatedly calculated, as must be the case with representa-
tions based on the magic square and the magic circle.

After finding locations for the 20 amino acids on the (x,
y) plane, proteins are graphically represented by zigzag
curves over the 2D map of amino acids. As already
mentioned or implied several times, zigzag curves allow the
construction of structural matrices, such as D/D matrix58 and
line-distance matrix.222-224

The two complementary properties of amino acids selected
to illustrate this particular novel graphical representation of
proteins are the pKa values (pKa )-log10 Ka) for the terminal
amino acid groups -NH3

+ and -COO-. They determine
the activity of enzymes and are therefore of major importance
in biochemistry. In proteins at physiological pH, amino acid
and carboxy groups are charged (NH3

+ and COO-), but pKa

values are listed for protonated groups (NH3
+ and COOH).

The adopted pKa values listed in Table 33 are taken from
the internet.267 In Figure 58, we show the 2D map for amino
acids resulting from ordering the amino acids along the x-axis
with respect to pKa(COOH) and along the y-axis with respect
to pKa(NH3

+). The numerical values in the last two columns
of Table 33 are taken as the x and y coordinates of the 2D
map of Figure 58.

To illustrate the approach, we will again consider the two
short segments of yeast Saccharomyces cereVisiae protein,

taken from the Handbook of Chemoinformatics.215 In Figure
59, we have illustrated for two segments of the protein the
zigzag curves, obtained by connecting adjacent amino acids
using their sites (listed in Table 34) sequentially. The
corresponding proteins are as follows:

Protein I: WTFESRNDPAKDPVILWLNGGPGCSS-
LTGL

Protein II: WFFESRNDPANDPIILWLNGGPGCSS-
FTGL

Figure 59 appears uninformative, just as has been the case
with Figures 35, 49, and 50. Their main purpose of such figures
with zigzag lines is to allow construction of D/D matrices, the
invariants of which could serve as protein descriptors.

When the differences between the coordinates (listed in
the last column of Table 34) of the corresponding amino
acids of the two proteins are illustrated (Figure 60), one
immediately observes the degree of alignment between the
two proteins, which have different amino acids only at sites
2, 11, 14, and 27. Figure 60 can be compared with the similar
Figure 36, which illustrates the alignment of the same two
protein fragments using the variable (x, y), which provides
nonconstant coordinates for individual amino acids. There,
just as here, the spectral “peaks” show mismatches, but the
matches of amino acids were there shown as points along
the slopes following the peaks. Here, the matches of amino
acids are shown as points along the x-axis.

Moreover, in Figure 60, the amplitudes of the mismatches
have some meaning and are not differences of random
numbers, as was the case with the “peaks” of Figure 36.
Thus, the peak at site 14, where valine in protein I is
substituted by isoleucine in protein II, is a mismatch, but
because it has a small amplitude, it relates to two amino
acids of the same class. Indeed, both valine and isoleucine
have been classified as “small hydrophobic” amino acids.
Therefore their replacement need not cause significant
differences in protein properties, as would be the case when
amino acids belonging to different classes are swapped.
Hence, when such representations are implemented on
graphical alignments of proteins that are based on ordering
of amino acids with respect to some of their physicochemical
properties, this approach may offer additional insights,
indicating that there may be a difference between different

Table 33. Acid Dissociation Constants of Side Chains of Amino
Acids

amino acid 3-letter code 1-letter code pKa(COO-) pKa(NH3
+)

small hydrophilic
glycine Gly G 2.34 9.60
alanine Ala A 2.34 9.69
threonine Thr T 2.63 10.43
serine Ser S 2.21 9.15
proline Pro P 1.99 10.60

small hydrophobic
valine Val V 2.32 9.62
leucine Leu L 2.36 9.60
isoleucine Ile I 2.36 9.68
methionine Met M 2.28 9.21

aromatic
phenylalanine Phe F 1.83 9.13
tyrosine Tyr Y 2.20 9.11
tryptophan Trp W 2.38 9.39

acids and their amides
aspartic acid Asp D 2.09 9.82
glutamic acid Glu E 2.19 9.67
aspargine Asp N 2.02 8.80
glutamine Gln Q 2.17 9.13

bases
lysine Lys K 2.18 8.95
arginine Arg R 2.17 9.04
histidine His H 1.82 9.17

sulfyldryl
cysteine Cys C 1.71 10.78

Figure 58. Plot of the pKa values for the NH3
+ end of proteins

against the corresponding values for the COO- end of prot-
eins.
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mismatches. Mismatches that are depicted with small am-
plitudes will be associated with swapping of amino acids
that belong to the same class, and such exchanges are less
likely to change drastically the properties of proteins. In

conclusion, proteins could be more similar than the mere
count of mismatches would suggest. This appears to be an
advantage of 2D amino acid maps based on physicochemical
properties of amino acids as the basis for graphical repre-
sentations of proteins as compared with corresponding maps
based on arbitrary (including alphabetical) ordering of amino
acids.

10.6. Lattice Representations of DNA
The graphical representation of DNA was initiated over

25 years ago by Hamori and Ruskin42 and, as outlined in
the introductory part of this review, was followed by
contributions of a dozen researchers in the period of mid-
1995 to mid-2005.48-57,86-95 Most graphical representations
of DNA can be grouped into four types:

(1) Path representations;
(2) Map representations;
(3) Spectral representations;
(4) Lattice representations.
As we have seen, one obtains a path representation of

DNA by assigning to successive nucleotide bases A, C, G,
and T coordinates (x, y) or (x, y, z) in a Cartesian system,
which when connected represents a zigzag curve in 2D or
3D space, respectively, which to a degree overlaps itself.48-51

In map representations of DNA, individual nucleotide bases
are represented either by disjoint points or by fused adjacent
cells belonging to the same bases.154,155 Spectral representa-
tions of DNA are obtained by assigning to the four bases
integers 1-4, which transform four-letter sequences into
numerical sequences displaying the pattern of spectra.86,87,117

Lattice representations may be viewed as a special case of
path representations in which the (x, y) and (x, y, z)
coordinates are limited to integer values associated with
coordinate grids.48-50 As we have seen from Figure 2, which
depicted the 2D graphical representation of the first exon of
human, lemur, and opossum �-globin gene, such representa-
tions are accompanied with loss of information because
individual steps can be repetitive and the curve can have
cyclic parts with loss of direction on continuing the walk
representing DNA. When such a path was represented by a
D/D matrix, the lost information was recovered,58 but it is
also possible to construct lattice representations of DNA that
fully determine the DNA sequence.

Graphical representations of DNA of Nandy and others,48-50

besides offering visually useful representations, have an
additional quality: they have integer coordinates (x, y) for
all nucleotides. This simplifies computational manipulations
with such representations and allows one to refer to them as
“lattice representations”. However, let us mention first that
representations of DNA by Gates, Nandy, and Leong and
Morgenthaler are not the only possible lattice representations
of DNA over the Cartesian coordinate system. In Figure 61,
we illustrate an alternative lattice representation of the first
exon of human �-globin gene, depicted earlier in Figure 1,
which is based on assigning the following four vectors to
the four nucleotides:

• A f (+1, -2)
• T f (+2, -1)
• G f (+2, +1)
• C f (+1, +2)
Again when plotting DNA one obtains a zigzag curve in

a plane, but the new plot has an important advantage over
its couterpart in Figure 2. The zigzag curve of Figure 61 is
not accompanied with any loss of information because it

Figure 59. Zigzag representation of the two protein fragments of
yeast Saccharomyces cereVisiae.

Table 34. Coordinates of Graphical Representations of Proteins
I and II and Their Differences (Shown for the Initial 15 Amino
Acids)

protein I protein II x y x y difference

W W 2.38 9.39 2.38 9.39 0
T F 2.63 10.43 1.83 9.13 1.5264
F F 1.83 9.13 1.83 9.13 0
E E 2.19 9.67 2.19 9.67 0
S S 2.21 9.15 2.21 9.15 0
R R 2.17 9.04 2.17 9.04 0
N N 2.02 8.8 2.02 8.8 0
D D 2.09 9.82 2.09 9.82 0
P P 1.99 10.6 1.99 10.6 0
A A 2.34 9.69 2.34 9.69 0
K N 2.18 8.95 2.02 8.8 0.2193
D D 2.09 9.82 2.09 9.82 0
P P 1.99 10.6 1.99 10.6 0
V I 2.32 9.62 2.36 9.68 0.0721
I I 2.36 9.68 2.36 9.68 0
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represents DNA as a walk, rather than a path. The distinction
is that walk representations, in which one knows which points
follow which, allow one to reconstruct the DNA sequence.
This was possible because each of the four nucleotide bases
has a positive x-component, and thus, the path cannot retract,
make cyclic routes, or overlap itself.

10.7. Lattice Representations of Proteins
Alternative types of DNA representations possess specific

advantages. For example, path representations, and by
extension lattice representations, which are special cases of
path representations, offer plots that can be visually inspected.
This is an important property of graphical representations
of biological sequences. By contrast, spectral representations
allow one to search graphically for sequence alignments by
considering spectral differences for sequences that have been
shifted relative to one another. Map representations, and in
particular those based on chaos game algorithms, offer very
compact representations of DNA and proteins. Thus, we see
that it is desirable to have diverse representations of DNA,
and it would be equally desirable to have diverse graphical
representations of proteins.

Condensed zigzag line representations, spectral representa-
tions, and map representations of proteins have received some

attention in the literature. In addition, proteins have been
graphically represented as starlike graphs.70 However, no
lattice representation of proteins has been considered, if one
excludes the representation of proteins as paths in 20D
space,220 which does not allow a simple graphical visualiza-
tion. What is needed is a user-friendly 2D graphical
representation of proteins analogous to the 2D graphical
representations of Nandy on the Cartesian lattice50 shown
in Figure 2, but with as little self-crossing as possible, which
would offer visual inspection of proteins and, at the same
time, would assign to all amino acids integer coordinates.
Even though graphical representations of proteins are of
relatively recent time, they also have been shown to be of
different types. However, the path-like and lattice-like 2D
graphical representations of proteins, which would be, from
the visual point of view, the most attractive, have been
conspicuously missing until now. It is needless to elaborate
on the desirability for such 2D representations of proteins,
which would facilitate detecting proteins that are more similar
and thus will increase the efficiency in comparative studies
of proteins by visually identifying collections of less similar
proteins, which may not deserve further attention in particular
studies.

Figure 60. Differences in (x, y) Coordinates of the Two Proteins of Figure 42 (Saccharomyces cereVisiae).

Figure 61. Novel lattice representation of DNA with no loss of information; the first exon of human �-globin gene using vectors A f
(+1, -2,); T f (+2, -1); G f (+2, +1); C f (+1, +2).
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We have started this review with user-friendly graphical
representations of DNA illustrated in Figure 2 and will end
with one such lattice-like user-friendly graphical representa-
tion of proteins reported most recently.

The reason for the delay of visually friendly graphical
representations of proteins is that, in contrast to DNA, where
there are only four directions that lead to graphical
representation of DNA, in the case of proteins there are 20
directions to be selected to represent 20 amino acids. There
are two further “complications” with graphical representa-
tions of proteins as compared to DNA, which may expain
why it took 20 years for the emergence of graphical
representations of proteins after the publication of the first
graphical reperesentation of DNA. These “complications”
concern: (1) how to select 20 directions or 20 alternative
geometrical elements to serve as a template for graphical
representations of proteins and (2) how to order the 20 amino
acids, once the geometrical basis of the graphical representa-
tion for the problem has been selected.

A way to arrive at 20 points with integer coordinates in
(x, y) is illustrated in Figure 62. One starts with a 10 × 10
square centered in the origin of the Cartesian coordinate
system and considers 20 points on its periphery to which
are assigned the 20 natural amino acids. The ordering of
amino acids illustrated in Figure 62 is based on relative
abundances of amino acids in proteins (listed in Table 35).
It starts with leucine, the most abundant amino acid, which
is placed at the bottom right corner of the square. Leucine
is followed by serine, the second most abundant amino acid,
and continues anticlockwise ending with tryptophan, the least
abundant natural amino acid in proteins. In the last column
of Table 35 are listed the corresponding Cartesian coordinates
for the 20 natural amino acids. This particular ordering
ensures that intersections of the path with itself are consider-
ably reduced because amino acids at the right side and the
top side of the 10 × 10 square, which in longer proteins
will be more numerous than amino acids at the left and the
bottom edge of the square, will pull the graph depicting
proteins to the right and up and thus avoid most of the
crossings.

In Figure 63 is illustrated the lattice-like graphical
representation of human ND6 protein, whose (x, y) coordi-
nates of initial amino acids are listed in the middle part of
Table 36. At the right-hand side of Table 36 are listed
cumulative coordinates obtained by adding coordinates of
all preceding amino acids, which when plotted produce the
graphical representation of ND6 human protein shown in
Figure 63. Observe a relatively compact 2D graphical
representation of the protein with rather limited self-crossing
of the zigzag curve in Figure 63. Just as was the case with
DNA, self-crossing of the zigzag curve can be completely
eliminated by assigning to all amino acids positive x-
coordinates, which would result in less compact representa-
tions. We have illustrated in Figure 64 one such construction,
which is based on the amino acid coordinates listed in Table
37. We should also add that if one is interested in a section
of the zigzag curve, one can plot it at greater resolution, as
has been illustrated in Figure 65 for amino acids 50-
280.

Before showing an illustration of similar user-friendly
lattice representations of other proteins of Tables 12 and 23,
let us briefly comment on the numerical characterization of
zigzag curves illustrated in Figures 64 and 65. Of course,
one can always construct the complete D/D matrices for such
curves, but distance matrices are dense and computations
with large numbers of such matrices take a long time, making
them not suitable for fast screening of data. Often all fine
details of zigzag curves need not be so important for a
comparative study as is an overall view of such curves. We
illustrate in Figure 66 the zigzag curve of Figure 63, but
displaying locations of only every 4th (top), every 8th
(middle), and every 16th (bottom) amino acid. Observe how
these reductions, including even the very drastic reduction
shown at the bottom of Figure 66, still carry enough of the
visible information on the overall shape of the zigzag curve
of Figure 63. This suggests that reduced matrices ac-
companying reduced curves of Figure 66 may have sufficient
information for comparative study of such curves, which
would then speed up preliminary examination of such
data.

In Figure 67, we have collected novel user-friendly
graphical representations for the eight ND6 proteins con-

Figure 62. Twenty amino acids placed anticlockwise in decreasing
order of abundance along the periphery of a 10 × 10 square starting
from leucine at the bottom right corner.

Table 35. Twenty Amino Acids Placed Anticlockwise along the
Periphery of a 10 × 10 Square Starting from Leucine in
Decreasing Order of Relative Abundance

amino
acid

3-letter
code

1-letter
code

relative
abundance (x, y)

leucine Leu L 9.36 (+5, -5)
serine Ser S 7.38 (+5, -3)
alanine Ala A 7.34 (+5, -1)
glycine Gly G 6.89 (+5, +1)
valine Val V 6.48 (+5, +3)
glutamic acid Glu E 6.22 (+5, +5)
threonine Thr T 5.85 (+3, +5)
lysine Lys K 5.81 (+1, +5)
isoleucine Iso I 5.76 (-1, +5)
arginine Arg R 5.20 (-3, +5)
aspartic acid Asp D 5.12 (-5, +5)
proline Pro P 5.00 (-5, +3)
aspargine Asn N 4.57 (-5, +1)
phenylalanine Phe F 4.12 (-5, -1)
glutamine Gln Q 3.96 (-5, -3)
tyrosine Tyr Y 3.25 (-5, -5)
methionine Met M 2.32 (-3, -5)
histidine His H 2.26 (-1, -5)
cysteine Cys C 1.76 (+1, -5)
tryptophan Trp W 1.34 (+3, -5)
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sidered for illustration of various aspects of graphical
representations of proteins. Just a glance at this figure
immediately points to the advantages of such graphical
representations of proteins. It is evident from Figure 67 that
ND6 proteins of all primates (human, gorilla, and chmpan-
zee) are very similar, and even more so for the ND6 proteins
of the two seals, whereas graphical displays of ND6 for

mouse and rat, while showing considerable similarities, also
show some differences, mostly in the initial region (1-50)
and the middle section. Opossum ND6 is visibly different
from other ND6 proteins considered.

11. Simplified Representations

11.1. Protein 20 × 20 Distance Matrix
One possible mathematical characterization of the lattice

representation of proteins that has just been outlined is to
use reduced matrices, which are based on graphical repre-
sentations of reduced lattice graphs. Such a characterization
is clearly of an approximate character. However, there is an
alternative approach based on information of all amino acids
in proteins that can be compacted into a 20 × 20 distance
matrix for all proteins regardless of their size. In order to
arrive at the 20 × 20 distance matrix, one considers each of
the 20 amino acids present in a protein separately and
calculates for each amino acid the corresponding average
(x, y) coordinates. For example, methionine appears 10 times
in human ND6 protein, at positions 1, 2, 14, 51, 63, 64, 73,
98, and 125, the (x, y) coordinates of which are (-3, -5),

Figure 63. Illustration of human ND6 protein as a lattice graph.

Table 36. Initial First 20 Steps for the Lattice Representation of
Human ND6 Protein of Figure 63

amino acid (x, y) cumulative

M Met (-3, -5) (-3, -5)
M Met (-3, -5) (-6, -10)
Y Tyr (-5, -5) (-11, -15)
A Ala (+5, -1) (-6, -16)
L Leu (+5, -5) (-1, -21)
F Phe (-5, -1) (-6, -22)
L Leu (+5, -5) (-1, -27)
L Leu (+5, -5) (+4, -30)
S Ser (+5, -3) (+9, -33)
V Val (+5, +3) (+14, -30)
G Gly (+5, +1) (+19, -29)
L Leu (+5, -5) (+24, -34)
V Val (+5, +3) (+29, -27)
M Met (-3, -5) (+26, -32)
G Gly (+5, +1) (+31, -31)
F Phe (-5, -1) (+26, -32)
V Val (+5, +3) (+31, -29)
G Gly (+5, +1) (+36, -28)
F Phe (-5, -1) (+31, -29)
S Ser (+5, -3) (+36, -32)

Figure 64. Illustration of the same ND6 protein as a lattice graph
but using the x, y coordinates listed in Table 37.

Table 37. 20 Amino Acids Placed on 20 Points of the Positive
Half-Plane Starting from Leucine with Coordinates (0, 5) and
Moving Clockwise in Decreasing Order of Relative Abundance

3-letter
code

1-letter
code (x, y)

Leu L (0, +5)
Ser S (+1, +5)
Ala A (+2, +5)
Gly G (+3, +5)
Val V (+4, +5)
Glu E (+5, +5)
Thr T (+5, +4)
Lys K (+5, +3)
Iso I (+5, +2)
Arg R (+5, +1)
Asp D (+5, 0)
Pro P (+5, -1)
Asn N (+5, -2)
Phe F (+5, -3)
Gln Q (+5, -4)
Tyr Y (+5, -5)
Met M (+4, -5)
His H (+3, -5)
Cys C (+2, -5)
Trp W (+1, -5)

Graphical Representation of Proteins Chemical Reviews, 2011, Vol. 111, No. 2 843



(-6, -10), (26, -38), (91, -29), (98, -38), (109, -49),
(106, -54), (119, -49), (208, -42), and (267, -23),
respectively.

From these, it is not difficult to find that the average
methionine coordinates are (101.5, -33.7). When the same
is repeated for the remaining amino acids, one obtains for
the average coordinates for the 18 amino acids present in
human ND6 protein the values listed in Table 38. These
average (x, y) coordinates of the 18 amino acids of human
DN6 protein are depicted in Figure 68. In Figure 69, we
have added as the 19th point the center of all amino acids,
which is at (185.7348, -16.9803), and have connected all

amino acids to the central point, thus converting the small
map into a small graph.

Observe that the representations of ND6 proteins illustrated
in Figures 68 and 69 are geometrical rather than graphical,
because all points have fixed (x, y) coordinates. Because of
this, we can immediately construct an 18 × 18 distance
matrix for the protein considered, which is missing two
amino acids: glutamine and histidine. In the general case in
this way, one will arrive at a 20 × 20 distance matrix, which
for the case of human ND6 proteins is shown in Table 39
with the rows and columns belonging to glutamine and
histidine shown as “empty” (L).

The significance of the novel protein distance matrix is
that, regardless of the protein size, this approach results in
uniform-size matrices for all proteins. This is the first time
that such uniform matrices have been constructed for
proteins-a novelty that is bound to not only have useful
applications in comparative studies of proteins but also may
play an auxiliary role in protein nomenclature, as illustrated
in the following section.

12. Protein Nomenclature

12.1. Uniform Auxiliary Nomenclature for Proteins
The condensed graphical representation of ND6 protein

in Figure 69 offers a novel approach to protein nomenclature.
In Table 40 are listed the average coordinates for amino acids

Figure 65. Detail of the lattice representation of human ND6 protein (amino acids 31-130).

Figure 66. Simplified zigzag curve of Figure 63 showing every
4th, 8th, and 16th amino acid only.

Table 38. Average Cartesian Coordinates for Amino Acids of
Human ND6 Protein

amino acid x y

A 197.71 -8.57
R 309.00 16.00
N 232.25 -1.25
D 268.33 -4.33
C 86.00 -30.00
E 269.83 -11.17
G 166.00 -19.79
I 192.67 -10.50
L 131.94 -26.76
K 153.50 -32.50
M 101.50 -33.70
F 141.70 -25.50
P 158.20 -16.20
S 132.50 -29.70
T 181.67 -25.67
W 278.50 -11.00
Y 157.10 -24.90
V 184.82 -10.11
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of the human ND6 protein relative to the coordinates of the
center of the lattice representation (x0 ) 185.7348, y0 )
-16.9803), and the corresponding polar coordinates with
respect to the overall center for the average for all amino
acids.

These coordinates determine the quadrant in which are
located individual amino acids relative to the center (x0, y0),
which allows one to determine the polar angle. Thus, A, R,
N, D, E, I, W are in the first quadrant; P, V are in the second
quadrant; and C, G, L, K, M, F, S, T, Y are in the third
quadrant, which allows amino acids in each quadrant to be
ordered in increasing magnitude of the polar angle �. As a
result, the 18 amino acids of human ND6 protein are ordered
as

W E D R N A I P V C G L F M S Y K T

By adding at the end in the alphabetical order the non-
existent amino acids one obtains

W E D R N A I P V C G L F M S Y K T H Q

Different proteins are expected to show different orderings
of amino acids, although the possibility that related proteins
may show the same ordering cannot be discarded, despite
the fact that there are 20! possible arrangements of 20 letters
in a sequence. When this happens, one can distinguish such
by associating with each protein also a 20-component
numerical vector that lists the radial distances of average
amino acid centers from the center of the lattice representa-

Figure 67. Lattice representation of ND6 proteins of eight species.

Figure 68. Amino acid map of human ND6 protein and corre-
sponding embedded starlike graph of fixed geometry. Observe the
use of different scales for the x- and y-coordinates.
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tion of the protein. For the above case of human ND6 protein,
if one truncates the radial magnitudes to integer parts only,
one obtains

(92, 84, 83, 127, 49, 14, 9, 27, 6, 100, 19, 54, 44, 85, 54,
29, 35, 9, 0, 0).

It is very unlikely that there will be two proteins that will
have identical orderings both for the alphabetic and the
numerical sequence. In the case of such an unlikely overlap
in numerical sequences, one can always include the decimal
part of radial distances to discriminate such cases. It seems,
therefore, that the alphabetic and numerical sequences as
described above for human ND6 can serve as an auxiliary
notation of proteins. The proposed dual auxiliary notation
has an important advantage: a scientist in any laboratory can
easily construct the “dual” notation for proteins of his/her
interest, and if such “dual” labels are used by the rest of the
protein community, this will facilitate the search of relevant
protein data.

13. Condensed Graphical Representation of
Lengthy DNA

To illustrate this novel graphical representation of biose-
quences, we will again return to the first exon of human
�-globin gene, even though this 92-base DNA can hardly
be considered lengthy. Let us count for all four nucleotides
the occurrence of adjacencies for pairs of bases XY, where
X, Y are A, C, G, and T. In all, one can have 16 pair
combinations when one discriminates between XY and YX.
In Table 41, we show the 16 × 16 DNA pair adjacency-
count matrix, in which the ordering of the labels (alphabeti-
cal) is immaterial, as long as it is kept constant for all DNA
sequences considered. As a result, we have an asymmetrical
matrix as an additional representation of DNA. The novelty
consists in viewing this matrix as a map, when one assigns
to element i,j the coordinates xi and yj and the magnitude
aij. Binary matrices, in which the matrix entries are either
one or zero, can also be viewed as maps and can be simply
represented graphically by spots, analogous to graphical
representations of DNA based on Chaos Game, such as

Figure 69. Graph of human ND6 protein as embedded starlike
graph of fixed geometry.

Table 39. New (20 × 20 Symmetrical) Distance Matrix of Human ND6 Protein; Amino Acids Are Ordered Alphabetically Based on
Their Three-Letter Codes

A R N D C Q E G H I L K M F P S T W Y V

Ala 0 113 35 70 113 Ø 72 33 Ø 5 68 50 23 44 50 68 23 80 43 12
Arg 0 78 45 227 Ø 47 147 Ø 119 182 162 213 172 154 182 133 40 157 126
Asn 0 36 149 Ø 38 68 Ø 40 103 84 134 93 75 103 56 47 78 48
Asp 0 184 Ø 6 103 Ø 75 138 118 169 128 110 138 89 12 113 83
Cys 0 Ø 184 80 Ø 108 46 67 15 55 73 46 95 193 71 100
Gln 0 Ø Ø Ø Ø Ø Ø Ø Ø Ø Ø Ø Ø Ø Ø
Glu 0 104 Ø 77 138 169 169 128 111 138 89 8 113 85
Gly 0 Ø 28 34 17 65 24 8 34 16 112 10 21
His 0 Ø Ø Ø Ø Ø Ø Ø Ø Ø Ø Ø
Ile 0 62 44 94 53 34 63 18 85 38 7
Leu 0 22 31 9 28 2 49 147 25 55
Lys 0 52 13 16 21 28 126 8 38
Met 0 41 59 31 80 178 56 86
Phe 0 18 10 39 137 15 45
Pro 0 29 25 120 8 27
Ser 0 49 147 25 55
Thr 0 97 24 15
Trp 0 122 93
Tyr 0 31
Val 0

Table 40. Average Coordinates for Amino Acids of Human ND6
Protein Relative to the Coordinates of the Center of the Lattice
Representation (x0 ) 185.7348, y0 ) -16.9803) and the
Corresponding Polar Coordinates with Respect to the Overall
Center for the Average for All Amino Acids

x - x0 y - y0 R �

A 11.9795 8.40887 14.6362 0.612026
R 123.2652 32.9803 127.6010 0.261432
N 46.5152 15.7303 49.1030 0.326102
D 82.5985 12.647 83.5611 0.151934
C -99.7348 -13.0197 100.5810 0.129809
E 84.0985 5.8136 84.2992 0.069019
G -19.7348 -2.8054 19.9332 0.141209
I 6.9319 6.4803 9.48923 0.751740
L -53.7936 -9.7844 54.6762 0.179921
K -32.2348 -15.5197 35.7763 0.448704
M -84.2348 -16.7197 85.8781 0.195942
F -44.0348 -8.5197 44.8514 0.191115
P -27.5348 0.7803 27.5459 -0.028330
S -53.2348 -12.7197 54.7333 0.234539
T -4.0681 -8.6864 9.59182 1.132804
W 92.7652 5.9803 92.9578 0.064378
Y -28.6348 -7.9197 29.7098 0.269831
V -0.9134 6.8732 6.93363 -1.438680
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Figure 10, where the first exon of human �-globin gene has
been depicted, except for the fact that x, y coordinates in
Figure 10 are real numbers, while for maps based on matrices
they will be integers.

More generally, a nonbinary matrix can be depicted as a
map by using a bubble representation, in which the element
i, j, having coordinates xi and yj, is assigned a circle with a
radius of magnitude aij. Bubble graphs have been used, for
example, to represent data extracted from proteomics
maps.81,91,307 In Figure 70, we have illustrated Table 41,
which counts pair adjacencies for the first exon of the human
�-globin gene, as a bubble diagram. However, regardless of
the length of DNA, such maps can have at most 256 spots,
though they can be of different size.

Bubble diagrams, similarly to spectral representations of
DNA and proteins, make it possible to consider differences
among diagrams by direct subtraction of such diagrams, thus
allowing visual inspection of similarities among sequences.

14. Miscellaneous Approaches to Graphical and
Numerical Representation of Proteins

Most readers could have noticed as we are approaching
the end of the review that this review was focused on our
own research. Well, the central theme of this review is
proteins, so in the introductory parts we limited the discussion
of DNA and RNA mostly to our work, as it serves as an
introduction to our own approaches to graphical and numer-
ical characterization of proteins. An overview of graphical
approaches to DNA and RNA would have to include
numerous contributions from other scientists; particularly to
be noticed are contributions from China, but DNA and RNA
are outside the scope of the present review. We have
mentioned in the introductory part the recent review of
Nandy, Harle, and Basak,41 which in part cover DNA
“territory”.

However, with respect to proteins, in the past few years
there have been a number of valuable contributions, with
innovative approaches, some of which will be briefly
mentioned. Thus, A. Nandy, Gosh, and P. Nandy268 proposed
a new method to compare sequences through a 20D
representation and constructed phylogenetic trees without
needing multiple alignments. The approach was then tested
by applying it to the issue of evolutionary relationships of
rat and human voltage-gated sodium channel R-subunits. Liu
and Wang269 developed a graphical representation for protein
secondary structure in which one discriminates among amino
acids if they are located in R-helix, �-sheet, or a coil, referred
to as helix residue (H), sheet residue (E), or coil residue (C),
respectively. They then constructed an equilateral triangle
to vertices of which are assigned labels H, E, C and followed
with suitably modified Chaos Game algorithm, reminiscent
of Jeffrey’s graphical representation of DNA. Yu, Anh, and
Lau270 applied the Chaos Game representation to the primary
sequences of amino acids in proteins by following the
grouping of the 20 natural amino acids of Brown271 into four
classes: nonpolar AAs (alanine, isoleucine, leucine, methion-
ine, phenylalanine, proline, tryptophan, and valine); negative
polar AAs (aspartic acid and glutamic acid); uncharged polar
class (asparagine, cysteine, glutamine, glycine, serine, threo-
nine, and tyrosine); and positive polar class (arginine,
histidine, and lysine).

To these approaches, we should add “generalizations” of
DNA graphical representations to proteins, one of which is
represented by using codons (either known or based on the

Table 41. Part of the 16 × 16 Matrix Counting Adjacencies among Pairs of Nuclotides in the First Exon of Human �-globin Gene;
Observe That, Even though Matrix Is Asymmetrical, Row Sum and Column Sum Are the Same for the Same Pair of Nucleotides

AA AC AG AT CA CC CG CT GA GC GG GT TA TC TG TT

AA 0 0 0 0 0 0 1 0 0 0 1 2 0 0 0 0
AC 0 0 0 0 0 0 0 1 0 0 0 1 0 1 1 0
AG 1 0 0 0 0 0 0 0 2 1 0 1 0 1 0 1
AT 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
CA 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0
CC 0 0 0 0 0 0 0 2 0 0 0 1 0 0 4 0
CG 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1
CT 0 0 0 0 0 1 0 0 2 2 1 1 0 0 0 0
GA 0 1 2 0 0 0 0 1 1 0 3 0 0 0 0 0
GC 1 1 1 0 0 2 1 0 0 0 0 0 0 0 0 0
GG 1 0 2 1 1 1 0 0 0 2 1 0 0 0 4 0
GT 0 0 0 0 0 0 0 1 2 1 3 0 1 0 1 0
TA 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
TC 0 0 0 0 0 0 0 1 0 0 0 0 0 0 1 0
TG 1 1 2 0 1 2 0 0 1 0 3 2 0 0 1 0
TT 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

Figure 70. 16 × 16 matrix counting adjacencies among pairs of
nucleotides in the first exon of human �-globin gene.
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Virtual Genetic code) to identify corresponding amino acids,
which was already outlined. Bai and Wang272 plotted codons
and used their coordinates for numerical analysis of proteins.
They started with a 2D representation of DNA nucleotide
triplets and introduced z(n) to denote a triplet (amino acid)
as follows,

z(n) ) h0y(n) + h1y(n - 1) + h2y(n - 2)

where y(n), y(n - 1), and y(n - 2) denote three adjacent
nucleotides (of the coding region) of DNA and h0, h1, and
h2 are real numbers (e.g., h0 ) 1, h1 ) 1/2, h2 ) 1/4), to be
combined with y(A), y(T), y(G), and y(C) values, with A
and T defined as conjugate (b ( di), and G and C as
conjugate (d ( bi), with b ) 1/2 and d ) �3/2.

In another study, Bai and Wang273 considered a regular
dodecahedron in 3D space and assigned to its 20 vertices
the 20 natural amino acids, which led to a graphical
representation of proteins as a walk in 3D space over the
vertices of a dodecahedron.

Yang and Wang274 considered 3D graphical representations
of proteins by assigning amino acids to the 20 vertices of a
regular dodecahedron proposed by Bai and Wang:

Alanine A ) (0, 0, 1);
Cysteine C ) (2/3, 0, �5/3);
Aspartate D ) (-1/3, �3/3, �5/3);
Glutamate E ) (-1/3, -�3/3, -�5/3).

and so on, where the entries in parentheses are the x, y, z
coordinates of a regular dodecahedron.

The following 3 × 20 matrix,

when multiplied by a column vector (Ai, Ci, Di, Ei,.. .), where
Ai, Ci, Di, Ei, ..., are the cumulative occurrence numbers of
amino acids A, C, D, E, ..., converts a protein sequence into
a series of vectors P0, P1, P2, P3, ..., Pn that gives a graphical
representation of a protein as a path in 3D space.

Guo and Wang275 revisited the concise description of
proteins, known as TOPS (topology of protein structures),
initiated over 30 years ago by Sternberg and Thornton,276 in
which one considers in protein secondary structures the
presence of strands and helices, neglecting the length and
structure of loops. These secondary structure elements are
considered to have a direction “up” or “down” (that is, out
of the plane of the diagram or in plane). The secondary
structure of a protein is thus reduced to a four-letter alphabet
with conventions attributable to Yuan, Liao, and Wang277

(-1, 0, i) f e “down” strand;
(1, 0, i) f E “up” strand;
(0, -1, i) f h “down” helix;
(0, 1, i) f H “up” helix,
where i is the running index of the amino acid. Besides

offering a visual representation, this simplified TOPS notation
immediately allows one to identify proteins belonging to eE,
and hH groups, that is, “strand only” and “helix only”, which
are clearly going to be grouped in the corresponding branches
of phylogenetic code, as was illustrated by Guo and Wang
on a set of 34 proteins of Chew and Kedem.278

Finally, we may mention in this section the work of
Gonzales-Dias and his research group from Santiago de
Compostela, Spain, whose interest covers the use of topo-

logical indices in Medicinal Chemistry and Bioinformatics,
including proteomics.279-286

15. Characterization of Proteomics Maps by
Matrix Invariants

15.1. Introduction About Proteomics
Proteomics maps report on separation of cellular proteins

by mass and by charge using electrophoresis and gel
chromatography. The experimental results are obtained as
two-dimensional gel plates, which allow one to list the x, y
coordinates for the proteins that are well resolved. Proteins
always appear at the same location in the 2D gel, having
thus always the same (x, y) coordinates in all proteomics
maps (following the same experimental protocol). Thus,
proteomics maps of the same organ cells will differ in the
abundance of individual proteins (seen on a plate as spots
of different size), and this can vary considerably in an
unpredicted manner. Often proteomics maps are visually
inspected, whereas the differences in abundances of indi-
vidual proteins are measured.

In order to make quantitative comparisons of different
maps, one needs to characterize numerically maps M(xi, yi,
zi), where the suffix i refers to the ith protein (i ) 1, ..., N),
with N being the number of proteins considered. Hence, the
problem is a characterization of the proteomics map as a
whole, which is tantamount to considering the list of (x, y,
z) coordinates (where x and y indicate the mass and the
charge of proteins, and z measures the abundance) in totality.
A way to do this is to select a suitable geometrical object
for a map M(xi, yi, zi), which will then lead to a mathematical
representation of 2D proteomics maps.

Work on numerical characterization of proteomics maps
was initiated in 2003,287,288 and the following geometrical
objects were considered for such a numerical analysis of
proteomics maps:

(1) Zigzag curve connecting N most abundant points;287-290

(2) Graph of partial ordering of spots with respect to mass
and charge;291-293

(3) Cluster graph connecting all spots with distances
smaller than a selected threshold value;294

(4) Graph connecting the nearest pairs of spots among the
set of N spots selected;295

(5) Graph connecting the nearest pairs of spots sequen-
tially, restricting attention only to spots having larger
abundance;296 and, most recently,

(6) Adjacency matrix for Voronoi regions constructed for
N proteins of a map.293

The above schemes offer sets of invariants, which can be
used as map descriptors that often are of different structural
origin. We already know from structure-property-activity
studies that it is useful to have alternative approaches and
different sets of descriptors, a fact which has been demon-
strated by the use of numerous so-called topological indices
as molecular descriptors.297-304 Use of different descriptors
in SAR and QSAR (structure-activity relationship and
quantitative structure-activity relationship, respectively)
facilitates arriving at better regression models. Similarly, one
may expect that the use of different map descriptors will
facilitate comparative studies of proteomics map construction
by leading to better numerical characterization of proteomics
maps. This will help to recognize and eliminate false
positives, that is, to identify as dissimilar maps that would
accidentally be characterized by similar sets of descriptors.

0 2/3 -1/3 -1/3 ...
0 0 √3/3 -√3/3 ...
0 √5/3 √5/3 -√5/3 ...
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As is well known, any characterization of mathematical
objects by a finite set of invariants may be accompanied by
loss of information. Combined use of descriptors arising from
different representations may in part recover some of the
lost information. This suffices to encourage the search for
alternative graphical and numerical representations of pro-
teomics maps and the construction of additional map
invariants. We may add that some of the above-mentioned
approaches (1-6) are computationally more involved, either
requiring more time for construction of geometrical templates
for maps or leading at the end to dense matrices (matrices
with few zeros, except on the main diagonal305). This is
illustrated by the construction of the distance/distance
matrices,58 whether when considering zigzag curves (when
one has to compute all N(N - 1)/2 distances between N
points) or when one considers the construction of matrices

for cluster graphs (which requires finding the shortest paths
in a graph having numerous alternative cyclic routes between
pairs of spots). As is known, the search for shortest paths in
cyclic graphs, the algorithm for which was reported by
Dijkstra,306 is time-consuming. By contrast, graphs resulting
from partial ordering of proteins in a map with respect to
mass and charge, and graphs depicting the nearest neighbors,
lead to sparse matrices, which would be therefore more
suitable for characterization of proteomics maps when one
considers large numbers of maps or includes in the analysis
most or many proteins in a map. Clearly, representations of
2D proteomics maps by sparse matrices are desirable.

We will now briefly outline the above-listed approaches
for a quantitative characterization of proteomics maps. It may
be of interest to recall from earlier sections of this review
that we outlined several graphical representations of DNA

Figure 71. Bubble diagram summarizing positions and abundances of proteins in a proteomics map. Reproduced with permission from ref
91. Copyright 2001 American Chemical Society.

Table 42. (x, y) Coordinates of 20 Most Abundant Protein Spots in the Control Group and the Corresponding Abundances When Four
Different Proliferators Were Added to the Feed of Rats (From the Work of Anderson et al.308)

x y control PFOA PFDA clofibrate DEHP

1 2111.7 2278.6 144357 108713 95028 147081 165886
2 2804.3 903.6 143630 155565 188582 159898 155055
3 1183.9 959.6 136653 113859 150253 163645 8111
4 2182.2 928.8 127195 99160 73071 76642 112096
5 2685.6 1196.1 118581 112790 49769 109856 138795
6 1527.9 825.5 114929 192437 221567 166080 180590
7 1346.0 1352.5 112251 58669 38915 73159 77075
8 2868.5 778.0 108883 26105 50735 45923 116849
9 1406.3 1118.1 98224 91147 82963 84196 92942
10 2450.2 409.2 93601 83172 62934 79870 109381
11 1474.0 665.1 90004 129340 112361 112655 119402
12 2974.9 772.8 86730 70746 78691 105760 116281
13 2068.4 823.1 84842 73814 45482 71911 97444
14 642.2 669.8 82492 73974 74466 84703 88545
15 2860.7 1649.9 81965 16137 16501 60077 148992
16 2032.7 902.8 80015 77314 80072 76027 100836
17 2752.7 765.6 79847 20782 13103 38816 53830
18 2334.2 982.2 72791 76369 52749 55599 77432
19 1053.6 864.3 72173 77982 60376 46808 78121
20 2519.5 1365.9 69452 37838 16129 57167 71274

Graphical Representation of Proteins Chemical Reviews, 2011, Vol. 111, No. 2 849



and protein sequences, which are 1-dimensional objects, as
2D maps. This was the case with Jeffrey’s chaos-game
representation of DNA, with the spiral representations of
DNA using a “wormlike” spiral or resulting in a four-color
map for DNA, and chaos-game representation of proteins
using either virtual code or the interior of the “magic circle”.
With proteomics maps, we may have the opposite situation,
as illustrated already by the first numerical characterization
of proteomics maps, which was converted to a 1-dimensional
object (a sequence).

All the approaches listed initially try to summarize
collective information on proteome contained in a 2D gel.
Experimental results consist of a list of (x, y) coordinates of
protein spots and their abundances. This information on a
2D gel can be visually presented as a “bubble” diagram
(Figure 71)81,91,307 in which spots are shown as circles with
the radius of a circle indicating the relative abundance. For
us, the “bubble” diagrams of a proteomics map represent an
input information on a map for theoretical considerations.
In order to delegate a comparative study of proteomics maps
to computers, one needs map inVariants (map descriptors).
Even though (in general) from a set of invariants one cannot
reconstruct a molecule, DNA, protein, or a map, nevertheless,
invariants may allow comparisons of maps and finding
degrees of similarity among maps. The “art” in construction
of map invariants, just as has been the case with construction
of molecular descriptors,298-304 is in finding invariants that
capture important structural features leading to useful data
reduction. The underlying assumption here is that one can
extend Emil Fisher’s dogma that similar compounds will
show similar properties from the structure-property-activity
studies to the structure-proteome perturbation studies.

We will illustrate characterizations of proteomics maps
by considering data of Table 42, where are listed (in
descending order) the (x, y) coordinates for the most abundant
20 protein spots of rat liver cells for the control group and
four peroxisome proliferators as reported in ref 308. Observe
a somewhat chaotic behavior of the cell proteome under
different situations, showing no apparent regularity in
changes in the abundance of different proteins. A protein
that has increased the abundance in one case may have
decreased the abundance dramatically when a different agent
is used, it may stay unchanged, or it may have increased its
presence. The data of Table 42 leads then to simplified
“theoretical” proteomics maps having only 20 spots, il-
lustrated in Figure 72, with the five proteomics maps
differing only in abundance of corresponding proteins.

Useful descriptors for characterization of proteomics maps
include the eigenValues of various matrices M that one can
associate with the proteomics map. In particular, the leading
eigenValues of such matrices have been frequently selected.
Formally, this means solving the equation: Det | M - λI |
) 0. Here Det is the determinant of a matrix, I is an N × N
unit matrix (having all elements zero except on the main
diagonal, which are equal to one, with N being the number
of vertices), M is the selected graph matrix, and λ are the
eigenvalues sought. There are several computer programs
that calculate matrix eigenvalues, including MATLAB (an
abbreviation for Matrix Laboratory),309 which we found
suitable for our needs.

15.2. Zigzag Curve
The shape of the zigzag curve depends on ordering of

points selected from a proteomics map considered. In order

to facilitate comparisons of different 2D maps, we use the
following rules:

Rule 1: First one selects any N protein spots, where there
are abundance variations that one wishes to examine more
closely.

Rule 2: The set of selected N spots are ordered according
to some adopted criterion (such as the relative abundance).

Rule 3: Proteins in all maps to be compared are ordered
in the same way. For example, according to the order chosen
for the control group (e.g., healthy animals, or tissue).

In Figure 73 we displayed the zigzag curve based on
ordering of proteins according to relative abundance in the
control group of Table 42. An advantage of the zigzag curve
is the simplicity of the construction of the curve and
Euclidean and distance matrices.

Figure 72. Simplified proteomics map showing 20 most abundant
proteins.

Figure 73. Zigzag curve connecting spots in proteomics maps of
Table 42 in order of decreasing abundance.
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15.3. Graph of Partial Ordering
Partial order consists of ordering spots with respect to their

masses and their charges simultaneously. Let us again
consider data on the control group of Table 42. As one can
see, in both columns x and y, protein 1 is ahead of protein
7, which is ahead of protein 3, which is ahead of protein 19,
which is finally ahead of protein 14. Hence, the relative order
1 > 7 > 3 > 19 > 14 is satisfied for both x and y, for mass
and charge as protein properties. Thus, we have established
a dominance of protein 1 over protein 7 over protein 3, etc.
A list of all such dominance sequences represents the partial
ordering. Graphically this is illustrated in Figure 74, where
dominance is indicated by connecting the corresponding
protein spots by lines. The above case, 1 > 7 > 3 > 19 > 14,
is depicted as a path starting at vertex 1 and ending at vertex
14, which is the most left path in Figure 74. The numbering
of spots is shown in Figure 72.

Construction of the partial ordering graph over a map is
not difficult if one observes a simple rule for such a
construction: (1) all the connecting lines have a positive slope
and (2) no connecting lines are needed for intermediate
members in an ordering sequence. Thus, in the above case,
it suffices to connect 1 to 7 and 7 to 3, but there is no need
to connect 1 and 3, since their dominance already has been
indirectly established. As one can see from Figure 74, the
number of lines (edges) between points has increased
approximately by a factor of 2 in comparison with the
number of line segments in the zigzag curve (Figure 73).

An advantage of the graph of partial ordering is that it
can be constructed regardless of the data on the control group.
This is important in a case where there is no control group
or no obvious control group. For example, proteomics maps
of tumor cells (leukemia, melanoma, etc.) or proteomics of
swollen tissues (e.g., synovial fluid), of different bacteria,
etc. have no such obvious control group. The partial ordering
graphs are not very dense, even if the number of spots has
increased considerably; thus, it is not difficult to find the
shortest distances of interest for the construction of distance
matrices.

15.4. Graph of Clustering of Spots
In Figure 75, we show a graph obtained by connecting all

spots that are within a selected prescribed distance. A cluster
graph can be based on 2D Euclidean distances between spots
or on 3D Euclidean distances between spots, in which case
one takes the relative abundance of spots as the third
coordinate. As we see from Figure 75, the number of lines
(edges) between points has increased by an order of
magnitude in comparison with the graph of partial ordering
(Figure 74). Matrices constructed for cluster graphs have
more information on the underlying maps, which may be an
advantage and allow variations of the critical distance, thus
adding some variability to this approach. A disadvantage is
that the search for shortest paths could be computer intensive
and represents the slow step in the construction of the
distance-adjacency matrix, E/D matrix, which is the adja-
cency matrix weighted by Euclidean distances between the
adjacent vertices. The use of Dijkstra′s algorithm for finding
the shortest paths in the case of modeling proteomics maps
by 100-200 spots may take a few seconds of CPU.294

15.5. Nearest-Neighbor Graphs
There are two kinds of the nearest-neighbor graphs: (1)

For selected N protein spots, one lists k nearest neighbors (k
) 1, 2,...) and connects them. (2) For selected N protein
spots, one sequentially connects vertex i to the nearest vertex
i′ among vertices i′ < i. The case k ) 2 of nearest neighbors
for 20 proteins of Table 42 is illustrated in Figure 76, while
for the same 20 spots, the graph of the sequential nearest
neighbors is illustrated in Figure 77. The advantage of the
approach using k nearest neighbors is the added flexibility,
which allows one to vary k and thus use more information
of protein spots. The disadvantage of this approach is that,
if one decides to include additional proteins from the
proteomics maps, then one has to recalculate all distances
and construct a novel graph, for which the part that
corresponds to the initial N spots may change. The advantage
of the sequential-neighbor graphs is that a successive increase

Figure 74. Diagram of partial ordering superimposed on the
proteomics maps having 20 proteins spots.

Figure 75. Diagram of partial ordering superimposed on the
proteomics maps having 20 protein spots.
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of the number of proteins to be considered does not alter
the results already obtained but rather incorporates them.

15.6. Graph Based on Adjacency of Voronoi
Regions

This most recently developed approach,293 which is based
on the construction of the adjacency matrix of Voronoi
regions, is outlined at the end of the review. Voronoi regions
partition the plane having N discrete points into N regions
such that all (xi, yi) points in the plane that are closest to
spot Ni belong to the same region. Two advantages of this
approach are, like the case of the partial ordering diagram,
that (1) it is not highly sensitive to the precise position of
proteins spots in a 2D gel and (2) it does not need a reference
map (like control-group proteomics maps) for processing
proteomics maps, which as already mentioned is important

when one considers data for which there are no obvious
control-group cells.

16. Map Invariants
Once one constructs matrices for quantitative comparative

study of proteomics maps, in order to increase the number
of descriptors, one can consider the leading eigenvalue of
matrices M(n) and M[n], the first representing the standard
multiplication of a matrix by itself and the second represent-
ing the Hadamard multiplication of matrices by itself. In the
limiting case where n f ∞, the leading eigenvalue of the
matrix M[∞] contains only the contributions from adjacent
vertices while all others disappear.

Having constructed the adjacency matrix with elements
weighted by the Euclidean distance between vertices i and
j, which we denoted as ED matrix, one proceeds to construct
the quotient matrix Qij ) (EDij)/(PDij), where PDij is a path-
distance matrix, the elements of which are defined as the
length of the shortest path between vertices i and j. The
advantage of a quotient matrix is that its elements are
nondimensional, that is, they do not depend on the units
chosen to measure distances. Moreover, all the elements are
<1, except for the spots that are adjacent (or accidentally
collinear), in which case the matrix elements are equal to 1.
Hence, when constructing the higher-order matrices by using
the Hadamard product, there is no need for any additional
normalization, because the elements of the higher-order
matrices will steadily decrease in magnitude. However, when
one considers the higher-order matrices obtained by the
standard matrix multiplication, one has to introduce a
normalization factor (such as 1/n!) in order to secure the
convergence of leading eigenvalues of the corresponding
matrices.

16.1. 3D Zigzag Curve
There are two ways of incorporating the information on the

relative abundance of protein spots in numerical analysis of
proteomics maps: (1) one can include the information on relative
abundance in the adjacency or the distance matrix of a map, or
the diagonal zero entries by suitably normalized relative
abundances, or (2) one can view the abundance values as the
third coordinate and arrive at a 3D spatial zigzag curve as a
representation of the proteomics map. In Figure 78, we show
the 3D zigzag line connecting the first 20 most intensive spots
of Tables 42, and in Table 43, we have illustrated a 5 × 5
fragment of the E/D 20 × 20 matrix. As one can see, the
elements on the main diagonal are zero whereas the adjacent
elements are equal to 1, because the Euclidean distance and
the distance along the connecting line are the same for directly
connected spots. All other elements are necessarily <1, unless
it happens (which is possible but not likely) that three points
are collinear. In Table 44, we have listed the leading eigenvalues
of 20 × 20 E/D matrices for a selection of exponents n. As the
exponent n increases to ∞, the leading eigenvalues converge to
the limiting value λ ) 1.977 661 652 450 26, which is the
leading eigenvalue of a path of length 19 (in general the leading
eigenvalue of a path of length N - 1 for N × N matrix.

16.2. Cluster Graphs

The cluster graph illustrated in Figure 75 is based on
the 3D distance between spot no. 1 and spot no. 15 (of
Table 7) as the critical distance. This distance is equal to

Figure 76. Graph of nearest neighbors connecting k ) 2 spot in
proteomics maps of Table 41 that are the closest.

Figure 77. Graph of sequential nearest neighbors connecting spot
in proteomics maps of Table 41.
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0.454 47 and is the maximal smallest distance between
any pair of spots. In this way, the cluster graph remains
connected, and if we were to select a smaller distance,
this would result in a disconnected graph. Besides the zero
diagonal elements, the zero entries in the distance-
weighted adjacency matrix appear for protein spots not
connected in Figure 75; otherwise, the matrix elements
are given as the Euclidean distance between the points.
In the construction of the shortest-path matrix elements,
one has to find for every pair of vertices the shortest paths
among numerous possible paths.

16.3. Characterization of Changes in Cell
Proteome

A good way to test map descriptors is on proteome
variations when the same toxic agent is administered to

animals at different concentrations. Here we reexamined the
data of Anderson et al.,308 who reported data for mouse liver
cells under variations of dose of peroxisome proliferator
LY711883. Using the zigzag approach for the 20 most
abundant proteins of the control group for the proteomics
maps having concentrations 0.003, 0.01, 0.03, 0.1, 0.3, and
0.6, one constructs the D/D matrix after rescaling the x, y
coordinates and the relative abundances in the interval (-1,
+1) following the recommendation of Kowalski and Bend-
er.314 The unscaled and scaled coordinates and the relative
abundances for the first 5 of the 99 spots under consideration
are listed in Table 45.

From the constructed D/D matrices, one obtains the leading
eigenvalues for each concentration:

concentration 0.003 0.01 0.03 0.1 0.3 0.6

leading eigenvalue 9.691 9.745 9.764 9.718 9.668 9.642

The above entries can be found as the first line in Table 4 of
ref 290 and are plotted in Figure 79. This figure could have
been reported in ref 290 but in fact has been constructed for
the first time for this review. The shape of the curve in this
figure is very interesting. It is of a typical J-shape, which
one can find in some plots of the dose-response curve.

Interestingly, for the same data of Anderson et al.,308

Randić and Estrada have shown in 2005,14 that is, a few years

Figure 78. 3D zigzag line connecting the first 20 most intensive spots of Table 42.

Table 43. 5 × 5 Fragment of the 20 × 20 Matrix E/D (the
Matrix Elements of Which Are Given As the Quotient of
Euclidean Distance between Vertices i, j and the Distance along
the Shortest Path)

1 2 3 4 5

1 0 1 0.5309 0.4728 0.5002
2 1 0 1 0.5582 0.6047
3 0.5309 1 0 1 0.9741
4 0.4728 0.5582 1 0 1
5 0.5002 0.6047 0.9741 1 0
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later, for the first time hormesis, a nonlinear dose-response,
at the cellular level, illustrated in Figure 80.

Randić and Estrada calculated the differences in the
abundance for 100 spots of proteomics map for the control
group and when peroxisome proliferator LY 711883 was
administrated into animal diet. The differences in abundances

between the corresponding proteins in the control map and
variable concentrations maps are illustrated in Figure 81, in
which along the x-axis is the running index of spots and along
the y-axis is the departure in the abundance of proteins
relative to the abundance of the control group.

Already visual inspection of Figure 81 shows that, as the
concentration of LY 711883 increases from 0.003 to 0.01
and 0.03, the variations in the abundance of proteins from
those in the control group (indicated by the heights of the
peaks in Figure 80) decrease. However, after having a
minimum at 0.03 with a further increase of the concentration
of LY 711883, the differences in the abundance increase.
An alternative graphical representation of the same is shown
in Figure 82, as the correspondence of the protein abundance
at concentrations of LY 711883 against the protein abun-
dance in the control, where also the numerical magnitudes
for the overall changes have been added.

Figure 79 thus leads to the following conclusions. It shows
(1) that one can detect hormesis also directly from the
proteomics maps; (2) that the quotient of the leading eigenvalues
of the ED matrix of a map and the control maps can be
interpreted as an index of the overall variation of proteome in
cells, more specifically, at least this is the case for the liver
cells of experimental animals and peroxisome proliferator LY
711883; and (3) that one can arrive at the correct shape for the
dose-response curve by considering a rather limited number

Table 44. Leading Eigenvalues of 20 × 20 E/D Matrices for a
Selection of Exponents n (As the Exponent n Increases to ∞,
The Leading Eigenvalues Converge to the Limiting Value,
Which Is the Leading Eigenvalue of a Path of Length 19)

n zigzag

1 8.080 0
2 4.610 7
3 3.340 3
4 2.818 2
5 2.578 1
10 2.381 1
20 2.373 4
50 2.358 7
100 2.336 1
250 2.276 0
500 2.197 2
1 000 2.096 6
2 500 1.998 1
5 000 1.979 5
10 000 1.977 6
25 000 1.977 661 652
50 000 1.977 661 652 450 26
limit 1.977 661 652 450 26

Table 45. Unscaled and Scaled Coordinates and the Relative
Abundances for the First 5 of the 99 Spots Considered (In the
Interval (-1, +1) Following the Recommendation of Kowalski
and Bender314)

spot x y 0 0.003 0.01 0.03 0.1 0.3 0.6

unscaled
1 78 147 24.6 24.6 32.0 34.4 41.8 46.7 56.6
2 103 161 15.3 18.4 18.4 16.8 16.8 15.3 16.8
3 78 128 54.1 54.1 59.5 59.5 59.5 70.3 75.7
4 84 144 17.6 21.1 21.1 19.4 19.4 19.4 21.1
5 120 130 17.2 25.8 22.4 24.1 37.8 49.9 55.0

scaled
1 -0.103 +0.118 0.072 0.054 0.099 0.127 0.168 0.208 0.295
2 -0.037 +0.159 0.015 0.022 0.026 0.023 0.023 0.015 0.023
3 -0.103 +0.063 0.251 0.203 0.248 0.275 0.272 0.353 0.424
4 -0.087 +0.110 0.029 0.036 0.040 0.038 0.036 0.040 0.054
5 +0.008 +0.069 0.027 0.060 0.047 0.066 0.145 0.227 0.284

Figure 79. Plot of the leading eigenvalue of D/D matrices for various concentrations of peroxisome proliferator LY 171883.

Figure 80. Nonlinear dose-response curve for variation of concen-
trations of peroxisome proliferator LY 171883. Reproduced with
permission from ref 14. Copyright 2005 American Chemical Society.

854 Chemical Reviews, 2011, Vol. 111, No. 2 Randić et al.



of most abundant proteins, as was the case here by considering
only the 20 most abundant proteins.

16.4. Adjacency of Voronoi Regions
We will end the section of proteomics maps and this

review by outlining a promising quantitative characterization
of 2D proteomics maps using Voronoi regions310,311 as the
starting step in analyzing proteomics data. For a given set
of N points in a plane, Voronoi regions are defined so that
the area closest to a point Ni forms a region. In Figure 83,
we illustrate Voronoi regions for the 20 points with the
coordinates (x, y) listed in Table 42.

The boundaries of Voronoi regions for some cells at the
periphery need not be obvious but can be easily established
from the Delaunay triangulation of the Voronoi diagram,
illustrated in Figure 84.

The Delaunay triangulation of the Voronoi diagram is the
dual of the Voronoi diagram, and is constructed by connecting
the points that define Voronoi regions if they have a common
boundary.312,313 The starting point for numerical characterization
of proteomics maps is the adjacency matrix accompanying the
Voronoi partition of proteomics map, which is shown in Table
46.

We have illustrated the approach on a simplified map based
on the 20 most abundant proteins spots of proteomics maps of
Anderson and co-workers,308 who studied the effects of
peroxisome proliferators on proteins in mouse liver. The x,
y coordinates for the 20 most abundant proteins in the control
group are those already listed in Table 42, to which Figures
83 and 84 belong. Before the quantitative analysis of data,
we should draw the attention of readers to the fact that the
three variables (x, y, z), where z gives the relative abundance
of proteins, each use a different scale to measure experi-
mental quantities (mass, charge, abundance). Because we will
combine the x, y, z triplets into an augmented adjacency
matrix, the role of different scales has to be considered.
Kowalski and Bender314 were addressing some aspects of
this problem, and they recommended a rescaling of different
quantities all to a [0, 1] interval. Because the x and y
coordinates for the 20 proteins considered are of the same

Figure 81. Variation of protein abundance for 99 proteins with different doses of the peroxisome proliferator LY 171883. Reproduced
with permission from ref 14. Copyright 2005 American Chemical Society.

Figure 82. Alternative graphical representation of variation of protein
abundance for 99 proteins with different doses of the peroxisome
proliferator LY 171883 plotted against the protein abundance in the
control. Reproduced with permission from ref 14. Copyright 2005
American Chemical Society.
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magnitude, there is no urgency for their rescale. However,
because the relative abundance of proteins will enter as
diagonal entries into adjacency matrices, one has to scale
the abundance values of proteins, which poses a problem
beyond the approach of Bender and Kowalski that does not
take the size of the adjacency matrix into consideration,
which is here important. If one wants to maintain the relative
role of the diagonal and the off-diagonal entries of a matrix,
one should rescale differently the diagonal entries of a 20 ×
20 adjacency matrix and the diagonal entries of a 40 × 40
adjacency matrix. A way to do this is to normalize diagonal
entries so that the matrix trace (the sum of diagonal entries)
equals the sum of off-diagonal entries in the matrix.

For example, the Laplace matrix,315 which is of interest
also in Chemical Graph Theory,316,317 satisfies this criterion.
When this approach is adopted for the adjacency matrix
entries of Table 46, one obtains the relative abundances listed
in Table 47. The scaling factor used is 102/1 998 615 )
1/1 959.26, where 102 is the sum of off-diagonal entries in

Table 46. Adjacency Matrix for Voronoi Regions of Figure 83 (Off-diagonal Zero elements Are Not Shown)

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

1 0 1 1 1 1
2 0 1 1 1 1 1
3 0 1 1 1 1 1
4 0 1 1 1 1 1
5 1 0 1 1 1 1
6 1 0 1 1 1 1
7 1 1 0 1 1 1 1 1
8 1 0 1 1 1
9 1 1 1 0 1

10 1 1 0 1 1 1 1 1 1
11 1 1 1 0 1 1 1
12 1 1 1 1 0 1
13 1 1 1 1 0 1
14 1 1 1 1 0 1
15 1 1 1 0 1
16 1 1 1 1 1 0 1
17 1 1 1 0 1
18 1 1 1 1 1 0 1
19 1 1 1 1 0
20 1 1 1 1 1 1 1 0

Figure 83. Voronoi regions for the proteomic maps considered in this contribution.

Figure 84. Accompanying Delaunay triangulation of the Voronoi
regions of Figure 83.
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the adjacency matrix of Table 46 and 1 998 615 is the sum
of abundances of all 20 most abundant protein for the control
group (listed in the “control” column in Table 42). The sum
of the abundance indicates the overall increase or decrease
of proteins in cells exposed to different conditions. As is
visible from the last row of Table 47, the total abundance of
proteins for polyfluorooctanic acid (PFOA), polyfluorode-
canoic acid (PFDA), and clofibrate (for the first 20 proteins
of the control group) has decreased, whereas for bis(2-
ethylhexyl) phthalate (DEHP) it has somewhat increased.

16.5. Novel Map Descriptors
The leading eigenvalues have been used as molecular

descriptorsinviewofhavingusefulstructuralinterpretation.88,318,319

The accompanying leading eigenvector, which has no
nodes (separate positive and negative regions), has hardly
received attention when looked at alone. As is well known
from MO calculations in Quantum Chemistry, the coef-
ficients of populated eigenvectors were of interest for
construction of atom charges and bond orders, but here
we continue to confine attention only to the first eigen-
vector. The first eigenvectors of the augmented adjacency
matrix of Voronoi regions for the five proteomics maps
are labeled as Ψ1 in Table 48.

A close look at Table 48 is instructive. First to observe is
that all entries in the first column (belonging to the control
group) are of similar magnitude, between 0.3262 and 0.1378.
The other four columns of Table 48 show considerable
variations of the coefficients of the first eigenvector. Thus,
for PFOA, PFDA, clofibrate, and DEHP, the extreme values
are (0.0171; 0.7827); (0.0061; 0.8768); (0.037; 0.5679); and
(0.0603; 0.379), respectively. More interesting, however, is
the parallelism between the respective columns of Tables
47 and 48, which we have illustrated for PFOA in Figure
85. This shows that the first eigenvector is a good descriptor
for the abundance of proteins in a map and may be used for
numerical estimates of the degree of similarity between
proteomics maps.

In Figure 86 are plotted for visual inspection the relative
(experimental) abundances for the five proteomics maps
under consideration. From this figure, one sees that the effects

of PFOA and PFDA on liver cell proteome are comparable,
with the effects of clofibrate following, whereas the effect
of DEHP appears to be most dissimilar. Such qualitative
observations are confirmed by using the coefficients of the
first eigenvector as map descriptors. The results are shown
in Table 49, from which one sees that indeed the most similar
proteomics maps are those belonging to PFOA and PFDA,
with some similarity between these two proteomics maps
and those of clofibrate.

It may be premature to speculate on the potential of this
approach, but the results obtained clearly warrant further
investigation along the lines outlined here.

17. Concluding Remarks

17.1. Challenges Ahead
Before we end this brief outline of currently available numerical

procedures for obtaining quantitative characterizations of proteom-
ics maps, we should point out that the same procedures are equally
good for characterizing other kinds of 2D maps, such as are, for
instance, 2D NMR maps. Recently, for example, this has been
demonstrated by a chemometric approach to the quantification of
structural identity/similarity of proteins in various G-CSF (granu-

Table 47. Scaled Abundances of Augmented Adjacency Matrix

control PFOA PFDA clofribrate DEHP

7.3673 5.5482 4.8498 7.5063 8.4661
7.3302 7.9393 9.6243 8.1605a 7.9133
6.9741 5.8108 7.6682 8.3517 0.4140
6.4914 5.0607 3.7292 3.9115 5.7209
6.0518 5.7563 2.5400 5.6065 7.0835
5.8654 9.8211 11.3078 8.4760 9.2165
5.7288 2.9942 1.9860 3.7337 3.9336
5.5569 1.3323 2.5893 2.3437 5.9634
5.0129 4.6517 4.2340 4.2970 4.7433
4.7770 4.2447 3.2119 4.0762 5.5823
4.5934 6.6009 5.7344 5.7494 6.0937
4.4263 3.6105 4.0160 5.3975 5.9344
4.3299 3.7671 2.3212 3.6700 4.9731
4.2100 3.7753 3.8004 4.3228 4.5189
4.1831 0.8236 0.8421 3.0661 7.6039
4.0836 3.9457 4.0865 3.8801 5.1462
4.0750 1.0606 0.6687 1.9810 2.7472
3.7149 3.8975 2.6921 2.8375 3.9518
3.6834 3.9798 3.0813 2.3889 3. 9869
3.5445 1.9311 0.8231 2. 9175 3.6375
102 86.55 79.81 92.67 107.62

a Underlined digit 5 represents rounding of smaller digit that follows
to 5, and if fewer digits are used it should not be rounded to higher
number.

Table 48. First Eigenvector of Augmented Adjacency Matrices
for the Five Proteomics Maps Considered

Ψ1(A*) Ψ1(B*) Ψ1(C*) Ψ1(D*) Ψ1(E*)

0.2676 0.0506 0.0215 0.1379 0.3646
0.2717 0.0489 0.0196 0.0971 0.3790
0.3045a 0.2790 0.2973 0.5412 0.0444
0.2670 0.1004 0.0453 0.0937 0.1684
0.2209 0.0376 0.0084 0.0694 0.3721
0.2365 0.7827 0.8768 0.5679 0.0469
0.3162 0.1196 0.0766 0.2013 0.1502
0.1664 0.0225 0.0095 0.0389 0.2136
0.1915 0.2051 0.1721 0.2227 0.0602
0.2639 0.1211 0.0541 0.1354 0.2550
0.2210 0.3337 0.2214 0.3217 0.1417
0.1710 0.2018 0.0116 0.0688 0.3174
0.1916 0.0318 0.1343 0.1777 0.1242
0.1895 0.0970 0.0513 0.1394 0.1519
0.1379 0.0171 0.0061 0.0471 0.3813
0.2188 0.1979 0.1598 0.1904 0.1342
0.1378 0.0237 0.0085 0.0371 0.1199
0.2011 0.0252 0.0169 0.0649 0.1391
0.1484 0.1121 0.0692 0.1392 0.0698
0.2299 0.0610 0.0288 0.0991 0.2329

a Underlined digit 5 represents rounding of smaller digit that follows
to 5, and if fewer digits are used it should not be rounded to higher
number.

Figure 85. Plot of the first eigenvector for PFOA (bottom) and
the experimental scaled abundances for 20 most abundant proteins
of the control group.
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locyte colony-stimulating factor) isolates.320 The G-CSF isolates
share the same amino acid sequence, but their preparation
was carried out by different approaches. The comparison of
3D structures was made on the basis of 2D NMR nuclear
Overhauser enhancement spectroscopy (NOESY). The analy-
sis starts by constructing, for a collection of 200 peaks in
2D NMR, a graph obtained by linking peaks based on
sequential nearest neighborhood. The analysis indicated that
the pairwise similarity of new isolates prepared in the
laboratory was larger than the similarity of any of the new
isolates with the commercially available drugs, which was
expected. This work illustrates an application of map
invariants on the control of the material to be used in
sensitive experiments.

Among the challenges lying ahead, we may mention the
systematic search for alternative map invariants for the
existing methodologies as well as the search for additional
mathematical objects to be associated with maps. Recall that

25 years ago there were not many topological indices for
characterization of molecular structure while today we have
several hundreds, and their number continues to grow. It
stands to reason that one can anticipate that a similar situation
will happen with sequence invariants (used for characteriza-
tion of DNA sequences, RNA secondary structures, and
protein sequences) and map invariants to be used in pro-
teomics studies. At the same time, it remains to better explore
the limitations of current schemes, which incorporate a
number of arbitrary choices, including the selection of
proteins spots to be included in numerical analyses. One
should continue to investigate how sensitive are characteriza-
tions of proteomics maps to the number of spots included
and the number of lines incorporated in geometrical objects
used, such as partial ordering or cluster graph. We can
summarize the present situation in quantitative proteomics
with the very same words that Winston Churchill (1874-1965)
uttered in November 1942, halfway through WWII: “Now
this is not the end. It is not eVen the beginning of the end.
But it is, perhaps, the end of the beginning.”

So hopefully already in the near future one can expect a
doubling of map invariants and doubling of the new
methodologiessall designed to facilitate the use of computers
in digesting the abundance of data on the abundance of
proteins in proteomes.

Figure 86. Experimentally reported relative abundance for 20 proteins of the five proteomic maps considered for illustration of a novel
scheme for numerical characterization of proteomic maps.

Table 49. Similarity/Dissimilarity Matrix for the Five Proteomic
Maps Considered

control PFOA PFDA clofibrate DEHP

control 0 2.822 3.345 2.362 2.077
PFOA 0 0.832 1.025 3.952
PFDA 0 1.720 4.198
clofibrate 0 3.657
DEHP 0
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17.2. Conclusions and Perspectives
In contrast to various graphical representations of molecules,

which try to depict certain features of molecules, graphical
representations of DNA and proteins may at first sight appear far
from reality as they do not relate to the actual geometry associated
with atomic groups and molecular fragments but are purely virtual.
However, one could then also say that primary sequences of DNA
or proteins are also devoid of reality, in that they tell nothing of
the geometry of such systems. Despite their virtual nature, such
artificial constructions, nevertheless, as already has been demon-
strated with various graphical representations of DNA, allow one
to search and quantify similarities and differences among biological
sequences. We have shown in this review that the brief history of
graphical representations of proteins appears to be equally promis-
ing and attractive in offering not only a visual alternative for
displaying proteins but also numerical quantitative characterizations,
and finally, graphical manipulations that offer novel routes to
protein alignment. Finally, we should add that graphical approaches
to DNA and proteins allow one to characterize a single DNA and
a single protein sequence. This allows one to construct a library of
DNA sequences, or protein sequences, which can be updated not
only by inclusion of new biosequences but also by incorporating
novel sequence invariants, as they become available with time.
Thus, one would be able at will also to compare sequences and
revise such comparisons if necessary. In contrast, computer
programs, such as BLAST and FASTA, are offering insights on
similarities and differences among DNA and proteins, two or more
at the time, but do not relate to the characterization of a single
biological sequence. This may be what interests most researchers,
but graphical representations allow one also to catalogue and build
libraries of DNA and proteins similar to molecular libraries that
compile information on single molecules. In addition, graphical
characterization and similarity analysis based on graphical ap-
proaches can be, and have been already, applied to secondary
structures of RNA.
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(38) Pisanski, T.; Randić, M. In Geometry at Work, Papers in Applied

Geometry; Gorini, C. A., Ed.; Math. Assoc. America No. 53:
Washington, DC, 2000; pp 174-194.

(39) Chemical Applications of Graph Theory; Balaban, A. T., Ed.;
Academic Press: London, 1976.
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DiscoVery Math. Theor. Comput. Sci. 2000, 51, 39.
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(88) Randić, M.; Zupan, J. SAR QSAR EnViron. Res. 2004, 15, 191.
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(157) Randić, M. In Encyclopedia of Computational Chemistry; Schleyer,
P. v. R., Allinger, N. L., Clark, T., Gasteiger, J., Kollman, P. A.,
Schaefer, H. F., III, Schreiner, P. R., Eds.; John Wiley & Sons:
Chichester, U.K., 1998; pp 3018-3032.

(158) Balaban, A. T. In Topological Indices and Related Descriptors in
QSAR and QSPR; Devillers, J., Balaban, A. T., Eds.; Gordon and
Breach: Amsterdam, The Netherlands, 1999; pp 403-453.

(159) Basak, S. C.; Grunwald, G. D.; Niemi, G. J. In From Chemical
Topology to Three-Dimensional Geometry; Plenum Press: New York,
1977; pp 73-116.

(160) Estrada, E. In Topological Indices and Related Descriptors in QSAR
and QSPR; Devillers, J., Balaban, A. T., Eds.; Gordon and Breach:
Amsterdam, The Netherlands, 1999; pp 403-453.
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(176) Randić, M. J. Chem. Inf. Comput. Sci. 1975, 15, 105.
(177) Balaban, A. T.; Liu, X.; Klein, D. J.; Babić, D.; Schmalz, T. G.;
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(224) Randić, M.; Zupan, J.; Pisanski, T. J. Math. Chem. 2008, 43, 674.
(225) Otto Topliz (1881-1940), German mathematician.
(226) Hermann Hankel (1839-1873), German mathematician.
(227) Brookes, M. The Matrix Reference Manual, http://www.ee.ic.ac.uk/

hp/staff/dmb/matrix/intro.html.
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Res. 2009, 20, 415.
(256) According to Wikipedia, “Tree of life (science), a metaphor used

first by Charles Darwin and subsequently to describe the inter-
relatedness of all liVing things through eVolution.”

(257) Yu, Z.-G.; Anh, V.; Lau, K.-S. Physica A 2004, 337, 171.
(258) Yang, J.-Y.; Yu, Z.-G.; Anh, V. Chaos Solitons Fractals 2009, 40,

607.
(259) Li, T.; Fan, K.; Wang, J.; Wang, W. Protein Eng. Des. Sel. 2003,

16, 323.
(260) Wang, J.; Wang, W. Phys. ReV. E. 2000, 61, 6981.
(261) Dokholyan, N. V. Proteins 2004, 54, 622.
(262) The characterization of such work as “academic exercise” originates

with an anonymous referee of one of our manuscripts.
(263) Janin, J. Nature 1979, 277, 491.
(264) Wolfenden, R.; Andersson, L.; Cullis, P. M.; Southgate, C. C. B.

Biochemistry 1981, 20, 849.
(265) Kyte, J.; Doolite, R. F. J. Mol. Biol. 1982, 157, 105.
(266) Rose, G.; Geselowitz, A.; Lesser, G.; Lee, R.; Zehfus, M. Science

1985, 229, 834.
(267) http://cds.unina.it/petrilli/aminoac/amiac.htm?htm.
(268) Nandy, A.; Gosh, A.; Nandy, P. In Silico Biol. 2009, 9, 0008.
(269) Liu, N.; Wang, T. Chem. Phys. Lett. 2007, 435, 127.
(270) Yu, Z.-G.; Anh, V.; Lau, K.-S. J. Theor. Biol. 2004, 226, 341.
(271) Brown, T. A. Genetics, A Molecular Approach, 3rd ed.; Chapman

and Hall: London, 1998.
(272) Bai, F.; Wang, T. Chem. Phys. Lett. 2005, 413, 458.
(273) Bai, F.; Wang, T. J. Biomol. Struct. Dyn. 2006, 23, 537.
(274) Yang Y. Wang, T. Private communication.
(275) Guo, Y.; Wang, T.-m. J. Biomol. Struct. Dyn. 2008, 26, 367.
(276) Sternberg, M. J. E.; Thornton, J. M. J. Mol. Biol. 1977, 110, 269.
(277) Yuan, C.; Liao, B.; Wang, T.-M. Chem. Phys. Lett. 2003, 379, 412.
(278) Chew, L. P.; Kedem, K. Algorithmica 2003, 38, 115.
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(300) Randić, M. J. Math. Chem. 1992, 9, 97.
(301) Balaban, A. T. In Topological Indices and Related Descriptors in

QSAR and QSPR; Devillers, J., Balaban, A. T., Eds.; Gordon and
Breach: Amsterdam, The Netherlands, 1999; pp 403-453.

(302) Katritzky, A. R.; Lobanov, V.; Karelson, M. CODESSA (Compre-
hensiVe Descriptors for Structural and Statistical Analysis); Univer-
sity of Florida: Gainesville, FL, 1994.

(303) Karelson, M. Molecular Descriptors; Wiley: New York, 2000.
(304) Todeschini, R.; Consonni, V. Molecular Descriptors for Chemoin-

formatics, Vol. I Alphabetical Listing/Vol. II Appendices, References
(Methods and Principles in Medicinal Chemistry; Mannhold, R.,
Kubinyi, H., Folkers, G., Eds.; Wiley-VCH: Weinheim, Germany,
2009; Vol. 41.
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(316) Babić, D.; Klein, D. J.; Lukovits, I.; Nikolić, S.; Trinajstić, N. Int. J.
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